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ABSTRACT

Partial differential equations (PDEs) are a central tool for modeling the dynamics
of physical, engineering, and materials systems, but high-fidelity simulations are
often computationally expensive. At the same time, many scientific applications
can be viewed as the evolution of spatially distributed fields, making data-driven
forecasting of such fields a core task in scientific machine learning. In this work
we study autoregressive deep-learning surrogates for two-dimensional PDE dy-
namics on periodic domains, focusing on generalization to out-of-distribution ini-
tial conditions within a fixed PDE and parameter regime and on strict small-data
settings with at most O(10?) simulated trajectories per system. We introduce a
multi-channel U-Net with enforced periodic padding (me-UNet) that takes short
sequences of past solution fields of a single representative scalar variable as in-
put and predicts the next time increment. We evaluate me-UNet on various PDE
families and compare it to ViT, AFNO, PDE- Transformer, and KAN-UNet un-
der a common training setup. Across all datasets, me-UNet matches or outper-
forms these more complex architectures in terms of field- space error, spectral
similarity, and physics-based metrics for in-distribution rollouts, while requiring
substantially less training time, and also generalizes qualitatively to unseen initial
conditions.

1 INTRODUCTION

Scientific and engineering practice increasingly relies on numerical models and data-driven methods
to understand, predict, and control complex dynamical systems. Many such systems can be viewed
as the evolution of spatially distributed fields over time and space. A central goal of
[chine learning (SCIML)| (Dietrich & Schilders| [2025) is therefore to learn such field dynamics from
data, either in a purely data-driven fashion or by additionally exploiting assumed or derived govern-
ing equations, for example by integrating scientific knowledge with machine learning as discussed
in recent surveys such as (Willard et al., [2023)).

The behavior of any real systems is extremely complex with a large number of unknown parame-
ters and relations. Therefore, in practice, idealized mathematical models expressed as systems of
equations are used as a substitute. For a large class of phenomena, these equations take the form
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of [partial differential equations (PDEs)| which encode, e.g., local conservation laws, balance rela-
tions, and constitutive assumptions. |[PDE|models underpin applications from general relativity and
quantum mechanics to fluid dynamics, elasticity, reaction—diffusion, and continuum descriptions in
materials science. Examples of famous[PDEs|include Einstein’s equations of general relativity (Ein-
stein, | 1915), the Schrodinger equation (Schrodinger,|1926) for the evolution of quantum-mechanical
wave functions, and the Navier-Stokes equations (Navier, |1821) governing the motion of viscous
fluids. Their flexibility and reach make some of the most widely used tools for representing
spatio-temporal field evolution in science and engineering, even though they always remain idealized
approximations of reality. The particular choice of determines which classes of phenomena
can be represented, and the broad variety of models reflects the breadth of field dynamics
encountered in practice.

When high-fidelity [PDE|models are available, they play a dual role in[SCIML] First, they are scien-
tifically important in their own right: many of interest are challenging to solve numerically,
and accurate simulations can require substantial computational resources (Vogelsberger et al., [2014;
Randall et al.} 2019). Second, solvers provide a controlled and reproducible way to generate
training data with known ground truth. By sampling initial and boundary conditions, various pa-
rameters, and forcing terms, one can construct benchmark datasets that probe a range of dynamical
regimes while avoiding experimental noise, measurement artifacts, and uncertainty about the un-
derlying equations. In this sense, [PDE}based benchmarks are an attractive stepping stone towards
the much harder problem of learning from real measurement data, where the governing equations
may be only partially known or not explicitly available. Here we instead emphasize strict small-data
regimes, periodic 2D dynamics, and physics-based evaluation, aiming to mimic the constraints of
many real scientific applications where generating each high-fidelity simulation is expensive.

From this perspective, in our work are not an end in themselves but a convenient and strin-
gent testbed for models that aim to learn complex field dynamics. A method that fails to
robustly learn dynamics generated by well-posed PDEs|—in a setting where the discretization, pa-
rameters, and numerical errors are under control—is unlikely to succeed on heterogeneous, noisy,
and partially observed real-world data. Conversely, architectures that generalize well across
generated datasets, in particular under limited-data and [out-of-distribution (OOD)| conditions, are
promising candidates for deployment on experimental or observational datasets. Thus, our choice
to study 2D dynamics is motivated both by the intrinsic importance of in science and
engineering and by their role as a controlled proxy for more complex real-world field evolution.

[Deep learning (DL)| surrogates fit naturally into this program. Once trained, such surrogates can
produce approximate multi-step forecasts at drastically reduced inference cost compared to conven-
tional solvers, enabling tasks such as accelerated parameter studies, uncertainty quantification, or
real-time control. We refer to a sequence of such predicted future fields, obtained by iteratively ap-
plying the learned time-advance operator starting from a ground-truth context, as an autoregressive
rollout. However, real scientific applications typically operate in small-data regimes, where only
tens to hundreds of high-fidelity simulations or experiments are available, and where test conditions
may differ markedly from those seen during training. In this regime, the central challenge is not
merely to fit a training distribution, but to achieve qualitatively robust, moderately[OOD| generaliza-
tion of field dynamics while keeping training costs within the reach of typical scientific users.

A large body of work has explored neural networks as surrogates for differential equations. Early
approaches in the 1990s already exploited universal approximation results for feed-forward net-
works (Hornik et al., |1989) to represent solutions of ordinary and partial differential equations in
collocation schemes, e.g. as in (Lee & Kang, [1990; Dissanayake & Phan-Thien, [1994; Lagaris
et al.L[1998). More recently, several influential lines of research have emerged such as
ral Operator (FNO))| (Li et al., [2020), [Deep Operator Networks (DEEPONETSs)] (Lu et al., 2021)),
Physics-Informed Neural Networks (PINNs)| (Raissi et al.l [2019; [Zhu et al., 2019} [Shukla et al.,
2020; Zhang et al., 2020; Ren et al.| 2022} [2023}; [Yuan et al.| 2024)), and most recently, foundation-
style models (Sun et al., |2025; Holzschuh et al.,|2025)). Despite these advances, comparatively
little work systematically investigates how relatively simple, carefully designed convolutional ar-
chitectures perform as time-stepping surrogates for 2D field dynamics under strict small-data con-
straints and initial conditions.

In this work, we adopt the latter viewpoint and use generated field dynamics as a controlled
testbed for studying [DOD] generalization of surrogates in realistic small-data regimes. Con-




cretely, we consider two-dimensional, periodic field dynamics generated by five qualitatively dif-
ferentfamilies that cover transport, diffusion, pattern formation, and microstructure evolution.
We then ask how different architectures behave when trained on at most a few dozen to one hun-
dred simulations per [PDE] and evaluated both on held-out simulations from the same distribution
and on initial conditions that differ substantially from those seen during training. Our focus is on
autoregressive surrogates that operate as time-stepping models, taking short sequences of past solu-
tion fields as input and predicting the next temporal increment, and on how architectural inductive
biases (such as convolutional locality and periodic padding) influence data efficiency and out-of-
distribution behavior. Our results highlight that, in small-data, periodic 2D field-dynamics settings,
carefully designed convolutional baselines remain strong contenders for accurate and moderately
out-of-distribution-robust surrogate modeling. More broadly, our study underscores the importance
of evaluating architectures under realistic data constraints and physics-aware metrics, and
supports the use of[PDE} generated benchmarks as a rigorous stepping stone toward models that can
robustly learn from real experimental and observational data.

2 MATHEMATICAL MODEL AND NEURAL NETWORK ARCHITECTURE

2.1 MATHEMATICAL MODEL

In this work we consider six mathematical models of increasing complexity, listed in Tab. [I} They
differ not only in the type of dynamics (transport, diffusion, pattern formation, turbulence, mi-
crostructure evolution) but also in the number and coupling of state variables. We organize them into
three groups: single-field linear transport and diffusion (PDE-1-2), continuum dislocation dynam-
ics (CDD)-based models (PDE-3—4), multi-field fluid and reaction—diffusion systems (PDE-5-6).
Example simulations from all six models are shown in Fig.[5] Together they cover a range from sim-
ple scalar transport and diffusion to more complex systems such as Kolmogorov flow, Gray—Scott
pattern formation, and the statistical evolution of systems of curved lines in [continuum dislocation|

Table 1: Overview of the models and resulting datasets. The column “Fields” refers to the
number and type of continuous fields used for the numerical solution (“simulation”). The training
dataset uses only a single field of that simulation as input to the ML model, cf. section

No. Mathematical model Simulation Training
| Equation Fields | Datasets Features
1 Advection of a distribution of blobs PDE-1 1 (scalar) ‘ DS-1 1 (concentration)
2 Diffusion of a distribution of blobs PDE-2 1 (scalar) \ DS-2 1 (concentration)

Expansion and diffusion of

a distribution of loops (reduced CDD) PDE-3 3 (1 scalar, 1 vector) ‘ DS-3a, DS-3b 1 (total dislocation density)

4 Statistical evolution of systems of curved lines (CDD) PDE-4 4 (2 scalars, 1 vector) \ DS-4 1 (total dislocation density)
5 Kolmogorov flow (Navier-Stokes, vorticity formulation) PDE-5 2 (1 vector) \ DS-5 1 (vorticity)
6  Reaction—diffusion (Gray—Scott model) PDE-6 2 (scalar) ‘ ]I))Ssﬁi’ DDSS:?;’ 1 (concentration)

To keep comparisons uniform and to mimic partial observability in real measurements, we train
all models on rollouts of a single representative scalar field per system (Table [T), even when the
underlying couples multiple state variables.

2.2 NEURAL NETWORK ARCHITECTURE

Our U-Net architecture is an extension of the original architecture by Ronneberger et al. (Ron-
neberger et al.l 2015 and consists of two parts: an encoder (contracting path) that captures the
spatial context of the input fields, and a decoder (expanding path) that enables precise localization
of features. The input consists of a sequence of images, i.e., even though some of the original
consist of multiple or vectorial field quantities, we only use a single, scalar field. The encoder com-
prises five stages, each with a double convolutional module followed by an average-pooling operator
for downsampling. The decoder also contains five stages, each with a transposed convolution oper-
ator for upsampling followed by a double convolutional module. Between encoder and decoder we
place a double convolutional module acting as a bottleneck.



neural network

INPUT OUTPUT TARGET
consecutive sequence the change between the change between
of 7 steps 7th and 8th step 7th and 8th step

l:‘ < MSE loss > .

pretrained pretrained
VGG-16 VGG-16

features < Perceptual loss 5
vector

Figure 1: Illustration of the me-UNet architecture, showing the encoder—decoder structure, periodic
padding, and multi-channel input/output setup for autoregressive time-stepping.

We denote by fy the parametric mapping implemented by a given architecture, with trainable pa-
rameters 6. All architectures considered in this paper, including me-UNet and the baselines, are
trained in an incremental or residual form. Given an input sequence of L past fields

{u" L um C RV (1
the network does not predict the next field "t directly. Instead, it predicts a temporal update
AU = fo(ur L ), )
and the next state is obtained as
um ="+ AuL 3)

Thus, for L = 7 the output image represents the change in the field between the 7" and 8™ time
step. This residual-style parameterization empirically stabilizes long autoregressive rollouts and
encourages the network to focus on learning short-time dynamics rather than absolute field values.

To enable a fair comparison with other architectures, we keep the input sequence length (seven con-
secutive time steps), the incremental output representation in equation 3] and the loss function fixed
across models. Only the internal architecture of the mapping fy is changed. Specifically, in addition
to me-UNet we adapt four alternative architectures: a vision transformer (ViT) (Dosovitskiy et al.,
2020), an adaptive Fourier neural operator (AFNO), which is the core architecture of FourCast-
Net (Pathak et al.,2022), the PDE-Transformer (PDE-T) (Holzschuh et al.,2025)), and a KAN-UNet
in which the double convolutional layers of U-Net are replaced by KAN convolutional layers (Gaol,
2024).

During training we minimize a combination of a pixel-wise loss Lysg and a perceptual loss Lp..
The total loss £ for a predicted field 3 and reference field y is

E(?jv y) = ACMSE(:’% y) + )‘pc Epc(gv y)7 (4)
where Lyisg is the mean-squared error defined in eq. @), and L, is the perceptual loss based on
feature maps ®; of a pre-trained VGG-16 network as in eq. (6). In all experiments we keep the
VGG-16 weights fixed and use feature maps from layer relu2_2, and we set A\pc = 1.

3 RESULTS

We now evaluate the performance of the different architectures on the PDE} generated datasets de-
scribed in section 2.1 and appendix [A:3] Our goal is not to obtain the lowest possible error on a
single benchmark by combining a very large model with massive training data. Instead, we focus
on a realistic small-data regime with autoregressive rollouts of 7 = 100 time steps. All models
are trained with the common setup described in appendix [A:4.1] For each dataset and architecture
we train a separate model and generate autoregressive predictions starting from seven ground-truth
snapshots; these seven frames form the input sequence, and the model predicts increments for the
subsequent 7' = 100 time steps.



3.1 IN-DISTRIBUTION PREDICTION

We first consider in-distribution prediction, where training and test simulations are drawn from the
same distribution of initial conditions for each For each dataset and architecture, we generate
rollouts of length 7" = 100 and compute the|root mean square error and spectral similarity

defined in appendix [A-4.2]
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Figure 2: Comparison of average values over T' = 100 time steps: Left panel visualize RMSE|and
right panel visualize cosine-similarity scores of the power spectral density (PSD).
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Figure 3: Performance of the different neural network architectures on the Gray—Scott dataset DS-
6a: (a) example autoregressive rollouts; (b) per-time-step RMSE} and (c) cosine similarity of the
PSD curves between prediction and reference.

Figure 2] presents an overview of in-distribution and [OOD] performance across all datasets: panel (a)
shows the average RMSE] over T' = 100 prediction steps, and panel (b) shows the corresponding
average PSD cosine similarity. Lower RMSE] indicates better field-space accuracy, while cosine
similarity values closer to 1 indicate a closer match of the spatial frequency content.



Overall, me-UNet achieves the lowest on almost all datasets. In particular, its average
RMSE|on DS-1, DS-3a, DS-3b, DS-5, DS-6a, DS-6b, DS-6¢, and DS-6d is 0.0035, 0.0057, 0.0004,
0.1431, 0.0276, 0.0871, 0.1360, and 0.0554, respectively. The corresponding predicted snapshots
show good agreement with the ground truth (see the me-UNet rows in Fig. [Ba, Fig. P, Fig. [I0p,

Fig.[12h, Fig.[3p, Fig.[I3p, Fig.[T3p, and Fig.[T4h). KAN-UNet achieves the lowest[RMSE]on DS-2
and DS-4 with 0.0007 and 0.0246, respectively (see the KAN-UNet rows in Fig. [8p and Fig. [TTh).

In contrast, ViT attains the highest RMSE]on several datasets (e.g., 0.5901 on DS-1, 9.1204 on DS-
6a, and 4565.3740 on DS-6b), which is reflected in visibly degraded predictions (see the first rows
of Fig.[7h, Fig.[3p, and Fig.[13h). PDE-Transformer performs worst on DS-3a (0.3182, see Fig. D),
while AFNO shows the largest errors on DS-6¢ (0.4483) and DS-6d (3.3502).

Spectrally, me-UNet also consistently achieves the highest PSD cosine similarity, with values close
to 1.0 across all datasets. KAN-UNet is typically the second-best model, with cosine similarity near
1.0 except on DS-5, where it attains 0.9. ViT and AFNO exhibit the lowest spectral similarity on the
most challenging Gray—Scott datasets (e.g., 0.4298 and 0.4449 on DS-6b, and 0.4675 on DS-6d),
indicating substantial distortion of the spatial frequency content over long rollouts.

In-distribution rollouts for all datasets are provided in Appendix together with the correspond-
ing PSD curves and cosine similarity plots. Each figure contains snapshot sequences, per-time-step
and PSD cosine similarity for all architectures. In general, me-UNet produces stable pattern
evolution with accurate spectral content, whereas several heavier architectures exhibit pattern drift
and loss of small-scale structures.

3.2 PREDICTION

We now investigate[OOD)] prediction performance on the mentioned datasets. An overview of
performance across architectures is given in Fig. 2] which summarizes average and PSD
cosine similarity for all datasets tests. me-UNet exhibits the most consistent behavior, with
relatively small degradation from in-distribution to[OOD]initial conditions, while several baselines
show substantial increases in error or spectral mismatch on at least one of the two systems. Out-of-
distribution rollouts are provided in Appendix

For [CDD|(DS-3a, DS-3b and DS-4), we train on simulations with a very large number of superim-
posed blob- and loop-like initial patterns, resulting in images where the individual blobs or loops
can no longer be identified. Testing is then performed on configurations with a very small number
of loops or with mixed line and loop arrangements, which are visually very different from the train-
ing data. Figures [20]illustrate such cases. The main physical phenomenon—expansion of
dislocation loops throughout the domain—is captured by most trained networks, and the predicted
patterns remain close to the reference for me-UNet and KAN-UNet. The PSD curves in the last rows
of Fig.[20[show a good match across a wide range of frequencies, with only small deviations at high
frequencies for the best-performing models. AFNO, however, exhibits unstable behavior as time
progresses (see the third rows of Fig.[20), leading to the highest RMSE] values of 0.2353 and 0.2071
in the two[OOD)]tests, as well as the lowest cosine similarities (0.9485 and 0.8907, see Fig.[2p). The
fact that me-UNet can extrapolate from densely populated microstructures to sparse, geometrically
simple initial conditions strongly suggests that it has learned the underlying dislocation dynamics
rather than merely memorizing typical training configurations.

For DS-1, DS-2 and the Gray—Scott system (DS-6a—d), we train on randomly perturbed initial states
and test on structured line initial conditions that differ strongly from the training distribution (e.g.
compared first column of 3|and[d). Figures[4] 24and23|show[OOD]rollouts for line initial
patterns. Transformer-based models such as ViT, AFNO, and PDE-Transformer already struggle to
train in-distribution on DS-6a or DS-6d and therefore perform poorly on [OOD] initial conditions;
their predictions are very noisy and quickly diverge from the ground truth (see the second, third, and
fourth columns of Fig. ).

In contrast, me-UNet and KAN-UNet produce qualitatively correct[OOD]dynamics, capturing the
reaction—diffusion behavior and generating patterns that remain similar to the reference (e.g. fifth
and sixth columns of Fig. @ For me-UNet, the is lowest among all models (0.0404 and
0.0425 for the two[OOD]cases), and the cosine similarity is highest (0.9992 and 0.9851, see Fig.[2b).
Some noise appears at later time steps due to accumulated prediction errors, but the overall patterns



remain stable. ViT attains the highest RMSE] (67.3472 and 205.6902), and AFNO reaches the
lowest cosine similarities (0.5665 and 0.4419), indicating severe breakdown of @] generalization
for these heavy architectures.
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Figure 4: Performance of the different neural network architectures on the Gray—Scott dataset DS-
6a.

4 DISCUSSION

Our experiments provide a comparative picture of how different deep-learning architectures behave
as surrogates for 2D periodic in a small-data regime. Across all five [PDE] families, the
proposed me-UNet achieves consistently low field-space error and high spectral similarity for in-
distribution rollouts and remains stable over hundreds of time steps.

In the same setting, neural-operator and transformer-based models (AFNO, PDE- Transformer, ViT,
KAN-UNet) display more heterogeneous behavior: some of them perform competitively on selected
but they are typically less robust across all datasets and more prone to the accumulation of
high-frequency artifacts in long rollouts. When evaluated with physics-based metrics, me-UNet
also tends to preserve conserved quantities such as energy (see Fig.[25k) and mass (see Fig.[25p and



Fig.[25d) more accurately than the competing architectures, which suggests that local convolutions
with periodic padding constitute a favorable inductive bias for these periodic

More concretely, me-UNet performs well across all datasets (DS-1, DS-2, DS-3a/b, DS-4, DS-5,
DS-6a—d), which span models ranging from simple diffusion to more complex systems such as
Navier—Stokes (Kolmogorov flow) and continuum dislocation dynamics, using a single set of hy-
perparameters. In contrast, the performance of the neural- operator and transformer-based baselines
varies strongly between datasets when trained with the same hyperparameters. For example, ViT
and AFNO are competitive on the (DS-4, Fig. and Kolmogorov flow (DS-5, Fig.
datasets, but their performance degrades substantially on the Gray—Scott variants DS-6a (Fig. [3),
DS-6b (Fig.[13), DS-6¢ (Fig.[I5) and DS-6d (Fig.[14), where they tend to produce noisy or unstable
patterns.

Beyond in-distribution performance, our results indicate that purely data- driven models can capture
qualitative aspects of the dynamics even for initial conditions that differ substantially from those
seen during training. For example, in the experiments shown in Fig. the learned
models reproduce the expansion and motion of individual loops or lines, although the training data
(Fig. contain only highly crowded superpositions in which the motion of individual objects is
not visually apparent. The fact that me-UNet generalizes from these visually complex initial states
to much simpler line- and loop-like configurations strongly suggests that it has internalized the
underlying dislocation dynamics rather than merely memorizing typical microstructure textures.

Our notion of out-of-distribution generalization is deliberately restricted to initial-condition shifts
within a fixed PDE and parameter regime on periodic domains, as defined in Section [A.3] We
do not claim generalization across PDE families, parameter ranges, domain geometries, boundary
conditions, or resolutions; extending the benchmark and architectures to such forms of distribution
shift (parameter OOD, PDE-family OOD, and domain OOD) is an important direction for future
work.

Additionally, me-UNet works well with a relatively small amount of data. Based on the experi-
mental results shown in Fig. [6b, sufficient performance on is obtained with only 20 training
simulations. While many works require a substantially larger number of simulations for training—
for example, (Oommen et al.l [2022)) use 2000 simulations to train and the smallest
number of simulations in (Kontolati et al.,|2024) is more than 260—our results suggest that, at least
for [CDD] a modest number of simulations can suffice when using an architecture with appropriate
inductive biases. Furthermore, the time required for training me-UNet is much lower than that of the
state-of-the-art architectures considered here. Training from scratch for 1000 epochs with a batch
size of 40 on an NVIDIA RTX A6000 GPU takes roughly 5 hours for me-UNet, while ViT, AFNO,
PDE-Transformer, and KAN-UNet take approximately 6, 42, 12, and 9 hours, respectively.

Notably, several of the benchmarks are only partially observed during training (one scalar field per
system; cf. Table [I). The strong performance of me-UNet suggests that short temporal context
can provide an effective data-driven closure for the chosen observable in these periodic small-data
regimes.

This benchmark is deliberately scoped to highlight small-data autoregressive forecasting on 2D pe-
riodic grids, which leaves several important extensions open. First, all experiments are carried out
on two-dimensional, structured, periodic grids with a fixed spatial resolution. While this setting
is representative of many canonical benchmarks, it does not cover unstructured meshes, complex
geometries, or adaptive resolution. Second, the architectures are trained separately for each
family rather than as a single multi-task model, and we have not attempted extensive per-architecture
hyperparameter tuning beyond a common training protocol. Third, although we incorporate physics-
based metrics that quantify the conservation of selected invariants and show that me-UNet can pre-
serve them reasonably well, we only encode periodic boundary conditions explicitly, via periodic
padding; we do not impose any hard conservation constraints in the architecture or loss. Future work
could combine the periodic U-Net backbone with physics-informed loss terms or hard constraints
to more strictly enforce mass, energy, or other invariants, and could explore similar inductive biases
within neural-operator architectures designed for more general domains.

In addition, me-UNet, like most traditional CNN-based approaches, is naturally suited to image-like
datasets where values are distributed on a structured grid, because it relies on fixed filter kernels
(e.g., a 3 x 3 kernel for most 2D convolutional operators). Such architectures struggle to handle



unstructured grids with irregular shapes and non-uniform node distributions. To address this, it may
be necessary either to combine me-UNet with techniques that transform an unstructured grid into
a structured grid, such as space- filling curves (Heaney et al., 2024), or to use graph convolutional
networks (Jiang et al.,|2019) to perform convolution-like operations on irregular data. Furthermore,
the current version of me-UNet is still limited to 2D simulation results; however, there is room to
extend the architecture to 3D problems, which will be the next step following this work.

Finally, we emphasize again that in this work serve both as scientifically important models
and as controlled, interpretable generators of high-dimensional spatio-temporal data. A surrogate
model that cannot robustly learn dynamics generated by well-posed [PDEs|under controlled numer-
ical conditions is unlikely to succeed on heterogeneous, noisy measurement data where the govern-
ing equations are only approximately known. Conversely, architectures that perform well under the
small-data and[OOD}initial- condition regime studied here are promising candidates for subsequent
evaluation on real experimental and observational datasets.

Limitations: Our study focuses on out-of-distribution generalization under initial-condition shifts
while keeping the underlying PDE, parameters, numerical solver, and spatial resolution fixed. We
therefore do not evaluate robustness to other distribution shifts such as changes in PDE coefficients,
forcing terms, boundary conditions, discretization, or measurement noise. In addition, our per-
simulation normalization uses statistics computed over each simulated trajectory, which may not
reflect strictly causal preprocessing in all deployment settings.

5 CONCLUSION

We have presented a systematic empirical study of autoregressive deep-learning surrogates for two-
dimensional periodic in a small-data regime. Across the forementioned representative |PDE
families, we compared the proposed me-UNet to several recent neural-operator and transformer-
based architectures under a common training protocol. Using field-space error, spectral similarity,
and physics-based metrics to quantify the preservation of invariants such as energy and mass, we
found that me-UNet consistently provides accurate and stable rollouts for in-distribution test cases
while requiring substantially less training time than the competing architectures.

Within the considered setting, me-UNet also exhibits robust generalization to out-of-distribution
initial conditions whose spatial structure differs markedly from the training data, including cases
where the training set consists of highly crowded microstructures and the tests involve only a few
well-separated objects. Together with the data-efficiency experiments, this supports the view that
strong inductive biases in convolutional U-Nets—local filters, translation equivariance, multi-scale
feature aggregation, and periodic padding that matches the boundary conditions—can be more ben-
eficial than additional model complexity when data are scarce and the underlying dynamics are
smooth on periodic domains.

At the same time, in this work serve as controlled, interpretable generators of high-
dimensional spatio-temporal data, and we expect that the same architectural and evaluation princi-
ples will also be relevant for surrogate modeling and forecasting in other domains where the dynam-
ics are described by, or well approximated by, continuum models and related dynamical systems.
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A APPENDIX

A.1 DESCRIPTION OF THE MATHEMATICAL MODELS

* PDE-1-2: single-field linear transport and diffusion. These are classical scalar advec-
tion and diffusion equations on periodic domains, used as basic test cases for forecasting
and spectral fidelity.

* PDE-3—4: continuum dislocation dynamics (CDD)-based models. These models de-
scribe the transport and evolution of possibly curved line-segments via various continuum
densities. PDE-3a and PDE-3b are reduced systems that capture expansion and mo-
tion of dislocation loops in a simplified setting (with a smaller number of active fields and,
in PDE-3a and 3b, curvature initialized to zero), whereas PDE-4 is the full three-ﬁeld
model considered in Appendix [2.1] with an additional curvature density.

* PDE-5-6: multi-field fluid and reaction—diffusion systems. PDE-5 is a Navier—Stokes
system in Kolmogorov-flow configuration, evaluated in terms of the scalar vorticity field,
and PDE-6 is the Gray—Scott reaction—diffusion system with two reacting species.

A.2 LOSS FUNCTION
A.2.1 MSELOSS

The mean-squared error (MSE) loss is widely used in the machine-learning community. It computes
the average squared difference between the predicted and true values:

1 & 2
Lyise = N ;(Qz — i) (%)

where NV is the number of data points, y; is the true value, and g; is the predicted value for the i-th
sample.
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Figure 5: Examples of simulation results from all mathematical models. Datasets DS-1 and 2 are
obtained from simple convection and diffusion equations, while the complexity of the[PDEs|and the
number of involved state variables increases towards the right: DS-3a, 3b, and 4 are obtained from
DS-5 from Navier-Stokes equations, while the variants of DS-6 are obtained from the
Gray-Scott model.

A.2.2 PERCEPTUAL LOSS

Perceptual loss was introduced by Johnson et al. Johnson et al. (2016)); it is computed based on
features extracted from a pre-trained network rather than directly from pixel-wise differences. Per-
ceptual loss captures more abstract and global image qualities that are often more relevant for human
perception, whereas pixel-based losses such as MSE penalize local differences and can lead to overly
smooth or blurry images:

2

. (6)

Lo = ZH@(@) — ()|

where ®; denotes the feature map from the ¢-th layer of the pre-trained network, and y and g are the
true and predicted images, respectively. In this work, we use VGG-16 as the pre-trained network to
obtain feature maps.

A.3 SIMULATION DATASETS AND TRAINING SAMPLES

The dataset abbreviations are listed in Tab. [T} for PDE-1, 2, 4, 5 we obtain datasets DS-1, 2, 4
and 5; for PDE-3 we consider 2 parameter settings, denoted DS-3a and DS-3b; for PDE-6 we
consider four different parameter settings, denoted DS-6a, DS-6b, DS-6¢, and DS-6d. Each of the
resulting 10 datasets consists of 110 simulations. Examples from each dataset are shown in Fig. [5]
and detailed descriptions are given in the Appendix. For each dataset, 100 simulations are used for
training/validating during training process with the split ratio 80/20, and the remaining 10 are kept
untouched for testing. Each simulation contains 100 time steps.

For autoregressive training, the input data are constructed by sampling a random time index n with
7 < n <99 (using one-based indexing for time steps). For each such n, we stack the 7 consecutive
fields

ur T Ut T @)

along the channel dimension to form a multi-channel input image. The corresponding target is an
increment field that represents the change between time steps n and n + 1,

Ayt = gt — gy, )

13



Thus, our models are trained to predict Au"*1! given the past sequence {u"~%, ..., u"}, rather than
the absolute field ™. During rollout, the next state is obtained via the residual update

At = 4" 4+ Aat ©)

where hats denote model predictions. Focusing on local temporal increments stabilizes long autore-
gressive rollouts: the network only needs to learn short-term corrections instead of reconstructing
the full state, and it can concentrate on the dynamics of the system rather than on absolute field
values. This residual parameterization empirically leads to substantially more stable long-horizon
predictions, which is consistent with the fact that many PDE solutions change gradually between
adjacent time steps.

All data values are scaled to the interval [—1, 1] separately for each simulation and state variable.
For a given state variable, the minimum and maximum over all time steps within a simulation are
used to linearly map the values in each frame to the required range; scaling is not recomputed per
frame. This per-simulation, per-variable normalization follows common practice in[PDE] surrogate
modeling, but it can have drawbacks in multi-field systems, which we discuss later in Appendix B}
All images are resized to 64 x 64 pixels.

In-distribution vs out-of-distribution initial conditions For each PDE family we fix the govern-
ing equations, physical parameters, numerical scheme, and spatial resolution. Training and test sim-
ulations always share this fixed configuration. The only source of distribution shift we study in this
work is the distribution of initial conditions: “in-distribution” (ID) test rollouts use the same random
initial-condition generator as training, whereas “out-of-distribution” (OOD) test rollouts use quali-
tatively different initial-condition families within the same PDE and parameter regime (e.g., sparse
loops or line-like structures for CDD, or structured line/blob perturbations for Gray—Scott). Thus,
throughout this paper, OOD refers specifically to shifts in the initial-condition distribution under a
fixed PDE and parameter setting.

A.4 MORE DETAILS ABOUT TRAINING SETUP AND EVALUATION METRICS
A.4.1 TRAINING SETUP

For each dataset and each architecture, we train a separate model using the same training
protocol. Unless otherwise stated, we use the Adam optimizer with an initial learning rate of 1 x
10—, weight decay 1 x 10~°, and a batch size of 40. We train each models for 1000 epochs and
report the checkpoint with lowest validation loss.

For me-UNet, the channel widths at the five encoder levels are [64, 128,256, 512, 1024] and mirrored
in the decoder. For the baselines, we follow standard configurations adapted to our 64 x 64 input
size: for ViT we use a patch size of 8, embedding dimension 768, depth 12, and 8 attention heads;
for AFNO we use a patch size of 4, embedding dimension 768, depth 12, MLP ratio 4, and 16 AFNO
blocks; for PDE-Transformer we use the PDE-B configuration of (Holzschuh et al.l |2025); and for
KAN- UNet we mirror the me-UNet channel widths in encoder and decoder, replacing the Conv2d
layers in the double-convolution blocks by FastKANConvLayer modules with Chebyshev basis
functions. All other architectural details are kept as close as possible to the original implementations
referenced above.

Periodic boundary conditions are implemented in most of the mentioned architectures: in AFNO,
periodic padding is used through an additional 2D convolutional layer (Pathak et al., |[2022); PDE-
Transformer mimics periodic boundary conditions by rolling the tokens along the x- and y-axis when
shifting the attention windows (Holzschuh et al.| 2025)); KAN-UNet implements periodic padding
similar to me-UNet. Only our implementation of the vision transformer use the vanilla architecture.

A.4.2 EVALUATION METRICS AND PHYSICS-AWARE MEASURES

We evaluate all models using three complementary criteria: (i) field-space error, (ii) spectral simi-
larity, and (iii) physics-aware metrics that monitor conserved or prescribed global quantities.
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Field-space error For each rollout we compute the RMSE| between the predicted fields y and
reference fields y, averaged over spatial grid points, output channels, and time steps:

1 T C N 2
RMSE = WZZZ ytcz ytcz 5 (10)

t=1 c=1 i=1

where N is the number of spatial grid points, C' the number of state variables, and 7" the number of
time steps in the rollout.

Spectral similarity To compare spatial frequency content we compute the azimuthally averaged
[power spectral density (PSD)| for each snapshot and channel similar to what is done in (Koehler
et al., 2024 Nguyen et al.,[2024). Let P; (k) and P .(k) denote the of the reference and pre-
dicted fields, respectively, as a function of the radial wavenumber k (obtained by averaging | F[y; ]|
and | F[g; ] |*
compute the cosine similarity

kat(( PtC(k)

\/katc vZthc

The reported spectral similarity is the mean of cos_sim; . over channels and time steps.

Y

cos_simy . =

Physics-based metrics In addition to these generic metrics we track physically meaningful global
quantities for each[PDE] All such quantities are defined as spatial integrals (or sums over grid points)
of appropriate functions of the state variables. For Kolmogorov flow we monitor the kinetic energy
E(t) of the velocity field (obtained from the vorticity field) and compare the temporal evolution of
E(t) between reference and prediction. For the model we monitor the spatial integral of the
total dislocation density p;(t), which is known to follow a prescribed linear evolution according to
the governing equations, and we assess how closely the learned surrogate reproduces this relation-
ship. For Gray—Scott systems we track the total mass of the reactants (spatial integrals of u and v),
which should remain approximately conserved up to reaction terms, and compare their evolution
under the learned models. For the advection equations we track conservation of total mass, which
should remain constant during transport up to numerical errors.

For each architecture and dataset we report summary statistics of these diagnostics over the rollout
horizon in section [3] The normalized absolute errors of the monitored quantities are visualized in

Fig. 25}
A.4.3 SOFTWARE AND IMPLEMENTATION DETAILS

All neural-network models are implemented in PyTorch (Paszke et al., 2019) using Python 3.10.12.
Experiments are run on a workstation equipped with an NVIDIA RTX A6000 GPU with 48 GB of
memory and a multi-core CPU, using CUDA 12.8 and cuDNN 91002. The me-UNet architecture
and training loops are implemented from scratch, while the baseline models (ViT, AFNO, PDE-
Transformer, KAN-UNet) build on publicly available reference implementations that we adapt to
our input—output format and loss functions.

The synthetic datasets are generated with finite-element and finite-volume solvers implemented in
C++/Python using FEniCS (Logg et al.,|2012)) for PDE-1-PDE-4, JAX-CFD (Kochkov et al., 2021}
for PDE-5, and exponax (Koehler et al.| 2024) for PDE-6. For eachdataset we fix the numerical
scheme, time step, and resolution as described in section and appendix Random initial
conditions are sampled using NumPy 1.26.4 with a fixed random seed, and we use consistent seeds
across models to ensure that training and evaluation splits are identical.

All configuration files specifying all hyperparameters (learning rates, batch sizes, channel widths,
etc.) are provided in the accompanying code repository. Where possible we also release pre-trained
model checkpoints and scripts to regenerate all figures and tables from this paper, in order to facili-
tate reproducibility and further comparison.
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A.5 DATA EFFICIENCY

Here we study data efficiency on the[CDD]dataset, which serves as a representative benchmark for
evaluating how the architectures behave under data limitations. We do not repeat these ablations on
all other datasets, but we expect qualitatively similar trends to hold.

We vary three factors: (i) the number of time steps per simulation used during training, (ii) the
number of training simulations, and (iii) the input sequence length L (number of past time steps
provided as context). For each setting we retrain all architectures with the same protocol as in
appendix [A4.T]and evaluate in-distribution rollouts.

nt10
—— nt20

—e— nsim100

0 20 40 60 80 100 0 20 a0 60 80 100 0 20 40 60 80 100
time step t time step t time step t

(2) (b) (©

Figure 6: Data-efficiency study on the dataset (DS-4): [RMSE| over 100-step rollouts as a
function of (a) the number of time steps per simulation used during training, (b) the number of
training simulations, and (c) the input sequence length L (number of past frames used as context).

Figure [6| summarizes the obtained under these variations. In panel (a), labels nt10, nt20,
nt40, nt60, nt80, and nt100 indicate the number of time steps per simulation used to construct
training samples (with the number of simulations fixed at 100 and the input sequence length at
L = 7). We observe that training with 40 time steps per simulation is already sufficient for me-UNet
and the better-performing baselines; using more time steps yields only marginal improvements in
IRMSE]

In panel (b), labels nsim10, nsim20, nsim40, nsim60, nsim80, and nsim100 indicate the number of
simulations used for training (again with L = 7 and 7" = 100 time steps available). Here, me-UNet
reaches a low-error regime with as few as 20 training simulations, with[RMSE]already close to the
values obtained with 40, 60, or 80 simulations. In contrast, the transformer- and operator-based
models benefit more noticeably from additional simulations, indicating that their data requirements
are higher in this setting.

Finally, panel (c) varies the input sequence length L € {1,3,5,7} while keeping the number of
simulations and time steps fixed at 100. We find that using L = 5 or L = 7 input frames yields sub-
stantially lower[RMSE]than using a single-frame context (L = 1), confirming that limited temporal
history is important for accurate next-step prediction. Performance saturates between L = 5 and
L =7, consistent with the choice of time step in the simulations: the dynamics change appreciably
over a window of about six intervals, and longer contexts bring limited additional benefit.

Overall, these data-efficiency experiments show that, in the small-data regime, the convolutional
inductive biases of me-UNet allow it to make more effective use of limited training data than the
heavier baselines. They also provide practical guidance for selecting the number of simulations,
time steps, and input sequence length in future studies on similar systems.

A.6  VISUALIZATION OF PREDICTION PERFORMANCE ACROSS ARCHITECTURES

This section contains additional qualitative rollouts and metric curves for all datasets, complement-
ing the examples in section [3] Each figure shows, for a fixed dataset, autoregressive predictions of
all architectures over 100 time steps together with per-time-step RMSE] and PSD cosine similar-
ity. These plots illustrate in more detail the trends discussed in the main text: me-UNet and, to a
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lesser extent, KAN-UNet produce stable pattern evolution with low error and high spectral simi-
larity, whereas several of the heavier architectures either smooth out fine-scale structure or develop
high-frequency artifacts over long rollouts.

A.6.1 IN-DISTRIBUTION AUTOREGRESSIVE ROLLOUTS
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Figure 7: Visualization of the performance of the different neural networks on the DS-1 dataset: (a)
autoregressive prediction results; (b)[RMSE! and (c) cosine similarity of the PSD curves.

A.6.2 [OOD|IAUTOREGRESSIVE ROLLOUTS

B VISUALIZATION OF PHYSICS-BASED METRICS ACROSS ARCHITECTURES

In this section we provide additional plots of the physics-based metrics introduced in appendix[A4.2]
for in-distribution rollouts. Each panel in Fig. 25]|shows the normalized absolute error of a conserved
or approximately conserved quantity (e.g., mass, energy, total dislocation density) as a function of
time for all architectures. Across the four datasets, me-UNet generally yields the smallest devi-
ation from the reference curves over 100 time steps, with KAN-UNet often second-best, and the
transformer- and operator-based models showing larger drift.

The accumulated error for DS-4 (Fig. 23b, Fig. 26h and Fig. 26b) may arise from the large range
of values between the minimum and maximum of the original dataset (before scaling to [—1, 1]).
Since the number of loops used as initial values spans a wide range (50-500 loops), the number of
simulations may be relatively small compared to the variability in total line length. This can result
in a systematic shift of the spatial integral of the state variable (see Fig.[26a,b). However, the main
physical behavior of localization (i.e., the overall patterns) is still captured by the trained models

(see Fig. 20).
For the other datasets, such as DS-6a (Fig. 23, Fig. 26c and Fig.[261), the minimum and maximum
values of the original data for all simulations, both in-distribution and[OOD] lie in a much narrower
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Figure 8: Visualization of the performance of the different neural networks on the DS-2 dataset: (a)
autoregressive prediction results; (b)[RMSE and (c) cosine similarity of the PSD curves.

range. In these cases, the physical phenomena are well captured, both in terms of localization and
generalization behavior (see Fig. [d] Fig. 26k,d).
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Figure 9: Visualization of the performance of the different neural networks on the DS-3a dataset:
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Figure 10: Visualization of the performance of the different neural networks on the DS-3b dataset:
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Figure 13: Visualization of the performance of the different neural networks on the DS-6b dataset:
(a) autoregressive prediction results; (b) [RMSE]} and (c) cosine similarity of the PSD curves.
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Figure 17: Visualization of the performance of the different neural networks on the DS-2 dataset.
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Figure 20: Performance of the different neural network architectures on the dataset DS-4.
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Figure 21: Visualization of the performance of the different neural networks on the DS-5 dataset.
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Figure 22: Visualization of the performance of the different neural networks on the DS-6b dataset.
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Figure 23: Visualization of the performance of the different neural networks on the DS-6¢ dataset.
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Figure 24: Visualization of the performance of the different neural networks on the DS-6d dataset.
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C VISUALIZATION OF PHYSICS-BASED METRICS FOR[OODI|INITIAL
CONDITIONS

In this section we show the corresponding physics-based metrics for the[OOD]initial-condition ex-
periments described in section 3] Figure 26]displays spatial integrals of the monitored quantities for

[CDD]and Gray—Scott rollouts under different|
UNet tracks the reference integrals most close

[OOD]initial states. As in the in-distribution case, me-
y over time, while several baselines exhibit noticeable

drift, particularly for the more challenging line- and blob-type initial conditions.
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Figure 26: Spatial integrals of the monitored quantities for rollouts on (a) DS-4 with initial
few loops, (b) DS-4 with mixed lines and loops, (c) DS-6a with line-like initial conditions, and (d)
DS-6a with blob-like initial conditions.
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