OPT2025: 17th Annual Workshop on Optimization for Machine Learning

Toward the First Optimization Framework for Low-Rank Adaptation

Grigory Malinovsky GRIGORII.MALINOVSKII@KAUST.EDU.SA
KAUST, Saudi Arabia

Umberto Michieli

Samsung R&D Institute, UK

Hasan Abed Al Kader Hammoud
KAUST, Saudi Arabia

Taha Ceritli

Samsung R&D Institute, UK

Hayder Elesedy

Samsung R&D Institute, UK

Mete Ozay

Samsung R&D Institute, UK

Peter Richtarik

KAUST, Saudi Arabia

Abstract

Fine-tuning is a common approach for adapting large foundational models to downstream tasks.
With growing model and dataset sizes, parameter-efficient techniques have become crucial. A
widely used method is Low-Rank Adaptation (LORA), which expresses updates as a product of two
low-rank matrices. While effective, LORA often lags behind full-parameter fine-tuning (FPFT),
and its optimization theory remains underexplored. We show that LORA and its extensions, Asym-
metric LORA and Chain of LoRA, face convergence issues. To address this, we propose Random-
ized Asymmetric Chain of LoRA (RAC-LoRA)—a general framework analyzing convergence
rates of LORA-based methods. Our approach keeps the empirical benefits of LORA while intro-
ducing algorithmic modifications that ensure provable convergence. The framework bridges FPFT
and low-rank adaptation, guaranteeing convergence to the FPFT solution with explicit rates. We
further provide analysis for smooth non-convex losses under gradient descent, stochastic gradient
descent, and federated learning, supported by experiments.

1. Introduction

Many real-world Deep Learning (DL) applications require adapting large pre-trained models to
specific tasks [8]. This process, known as fine-tuning, adjusts a model from its pre-trained state to
new domains. Fine-tuning is a form of transfer learning, where pre-training knowledge is reused for
specific applications [60].

Parameter-Efficient Fine-Tuning. Full-parameter fine-tuning is effective but impractical for
modern models with billions of parameters. Parameter-Efficient Fine-Tuning (PEFT) [19] reduces
cost by updating only a subset of parameters [51] or adding task-specific modules [65]. PEFT lowers
training time, memory requirements, making it a practical choice for large-scale models [18].
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1.1. Low-Rank Adaptation (LoRA)

A widely used PEFT method is Low-Rank Adaptation (LoRA) [21], motivated by the low intrinsic
dimension of fine-tuning [1, 33]. Instead of updating full weight matrices, LoORA optimizes the
product of two trainable low-rank matrices, added to the pre-trained weights: W = W9 4 TBA,
where W0 € R™*" B € R™*", A € R"™*", and r < min{m,n}. Only A, B are trained, while
WO stays fixed. The scaling a/r normalizes the update, with A usually Gaussian-initialized and
B set to zero; alternatives are explored in Zhu et al. [67]. This approach reduces computation and
mitigates overfitting [4], enabling efficient fine-tuning in resource-limited settings [59].

1.2. Chain of LoRA (COLA)

Although efficient, LORA often underperforms full-parameter fine-tuning (FPFT) [4]. To improve,
Xia et al. [64] proposed Chain of LoRA (COLA), which applies multiple LoRA updates iteratively.
At each step, a LoRA module is trained, merged with W9, and reinitialized. After 7T iterations, the
model becomes W = W0 + % Zf;ol BtA!, with At B! the low-rank matrices at step ¢. Unlike a
single low-rank update, COLA approximates higher-rank adaptations via a sequence of decomposi-
tions, potentially yielding better performance and easier optimization [64].

1.3. Problem Formulation

Supervised learning is typically cast as minimizing a loss function that measures the discrepancy
between predictions and outcomes. Here, we focus on fine-tuning, where a pre-trained model is
adapted to a new task or dataset with efficient parameter updates. We consider the model-agnostic
formulation

min  f(W° 4+ AW), (1)
AWERTVLX’VL

where W? € R™*" are pre-trained parameters (or those of a single linear layer), and AW is the
adaptation term. The function f : R™*™ — R denotes the empirical loss on the adaptation dataset.
Since m X n is typically huge in deep learning, AW must have special structure to be practical.

1.4. No Reasonable Theory for Low-Rank Adaptation

A solid theoretical understanding of fine-tuning methods with low-rank updates, such as LoRA and
COLA, is still missing.

* As noted by Sun et al. [58], the LORA re-parameterization transforms a smooth Lipschitz loss
into a non-smooth one, creating new challenges in addition to handling low-rank updates.
While this hints at difficulties, it does not rule out a proper theory.

* Existing analysis of COLA [64] replaces low-rank optimization over A, B with full-rank op-
timization of AW, ignoring the key low-rank structure and making results largely irrelevant.

* LoRA is highly sensitive to hyper-parameters [29, 32], yet no theory explains this issue.

* Most importantly, COLA can fail to converge. In Section 2, we present a simple 3 x 3 ex-
ample showing divergence. Thus, COLA is merely a heuristic, and fixing this is an open
problem—our focus in this work.

Despite their practical success, LoORA and COLA remain heuristics without rigorous theoretical

support, raising concerns about their robustness and reliability in settings beyond current practice.
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Figure 1: Convergence of LoRA, AsymmLoRA, COLA, and our proposed RAC-LoRA on (2).

2. Shining Some Light on LoRA’s Convergence Issues

Most machine learning models are trained by minimizing a loss function using gradient-based meth-
ods [52], typically extensions of Gradient Descent (GD) with stochasticity, momentum, or adaptive
stepsizes [15, 56]. To study LoRA-style methods, we first analyze their behavior under a GD step.
Applying the chain rule, the gradients of the low-rank matrices B, A are Vg af(W + $BA) =
T o
& <§?(Wi(—li/i‘—i_B;1)szl4—2> , leading to updates AT = A — n2BTVf(W + 2BA), BT =
B —naVf(W + %BA)AT, where 17 > 0 is the step size. Since both A, B are trainable, gradients
are multiplied by BT and AT, creating a non-trivial structure that complicates analysis and may
disrupt Lipschitz continuity.

T

Loss of Lipschitz smoothness.

Assumption 1 (Lipschitz Gradient) f is differentiable, and there exists L > 0 such that
IVFW) = ViV < LIW = V], VW,V e R™",
where || - || is the Frobenius norm.

Lipschitz continuity of gradients is central for convergence guarantees [48, 57]. However,
this property generally fails under LoRA. Even if f(W) is L-smooth, the reparameterized func-
tion f(W?+ BA) is not Lipschitz smooth in variables { A, B}, as proven in Sun et al. [58, Thm. 2].
This loss of smoothness complicates extending standard gradient methods to LoRA.

Numerical counterexample. We illustrate failure modes of LoRA and COLA using the quadratic
fx) =2 Mz +0b'x, )

with d = 9, M = Diag(10,1,...,1),and b = (1,...,1)T. The function is L-smooth with L = 10.
We represent x € R as W € R3*3 userank 7 = 1, and set o = 7.

Figure 1 shows that with step size 1/L, both LoRA and COLA diverge, while AsymmLoRA
converges to a suboptimal stationary point. With smaller steps, LORA and COLA converge but still
far from optimal. In contrast, our RAC-LoRA converges linearly to the optimum. These results
highlight divergence, suboptimal convergence, and step-size sensitivity in existing methods, and
demonstrate the reliability of RAC-LoRA.
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Algorithm 1 Randomized Asymmetric Chain of LoORA (RAC-LoRA)

1: Parameters: pre-trained model W9 € R™*", rank r < min{m,n}, learning rate v > 0,
scaling factor a > 0, chain length T', sketch distribution Dg (Option 1) or D? (Option 2).
2: fort=0,1,..., T —1do
3:  Sample a sketch matrix
(Option 1) BL ~ DE (Option2) A% ~ D4
4:  Using some iterative solver, approximately solve the subproblem
(Option 1) A ~ min fWt4+2BLA)  (Option2) B~ min F(W!+ 2BAY)
5. Apply the update
(Option 1) Wl =Ww?*+2BLA  (Option2) Wit =W!+ 2BtAL
6: end for

3. Randomized Asymmetric Chain of LoRA (RAC-LoRA)

To address convergence issues in LORA, we propose Randomized Asymmetric Chain of LoRA
(RAC-LoRA). This method combines asymmetric LoRA with a chain structure to ensure convergence
while keeping efficiency. The procedure is summarized in Algorithm 1.

Description of the algorithm. At each block, one matrix is randomly initialized and fixed,
while the other is trainable. This avoids optimization in a restricted subspace and reduces conver-
gence to poor stationary points. Two configurations exist: freeze B and train A, or freeze A and
train B. We formalize these sampling schemes as follows.

Definition 2 (Left Sketch) A “left sketch” (rank r) is AW = %Bsfl, where Bg ~ Dp is sampled

from a fixed distribution (n X r), and only A is trainable.

Definition 3 (Right Sketch) A “right sketch” (rank r) is AW = %B’AS, where Ag ~ Dy is
sampled from a fixed distribution (r X m), and only B is trainable.

In both schemes, the trainable matrix is updated for several epochs, effectively training a LoRA
block in the chain. Formally:
(Option 1) A* ~ miny f(W! + 2BLA), (Option 2) B! ~ ming f(W*' + 2BAY).
Finally, the sampled and trained matrices are merged into the model:
(Option 1) W'+l =Wt + ¢BL A, (Option2) W' =W' 4 2Bt AL,

3.1. Derivation of the update step

Without loss of generality, let us focus on the Left Sketch scheme (Definition 2). Specifically, for
each model in the chain, the update rule is given as follows: W' = W'+ 2 BL A?. Next, we apply
the Lipschitz gradient condition (Assumption 1) to the loss function f:

FU) < JV) + (VFWV)U = V)4 SN0~ VI, VO,V eR™"

Applying this with U = W, V = Bgflt andn < % leads to
1

FOVE) < FWH +(BTVFW), &) + 5

((BS)' BeA", AY).
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Let us minimize the left hand side term in A’, when the gradient vanishes: (B%)TVf(W?!) 4
%(BE)T(BE,)A"/ = 0. One such solution is given by! A" = —p ((Bg)T(Bg))T (BL) TV f(W1),
and his leads to the following gradient update:

W= - CnBy ((BY)(BY) (BYTVSOVY) = W HEVSWY,  ®)

where Hi = BY ((Bg)T(Bg))Jr (BL) " is projection matrix and %7 = ~. Similarly, we can obtain
the update for Right Sketch scheme (Definition 3):

W= WA (A(al)T) Al = W rEy @

where HYy = (AL)T (xélf‘/g(/lg)T)T AL is also projection matrix. We merge the scaling factor ¢ with
1 into an effective step size -y, simplifying updates. With this, we establish convergence for both
standard and stochastic gradient descent.

3.2. Convergence results

Our analysis relies on the smallest eigenvalue of the expected projection matrix (Section 3.1). A
strictly positive value ensures reliable convergence, so we assume it remains positive.

Assumption 4 Consider a projection matrix H generated by Left Sketch (Def. 2) or Right Sketch
(Def. 3). Assume that sampling distributions Dg and Dé are such that the smallest eigenvalue of the
expected projection matrix H generated by sampled matrix is positive: NI = A\, [E[H]] > 0.
The projection matrix has eigenvalues O or 1, so its minimum is 0, but the expected projection
matrix can have a strictly positive minimum eigenvalue. We require a lower bound on the function.

Remark 5 Assumption 4 is easily satisfied. Let H be the projection matrix as defined below Equa-
tion (4) and assume that the A matrices are drawn from an isotropic distribution (the rows of A
are isotropic). Then H is the projection onto the rank of A, which is a subspace of dimension r
distributed isotropically in R"™. The matrix E[H]| is then invariant under rotations, so must be a
scalar multiple of the identity. By taking traces, one finds that E[H] = I so )\gin =
Assumption 6 Function f is bounded from below by an infimum f* € R.

We now present the convergence result for RAC-LoRA with Gradient Descent (GD) updates.

Theorem 7 Let Assumptions 1 and 4 hold, and let the stepsize satisfy 0 < v < % Then, the
iterates of RAC-LoRA (Algorithm 1) with GD updates (Equation 3 or 4) satisfy

s[Jescrnff] < AL,

where the output W7 is chosen uniformly at random from WO, W1t ... WT=1,

1. The dagger notation refers to the Moore-Penrose pseudoinverse.
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We obtain sublinear convergence, typical for non-convex problems. To strengthen this, we assume
the Polyak-t.ojasiewicz (PL) condition, which extends strong convexity to non-convex functions.

Assumption 8 (PL-condition) Function f satisfies the Polyak-FLojasiewicz (PL) condition with
parameter pi > 0 if S|V f(W)|?> > p(f(W) — f*) for all W € R™ ", where f* = inf f,
assumed to be finite.

Next, we establish a convergence rate for RAC-LoRA in the Polyak-tL.ojasiewicz setting.

Theorem 9 Let Assumptions 1, 4 and 8 hold, and let the stepsize satisfy 0 < v < % Then, for
each T' > 0, the iterates of RAC-LoRA (Algorithm 1) with GD updates (Equation 3 or 4) satisfy

E[fWT)] = £ < (1— )" (FW0) = 1),

We achieved a linear convergence rate, which is significantly better than previous results; how-
ever, this improvement applies to a more limited class of functions. Importantly, we can recover the
classical results of GD by setting A2, = 1, which corresponds to the full-rank scenario.

The comprehensive analysis of different optimizers and their performance across various set-
tings is provided in the appendix, as summarized in Table 1.
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Table 1: Summary of our theoretical convergence results for RAC-LoRA for solving Problem (1)

when using a specific optimizer for approximately solving the subproblem in Step 4. The
results for the RAC-LoRA + GD combination are described in Section ??, while the proofs
can be found in Appendix F. The results and proofs for all other combinations can be found
in the indicated appendices.

Problem Fine-tuner Subproblem Optimizer Non-convex PL
Gradient Descent O ((1/T) O (exp(—T))
1) AAC-LORA (GD) Sec. F.1 Sec. F.2
2
. 2 2
(1)+6)  RAC-LoRA Random Reshuffling O (l/T3> O(1)1%)
(RR) Sec. G.1 Sec. G.2
. . T
) RAC-LoRA Stochastic Gradient Descent (@) (1/T2> O((1/T)
(SGD) Sec. H.1 Sec. H.2
. T
(1)+(12) Fed-RAC-LoRA Random Reshuffling O (l/T2) O (1/7T)
(RR) Sec. .1 Sec. 1.2

Appendix A. Contributions

To address the aforementioned fundamental issues of LoRA-type heuristics, and to firmly ground the
fine-tuning-via-low-rank adaptation line of work in a theoretically sound algorithmic framework,
we propose a new generic low-rank adaptation framework for which we coin the name Randomized
Asymmetric Chain of LoRA (RAC-LoRA); see Algorithm 1.

* Similarly to COLA [64], our method is iterative: we perform a chain of low-rank updates (see

Step 2 in Algorithm 1). In each step of the chain, one matrix (e.g., A) is chosen randomly
from a pre-defined distribution, and the other (e.g., B) is trainable (see Step 3 in Algorithm 1).
Which of these two update matrices is chosen randomly and which one is trainable is decided
a-priori, and hence our method is asymmetric in nature, similarly to AsymmLoRA [67]. We
propose two options, depending on which matrix is trainable and which one is chosen ran-
domly: in Option 1, A is trainable, and in Option 2, B is trainable.

In order to make our framework flexible, we offer a variety of strategies for updating the train-
able matrix in each step of the chain. This is possible since in each such step we formulate an
auxiliary optimization subproblem in the trainable matrix, and one can thus choose essentially
any optimizer for approximately solving it (see Step 4 in Algorithm 1). We theoretically an-
alyze several such optimizers within our RAC-LoRA framework, including Gradient Descent
(GD) in Appendix F (however, we include and describe the theorems in Section 3.2), Random
Reshuffling RR in Appendix G, and Stochastic Gradient Descent (SGD) in Appendix H. In
the case of GD and SGD, just a single step of the optimizer is sufficient, and this is what
our analysis accounts for. In the case of RR, we apply a single pass over the data in a ran-
domly reshuffled order. See Table 1 for a quick overview. Our analysis applies to the smooth
nonconvex regime, in which we prove fast sublinear (i.e., O(1/v/T), O(1/T) or O(1/T?))
convergence rates to a stationary point, and fast linear (i.e., O(exp(—1"))) rates to the globally
optimal solution under the Polyak-t.ojasiewicz (PL) condition.
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* The update is applied (see Step 5 in Algorithm 1), and the method moves on to the next step

of the chain.

Experiments. We apply our method to several machine learning tasks. We start from convex
problems with traditional models, such as logistic and linear regression, to provide clear illustrations
of our theoretical findings. In addition, we present empirical analyses for multilayer perception
(MLP) on MNIST and RoBERTa on the GLUE benchmark tasks [61]. See Appendix B.

Federated Learning. Furthermore, we extend our findings from the simple unstructured prob-
lem (1) to the more challenging distributed/federated problem where f has the special form de-
scribed in (12); there we consider solving a distributed optimization problem via our new Fed-RAC-
LoRA method (Algorithm 2). These additional results can be found in Section I. For illustrative
purposes, we provide an analysis for RR as the optimizer for the subproblem; see also Table 1. Pre-
vious research [58] has shown that using a single learnable matrix in this context provides several
key advantages, particularly in terms of preserving privacy, ensuring the correctness of model aggre-
gation, and maintaining stability when adjusting the scaling factor [58]. These benefits are crucial
in Federated Learning [31], where data is distributed across multiple clients, and privacy constraints
must be upheld while performing model updates. Building on this asymmetric approach, we inte-
grate the concept of chained updates to develop Fed-RAC-LoRA, a more robust and scalable dis-
tributed method. Our approach maintains the computational efficiency of the original RAC-LoRA
while ensuring rigorous convergence properties in the distributed setting, offering a theoretically
sound method for large-scale Federated Learning scenarios.

13



TOWARD THE FIRST OPTIMIZATION FRAMEWORK FOR LOW-RANK ADAPTATION

10! 10!
1004
1072
1071t
w1070 “ 1072
F %1073
5 108 =
—— Full fine-tuning (GD) N 1074
10-11] 77 etk N 3 il -
a\ 10751 = Rac-LorA:Ir = 1/(51)
. ~—4— RAC-LoRA: Ir = 1/(10L)
0 1 N, 10 s RAC-LoRA: Ir = 1/(20L)
10- . _
400 600 800 1000 0 200 400 600 800 1000
# of gradients # of gradients

Figure 2: RAC-LoRA convergence with varying ranks and step sizes on a linear regression problem.

Appendix B. Experiments

In this section, we explore the performance of RAC-LoRA as an optimization algorithm in machine
learning applications. In Appendix B.1 we validate the theoretical results in convex problems, while
in Appendix B.2 we evaluate the method applied to neural networks.

B.1. Convex Optimization Problems

Linear Regression. We conducted our analysis in a controlled setting using linear regression with
quadratic regularization and synthetically generated data. Specifically, we utilized 3,000 samples
for pre-training the model and 1,000 samples for fine-tuning. In this setup, we have d = 100 with
weight matrices of size 10 x 10, and the regularization term is set to 0.0001. As illustrated in
Figure 2, the method converges for various ranks and the convergence speed is proportional to 7,
and when the rank is set to the full rank, we observe convergence identical to that of FPFT. We
remark that COLA would suffer from the same divergence behavior as in Figure 1 on this quadratic
problem.
Logistic Regression. Analogous results for logistic regression are shown in Appendix D.

B.2. Non-Convex Optimization Problems

Further experimental results are provided in Appendix E.

B.2.1. RESULTS OF ROBERTA ON NLP TASKS

As in prior work [64, 67], we evaluate low-rank adaptation methods for LLMs using the GLUE
dataset [61].

Methodology. We fine-tuned the roberta-base model [34] on four of the smallest GLUE
tasks to study the behavior of low-rank methods in practical scenarios. For the chained methods,
we use a range of values for the number of chains and epochs per chain hyperparameters. In each
experiment we used rank 2 for the adaptations and trained using the AdamW optimiser [35] with
3 parameters 0.9 and 0.999, ¢ = 1 x 1078, a learning rate of 4 x 10~ with linear schedule and a
training batch size 8.

Discussion. The results are presented in Table 2. We find that RAC-LoRA performs competi-
tively with other low-rank adaptation methods, but does not outperform Asymmetric LoRA despite
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having greater capacity. We expect RAC-LoRA to outperform Asymmetric LoRA in settings where
there is a benefit to the additional capacity, i.e., those where a full parameter fine tune (FPFT) is
much better than Asymmetric LoRA. The performance of the FPFT in Table 2 shows that the se-
lected GLUE tasks do not provide such a setting. Here, a single low-rank adaptation is already
enough to obtain performance close to that of FPFT. However, this intuition motivates the experi-
ments in ?? B.2.2 where we intentionally restrict capacity of the adaptations to isolate the effect of
the chaining procedure.

Method # Chains # Epochs MRPC CoLA RTE STS-B  Avg
FPFT * 902400 63.6000 787100 912400 809
LoRA * ! 30, 80, 80, 40 89.74+07 63441, 86.6407 91.549, 82.8
LoRA 1 100 87710, 60.8402 752415 902401 78.5
AsymmLoRA 86.9:|:0,3 58.7:|:1,0 71.0:|:3,3 90.4:|:(),0 76.8
COLA 10 10 88.008 59.5410 721109 90719, 77.6
RAC-LoRA 10 10 87.0407 585401 723115 90390 77.0

Table 2: Results with RoBERTa-base for rank 2 on tasks from the GLUE benchmark. *: results
taken from the work of [21]. We report Matthews correlation coefficient for COLA, Pear-
son correlation coefficient for STS-B, and accuracy for the remaining tasks. Results are
averaged over 3 seeds and standard deviations are given in the subscript.

B.2.2. RESULTS OF MLPs oN MNIST

In this section, we seek to isolate the effect of the chaining procedure on generalisation performance
by restricting the capacity of the low-rank adaptations. This ensures that a single adaptation is
not sufficient to reach performance comparable with FPFT, allowing us to explore how chaining
adaptations can bridge this gap.

Methodology. We first pre-train a 3-layer MLP on the first five classes (digits 0-4) and then
adapt the network using LoRA-based methods for recognizing the remaining five unseen classes
(digits 5-9). The model is evaluated solely on these unseen classes. we used rank 1 for the adapta-
tions and trained using the AdamW optimiser [35] with /3 parameters 0.9 and 0.999, ¢ = 1 x 1078,
a constant learning rate of 2 x 10~* and a training batch size 128.

Discussion. Table 3 shows results for MNIST with different ranks and initialization. LoRA
reaches around 90% of the accuracy of FPFT leaving some margin for improvement when using
the chains. COLA constructs a sequence of LoRA modules, delivering significant accuracy im-
provements over LoRA due to the chaining procedure. The chaining allows COLA to capture richer
features (at the cost of training more parameters). However, both LoRA and COLA lack rigorous
convergence guarantees. AsymmLoRA has been shown empirically to approximate the performance
of LoRA [58] — but again no convergence result is provided. Our proposed method (RAC-LoRA)
enjoys significant accuracy improvements over AsymmLoRA, again due to the chaining procedure.
RAC-LoRA leverages a diverse learning process across different LoRA blocks, which intuitively

2. The setup is inspired by https://github.com/sunildkumar/lora_from scratch/.
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allows the model to capture a broader range of features. Crucially, RAC-LoRA comes with conver-
gence guarantees (Theorems 7 and 9). Finally, we note that each iteration of RAC-LoRA requires
training only one matrix per LoRA block, while COLA needs training two matrices. This reduction
in trainable parameters may offer advantages in resource-constrained settings, such as Federated
Learning, where minimizing communication costs is critical.

Appendix C. Conclusion

In this work, we introduced RAC-LoRA,

a framework for parameter-efficient fine-
tuning that enables interpolation between Table 3: MLP results on MNIST with rank 7 and a

low-rank adaptation and full parameter set to 1. In the case of AsymmLoRA and
fine-tuning. Motivated by the conver- RAC-LoRA, only the zero-initialized matrix is
gence challenges of LoRA, we propose trained.

the iterative algorithm RAC-LoRA and

provide convergence guarantees across Method Da Dp  Acc Train Params
various settings, including gradient de- FpPET _ i 98.0 54,700
scent, stochastic gradient descent, and :

random reshuffling. We extended this LoRA Gauss%an Zero  83.8 1K
framework to the federated learning COLA Gaussian  Zero  92.6 1K
setup, where RAC-LoRA has advantages LoRA Zero  Gaussian 87.0 1K
over competing algorithms in terms of COLA Zero  Gaussian 96.2 1K
corpmunication efﬁc.iency. Finally, W€  AsymmLoRA Gaussian Zero  62.3 133
Vahda_te our theoretical results empiri- o/ - | JRA Gaussian  Zero  92.0 133
cally in both convex problems, such as

linear and logistic regression, and non- ASYMMLORA  Zero  Gaussian 81.6 912
convex problems, such as MLPs and RAC-LoRA Zero  Gaussian 96.1 912

LLMs, finding that its chaining procedure
is advantageous in settings where standard low-rank adaptation approaches (such as LoRA and
AsymmLoRA) fail to capture the richness of full-parameter fine-tuning.
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Appendix D. Results on Convex Optimization Problems
D.1. Logistic Regression

We performed our analysis in a controlled environment using logistic regression with quadratic
regularization on synthetic data. In this configuration, we set d = 100, employed weight matrices
of size 10 x 10, and used 2,000 samples, with the regularization term fixed at 0.1. As shown in
Figure 3, the method demonstrates convergence across different ranks, and when the rank is set to
full rank, we observe convergence that mirrors that of FPFT.

1.
10 \ —+— Full fine-tuning (GD)
RAC-LoRA: rank = 10
RAC-LoRA: rank = 7
10—2 i RAC-LoRA: rank = 5

RAC-LoRA: rank = 3
RAC-LoRA: rank = 1

Piit

1 10—5<
|

s

= 10 8 |

10—11 i

10-14 L L ! | | I WA.IM.‘
0 200 400 600 800 1000
# of gradients

Figure 3: RAC-LoRA convergence with varying ranks and step sizes on a logistic regression problem.

Appendix E. Results on Non-Convex Optimization Problems
E.1. Additional Results of RoOBERTa on NLP Tasks

Table 4 reports additional configurations of the number of epochs per chain and the number of
chains on the GLUE benchmark. These results further corroborate the discussion in Section B.2.

E.2. Ablation on number of epochs per block in the chains

Convergence proof for RAC-LoRA (Corollary 12 and Corollary 14) states that each LoRA module
shall be optimized for one epoch only. However, good approximations can also be obtained using
more epochs per block and hence fewer blocks (i.e., fewer parameters), as we show in Table 5 for
the case of MLP on MNIST.

Similarly, we plot the training loss curves for RoBERTa-base on the RTE dataset in Figure 4.
We observe that all setups reach the same value at convergence with similar speed.
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Figure 4: RAC-LoRA training loss curves at a fixed computational budget for varying epochs for
each block in the chain. RoBERTa-base with rank 2.
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Method # Chains # Epochs MRPC CoLA RTE STS-B  Avg
FPFT * 90.2100 63.6400 787100 912400 80.9
LoRA * I 30, 80, 80, 40 89. 7107 63441, 86.6407 91.540, 82.8
LoRA 1 20 86.8408 58.0404 714407 903491 76.6
JAsymmboRA 83105 365s1s5 692100 896101 752
COLA 2 10 8714102 584415 699199 90319, 764
,,,,,,,,,,,, 100 2 8424 542404 64643 89.1lip; 730
2 10 85.6417 553410 68.6410 89449, 74.7
RAC-LoRA 10 2 8544104 55141n 655409 8934191 73.8
LoRA 1 50 88.2:|:0_3 60.1:|:0.4 74.4:|:0.9 90.6:|:()_1 78.3
JAsymmboRA - _864s10 574x03 699:15 90.3:0p 760
COLA 5 10 87.8411 593401 712412 90.649, 77.2
,,,,,,,,,,,, 05 877105 S8lyip 709405 90240, 767
i 5 10 872406 57.6405 70.6407 90.240; 764
RAC-LoRA 10 5 87.5404 578410 703412 90249, 76.5
LoRA 1 100 87.7:&0.2 60.8:&0.2 75.2;&1 5 90.2;&0,1 78.5
AsymmLoRA 86.9:|:0_3 58.7:|:1.() 71.0:|:3.3 90.4:|:0_0 76.8
COLA 10 10 88.0408 9595410 721409 90.749o 77.6
RAC-LoRA 10 10 87.0407 585401 723415 903190 77.0

Table 4: Performance of the methods using RoBERTa-base for rank 2. The experiments are based
on 4 tasks from the GLUE benchmark. * denotes the results reported in [21]. We report
Matthews correlation coefficient for the CoLLA dataset, Pearson correlation coefficient for
STS-B, and accuracy for the remaining tasks, with the standard deviations given in the
subscript. The results are obtained using 3 random seeds.

Number of epochs per block
1 2 3 4 5 10

COLA 96.2 958 959 951 954 945
RAC-LoRA 96.1 956 95.6 949 947 939

Table 5: Accuracy at varying epochs for each block in the chained methods (COLA and RAC-LoRA).
The setup is the same as in Table 3, with a zero-initialized A matrix and a Gaussian-
initialized B matrix. To ensure a fair comparison, the product of the number of epochs per
block and the number of blocks is kept constant at 50. The number of trainable parameters
for COLA and RAC-LoRA are 1K and 912, respectively.
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Appendix F. Analysis of RAC-LoRA with Gradient Descent
F.1. Proof of Theorem 7

The proof is provided for Left Sketch (Definition 2). The result for Right Sketch (Definition 3) can
be derived by following the same steps.

Proof We begin by examining the implications of Assumption 1. The relationships between various
conditions associated with Assumption 1 are discussed in detail in Nesterov [48].

POV <PV 4 (9 FOVY, W = W) 4 et —
Using the update rule Wit = W — yHLV f (W) we get
FOVEY) <JW) + (SO, A HEV (W) + 5 || ()|
SFOV) =7 (VFOV), HEV FVY) + o || HY £V
<FW') =3 (VW) HEV F(W) >+ V2 (HEV (W), HEV f(W))
SFOV) = (VFOV), HEV FOVY) + oo (VFOV), (HE) T HV £
Since matrix HY is projection matrix, we have (H}B)TH}‘/B = (H)? = HY;:

FOVEL) <FW') = (VW) HpV f(W)) + S92 (VF(W), HEV (W) .

2
Using the fact that v < + we have
OV <FW) = 3 (VAW HEV FW)).
Taking expectation we get
E[fW') | W' <E [f(W*) — 2 (VF(W), HEV (W) | W]
<FW') = 2 (VS (W").E [H] V(W)
Using an Assumption 4 we have
E[fW') | W' <E [f(W*) = (VAW HEV (W) | W]
<FY) - ZAf;’:-z U]

Subtracting f* from both sides we get

E[fW') [ W' = f* <FW') = " = IXE [V )
Now we can rewrite as

NIz |\ p (WP < (FOVY) = f*) = (B [FOVHY) | W] = )

2 min
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Taking expectation and using tower property we obtain

Y \Heg [va(wt)uﬂ < et — et

2 min

where ! = E [ f (Wt)] — f*. Now we can sum these inequalities together and get

’ﬂ

T-1

SV URTSES SICE

t t=0

Il
o

t

Using telescoping property of ¢! — e/T! we get

Z R [[Vrwh[*] <=

2 min

Once we divide by T" we obtaln

I
N[ %

o_ T
Z DR vy < ==

Finally, we get

MNiB AT

mln

T-1 .
%ZE[HV}“(W@HZ} < WV - /)
t=0

Applying argument from Danilova et al. [11] we obtain the result for uniformly chosen point.
|

F.2. Proof of Theorem 9

The proof is provided for Left Sketch (Definition 2). The result for Right Sketch (Definition 3) can
be derived by following the same steps.
Proof

We start from the inequality 5:

E[f(W") | W] = £ <FW = * = IAe [V v,
Using PL condition ||V f(W?)||* > 2u (f(W?") — f*) we have
E [f(WH) | W = £ <f(W') = ¥ =y B (FVY) = f7)
< (1=l (FOv = 1)
Once we unroll the recursion we get
E[JWD)] — 1< (1— i) (Fv") - 1)

In order to obtain ¢ solution we need to take
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Appendix G. Analysis of RAC-LoRA with Random Reshuffling

The previous results were obtained using full gradients. However, this approach is impractical in
deep learning settings, where calculating full gradients is often infeasible. To analyze stochastic
methods, we consider problem (1), where f has the following special structure:

N
0 _ 1 (1170

fWP+AW) = Z; W0+ AW), (6)
where each function f; represents the individual loss function for one sample and N is total number
of datapoints. Next, we analyze a practical variant of stochastic gradient descent (SGD) known
as Random Reshuffling (RR), which involves sampling without replacement. In this method, the
dataset is shuffled according to a permutation, ensuring that each training sample is used exactly
once during each epoch.

RR is a variant of SGD in which each data point is used exactly once per epoch, also known
as SGD with sampling without replacement. Many efforts have been made to explain why gradi-
ent methods with reshuffling perform so well in practice, across different types of problems. The
convergence rates for incremental gradient methods with random reshuffling in convex optimization
were first explored by Nedi¢ and Bertsekas [47] and later by Bertsekas [3]. In recent years, a lot
of focus has shifted toward strongly convex problems, with studies showing that RR can outper-
form SGD. For example, Recht and Ré [50] were among the first to analyze this for quadratic least
squares problems.

Researchers have also managed to improve results and remove some of the earlier assumptions,
such as second-order smoothness, as seen in works by Jain et al. [22], Safran and Shamir [55] and
Mishchenko et al. [44]. These studies introduced a new way to account for the random permutation’s
variance, making it easier to analyze both convex and strongly convex cases. There have even been
extensions into non-convex settings, with results under the PL condition [2, 49] and general non-
convex smooth cases [36, 42, 44]. More recently, tighter lower bounds for strongly convex and PL
functions have been developed [5].

In recent years, there’s also been growing interest in applying these reshuffling techniques to
distributed and federated learning, which is crucial for training large-scale, decentralized models
[7, 20, 38, 40, 41, 45, 54, 66]

To analyze stochastic methods, we need to make assumptions about the variance. The standard
assumption is that the variance is bounded:

Assumption 10 There exist nonnegative constants o > 0 such that for any Wt € R™*" we have,
LSS (W) — v (W) < o
5 2 VW) =V (W7 <o
i=1

The proof is provided for Left Sketch (Definition 2). The result for Right Sketch (Definition 3)
can be derived by following the same steps.

We consider a method belonging to the class of data permutation methods which is the RR
algorithm. In each epoch ¢ of RR, we sample indices mg, 71, . .., mxy—1 Without replacement from
{1,2,...,N},ie., {mg,m,...,mny—1} is arandom permutation of the set {1,2... N} and proceed
with IV iterates of the form:

Wit+1 = Wit - ’YHJtBVf(Wit)~
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We then set Wit! = W}, , and repeat the process for a total of 7' LoRA blocks. We can derive the
effective step:

N—-1
W= W' —yHy Y V(W) = W' —yHpNg', )
1=0

where ' = L SN IV (W),

G.1. Analysis of general non-convex setting

Theorem 11 Suppose that Assumption I and Assumption 4 hold. Suppose that a stepsize v > 0
is chosen such that v < ﬁ We choose the output of the method W' uniformly at random from
WO W1, ..., WT=1 Then, the iterate wT of RAC-LoRA method (Algorithm 1) with RR updates
(Equation 7) satisfy

FOWO) — f*
[va (W) H ] 'y]s/'T (1 = Amax [E[I — HY) — INH )
L22\H Ng?
= A B[ — H = DA

Remark: Notice that if we choose v = O(1/T), the above result yields the rate O(1/T?).
Proof In this context, and in subsequent discussions, the notation || - || refers to the Frobenius norm,
while (-) denotes the inner product associated with the Frobenius norm.

Now we can apply the L-smoothness:

f(Wt+1) < f(Wt) + <Vf(Wt),Wt+1 _ Wt> + g HWtJrl . WtHQ

L
= (W) + (VW) —yHENG') + 5 [y HE NG|

= FOV) AN (VFWY), ')+ 5+N? || '

=W - @VfWW\+Wf”

AN

)+ 57N g

R (IO un P VW) — By |) + 2PN g |

= FOVY) = T TR = 20 P (0 LN + SO — |

Using v < N we get

f(Wt+1) f(Wt va Wt H + va Wt tAt 2

Let us take expectation and subtract f*:

B [FOV) W) - £ < f7) - = 5 [ |+ Ve (| 5ov) - Bt ]
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Let us consider the last term:

E|[[Vrovh) - mpgt|* | Wt}

L Nl L V-l 2
=E vaJar )= Hp— > Vi (WH| | W
N i= N =0
i 1 N-1 -1 1 N-1 1 N-1
=E |5 2 V=W + HBf Ve (W) = Hp 5 D Vin (W) = Hp 2 >V fr (W)

Since I — HY; and H, are projection matrices generating perpendicular subspaces we have
(2
E[[[Vrw) - Hpgt|* | ]

n—1

2
—E |[|(1 = 1) VAV + | #h 3 (9 (W) £ (7)) Wt]

1=0

—E (I — HY) VW), (I — HE) V(W) +

1N
Hsp 2 (VW) = fr (W)
1=0

2
Wt].

Using the property that H; and I — H, are projection matrices we obtain

E|[|vrovt) - mgt|* | w]

< A [E 11— 1] [V SOV 4 B

N—
Amax[H']L Z Hwt—wg\f].
=0

Since Amax[H?] = 1 for projections matrix we get
N—1
1
E VW) = g | W*] < A [E[1 = HB]] [V V| + L2 ST E[[w! = wi|* ]
=0
Now let us consider the last term:

B [t - wi)?] =& || v s o0

2
w

=0
(k=1 k1 2
= | |32 H (Vfn (W) = Vir (W) + 3 HEV £, (W) Wt]
i=0 1=0
[k—1
< 29248 | 3 ([ (VW) = Tt 0 [ + 2022 | 159 4, 7)) Wt]

1 T
T S,
|
- O

A
5
=
&
™

s
I
- O

(s (] 9 = W+ 2920 | B £, ) ) Wt]

1 T
T

@
Il
o

< 27°KE |} (W = WP + 292K A [E [HE]] [V £, (W9)]*) | Wt] .
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Now, we are ready to sum the inequalities. By using Amax [E [H']| = ME, and applying Lemma
1 from Mishchenko et al. [44] with Assumption 10, we obtain:

1 N-1 k—1
S I ] <z | 3 (2 S It - s et 0 )
=0 =0 =0
N-1
<PLAN(N - 1) Y E (W - Wi
1=0

+ éﬁ(N —1)N@2N — DM\IB ||v f(w? H + Mis A2 N(N +1)0?

: 1
Using v < 575 we get

n—1 4 N 1
SE[|w - wiP] <5 (1 - PIENGY E[|w -]
1=0 3 1=0
gi(iﬂzw—l)mm DA VOV + ANV + 1))

< PPNz IV W[+ 42M s N2

max

Plugging to the previous bound we obtain:

E[[[VAW) =BG | W] < A [E [T = HE]] [V + L22N2NE (|9 £ ()|
+ L*y*AlIs No?.

max

Now we have the following

B [V | W1~ <fv) — 7= e

+g (A [E (1= HE)] [VFVO* + L22N2NEE (|9 £ ()| )

N
+ LA NG

max

: 1
Using v < 575 we get

B [FOW) W] = g <0V = f = T 95OV (1= A [B[1 = 18] - 08

(8)
'V T 122\ Hs N2, 9)

max

After rearranging the terms, we have
N
- vsavh)? <1 — Amax [E [1 — Hp]] - 4A££x> <) =) = ELFWHH W] = f)
IR T

2 max
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Next, we have

VY| <2 L W — ) — (E[f(WHYY | W] — f*
IV SvN(l—Amax[E[f—Hgn—pﬁgx) (PO =) = ®[FWTH W] - 7))
42 L gﬁfﬁ)\gg{]\hz.

(1 A [B11 - 1] - AT

Using telescoping property and taking expectation we get

T-1
1 2 2 JWO) — f*
=2 IV <
r ; YNT (1 — Amax [E [T — HL]] - ixﬁgx)
L2"}/2AHB N02
+ max

(1= Amax [E[1 - H]] - $7E)

Applying argument from Danilova et al. [11] we obtain the result for uniformly chosen point. W

Corollary 12 Suppose that Assumption I and Assumption 4 hold. Suppose that a stepsize v > 0 is

chosen such that v < ﬁ Let the updates have a form of several gradient steps (variance o> = 0)

We choose the output of the method wT uniformly at random from WO, W1 ... . WT=1 Then, the
iterate W' of RAC-LoRA method (Algorithm 1) with several GD updates (Equation 3) satisfy

L2 HUSED
TANT (1= Anax [E [ — HY] — M)

max

| esanl]

Given that the step size is divided by the number of gradient steps allocated for each LoRA
block, employing multiple gradient steps for a single LoRA block does not provide any significant
benefits. This observation suggests that a single gradient step is adequate for each LoRA block.
Therefore, in practical applications, it is more advantageous to utilize only one epoch per LoRA
block within the training chain. This approach not only streamlines the training process but also
optimizes computational efficiency, allowing for more effective resource allocation without com-
promising the performance of the model.

G.2. Analysis of Polyak-t.ojasiewicz setting
Next, we establish the convergence rate for the Polyak-t.ojasiewicz setting (Assumption 8).
Theorem 13 Suppose that Assumption 1, Assumption 8 and Assumption 4 hold. Suppose that a

stepsize v > 0 is chosen such that v < ﬁ Then, the iterates of RAC-LoRA method (Algorithm 1)
with RR updates (Equation 7) satisfy

T
B [107) = ] < (1= 980 (1 A [B (7 - 15]] — 88) ) BLFOV) - ]
L22\HB N2

max

+ .
2 (1= Amax [E [ = H}]] - SlIE)
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Proof
We start from Equation 8:

E[f(WH) [ W = <fWh) =1
= NN (1= A [E (1 - H5]) - 20
+ gL%zAgnga?
Using PL condition |V f(W?)||* > 2u (f(W?") — f*) we have
E[fWHY) [ W = <f W) - f*
N (07 7)1 e [E 1 18] — )
+ %L%QAgaBXNU?
Taking full expectation we obtain:
B 709 - £ < (1 =9V (1= A [E [ - 5] ~ N5 ) ) B 70V = 1)
- gLWAgnga?.
After unrolling the recursion we obtain
E[f(WT) - f1] < (1 ~ N (1 — Amax [E [1 — Hp]] - iAﬁfx))TE HUDESS
L2 ApE No®
2 (1= Amax [E [T - Hp)] - IMI8)

+
This finishes the proof. |

Corollary 14 Suppose that Assumption 1, Assumption 8 and Assumption 4 hold. Let the updates
have a form of several gradient steps (variance o = 0) Suppose that a stepsize v > 0 is chosen
such that v < ﬁ Then, the iterates of RAC-LoRA method (Algorithm 1) with several GD updates
(Equation 3) satisfy

T
E[f(W") - f] < (1 — N (1 — Amax [E [I - Hp]] - j}ﬂ)) E[f(W") = f*].

Since the step size is divided by the number of gradient steps for each LoRA block, using multiple
gradient steps does not offer significant advantages. Thus, a single gradient step per LoRA block
is sufficient. Practically, it is more efficient to use only one epoch per LoRA block in the training
chain.
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Appendix H. Analysis of RAC-LoRA with SGD under the arbitrary data sampling
paradigm

In the previous section, we introduced the Random Reshuffling (RR) method, where each data point
is used exactly once during each epoch, also known as sampling without replacement. This method
has demonstrated strong empirical performance across various optimization tasks. However, in this
section, we shift our focus to the RAC-LoRA framework, where Stochastic Gradient Descent (SGD)
is applied with a more general, arbitrary data sampling procedure, allowing for broader flexibility
in how data is selected and used during training.

The analysis of general sampling schemes in SGD has garnered significant attention in the liter-
ature, particularly in understanding its impact on convergence rates and optimization performance
across different problem classes. For strongly convex functions, general sampling methods have
been rigorously studied in works such as Gower et al. [15], which provide detailed convergence
guarantees and bounds. In the case of general convex optimization problems, Khaled et al. [28] of-
fer a thorough analysis of the performance of SGD under various sampling strategies. Furthermore,
for non-convex settings, both Khaled and Richtarik [25] and Demidovich et al. [12] have explored
how general sampling procedures influence the convergence behavior and optimization efficiency
of SGD, shedding light on its applicability to a wide range of machine learning tasks.

In the following sections, we build on these foundational studies to examine how the flexibility
of general sampling in the RAC-LoRA framework can lead to improved convergence in certain
scenarios, while also maintaining robust performance across different convexity settings.

To conduct this analysis, we introduce a general assumption that extends the standard assump-
tions presented in Khaled and Richtarik [25].

The proof is provided for Right Sketch (Definition 3). The result for Left Sketch (Definition 2)
can be derived by following the same steps.

Assumption 15 (Expected smoothness) The second moment of the stochastic gradient satisfies
E [llg(W)|2) < 241 (F(W) = 1) + By - IV S W) + Cy
for some A, B,C' > 0and all W € R™*™,
Now we can also do stochastic analysis. Let us consider the SGD update for LoORA method:

AW = L BAs,
T

- N T
W= W' SBAL B = —g(W(Al)T (Ag(Ag)T)
Now we have

W= W g (W)(A) T (A5(45)T) Al = W (W, (10)
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H.1. Analysis of general non-convex setting

Theorem 16 Suppose that Assumption 1 and Assumption 4 hold. Suppose that a stepsize v > 0
H

is chosen such that v < min [1 /N LAINEL T 1/ <L31 i’ﬁ%‘ . Then, the iterate W7 of RAC-

max
min

LoRA method (Algorithm 1) with SGD updates (Equation 10) satisfy

Ty 6 0 Aﬁg‘x
0<Itrilir’l 1E |:HVf W H ] )\gﬁl T (f(W )_ f ) +Lley min

Remark: Notice that if we choose v = O(1/+/T), the above result yields the rate O(1/v/T).
Proof We start from L-smoothness:

f(Wt-i-l) Sf(Wt) + <vf(Wt)’Wt+1 _ Wt> + g HWtJrl . WtH2
= J(W") + (T FOV), g (W HS) + 5 [[~9(W) HY P
= F(W) — 5 (T FOV), g(W)HY) + || —vg (W) Y .
Let us take conditional expectation:
E[f(WHD) | W <f(W') —AE (VF(W), gW)HY) | W]
+ 2B [y 12 | W]
Using that (W) and HY, are independent, so we have
E[f(W ) [ w!] <f(Wt ) =y (VFW'),E [g(W")] E [H}])
+ E =gy |* | ]
éf(Wt —y(VF(W"),E [g(WH] E [HA])
PSR (V) HY, oW HY) | W)
<FW") = min [E [HA]] ||V W)
+72§E [(g(W")HY, oW HY) | W] .
Using the property of projection matrix HY, we have
E [F(W') W <FW) = Y Ain [E [HA]] |V (0[]
4925 M [ [HA)]E oW ]

Now we need to use assumption on stochastic gradients. We will use the most general assumption:
ABC - assumption:

E [[lgWh)]2] < 24:(f(W") — ) + B[V FWH|* + Cn.
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Now we have

E [f(WHY [ W = f* <FWH) = £* = YA [E [HY]] VLV

+'Y2§)\max [E [H4]] (241(F(W") = ) + By | W)[* + 1)

Combining these terms together we get
E[f(WH) [ W = £ < (FV) = ) (14 72 A1 DAwas [E [H4]]

)
£ e [E [14]] Bl)

— Vo [E [HA]] [V V)] (1 72 N [E [HY]]

L
+72§)\max [E [HY]] Ch. (11)

@ )\max [E[Hi\“
2 Aumin [E[H} ]

Using condition on stepsize: 1 — vy
E[fWH) [ W — < (FW) = ) (1 +7*A1 LAmax [E [H4]])
- %’YAmin [E [Hil]] va(Wt)HQ

L
+ 72 5 Amax [E [HY]] Ch.

Using tower property of expectation we obtain
E[fW™) = f] <E[f(W") = f*] (1 + A1 LAnax [E [H4]])
1
— 57 [E [HA]) E [V V)]

L
+ 72§>\max [E [HY]] Ch.

Let us define ' = E [f(W') — f*] andr' = E [HVf(Wt) HZ} , after reshuffling of terms we obtain

,LC,

5w [E [HA)E [[VFOVOIP] < (147 A D [B [H]]) 8 — 5 472 o A [ [H4]]

-1 t_ wil
Let use fix w™" > 0 and define w" = T I3 A [E[H]

for all ¢ > 0. Multiplying by -,

LCy

Loy w* 2 t ¢ w* t+1 t
3 (147" A1 LAmax [E [H3]]) 6" — O Ty A B [HA]] -

2w 7° Amin [IE [Hfél]] §7

Now we obtain

1 t—1

t
50T i [B [HA]] <=5 = 25171 4 2 A [E [HY]]
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Summing up both sidesast = 0,1,...,7 — 1 we have,
T-1 1 -1 T !
o>t A [B [H4]] <0 T MLTQ e wt
t=0 v v t=0
T 1
SLéO + 'YLC& Amax w'
v 2 t=0
Let us define W7 Zt o w'. Dividing both sides by W7 we have,
1 w! oY 1 LO1y Amax [E [HY]]
— [ .
20<f, " S w Z ST S A EHY] T T2 e [E [HY]]
Note that
T-1 T-1 -1
wT = wt > min  w' = Twl—1 = Tw -
P g 0<i<T—1 (1 + Ly?Admax [E [HY]])
Using this we get
U 0 A B[] o 2O A [E (Y]]
202 Mo [E [H]] /T 2 uin [ [H]

Using the fact that 1 + = < exp(z), we have that

(1+ L7 At Ao [E [H4]])T < exp (L2 At Amax [E [H4]] T) < exp(1) < 3

where the second inequality holds because v < 1/ \/ LA Aax [E [HZH T by assumption.
Substituting we get,

min 7t < 0 (f( ) f*) + LCy Agﬁx
0<t<T—1 Amin [E [HZH T v )‘mln.

H.2. Analysis of Polyak-Y.ojasiewicz setting

In this section we provide analysis of RAC-LoRA method with general SGD update under Polyak-
Lojasiewicz condition (Assumption 8).

Theorem 17 Suppose that Assumption 1, Assumption 8 and Assumption 4 hold. Suppose that a

stepsize v > 0 is chosen such that v < min H — 1 / <LB iﬁj‘) . Then, the iterates of
2A1L max
A

RAC-LoRA method (Algorithm 1) with SGD updates ( Equation 10) satisfy

E[f(WT)] — £ < (1— v )" (FOV0) — £4) .

min
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Proof

We start from 11:

E WY W =~ <(fW') = ) (1472 A1 LAmax [E [HY]])
L dwa [E 4]
2 uin [E[HY]]

[E—

— YAmin [E [H4]] |V £V (1 —7

L
+ WQEAW [E [HY]] Ch.

t
Using (1 - 75%31) > 3 and PL condition we have

3
E[f(W') | W] — f* < (FW) — 5 (1 — S i B [HY]] 4+ 2241 LA [E [H;}D
I L. [E [HY]] Ch.
Using that LA1yAmax [E [HY]] < 5Amin [E [HY]] we obtain
L

ELf W W = < (FOV) = %) (1= ypdmin [E [HA]]) + 7" 5 Amax [E [HA]] C1.

Taking full expectation and using tower property we obtain:
L
E[fW) = £ <E [f(W) = £ (1= yudanin [E [HA]]) + 7" 5 Amax [E [HA]] C1.

Once we unroll the recursion we obtain

E [f(WT) _ f*] SE [f(W()) _ f*] (1 — FYM)\EI;)T —+ FYQM;SHA)\gg}{CI
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Algorithm 2 Federated Randomized Asymmetric Chain of LoRA (Fed-RAC-LoRA)

1: Parameters: initial pre-trained model W9, rank r, learning rate > 0, scaling factor «, server
stepsize 5 > 0 number of modules in chain 7', sample distribution Dg or Dé.

2: fort=0,1,..., T —1do

3 Sample a subset (cohort) of clients S*

4 (Option 1)  Sample a matrix B} (Option 2) ~ Sample a matrix A%

5. Send the model IW* and fixed matrix (Option 1) Bf or (Option 2) A% to clients

6

7

for m € S' do
Solve subproblem

(Option 1) Al ~ min Fu(Wt+2BLA)  (Option2) B!, ~ min Fn (W' + 2B AL)
T T

8: Send the updates to server (Option 1) AL or (Option 2) B!,
: end for
10: ~ Merge the updates
11:

1 .
(Option 1) Wt = Wt +B%B§5 3 A

meS
12: 1
(Option2) W1 =Wt ,6%5 3 BLAL
meSt
13: end for

Appendix I. Federated Learning setting

We consider the main optimization problem (1), with f having the double finite-sum structure

M N
1 1
FWVO+ AW) = o > ~ > fna(WO+ AW), (12)
m=1 =1
fm(WBr+AW)

where M is the total number of clients and N is the number of data points on each client. In
the context of Federated Learning, each client maintains its own local loss function f,,, which
also follows a finite-sum structure, reflecting the client’s local data. This formulation captures the
decentralized nature of the learning process, where each client performs computations based on
their local dataset.

Federated Learning (FL) [23, 31] is a distributed machine learning framework that enables mul-
tiple devices or clients to collaboratively train a shared model without sending their raw data to a
central server. In contrast to traditional machine learning, where data is centralized for model train-
ing, Federated Learning allows each client to train a local model using its own data. The clients then
share only the updated model parameters with a central server or aggregator. The server aggregates
these updates to form a new global model, which is then redistributed to the clients for further iter-
ations of the process [31]. Local Training (LT) is a key component of Federated Learning (FL), in
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which each participating client conducts several local optimization steps before synchronizing their
model parameters with the central server.

The analysis of LT marked a significant advancement by eliminating the need for data homo-
geneity assumptions, as demonstrated by Khaled et al. [26, 27]. However, later studies by Wood-
worth et al. [63] and Glasgow et al. [13] revealed that LocalSGD (also known as FedAvg) has
no communication complexity advantage over MinibatchSGD in heterogeneous data settings. Ad-
ditionally, Malinovskiy et al. [37] analyzed LT methods for general fixed-point problems, while
Koloskova et al. [30] explored decentralized aspects of LT.

Although removing the data homogeneity requirement was a major breakthrough, the results
were somewhat discouraging, as they indicated that LT-enhanced GD, or LocalGD, exhibits a sub-
linear convergence rate, which is worse than the linear convergence rate of vanilla GD [62]. The
impact of server-side step sizes was further explored by Malinovsky et al. [41] and Charles and
Konec¢ny [6].

Subsequent LT methods aimed to achieve linear convergence by addressing client drift, which
had hindered earlier approaches. Scaffold, introduced by Karimireddy et al. [24], was the first to
successfully mitigate client drift and achieve a linear convergence rate. Similar methods were later
proposed by Gorbunov et al. [14]. Although this was a significant breakthrough, these methods still
have slightly higher or equal communication complexity compared to vanilla GD.

Mishchenko et al. [46] recently introduced the ProxSkip method, a simple yet effective ap-
proach to Local Training that achieves provable communication acceleration in the smooth strongly
convex regime, even with heterogeneous data. In a follow-up article, Malinovsky et al. [39] ex-
panded on ProxSkip, presenting a broad variance reduction framework. Condat and Richtérik [9]
further applied ProxSkip to complex splitting schemes involving the sum of three operators in a
forward-backward setting. Additionally, Sadiev et al. [53] and Maranjyan et al. [43] improved the
computational complexity of ProxSkip while preserving its communication efficiency. Condat et al.
[10] introduced accelerated Local Training methods allowing client sampling based on ProxSkip,
while Grudzien et al. [16, 17] proposed an accelerated method using the RandProx approach with
primal and dual updates.

In practice, Federated Learning faces a fundamental challenge: it is often infeasible for all
clients to communicate and aggregate updates with the central server simultaneously due to limita-
tions such as network bandwidth, client availability, or resource constraints. Therefore, rather than
requiring all clients to participate in every round of communication, we adopt a strategy in which
only a randomly selected subset of clients is involved in each aggregation step. This approach relies
on uniform sampling of the clients, ensuring that the selection process is unbiased over time.

The method operates as follows: in each communication round, the central server sends the
current global model, denoted by W?, along with the sampled matrix, to the clients chosen to
participate in the current cohort. Each client in this cohort trains a local learnable matrix using an
optimization algorithm (e.g., stochastic gradient descent) based on their local data. After completing
the local updates, the clients send their computed updates (i.e., changes in model parameters) back
to the central server.

Once the server receives these updates, it aggregates them (e.g., by averaging the updates) to
produce an updated global model. In addition to the aggregation, the server may perform an addi-
tional server-side update step to further refine the model before broadcasting it in the next round.
This iterative process of local training, communication, and aggregation continues until convergence
is achieved or a predefined stopping criterion is met.
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The proof is provided for Left Sketch (Definition 2). The result for Right Sketch (Definition 3)
can be derived by following the same steps.
For local optimzier we use Random Reshuffling, where the effective step has a form:

Wi i1 =W i = YHBEV frn i( W}, ) (13)

The server-side step looks like Wi = Wt — 5L LS o A
Let us formulate nesesary assumptions

Assumption 18 (Functional dissimilarity) The variance at the optimum in the non-convex regime
is defined as

I —— 1 - *
AZ - T
m=1

where f, = infy fr (W) and f* = infy f(W). For each device m, the variance at the optimum
is defined as

n
def 1
A 2 0 Z f;@,z
i=1
where f, . = infyw fm,i(W)

I.1. Analysis of general non-convex setting

Theorem 19 Suppose thatAssumption 1 and Assumption 4 hold. Suppose that stepsizes v, > 0 is
Hp

chosen such that yn < n < )‘m”‘ . Then, the iterate W7 of Fed-RAC-LoRA method (Algorithm 2)
with RR updates (Equation 13 ) sansfy

~73,. 2772 2-2  M-C
4(1+477L7N T 2L M =T AT

Amax [E [I — HE]| 7T

842N L? 1= .
L. w1 i) (M > An +NA

min E[HVf(Wt)yﬂg ) (f(W®) = f7)

t=0,..., T—1

m=1
25 _
n 8L : M-C A
Amax [IE [I — HB]] Cmax{M — 1,1}
Proof
We start from L-smoothness:
FOvth) < + (VW)W - W) + HWt+1 W’
1 N—
< Ve Z Z H [ (W, )>
mesSt =0
L 1 N-1 2
~ t m,i t
5 777]\, Z ZHme W)
mesSt =0
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Now we take expectation with respect to sampling:

Ege [f(W'H] <f(W') — fEg:

N-1
1 Tr'fn,i
<Vf<Wt>, on 2 2 HEVfm (W;,i)>]
meSt 1=0
I 1 N—-1 . 2
~9 t Tm,i t

meSt =0

Using 2 (a,b) = ||a + b||* — ||a||* — ||b]|*, we have

B [FVH)] £V = JIVAOV) —

~ M
n t 1 t o Tt
5 | VI = 35 2o 2 HEV A (W)

L
+ 57721@9

2

~ M t
POV = IV TV + 2|50V — 110 3 ST HEV A V)

L 1 = t
+§772Est ON Z Z HEV ™ (Wi, i)

meSt i=0
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Now we need to add and subtract H5V f(W*):

Eg: [FV)] <707 — LIV W2

- 1 M Nl e
o VIOV = HEV (W) + HpVF(W") =+ ,; 2% HEY fol™ (Wi,0)
2
+ 2P || o 3 S v v
meSt =0
<FW") = ZIVFWH?
+ Dl rvt) (1 - Hy) + o7 f: S ) A p— i S W)
2 7 MN m=1 i=0 7 " MN m=1 {=0 7
L ~2 1 = t m i t i
5N Ege N,n;t Zz% HpV fi™ (W) ]
<FW) = ZIVFV
. | M N o 2
3 |[VHOV) (1 H5) e 5257 oty (gl 95 )
L ~2 P t m,i t i
+ Y Egt H Z ZHvim (Wii)
meSt 1=0
Since H% (I — HY) = 0 we obtain
Ege [f(WHN] <FW) = ZIVFW)?
7 Y o 2
+ 5 VWO (T = Hp)[|"+ 5 MNmZ_:l 2 H <me’””(Wt) T fom (W ))
L_, 1 e i
+ Y Egt m,,;st Zz; HEV f™ (W) ] .

Now we take conditional expectation and use tower property:

B [F(W) | W) <f0) = D) P+ DR [V £07) (1 - H) | | )

+1n Hl Y (o - wrii vy, ¥ Wt]
2 MN m=1 1=0 7 " " "
L ~2 1 — t m,i t i t

+ 577 E | Eg CiNmest £ HBVf Wy, ) ] | W]
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Next, we use eigenvalues to obtain bounds
E [f(WH) | W <fw?) - U ANZIUS) )| + Amax [E [T — H]] IV f(W)|1?
i | M oN-1 2
- - m,i t m1 t
+ 5 [ Amax [ (HE] N mZUO<me (WH =V f (W, )> W
r 2
+57°E {Est Amax [Hp] Z Z (W) ] Wt] :
mGSt =0
Since Amax [HY] = 1 we have
E[f(W) W' <fW) = 2| VFW* + Domax [E [1 = H) IV VP
b | M N , 2
- I T, i ty m,i t
+5E HMN,;Zg V™ (W) = V™ ( ,)> | W
+Liee |® ! Ny 2 W
577 St ON S ™ ( z) | .
meSt =0

Lig |:IESz L YV fm
2 C
meSt 1=0
1 M N-1
<o |5 S0 3 i
m=1 =0
+ L2 |V (W]
M_
72 ¢ (2L (f (W) — f*) +2LA%)

Using this bound and L-smoothness for the term in second line we obtain
2 1
+ 5 Amax [E [T = HB]] [VF(W)|?

[PV W <) = 2 [V )* +
77 ) 1 M n-—-1 . t )
+ 5 L’E n;;uw | \Wt]
32 1 t t |2 t ~2 £ (|2
+ L*3°E Man::H:OHW —WENT TWEH + L [V f (W)
) = f*) +2LAY)

L e (LT (V)
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Since 1 < i we get
£ [F0 ) | W) < 707~ DIV FOV + D [B[1 — HE]] V£V

+ L ||V (W)

1 - t t 12 t
T 2 2 W =wrl I w
M

T G 1,13 2L (W) = [7) +2L47).

E [ = Wil | W] < 49?N2L (f (W) = f)

M
1
2 772 * 2 *
+29°N2LA* + 20°NL— Y AL

m=1

Plugging this bound we obtain
E [f(WH) | W <fw?) — U S lvrot )|)? + Amax [E [T — Hp]] IV f(WH)|]?
+fL* <4W2N2L (f (W') = f*) + 29°N°LA* + 272NL Z A’ )
+ L [V (W)

, M-C

+ L7 oo — 1.1 (2L (f (W") = f*) + 2LAY).

Next, we have

E[fW) | W] <F0V) — D[S0 (1~ A B[~ H]] - 2Li)

+fiL? (472N2L (f (W) = f*) + 29°N?LA* + 272NL Z Al >

M-C t * *
+ Lip G (31 T, 1}(L(f(W)—f)HLA ).

_ 13
Using 77 < Hmziw we get

E [F(W) | W) <F ) = L0 (1 A [E [~ H]))

+7L? (472N2L (f (W) = F*) + 29°N?LA* + 272NL Z A >

I gL (V) - ) 21,
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Next, we subtract f* from both sides:
E[f(WH) [ W' = £ <FW) = £ = LIV (1= Anae [E [ = HE]])
M
~ 72 2 n72 t\ _ px 2 n72 * 2 i *
+ AL (47 N2L (f (W) = f*) +29°N’LA* + 2 NLMT;Am)

9 M-C
7 (
Cmax{M — 1,1}

+ L L(f (W") —f*) +2LA%).

Taking full expectation we obtain

E [f(WtJrl) . f*] <E [f(Wt) o f*] <]_ +4ﬁL3’)/2N2 —+ QLQﬁQCmaﬁ]\}C 1, 1}>
= JIV V)P (1= A [E [1 - 75]])

M
1 M-C
nL? [ 242 N2LA* +242NL— Y  A* 2L%7? A*.
i (7 T Mmz1 m ) R e (M — 1,1}

Next, we apply lemma from Khaled and Richtarik [25] and obtain
1+ 47L3Y2N? 4 2125 el

Amax [E [I — HE]| 7T

842N L3 1 & .
+Amax[E[I—Hf9]] (MZAm+NA

) (FWO) = f*)

i B[V (W] < (

m=1
8L%7] M-C
+ i A*.
Amax [E [I — HY]] Cmax{M — 1,1}
|
I.2. Analysis of Polyak-FLojasiewicz setting
Theorem 20
Suppose that Assumption 1, Assumption 8 and Assumption 4 hold. Suppose that stepsizes vy, 1 >
_\iB
0 is chosen such thatyn <1 < ! :\ 0. Then, the iterate W7 of Fed-RAC-LoRA method (Algorithm

2) with RR updates (Equation 13) satisfy

E [f(WH) — ] < (FW°) = %) (1= 71 (1 = Amax [E [T — HY]] = 3L7))"

- M
77L2 2 nT2 * 2 1 *
+ = — | 27v°*N“LA* + 2y*NL— A
ny (1 - )\max [E [I_Ht” _3L77) ( K ! Mmzz:l "
Li? M—-C

(2L (f (W*) = f*) + 2LAY).

T 3 (U= Ao [E UL — Y] — 3L77) Cmax{M — 1,1}
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Proof We start from

E [FW) [ W] <F0V) — D[S F00) [ (1~ A [B 1 — H]] — 285)

m=1

~ * * 1 *
+ fL> <4V2N2L (f (W") — f*) + 29°N2LA* + 272NLM Z Am>

N M-—C ) *
+Ln20max{M— oy LU (W) = f*) + 2LA%).

Using Assumption8 we have

E [fW) [ W <F W) =i |V FV)* (1 = Amax [E [T = H']] - 2L7) (f( D= 1)

+ AL? (472n2L (f (W' — f*) + 29°N2LA* + 272NL Z A* )

N M—C ) *
+L"20max{M_1,1} (2L (f (W) — f*) + 2LAY) .

Using the stepsize v < ﬁ we have

E[fWH) | W <FW) =it (1= Amas [E[1 = H']] = 3L7) (f(W") = )
M
+L? (272N2LA* + 272NL% mzl A;)

+ Li? CmaﬁMC:l 0 (2L (f (W") = f*) +2LAY).

After unrolling the recursion we obtain

E[fWH) = ] < (FOV°) = ) (1= (1 — Amax [E [1 — Ht]} - 3L7))"

nL? . )
T Amex B[ — HY] — 3L7) <272N2LA + 272NL Z A )

Li? M~—C . )
" Amax |[E [I — HY]] — 3L7) Cmax{M — 1,1} (2L (f (W') = f*) +2LAY) .

i (1 —
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