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ABSTRACT

Knowledge Distillation (KD) is a central paradigm for transferring knowledge from
a large teacher network to a typically smaller student model, often by leveraging soft
probabilistic outputs. While KD has shown strong empirical success in numerous
applications, its theoretical underpinnings remain only partially understood. In this
work, we adopt a Bayesian perspective on KD to rigorously analyze the convergence
behavior of students trained with Stochastic Gradient Descent (SGD). We study two
regimes: (¢) when the teacher provides the exact Bayes Class Probabilities (BCPs);
and (%) supervision with noisy approximations of the BCPs. Our analysis shows that
learning from BCPs yields variance reduction and removes neighborhood terms in the
convergence bounds compared to one-hot supervision. We further characterize how
the level of noise affects generalization and accuracy. Motivated by these insights,
we advocate the use of Bayesian deep learning models, which typically provide
improved estimates of the BCPs, as teachers in KD. Consistent with our analysis, we
experimentally demonstrate that students distilled from Bayesian teachers not only
achieve higher accuracies (up to +4.27%), but also exhibit more stable convergence
(up to 30% less noise), compared to students distilled from deterministic teachers.

1 INTRODUCTION

Knowledge Distillation (KD) Hinton et al.|(2015) is a fundamental technique in machine learning,
widely used for model compression, transfer learning, and improving generalization Gou et al.|(2021);
Yim et al.[(2017). A core idea in KD is to transfer knowledge from a "teacher" model to a (typically
smaller) "student" model by training the student to match the teacher’s output probabilities rather than
categorical outputs (one-hot labels). This softened supervision has been shown to lead to improved
performance across a range of tasks|Mansourian et al.|(2025). Consequently, a substantial body of
research has focused on designing KD mechanisms, including strategies for dynamic temperature
scaling, feature-based distillation, and task-aware teacher-student matching|Zhu et al.|(2024); Wang
et al.|(2024), typically assuming a large teacher which is optimized to maximize its own performance.

Despite its widespread adoption, the theoretical foundations of KD remain only partially understood
Phuong & Lampert/(2019). In particular, the impact of the teacher’s output probabilities on the student’s
optimization trajectory and generalization has not been fully characterized. While insights have been
developed for special cases such as self-distillation[Safaryan et al.[(2024)), a principled understanding
of how KD affects common learning algorithms, such as Stochastic Gradient Descent (SGD) and its
variants, is still lacking. Recent works have begun to explore KD through a Bayesian lens Menon
et al.|(2021); Ye et al.|(2024), interpreting the teacher’s outputs as (possibly noisy) estimates of the
true class posterior. This probabilistic perspective gives rise to the possibility of analyzing relatively
unexplored aspects of KD; particularly in terms of the dynamics of SGD-based learning, as well as
the statistical calibration of the teacher and its influence on the student.

Contributions Motivated by the Bayesian viewpoint of KD, our work provides a rigorous analysis of
the interaction between probabilistic supervision and SGD-based learning. Our analysis considers two
regimes: (z) supervision with the Bayes Class Probability (BCP), i.e., the exact posterior probabilities,
which correspond to a perfect teacher from the Bayesian perspective on KD; and (%) supervision with
noisy estimates of the BCP, i.e., a realistic imperfect teacher. Based on this modeling, we are able to
show variance reduction compared to one-hot supervision in SGD-based learning. Through a numerical
study, we show that this variance reduction translates into improved performance of the trained student.
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Based on our analysis, which indicates that the effectiveness of KD depends on how well the teacher
approximates the BCP (i.e., how well-calibrated the teacher is), we advocate the use of Bayesian deep
learning models as teachers Gawlikowski et al.|(2023) in KD. Bayesian deep learning brings forth
a key advantage, as it typically results in better-calibrated probabilistic predictions, thereby producing
more faithful approximations of the BCPs|Jospin et al.|(2022). We show this benefit can be effectively
harnessed in KD, through two complementary strategies: () training the teacher directly using
Bayesian learning techniques, or (i¢) converting an existing deterministic (frequentist) pre-trained
teacher into a Bayesian model via posterior approximation techniques. Our experimental study
demonstrates the effectiveness of this approach, both empirically validating our theoretical analysis,
as well as showing the usefulness of Bayesian teachers. Our results show consistent improvements
in accuracy and variance reduction when distillation is performed with properly calibrated teachers.
These empirical findings align with our theoretical analysis, supporting our claim that leveraging
Bayesian teachers in KD improves both the convergence and generalization of SGD-based learners.

2 RELATED WORKS

Theoretical Justification for KD Since the introduction of KD |Hinton et al.[(2015)), several works
focused on explaining its mechanisms from different theoretical perspectives. A common approach
attributes its usefulness to the soft estimates of the teacher regularizing the learning procedureDong et al.
(2019);/ Yuan et al.[(2020). Recently,/Cha & Cho|(2025) provided a minimal working explanation of KD
through a precision—recall trade-off. Huang et al.| (202 1)) framed KD as a trade-off between knowledge
inheritance and exploration. Phuong & Lampert|(2019) provided generalization bounds and identified
factors explaining the success of KD, namely data geometry and optimization bias, and|Lopez-Paz
et al.[(2015)) connected KD to privileged information. In contrast to these works, both our theoretical
analysis and our algorithmic contributions are based on a Bayesian perspective on KD, which facilitates
characterizing the learning dynamics, as well as unveil how one can enhance a teacher model for KD.

Bayesian Perspective on KD |Menon et al.|(2021) inspected the soft estimates of the teacher from a
Bayesian perspective, aiming to provide theoretical justification for its empirical success. There, it
was shown that learning from accurate BCPs can reduce the variance of the student’s objective, and
excess risk bounds were derived, depending on the /5 distance between the teacher’s predictions and
the true BCPs. Similarly, Dao et al.|(202 1)) provided generalization bounds on the student including
terms such as the ¢/, distance between the true BCPs and the teacher’s predictions. While our work is
motivated by this Bayesian viewpoint, we differ in focus: rather than analyzing the statistical properties
of the risk, we study how the probabilistic teacher outputs affect the behavior of learning algorithms.
Safaryan et al.| (2024) is, to our knowledge, the first to examine the impact of distillation on SGD.
However, their analysis considers specific scenarios such as self-distillation or having the student be
a compressed version of the teacher, for which a dedicated gradient approximation is formulated. In
contrast, our results hold for arbitrary teachers, do not rely on gradient approximations, and explicitly
model the teacher’s predictions as BCP estimates. Furthermore, our analysis reveals that learning from
BCPs holds the desired interpolation property under mild assumptions, which allows student Neural
Networks (NNs) to generalize in settings where learning from one-hot labels results in overfitting.

Distilling from Calibrated Teachers Beyond theory, our work also contributes to the design of
teacher models for KD, advocating for the use of Bayesian teachers to enhance calibration. Recently,
Kim et al.| (2025)) and |Fan et al.| (2024b) recognized calibration as a key driver in KD and suggested
algorithms to enhance calibration of deterministic models. Related recent works|Ye et al.[(2024),
Hamidi et al.| (2024) aimed to improve teacher calibration by modifying the training objective,
encouraging predictions that better approximate the true BCPs. While these approaches operate by
altering loss functions or improving calibration of a deterministic model, we instead adopt the Bayesian
deep learning paradigm, which naturally yields calibrated predictions and quantifiable uncertainty
measures. This both improves the accuracy of the distilled student and provides an indication of
the calibration of the teacher. Other works have considered the intersection of Bayesian models and
distillation, but with fundamentally different goals. For instance,[Bulo et al.|(2016), |Gurau et al.| (2018)),
and Korattikara Balan et al.|(2015]) focused on distilling Monte Carlo dropout ensembles to reduce
inference cost or to improve uncertainty estimation in the student model. Similarly, Lee et al.|(2023)
studied self-distillation under dropout. In contrast, our work focuses on leveraging Bayesian teachers
as a means to enhance student learning performance as a direct consequence of our theoretical analysis.
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3 ANALYSIS OF SGD-BASED LEARNING FROM PROBABILITY ESTIMATES

This section characterizes the impact of supervision with BCP estimates on SGD-based learning.
Specifically, we provide convergence guarantees for both cases of supervision with perfect and with
noisy probability estimates, and compare the results to the standard case of learning from one-hot
labels. We show that under common assumptions, learning in all cases converges in expectation to
the same model, but with potentially better convergence rate and lower stochastic noise at the optimum
when supervising with probability estimates. Intuitively, as the probability estimates become noisier,
the convergence of SGD worsens, up to a point where it is no longer beneficial to supervise with
probability estimates. The proofs of the results presented in this section are delegated to Appendix|C]

3.1 PRELIMINARIES

Learning Framework We consider the supervised learning of a classification task, where each input
x € X C R%is associated with one of K classes, represented by the one-hot label y € ). The inputs
are related to the labels via a data generating distribution P |Shalev-Shwartz & Ben-David| (2014),
which dictates true BCPs P(y|x), i.e., the conditional distribution of a label (in one-hot form) y given
an input . The target model, referred to as the student model, is a mapping ¢g : X — Y, typically
a NN, parameterized by @ € R?, where ) is the K -category statistical manifold. The desired model
is one that minimizes the risk, also referred to as the generalization error, namely,

;Ié%{gfp( ) = E(zgy)~p [((Po(z),y)]. (M

Here, ¢ : Y x ) — Ris aloss function, typically the Cross-Entropy (CE), defined henceforth as ¢cg.

The learning procedure aims to approach (I) without knowing P by seeking Empirical Risk
Minimization (ERM), formulated using a labeled dataset D = {(x,,, y,)}_,,i.e.,

7|
M "L b n 2
min fp (6 ~ 2 Z (do(mn), yn) )

Clearly, E[f:(0)] = fp(0) for arandom sample (or ani.i.d. batch) { = (x, y) distributed via { ~ P.

SGD-based KD In KD, a teacher model ® (often pretrained) is used along with the dataset D. The
teacher model usually has larger capacity and is a more complex model compared to the student. The
softmax predictions of the teacher, ®(x,,) € ), are used as additional soft labels in training the student.
The student model is then trained with distillation parameter A € [0, 1], modifying (2) into

|D|

min D = |D\ Z Udg(xn), Yn) + M(dg(xr), P(xn))] - 3

OcRd

When /s linear in the second argument (e.g., CE or KL-divergence loss), the objective (3) simplifies into
D]

min /5(6) = — 3 (60(@). (1= )y + 22(an)) @

OcRd |D|

The standard SGD framework can then be readily applied by iterating over
0" =0 —aV /g (0"), 5)
where o > 0 is the learning rate, and §; C D is arandomly sampled data point or mini-batch from D.
Assumptions & Definitions To analyze the convergence profile of the student model in SGD-based
probabilistic supervision, we define the desired student parameters as 6* € arg mingcga fp(0)

and their corresponding risk f% := fp(0*). We make use of the following standard assumptions,
commonly adopted in the analysis of SGD.

AS1 (Strong quasi-convexity). The risk function fp : R? — R is differentiable and ji-strongly
quasi-convex for some constant iz > 0, i.e., for any @ € R? it holds that

Ip 2 Ip(8) + (Vfr(8),6" —0) + £ ]6" 6]
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A weaker assumption is the Polyak-Lojasiewicz (PL) condition.

AS2 (Polyak-Lojasiewicz condition). The risk function fp : R? — R is differentiable and
satisfies the PL condition with parameter ;2 > 0, i.e., for any @ € R? it holds that

IV R (O)I7 = 2u(fp(0) — f7).

Since strong quasi-convexity implies the PL condition, we use either[AS7|or[AS2]in our analysis, in
addition to the following assumptions:

AS3 (Expected smoothness). The loss f¢(0) is differentiable and £-smooth in expectation (for
some constant £) for £ ~ P, i.e., forany 8 € R< it holds that

Ecp [[IV£e(0) = Vfe(07)IIP] < 2L(fp(0) — f3).

AS4 (Student expressiveness) The student model ¢g is sufficiently expressive such that it can real-
ize the true BCP, i.e., there exists some 8 € R? such that ¢g(x) = [P(y1|x), ..., P(yx|z)]
forall ¢ € supp(P), where y, is the one-hot encoding of the kth label.

The above assumptions are used to maintain a tractable analysis of SGD-based probabilistic
supervision. Moreover, the design guidelines that arise from our analysis are empirically shown in
Section[d]to enhance SGD-based KD even in settings where [AS4]do not necessarily hold.

Our analysis also uses the notions of interpolation and gradient noise, defined as follows:
Definition 1 (Interpolation). The optimization problem (1)) satisfies the interpolation property if there
exists some 05, € RY such that for all (z,y) € supp(P), the model perfectly fits the data, i.e.,

U(%e;,, (x),y) = min l(de(x),y),  V(z,y) € supp(P).

int

By Definition[T} interpolation holds if there exists 8;;, which minimizes the loss for every input-label
pair in the support of the data generating distribution 7P. When this condition holds, we clearly have
that 07, € argmingcg« fp(0), meaning that the interpolating model is also a global minimizer of
the generalization error. This formulation is valid in expectation, and naturally extends the classical

finite-sum interpolation definition to continuous distributions Garrigos & Gower| (2023).

Definition 2 (Gradient noise). We define the gradient noise of the optimization problem (1) as
0-;; = P inf ]E(w,y)NP [”vef((b@* (w)?y)HQ] .

carg min fp

The gradient noise controls the variance of the gradients at the optimum and can be seen as a measure
of how far one is from interpolation.

3.2 SUPERVISION WITH PERFECT BCPs

We proceed to examine the effects of distilling from a perfect teacher (from the Bayesian KD per-
spective) on the training dynamics of the student. In this case, the student is supervised with the frue
BCPs. The resulting setup can be viewed as distilling from a teacher whose mapping is given by
O(x) = [P(yi|x), . .., P(yx|x)]. Inour analysis, we first show that the formulation of the generaliza-
tion error using the BCPs yields the same optimal model as the one using one-hot labels in (I)), and then
we analyze the convergence of SGD-based learning of the empirical version of the BCP-based risk.

BCP-Based Risk To formulate the BCP-based risk function, we replace the one-hot labels y in the
stochastic optimization problem (I]) with the true BCPs. The resulting objective is given by

min fp(0) := Eggy)~p [((35(2), P(yl2))] ©)

6cRd

The loss landscape of fp over R? may differ from that of f. The convergence of SGD-based learning
is analyzed w.r.t. the optimal value and weights of the considered objective function. Therefore, before

studying convergence, we compare f73 and its minimizer 6* to fp and its minimizer 6*, respectively.



Under review as a conference paper at ICLR 2026

Proposition 1. When holds, the inference rule which minimizes both (1)) and @ is the true BCP,
ie, o(x) = [P(y1|x), ..., P(yx|x)], and the minimal loss is the conditional entropy of y given x.

Proposition E], also claimed in a different form in Menon et al.| (2021)), proves that both @ and @
share the same minimum and the same minimizer. The key benefit of learning with true BCPs instead
of one-hot labels comes from Proposition[2]

Proposition 2. When[AS4|holds, the stochastic optimization in (0) satisfies the interpolation property.

Proposition [2] indicates that the stochastic optimization task (6) has several benefits over ().
Particularly, when learning from data using an empirical risk measure, Proposition[2]implies that the
model that minimizes the risk also minimizes the corresponding empirical risk, i.e., it achieves

|D|
i Fo0) = g 3 U (w). Plunfan), ?

for any data set D C supp(P). This property does not hold when learning from one-hot labels, where
the empirical risk is often minimized by an overfitted model which does not generalize.

BCP-Based SGD Learning The observation in Proposition 2jmotivates analyzing the convergence
profile (in the sense of the risk function fp) of SGD based on the empirical version of H We note that
such learning coincides with SGD-based KD with a perfect teacher (in the BCP sense), as (3)) reduces
to (7)) when ® outputs the true BCPs and A = 1. Specifically, using the Assumptions described in
Subsection[3.1] we obtain convergence guarantees for SGD-based learning starting from an arbitrary
student model 8°. The resulting bounds, formulated in the sense of both the model parameters
difference, as well as the resulting risk function, are stated in the following theorems:

1
Theorem 1. Let Assumptions|AS1| |AS3| and |AS4|hold. For any step-size o < a the parameters

learned via SGD ({3) with true BCPs instead of one-hot labels converge as

E[|" - 0°|°] < (1 — ap)'(|6° — 67 |*. ®
Theorem 2. Let Assumptions|AS2| |AS3| and |AS4\hold. For any step-size o < LLE the risk achieved
by the model learned via SGD () with true BCPs instead of one-hot labels converges as

E[fp(0") — f3] < (1 — ap)'(fp(8°) — f5). ©)

Theorems|[I}2|showcase the usefulness of SGD-based learning from true BCPs by comparing them
with the corresponding bounds in the general gradient-based stochastic optimization literature|Garrigos
& Gower|(2023). The standard SGD convergence bounds, which hold for similar constraints on the
learning rate, are made up of the convergence speed term, dictating the rate of convergence, and the
neighborhood term, corresponding to learning stability. Contrasting these with Theorems|[TH2|reveals
two main differences:

1. Model Variance: Theoremsinclude only a convergence speed term, which decays with (1 —au)?
as in standard SGD |Garrigos & Gower|(2023)). The neighborhood term, which in standard SGD is
proportional to %a} (Garrigos & Gower, [2023, Thm. 5.8), vanishes, indicating stable learning.

2. Supported Learning Rates: The range of learning rates « for which convergence can be guaranteed
is twice as large compared to (Garrigos & Gower, 2023|, Sec. 5), allowing the usage of larger
step-sizes which in turn lead to faster convergence.

Overall, the results indicate that distilling from a well-trained teacher that sufficiently estimates the
BCPs alters the optimization task from seeking to fit the one-hot labels to an interpolation task.

3.3 SUPERVISION WITH NOISY BCPs

While distilling from perfect BCPs yields desirable convergence guarantees, KD is typically done
with an imperfect teacher. Here, we examine the effects on the training dynamics of the student when
distilling from an imperfect teacher, i.e., when the student is supervised with noisy BCPs. Such noise
corresponds to modeling errors, limited training data, or flawed training of the teacher. We show that
even with noisy BCPs, we are able to achieve variance reduction and improved generalization under
certain conditions.
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Noisy BCP-Based Risk We model the noisy BCPs as the true BCPs with additive distortion €. This
can be viewed as having the teacher mapping be ® () = [P(y1|x)+e€1, - .., P(yx|x)+ex], where we
model € ~ P as zero-mean noise with variance v and uncorrelated entries. This representation facili-
tates incorporating the deviation of the teacher from the BCPs while maintaining analytical tractabilityﬂ

The noisy BCP-based risk function is formulated in a similar fashion to the BCP-based risk (6), but
with the noisy BCPs instead of the perfect ones. The resulting objective is given by

gel]iRI}i P, (8) :=E( y)p cnp, [Udg(x), Plylz) + €)] . (10)
Noisy BCP-Based SGD Learning We now analyze the impact of noisy BCPs on the convergence
of SGD-based learning. We again employ the assumptions described in Subsection [3.1] and start

from an arbitrary student model 0°. The resulting bounds, formulated in the sense of both the model
parameters difference, as well as the resulting risk function, are stated in the following theorems:

1
Theorem 3. Let Assumptions|AS1| |AS3| and |AS4|hold. For any step-size o < o the parameters

learned via SGD ({3) with noisy BCPs instead of one-hot labels converge as

- ~ 2
BJ§" - 6*[] < (1 — ap)'6° — 67> + =07, (11)
W
where oyis the gradient noise (Definition E})for the noisy BCP risk of.
Theorem 4. Let Assumptions|AS2| |AS3| and |AS4|hold. For any step-size o < ﬁ, the risk
achieved by the model via SGD ([3)) with noisy BCPs instead of one-hot labels converges as
s 0 * r 0 * La *
Elfp.p. (89 — 3] < (1 = an) (fp.p.(6%) = f3) + — =07 (12)

Theoremsmirror the standard SGD convergence bounds|Garrigos & Gower|(2023)), with one main
difference: the gradient noise o reflects the variance induced by distilling from noisy BCPs. To under-
stand this term, we compare it with the gradient noise in the standard case of learning with one-hot labels.

Proposition 3. Under|AS4|with K classes, let Jg i[dg(x)] denote the k-th column of the Jacobian
of the student model, i.e., Voop(x) = [Jo 1[po(x)], ..., Jo.x|Pe(x)]]. Then, for the CE loss, the
gradient noise of the one-hot risk ([I)) is

K
1
ot =FEgun ———— || Jo.x [0 ()|, (13)
; p[gp(yklm) I70,4[0- ()]
and the gradient noise of the noisy BCP risk ({I0) is
K
* . 1 X ~ _ 2
7= B | 3 g Wasloe @I (14

k=1

The expressions above demonstrate how gradient noise is affected by the form of supervision. In both
cases, the resulting gradient noise is a weighted average of the K columns of the Jacobian matrix
evaluated at the optimum. In the standard case, the weights are the inverse of the K entries of the true
BCPs P (y|x). When distilling from noisy BCPs, the weights are the noise variance v multiplied by the
inverse of the squared entries of the true BCPs P(y|x). Since v is a measure of how well the teacher esti-
mates the true BCPs, as v decreases, so does the gradient noise, and convergence becomes tighter. Note
that when v — 0, i.e., the teacher outputs the true BCPs, then (TT) reduces to (8) and (I2) reduces to (9).

An alternative point of view stems from Definition[I] Since the gradient noise is a measure of distance
from interpolation, the gradient noise in the standard case can be seen as a measure of how far the
one-hot labels are from the true BCPs, i.e., how noisy the data generating distribution is. Similarly,
the gradient noise in (T4) can be seen as a measure of how far the noisy BCPs are from the true BCPs.

Proposition [3]indicates that supervision with noisy BCPs is beneficial (under the above modeling
assumptions) when 0% < cr;'i. That is, when the noise level is smaller than the inherent variance

from one-hot labels. The point at which this balance flips depends on the data generating distribution
(through P), model smoothness (through the Jacobian), and teacher quality (through v).

'While our formulation focuses on modeling BCP deviation as additive noise, similar findings can also be
obtained for alternative models for noisy probability, such as Dirichlet-distributed, as shown in Appendix@}
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Figure 1: Learning curves, test accuracies, and average generalization error gaps in the learning curves
when training with one-hot labels, when supervised with the true BCPs, when supervised with true
BCPs corrupted with different noise levels, and supervision by combinations of one-hot labels and noisy
BCPs adjusted based on several A values. Complete experimental details are provided in Appendix

Numerical Study The effects of the vanishing neighborhood term when supervising with true BCPs,
as well as the neighborhood term when supervising with noisy BCPs on student performance, are
demonstrated and explored in a synthetic experiment. We compare student models trained using SGD
based on (z) one-hot labels; (i¢) true BCPs; and (ii¢) BCPs corrupted with two noise levels (denoted
more noisy and less noisy). The latter are also compared with different combinations of one-hot labels
and noisy BCPs adjusted based on A values. The complete details of the study, alongside additional ex-
periments, correlation analysis, and numerical validation of Proposition[3] are provided in Appendix|[E]

The learning curves in Figure[I|demonstrate that all students converge to the minimal loss at the same
speed (for a given learning rate). Nevertheless, the loss of the student trained with true BCPs converges
smoothly and exactly to the minimal loss, while students trained with one-hot labels or noisy BCPs
converge only up to a neighborhood term, which depends on the noise level. The smaller neighborhood
term demonstrated in Theorem@]and Proposition[3]is reflected in the experiments as both a lower error
floor and reduced variance in the generalization error curves. The middle plot of Figure[I|shows that
accuracy behaves in the same way: less noisy BCPs yield higher and more stable accuracy, while noisier
BCPs result in larger fluctuations. This indicates that the variance reduction predicted by our analysis
not only improves convergence in terms of loss but also translates directly into improved student
performance. It is also demonstrated in the right plot in Figure|[I|that the value of A that yields the
best student performance depends on the level of noise in the BCP, i.e., on how calibrated the teacher
is. This motivates future work to of finding optimal A values, possibly based on uncertainty measures
provided by the teacher. In summary, supervision with noisy BCPs reshapes SGD convergence by
changing the gradient noise, in a manner that depends on the data, the model structure, and the teacher
calibration. Yet, KD with an imperfect teacher (providing noisy BCPs) can still outperform learning
from one-hot labels, offering improved convergence and performance in SGD-based learning.

4  GUIDELINES FOR DESIGNING TEACHERS

4.1 METHOD

Rationale The characterization of supervision with BCP estimates on SGD-based learning gives
rise to concrete guidelines for designing teacher models in KD. Specifically, it implies that having a
more calibrated teacher (in the sense of producing accurate BCP estimates), improves the convergence
of the student model in SGD-based learning, aligning with the observations made by [Menon et al.
(2021) andDao et al.|(2021), which analyzed the KD-risk with the true BCPs. This motivates using
teacher models based on Bayesian deep learning, as Bayesian Neural Networks (BNNs) are known to
be better calibrated compared to standard (frequentist) NNs|Jospin et al.|(2022); Kristiadi et al.| (2020);
Gawlikowski et al.|(2023)).

Bayesian Deep Learning BNNs extend traditional NNs by modeling the network parameters
as random variables. Unlike traditional NNs which view learning from data D as seeking a single
deterministic parameter vector, BNNs learn a posterior distribution over the parameter space. After
the posterior distribution over the weights is estimated, inference is carried out by marginalizing the
likelihood, typically by aggregating multiple realizations of the stochastic forward pass. Existing
approaches to approximate such Bayesian inference by inferring the posterior distribution employ
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Table 1: Test accuracy (%) of student networks on the CIFAR-100 dataset, averaged over 5 runs.
Results are reported for teacher-student pairs with both matching and different architectures. The
subscript denotes changes relative to the corresponding deterministic teacher/student.

Teachers and students with matching architectures

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2 WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 WRN-16-2 WRN-40-1 VGG-8
Student accuracy (no KD) 73.23 73.23 73.61 67.70 65.03 73.52
Teacher Type Teacher Student Teacher Student Teacher Student Teacher Student Teacher Student Teacher Student

D L 73.23 75.92 75.41 76.26 75.41 76.82 70.97 70.80 70.97 68.92 74.46 76.08
eterministic

74.61 76.92 75.67 77.27 75.67 77.63 74.27 72.94 74.27 70.77 74.72 77.61

Bayesian (Ours)
+138 +1.00 +0.26 +1.01 4026 +0.81 4330 +2.14 4330 +1.85 4027 +153
72.72 76.30 74.83 76.69 74.83 76.23 70.45 71.80 70.45 70.04 73.95 76.09
Laplace (Ours)
-0.50 +0.38 058 +0.43 058 0.59 051 +0.99 -0.51 +L12 -0.50 +0.01
MCMI|Ye et al. (2024] 73.46 75.86 75.60 76.44 75.60 76.86 71.28 70.87 71.28 68.66 74.61 76.35
4023 -0.06 +0.19 +0.18 +0.19 +0.04 4032 +0.07 4032 027 +0.15 4027
MSE[Hamidi et al. (2024} 74.56 75.01 71.76 74.89 71.76 75.58 69.99 68.62 69.99 65.42 73.31 73.86
+134 -0.90 365 -137 365 124 -0.97 2.19 -0.97 -3.50 -LIS 222

Teachers and students with different architectures

Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 WRN-40-1 WRN-16-2 WRN-40-2
Student accuracy (no KD) 70.76 73.52 73.23 65.03 67.70 70.76
Teacher Type Teacher Student Teacher Student Teacher Student Teacher Student Teacher Student Teacher Student
L 75.41 73.79 75.41 75.66 74.46 76.36 74.46 67.90 75.41 69.36 74.46 73.71
Deterministic
Bayesian (Ours) 75.67 75.82 75.67 77.27 74.72 77.41 74.72 71.37 75.67 73.63 74.72 75.45
Y ’ +0.26 4203 +0.26 +1.62 +0.27 +1.04 +0.27 +3.47 +0.26 +4.27 +0.27 +1.75
L 74.83 74.57 74.83 76.11 73.95 76.42 73.95 70.87 74.83 72.52 73.95 74.39
aplace (Ours) N .
058 +0.77 058 +0.46 -0.50 +0.06 -0.50 +2.97 -0.58 +3.16 -0.50 +0.69
MCMI|Ye et al. (2024] 75.60 73.50 75.60 75.75 74.61 76.40 74.61 67.48 75.60 69.58 74.61 74.20
+0.19 -0.30 +0.19 +0.09 +0.15 +0.04 +0.15 0.42 +0.19 +0.22 +0.15 +0.49
MSE Hamidi et al. (2024] 71.76 71.09 71.76 74.09 73.31 74.87 73.31 65.61 71.76 68.55 73.31 71.39
365 270 365 -1.56 -L15 -1.49 -L15 229 -3.65 0.1 -LI5 232

Markov Chain Monte Carlo sampling methods |Neall (1993)); Variational Inference (VI) approaches
which approximate the posterior distribution by optimizing over a family of tractable distributions,
e.g., Bernoulli (as in Monte Carlo Dropout) or Gaussian |Fortuin|(2022); Graves|(2011); and Laplace
Approximations (LAs), which use a quadratic (second-order Taylor) expansion of the log-posterior,
followed by deriving a normal distribution over the NN weights Ritter et al.[(2018). A key advantage
of the LA approach is that it can be applied to pre-trained deterministic NNs|Gawlikowski et al.[(2023).

Bayesian Teachers Our method employs KD with a BNN teacher. We consider both BNNSs trained
from scratch using VI, and transforming pre-trained NNs into BNNs via the LA. As such, our approach
can be utilized both in cases where it is desirable to train a teacher model, and in cases where one wishes
to leverage a pre-trained NN. Stochasticity can be introduced across all network weights, in specific lay-
ers, or only in the final layer. This flexibility enables one to adapt the complexity of the teacher model to
the computational budget. The trained Bayesian teacher is incorporated into standard KD practice using
response-based distillation. Specifically, the teacher’s soft labels are obtained via the Monte Carlo ap-
proximation by averaging over .S stochastic forward passes (averaging is done after softmax is applied).

4.2 NUMERICAL STUDY

We evaluate our approach on the CIFAR-100 dataset, which contains 60,000 color images of size 32 x 32
across 100 classes, splitinto training and test sets with a 5:1 ratio. We evaluate 12 teacher—student pairs:
6 with matching architectures and 6 with different ones. For each pair, we compare five teacher types:
deterministic, Bayesian (BNN trained with variational inference), Laplace (BNN obtained by applying
the LA to the pre-trained deterministic teacher), MCMI Ye et al.|(2024])) (the deterministic teacher fine-
tuned with a conditional mutual information loss to capture contextual structure), and MSE|Hamidi et al.
(2024) (trained with mean squared error loss instead of CE). Unless stated otherwise, we will refer to
students trained from each teacher type as deterministic students, Bayesian students, Laplace students,
etc., even though the student is always the same deterministic model for a given teacher—student pair.

Training follows standard response-based KD Hinton et al.|(2015). For each teacher—student pair, we
use 6 combinations of teacher temperature, student temperature, and A values, and repeat the experiment
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Figure 2: Test accuracy stability over the last 50 training epochs with standard one-hot training,
deterministic teachers, and Bayesian teachers.

with each combination 5 times. We report the mean student accuracy achieved by the best configuration.
Accuracy variances and results of all 6 combinations of temperature-\ values are provided in Appendix[J]
while Appendix[F|contains full details of the training setup. The source code is available atht tps :
//github.com/Bayesian—KD. As shown in Table[T] Bayesian students consistently achieve the
highest accuracies across the board. The gains over deterministic students reach up to 4.27% (ResNet-
50—WRN-16-2), even though the corresponding Bayesian teachers themselves improve on determin-
istic teachers by up to 0.26% in almost all cases. Laplace students improve in all cases except one, with
gains of up to 3.07% despite all Laplace teachers performing worse than their deterministic counterparts.

We also examine the stability of the students’ performance during training. The average noise level
during the last 50 epochs of the test accuracy curves is reported in Figure@ measured by (7) the gap
between the highest and lowest accuracies reached and (4i) the standard deviation around the mean.
The results show that Bayesian students not only achieve higher accuracy than deterministic students,
but also consistently converge with less variance, indicating highly stable learning. For example, in
the ResNet-50—ResNet-18 case, Bayesian students show a 30% improvement in convergence noise
compared to deterministic students.

These observations are aligned with our theoretical analysis in Subsection[3.3] There, we proved that
as noise decreases in the supervisory noisy BCP estimates, the neighborhood term in the convergence
bounds for both the weights and the generalization error becomes smaller. In a synthetic experiment we
confirmed this effect in the generalization error, and also observed that accuracy behaves analogously.
The experiments reported here show the same: students distilled from Bayesian teachers, which provide
more calibrated probability estimates (i.e., provide better approximations of the BCPs compared to
deterministic teachers), converge with reduced variance and higher accuracy. The experiments were
performed with the ADAM optimizer in order to show that our theoretical results, which hold for
standard SGD, generalize to related optimizers as well.

5 CONCLUSION

We characterized the learning dynamics of students trained from both exact and noisy approximations of
the BCPs, corresponding to different levels of teacher calibration. Our analysis shows that teachers that
better approximate the true BCPs yield variance reduction in the learning dynamics of the student, and
numerically this leads to improved performance, both in terms of higher accuracy ceilings and reduced
variance of the accuracy curve near convergence. Moreover, we advocate the use of Bayesian deep
learning models as teachers, since they provide better-calibrated outputs. Aligned with our theoretical
analysis, our experimental study shows that students trained from Bayesian teachers achieve higher
accuracies and more stable accuracy curves compared to students trained from deterministic teachers.


https://github.com/Bayesian-KD
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A ADDITIONAL RELATED WORK

Probabilistic supervision The effects of supervision with probability estimates or soft labels have
been investigated in several works. [Fan et al.|(2024a)) examined the dark knowledge provided by teach-
ers of different capacities, showing that larger teachers tend to produce probability vectors with lower
distinction among non-ground-truth classes, and explored multiple ways to address capacity mismatch.
Zhang et al [(2023) argued that a teacher minimizing the CE loss is sub-optimal, and proposed the PT-
Loss objective, which transforms the original teacher into a proxy teacher whose distribution is closer to
the ground truth. They further established a theoretical link between distributional closeness and student
generalizability. [Ren et al.|(2022) studied the learning paths of models trained with noisy BCPs, one-hot
labels, and BCPs. |Yuan et al.|(2023) analyzed whether biased soft labels can be effective, proposing con-
ditions under which biased soft-label learning remains classifier-consistent and ERM-learnable. For bi-
nary classification, Jeong et al.|(2024) studied probabilistic supervision and introduced theoretical prop-
erties of their estimator, including consistency, unbiasedness, convergence rate, and variance. While we
also develop a theoretical analysis of probabilistic supervision, we focus on the dynamics of SGD-based
convergence and their role in improving student performance. We introduce advantages of KD in
stochastic optimization, whereas prior work focused on generalization gaps and estimator properties.

Customized teachers and improved KD schemes Additional works focused on modifying teacher
predictions to enhance student performance. For example, Guo et al.|(2024) recognized that uncertain
classes in teacher outputs hinder learning and proposed increasing the weight on confident classes in
teacher predictions, while[Hossain et al.| calibrated teacher logits based on the model’s representational
capacity, identifying calibration as a key driver of KD. Dong et al.| (2022) established that an ERM
minimizer can approximate the true label distribution under Lipschitz continuity and robustness
of the feature extractor, and introduced a teacher training method with Lipschitz and consistency
regularization. Others explored more novel directions: |Yang et al.| (2024) drew inspiration from
human educational strategies, [Wang et al.| (2025) facilitated knowledge sharing within the same
class,|Harutyunyan et al.[(2023)) aligned teacher predictions with the student’s neural tangent kernel,
and | Yang et al.[(2023)) employed meta-learning to strengthen the student’s ability to generate new
knowledge. In contrast, our approach leverages Bayesian teachers, whose outputs are naturally better
calibrated driven by the Bayesian paradigm, which was motivated by our theoretical analysis.

BNNs and KD In addition to the works discussed in Section[2] several additional studies considered
BNNs and KD. The work of |Chen et al.|(2025) proposes a dynamic dropout (which can be viewed
as a form of Bayesian modeling) self-distillation method for object segmentation, which solves this
problem by discarding the knowledge that the student struggles to learn. The work of |Fang et al.
(2024)) developed a method named Bayesian Knowledge Distillation (BKD) to provide a transparent
interpretation of the working mechanism of KD. In BKD, the regularization imposed by the teacher
model in KD is formulated as a teacher-informed prior for the student model’s parameters. The work of
Shen et al.|(2021)) performed KD with a complex BNN MCMC teacher into a BNN VI student. These
works on BNNs and KD have fundamentally different goals from our work. Our approach towards
utilizing BNNs is a direct consequence of our theoretical analysis, and is from the perspective of their
supervisory signal containing better information in KD compared to deterministic models, and not
from the perspective of reducing the cost of Bayesian inference and uncertainty quantification.

B BASIC LINEAR ALGEBRA, FACTS, AND INEQUALITIES

We first review some standard inequalities and basic facts which are used in the proofs.

o The squared norm of the sum of two terms can simply be bounded by the sum of each squared norm
individually

la +b]|*> < 2|all* + 2[|b]*. (15)

e f(0) is called L—smooth if its gradient is Lipschitz continuous with constant L > 0 (Definition
2.24 in|Garrigos & Gower|(2023))), which means that

IVf(6:1) —Vf(O2)| <L|OL — 6. (16)

14
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Additionally, if f(6) is L—smooth then

£(01) < 1(02) + (V1(0),0: — 02) + 510 — 0, )

forall 8,0, € R? (Lemma 2.25 in/Garrigos & Gower|(2023)).

o Similarly to other analyses that establish linear or exponential rates, in our proofs we rely on a
standard technique: converting a one-step recurrence into a convergence inequality. Assume the
sequence {z; };>o satisfies

zt41 < (L —=mn)zt + N, t=0,1,2,...
for some constants ) € (0, 1] and N > 0. Unfolding the recursion gives
a<(=n2+@-n"N+0-n) N+ +(1-n°N.
By recognizing the geometric sum, this yields
2z < (1—n)tZo+N§:(l—n)j = (1—n)tzo+% (18)

=0

e We make use of Gibbs’ inequality, which states that for the discrete probability distributions
P={p1,....pn}and @ = {q1,...,¢n}, it holds that

n n
—> pilogp; < = pilogg,
=1 =1

with equality if and only if p; = ¢; for? = 1, ..., n. A direct consequence of Gibbs’ inequality is that
n n
i — ilogg; = — i log p;. 19
qg,s.t.qisa discretrer;(r)lbability distribution z; Pi 08 gi 2; Pi 208 Pi ( )
1= 1=

o We make use of the law of total expectation, which states that for random variables (X, Y") and any
measurable f,

E[f(X,Y)] = Ex[Eyx[f(X,Y) ] X]]. (20)
e [t holds that
Olog(#(6) _ 1 96(9) 1)
00 C)
for ¢(0) > 0.
e Foranya € R™and M € R™*™,
a'Ma = Tr(Maa"), (22)

where Tr(-) is the trace operator. Moreover, since both trace and expectation are linear operators, we
can interchange them, i.e.,
E[Tv(M)] = Tr(E[M]). (23)

e For the generalization error (), the optimal inference rule in the sense of minimal cross-entropy
risk is the true conditional distribution/Shalev-Shwartz & Ben-David|(2014), i.e.,

o(x) = [P(yil2), ..., Plyx|z)]. (24)

o We make use of Fermat’s Theorem (proposition 8.9 in|Garrigos & Gower|(2023)), which states that
for f : RY — RU {+oc} and @ € R?; then @ is a minimizer of f if and only if 0 € Of(8).

From the definition of interpolation (Definition [I)) and from Fermat’s theorem, it is implied that if
interpolation holds at 8 then

V f(a,y)(0) = 0 forevery {x, y} pair. (25)
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C DETAILED PROOFS

C.1 PROOF OF PROPOSITION[I]

Proof. For ease of presentation, instead of using the K -categorical one-hot vector y, we define the label
variable s € {1, ..., K}, and since ¢, (x) represents a / -dimensional probability mass function, we
write p(s = k|x) = [¢g(z)]).. With these notations, the BCP-based risk (6) with the CE loss becomes

p(60) = Egyyp [U(d5(2), Plyl2))]
= E(z,0)~p [((d5(2), P(s]z))]
= E(z,5)~p [~ logp(s|x)]

P+ Baper - 0Pl

= Dxr. (p(s[@)||P(s|z)) + H(s|z),
where H (s|z) is the conditional entropy of s given x, while Dky,(+||-) is the Kullback-Leibler

divergenceShalev-Shwartz & Ben-David|(2014). As Dxj,is non-negative and equals zero only when
p(s|x) = P(s|z).ie., [¢s(x)]r = P(yx|z), it holds that the BCP-based risk minimized when
AS

= E(w,s)NP |:_ IOg

the inference output is the true conditional distribution. Under Assumption |[AS4] the minimizer is
attainable by some 8* € R¢, and the proof is concluded. O

C.2 PROOF OF PROPOSITION[2|

Proof. To prove that the interpolation property holds, we note that ¢, () represents a /{-dimensional
probability mass function. Accordingly, under the CE loss, it holds that
K
min {(¢y(x), P(yle)) = Inin - > Plyxlz) log [¢y ()]
€ k=1

6cRd

K
BLD N Plyrlz) log P(yulx)
k=1

= ((P(ylz), P(y|z))

(Prop|T}
= U¢g.(z), P(y|z)).
Therefore, ¢4. () = [P(yi|x),...,P(yx|x)] brings £(¢y(x), P(y|x)) to a minimum for all
@ € supp(P) and interpolation holds at 0, proving the proposition. O

C.3 PROOF OF PROPOSITION[3]

Proof. In order to express the gradient noise of both the one-hot risk (I)) and the noisy BCP risk (I0),
we recall the resulting expressions for the gradient noise based on Definition[2] i.e.,

op = inf  Byp [[Velle- (), 9],

6*carg min fp
and
0';? = inf IE(m,y)fv’79,e~73S [||Vé€(¢é* (113), ,P(y‘m) + E)”Q] :

6+ €arg min fppé

Next, we give an expression for Vg l(¢g- (), ) for any K-dimensional probability mass function
. In this case, we have that Vg l(¢e- (), y) = Vo[- log ¢g-(x)], whose ith element is

000 ().9) __ 5 Ollowdo- (@)l

06; = 00,

1 [P~ ()] 00;

Sl o el

g

= 1 ge ()]
>0k BT o8
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Accordingly, Vgl(¢e- (), §) can be written as

Vol(¢e~ (), y) = Jo[de~ ()] .diag<7><;‘w)) -q.

Finally, we are able to plug in the expression for Vg{(¢g+ (), y) into the definition of the gradient noise.

0} =it Eyop [[Volldo (@), )[’]

€arg min fp
~ Epaper |Woloo- (@)] dine(s ) - ula
D Eersp[Eyjall o b0 ()] - ding(rs) - Wlel ]
K
1 2
= EwNP[; P(yxlx) - ||m - Jo k[do- (®)]"]
~Earl3 i sl @
= Ez~p 2 Plynl®) 6,k Po-

where Jg 1 [¢g ()] is the k¢, column of the Jacobian of the student model.

Next, we give an expression for Vl(¢. (), P(y|x) + €). In this case, P(y|x) is the true BCP
which is a K -sized vector, and € is the zero-mean noise with variance v and uncorrelated entries, also
a K -sized vector. Therefore,

Val(¢p. (@), P(y|x) + €) = Val(dp. (), Pyl
= Vgl(dg-(2), P(y|
++(Prop Vég(d)

o-(x), €)
= Val—€' log ¢p. ()]

In the first equality we used the fact that the cross-entropy loss is linear in the second argument. In
the second equality we used the fact that objectives [ and [I0] share the same minimizer, which we
prove in Appendix[C.6] Accordingly, we have that

IVal(ge-(x), Pylx) + €)
98,

In the third equality we used the fact that objectives [6|and [T share the same minimizer, which we
prove in Appendix[C.6] and Proposition|[T]

The gradient vector V3¢(¢g. (), P(y|z) + €) can therefore be written as

V(65 (@), P(ylz) + €) = J[bp. ()] - diag(%) e

ylz)
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Finally, we are able to plug in the expression for V3/(¢g. (), P(y|z) + €) into the definition of the
gradient noise.

0;= inf E(¢,y)~p.e~P. [[IVel(¢g-(2), Plylz) + €)||]

6* carg min f7> Pe

= E(@y)~p.enp [l Jl06- ()] - diag(

Lo e
P(wa)) 1]

~EBewrperle diag(p(zim)) I [0 ()] - Tgldg. ()] - diag(

Plyle)
. 1 T - 1
= Eypevp [Trle e diag(5e o5) - g 05 (@)] - J3l0p. (x)] - ding(5 )]

g

T, e €] i pm disB ) - I3 09 (&) - ol (@)] - dine( o)

(ylz)

= TI‘[I/ . IK . E(w,y)NP [dlag(

1 .
W) ' Jg[¢é* ()] - Jlpg. (x)] - diag( ]

R
P(ylx)
—. ﬂ[E(m,y%p[diag(@) TT (5. ()] - Tgl05. (x)] - diag<m>ﬂ

D ) By g [Trldiag(5 (;m))  JT 65 )] - Tpldg ()] - ding(
=v-Ezup Z”
=v-Egpup Z

= Pl |m

1
Plyla))
Ty wl. @)]IP]

y\w

1175, - (@)]]]

where Jg , [¢5(2)] is the k¢, column of the Jacobian of the student model.
We provided expressions for both the gradient noise (Definition E[) of the one-hot risk (I), 0%, and
the noisy BCP risk @ 0%, which concludes the proof.

C.4 PROOF OF THEOREM[II

Proof. In order to bound the error on the weights, we start by conditioning the expected error on the

weights in the last iteration. We denote by IE;[-] := IE[-|0"] the conditional expectation w.r.t 8. We
now have that

a * (9] 0 £ N 0*
E,[|0°" — 6%[]°] = E,[[|6" — aV fe(6") — 6 ||2]

= 16" — 6°||> — 20.(8" — 6%,V F(8")) + 0’y [||V fe(6")]?]

26" — 07|12 — 20(0" — 6°,V[(8")) + 0’ By [| V fe(6") — V(67|
?(1—au>néf—é*n2 a(f(0Y) — F(0%) + Q®Ey[[VFe(8Y) — V(0]
Z (1 — o — 0|2 — 2a(f(8") — F(6")) +2a2L(f(0") — F(6"))

= (1—ap)|6" — 6"|* + 2a(al — 1)(f(8") — f(6))
< (1—ap)lle" - 6|

In the last inequality we used the bound on the step-size o« < % Next, we apply expectation and unroll
the recursion to get

E[|6 — 67 < (1 — ap)E[|6" — 67|

(1 —an))6° - 67|,

which concludes the proof. O
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C.5 PROOF OF THEOREM[2

Proof. In asimilar fashion to the previous proof, we start by conditioning the expected error on the loss
in the last iteration. We denote by E;[-] := IE[-| f!] the conditional expectation w.r.t f*. We note that

PN PN ~ PN PPN az A A
EfO) ~ 1) 2 (F0%) ~ ')~ a{VF0), VIO + TRV (@)

PN N PN a? PN PN
(f(8) = £*) =l VF(6")|* + LEt[IIst(Ot) = Vfe(07)I*)

< (f(o") - f*)%au(f(ét) F*)+ LLa*(f(6") — f7)
1—au)(f(8") - f*) — au— LLa)(f(8") — f7)
1—au)(f(8" - f*),

where in the last inequality we used the bound on the step-size o < 4. Next, we apply expectation
and unroll the recursion to get

E[f(8") — J"]

Which concludes the proof. O

C.6 PROOF OF THEOREM[3]

Proof. Before diving into the learning dynamics of the student in the noisy case, we explore the
connection between the stochastic optimization problem of the noiseless case (6) and the noisy
case (I0). We now note that

f(é) = E(w yY)~P,e~Pe [f 'y|$) + 6)]
K

:]E(:cy~736~7D [ Z yk|m +Ek)10g [(b ( )]k:‘|
k=1

K
+ IE(a:,y)N’P,EN’Pe [_ Z €k IOg [(;5@(:1?)} k]
+ E(z,y)~P,e~P. [ Zekbg ]

K
_IE(a:,y)N7J e~Pe [ ZP yk‘m log ¢9( )]k
k=1

K

ZE(wyNP[ ZP yi|z) log [¢ (z )]k

k=1

K
= £(0) + Ez.y)op.enp. [ > exlog [p5()] k]
k=1

= f(é) + E’(m,y)w'P [EeNPE [_GT 1Og ¢é (w) ‘337 y]]
= f(0),
where in the last equality we used the fact that € is independent of &, y and is zero-mean. Note that

for the current proof we change between 8* and 8*, which is allowed since assumptionholds,
which implies uniqueness of the minimizer.

Even though we proved that the generalization error in the case of perfect probabilities and noisy
probabilities is equal, the learning dynamics in the two cases are different. This is because we focus
on SGD-based optimization, and not full gradient-descent. Nevertheless, importantly, this implies

that f and f share the same minimum and minimizer, which means that in our proofs we can switch
between 8* and 6* (assuming the minimizer is unique), as well as between f* and f* interchangeably.

Again, in order to bound the error on the weights, we start by conditioning the expected error on the
weights in the last iteration. We denote by IE;[-] := E[|@"] the conditional expectation w.r.t 6, and
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obtain

E[)|0"" — 07|12] £ By[)|0" — aV fe(8') — 67|

= (16" — %[ — 20(8" — 6%, VF(8")) + &’y [|V fe (6")|°]
) +2

< 18" —6°|° — 20(8" — 6",V [(8")) + 20°Ee[|V fe(8") — VJe(6")]°] + 20°Ee[|V fe(67)|°]

‘%”’ (1— ap)l|6’ —6°|” — 20(F(0") — F(8")) + 20°EL[| V fe (8") — V/e(67)|) + 2070

(1—ap)|6" — 6" —2a(f(8") — F(6")) +4a°L(f(8") — f(6")) + 20°0}

= (1—ap)||0t — 0| + 2a(20L — 1)(f(0") — F(0%)) + 20°c*%

< (1 a8 — &[> + 20%™.
Where in the last 1nequahty we used the bound on the step-size a < 5. Next, we apply expectation
and unroll the recursion to get

E[6° - 6"[%] < (1 — ap)E[|0"" — 9*\\2] +20%0%
< (1 - o) [6° - 672 + ;af,

which concludes the proof. O

C.7 PROOF OF THEOREMM]

Proof. Again, in order to bound the error on the loss, we start by conditioning the expected error on
the loss in the last iteration. We denote by IE,[-] := IE[-| f*] the conditional expectation w.r.t f*.

Note that for the current proof we change between f * and f*, which is allowed even though the
minimizer might not be unique, since this is the minimum value and not the minimizer.

~ ~ ~ ~ ~ ~ ~ ~ ~ a2 A~
Bf(0") ~ 1) 2 (70) ~ ) ~ a{VF(0), V(0) + B[V fe(0)])
78" = ) = al VF@)I? + La*Eul| V1e(8") = VFe(6)*) + La®Ee[| 7 fe(8")
< (F(0Y) — ) — 200 f(8") — F*) + 2LLaX((0") - J*) + La*o’

— (1 - ap)(f(8") - J*) - alu — 2LLa)(f(8") — J*) + La’0"

where in the last inequality we used the bound on the step-size o < 5F. Next, we apply expectation
and unroll the recursion to get

E[f(8") - /'] < (1 - apBf(0 ) — [] + Lo’o}
<= L
< (- o' (F8") - 1)+ 2o,
which concludes the proof. O

D DIRICHLET-PERTURBED BCPs

Our analysis of SGD supervised by noisy BCPs provided in Section[3|used an additive noise model. In
this appendix we show that the insights obtained there also hold for alternative models for noisy BCPs,
using the Dirichlet distribution over probability mass functions. In this case, instead of using additive
perturbations €, we perturb each true BCP P(y|x) using a Dirichlet distribution, which guarantees that
the resulting target remains a valid probability distribution and is unbiased in expectation. Specifically,
for some ¢ > 0, the perturbation is formulated as follows:

P(ylx) ~ Dir(eP(ylx)). (26)
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Similarly to the definitions of the BCP-based risk[6]and the noisy BCP-based risk[I0} the resulting
noisy Dirichlet BCP-based risk is

fp’ﬁ(é) = E(m,y)wP.ﬁ(gAm)NDir [£(¢é(x)773(y|w))] : 27

Dirichlet characteristics For P(y|x) ~ Dir(¢P(y|z)) we have Minka (2000)

E [P(yk|z)|z] = P(ys|z), (28)
Var[P(yx|a)|a] = P(y“m)(ﬁ 1P(y’“|m)), (29)

and
Cov[P(yile), Ply;le)|z] = — 2 @IDPWiI) (30)

e+1

Proof of Theorems[3Jand[dfor Dirichlet Noisy BCPs

Proof. We explore the connection between the stochastic optimization problem of the noiseless case|6]
and the noisy Dirichlet case[27]

K

.fP,’ﬁ(_) E (,y)~P,P(y|x) NDITl Z (Yk|) log|dg(x )]k]

k=1

= E(m,y)NP l_ ZE’ﬁ‘(yM)NDir[,ﬁ('yk'w) | P(y|w)] 10g[¢0(w)]k1

\Mw

=E<m,y>~7>l P(yk|x) loglpg(x )]k]

= fr(0). 31)

In the third equality in (31), we utilized the expectation characteristic of the Dirichlet distribution[28]
Similarly to the proof of Theorem|[3] even though we proved that the generalization error in the case of
perfect probabilities and noisy Dirichlet probabilities is equal, the learning dynamics in the two cases
are different. This is because we focus on SGD-based learning. Nevertheless, importantly this implies
that f and f share the same minimum and minimizer, which means that in our proofs we can switch

between 0* and 6* (assuming the minimizer is unique), as well as between f *and f* interchangeably.

The remainder of the proofs remain exactly the same as in Appendix|C.6|and[C.7] but with switching

between f and f, and between 0 and 6. The difference lies in the resulting expression for the gradient
noise, which depends on how the noisy BCPs are modeled, as stated in the adaptation of Proposition 3]
detailed below.

O
Adaptation of Proposition[3for Dirichlet Noisy BCPs

Proof. In order to express the gradient noise of the noisy Dirichlet BCP risk (27)), we recall the
resulting expressions for the gradient noise based on Definition[2] i.e.,

of=_inf  Egup pyle [IValles- (@), Pylz))]] -

6*cargmin fp »

We first give an expression for Vg#(¢g-(x), P(y|x)). In this case, P(y|z) is the true BCP which
is a K -sized vector, and P(y|x) is its Dirichlet-perturbed version. Since the CE loss is linear in its
second argument, we have

Val(pg-(x), P(ylx)) = Vgl(dg- (), P(ylz)) + Val(ds-(x), P(y
= Val(¢g.(x), P(ylx)) + Vgl(dg- (), P(y
SR U505 (2). 6(x)),

x) — P(ylz))

ylx
xz) — Pyl

|
| 2))
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where we defined §(x) := P(y|x) — P(y|x). The second equality uses the fact that objectives (6)
and (27) share the same minimizer, which we just proved above.

This means that we have,

Vol(dg-(z), P(ylx)) = Vgl <¢a*< ), 8())
:—Zék ) Vg loglda- ()]

= Jol¢p- ()] - diag( )-d(),

1
Plylz)
where Jp[¢g- ()] is the Jacobian of the student outputs with respect to 6.
We can now plug the expression for V¢(¢g. (x), P(y|x)) into the definition of the gradient noise.

op=_inf gy p e [IVel(de- (), Plylx))|l’]

0*cargmin fp 5

~ Bar. o) |Iol00- (2] ding( ) 62

1
=E (g )op. sz |0(x)  diag
()~ P 8 )[ (@) diag(5e s

) 2 (60 ()]s 5. <w>]diag<73(;m>6<w>]

2 Epy)op [Tr[Es(a)[6(x)d(x) T |2] diag( ) Jg 06+ ()] Jpldp- ()] diag(5r

W)

1
P(ylx)

We now utilize the covariance characteristic[30]of the Dirichlet distribution, which means that
T 1 . -
Es@)al0(@)d(@) " |2] = — (diag(P(ylz)) — Plyl2)P(ylz) ).

Therefore,

1

oF= 1 E (¢~ [Tr[(diag(P(y|x)) — P(ylz)P(ylz) ") diag(
1

- Iy [bg- ()] Jgldg- ()] diag(m

1
Plyla))

it (32)

Finally, using the simplex identity J5[¢g- (€)]1 = 0, the second term with P(y|z)P(y|x) " vanishes.
‘We thus obtain

. 1 . 1 ) o : 1
0F =77 B y)~p|Tr[diag(P (ylw))dlag(P(mm)) T [05-(x)] Jp|d5- (2)] dlag(P(y‘:B))H
1 1
= 71 Bwwr [Tr[Jg [¢o- (2)] Jal¢e- (2)] diag(P(mw) ]
_ 1 E = 1 J_ _ 2
b z~P ; m | e,k[%*(w)]ll

where Jg ;. is the k-th column of the Jacobian. This shows that, compared to the additive uncorrelated

noise model, the gradient-noise expression has: (i) a scale factor (¢ + 1)~! instead of v; and (i7)
weighting by 1/P (yy|z) instead of 1/P(yx|x)?, due to the Dirichlet covariance structure.

O
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E SYNTHETIC EXPERIMENTS (SECTION|3))

In this section, we empirically demonstrate the effects of different supervisory signals on the learning
dynamics of the student in SGD-based learning. Specifically, we consider the cases of supervision
by one-hot labels (standard learning), perfect BCPs, BCPs corrupted by different noise levels, and
supervision by combinations of one-hot labels and noisy BCPs adjusted based on several \ values.
Since the true BCPs are unknown for popular datasets such as MNIST or CIFAR, we generate a
synthetic dataset for which we are able to calculate the true BCPs.

We generate adatasetof N = 5x 10* samples. Eachinput & ,,, whichisa 30 x 1 vector, i.e., ¥ = R30 is
associated with a label y,, that takes a value from K = 5 potential classes. To get a sample, we first select
the label y,, = k from a uniform distribution over the K classes. Each class is centered around iy, a
30 % 1 vector where each entry is randomly selected from {—1, 0, 1}. Once the label is selected, the input
., is drawn from a Gaussian distribution centered at the selected class mean @ |,—j ~ N (uy, 0*1).
We use 02 = 2.5, which is the noise level for all samples. For this dataset, we are able to calculate the
true BCP p(y,,|x,,) for each pair (,,, ¥, ). The true BCP is calculated as follows.

In order to calculate p(y|x) we use the Bayes’ rule

p(zly) p(y)

plyle) = :
1p(-’fﬂ\y =7j)py =J)

j=

Since the label is sampled uniformly, p(y) = % for all classes. We know that

p(xly = k) ~ N (g, o°I),

1 [z — o3
= k —_— .
p(xly = k) 2ot ¥ eXP( 52

If we plug the above expression into Bayes’ rule, the expression simplifies into

lz— 13
eXP(—T2

K lz—psl3)

—Hjll2
> exp( 1)
Jj=1

so we have

ply = klz) =

This allows us to compute the true BCP for each input.

We split our data into 50% for the train set and 50% for the test set. A total of 22 student models super-
vised by different signals were trained. All models were trained in the same manner for 45,000 iterations
via SGD, with a learning rate of 5 x 10~%. For the model architecture, we used a standard MLP with
2 hidden layers, each with 128 hidden units and ReLU activation functions. The first student model, re-
ferred to as "One-hot labels" was trained with the standard labels y,,. The second student model, referred
to as "True Bayes probabilities" was supervised with the true BCPs p(y,, |, ). This student corresponds
to subsection[3.2]in which the dynamics of a student trained with the true BCPs are analyzed. The two
student models, referred to as "Less noisy probabilities" and "More noisy probabilities" were supervised
with the true BCPs corrupted with different noise levels. These students correspond to subsection[3.3]
in which the dynamics of a student trained with noisy BCPs are analyzed. The noise was added by per-
turbing each BCP using a Dirichlet distribution, which guarantees that the resulting noisy BCP remains
a valid probability distribution and is unbiased in expectation. Specifically, for some € > 0, we sample

i)n ~ Dlr(gpn) )

so that E[p,,] = py. € controls how noisy the resulting BCPs are. For the "Less noisy probabilities"
student we used € = 5 and for the "More noisy probabilities" student we used € = 0.5. The rest of
the student models were supervised by combinations of one-hot labels and noisy BCPs adjusted based
on different A values between 0 and 1, as in the standard KD framework. The objective in this case
is described in (3).

In the left plot of Figure [I] we plot the generalization error of the model that is calculated using
Equation (1) with the finite test set. The constant line referred to as the "Bayes classifier" is the
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generalization error calculated with a perfect model that produces the true BCPs. In the middle plot
of Figure[T|we plot the accuracy of the model on the test set in each iteration.

Finally, the right plot of Figure [I]illustrates how the generalization error behaves during training
for different values of A\. Each point in the plot represents the average L; distance between the
generalization error of a given model and the minimal generalization error achieved by the optimal Bayes
classifier. Specifically, for amodel trained with a specific A, noisy BCPs, and one-hot labels, we compute
| totT ‘
o}~ T Z (¢ — gpert],
i=tg
where /P denotes the generalization error achieved by the optimal Bayes classifier, and Kzf is the
generalization error at iteration ¢ of the corresponding noisy model. We use ¢y = 20,000, which is
after the initial phase of rapid convergence. This metric represents the average generalization error
gap between a given student model and the reference optimal loss throughout the training process,
capturing both the overall error level and its variability.

Next, we quantitatively assess the effect of noise in the BCPs on the convergence behavior of student
models. We introduce two complementary metrics, each applied to both accuracy and generalization
error during the final convergence stage of training.

The first metric captures the average performance in the last IV iterations:

Lavg:% > L Accavg:% > A,

where L; and A; denote the generalization error and accuracy at iteration ¢, respectively. This metric
quantifies the achievable performance while suppressing fluctuations in the curves.

The second metric captures the stability of training by measuring the noise level in the accuracy and
generalization error curves. To smooth out slow transitions, we first compute a moving average X
with window size w for a time series X; € {L;, A;}. The noise is then calculated by:

T
1 S\ 2
ox =\ ¥ Z (X: — X4)7,
t=T—N+1
which reflects how stable the model’s performance is.

We computed these four metrics for student models trained with different levels of noise corrupting
the true BCPs. The results are shown in Figure[3] Each experiment was performed 15 times; standard
deviations of the computed values are shown in the figure. The bottom plots show that as the noise level
decreases, average accuracy improves, while its variability decreases, indicating improved student per-
formance. The top plots show that for the generalization error metrics, lower noise leads to both reduced
error and reduced variability. In Appendix D] we proved that the gradient noise in the convergence
analysis of Theorems[3]and[4] the adapted case for Proposition[3]in the case of Dirichlet noise, is:

K
1 1
= ——Eqn — | Js.iloa- (@)]]I] -
7= 1 B | X ey Moslde @

As seen in Figure 3| for all four accuracy and generalization error metrics, the performance aligns

with the fitted curves proportional to 11? These results provide empirical validation for Proposition
demonstrating that decreasing the noise added to the true BCPs reduces variance and improves

convergence behavior.

Next, we examine the relationship between average performance and stability, and between accuracy
and generalization error. Figure[d]plots the four metrics against each other for different noise levels.
Each experiment was performed 15 times; standard deviations of the computed values are shown
in the figure. For comparison, we also include the student trained with the true BCPs and the one
trained from one-hot labels. The plots show that higher average accuracy consistently coincides
with lower variability, and the same pattern can be seen for the generalization error. Moreover,
accuracy behaves similarly to the generalization error, both in terms of average values and noise.
These findings empirically validate two key points: (1) the variance reduction from using less noisy
BCPs (Theorem , translates directly into improved average performance and stability; and (2)
improvements in generalization error are reflected as similar improvements in accuracy.
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Figure 3: Effect of noise level € on student performance. Each plot shows results for students trained
with noisy BCPs. Top: average generalization error (left) and variability in generalization error
(right). Bottom: average test accuracy (left) and variability in accuracy (right). Each plot includes

, alongside the result achieved by a student trained from One-hot labels,
and a student trained with the true BCPs.
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Figure 4: Correlations between performance and stability metrics across different noise levels e. Each
point corresponds to a student trained with noisy BCPs, with baselines for one-hot labels and true BCPs
also included. Top left: higher accuracy is strongly associated with lower generalization error. Top
right: models with noisier generalization error curves also display noisier accuracy curves. Bottom left:
higher accuracy coincides with reduced variability in accuracy. Bottom right: lower generalization
error coincides with reduced generalization error variability.
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F IMPLEMENTATION DETAILS OF THE EXPERIMENTS IN SECTION[4]

We elaborate on the implementation and training procedures of all teachers and students used in
the experiments reported in Subsection[d.2] Importantly, all students were trained with an identical
procedure, independent of the type of teacher (deterministic, Bayesian, Laplace, MCMI, or MSE).
The base training setup for students was the same as that of the deterministic teacher. Modifications
were performed only where required by the specific teacher type:

1. Deterministic teacher: trained identically to the student.

2. Bayesian teacher: trained identically to the student in terms of hyperparameters, but with
an additional NLL loss term for variational inference.

3. Laplace teacher: obtained by applying the Laplace approximation post-hoc to a pretrained
deterministic teacher.

4. MCMI teacher: obtained by fine-tuning a pretrained deterministic teacher with an additional
MCMI loss term.

5. MSE teacher: trained identically to the student but with the MSE loss replacing the standard
CE loss.

For all teacher and student training procedures, we train for 200 epochs, with ADAM as the optimizer.
The initial learning rate is set to 0.001 by default, which is decayed by a factor of 0.1 at epoch 100.
The momentum was set to 0.9, alongside a batch size of 100. Deterministic teachers were trained
with the standard CE loss, and all students were trained with the distillation loss (3) with weighting
parameter A. Additionally, the teacher and student probabilities used in (3)) were smoothed using 7
and 7%, respectively.

For each teacher—student pair, we trained five independent trials under six different (X, T3, T5)
configurations: {1, 1,1}, {1,2,2},{1,4,4},{1,2,1},{1,4,1},{0.474,4, 4}. The first combination
corresponds to full distillation without temperature scaling, and the last combination corresponds
to the original implementation in/Hinton et al.| (2015) with o = 0.9 and T" = 4. For each pair, reported
values correspond to the (A, T3, T ) combination in which the best average student accuracy over the
five trials was achieved. The reported noise values in Figure[2]were first computed per trial and then
averaged across the five runs of the best configuration.

Bayesian teacher To train Bayesian teachers with variational inference, we utilized the implemen-
tation providedinhttps://github.com/microsoft/bayesianize, Thisimplementation
turns a deterministic NN into a Bayesian NN with a configuration file that includes priors on the
weights and related settings. We used the default configuration offered in their repository. Their
training procedure includes an additional NLL loss term, in which we used their default schedule of
100 epochs with the NLL term and 50 epochs of gradual annealing. For distillation, teacher logits
were obtained via Monte Carlo prediction averaging with 10 stochastic forward passes.

Laplace teacher As described earlier, Laplace teachers are obtained by applying the Laplace approx-
imation post-hoc to pretrained deterministic teachers. For this purpose, we used the implementation
providedinhttps://github.com/aleximmer/Laplacel which allows loading pretrained
model parameters and applying the approximation directly. In our experiments, we approximate the
posterior distribution only over the weights of the final layer, using a Kronecker-factored Hessian to
capture curvature information. The prior precision is optimized via marginal likelihood maximization
on the training data, without requiring a validation split. For predictions, we employ the generalized
linear model formulation with a closed-form probit approximation, which incorporates uncertainty
from the Laplace posterior into the predictive probabilities. As a result, instead of point estimates from
a deterministic teacher, the Laplace teacher produces predictive distributions that reflect uncertainty
in the last-layer weights.

MCMI teacher To realize the MCMI teacher proposed by |Ye et al.[(2024), we used the official
implementation from https://github.com/iclr2024mcmi/ICLRMCMI. The approach
fine-tunes a pretrained deterministic teacher by adding an MCMI loss term. We used the hyperpa-
rameters which the authors recommend in their paper for fine-tuning. Specifically, we used a cosine
annealing learning-rate schedule with an initial value of 2 x 10~4, fine-tuned for 20 epochs, and
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set the MCMI weighting parameter to 0.2 for ResNet-18, ResNet-50, and VGG-13 teachers, and
0.15 for WRN-40-2. The MCMI weighting values correspond to the best settings reported in the
original paper, which we adopted without hyperparameter searching, as they did. For the ResNet-18
teacher, no best value was reported, and we used 0.2 by default. It is worth noting that training
hyperparameters (epochs, batch size, etc.) used in their training setup differ from those employed
in this work. Additionally, in their work, they reported results for other values of (X, T, Ts) and
did not run several combinations while reporting the best one. This may partly explain performance
differences between our results and those reported in their paper.

MSE teacher To realize the Mean Squared Error (MSE) teacher proposed by Hamidi et al.| (2024)),
we used the official implementation fromhttps://github.com/ECCV2024MSE. In this setting,
teacher models are trained with the MSE loss instead of the standard CE loss, as suggested by the authors.
It is important to note, however, that the results reported in their paper were obtained under different ex-
perimental settings and hyperparameters than those used in this work. Additionally, they reported results
for other values of (A, T}, T’) and did not run several combinations while reporting the best one. These
differences may explain why the MSE teacher performs poorly in our experiments compared to other
teacher types. In Appendix|J] it is shown that for the case of standard distillation setting (temperatures
and A are equal to 1), the MSE teacher performs well and often outperforms the deterministic teacher.

G FEW-SHOT CLASSIFICATION

Few-shot learning refers to training a model when only a limited number of labeled data is available
for each class|Chen et al.[(2019). In the context of KD, the few-shot setting is adapted by utilizing
a teacher that was trained on the full dataset, while the student is trained with limited data, specifically
a S-proportion of the samples from every class|Ye et al.|(2024). Few-shot experiments allow us to
examine how well the student can benefit from distillation when the data available for its training is
limited. Additionally, it highlights the benefits of distillation and its ability to improve generalization
in such scenarios.

We evaluate the effectiveness of Bayesian teachers in several few-shot settings on the CIFAR-100
dataset. We consider VGG-13 as the teacher architecture, and VGG-8, ResNet-18, WRN-40-2, and
WRN-40-1 as student architectures. Students are trained either from Bayesian teachers or from
deterministic teachers, and we compare their performance. For each teacher—student pair, we employ
the (T3, Ts, A) configuration that yielded the best performance in Section Both teacher and
student training follow the same implementation details and hyperparameters described in Appendix[F]
Experiments are conducted for different values of 5 € {5, 10, 15,25, 35,50}, and each setting is
repeated five times. For a fair comparison, we use the same partition of the training set across all
methods in each few-shot level. The results are reported in Table[2]

Table 2: Test accuracy (%) of students trained from both Bayesian teachers and deterministic teachers,
under few-shot setting, averaged over 5 runs. Results are displayed for several teacher-student pairs with
both matching and different architectures. The subscript denotes improvement in the student trained
from the Bayesian teacher relative to the corresponding student trained from the deterministic teacher.

Teacher — Student 5 10 15 25 35 50

Teacher kind Deter. Bayesian Deter. Bayesian Deter. Bayesian Deter. Bayesian Deter. Bayesian Deter. Bayesian

VGGI13 —s ResNet18 3579 41.11 5097 5557 5894 6343 6575 68.83 6933 71.87 7227 74.04

+5.32 +4.61 +4.49 +3.08 +2.54 +1.77
VGG13 — VGG8 41.57 5245 5423 63.07 6128 6797 66.65 7144 6950 7342 7238 75.33
+10.88 +8.84 +6.69 +4.79 +3.92 +2.96

VGGI13 — WRN-40-2 30.80 4096 44.10 54.17 52.04 6144 5976 6733 6445 7020 68.08 72.53
+10.16 +10.07 +9.40 +7.57 +5.76 +4.45

VGG13 — WRN-40-1 2453 32.88 3549 4508 4321 5276 5040 59.19 55.67 63.45 6034 66.39
+8.35 +9.59 +9.55 +8.79 +7.78 +6.05

As seen, students trained with Bayesian teachers consistently perform better across the board, compared
to students trained with deterministic teachers. Specifically, as 5 decreases the improvements are
more substantial, with improvements of over 10% for the case of 5 = 5. These results show that
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Bayesian teachers are very useful in KD few-shot settings, consistently offering improved performance
compared to deterministic teachers.

H TEMPERATURE SCALING

Temperature scaling was first introduced in KD by |Hinton et al.|(2015) as a way to soften the teacher’s
output probabilities. The temperature is introduced inside the "softmax" operation applied to the
output of the network:

i) = exp(z"/T)

>, exp(20)/T)’
where z are the logits, p(*) is the softened probability for class 7, and T is the temperature. Choosing
T = 1 corresponds to standard softmax without temperature scaling. Increasing 7' produces a

smoother distribution, which has been shown to act as a regularizer and improve the transfer of dark
knowledge. Hinton et al.|(2015) applied the same temperature to the student’s logits during training,
but this is not necessary. In fact, a recent work by|Zheng & Yang|(2024) studied temperature scaling,
and shows that dropping temperature scaling on the student side causes the student to generalize better.
From a calibration perspective, temperature scaling also serves as a simple yet effective method to
reduce overconfidence and align predicted probabilities with the true BCPs, thereby improving the
quality of supervision for distillation Kim et al.|(2025)). Here, we investigate the effects of temperature
scaling in KD settings with both Bayesian (VI) and deterministic teachers, and compare them.
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Figure 5: The accuracy achieved by students (averaged over 5 runs) trained from both deterministic
and Bayesian teachers in KD with different teacher and student temperatures applied. The
teacher-student pairs displayed are ResNet-50 — ResNet-18 (left), ResNet-50—WRN-40-2 (middle),
and WRN-40-2—WRN-16-2 (right).
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We consider three teacher—student pairs. For each pair, the student is trained with teacher temperatures
ranging from T3 = 1to T3 = 9, with three different student temperatures 7 € {1,2,4}. Each
experiment is repeated five times, and the average accuracies across runs are reported. All teacher
and student trainings follow the implementation details and hyperparameters described in Appendix [F}
and results are displayed in Figure[5]

It can be seen that students trained with Bayesian teachers consistently achieve higher accuracy
across all temperature combinations and architectures compared to students trained with deterministic
teachers. In particular, under standard distillation without temperature scaling (7; = 1,75 = 1),
the gains are substantial: student accuracy improves by up to 3.18% (ResNet-50—WRN-40-2), even
though the Bayesian teacher itself is only 0.26% more accurate than the deterministic teacher.

Additionally, the effect of temperature scaling is consistently smaller for students trained from
Bayesian teachers compared to those trained from deterministic teachers. For example, in the ResNet-
50 — ResNet-18 case, the gap between the highest and lowest student accuracy across all temperature
combinations is 3.32% when using deterministic teachers. On the other hand, for students distilled from
Bayesian teachers this gap is only 1.07%, about three times smaller. This shows that Bayesian teachers
produce probability estimates that are inherently better calibrated than those of deterministic teachers,
making them more suitable for KD. Additionally, it shows that Bayesian teachers are less sensitive
to hyperparameters and are easier to tune, further strengthening them as effective teachers in KD.

I BAYESIAN TEACHER PARAMETERS

BNNSs trained with variational inference represent model parameters not as fixed values but as
probability distributions Blundell et al.| (2015)); Jospin et al.| (2022). This allows the model to capture
uncertainty by considering different possible configurations of the weights, rather than a single point
estimate Kabir et al.|(2018). As a result, running the same input through the model may yield different
predicted probabilities each time. To obtain reliable predictions, one typically performs Monte Carlo
sampling at inference time, averaging outputs from several stochastic forward passes|Gawlikowski
et al.|(2023). Increasing the number of samples generally improves the stability and accuracy of the
predictive distribution of the teacher model.

We next investigate how the number of Monte Carlo samples used to compute the teacher’s probability
estimates for distillation affects the performance of the student model. To that aim, we trained two
teacher—student pairs with varying numbers of samples used for Monte Carlo prediction averaging.
For each setting, we report both the average accuracy of the teacher model and the average accuracy
of the corresponding student model. Each experiment was repeated five times, and the average values
across runs are reported. For reference, we also include the performance of the deterministic teacher
and its student. Distillation in this experiment was carried out without temperature scaling and with
A = 1 (full distillation). In addition, to assess the effect of the number of Monte Carlo samples used
on gradient noise, we report the average noise in the accuracy curves, in a similar fashion to the one
conducted in Subsectiond.2]and shown in Figure[2] Both teacher and student training follow the same
implementation details and hyperparameters described in Appendix [

The results are displayed in Figure [6]and Figure[7] Teacher performance is in line with prior work
on BNNs trained with VI; accuracy improves substantially as the number of Monte Carlo samples
increases|Shen et al.[(2024). We observe gains of up to 6% when moving from 1 to 12 samples, with
most of the improvement being in the low-sample regime. Interestingly, the corresponding student
accuracy acts differently. While adding more samples does not harm the student, its effect is modest.
For VGG-13 — VGG-3, the student improves by only about 0.4% when increasing from 1 to 7 samples,
after which accuracy saturates, compared to the teacher’s much larger improvement of about 5.5%.
For VGG-13 — WRN-40-1, student accuracy roughly remains unchanged regardless of the number
of samples used. This is explained by the fact that although a single realization is used, the fact that
itis randomized anew on each sample leads to improved calibration when used for supervision in KD
as it is averaged in multiple epochs of SGD. Specifically, the student is trained using the BNN teacher
outputs throughout multiple epochs. This means that although training in each individual iteration
is performed with a noisy BNN teacher sample, over multiple iterations training is performed with
the expected value of the BNN teacher sample, effectively capturing the Monte Carlo sample average.
The noise in this case refers to the noise introduced by the distributions on the weights of the Bayesian
model and not the noise in the probability estimates.
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Figure 6: The accuracy achieved by Bayesian teachers, and their corresponding students (averaged
over 5 runs). Teacher accuracies correspond to the average accuracy achieved while doing inference
with a different number of Monte Carlo samples, and student accuracies correspond to the accuracy
achieved while using that number of Monte Carlo samples to compute teacher predictions for
distillation. Corresponding deterministic teacher and student accuracies are reported for reference.
The teacher-student pairs displayed are VGG-13 — VGG-8 (left) and VGG-13—WRN-40-1 (right).
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Figure 7: The average noise in the accuracy curves present during training for students trained from
Bayesian teachers using a varying number of Monte Carlo samples to compute teacher predictions
in the distillation process (averaged over 5 runs). Corresponding average noise in the accuracy curves
present during training of the students trained from deterministic teachers are reported for reference.
The teacher-student pairs displayed are VGG-13 — VGG-8 (left) and VGG-13—WRN-40-1 (right).

Moreover, for all cases, students distilled from Bayesian teachers show better performance compared
to students distilled from deterministic teachers, regardless of the number of samples used. This shows
that Bayesian teachers are better suited for KD compared to deterministic teachers, even when only
a single sample is used. Finally, the number of samples used seems to have no noticeable effect on
the noise present in the accuracy curves. Nevertheless, students trained from Bayesian teachers exhibit

10-30% less noise in the accuracy curves compared to students trained from deterministic teachers,
regardless of the number of samples used.
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J ACCURACY VARIANCES AND FULL RESULTS

Table 3: Mean and variance of the accuracies corresponding to the numerical study in Subsection
performed with distillation hyperparameters (A, 73, Ts) = (1,1, 1) (averaged over 5 runs).

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2 WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 WRN-16-2 WRN-40-1 VGG-8

Deterministic  73.32 021 73.48 £0.21 7389 £0.36 67.94+0.33 65.07 +0.60 73.48 £0.27
Bayesian 76.28 026 76.20 £0.27 76.76 £0.29 69.64 +0.16 67.55+0.39 76.24 £0.15

Laplace 74.88 £ 0.40 75.80 £0.20 75.56 £0.38 70.45+041 68.87£042 7579+ 0.31
MCMI 73.61 £0.28 73.61 027 73.854+0.22 6820+ 0.18 6527 +0.39 73.36+0.41
MSE 7484 £045 7484 +028 73414178 67.74£0.31 5430+ 054 73.2540.30
Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 WRN-40-1 WRN-16-2 WRN-40-2

Deterministic  71.28 +0.38 73.41 £0.30 73.44 £0.21 65.324+055 67.70+0.34 71.12+£0.37
Bayesian 7447 +0.17 7556 £0.10 7648 £0.22 68.37 +0.40 70.84 +0.30 74.26 £0.17

Laplace 7457+ 041 75974023 75844048 70.53 £0.33 72.52+045 74394036
MCMI 71.17 £ 047 7334+£0.27 7328 £0.21 65334+027 67994023 71.14+£0.17
MSE 70.71 024 73.44+0.32 74.65£0.11 53564073 67.4240.18 70.64 £ 0.53

Table 4: Mean and variance of the accuracies corresponding to the numerical study in Subsection
performed with distillation hyperparameters (A, T}, Ts) = (0.474,4, 4) (averaged over 5 runs).

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2 WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 WRN-16-2 WRN-40-1 VGG-8

Deterministic  75.92 £ 0.24 76.05 £ 0.40 76.76 = 0.25 70.38 £0.27 68.06 0.65 75.62 4+ 0.15
Bayesian 76.84 +0.17 7727 +£0.27 77.54£0.10 72424047 70.144+0.27 77.51 £0.19

Laplace 76.30 025 76.69 +0.34 7623 £0.12 71.66 £ 0.38 69.65 £ 0.29 76.09 £ 0.26
MCMI 7583 £0.35 76354+ 020 76.5540.40 70.40+0.61 68.10+ 020 75.66 4 0.53
MSE 7448 £0.12 7446 £ 023 7558 £0.22 68.62 £0.44 65421039 73.8640.34
Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 WRN-40-1 WRN-16-2 WRN-40-2

Deterministic  72.73 & 0.21 75.56 & 0.21 76.33 £0.27 66.98 £ 0.38 68.64 +0.40 73.13 +0.26
Bayesian 75.354+027 7727 +£0.46 77.41£020 70.64 4028 73.194+0.38 7537+£0.23

Laplace 72.84 £0.05 76.11 £0.35 76.42+£0.10 68.0240.26 70.69+0.36 72.95+0.31
MCMI 7244 +£034 75274029 76314+0.14 67.10£0.51 6847 £041 73.234+0.10
MSE 71.09 027 74.09+0.20 7448 £0.26 65.61 £0.07 68.55+0.26 71.39 £ 0.35

Table 5: Mean and variance of the accuracies corresponding to the numerical study in Subsection
performed with distillation hyperparameters (A, T3, T5) = (1,2, 1) (averaged over 5 runs).

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2 WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 WRN-16-2 WRN-40-1 VGG-8

Deterministic  74.27 £ 0.26 74.13 0.07 74.66 & 0.21 68.26 £0.34 65.80 £ 0.49 74.50 4+ 0.21
Bayesian 76.81 2026 76.92+0.23 7730 £0.04 71.89 +£0.60 69.75+0.26 77.33 £0.15

Laplace 7414 £0.26 75.07 £0.40 75.194+0.29 71.79 £0.38 69.96 & 0.28 75.26 4= 0.28
MCMI 74.22 £ 021 74.054+0.08 7478 £0.19 68.10 £0.38 65.86 024 74.39+£0.18
MSE 74.19 £0.35 74224+ 034 73.70 £2.00 67.73 £0.33 49.99 + 0.55 72.61 = 1.20
Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 WRN-40-1 WRN-16-2 WRN-40-2

Deterministic  71.64 £0.32 74.16 £0.27 74.62+0.35 6541 +£0.39 68.02+0.18 71.56 £ 0.26
Bayesian 75.60 £ 021 76.92+0.30 77.37£0.18 70.754+0.17 7278 £0.25 7529 £0.31

Laplace 74244022 7553+£0.29 75.00£040 70.874+0.44 71.89+0.25 7418 £0.30
MCMI 71.86 £ 038 73954029 74.5440.13 6570 £0.37 67.82+£025 71.9240.17
MSE 69.81 033 72.61 £1.00 74.55+£0.24 49.86 030 67.99 +0.67 70.06 £ 0.33
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Table 6: Mean and variance of the accuracies corresponding to the numerical study in Subsection
performed with distillation hyperparameters (A, 73, T5) = (1,4, 1) (averaged over 5 runs).

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2  WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 WRN-16-2  WRN-40-1 VGG-8

Deterministic  75.69 £0.29 76.20£0.16 76.78 +0.35 70.80 +0.46 68.924+0.42 76.08 4 0.25
Bayesian 76.83+0.27 77.14+£0.35 7725+0.16 72.944+0.19 70.77 £0.49 77.61 £0.20

Laplace 73.77+£042 7468 £0.41 7491 £0.68 71.01 £0.27 70.04 +£0.33 74.92+£0.25
MCMI 75.66 £0.32 7626 £0.29 76.86 £0.30 70.87 £0.52 68.66 + 0.54 76.35£0.14
MSE 74.03+£0.13 73.88£0.14 7398 £0.27 67.734+0.41 49.30+0.21 72.88 £0.06
Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 ~ WRN-40-1 ~ WRN-16-2  WRN-40-2

Deterministic 73.79 +0.33 75.66 £0.39 76.36 £0.22 67.90+0.30 69.36 + 0.38 73.71 £0.20
Bayesian 75.824+0.17 77.27+£0.14 7726£0.20 71.374+0.23 73.63+£0.36 75.45+£0.31

Laplace 73.97+0.33 7496+£0.32 7457+0.22 69.83+0.30 71.30+0.21 73.76 £0.44
MCMI 7350+ 0.16 75.75+0.13 76.40£0.34 6748 £0.50 69.58£0.27 74.20+0.27
MSE 69.59+0.49 7259 +£0.49 73.89+0.29 49.394+0.33 67.88+0.43 70.11 £0.54

Table 7: Mean and variance of the accuracies corresponding to the numerical study in Subsection
performed with distillation hyperparameters (A, T3, T5) = (1,2, 2) (averaged over 5 runs).

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2 ~ WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 WRN-16-2  WRN-40-1 VGG-8

Deterministic 74.36 +0.12 7423 £0.40 7458 £0.14 68.16 :0.45 65.57+£0.40 74.16£0.22
Bayesian 76.924+0.27 77.18+£0.28 77.63£0.10 71.734+0.16 69.73+0.19 77.16 £0.24

Laplace 74.10 £0.30 7526 +0.34 75.204+0.50 71.80£0.40 69.83 +0.21 75.51 £0.34
MCMI 74.14 +£0.34 7416+ 0.41 7459 +£0.22 68.25+0.46 65704+0.28 74.16 +0.34
MSE 74.65 £0.21 7489 +0.24 73344+ 1.71 67.78 £0.63 50.0240.50 73.09 £ 0.32
Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 WRN-40-1  WRN-16-2  WRN-40-2

Deterministic 71.24 £0.35 73.55+£0.32 74.66 +0.32 6545+ 0.44 67.554+047 71.6640.22
Bayesian 75.62+0.19 77.01£025 7741£0.10 70.58 £0.16 72.94+0.35 75.43 £0.30

Laplace 7436 +0.27 7549 +£0.39 7527+£043 70.634+0.23 71.96+0.44 74.09 £0.38
MCMI 70.87+£0.37 73.75+£0.15 74.54£0.18 65334+043 67.81+£0.31 71.58£0.40
MSE 70.24+0.13 73.25+£0.28 74.74£0.39 50.17+0.12 67.58 +0.44 70.22£0.51

Table 8: Mean and variance of the accuracies corresponding to the numerical study in Subsection|4.2
performed with distillation hyperparameters (A, T}, Ts) = (1,4, 4) (averaged over 5 runs).

Teacher ResNet-18 ResNet-50 ResNet-50 WRN-40-2  WRN-40-2 VGG-13
Student ResNet-18 ResNet-18 ResNet-34 ~ WRN-16-2  WRN-40-1 VGG-8

Deterministic 75.91 +0.32 76.26 £0.22 76.82 £0.27 70.65+0.14 68.70 £0.18 75.74 £0.34
Bayesian 76.77+0.23 77.08£0.23 77.18 £0.14 72.504+0.27 70.29+0.24 77.30 £0.13

Laplace 73.78 £ 045 74.83+0.09 75.034+0.56 70.61 £0.20 69.66 +0.17 74.90 £ 0.41
MCMI 75.86 £0.33 76.44 £0.21 76.68 £0.23 70.64£0.13 68.33+£0.14 75.64+0.26
MSE 75.01 2020 74.75+0.36 74.46+0.47 67.41+£0.46 49.62+0.24 72.97+0.29
Teacher ResNet-50 ResNet-50 VGG-13 VGG-13 ResNet-50 VGG-13
Student WRN-40-2 VGG-8 ResNet-18 WRN-40-1 ‘WRN-16-2 ‘WRN-40-2

Deterministic 72.94 +0.31 7543 £0.23 76.22£0.28 66.99 £0.35 68.71 £0.37 73.29 £0.33
Bayesian 75.53+£0.09 77.06£0.24 76.95+0.21 70.924+0.37 73.14+023 75.18 £0.33

Laplace 73.88+£0.35 75.10£0.31 7496 £0.27 69.794+0.28 71.14+£0.38 73.79£0.17
MCMI 72.68 +0.37 75.45+£0.15 7640£0.23 67.144+0.22 68.45+0.40 73.09£0.38
MSE 69.74+0.44 73.05+£0.33 74.87£0.21 49.654+0.50 67.25+0.24 69.90 £ 0.36
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K LIMITATIONS

e Our theoretical results in Section [3|rely on several assumptions commonly used in optimization
literature, such as strong quasi-convexity or the Polyak—t.ojasiewicz condition. We also assume model
expressiveness to ensure convergence to an optimum. These assumptions, while standard, can of
course be questioned.

o To make our claims rigorous, we modeled noisy BCPs as either perfect BCPs with additive noise,
or as Dirichlet-distributed BCPs. One can always question this type of modeling and suggested more
complex modeling, such as incorporating bias or correlation between samples.

o Our work advocates the use of BNNs as teachers in KD, possibly obtained by converting a pre-trained
deterministic teacher model into a BNN using LA. Still, one has to account for the additional
computational complexity of BNNs.
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