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Abstract

Reliable uncertainty quantification is essential for
deploying Machine Learning Interatomic Poten-
tials (MLIPs), also known as Neural Force Fields,
especially when molecular dynamics or materi-
als simulations encounter configurations outside
the training distribution. Deep ensembles remain
the strongest practical baseline for MLIP uncer-
tainty, but training and storing several copies of
a modern pretrained model is often prohibitively
expensive. We show that Bayesian Linear Last
Layers (BLLs) provide a scalable alternative for
MLIPs: a single pretrained backbone supplies
atomic features, while exact Bayesian inference
over the final force-prediction layer gives predic-
tive uncertainties. BLL is known to underestimate
the uncertainties. We provide an in-depth analysis
that shows sources of miscalibration and intro-
duce a simple post-hoc recalibration to address
the issue. On MPtrj and rMD17 benchmarks, in-
cluding both in-distribution tests and increasingly
out-of-distribution regimes, BLLs that are recal-
ibrated on in-distribution examples produce un-
certainty estimates competitive with ensembles,
while using only one base model.

Computational chemistry and materials science are currently
undergoing a structural transformation driven by Machine
Learning Interatomic Potentials (MLIPs), also known as
Neural Force Fields. While ab initio methods like Den-
sity Functional Theory (DFT) provide high accuracy, their
cubic scaling with system size makes them prohibitively
expensive for large-scale systems or long-duration molec-
ular dynamics (MD) simulations. MLIPs bridge this gap
by learning to map atomic configurations directly onto the
potential energy surface, offering DFT-level accuracy at a
fraction of the cost. Recent architectural innovations and the
emergence of massive, heterogeneous datasets have led to
“universal” foundation models, such as the Orb-v3 (Rhodes
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et al., 2025) and eSEN (Fu et al., 2025) architecture, which
further motivate the neural approach.

However, the neural surrogate approach is highly suscep-
tible to catastrophic failures when encountering out-of-
distribution (OOD) atomic configurations. This vulnerabil-
ity is particularly acute in MD simulations; a single unphys-
ical prediction can drive a system into high-energy distorted
states that were not present in the training manifold and
create a spiral where the model is thrown further into OOD
regime.

Uncertainty Quantification (UQ) offers a path forward. Us-
ing UQ, one could identify inaccurate predictions before
deployment, potentially triggering a more expensive, more
accurate computation for a given configuration (Pilania et al.,
2017). Moreover, Bayesian uncertainties provide a natu-
ral pathway within an active learning loop, in which accu-
rate DFT calculations can be used to further improve the
learning-based approach.

Unfortunately, UQ remains an effectively unresolved prob-
lem in deep learning (Papamarkou et al., 2024), where the
practical gold standard, deep ensembles (Tan et al., 2023),
are prohibitively costly at the scale of foundation models.
This paper investigates the feasibility of Bayesian Last Layer
(BLL) in MLIPs, in which exact Bayesian posterior estima-
tion is limited to the final linear head.

While simple and elegant, BLL is known to underestimate
the uncertainty. We provide an analysis that suggests a
decoupled recalibration of aleatoric and epistemic terms
in BLL. As a result, we report that BLL favourably com-
petes with deep ensembles at a much lower cost, effectively
positioning it as an effective tool for MLIPs.

1. Related Works

Uncertainty quantification in MLIPs. The need for reli-
able uncertainty estimates in MLIPs has been recognized
since their early days (Bartok et al., 2010). The dominant
approach remains deep ensembles (Lakshminarayanan et al.,
2017), in which multiple independently trained models pro-
vide both a mean prediction and a measure of disagreement.
A systematic comparison by Tan et al. (2023) across several
atomic force and energy benchmarks found that ensem-
bles consistently outperformed single-model alternatives
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— including Gaussian mixture models, deep evidential re-
gression, and mean-variance estimation — which tended
to fail in specific regimes. This has cemented ensembles
as the practical gold standard for UQ in MLIPs. Training
and storing multiple copies of large foundation models such
as UMA (Wood et al., 2025), Orb-v3 (Rhodes et al., 2025),
and eSEN (Fu et al., 2025) is, however, prohibitive at scale,
motivating the search for cheaper single-model alternatives
that can match ensemble-level calibration.

Bayesian neural networks. BNNs provide a principled
framework for UQ by maintaining a posterior over model
parameters (MacKay, 1992; Neal, 1996), with approximate
inference via MCMC (Izmailov et al., 2021), variational
inference (Blundell et al., 2015; Graves, 2011; Thaler et al.,
2023), and Laplace approximations (Ritter et al., 2018;
Daxberger et al., 2021). Several works draw formal con-
nections between deep ensembles and Bayesian inference
(Wilson & Izmailov, 2020; Pearce et al., 2020), suggest-
ing that the empirical success of ensembles partly reflects
implicit Bayesian properties.

Gaussian processes for interatomic potentials. A natural
compromise between full BNNs and point-estimate net-
works is to apply Bayesian inference to features extracted
by the deep network. The Gaussian Approximation Poten-
tial (GAP) framework (Bartdk et al., 2010) pairs Gaussian
processes (GPs) with handcrafted atomic descriptors such
as SOAP (Bartok et al., 2013) to learn potential energy sur-
faces with native uncertainty estimates. GPs are attractive
in this setting because exact posterior inference is avail-
able in closed form, but their non-parametric nature scales
as O(N?3) in the dataset size and limits their applicability
to the large, heterogeneous datasets underpinning modern
foundation MLIPs.

Bayesian last-layer methods. BLL retains the closed-form
posterior of GPs but shifts the cost from NV to the feature
dimension D, making it tractable at MLIP scale; it is math-
ematically equivalent to a GP with a linear kernel in the
learned feature space (Rasmussen & Williams, 2006). Wat-
son et al. (2021) showed that BLLs can outperform full
BNNss trained with Bayes-by-Backprop on standard regres-
sion tasks. The principal limitation of last-layer methods is
feature collapse, the tendency of deterministic feature ex-
tractors to map dissimilar inputs to nearby representations,
which can render the last-layer posterior overconfident on
out-of-distribution inputs (van Amersfoort et al., 2021). Ex-
isting remedies modify the backbone, e.g., spectral normal-
ization in SNGP (Liu et al., 2020) and DUQ (van Amersfoort
et al., 2020). We instead operate in the foundation-MLIP
regime in which the backbone is taken as a fixed point es-
timate, address calibration post hoc, and characterize the
residual error this leaves uncorrected (Section 3.2).

Post-hoc calibration. Post-hoc methods adjust pretrained

model uncertainties using held-out data, with temperature
scaling (Guo et al., 2017) the canonical approach in classifi-
cation. Calibration in regression has received comparatively
less attention (Kuleshov et al., 2018). The generalized pos-
terior and SafeBayes literature (Griinwald & van Ommen,
2018; Bissiri et al., 2016) provides theoretical grounding for
tempering the posterior under model misspecification, but
applies a single temperature to the entire likelihood. Our
analysis motivates a two-parameter rescaling that also works
well in practice.

2. Bayesian Last Layer for MLIPs

We estimate uncertainty by placing a Bayesian linear model
on the final force-prediction layer of an MLIP, which is often
a graph neural network (Schiitt et al., 2017) or a transformer
(Liao et al., 2024), while treating the rest of the network as a
deterministic feature extractor. Let ¢¢ denote the backbone
and penultimate force-head representation. For an atomic
configuration with n, atoms, the model produces per-atom
features ¢; € R, which are mapped to Cartesian forces
in R3. Since n,, varies across structures such as molecules
or unit cells, we take atoms rather than structures as the
unit of Bayesian inference; therefore, a dataset of structures
is flattened into N atoms, producing a fixed-dimensional
regression problem with features ® € RV > and force tar-
gets Y € RVXE where K = 3; we discuss mini-batching
later.

The final linear force head is modelled as

Y =®B+E, B e RP*K, (D
This per-atom formulation avoids padding or structure-level
aggregation and gives a single posterior over B that can be
used for structures of arbitrary size. The same last-layer
weights are shared across all atoms; information about the
parent structure enters through the node-level features pro-
duced by the backbone. For the Bayesian treatment, we
need to specify the form of the likelihood and the prior.

Likelihood. We use a matrix-normal likelihood,
Y I|B,® X, ~ MN(®PB, Iy, %), )

or, equivalently, vec(Y) | B, .3, ~
N (vec(®B), X, ® In), where vec(-) stacks the columns
of its matrix argument. This is the same as assuming
e; ~ N (0, X.) independently across atomic environments.
The identity row covariance is an important approximation:
conditional on B and the atomic features ®, the residual
force errors of different atomic observations are modelled
as independent, including atoms belonging to the same
structure.!

"It does not imply that the model’s predicted forces are
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Prior. We use the conjugate matrix-normal prior
B|Ag,Ze ~ MN(0, Ag', =), @)

where Ay = diag(A1,...,Ap) is the prior precision over
the features. Sharing the column covariance X, between the
likelihood and prior is the standard conjugate construction
that results in a closed-form posterior. The diagonal pre-
cision provides a scalable feature-wise shrinkage prior. A
dense D x D prior covariance would introduce substantially
more parameters and more fragile inversions, while the diag-
onal form is sufficient to regularize poorly constrained fea-
ture directions and to enter the marginal likelihood through
the Bayesian complexity penalty. However, our main ra-
tionale for using a diagonal form is the fact that due to the
massive size of the dataset, likelihood dominates and the
role of prior is mainly reduced to regularize extreme feature
directions.

Posterior. Combining (2) and (4), the posterior over the
last-layer weights is

B|Y,®,Ag, % ~ MN(B,, A, 3.),
with

Ay=0"®+ Ay, B,=A,'9"Y. o)
Marginal likelihood. We estimate A and X, by empirical
Bayes. The marginal likelihood is the density of the ob-
served force targets under the likelihood-prior model after
removing the unobserved last-layer weights:

p(Y | ®,A0,%.) = /p(Y | B,®,%.)p(B | Ag, L) dB.
(6)

Here p(-) denotes the densities associated with the likeli-
hood and prior in Equations (2) and (4). Thus, B is inte-
grated out of the joint density p(Y, B | @, Ao, X.). Evaluat-
ing this Gaussian integral and taking the negative logarithm
gives

NK N
LNLML :T 10g(27‘(‘> + ? log |Ee‘

K
+ 0 (log [Ay| — log [Ao|) )

1
+ 5t [SCT (RTR+ By AoBy)]
where R=Y — ®B,,
marginally independent after Bayesian inference. Once B is in-

tegrated out, predictions at two atoms with features ¢; and ¢;
become correlated through the shared posterior uncertainty in B:

Cov(yi,yy | Y. ®) = 6,5 + (¢ A¢)) 2. )

Equation (7) is differentiable in the hyperparameters and,
through @, in the parameters of the feature extractor. We
therefore use it to learn the last-layer prior and noise model,
and optionally to fine-tune the representation.

At the scale of modern MLIP datasets, recomputing full-
dataset sufficient statistics at every optimization step is in-
feasible. During training, we optimize minibatch estimates
of (7), using the structures in each mini-batch to form ® " ®
and ®'TY. When features are fixed (i.e., the base model
is unchanged), we calculate the full covariance once and
rescale it appropriately for a given batch size in the objective
above. In this setting, our optimization remains exact. After
training, we recompute the posterior sufficient statistics on
the full training set and use the resulting full-data posterior
for test-time prediction.

Posterior Predictive. For a test atom with feature vector
¢+ € RP, the posterior predictive distribution is

Ye | ¢4, YV, @ ~ N ()] Bry B+ u(g)Se)

(8)
w(gy) = ¢ Ay b

3. Post-hoc Covariance Rescaling

The predictive covariance in Equation (8) decomposes into
a constant term X, and an input-dependent term (¢, )X..
This decomposition is exact under two assumptions of the
Bayesian linear model:

(A1) Linearity. Given the encoder ¢y, there exist weights B*
such that the noiseless target satisfies y = ¢p(z) " B*.

(A2) Gaussian noise. Observed targets are corrupted by
additive noise € ~ N (0, $%).

Both assumptions are violated in the MLIP setting. (A2)
fails because, conditional on an atomic configuration and
a fixed DFT protocol, the target force is deterministic, so
3% = 0. (A1) fails because the linear span of ¢y does not
contain the exact target force field. Two distinct mechanisms
produce this failure:

(M1) In-distribution misspecification. A single linear head
over ¢y does not fit the targets on the training set; the
training residuals are nonzero.

(M2) Feature collapse on out-of-distribution inputs. Distinct
OOD configurations with different targets are mapped
onto similar training features by ¢y, so no linear head
over the fixed encoder can fit them simultaneously.

The two mechanisms have different implications for what
post-hoc recalibration can correct; Sections 3.1 to 3.3 de-
velop this distinction. Throughout, we avoid the labels
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Figure 1. Validation NLL surface for the decoupled rescaling
on Malonaldehyde. Validation NLL as a function of the rescaling
parameters (a,b) from Equation (12); darker contours indicate
better calibration. The dashed line marks the single-temperature
subspace a = b to which any scalar tempering of the BLL co-
variance is restricted. The unconstrained optimum (red star) sits
well off the diagonal and improves substantially over both the raw
BLL covariance (yellow triangle) and the best single-temperature
solution (white square). This asymmetry matches our analysis:
the last-layer posterior u (¢4 )X, is too narrow and requires large
upward rescaling (Proposition 3.1), while the residual floor X is
much closer to the correct scale. Absolute NLL values are elevated
by a heavy right tail of high-error validation points.

“aleatoric” and “epistemic” for the two covariance com-
ponents, since neither retains its standard meaning under
(A1)—(A2) violations. We refer to X, as the residual floor
and to u(¢. )X, as the last-layer posterior covariance.

3.1. Misspecification of the Residual Covariance

We first characterize 3. under empirical Bayes. The part of
the NLML in Equation (7) depending on X, is

£(80) =5 log[S.| + 5 e[S, (RTR+ B] AoB,)]
)

where each row of R is a per-atom force residual after the
linear fit. Setting 9L£/0%, ! = 0 yields the stationary point

Se=LR"R+ LB} AoB,. (10)

The first term is the empirical second moment of the training
residuals; the second is the prior shrinkage contribution,
which is small once N > D. Empirical Bayes therefore
sets X, to (approximately) the residual covariance of the
regularized fit.

Since DFT forces are deterministic given the configuration
and protocol, Y contains no stochastic component. The
fitted predictions are ®B,, = HY, where H = ®(®T® +

Ag)~1®T is the regularized hat matrix and the residuals are
R = (I — H)Y; substituting in Equation (10), we get

S.=LYT(I—H) (I -HY + +BlAB,. (11)

This means that >, does not estimaAte noise; under (A2)
failure, there is none to estimate, and X, instead absorbs the
in-distribution misspecification (M1). A calibrated residual
floor remains useful in the deterministic setting, since it im-
proves predictive likelihood. However, the empirical-Bayes
value of 3., is unlikely to be appropriately scaled for predic-
tive scoring on held-out data, for two reasons. First, NLML
evaluates Y. against training residuals and the marginal-
likelihood penalty rather than against held-out predictive
likelihood. Second, as established in Section 3.2, the same
Y. enters the input-dependent term through the conjugate
prior, so its NLML value reflects a compromise between
two distinct roles. The post-hoc scalar a introduced in Sec-
tion 3.3 corrects the floor; b corrects the input-dependent
term independently.

3.2. The Last-Layer Posterior under a Fixed Encoder

The input-dependent term u(¢, )X, from Equation (8), with
u(¢) = ¢] A 1., is the predictive variance contributed
by the posterior over B. This posterior places mass only
on the function class {fg(x) = ¢g(x) "B : B € RPXK}
obtained by varying B over the fixed encoder.

Substituting A,, = ® T ®+ Ay, we have u(¢p.) = ¢, (' P+
AO)*lng*, which is the squared Mahalanobis distance of ¢.
from the training feature distribution up to the regularizer.
It is small for ¢, in directions of high training mass and
large for ¢, in directions weakly covered by training. The
qualitative content of this quantity is geometric and does not
depend on (A1) or (A2): a generic predictor is less reliable
on inputs whose features lie far from the training support,
since fewer data constrain the local fit. The ranking that
u(¢4) induces over test inputs is therefore robust to (M1)
and to (A2) failure.

Robustness fails for the magnitude of u(¢,)X.. The matrix
scaling the input-dependent term is the same 3. that appears
in the noise covariance, since the conjugate prior B ~
MN(0, Ay L Y. ) ties the two together to admit a closed-
form posterior. As a result, 3. simultaneously sets the
residual floor, where empirical Bayes inflates it to absorb the
(M1) residuals (Section 3.1), and scales the input-dependent
term. There is no reason these two roles require the same
magnitude. The post-hoc scalar b introduced in Section 3.3
corrects the magnitude of the input-dependent term without
altering its geometric ranking, and Section 3.4 shows that
this correction is equivalent to tempering the conditional
posterior over B.

Mechanism (M2) lies outside what scalar rescaling can cor-
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Figure 2. Recalibration improves both calibration and likeli-
hood across most splits. Top: expected calibration error (ECE)
before and after two-parameter scaling on the BLL predictive
variance. Bottom: negative log-likelihood (NLL+1 on a log
scale, since raw NLL can be negative). Annotations show the
relative change. Recalibration delivers large ECE reductions on
the harder OOD splits (—56% to —60%) and a ~3.5 unit NLL
drop on OOD Far, at the cost of slight over-correction on the
well-calibrated ID test set. MAE and Spearman correlation are
unchanged by recalibration and reported in Table 2 and Figure 3.

rect. When the encoder collapses OOD inputs onto well-
supported feature regions, u(¢,) is small on those inputs
even though the predictions are unreliable, so the ranking it-
self is incorrect; no choice of b recovers it. Mechanism (M2)
therefore remains a residual source of error after rescaling
that we cannot address within our framework.

3.3. Decoupled Covariance Rescaling

The raw BLL covariance from Equation (8) couples the
two components through ¥., Cov(y. | ¢., Y, ®) = (1 +
u(¢«))Ee. A single scalar T' would rescale this to 7'(1 +
u(d4))2e, preserving the ratio between the floor and the
input-dependent component. As established in Sections 3.1
and 3.2, however, the empirical-Bayes value of 3. reflects a
compromise between two roles whose appropriate predictive
magnitudes need not coincide. We therefore consider the
two-parameter rescaling

Covap(ys | ¢4, Y, @) = aBe + bu(d.)Ze, a,b>0,

(12)

in which a rescales the residual floor and b rescales the
input-dependent term independently. Section 3.4 shows that
b corresponds to a temperature on the conditional posterior
over B. A single global scalar is restricted to the diagonal
a = b and cannot reach the optimum when it lies off the
diagonal; Figure 1 shows the validation-NLL surface for a
representative case.

We estimate (a, b) on a held-out in-distribution validation
set by minimizing the predictive negative log-likelihood,

* 1x\ : _ . T .
(a*,b%) = arg min, Z log NV (yi; ¢ Bn, Sila,b)) ,
1€ Dyal
13)
where the adjusted covariance is defined as

Zi(aa b) = CLZE + bu(¢z)ze

optimizing the unconstrained parameterization o, 3 € R
with a = e®, b = € to enforce positivity. The posterior
mean is unaffected; only the predictive covariance is recali-
brated.

3.4. Connection to Posterior Tempering

The scalar b admits a direct interpretation as a temperature
on the conditional posterior over B. Consider tempering the
unnormalized joint density by a factor w > 0,

puw(B Y, ®) o [p(Y | B,®, %) p(B | Ao, Xe)], (14)

which parameterizes a controlled widening or narrowing of
the posterior over B.

Proposition 3.1 (Tempering rescales the last-layer covari-
ance). Tempering the joint density in Equation (14) by w
changes the posterior precision from A, to Ay, ,, = WAy,
and consequently u,(¢.) = ¢JA L0 = wlu(gy).
Multiplying u(¢.)X. by b is therefore equivalent to a tem-
perature T = b = 1/w on the conditional posterior of

B.

Proof. The terms in the unnormalized log joint quadratic
in B are, up to constants, —5 tr[S7'BT (@7 ® + Ag)B].
Multiplying the log joint by w scales (®T® + Ag)
by w, so the tempered posterior precision is A, , =
w(®T® + Ag) = wA,. The linear-in-B terms also
scale by w, so the posterior mean is unchanged: B,, , =
(wA,) Y (w®"TY) = B,. Substituting yields u,,(¢.) =
wtu(gy). O

Values b > 1 correspond to a warmer conditional posterior
over B and inflate the input-dependent uncertainty; b < 1
corresponds to a cooler posterior. The required temperature
is determined post hoc because the spread of B needed for
calibrated prediction depends on the extent to which the
empirical-Bayes value of 3, was inflated to absorb the (M1)
residuals.
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Figure 3. Performance across increasing distribution shift (OOD Near — OOD Mid — OOD Far). Each panel reports a different
metric; shaded bands show £1 standard deviation over seeds. Recalibrated BLL maintains the strongest Spearman correlation across all
OOD splits and remains competitive on ECE and NLL, while keeping MAE growth substantially below the ensemble. BLIP is omitted
from the NLL panel because its values blow up on OOD Mid and OOD Far.

4. Experiments

We evaluate BLL on two benchmarks chosen to span the
deployment regimes of foundation MLIPs. MPtrj is the The
Materials Project’s trajectory dataset (Deng, 2023). We train
on this dataset and evaluate on a chemically heterogeneous
in-distribution split, as well as a distribution shift by strati-
fying held-out structures by their energy above the relaxed
state into OOD-Near, OOD-Mid, and OOD-Far, plus two
further transfer sets (the transition-metal benchmark TM23
(Owen et al., 2024) and a non-WBM Alexandria subsample
(Barroso-Luque et al., 2024), Alex-val-s). rMD17 dataset
(Christensen & lilienfeld, 2020) evaluates a different regime;
the model is trained on a single molecule’s trajectory and
asked to extrapolate to a held-out split of the same molecule
(ID) and to all non-training molecules (OOD), a setting in
which a linear head over a frozen encoder is most likely
to overfit. Across both benchmarks, we compare BLL. —
in its raw and post-hoc-recalibrated forms — against the
LoRA deep ensemble, variational-dropout BLIP, and SWAG
(Maddox et al., 2019), with exact Gaussian processes added
on rMD17, and report force MAE, expected calibration er-
ror (ECE), and the Spearman correlation between predicted
uncertainty and absolute force error. The recalibration pa-
rameters (a*, b*) are fit only on an in-distribution valida-
tion set (Equation (13)); improvements on more distorted
splits, therefore, reflect OOD generalization of the calibra-
tion rather than tuning on the test distribution. For further
details, refer to Appendix B and C.

Table 1. Train and inference cost.

Train Inf.
Method (A100-hr)  (passes)
BLL 10.5 1
Ensemble (LoRA) 19.63 3
BLIP 26.5" 10
SWAG 10.8 10

4.1. Calibration, ranking, and rescaling across
distribution shift

Figure 3 tracks BLL performance against the LoRA en-
semble, BLIP, and SWAG across the three increasingly dis-
torted MPtrj OOD splits. Recalibrated BLL maintains the
strongest Spearman correlation throughout, with its ranking
power growing as distortion increases. On ECE and NLL,
recalibrated BLL tracks the ensemble within overlapping
error bands, while MAE growth stays well below it (0.332
vs. 0.706 at OOD-Far). The pattern carries through to the
additional splits in Table 2: recalibrated BLL achieves the
highest Spearman on four of the five (MPtrj ID, MPtrj TM23,
rMD17 ID, rtMD17 OOD), with Alex-val-s the lone excep-
tion (BLL 0.764 vs. BLIP 0.781). The rMD17 OOD split is
the most pronounced instance of the pattern: although BLL
has the worst MAE there (0.259), since a single-molecule
training trajectory provides little extrapolation signal for
the linear head, its Spearman of 0.821 is the second largest
gap to the next-best method (0.702 for the ensemble) of any
split in our comparison. Recalibration does not rescue OOD
ECE in this regime (0.483 — 0.463), a boundary case we
examine in Section 5.

Figure 2 isolates the contribution of the post-hoc rescal-
ing. The rescaling produces 56-60% ECE reductions on
OOD-Mid and OOD-Far and a ~3.5-unit NLL improve-
ment on OOD-Far, at the cost of mild over-correction on the
already well-calibrated ID test split. The rescaling parame-
ters (a*, b*) are fit only on an in-distribution validation split
(eq. 13); improvements on TM23, Alex-val-s, OOD-Mid,
and OOD-Far therefore reflect generalization of the calibra-
tion rather than fitting on the test distribution. The trade-off
favours BLL by a wide margin in deployment terms: a
small ECE penalty on near-distribution data buys order-of-
magnitude calibration gains exactly where overconfident
predictions would otherwise be most damaging in MD.
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Table 2. Model performance on MPTrj and rmd17 data splits. Best results for each split are highlighted in bold. ({ indicates lower is

better; 1 indicates higher is better).

Data Split Model MAE (]) ECE (|) Spearman (1) NLL ({)
MPtr;j ID test Recalibrated BLL (ours) 0.038 +0.000 0.221 £0.013  0.603 & 0.009 -0.500 4 0.018
BLIP 0.029 = 0.001 0.268 +0.010 0.504 =+ 0.001 -
Ensemble (LoRA) 0.046 £0.002 0.267 £0.024 0.579 £0.024 -0.514 +0.013
SWAG 0.043 £0.001 0.117 £0.023 0.329 £0.014 -0.521 + 0.062
MPtrj TM23 test Recalibrated BLL (ours) 0.542 +0.029 0.401 &+ 0.008 0.866 = 0.027  0.889 £ 0.052
BLIP 0.195 = 0.004 0.400 &= 0.004 0.718 +0.014 -
Ensemble (LoRA) 0.780 £0.022 0.403 £0.021 0.664 £ 0.029 1.647 £+ 0.221
SWAG 0.361 £0.026 0.474 £0.001 0.644 £0.007 1.060 £ 0.186
MPtrj Alex-val-s test Recalibrated BLL (ours) 0.077 +0.001 0.198 + 0.007 0.764 £ 0.015 0.152 £0.014
BLIP 0.052 £+ 0.000 0.162 £ 0.003 0.781 £ 0.003 -
Ensemble (LoRA) 0.106 =0.022 0.224 +0.001 0.709 + 0.025 -0.062 + 0.028
SWAG 0.077 £0.001  0.129 +0.007 0.366 + 0.015 0.247 + 0.017
rmd17 ID test Recalibrated BLL (ours) 0.030 &= 0.015 0.132 £ 0.067 0.611 = 0.056 -0.922 £ 0.181
GP-rbf 0.057 £0.019 0.101 +0.042 0.538 4+ 0.58 13.11 £ 28.79
GP-5/2 0.056 =£0.019 0.116 £0.017 0.555 + 0.024 -1.321 + 0.338
Ensemble (LoRA) 0.098 =0.019 0.152 +£0.039 0.611 + 0.234  0.445 £+ 0.109
rmd17 OOD test Recalibrated BLL (ours) 0.259 +0.045 0.463 +£0.017 0.821 +0.079 0.278 4+ 0.200
GP-rbf 0.177 £0.056 0.245 +0.092 0.581 £0.125 11.67 £28.28
GP-5/2 0.166 = 0.050 0.199 £+ 0.097 0.550 +0.131 0.876 + 1.169
Ensemble (LoRA) 0.125 £ 0.011 0.260 +0.045 0.702 +0.071 -0.356 + 0.074

4.2. Computational cost

Table 1 reports training cost in A100 GPU-hours per fully
trained instance and inference cost as backbone forward
passes per prediction. BLL is the cheapest method on both
axes: training takes ~10.5 hours — comparable to a single
SWAG run and roughly half the cost of the K=3 LoRA
ensemble (~19.6 hours total) — and inference requires a
single backbone pass, against 3 for the ensemble and 10
each for BLIP and SWAG. The only additional cost is a
one-time recomputation of the posterior sufficient statistics
on the full training set after backbone training, which is neg-
ligible relative to training itself. BLIP was trained on RTX
8000 GPUs and its reported training time (*) is hardware-
adjusted using a speedup factor measured from matched
LoRA-ensemble runs on both architectures.

5. Discussion

Why the rescaling works, and when it does not. The two
scalars play different roles. The floor multiplier a requires
only a small adjustment, averaging 0.476 across MPtrj splits,
since empirical Bayes already inflates 3. to absorb the train-
ing residuals (Section 3.1). The input-dependent multiplier
b does the substantive work, taking values in the range 10°
to 10°. This is because with IV in the millions, A,, grows
linearly in N, so u(¢,) shrinks as 1/N. The role of b is to

undo this contraction, which by Proposition 3.1 is equivalent
to tempering the posterior over B.

Parameters fit on an in-distribution validation set transfer
well to OOD inputs on MPtrj. The validation mean squared
Mahalanobis distance moves from 24.2 to 3.84 (target 3.0),
and the same (a*, b*) reduces OOD-Far from 675.8 to 10.5
and its ECE from 0.39 to 0.20. The recalibration general-
izes because b corrects the 1/N shrinkage, which is shared
across splits. The procedure fails on rMD17, where OOD
ECE moves only from 0.483 to 0.463. The cause is that
rMD17 trains and validates on a single molecule’s trajec-
tory, leaving too little variability to identify (a*,b*). The
requirement is not that the validation set resemble the de-
ployment distribution, but that it be sufficiently diverse — a
condition foundation-MLIP datasets meet easily.

Ranking and calibration as separate axes. BLL
achieves the highest Spearman correlation on nearly ev-
ery split, including rtMD17 OOD where its MAE and ECE
are poor. ECE measures whether predicted variances match
the magnitudes of errors; Spearman measures whether they
rank inputs correctly. The post-hoc scalars act uniformly on
u(¢,) and cannot alter the ranking, so the Spearman perfor-
mance comes from u(¢,) itself — a Mahalanobis distance
from the test feature to the training distribution that depends
only on the frozen backbone.
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Limitations. Compute constraints prevented us from run-
ning full deep ensembles; our ensemble comparator approx-
imates them via LoRA fine-tuning of a shared backbone
with K'=3 members, both of which may understate the cali-
bration quality of larger ensembles of independently trained
models. The BLL formulation we present targets a non-
equivariant, direct force-prediction head: extending it to
conservative architectures (forces obtained as energy gra-
dients) and to equivariant backbones such as NequlP or
MACE raises structural questions about the last-layer pa-
rameterization that we do not address here. Our experiments
use a single foundation backbone (orb-v3), so whether the
geometric ranking we exploit transfers cleanly to other ar-
chitectures remains open. Finally, the active-learning use
case motivated in the introduction is supported here only
through the proxy of strong Spearman correlation; an end-
to-end demonstration in an MD-driven labelling loop is the
natural next validation.

6. Conclusion

Bayesian last-layer inference is a practical alternative to
deep ensembles for foundation-scale neural force fields,
providing a closed-form posterior on a single fixed backbone
at negligible inference cost. Applied directly, however, it
is overconfident, for two distinct reasons. Empirical Bayes
inflates Y. to absorb training residuals, since the targets
are deterministic and there is no genuine noise to estimate.
At the same time, the posterior over B contracts as 1/N,
so the input-dependent term vanishes at large dataset sizes.
The two effects act independently and require independent
correction, which we provide via a two-parameter rescaling
fit on a standard validation split.

Empirically, the recalibrated BLL matches or exceeds deep
ensembles on ECE across all six MPtrj splits, while requir-
ing roughly half the training time and a single backbone
pass at inference. It also produces the strongest ranking of
uncertainty against error on nearly every split. Two lim-
itations of calibrated BLL are that: 1) post-hoc rescaling
cannot correct for feature collapse, and 2) the recalibration
requires a validation set with sufficient diversity, the lack of
which is the principal source of error on rMD17. Overall,
our findings suggest that BLL is a practical UQ method for
force fields, and it is worth investigating its applications to
downstream tasks, such as molecular dynamics and active
learning.

Impact statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Algorithm 1 Bayesian Last Layer for MLIPs: training, calibration, and prediction.

Require: Pretrained backbone ¢y; train/val/test sets Dy, Dyal, Dte

0: procedure TRAIN(¢g, Dy,)

0 Initialize hyperparameters A, > (and optionally )

0 for each minibatch B C Dy, do

0 Compute per-atom features $ via ¢y and stack force targets Y
0: Form @;@B and @gYB; compute A,,, By, via (5)

0: Evaluate Ln1vr on B via (7)

0 Update {Ag, 3.} (and optionally #) by gradient descent on Lnrmr,
0 end for

0 Recompute ® ' &, ® 'Y on the full Dy,

0 Compute final posterior (A,,, By,) via (5)

0 return 6, Ay, X, A, B,

0: end procedure

procedure CALIBRATE(f, A,,, By, X¢, Dya)
for each (z;,y;) € Dya do
Compute ¢; = go(z;) and u(é;) = 6] A6,
end for
Solve (13) for (a*, b*) via gradient descent on (v, §) = (log a,logb)
return (a*, b*)
end procedure

LR

procedure PREDICT(x; 0, By, Ay, Xe, a*, b*)
Do = Po(x2); u(gn) = ¢l AL b
Mean: j, <+ ¢, B,, {from (8)}
Covariance: @(y*) — a* X + b* u(ds) X {from (12)}
return (., éaz(y*))
end procedure=0

e

A. Derivation of empirical bayes with learned global noise
A.1. initial setup

We use a Bayesian Linear Last Layer to perform Bayesian regression on embeddings from Orb-v3 (Rhodes et al., 2025) to
atomic forces, allowing for direct force prediction as well as uncertainty estimations for these predictions.
Multivariate Regression Setup:
Y =0B+E 15)
E ~N(0,%.) (16)
Where Y € RV*K are the targets, & € RN *D are the features from the network, B € RP*EK are the weights of the final
layer and E € RYV*X jg the noise. IV is the number of data points, K is the output dimension (for forces in XYZ K is 3)

and D is the dimension of the feature embeddings.
We assume each row y,, € R'*X is independently distributed as

Yn | B, Xe ~ N(¢nB, 5e) (17)
So the joint likelihood over all rows follows a Matrix Normal Distribution.
p(Y | B,®,%.) = MN(Y | 9B, In, ) (18)

Note on the Matrix Normal: If X ~ MN(M,U,V) with X € R"*?, U € R™*" (row covariance), V € RP*P (column
covariance), the density is:

(2m) P2y | T U | P2 exp(—%tr[vﬂ(x - M)TU X — M)]) (19)
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And so the density can be written as:

1 .
PV | B.®. %) = e exp(—% o [27 1Y — ®B) (Y — <I>B)])

A.2. conjugate Matrix Normal prior on B

(20)

We place a Matrix Normal prior on B with zero mean, a diagonal row precision A and column covariance ¥, (same as

noise for conjugacy)

B | Ao, X ~ MN(0,A;1, )
So
|Ag|K/?

p(B | AOaEe) = (27T)DK/2 |2€‘D/2

exp(—4 w[2, BT Ao B] )

A.3. marginal likelihood and integrating out B
The Marginal Likelihood is given by:

p(V | ®, A, 5.) = /p(Y | B,®,%.) p(B | Ao, %) dB

| Ao| 572

2

(22)

(23)

1 . _
_ / GANEREE exp(—4 S, (Y = @B)T (Y — @B)]) + COIIAPALE exp(—4 w2, BT Ao B] )

|AO|K/2 1 -1 T T
B / (2m)(N+D)K/2 |5, |(N+D)/2 eXp(‘? E {Ee (Y =®B) (Y = 2B) + B Ao B)D

The argument of the exponential is:

1 -1 _ T _ T
—2tr[26 (Y —®B)T(Y — ®B) + BT Ay B)

likelihood prior

We need to integrate out B, so first we expand and collect the terms in B. First we expand the likelihood term:

(Y —oB)T(Y —oB)=YTY - Y7o B—- BTy + BToT® B

Add the prior term back in:

Q(B)=YTY —YT® B - BToTY + BT (07® + A¢) B

Define the posterior precision

A, =0Td+ Ay

and the posterior mean given by the standard MLE solution

B, = A, 'oTY

— A, B, =oTY

12
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Substituting into the terms of Q(B):

YTy - B'ATB - B"A, B, + BTA,B

=Y?'Y +(B - B,)"A.(B - B,) — BIA,B,

Q(B) =Y'Y - BgAan + (B - Bn)TAn(B - Bn) 27

constant w.r.t. B integrates out

We only integrate over the (B — B,,)TA,,(B — B,,) term since other terms are constant w.r.t. B

/eXp(—% 2r[S7 (B — Bp)"An(B — Bn)]) dB
This is the unnormalized integral of a M/ (B,,, A,;!,3.) density which evaluates to:
(21)PK/2 |5, |P/2|AZYE/2 = (27)DK/2 |5, |P/2 | A, | 7K/
A.4. assembling marginal likelihood

1 |AO|K/2
(27T)NK/2|28|N/2 x (271-)DK/2|26‘D/2

from likelihood from prior

p(Y | ®,A0, %) = x (2m)PE/2|5 | P12 |A,, |7 K/2

from integral

X exp(—% w2 (vTY — BgAan)])

After canceling out, we are left with:

|A0|K/2
(QW)NK/Q |28‘N/2 |An|K/2

p(Y | ®, Ag, 5.) = exp(—% w[2 1 (vTY - BgAan)}) (28)

Taking the — log we get our Negative Log Marginal Likelihood which can be used for our loss function:

NK N K 1
L=—r log(27) + 5 log 15| + E(log |An| —log [Ao]) + St [2'(Y"Y — BIALB,)] (29)
The derivation could end here but we further rewrite the loss for better interpretability.

A.5. decomposing loss to improve interpretability

We can rewrite the data-dependent term in two forms,
Form A:
tr[S' (Y'Y — BIA,B,)]

Form B (residuals + prior penalty):

v —oB)I' (Y -oB,)=YTY -vT®B, — BTy + BLoT®B,

=Y?'Y - B'A,B,, — BFA, B, + BE(A,, — Ao) B,

13
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=YTy - B'A, B, —BTA¢B,
N——

Form A

A.6. Final NLML

For gradient descent, the constant % log 27 can be dropped, however, we keep it so we can report the NLML.

1
L= ¥ log 27 + glog |Se| + %(log |An| —log |Aol) + 3 tr[S1 (Y — B,)" (Y — ®B,) + B AoB,)] | (30)

The final loss only depends on Y. and Ay, so these are the two parameters we learn using gradient descent during training.
Additionally, you can also learn the parameters of the feature model simultaneously.
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B. Experiments

All deep models share the orb-direct-20 backbone (https://github.com/orbital-materials/orb-models)
pretrained on OMat24, released under the Apache 2.0 license (https://www.apache.org/licenses/
LICENSE-2.0). Deep methods use a batch size of 64; the exact GP baselines on rMD17 use closed-form inference and do
not require batched training.

For rtMD17, we train only on ethanol, malonaldehyde, toluene, uracil, and benzene — the five smallest molecules — since the
remaining trajectories are too large for tractable exact GP regression. OOD evaluation is performed across all non-training
molecules in the rMD17 dataset.

Training BLL. We remove the final projection layer from the orb-v3 force head and use the resulting penultimate
embeddings as the BLL features ¢. The backbone is frozen during training; only the penultimate force projection and the
priors Ag, X, are updated by gradient descent on the NLML objective (eq. 7). We initialize 3, and Ag as identity matrices
and optimize with Adam at learning rate 1 x 10~3, with early-stopping patience 10 epochs. ZBL forces (as computed by the
Orb model) are subtracted from the targets during training; on rMD17 we additionally convert units to eV/A. We report
results averaged over 5 seeds on MPtrj and 3 seeds per training molecule on rMD17. The recalibration parameters (a*, b*)
are fit via Nelder—Mead on the same validation split used for early stopping. MPtrj training typically converges in ~70
epochs at ~130 seconds per epoch on 4 A100s; rMD17 epochs run in a few seconds on an RTX 8000 but typically require
200-300 epochs to converge — its total compute is a small fraction of MPtrj’s.

Training Ensemble LoRA. Each ensemble member reinitializes the last projection layer of the force head and adds a
variance head that predicts log-variances. The variance head copies the force-head architecture with all weights and biases
set to zero, so that the initial predicted variance is unity. We inject LoRA adapters (rank 8, o = 16) into the message-passing
MLPs. Training minimizes Gaussian NLL using Adam with learning rate 1x10~3 for the LoRA matrices and 5x 104
for the force and variance heads, with early-stopping patience 10 epochs. On MPtrj we train 9 members (seeds 0—8) and
form three ensembles of 3 members each ({0, 1,2}, {3,4, 5}, {6, 7,8}); on tMD17 we train one ensemble of 3 members per
training molecule (seeds 0, 1, 2). MPtrj members converged in ~73 epochs at ~184 seconds per epoch on 4 A100s; rMD17
training, as with BLL, accounts for a small fraction of total compute.

Training BLIP. We use the training script provided by the authors (https://github.com/dario-coscia/blip)
with default hyperparameters and an added early-stopping patience of 10 epochs. MPtrj results are averaged over seeds 1, 2,
3. BLIP was tested only on MPtrj.

Training SWAG. We first train the orb-v3 force head on MSE using Adam at learning rate 1x 103, with the backbone
frozen. After 10 epochs without improvement we reload the best checkpoint and continue training for 40 additional epochs
at the same learning rate. SWAG retains the last 20 weight deltas to construct the low-rank covariance and averages over all
40 SWAG-collection epochs to estimate the mean. Reported numbers are averaged over seeds 0, 1, 2, with 10 posterior
samples drawn at inference. SWAG was tested only on MPtrj.

Computational resources. Experiments were distributed across NVIDIA A100 (80GB), RTX 8000 (48GB), and L40S
(48GB) GPUs, using 4 GPUs per training run with 8—16 CPUs per GPU and 256GB of system memory. Per-method training
costs on a single 4-A100 instance are reported in Table 1; BLIP was trained on RTX 8000 hardware, and its A100-equivalent
figure was obtained by scaling its measured wall-clock by a factor of 3.51, derived from 2 matched LoRA-ensemble runs
across both architectures. No single seed exceeded 48 hours of wall-clock. Including failed runs, hyperparameter exploration,
and the recalibration sweep, total project compute is approximately 375 A100-equivalent GPU-hours (9 LoRA members x
20 hr + 5 BLL seeds x 10 hr + 3 SWAG seeds x 10 hr + 3 BLIP seeds x 30 hr, plus rMD17 runs).

C. Datasets

MPtrj. The Materials Project trajectory dataset (Deng, 2023) (https://doi.org/10.6084/m9.figshare.
23713842; MIT license, https://opensource.org/license/MIT). We partition MPtrj by per-atom force
above relaxed-state energy, producing an in-distribution split (< 0.005 eV/A) and three increasingly distorted out-of-
distribution splits at [0.005,0.0175), [0.0175,0.070), and [0.070, co) eV/A, denoted OOD-Near, OOD-Mid, and OOD-Far.
We split MP-IDs 80/10/10 (training/validation/test) using random seed 1.
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rMD17. The revised MD17 dataset (Christensen & lilienfeld, 2020) (https://doi.org/10.6084/m9.figshare.
12672038;CCO 1.0, https://creativecommons.org/publicdomain/zero/1.0/). We use the predefined
index-1 train/test splits for all molecules.

TM23. The TM23 transition-metal benchmark (Owen et al, 2024) (CC BY-NC-ND 4.0, https:
//creativecommons.org/licenses/by-nc-nd/4.0/deed.en; dataset URL: https://
archive.materialscloud.org/records/tcrks—-ymp88/files/benchmarking_master_
collection-20240316T202423Z-001.zip). We evaluate on the entire dataset (both train and test splits
combined) without modification, consistent with the license’s no-derivatives clause, and use it strictly for academic
evaluation.

Alex-val-s. The Alexandria validation subsample distributed with OMat24 (Barroso-Luque et al., 2024; Choud-

hary et al., 2025/2026) (https://huggingface.co/datasets/facebook/OMAT24; CC BY 4.0, https:
//creativecommons.org/licenses/by/4.0/legalcode). We use the entire dataset for evaluation.
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