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Abstract

Physical models in the form of partial differential equations serve as important pri-
ors for many under-constrained problems. One such application is tumor treatment
planning, which relies on accurately estimating the spatial distribution of tumor
cells within a patient’s anatomy. While medical imaging can detect the bulk of a
tumor, it cannot capture the full extent of its spread, as low-concentration tumor
cells often remain undetectable, particularly in glioblastoma, the most common pri-
mary brain tumor. Machine learning approaches struggle to estimate the complete
tumor cell distribution due to a lack of appropriate training data. Consequently,
most existing methods rely on physics-based simulations to generate anatomically
and physiologically plausible estimations. However, these approaches face chal-
lenges with complex and unknown initial conditions and are constrained by overly
rigid physical models. In this work, we introduce a novel method that integrates
data-driven and physics-based cost functions, akin to Physics-Informed Neural
Networks (PINNs). However, our approach parametrizes the solution directly on
a dynamic discrete mesh, allowing for the effective modeling of complex biome-
chanical behaviors. Specifically, we propose a unique discretization scheme that
quantifies how well the learned spatiotemporal distributions of tumor and brain tis-
sues adhere to their respective growth and elasticity equations. This quantification
acts as a regularization term, offering greater flexibility and improved integration
of patient data compared to existing models. We demonstrate enhanced coverage
of tumor recurrence areas using real-world data from a patient cohort, highlight-
ing the potential of our method to improve model-driven treatment planning for
glioblastoma in clinical practice.

1 Introduction

The management of gliomas, particularly glioblastomas, is highly challenging due to their infiltration
beyond the tumor margins detectable in medical imaging. This infiltrative behavior complicates
the precise personalization of radiotherapy. Current clinical practice applies uniform radiation to a
1.5 cm margin around the active tumor core visible in Magnetic Resonance Imaging (MRI) scans.
However, this approach overlooks critical factors such as heterogeneous infiltration patterns, varying
brain tissues, and anatomical barriers, failing to account for the highly individualized dynamics of

*Corresponding author: michal.balcerak @uzh.ch
fContributed equally as senior authors.

38th Conference on Neural Information Processing Systems (NeurIPS 2024).



tumor spread in each patient. Personalizing radiotherapy to account for this spread remains an unmet
clinical need in neuro-oncology [1].

The computational modeling of tumor growth has become a promising solution to this challenge
[2, 3, 4, 5], by formalizing the tumor growth process through mathematical models of varying
complexity [6]. However, personalizing these models to the limited clinical observational (image)
data of a patient remains a formidable challenge. To address it, two main computational approaches
have emerged:

Hard-Constrained Physics-Based Models: These models use Partial Differential Equations
(PDEs) to constrain the solution space, ensuring that output tumor cell distributions adhere strictly to
predefined physical laws [7, 8, 9, 10, 11].

However, since PDEs are approximations of the underlying stochastic processes in complex biological
environments, they may overconstrain the system. While these models offer structure and insight, they
fail to capture the intricate behaviors inherent to biological processes like tumor growth. Additionally,
linking image observations to state variables requires careful consideration. As a result, the full
integration of data is hindered by these limitations, reducing the effectiveness of physical models in
representing empirical data.

Data-Driven Models: These models [12, 13] offer great flexibility by leveraging access to imaging
datasets. They can directly be learned from — and applied to — the patients’ diagnostic scans. However,
they often lack rigorous quality control and fail to integrate crucial biological insights, such as
tissue-specific infiltration patterns and brain topology. This makes them less reliable for clinical
application, especially when there is insufficient data to infer them purely from imaging information.

In Search of a Hybrid Approach: Combining physical insights on spatiotemporal distributions of
state variables with increased model flexibility could be highly beneficial. One approach to achieve
this is by testing the physics residual in selected locations, as demonstrated in Physics-Informed
Neural Networks (PINNs) [14, 15, 16, 17, 18]. Another way involves projecting the learned solution
into a latent space that adheres to physics constraints [19, 20]. A different framework, Optimizing a
Discrete Loss (ODIL) [21], constructs a residual of PDEs using grid-based discretization. Unlike
methods that optimize the weights of Multilayer Perceptrons (MLPs) that implicitly parametrize the
unknown fields in the PINNs method, ODIL directly optimizes the discretized unknown fields, which
can be faster and more stable due to the local (rather than global, as in MLPs) dependencies of the
solution on the learnable weights.

Both ODIL [22] and PINNs [23] have recently been employed to model growth equations conditioned
on MRI and metabolic imaging of patients. ODIL advances state-of-the-art radiotherapy planning by
relaxing the constraints of the growth equation, thereby enhancing the capture of tumor recurrence.
A similar trend is observed in computer vision’s novel view synthesis, where neural radiance field
MLPs [24] are being replaced by discrete representations [25, 26, 27].

However, none of these hybrid approaches have modeled brain-tumor interactions dealing with
constraints imposed by local structural anatomy, such as the relative composition of brain tissues
and their microstructure, or by the impact of gross anatomical deformations visible in structural
scans of large tumors. While biomechanical model extensions can address the latter, incorporating
tissue elasticity remains challenging due to the unknown initial anatomy and the computational
complexity of the tumor growth dynamics. So far, no hybrid approach free from hard PDE constraints
has successfully linked biological processes, such as tumor growth, with models of the biological
environment, like tissue elasticity. Only a few studies have used PINNs for biomechanical modeling
in synthetic scenarios, demonstrating that the displacement field of materials can be learned from
observations [28, 29].

The main contributions of this work are as follows:

* We construct discrete physics-based residuals as measures of differences between learned spa-
tiotemporal distributions and those predicted by discretized physical equations governing tumor
growth and tissue biomechanics. Using a Lagrangian perspective where particles carry tissue
intensities, we project these dynamics onto static Eulerian grids to condition the learnable tumor
cell and tissue distributions on available observations. Unlike data-driven models, our hybrid
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