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Abstract

With the advancement of deep learning, reducing computational complexity and memory
consumption has become a critical challenge, and ternary neural networks (NNs) that restrict
parameters to {−1, 0, +1} have attracted attention as a promising approach. While ternary
NNs demonstrate excellent performance in practical applications such as image recognition
and natural language processing, their theoretical understanding remains insufficient. In
this paper, we theoretically analyze the expressivity of ternary NNs from the perspective
of the number of linear regions. Specifically, we evaluate the number of linear regions of
ternary regression NNs with Rectified Linear Unit (ReLU) for activation functions and prove
that the number of linear regions increases polynomially with respect to network width and
exponentially with respect to depth, similar to standard NNs. Moreover, we show that it
suffices to first double the width, then either square the width or double the depth of ternary
NNs to achieve a lower bound on the maximum number of linear regions comparable to that
of general ReLU regression NNs. This provides a theoretical explanation, in some sense, for
the practical success of ternary NNs.

1 Introduction

In recent years, with the rapid development of deep learning, neural networks (NNs) have achieved remarkable
results in various fields. However, their large computational and memory consumption has become a serious
barrier to applications in mobile devices and edge computing. Particularly, considering implementation in
embedded systems that require real-time processing or in environments with limited computational resources,
memory and computation reduction of NNs is an urgent issue.

As a promising approach to this problem, methods for discretizing NN parameters have been proposed.
Specifically, methods that restrict network weights to binary {−1, +1} or ternary {−1, 0, +1} values, or
quantize the output values of activation functions have been developed (Courbariaux et al., 2016; Li et al.,
2022). These methods have achieved performance comparable to conventional continuous-valued NNs in a
wide range of tasks including image recognition (Rastegari et al., 2016; Liu et al., 2020), natural language
processing (Bai et al., 2021; Wang et al., 2023; Ma et al., 2024), and speech recognition (Xiang et al.,
2017), while successfully achieving significant reductions in computational complexity and memory usage.
Particularly noteworthy is the surprising fact that these discretized NNs can maintain high performance in
practical tasks despite extremely restricting their parameters.

However, theoretical understanding of the fundamental question of why these discretization methods work
effectively remains insufficient. The motivation of this research is to theoretically explain the success of
ternary NNs in particular. Research providing such theoretical explanations has barely been conducted.
Especially, evaluation from the perspective of NN expressivity, particularly evaluation by the number of
linear regions, has not yet been performed to the best of our knowledge.

Regarding the number of linear regions of general NNs, several important results have already been reported.
In particular, for the expressivity of regression NNs using Rectified Linear Unit (ReLU) for activation func-
tions, it has been shown that the maximum number of linear regions increases polynomially with respect
to network width and exponentially with respect to depth (Montúfar et al., 2014). Following this research,
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various studies have evaluated different quantities related to linear regions (Pascanu et al., 2014; Serra et al.,
2018; Hanin & Rolnick, 2019; Esaki et al., 2020). These results provide important theoretical grounds sug-
gesting that deep NNs are inherently superior to shallow NNs in terms of expressivity. Therefore, this paper
aims to theoretically characterize the expressivity of ternary NNs by evaluating their number of linear re-
gions. Note that we focus on regression problems using ReLU as the activation function and does not address
quantization of activation functions in this paper.

The main contribution of this paper is to show that the maximum number of linear regions of ternary
NNs also increases polynomially with respect to width and exponentially with respect to depth, similar to
conventional NNs. More specifically, we prove that it suffices to first double the width, then either square
the width or double the depth of ternary ReLU regression NNs to obtain a lower bound on the maximum
number of linear regions comparable to that for general ReLU regression NNs. Although from the limited
perspective of the number of linear regions of piecewise linear functions represented by ReLU NNs, and from
the comparison between lower bounds on the maximum number of linear regions of conventional NNs and
ternary NNs, these results provide one theoretical explanation for the practical success of ternary NNs.

The rest of this paper is structured as follows. Section 2 introduces notation for explaining this research and
previous studies. Section 3 reviews existing research on the number of linear regions of general NNs. Section
4 states the main theorem regarding the number of linear regions of ternary NNs and provides its proof.
Section 5 discusses the significance and limitations of the obtained results and concludes this research.

2 Preliminaries

Definition 1 (Neural networks). Let an arbitrary natural number L ∈ N and natural numbers nl ∈ N
be given for integers l = 0, 1, 2, . . . , L. Then, we call the following function Fθ : Rn0 → RnL , which is
expressed as a composition of linear functions1 f (l) : Rnl−1 → Rnl ; x 7→ W (l)x+b(l) and nonlinear functions
g(l) : Rnl → Rnl , a NN of depth L with width nl at the l-th layer:

Fθ(x) = f (L) ◦ g(L−1) ◦ f (L−1) ◦ · · · ◦ g(1) ◦ f (1)(x). (1)

Here, n0 and nL represent the dimensions of input and output, respectively, and θ represents all parameters
{(W (l), b(l))}L

l=1 of the NN. In this paper, we only deal with regression NNs where the final layer is a linear
function. The nonlinear function g(l) is called an activation function. In particular, we call regression NNs
that use the following ReLU or identity function as the activation function g(l) ReLU Regression NNs in this
paper.

g
(l)
j (x) = max{0, xj}, (2)

where g
(l)
j (x) and xj represent the j-th components of g(l)(x) and x, respectively. Also, we call NNs where

the coefficient parameters of the linear function f (l) take only values from {1, 0, −1} ternary NNs in this
paper.

Limiting NN coefficients to ternary values is also performed in BitNet b1.58 (Ma et al., 2024). While
BitNet b1.58 additionally quantizes the output of activation functions, as mentioned in the introduction,
this paper does not deal with quantization of activation functions. Evaluating the effect of activation function
quantization on NN expressivity is a future research topic.

NNs can be represented as graphs as shown in Fig. 1. In particular, in this paper, we represent that the
activation function is ReLU by drawing the bent line inside the node.
Definition 2 (Linear regions (Montúfar et al., 2014)). For a function f : D → Rn, we say that U ⊂ D is a
linear region of f if the following holds:

• The restriction2 of f to U , f |U : U → Rn, is a linear function.
1In this paper, linear functions refer to functions that form some hyperplane and do not necessarily pass through the origin.

More precisely, such functions are called affine functions, but following the notation of previous research (Montúfar et al., 2014),
we call them linear functions in this paper.

2A function that has the same input-output mapping as f but is defined only on U .
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Figure 1: Illustration of NN. The weight of the edge extending from the j-th node of the (l − 1)-th layer to
the i-th node of the l-th layer corresponds to the (i, j) component W

(l)
ij of the coefficient matrix W (l) of the

linear function W (l)x + b(l). The bent line inside the node represents that the activation function is ReLU.
Small black dots represent constant terms.

• For any V ⊂ D satisfying V ⊋ U , f |V is not a linear function.

That is, a locally maximal subset U of D where f becomes a linear function within that region is called a
linear region of f . Also, we denote the set of all linear regions of f as L(f) in this paper.
Example 1 (Linear regions of absolute value function). The linear regions of the absolute value function
f(x) = |x| are (−∞, 0] and [0, ∞), so L(f) = {(−∞, 0], [0, ∞)}. Note that linear regions are closed sets, by
its definition.

Here, note that when f : D → Rn is a piecewise linear function, the following holds:⋃
U∈L(f)

U = D. (3)

3 Previous Studies

Conventionally, it is known that the following holds for the number of linear regions |L(F )| of a ReLU
Regression NN F : Rn0 → RnL with depth L and width n at each layer.
Proposition 1 (A lower bound for the number of linear regions of ReLU Regression NNs (Montúfar et al.,
2014)). For a ReLU Regression NN Fθ : Rn0 → RnL with depth L and width n at each layer, let p = ⌊ n

n0
⌋.

Then the following holds:

max
θ

|L(Fθ)| ≥ pn0(L−1). (4)

This suggests that the number of linear regions of NNs increases in polynomial order with respect to network
width and in exponential order with respect to depth, and is considered one piece of evidence showing that
deepening the depth is more effective than widening the width for enhancing the expressivity of NNs.

The proof of Proposition 1 in (Montúfar et al., 2014) is given by specifically constructing a ReLU Regression
NN such that the number of linear regions becomes pn0(L−1). However, while Montúfar et al. (2014) shows
the construction procedure of the ReLU Regression NN, it does not concisely state the mathematical formulas
of the linear functions of each layer constructed by this procedure. To make it easier to use in the proof of
our theorem described later, we express this using mathematical formulas here. In the ReLU Regression NN
constructed by the method of (Montúfar et al., 2014), the n nodes of each intermediate layer are divided into

3



Under review as submission to TMLR

…

…!! "!! "!! "!! !"
"
−"
"

2"
−2"
2"

−2

2"
−2"
2"

−2(" − 1)

1
1

1
−1
−1

−1

1
1

1

⋮

⋮

⋮

⋮

⋮

⋮

⋮

⋮

⋮

⋮

⋮

⋮

⋮
⋮

"

2"
−2

2"

−2(" − 1)

!!

!!

!!

"

…

…

Figure 2: ReLU Regression NN with number of linear regions equal to pn0(L−1).

p groups of n0 nodes each, and the linear function f
(l)
(i−1)n0+j(x) corresponding to the j-th node of the i-th

group in the l-th layer is expressed by the following formula (for the remaining n − pn0 nodes, all coefficients
are set to 0, so that 0 is identically output).

• The first layer: for l = 1, i = 1, 2, . . . , p and j = 1, 2, . . . , n0, the ((i − 1)n0 + j)-th component
f

(1)
(i−1)n0+j(x) of f (1)(x) is expressed as follows:

f
(1)
(i−1)n0+j(x) =

{
pxj , i = 1,

2pxj − 2(i − 1), 2 ≤ i ≤ p.
(5)

• Intermediate layers: for l = 2, 3, . . . , L−1, i = 1, 2, . . . , p and j = 1, 2, . . . , n0, the ((i−1)n0+j)-th
component f

(l)
(i−1)n0+j(x) of f (l)(x) is expressed as follows:

f
(l)
(i−1)n0+j(x) =

{
p

∑p
k=1(−1)k−1x(k−1)n0+j , i = 1,

2p
∑p

k=1(−1)k−1x(k−1)n0+j − 2(i − 1), 2 ≤ i ≤ p.
(6)

• The last layer: for l = L, m = 1, 2, . . . , nL, the m-th component f
(L)
m (x) of f (L)(x) is expressed

as follows:

f (L)
m (x) =

n0∑
j=1

p∑
k=1

(−1)k−1x(k−1)n0+j . (7)

We can represent these as a graph shown in Fig. 2.

Although it is merely a rewrite of the proof in (Montúfar et al., 2014) using equations equation 5, equation 6,
and equation 7, the proof that the number of linear regions of this ReLU Regression NN is indeed pn0(L−1)

is summarized in Appendix.
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Finite integer weight edge (−5 ≤ ! ≤ 5)
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Figure 3: (a): A certain edge of a bounded integer coefficient NN. Here, the maximum weight is M = 5
and the weight in this example is w = 3. (b-1): Representation of (a) by a ternary ReLU Regression NN.
Here, the activation function of the intermediate layer is the identity function. (b-2): Abbreviated notation
of (b-1).

4 Main Results

Before explaining the main results, we show that bounded integer coefficient regression NNs can be rep-
resented by ternary ReLU Regression NNs. First, any edge of a bounded integer coefficient NN can be
represented by a ternary ReLU Regression NN. Consider a NN where there exists some natural number M
such that the coefficients of linear functions are represented by integers in the range from −M to M . Suppose
one edge has integer weight w as shown in Fig. 3 (a). That is, suppose this NN partially includes the process
of multiplying the input value by w. This process of multiplying the input value by w can be represented
in a two-layer ternary ReLU Regression NN with the number of nodes in each layer being n0 = 1, n1 = M ,
n2 = 1, by setting

f
(1)
j (x) = x, (j = 1, 2, . . . , M) (8)

g(1)(y) = y, (9)

f (2)(z) =
|w|∑
j=1

sign(w)zj (10)

where sign(w) represents the sign of w. This function is also represented as a graph shown in Fig. 3 (b-1).
Further, we represent the M nodes in the intermediate layer in this graph by one square node, and write the
sum of the weights of edges entering and exiting that node next to the edge, as shown in Fig. 3 (b-2).

Furthermore, when representing not an edge but a bounded integer coefficient NN with a ternary ReLU
Regression NN, it is sometimes possible to represent it with fewer nodes than replacing each edge with the
aforementioned transformation by combining the nodes of the ternary ReLU Regression NN. For example,
Fig. 4 shows ternary ReLU Regression NNs equivalent to a bounded integer coefficient NN (a). In Fig. 4, (b)
shows the ternary ReLU Regression NN by trivial transformation, (c-1) shows the ternary ReLU Regression
NN by transformation with fewer nodes, and (c-2) shows its abbreviated notation. In Fig. 4 (c-2), edges
extend from a square node to multiple nodes, with some numbers attached. Each of these edges represents
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Figure 4: (a): A bounded integer coefficient NN where weight w satisfies −5 ≤ w ≤ 5. (b): Representation
of (a) by a ternary ReLU Regression NN through trivial transformation. (c-1): Representation of (a) by
a ternary ReLU Regression NN through transformation with fewer nodes. (c-2): Abbreviated notation of
(c-1).

the M edges extending from the M nodes in (c-1), which correspond to the square node in (c-2), and the
number represents the sum of the coefficients of those M edges.

Next, we state the main result of this research and its proof. In the following, for a ReLU Regression NN
with depth L and width n, we consider a ternary ReLU Regression NN with the same depth L and width n,
and evaluate the lower bound of the maximum number of linear regions that can be represented by adjusting
the edge weights. The proof strategy is as follows. We utilize the fact that the coefficients of the linear
functions equation 5, equation 6, equation 7 used in the proof of Proposition 1 are bounded integers. We
also leverage the relationship between bounded integer coefficient NNs and ternary ReLU Regression NNs
mentioned above. Based on these observations, we construct a ternary ReLU Regression NN that represents
functions of the same form as equation 5, equation 6, equation 7. The following is the main result of this
research.
Theorem 1 (A lower bound of the number of linear regions of ternary NN with ReLU after even layer).
For a ternary NN Fθ : Rn0 → RnL with depth L and width n at each layer, where the activation function of
odd-numbered layers is the identity function and the activation function of even-numbered layers is ReLU,
let L′ be the maximum odd number less than or equal to L and q = ⌊ n

2(n0+1) ⌋. Then the following holds:

max
θ

|L(Fθ)| ≥ q
1
2 n0(L′−1). (11)

Proof. By constructing the ternary ReLU Regression NN shown in Fig. 5, the function represented by this
NN becomes the function obtained by replacing p with q = ⌊ n

2(n0+1) ⌋ in equation 5, equation 6, equation 7.
In the following, we describe the specific construction method of this NN and the mathematical expression
of the function represented by it.

Let L′ be the maximum odd number less than or equal to L. If L is even, we set the final layer to be an
identity transformation, and hereafter we construct a ternary ReLU Regression NN with depth L′ and width
n at each layer. Setting q = ⌊ n

2(n0+1) ⌋, we divide the n nodes of the odd layers of this NN into n0 + 1
groups of 2q nodes each. In Fig. 5, these 2q nodes are represented by one square node. For the remaining
n − 2q(n0 + 1) nodes, all coefficients are set to 0, making them functions that identically output 0. For the
nodes of even layers, we create q groups of n0 nodes each, and for the remaining n−qn0 nodes, all coefficients
are set to 0, so that they identically output 0. First, since equation equation 7 already takes only values from
{1, 0, −1} for weight coefficients, we can use the linear function obtained by replacing p with q in equation
equation 7 for the L′-th layer. Next, for l = 1, 2, . . . , 1

2 (L′ − 1), we define the (2l − 1)-th layer and the 2l-th
layer as follows:

6
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Figure 5: A ternary ReLU Regression NN with number of linear regions equal to q
1
2 n0(L′−1).

• For l = 1:
– Definition of f (1): For j = 1, 2, . . . , n0 + 1 and k = 1, 2, . . . , 2q, define the (2q(j − 1) + k)-th

component f
(1)
2q(j−1)+k(x) of f (1)(x) as follows:

f
(1)
2q(j−1)+k(x) =

{
xj , j = 1, 2, . . . , n0

1, j = n0 + 1.
(12)

– Definition of f (2): For i = 1, 2, . . . , q and j = 1, 2, . . . , n0, define the ((i−1)n0 +j)-th component
f

(2)
(i−1)n0+j(x) of f (2)(x) as follows:

f
(2)
(i−1)n0+j(x) =

{∑q
k=1 x2q(j−1)+k, i = 1∑2q
k=1 x2q(j−1)+k +

∑2(i−1)
k=1 (−1), i = 2, 3, . . . , q.

(13)

• For l = 2, 3, . . . , 1
2 (L′ − 1):

– Definition of f (2l−1): For j = 1, 2, . . . , n0 + 1 and k = 1, 2, . . . , 2q, define the (2q(j − 1) + k)-th
component f

(2l−1)
2q(j−1)+k(x) of f (2l−1)(x) as follows:

f
(2l−1)
2q(j−1)+k(x) =

{∑q
m=1(−1)m−1x(m−1)n0+j , j = 1, 2, . . . , n0

1, j = n0 + 1.
(14)

– Definition of f (2l): For i = 1, 2, . . . , q and j = 1, 2, . . . , n0, define the ((i−1)n0+j)-th component
f

(2l)
(i−1)n0+j(x) of f (2l)(x) as follows:

f
(2l)
(i−1)n0+j(x) =

{∑q
k=1 x2q(j−1)+k, i = 1∑2q
k=1 x2q(j−1)+k +

∑2(i−1)
k=1 (−1), i = 2, 3, . . . , q.

(15)
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For activation functions, we use the identity function for odd layers and ReLU for even layers.

Since the activation function of odd layers is the identity function, when we substitute f (1) into f (2), we
can see that f (2) ◦ f (1) of the ternary ReLU Regression NN equals the function obtained by replacing
p with q in the linear function equation 5 of the first layer of a regular ReLU Regression NN. Also, for
l = 2, 3, . . . , 1

2 (L′ − 1), when we substitute f (2l−1) into f (2l), we can see that f (2l) ◦ f (2l−1) of the ternary
ReLU Regression NN equals the function obtained by replacing p with q in the linear function equation 6 of
the l-th layer of a regular NN. Therefore, the ternary ReLU Regression NN shown here achieves the lower
bound of the number of linear regions obtained by replacing p with q and L − 1 with 1

2 (L′ − 1) in the
right-hand side of equation equation 4 for a regular ReLU Regression NN. That is, the number of linear
regions of this ternary ReLU Regression NN becomes q

1
2 n0(L′−1).

Remark 1. Comparing equation equation 4 and equation equation 11, roughly speaking, to obtain a lower
bound of the maximum number of linear regions comparable to that for general ReLU Regression NNs, it
suffices to first double the width, then square the width or double the depth of ternary NNs where the activation
function of odd-numbered layers is the identity function and the activation function of even-numbered layers
is ReLU.

5 Conclusion

We theoretically evaluated the expressivity of ternary NNs, which have achieved great practical success in
memory and computation reduction of NNs, from the perspective of the number of linear regions. As a
result, it was shown that the expressivity of ternary ReLU Regression NNs increases polynomially with
respect to network width and exponentially with respect to depth, similar to general ReLU Regression NNs.
Furthermore, it was found that it suffices to first double the width, then square the width or double the
depth of ternary ReLU Regression NNs to obtain a lower bound on the maximum number of linear regions
comparable to that for general ReLU Regression NNs. We believe this provides an explanation of a part
of the reason for the practical success of ternary NNs, albeit from the limited perspective of the number
of linear regions of piecewise linear functions represented by ReLU NNs. However, in actual applications
such as BitNet b1.58, quantization of activation functions is performed for further memory and computation
reduction, and our method cannot be directly applied. Theoretical evaluation of the expressivity of such
NNs is a future research topic.
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A Proof of Proposition 1

Before proving Proposition 1, we show the following Lemma.
Lemma 1 (The number of linear regions of a composite function of piecewise linear functions). Let g : D1 →
D2 be a piecewise linear function, and suppose that for any linear region U ∈ L(g) of g, g|U is a bijection
from U to D2. Let f : D2 → Rn be a piecewise linear function. Note that the domain of f coincides with
the range of g. Then, the following holds for the number of linear regions of the composite function f ◦ g:

|L(f ◦ g)| = |L(f)||L(g)|. (16)

Proof of Lemma 1. For any U ∈ L(g) and any V ∈ L(f), consider the inverse image of V under g|U , denoted
g|−1

U (V ). On g|−1
U (V ), f ◦ g|U is clearly a linear function. Also, on the set g|−1

U (V ) ∪ {x} obtained by adding
any point x ∈ U \g|−1

U (V ) to g|−1
U (V ), f ◦g|U does not become a linear function. This is because, due to the

bijectivity of g|U , we have g|U (g|−1
U (V )∪{x}) ⊋ V , and by the definition of linear region V , f |g|U (g|−1

U
(V )∪{x})

does not become a linear function. Therefore, g|−1
U (V ) is a linear region of f ◦ g|U .
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Also, the following holds:

U = g|−1
U (D2) ∵ g|U is a bijection from U to D2 (17)

= g|−1
U

(⋃
V ∈L(f) V

)
∵ f is a piecewise linear function (18)

=
⋃

V ∈L(f)

g|−1
U (V ). ∵ g|U is a bijection from U to D2 (19)

This indicates that U is divided into |L(f)| linear regions g|−1
U (V ) of f ◦ g|U . Since the same holds for any

U ∈ L(g), we have |L(f ◦ g)| = |L(f)||L(g)|.

Next, we prove Proposition 1.

Proof of Proposition 1. First, we define the following three functions f̃ : [0, 1]n0 → Rpn0 , ˜̃f : Rpn0 → [0, 1]n0 ,
and ˜̃̃

f : [0, 1]n0 → RnL . Note the domain and range of each function.

• Definition of f̃ : [0, 1]n0 → Rpn0 : For any i = 1, 2, . . . , p and j = 1, 2, . . . , n0, define the ((i−1)n0+j)-
th component f̃(i−1)n0+j(x) of f̃(x) as follows:

f̃(i−1)n0+j(x) =
{

pxj , i = 1
2pxj − 2(i − 1), i = 2, 3, . . . , p.

(20)

• Definition of ˜̃f : Rpn0 → [0, 1]n0 : For any j = 1, 2, . . . , n0, define the j-th component ˜̃fj(x) of ˜̃f(x)
as follows:

˜̃fj(x) =
p∑

k=1
(−1)k−1x(k−1)n0+j . (21)

• Definition of ˜̃̃
f : [0, 1]n0 → RnL : For any m = 1, 2, . . . , nL, define the m-th component ˜̃̃

fm(x) of
˜̃̃
f(x) as follows:

˜̃̃
fm(x) =

n0∑
j=1

xj . (22)

For simplicity, we restrict the domain of the NN to [0, 1]n0 . Then, Fθ(x) can be expressed using these
functions and ReLU g as follows:

Fθ(x) = f (L) ◦ g(L−1) ◦ f (L−1) ◦ · · · ◦ g(1) ◦ f (1)(x) (23)

= ˜̃̃
f ◦ ˜̃f ◦ g ◦ f̃︸ ︷︷ ︸

h

◦ ˜̃f ◦ g ◦ f̃︸ ︷︷ ︸
h

◦ · · · ◦ ˜̃f ◦ g ◦ f̃︸ ︷︷ ︸
h

(24)

= ˜̃̃
f ◦ h ◦ h ◦ · · · ◦ h. (25)

Note that h = ˜̃f ◦ g ◦ f̃ is a function from [0, 1]n0 to [0, 1]n0 . Also, the j-th component of h(x) is expressed
as

hj(x) = max{0, pxj} − max{0, 2pxj − 2}+
· · · + (−1)p−1 max{0, 2pxj − 2(p − 1)} (26)

and is a one-dimensional piecewise linear function that depends only on xj , as shown in Fig. 6.
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Figure 6: A graph of hj(x)

Therefore, for any t ∈ {0, 1, . . . , p − 1}, an interval
[

t
p , t+1

p

]
becomes a linear region of hj , and hj |[ t

p , t+1
p ] be-

comes a bijection to [0, 1]. Since h is a function consisting of hj as each component, for any (t1, t2, . . . , tn0) ∈
{0, 1, . . . , p − 1}n0 , the Cartesian product

∏n0
j=1

[
tj

p ,
tj+1

p

]
becomes a linear region of h, and h|∏n0

j=1

[ tj
p ,

tj +1
p

]
becomes a bijection to [0, 1]n0 .

Here, since |L( ˜̃̃
f)| = 1 and |L(h)| = |{0, 1, . . . , p − 1}n0 | = pn0 , using Lemma 1, the following holds:

|L( ˜̃̃
f ◦ h)| = |L( ˜̃̃

f)||L(h)| = 1 · pn0 = pn0 . (27)

Similarly, the following also holds:

|L( ˜̃̃
f ◦ h ◦ h)| = |L( ˜̃̃

f ◦ h)||L(h)| = pn0 · pn0 = p2n0 . (28)

By repeating this recursively, we obtain

|L(Fθ)| = |L( ˜̃̃
f ◦ h ◦ h ◦ · · · ◦ h)| = pn0(L−1) (29)

Therefore, Proposition 1 is proven.
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