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Abstract

We study the robust geometric median problem in Euclidean space R?, with a focus
on coreset construction. A coreset is a compact summary of a dataset P of size n
that approximates the robust cost for all centers ¢ within a multiplicative error €.
Given an outlier count 1, we construct a coreset of size O(¢~2-min{e 2, d}) when
n > 4m, eliminating the O(m) dependency present in prior work [39]140]. For the
special case of d = 1, we achieve an optimal coreset size of ©(e~1/2 4 e~ 1)
revealing a clear separation from the vanilla case studied in [40, [1]]. Our results
further extend to robust (k, z)-clustering in various metric spaces, eliminating
the m-dependence under mild data assumptions. The key technical contribution
is a novel non-component-wise error analysis, enabling substantial reduction of
outlier influence, unlike prior methods that retain them. Empirically, our algorithms
consistently outperform existing baselines in terms of size-accuracy tradeoffs and
runtime, even when data assumptions are violated across a wide range of datasets.

s

1 Introduction

Geometric median, also known as the Fermat-Weber problem, is a foundational problem in computa-
tional geometry, whose objective is to identify a center ¢ € R? for a given dataset P C R? of size n
that minimizes the sum of Euclidean distances from each data point to c. The given objective function,
while simple and user-friendly, suffers from significant robustness problems when exposed to noisy or
adversarial data [[13} 15,14} 32, [24)]. For example, an adversary could add a few distant noisy outliers
to the main cluster. These points could deceive the geometric median algorithm into incorrectly
positioning the center closer to these outliers to minimize the cost function. Such susceptibility
to outliers has been a considerable obstacle in data science and machine learning, prompting a
substantial amount of algorithmic research on the subject [15} 132} 29,153} 49].

Robust geometric median. We consider robust versions of the geometric median problem, specifi-
cally a widely-used variant that introduces outliers [13]]. Formally, given an integer m > 0, the goal
of robust geometric median is to find a center ¢ € R? that minimizes the objective function:

cost™) (P, ¢) := mingcp.z|=m ZpEP\L dist(p, ¢), e))

where L represents the set of m outliers w.r.t. ¢ and dist(p,¢) = ||p — ¢||2 denotes the Euclidean
distance from p to center c. Intuitively, outliers capture the points that are furthest away and these are
typically considered to be noise. When the number of outliers m = 0, the robust geometric median
problem simplifies to the vanilla geometric median. This problem (together with its generalization:
robust (k, z)-clustering) has been well studied in the literature [15} [7, 29 2 231 53]. However, the
presence of outliers introduces significant computational challenges, particularly in the context of
large-scale datasets [52] 50} 511 153]]. For example, the approximation algorithm for robust geometric
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median proposed by [52]] requires O(ndJrl (n— m)d and [2]] presents a fixed-parameter tractable

(FPT) algorithm with f(e,m) - n©()) time. These challenges have driven extensive research on data
reduction algorithms designed for limited hardware and time constraints.

Coreset. To tackle the computational challenge, we study coresets, which are (weighted) subsets
S C P such that the clustering cost cost(™) (S, ¢) approximates cost("™ (P, ¢) within a factor of
(1 4 ¢) for all center sets ¢ € R, where ¢ > 0 is a given error parameterﬂ A coreset preserves key
geometric information while substantially reducing the dataset size, thus serving as a compact proxy
for the original dataset P. Consequently, applying existing approximation algorithms to the coreset
significantly improves computational efficiency. Moreover, coresets can be reused in future analyses
of P, reducing redundant computation and saving storage resources. Finally, the size of the coreset
reflects the intrinsic complexity of the problem, making the study of optimal coreset size a research
topic of independent interest.

Coreset for vanilla geometric median (m = 0) has been extensively studied across different di-
mensions d [128, (16 [18], [19] [1] 22]] (see Appendixfor details). When d = 1, [37] proposed a
coreset of size (:)(5_1/ 2). Subsequently, [1]] extended this result by constructing an optimal coreset
of size ©(e~4/(4+1)) for dimension d = O(1). Moreover, for high dimensions d > &2, the optimal
coreset size is (:)(5’2) [[18, 21]. In contrast, the study of coreset for robust geometric median is
far from optimal, even in the simplest case of d = 1. Early work either required an exponentially
large coreset size [27] or involved relaxing the outlier constraint [39]]. A notable recent advancement
by [39] overcame these limitations, proposing a coreset of size O(m) + O(e~% - min{e~2,d}),
using a hierarchical sampling framework based on [9]. Further improvements reduced the core-
set size to O(m) + O(e=2 - min{e~2,d}) [40]. A recent paper [42] presented a coreset size
O(me~"! + Vanilla size) via a novel reduction from the robust case to the vanilla case.

All previous coreset sizes for robust geometric median contain the factor m. However, the outlier
number m could approach £2(n) in real-world scenarios [25}[12}[30}[10]. For instance, the PageBlocks
dataset has n = 5473 points with m ~ 0.1n outliers [[L0]. Such m results in an inefficient coreset
size, raising a natural question: Can we eliminate the O(m) term from the coreset size?

At first glance, one might assume the answer is negative, as [39] establishes a coreset lower bound
of Q(m). However, their worst-case instance critically relies on an extremely large number of
outliers, specifically with m = n — 1. This requirement can be relaxed to n — m = o(n) (see
Theorem . Motivated by this, we investigate the possibility of eliminating the O(m) dependency
when n —m = (n), and show that this condition is both necessary and sufficient. Under this setting,

we obtain a coreset of size O(¢~2 - min{e 2, d}) (see Theorem .

Nevertheless, this size is substantially larger than that of the vanilla case across all dimensions.
For instance, when d = 1, our coreset size is 0(5_2), whereas the vanilla case achieves a size of
only ©(e~1/2) [37]; thus, our bound is likely not optimal. On the other hand, our lower bound
in Theorem [I.1] suggests that the optimal coreset size should indeed depend on m. This raises a
natural question: What is the optimal coreset size for robust geometric median, and how does it vary
with m? Answering this question sheds light on when the complexity of robust geometric median
fundamentally diverges from that of the vanilla case.

1.1 Our contributions

In this paper, we study (optimal) coreset sizes for the robust geometric median problem. See Table 3]
in the appendix for a summary. We begin with a lower bound result (proof in Section [C).

Theorem 1.1 (Coreset lower bound for robust geometric median). Let 0 < ¢ < 0.5andn > m > 1.
There exists a dataset P C R of size n such that any e-coreset of P for the robust geometric median
problem must have size Q(—2-).

n—m

?Here, O(n) denotes O(n - polylog(n)), hiding logarithmic factors.
3Here, the computation of cost (™ (S, ¢) excludes points of total weight m; see Appendix for the formal
definition.



This theorem indicates that when n — m = o(n), which implies m = ©(n), the coreset size is at

n—m

least (L) = % which depends on m. This extends the previous result in [39] to general m.

Thus, n — m = Q(n) is a necessary condition for eliminating the O(m) term from the coreset size.

Accordingly, we assume n > 4m for the algorithmic results, where the constant 4 ensures the inlier
number n — m is sufficiently larger than the outlier number m. We first state our result when d = 1.
Theorem 1.2 (Optimal coreset for robust 1D geometric median). Let n,m > 1 be integers and
e € (0,1). Assume n > 4m. There is a linear algorithm that given dataset P C R of size n, outputs
an e-coreset for robust 1D geometric median of size O(e~2 + ne=1) in O(n) time. Moreover, there

. ; . 1 -
exists a dataset X C R of size n such that any e-coreset must have size Q(e~2 + Ze~1),

This theorem provides the optimal coreset size for the robust 1D geometric median problem. Since
m < n, the coreset size is at most O(E‘l), which is independent of m. Thus, we eliminate the O(m)
dependency in the coreset size compared to previous bounds [40, 42]. In particular, relative to the
bound O(m) + O(e~2) in [40], our result also improves the e-dependence from £~2 to at most 1.

The theorem also shows how the coreset size increases as m grows. When m < /en, our coreset
size is dominated by O(e~'/2) since e~ < ¢~!/2. This size matches the coreset size O(¢~1/2)
for vanilla 1D geometric median as given in [40]. As m increases from \/en to %, our coreset
size is dominated by the term O(Zc~1), which is a linear function of m growing from O(e~1/2)
to 0(5’1). This size suggests that the complexity of robust 1D geometric median is higher than
vanilla 1D geometric median in this range of outlier number m.

We remark that the size lower bound Q(E*% + %5*1) holds for any dimension d > 1. In contrast, for
d = O(1), the tight coreset size for the vanilla geometric median is © (¢~ (¢+1)) [T]|. This implies
that when m > Q(n - €%/ (1) our coreset size lower bound exceeds (s~ (4+1)), resulting in a
gap between the coreset sizes for the robust and vanilla versions of geometric median.

Theorem 1.3 (Coreset for robust geometric median in R%). Letn,m,d > 1 be integers and e € (0, 1).
Assume n > 4m. There exists a randomized algorithm that given a dataset P C R? of size n, outputs
an e-coreset for the robust geometric median problem of size O(¢~2 min {e72,d}) in O(nd) time.

Compared to previous bounds O(m) + O(e~2 min {e~2,d}) [40] and O(me~') + O(e~2) [42],
this theorem eliminates the O(m) term in the coreset size when n > 4m. This result can be extended
to various metric spaces (Section[E.2)).

Finally, we extend this theorem to handle the robust (k, z)-clustering problem (Definition , which
encompasses robust k-median (z = 1) and robust k-means (¢ = 2). To capture the additional
complexity introduced by k, we propose the following geometric assumption.

Assumption 1.4 (Assumptions for robust (k,z)-clustering). Given a dataset P C R? of n
points and an e-approximate center set C* C RY of P for robust (k,z)-clustering. De-
fine Py := argminp, cp|p;|=n—m ZpePI dist(p, C*) to be the inlier points w.r.t. C*, where
dist(p, C*) := min.cc~ dist(p, ¢). Let { Py, ..., P} C Pj denote the k inlier clusters induced by
C*, where each P} contains points in P} whose closest center is c;. We assume the followings: 1)
min,e ) [P > 4m; 2) maxy,e pr dist(p, C*)* < 4k ZpeP; dist(p, C*)* /| Pf]|.

The first condition directly generalizes the assumption n > 4m, which requires that the size of each
inlier cluster is more than the outlier number m. The second excludes “remote inlier points” to C*,
which could play a similar role as outliers. This condition holds for several real-world datasets (see
Table d), demonstrating its practicality. Now we propose the following result.

Theorem 1.5 (Coreset for robust (k, z)-clustering). Let n,k,d > 1 be integers and ¢ € (0, 1). There
exists a randomized algorithm that given a dataset P C R? of size n satisfying Assumption
outputs an e-coreset for robust (k, z)-clustering of size O(k?*¢~2* min {e72,d}) in O(nkd) time.

It improves upon the previous result O(m) + O(k?s~%* min {¢~2,d}) in [39 40] by eliminating
the O(m) term. Furthermore, the result can also be extended to various metric spaces (Section .

Empirically, in Section[d] we evaluate the performance of our coreset algorithms on six real-world
datasets. We compare the size-error tradeoff against baselines [39| 40], and across all tested sizes, our



algorithms consistently achieve lower empirical error. For instance, for robust geometric median on
the Census1990 dataset, our method produces a coreset of size 1000 with an empirical error of 0.012,
while the baseline produces a coreset of size 2300 with an empirical error slightly higher than 0.013
(Figure [2). Moreover, our algorithms provide a speedup compared to baselines for achieving the
same level of empirical error (see e.g., Table[2). Additionally, we show that our algorithms remain
practically effective, regardless of which data assumption in the theoretical results is violated, further
demonstrating the practical utility of our algorithms (Section [G).

1.2 Technical overview

We outline the technical ideas and novelty for Theorems [I.2]and [I.3] Our approach introduces a
novel non-component-wise error analysis for coreset construction, enabling a substantial reduction
in the number of outlier points rather than preserving them all. In contrast, previous algorithms
divide the dataset P into multiple components, and their approach requires aligning the number of
outliers between P and S in every component. This idea, as we will show, inherently introduces
an Q(m)-sized coreset. Furthermore, for the 1D case, our new algorithm offers a more refined
partitioning of inlier points, enabling an adaptation of the vanilla coreset construction and leading to
the optimal coreset size.

1.2.1 Overview for Theorem[1.2](d = 1)

Revisiting coreset construction for vanilla 1D geometric median. Recall that [37] first partitions
dataset P = {p1,...,pn} C R into O(¢~'/?) buckets, where each bucket B; is a consecutive
subsequence {p;, pi+1 - - ., pr} (see Definition . They select a mean point p(B), assign a weight
| B| for each bucket B, and output their union as a coreset such that Vc € R,

> ierm) lcost(Bi, ¢) — | Bi| - dist(u(B;), ¢)| < € - cost(P, c). )

This follows that only the bucket containing ¢ contributes a non-zero error at most ¢ - cost(P, ¢)
(see Lemma[B.T)). To handle the additional outliers for the robust case, a natural idea is to extend
Inequality (Z) in the following manner: for each center ¢ € R and each tuple (my, ..., mr) € ZL,

of outlier numbers per bucket (with >, e[r) Mi = M),
iy lcost™ ) (Biy ¢) = (|Bi] = my) - dist(u(By), ¢)| < e - cost™ (P c). 3)

This bounds the induced error |cost(™) (B;, ¢) — (| B;| — m;) - dist(u(B;), ¢)| of each bucket B;
when aligning the outlier numbers within this bucket for dataset P and coreset S.

Prior work [39}40] utilized this component-wise error analysis for robust coreset construction. They
show that at most three buckets B; could induce a non-zero error, including a bucket that contains ¢
and two “partially intersected” buckets with 0 < m; < |B;| that contain both inlier and outlier points
relative to ¢. Thus, to prove Inequality (3), it suffices to ensure that the maximum induced error
|cost (™) (B, ¢) — (| Bi| — m;) - dist(u(B;), ¢)| of these three buckets is at most & - cost(™ (P, ¢)/3.
However, it is possible that cost™) (P, ¢) < cost(P, ¢), which presents a significant challenge for
this guarantee compared to the vanilla case. To overcome this obstacle, prior work [39, 140]] includes
the “outmost” m points of P into the coreset to ensure zero induced error from them, resulting in an
O(m) size dependency.

First attempt to eliminate the O(m) dependency. We first observe that a subset Py, =
{Pm+1s-++sPn—m} C P of size n—2m acts as inliers w.r.t. any center ¢ € R. The condition n > 4m
guarantees the existence of this Py with | Pys| = n—2m > 2m. Since cost(m)(P, ¢) > cost(Par, ¢)
by the construction of Py, cost(™) (P, ¢) is intuitively not “too small”, which is useful for eliminating

the O(m) dependency in analysis. A natural idea is to apply the vanilla coreset construction method
given by [37] to Pj; and also include P — Pp; in the coreset .S. This attempt yields a coreset of

size 2m + O(e~'/2), which already improves the previous bound of O(m) 4+ O(¢~2) by [40]. To
eliminate the O(m) term, it is essential to significantly reduce points in P — Py;.

Our first attempt is to further decompose P — Py into buckets and utilize the component-wise error
analysis in Inequality (3). As discussed earlier, the critical step is to ensure |cost (™) (B, ¢) — (| B;| —
m;) - dist(u(B;), ¢)| < £ - cost™ (P, ¢) for two partially intersecting buckets induced by ¢ with
0 < m; < |B;]. To achieve this, we study the relative location of such buckets with respect to ¢



(Lemma , enabling us to partition the buckets based on the scale of cost(™) (P, c), similar to the
vanilla method (see Lines 1-5 of Algorithm ). However, this partitioning approach is applicable only
for ¢ € Py, where the scale of cost(™) (P, ¢) is well-controlled (see Lemma . Consequently, the
challenge remains to control the induced error of these buckets for ¢ ¢ Pyy.

Obstacle for ¢ ¢ Pj;. Unfortunately, to ensure Inequality (3) holds for ¢ ¢ Py, the number of
constructed buckets in P — Py; must be at least (). To see this, we provide an illustrative example
in Section where there is a collection P; of (n — m) points condensed into a small interval, and
a collection P» of m points that are exponentially far from each other. We show that for any bucket
containing two points p, ¢ € P, with p < ¢, the induced error of this bucket could be much larger
than cost(™) (P, c). Thus, to ensure Inequality (3) holds, all points in P, must be included in the
coreset, leading to a size of {(m). Therefore, a new error analysis beyond Inequality (3) is required.

Key approach. W.L.O.G., we assume ¢ > p,_,, i.., c is to the right of Py;. The key idea is to
develop a novel non-component-wise error analysis beyond Inequality (3): we regard |cost("™) (P, ¢)—
cost(™) (S, ¢)| as a single entity and study how it changes as c shifts to the right from p,, . Let f}(c)
and f%(c) denote the derivative of cost™ (P, c) and cost™ (S, c) respectively. Then the induced
error can be rewritten as |cost(") (P, ¢)—cost(™ (S, ¢)| < |cost™ (P, py_m)—cost™ (S, pp_m)|+
IS |fe(x) — fi(z)|dz. We can ensure cost™ (P, p,_,) = cost(™ (S, p,_,,) by an extra

n—m

bucket-partitioning step (see Line 8 of Algorithm . Thus, it suffices to ensure fpc fplx) —
fL(2)|dz < e - cost™ (P, ¢).

A key geometric observation is that f},(c) equals the difference between the number of inliers in P
located to the left of ¢ and those to the right of ¢; a similar relationship holds for f g (¢). For ¢, let m;
and m/, denote the number of outliers in bucket B; relative to dataset P and coreset .S, respectively.
By the geometric observation, we conclude that | f;,(c) — fg(c)| < Y=, |[m; —mj| 4+ 2|B.|, where B
denotes the bucket containing c. Therefore, fpc“,m |fp(x) — fo(x)|de < (30, |ms —mi| + 2| Be|) -
dist (pp—m, ¢) (see Lemma(D.3). Thus, it suffices to ensure (3, |m; —mj|+2|B.|)-dist(pr—m, ¢) <

e-cost(™ (P, ¢). This desired property can be achieved by limiting the size of each bucket in P — Py,
to be at most O(en), which ensures Y [m; — mj| < O(en) for all ¢ € Py (see Lemma|D.2).

We remark that, due to the misalignment of outlier counts, a single bucket may induce an arbitrarily
large error in our analysis. However, these bucket-level errors can cancel out, and the overall error
remains well controlled. To the best of our knowledge, this represents the first non-component-wise
error analysis in the coreset literature, which may be of independent research interest. To demonstrate
the power of our new error analysis, we apply it to the aforementioned obstacle instance—a case that
previous component-wise analyses cannot solve (Appendix [A.3).

Coreset size analysis. Note that the coreset size equals the number of buckets. We partition Py
into 0(5’1/ 2) buckets using the vanilla coreset construction method [37]]. The analysis for ¢ € Py,
and ¢ ¢ Py results in at most O(c~1/2) buckets for the former and O (™e~!) buckets for the latter.
Therefore, the total coreset size is 0(5_1/ 24+ %5_1) (see Lemma .

This coreset size is shown to be tight. To see this, we construct a worst-case example in Section [D.6
where the m outliers are partitioned into e~ intervals, each containing en points, with the interval
scales increasing exponentially. If the coreset omits all points from any such interval, each point

ey . -cost (") L .
within it contributes an error of w, resulting in a total error of 2¢ - cost(™ (P, ¢)—which

. n . .
is unacceptably large. Thus, to control the error, the coreset must include at least one point from each
interval, yielding a lower bound of %5’1 on the coreset size.

1.2.2  Overview for Theorem [I.3|(general )

The obstacle of the traditional component-wise analysis remains in the high-dimensional case,
motivating us to adopt the non-component-wise analysis framework. However, due to the increased
complexity of candidate center distribution, a straightforward extension of the 1D analysis would
involve using an e-net to partition the center space, as in [33], but this introduces an O(e~9) factor in
the coreset size. To overcome this, we leverage the concept of the ball range space, as explored in
previous works [9} [39]], which allows us to effectively describe high-dimensional spaces.



Our Algorithm [2| takes a uniform sample So of size O(¢~? min{e~2,d}) from the “outmost” m
points of P to include in the coreset, in contrast to including them all as in [39, [38]. To analyze
the error induced by Sp, we examine errors caused by “outlier-misaligned” points—those that act
as outliers (or inliers) in P but as inliers (or outliers) in .S with respect to a fixed c. The induced

(m)
error for each such point is bounded by COStm& when n > 4m (see Lemmas and .

To ensure the total error remains within O(¢) - cost™) (P, c), it suffices for the number of such
outlier-misaligned points to be O(em). The key geometric insight is that this condition holds when
So serves as an e-approximation for the ball range space on L* (see Lemmal[E.6)). This approximation
is guaranteed by ensuring |Sp| = O(¢ =2 min{e~2, d}), as established in Lemma

To our knowledge, this analysis is the first to apply the range space argument to outlier points. The
range space argument leverages the fact that the VC dimension of R? is at most O(d) and can

be further reduced to 0(5_2) by dimension reduction. This enables us to generalize results to
various metric spaces via the notion of VC dimension (or doubling dimension), as well as to robust

(k, z)-clustering; see Appendix[E.2|and

2 Optimal coreset size when d = 1

Let P = {p1,...,pn} C Rwithp; < py < ... < py. Denote L9 := arg mingcp,|z=m cost(P —
L, ¢) to be the set of outliers of P w.r.t. a center ¢, and PI(C) = P — L9 to be the set of inliers. Let

¢* := arg min.cg cost("™ (P, ¢) be an optimal center. Let L* = L(¢") and Pf = PI(C*).

Buckets and cumulative error. We introduce the definition of bucket proposed by [35]] associated
with related notions, which is useful for coreset construction when d = 1 [34}[37].

Definition 2.1 (Bucket and associated statistics). A bucket B is a continuous subset {p;, pj+1, - - -, Pr}
of Pforsome 1 <! <r <mn.Let N(B) :=r — [+ 1 represents the number of points within B,

w(B) = Z]\;?(Eff)p represents the mean point of B, and §(B) := > p [p — j1(B)| represents the
cumulative error of B.

A basic idea for vanilla coreset construction in 1D case is to partition P into multiple buckets B and
then retain a point u(B) with weight N (B) as the representative point of B in coreset. This idea
works since each bucket induces an error at most 6(B); see Lemma Thus, we have the following
theorem that provides the optimal coreset for vanilla 1D geometric median [37]]

Theorem 2.2 (Coreset for vanilla 1D geometric median [37]). There exists algorithm A, that
given an input data set P C R and ¢ € (0,1), A(P,e) outputs an e-coreset of P for

vanilla 1D geometric median with size O(e~2) in O(|P|) time.

We will apply A to the “inlier subset” of P, say the set of middle n — 2m points Py, =
{pm+1, cee apnfm}~ Let P, = {pl, cee 7pm} and Pr = {pn7m+1a cee 7pn}~ Any continuous
subsequence of length n — m of P must contain Py, implying that all points in Py, must be inliers
w.r.t. any center ¢ € R. This motivates us to apply the vanilla method A to Pyy.

As discussed in Section[I.2] we then partition Py, an Pf into buckets, which requires an understanding

of the relative position between the inlier subset PI(C) and c. Define .y = max,e Py lp — ¢*|,
cr i= € — rmax and cg 1= ¢* + rmax. We present the following lemma (proof in Appendix [B.2).

Lemma 2.3 (Location of PI(C)). Let ¢ € Py be a center with ¢ < ¢* and PI(C) # Py. Let p; be the
leftmost point ofPI(C). Then dist(p;, cr) < 2 - dist(c, c*).

A symmetric observation can be made for ¢ > ¢*. Note that cost™ (P, ¢) > cost(Py,¢) > O(n) -
dist(c, ¢*) > O(n)-dist(py, cr,). This lower bound for cost(™ ( P, ¢) motivates us to select the cumu-
lative error bound for the bucket containing point p; as en - dist(py, ¢,). Thus, we partition Py, U Pg
into disjoint blocks according to points’ distance to ¢z, and cp, a concept inspired by [37]. Concretely,
we partition the four collections P, N (—o0,cr), PrNlcp,o0), PrN(—o00,cgr], PrN(cr,o0)
into blocks, respectively. Due to symmetry, we only define the blocks in Pr,N(—o0, cr,) below. Blocks
for other parts follow similarly and are provided in Appendix see Figure[l|for a visualization.
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Figure 1: Illustration of the block partition. The blue square marks the optimal solution ¢*, and the
blue triangle ¢y, denotes the left boundary of the inlier set Pj, with distance rpyax = dist(cr, ¢*).
Figure partitions the one-dimensional space left of P, into disjoint blocks based on each

point’s position relative to cr: points farther than rp,,x form By,,, and those within 2er,,,5 form By.
-

)

Figure|1(b){shows the logarithmic subdivision of inner blocks BZ-(L within distance 7y,,x from cr,.

Outer blocks (By,,): Define B(aLr) as the set of points that are far from cz,, where

Bf(af) :={p € PrN(—o0,cp) | dist(p,cr) > Tmax} - )
Inner blocks (B;): Define B((]L) as the set of points that are close to cr,, where
B{" = {p e PN (—o0,cp) | dist(p, cr) < 267max} - o)
For the remaining points, partition them into blocks BZ-(L) based on exponentially increasing distance
ranges fori = 1,.. ., [logy(e71)], where
Bi(L) ={p € PrN(—00,cp) | 2termax < dist(p,cr) < 2 ermax ) (6)

The algorithm. Our algorithm (Algorithm [I)) consists of three stages. In Stage 1, we construct a
coreset Sy for Py using Algorithm A for vanilla 1D geometric median (Theorem , ensuring that
cost(Sar, ¢) € (1+¢) - cost(Pay, c) for any center ¢ € R. In Stage 2, we divide sets Pz, and Pg into
outer and inner blocks by Equations (@)-(6), and greedily partition these blocks into disjoint buckets
B with bounded §(B) and N(B) in Lines 3-6. In Stage 3, we ensure that cost"™) (P, p,_,,) =
cost ™ (S, pp_m) and cost ™ (P, p,i1) = cost(™ (S, p,,11) to control induced error when ¢ ¢
Py Finally, we add the mean point p(B) of each bucket B with weight N (B) into So, and return
So U Sy as the coreset of P.

By construction, the coreset size |S| is exactly the number of buckets. Therefore, we have the
following lemma that proves the coreset size in Theorem [I.2] Its proof can be found in Section[D.2}

Lemma 2.4 (Number of buckets). Algorithm |l|constructs at most O(e~2 + g1 buckets.

Key proof idea of Theorem [I.2} Using Lemma we can control the error from partially
intersected buckets when ¢ € P,; (Lemma . For ¢ ¢ Py, let m; and m/ be the number of
outliers in bucket B; for P and S, respectively. We show that the total misaligned outliers satisfy
Dielg Imi —mg| < 5 (Lemma . In this case, the error is also bounded by |cost™) (P, ¢) —

cost(™ (S, ¢)| < (Xiegg Imi — mi| + ) - dist(c, Py) < - cost(™ (P, ¢) (Lemma . The
complete proof can be found in Appendix

3 Improved coreset sizes for general d > 1

We present Algorithm 2] for Theorem[I.3] In Line 1, we construct L* as the set of outliers of P w.r.t.
c* and P} = P — L* as the set of inliers. We construct coresets for P;" and L* separately. In Line 2,
we take a uniform sample Sp from L* as the coreset of L*. This step is the key for eliminating the
O(m) dependency in the coreset size. In Line 3, we use the following theorem by [40] to construct a
coreset Sy for P;. The coreset S is the union of Sp and Sy (Line 5). In Section[ﬂ we show how to
generalize this algorithm to robust (k, z)-clustering (Algorithm .

Theorem 3.1 (Restatement of corollary 5.4 in [40]). There ~exists a randomized algorithm Ay that in
O(nd) time constructs a weighted subset S; C P§ of size O(e~% min {5_2, d}), such that for every
cost™ (Po U PF,c) —

dataset Py of size m, every integer 0 < t < m and every center ¢ € R?,
cost) (Po U St,¢)| < e - cost®) (Po U Py, ¢) + 2¢ - cost(Pf, c*).



Algorithm 1 Coreset construction for 1D

Input: A dataset P = {p1,...,pn} CRwithp; <...<pp,ande € (0, 1).
Output: An e-coreset .S
1: Set PM — {pm+17 e 7pn—m}’ PL — {p17 s 7pm}7 PR <~ {pn—m-{-h cee 7pn}'
2: Construct Sy < A(Pas, §) by Theorem
3: Compute an optimal center c* of P for robust 1D geometric median. Let P} be the set of inliers
W.Lt. ¢*, and rmax 1= max,e py dist(p, ¢*), ¢, < €* — Tmax> CR < € + Tmax-
4: Given ¢y, and cpg, divide Pr, and Pg into outer blocks B}(ﬁ) and ngf) by Equatio, and inner
10).

blocks Bi(L), BfLR), Bi(RL) and Bi(R) 0<i< {logQ(sfl)]) by Equations @)-
5: For each non-empty inner block B;, divide B; into disjoint buckets {Bi ;};>0 in a greedy way:
each bucket B; ; is a maximal set with 6(B; ;) < Ql'i# and N(B; ;) < 55.

6: If B;af) is non-empty, divide By, into disjoint buckets {B;L)

ar,j

Bf(af)] is a maximal set with N (Bf(ae)]) < 5% The same for B;a}f).

7: Compute the inlier set pI(P 1) with respect to center ¢ = p,, 41 and the inlier set pI(P =) with
respect to center ¢ = p,,_,, respectively.
8: If there exists some bucket B such that both BN Pl(p »+1) and B \ pI(P 1) are non-empty, divide

B into two buckets B N PP+ and B\ PP"*")_ Do the same thing for P{*" =),
9: For every B, add u(B) with weight N (B) into So.
10: Return S < Sp U Syy,.

}j>o0 in a greedy way: each bucket

Algorithm 2 Coreset Construction for General d

Input: A dataset P C R?, ¢ € (0,1) and an O(1)-approximate center ¢* € R?

Output: An e-coreset S

L* < argming,|r|—p, cost(P — L,c*), Pf <~ P —L*

Uniformly sample So C L* of size O(¢~2 min {e72,d}). SetVp € So, wo(p) + Ik
Construct (Sr,wr) < Aq(P;) by Theorem|3.1

For any p € So, define w(p) = wo(p) and for any p € Sy, define w(p) = wy(p).
Return S <+ Sp U St and w;

AR A

The theorem tells that .Sy serves as an e-coreset for the combination of P; and any possible set of
outliers Pp. The flexible choice of Py is useful for our analysis. To estimate the error induced by
So, we introduce the key lemma below, whose proof can be found in Section

Lemma 3.2 (Induced error of Sp). For any center ¢ € R?, we have |cost™ (P, ¢) — cost("™ (Sp U
Py, c)] < O(g) - cost ™ (P, ¢).

Proof of Theorem|[I.3] Fix a center ¢ € R%. Let Po = So and t = m in Theorem we have
lcost(™) (S U Pf, ¢) — cost(™(So U Sy, ¢)| < e - cost™(So U PF,c) + 2¢ - cost( Py, c*). By
Lemma|3.2} we have |cost(™) (P, ¢) — cost™ (Sp U Py, c)| < O(e) - cost(™ (P, c). Adding the two
inequalities above, we have |cost(™) (P, ¢) — cost(™ (S, ¢)| < O(e) - cost™) (P, ¢).

The runtime is dominated by Line 1 and Line 3 that costs O(nd) time by Theorem 3.1} making the
total overhead O(nd). This completes the proof of Theorem (1.3 O

4 Empirical results

We implement our coreset construction algorithm and compare its performance to several baselines.
All experiments are conducted on a PC with an Intel Core i9 CPU and 16GB of memory, and the
algorithms are implemented in C++ 11.

Baselines. We compare our algorithm with two baselines: 1) Method HJLW23 proposed by [39]],
which directly includes L* in the coreset and samples points from P5. 2) Method HLLW25 proposed
by [40]], improves the sample size from Py in [39].
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Figure 2: Tradeoff between coreset size |.S| and empirical error £(.9).

Setup. We conduct experiments on six datasets from diverse domains, including social networks,
demographics, and disease statistics, with sample sizes ranging from (10*) to (10°) and feature
dimensions from 2 to 68, as summarized in Table[d] These datasets cover those used in baseline [39],
ensuring fair comparison. In each dataset, numerical features are extracted to create a vector for
each record and the outlier number is set to 2% of the dataset size. To simplify computation, we
subsample 10° points from the Twitter and Census1990 datasets, and 10* points from the Athlete
and Diabetes datasets, respectively. We use k-means++ to compute an approximate center c*.

Size-error tradeoff. We evaluate the tradeoff between coreset size and empirical error. Given
a (weighted) subset S C P and a center ¢ C RY, we define the empirical error £(5,¢c) =
|cost (™) (P,c)—cost (™) (S,c)|
cost (™) (P,c)
to estimate the performance for every center. So we sample 500 centers ¢; € R¢, where each ¢; is
drawn uniformly from P without replacement. Like in the literature [39]], we evaluate the empirical
error £(S) := max;e[s00) £(5, ¢;). We vary the coreset size |S| from m to 2m, and compute the
empirical error £(.S). For each size and each algorithm, we run the algorithm 10 times, compute their
empirical errors £(.5), and report the average of 10 empirical errors.

, where lower values indicate better coreset performance for c. It is difficult

Figure 2| presents the empirical results illustrating the size-error tradeoff on the Census1990, Twitter
and Adult datasets. As shown in Figures[2] our coreset algorithm consistently achieves the lowest
empirical error among all methods. Moreover, unlike the baselines, which require a coreset of size
at least m, our method attains the same level of error with a coreset size smaller than m. For
example, with the Census1990 dataset, our method yields a coreset of size 1000 with an empirical
error of 0.012, while the best baseline needs size 2300 to achieve a worse error of 0.013. Results
for other datasets are presented in Section |Gl We also perform statistical tests across six real-world
datasets by comparing the ratio of empirical errors between our algorithm and baselines, which further
demonstrates that our algorithm consistently outperforms the baselines; see Table [T} The results
show that both £(.S3)/2(S1) and £(S3)/2(S1) are consistently bigger than 1, demonstrating that our
coreset consistently yields lower empirical error than the baselines. This confirms the applicability of
our coreset across real-world datasets.

Speed-up baselines. In this experiment, we compare the coreset of size 2m constructed by the
HLLW25 baseline and coreset of size m constructed by Algorithm[2] We repeat the experiment 10
times and report the averages. The result is listed in Table |2} The construction time of our coreset is
similar to that of the baseline HLLW25. However, our algorithm achieves a speed-up over HLLW25
(a 2x reduction in the running time on the coreset), while achieving the same level of empirical error.

Additional experiment. In Section we demonstrate the robustness of our Algorithm [2| when the
assumption n > 4m is violated or dataset is noisy. In Sections[G.2} [G.3] and[G.4] we implement our
algorithms for the 1D case, robust k-median, and k-means, respectively, and conduct similar experi-
ments. The results show improved performance on real-world datasets, even when the theoretical
data assumptions are violated, further highlighting the practical robustness of our algorithms.

5 Conclusion and future work

We investigate coreset construction for robust geometric median problem, successfully eliminating
the size dependency on the number of outliers. Specifically, for the 1D Euclidean case, we achieve
the first optimal coreset size. Furthermore, our results generalize to robust clustering applications.
Empirically, our algorithms achieve a superior size-error balance and a runtime acceleration.



Table 1: Statistical comparison of different coreset construction methods for robust geometric median.
The coreset S; represents our coreset, So represents the coreset constructed by the baseline HJLW23,
and S3 the coreset constructed by baseline HLLW25. For each empirical error ratio £(.53)/€(S1)
and £(S3)/€(S1), we report the mean value over 20 runs, with the subscript indicating the standard
deviation.

Coreset Size Census1990 Twitter
E(S2)/e(S1) E(S3)/e(S1) E(S52)/e(S1)  E(S3)/E(5h)
2200 32532.063 2.6451.458 1~7930.644 1.6670.479
3200 1.2570.842 1.2519 632 1.3430.234 1.2830.197
4200 1.303¢.692 1.168¢.739 1.244¢ 159 1.246¢ 148
Coreset Size Bank Adult
E(S2)/E(S1) E(S3)/e(S1) E(S2)/e(S1)  E(S83)/E(51)
1200 1.6474.972 1.3601 018 1.467¢ 987 1.094¢ 542
1700 1-0100.654 1.0280,574 2-1490.884 2.4161.002
2200 1.010¢ 654 1.026¢ 674 1.089¢.360 1.172¢ 537
Coreset Size Athlete Diabetes
E(S2)/E(S1) E(S3)/e(S1) E(S2)/e(S1)  &(S3)/E(Sh)
210 5.1723 634 4.2001 944 5.7003.303 5.8682 952
310 2.4671.564 1-4270.660 1.5670.800 1-3320.653
410 1.658¢ 831 1.045¢ 449 1.3601 103 1.216¢.943

This work opens several intriguing research directions. One immediate problem is to optimize the
coreset size for d > 1 or k > 1, particularly in cases where the size diverges from that of the vanilla
setting. Extending robust coresets to the streaming model is a valuable but challenging direction.
The primary obstacle is their lack of mergeability, as outlier interactions across different data chunks
prevent the compositional updates essential for streaming algorithms. It is also interesting to explore
whether our non-component-wise analysis can be applied to other robust machine learning problems,
such as robust regression and robust PCA.

Table 2: Comparison of runtime between our Algorithm [2|and baseline HLLW2S. For each dataset,
the coreset size of baseline HLLW2S5 is 2m and the coreset size of ours is m. We use Lloyd algorithm
given by [[7] to compute approximate solutions cp and cg for both the original dataset P and coreset
S, respectively. “COSTp” denotes cost(m)(P, cp) on the original dataset P. “COSTg” denotes
cost(m)(P, c¢s) on the coreset constructed by METHOD. T is the running time on the original
dataset. Ts is the running time on coreset. T is the construction time of the coreset.

DATASET COSTp METHOD COSTg Tx Te Ts
s OURS _ 5.100x10° 6.876 1.284
CENSUSI990  5.099x10° | OF08 o 20l 63.425 olh
T OURs __ 7.310x10° 3233 0.633
6
TWITTER 7307x10%  grTwas  7.307x10° U816 3550 1a7s
s OURsS _ 7.760x10° 1427 0.308
BANK TBISXI0T i was 7765x10° 109 1477 0.677
9 OURS 3.412x10° 1.632  0.310
ADULT 3418107 i wos 3411x10° 0097 1506 0.597
- OURS 1.467 x10° 0.320 0.055
ATHLETE 1460x10° it was 1463 x10° 202 0321 0.104
. OURS _ 1.786x10° 0.366 0.062
DIABETES L78IX10°  pirwas  1.788x10° >077 0.360  0.135
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Table 3: Comparison of the state-of-the-art coreset size and our results for robust geometric median
and robust k-median in R?. Robust k-median is a generalization of robust geometric median; see
Definition[EIlwhen z = 1.

PARAMETERS d,k  PRIOR RESULTS OUR RESULTS (ASSUMING n > 4m)
) ~
O(m ) + O(e77)[40] O(e™ 2 + ™~ ') (THEOREM 1.2)
d=1 k=1 O(me™") + VANILLA SIZE[42) Qb 4 mo—1y (T e
Q(m ) [39] (672 + &™) (THEOREM|1.2)
O(m) O(e™? -min{e 2, d})[40Q] 2 d}) (THE
OREM
d>1 k=1 O(me™') + VANILLA SIZE[42) Q(a,% m:,?{i T}) ( .
Q(m) [39] ( ) (THEOREM |1.2)
O(m) + O(k*¢™2 - min{e 2, d})[40] 50 5
~ O(k*¢™2 - min{e™2,d})
d>1 k>1 O(min{kme™", me~2}) + VANILLA SIZE[42]] ’
(m)[39] (THEOREME UNDER ASSUMPTION-

A Omitted details in Section[1]

A.1 Formal definition of coreset

In this section, we define the coreset for robust geometric median. For preparation, we first generalize
the cost function cost(™) to handle weighted datasets.

Definition A.1 (Generalized cost function). Let m be an integer. Let S C R be a weighted dataset
with weights w(p) for each point p € S. Let w(S) := > 5 w(p). Define a collection of weight
functions W := {w' : S — R | 37 _sw'(p) = w(S) —m AVp € S,w'(p) < w(p)}. Moreover,
we define the following cost function on S: Ve € R%, cost("™) (S, ¢) := min, ¢y > pes W' (p) -
dist(p, ¢).

Intuitively, to compute cost(" (S, ¢), we find a weighted subset S’ of S with total weight w(.S) — m
that minimizes its vanilla cost to ¢. Thus, this cost(™ (S, c) serves as the cost function for robust
geometric median on a weighted set. Note that for the unweighted case where w(p) = 1 forallp € S,
this cost function reduces to that in Equation (T)).

Next, we define the notion of coreset for robust geometric median.

Definition A.2 (Coreset for robust geometric median). Given a point set P C R< of size n > 1,
integer m > 1 and € € (0, 1), we say a weighted subset S C P together with a weight function
w : S — RT is an e-coreset of P for robust geometric median if w(S) = n and for any center
c € RY, cost(™) (S, ¢) € (1+¢) - cost™ (P, c).

This formulation ensures that the weighted coreset S provides an accurate approximation of the
original dataset P’s cost for all centers ¢, within a tolerance specified by €.

A.2 Other related work

Coreset for robust clustering. A natural extension of robust geometric median is called robust (%, z)-
Clustering, attracting considerable interest for its coreset construction techniques in the literature [27,
381,139,141, 153]]. In early work, [27] proposed a coreset construction method for the robust k-median
problem, which requires an exponentially large size (k + m)°*+™) (e ~1dlogn)?2. Recently, [39]
improved the coreset size to O(m) + O(kB —32=2) via a hierarchical sampling framework proposed
by [9]]. Following this, [40] further improved the size to O(m) + O(k2 —2z— 2) More recently, [42]
proposed a new coreset of size O(min{kme~!, me~2%}) + Vanilla size. We give Tablelto compare
our theoretical results with prior work.

Coreset for other clustering problems. Coreset construction for other variants of (k, z)-Clustering
problems has also been extensively studied, including vanilla clustering [35, |16} [26L 9 18, |19}
37, 41]], capitalized clustering [9, 20], fair clustering [17, 5] and fault-tolerant clustering [44, 33]].
Specifically, for vanilla (k, z)-clustering recent advancements by [19][18] [41]], produced a coreset
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LA 2242 _1 .
of size O(min ks*Z*Q, k=2 g2 ). When £ > k™ =+2, the coreset upper bound ke—%~2 is shown

to be optimal by a recent breakthrough [41]. Furthermore, a recent study [37] has investigated the
coreset bounds when d is small.

A.3 Anillustrative example for the obstacle of Inequality (3)

Recall that we partition the input dataset P C R into disjoint buckets { B, ..., By}, constructs
a representative point p(B;) with weight | B;| for each bucket and takes their union as a coreset
S of P for robust 1D geometric median. Also, recall that prior work [39, 40] use Inequality (3)

for error analysis, i.e., for any center ¢ € R and any tuple of outlier numbers (my, ..., mr) with
Dieir)Mi = m,
Z |cost ™) (By, ¢) — (| Bi| — mi)dist(u(B;), ¢)| < e - cost™ (P, ¢). ™)
i€[T]

In this section, we provide an example in which this inequality only holds if | S| = Q(m).

Construct the dataset P as follows: fori = 1,...,n —m, p; = %; forn—-—m+1<1¢<mn,
p; = n30="+tm) - We show that the Inequality only holds if each p; forms its own isolated
bucket. Assume, for the sake of contradiction, that there exists a bucket B, = {p;, ..., p;} such that
|B,| > 1and j > n —m.

Case 1: If i < n — m, let c = 0. Then we have that the inlier set with respect to c is PI(C) =

{p1,..-,Pn—m}. Thus,

cost™ (P, ¢) = cost(P}c)7 c) = % <n
Letmi=...=my_1=0,my=j—n+mandm; = |B: grq—i—l <t <T.Wehave
Z |cost ™) (B;, ¢) — (|B;| — my)dist (iu(B;), ¢)|
i€[T)
= ‘COSt(mq)(Bqa ¢) = (IBq| — mq)dist(u(By), c)|
> (|Byl —my) - u(By) —n (cost(™a) (B, ¢) < cost™ (P, ¢) < n)
> w(By)—n (|1Bgl=j—i+1,i<n—m)
. ZpquP
B
> n*—-n
> - cost™(P,c), (cost™ (P, ¢) < n)

which leads to a contradiction with Inequality (7).
Case 2: If i > n — m, let ¢ = p;. Then PI(C) = {Pi—n+m+1,---,Pi - In this case, we have
cost™ (P, ¢) = Z d(p,p;) < (n —m) - p30—nFm),
pePL?
Note that | B, N PI(C)| = 1, which means |B,| — m, = 1, then we have
Z |cost ™) (B;, ¢) — (|B;| — my)dist (uu(B;), ¢)]
]

ie[T
> [eost™™ ) (By, ¢) = (1B — mq)dist(n(By), ¢)]
= dist(u(By), ) (cost(™a)(B,, ¢) = dist(p;, ¢) = 0)
. Zpqup o
- Bl
> pilmnem). (n? —1)
> - cost™(P,c), (cost™ (P, c) < (n —m) - n3=ntm)
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which leads to a contradiction with Inequality . Overall, Inequality (7)) does not hold if {p;} does
not form a separated bucket.

Non-component-wise analysis breaks the obstacle. We then show how to adapt our new non-
component-wise analysis to this example, which allows a more careful bucket decomposition. The
key is that in our analysis, the induced error of the aforementioned bucket B, = {p;, ..., p,} with
7 >mn —mis 0, due to allowing the misaligned outlier numbers in each bucket. Below illustrate the
above two cases.

Case 1: If i < n —m, c = 0, then only the bucket B, may induce an error. Since j > n —m, we
have p; > n?, thus

> peB, P _ n?
w(Bq) = B ” o 2 > max dist(p, ¢).
|Bq| n pEPI(c)

Therefore, B, will be totally regarded as an outlier which induces 0 error, thus cost(m)(S, c) =
cost™) (P, c).

Case 2: If i > n — m, ¢ = p;, then PI(C) = {pi—n+m+1,-..,pi} Letthe bucket By, = {p;,...,pr}

withl <¢—n+m+1,r > ¢ —n+ m+ 1 denote the leftmost bucket containing at least one inlier.

Therefore, only the buckets By, and B, may induce an error. For B, we have dist(u(By),c) > (n?—

1)dist(p1, ¢), thus B, induces 0 error. For By, the induced error is bounded by en - p3li=n—m) <
e - cost"™) (P, ¢), since, in our framework, the size of each bucket in P — P); is restricted to at most
O(en). In summary, the total error is bounded by ¢ - cost™) (P, c).

Thus, non-component-wise analysis significantly reduces bucket-wise errors in this example, which
is crucial for proving S is a coreset.

B Omitted details in Section 2]

B.1 Property of buckets

In Section [2} we introduce a useful notion called bucket. The following lemma shows that the coreset
error on each bucket B is bounded by §(B). Recall that cost(B,¢) = > _ 5 dist(p, ¢) for any point
set B C R and center ¢ € R.

Lemma B.1 (Error analysis for buckets [34]]). Let B={p;,...,p,} CPfor1 <l <r <mnbea
bucket and c € R be a center. We have

1. ifc € (p1,pr), |cost(B,c) — N(B) - dist((B), c)| < §(B);
2.ifc ¢ (p1,pr), |cost(B,c) — N(B) - dist(u(B),c)| = 0.

peEB

B.2 Proof of Lemma[2.3]

Proof of Lemma[2.3] We prove the lemma by contradiction. Suppose there exists a center ¢ € Py
satisfying that ¢ < ¢* and P}C) =% Py, and the leftmost point p; of PI(C) satisfies dist(p;, cr,) >
2dist(c, ¢*). Then by the assumption of ¢, we have p; < cr, thus p; ¢ Pf. For any points p in P},
we have

dist(p, ¢) < dist(p, ¢*) + dist(c, c*) (Triangle Inequality)
< Tmax + dist(e, ¢) (Definition of 7ax )
< Tmax + dist(py, cr) — dist(e, ¢¥) (dist(py, cr,) > 2dist(c, c*))
= dist(py, ¢)
This implies that any point in P} must be in P{”). However, since | P}| = |P\“)| = n — m, P{°)

cannot contain any other point not in P;. This contradicts p; ¢ Py. Thus, dist(p;, ¢z) < 2dist(c, ¢*)
holds.
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B.3 Complete definition of blocks

Now we provide the complete definition of blocks, which are used in our algorithm[I] Recall that
Tmax = MaXpe pr |p — ¢*|, ¢, = ¢* — rmax and cg = ¢* + Tmax. Then we divide the sets Py, and
Pr, into disjoint blocks as follows:

Outer blocks (By,,): Define Bf(-af) and Bf(;f) as the set of points that are far from cy, and cr, where

Bf(a1;) = {p S PL N (_007 CL) ‘ dlSt(pa CL) 2 Tmax }v

Bgf) :={p € PrN(cg,00) | dist(p,cr) > rmax } -

®)

Inner blocks (B;): Define BSL), BSLR), BéR), and B((JRL) as the set of points that are close to ¢y, or
CRr, Where

BéL) :={p € PrN(—o0,cr) | dist(p,cr) < 2ermax },
B(()LR) = {p S PL N [CLa OO) | diSt(p, CL) < 2<€Tmax }7

(R ) 9
By :={p € PrN(cp,o0) | dist(p,cr) < 2¢Tmax } ,
(

B{™) :={p € Pr (=00, cg] | dist(p, cr) < 2Tmax } -

For the remaining points, partition them into blocks Bi(L), BZ.(LR), Bi(R) and BZ-(RL)

nentially increasing distance ranges fori = 1,..., [logy(¢1)|, where

based on expo-

Bl(L) = {p S PL N (_OOvCL) | 27;E’Pmax < dlSt(pv CL) < 2i+1€’l"max }’
B = {pe Ppn ey, 00) | 2ermax < dist(p, ) < 27 ermax ),
Bi(RL) ={pe€ PrnN

L (10)
(cr,00) | Vet < dist(p, cg) < ity o 1,

—00, CR 2l et max < dist p,cr) < 2t ep o L
( 1

B.4 Justifying the selection of the optimal center

In previous coreset constructions [39], it is hard to obtain the exact value of optimal center c*, so

an approximate center is generally used instead. However, when d = 1, Py is always a continuous

subsequence of P. Suppose P} = {p;,...,p;}, we have ¢* = Piti|- This indicates that Py and
2

¢* can be computed in polynomial time in robust 1D geometric median. Additionally, computing an
O(1)-approximation of ¢* is also sufficient for our algorithm to remain valid, which only results in a
factor of O(1) difference in the coreset size.

C Proof of Theorem [I.1; coreset lower bound for robust geometric median

We first construct a bad instance P := {p1,...,p,} C R, where p; =i for i € [m] and p; = « for
m<j<n,r— oo.

W.l.o.g, we assume n— m is an even number and n—m < (m —1)/2. Suppose (S, w) is an e-coreset

of size |5] < Sy for robust geometric median on P. Define S; := SN {Pm+1,---,pn}and

So :=SN{p1,...,pm}. There exists 2(n — m) consecutive points p;; 1, ..., Pit2(n—m) NOt in S for
some i € [m — 2(n — m)]. Let the center ¢ = i + (n — m) + 1. Then we have

cost™ (P, ¢) = 2((%) + (% +1)+...+ (% + n—2m -1))
(n—m)? (n

2

<

We claim that w(Sp) + w(S;) —m > (1 —¢) - (n —m). Fixacenter ¢’ = 2 + 1. If w(Sp) > m,
we have cost(™) (P, ¢/) = n —m and cost("™ (S, ¢/) — oo, leading to an unbounded error. Therefore
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we only need to consider the case w(Sp) < m and our claim can be verified by as follow:

cost™(S,¢')  w(So) —m~+ w(Sy)

= — (1+£e). 12
cost(™ (P, ¢/) n—m (1+e) 2)
By this claim, we have
cost™(S,¢) > (n—m+0.5) - (w(So) +w(Sr) —m)
> (m—=m+05)-(1—¢)-(n—m) (Inequality (T2))
)2
> (14e)- (w) (0 <e < 0.5)
> (14¢)-cost™(P,c) (Inequality (TI))).

In summary, we have cost(™) (S, c) > (1 + ¢) - cost(™) (P, ¢), which contradicts the definition of
e-coreset. We conclude that, each e-coreset of P is of size (

n— 'HL)

D Proof of Theorem [I.2; optimal coreset size for robust 1D geometric median

In this section, we provide the complete proof of Theorem [I.2]for both upper and lower bounds.

D.1 Proof of the upper bound in Theorem [1.2]
Now we show that our coreset S obtained by Algorithm [I}is an e-coreset of P.

In the following discussion, we define S; (©) and S7 as follows. Given a weighted set .S of total weight

n and a center ¢ € R, let S\ := arg min cost (S, ¢) be the set of inliers

S(C)CS E C) w(s)=n—m

of S, where w(s) represents the weight of s in S§ and is at most the weight of s in .S. Moreover, let

ST represents S}c*), which exactly contains every (B) of each bucket B in P} with weight |B).

First, we consider the case that ¢ € Pj;. Note that regardless of the position of ¢, at most three
buckets can induce the error: the bucket containing c, and the buckets containing the endpoints of
PI(C) on either side. Actually, the coreset error in Py is already controlled by the vanilla coreset
construction algorithm .A. Thus, we only have to consider the cumulative error of the buckets that
partially intersect with P}C) on either side. We will show that this error is controlled by the carefully
selected cumulative error bound of each inner block. Moreover, we adapt the analysis for the vanilla
case in [37] to the robust case, as shown in Lemma This allows us to avoid considering the error

caused by the misaligned outliers in P and S, which still suffice to ensure that the coreset error is
bounded. The proof of Lemma[D.1]is deferred to Section

Lemma D.1 (Error analysis for ¢ € Pyy). When center ¢ € (Dm+1,Pn—m) |cost ™) (P, c) —
cost™ (S, ¢)| < e - cost(™ (P, ¢).

Now we analyze the case that c is not in P;. Assume P is divided into disjoint buckets By, ..., B,
from left to right. Fix a center ¢ € R, for each bucket B; (i € [q]), define m; := |B; \ PI(C)| and

m} = |B; \ S}C) |, which represent the number of outliers in B; with respect to ¢. Obviously we
have ) . m; = Y, m; = m. The following lemma shows that the number of inliers in each bucket

for PI(C) and S}C) remains roughly consistent, which indicates that cost("™ (P, ¢) and cost("™) (S, ¢)
increase almost equally.

Lemma D.2. For any center ¢ € R, Z[] |m; —mj| < St
1€[q

Let I' := sup.cg »_ |m; — mj|, then we have I' < £t. For ¢ ¢ Py, we consider the derivative
i€[q]

of the cost value with respect to ¢, and gives an upper bound of the induced error in Lemma

Combined with the upper bound of I', we conclude that the induced error is O(en - dist(c, ¢*)),

which is bounded by O(e) - cost(™) (P, ¢) obviously. The main idea is similar to that of the proof of

Theorem 2.1 in [37]. We defer the proof of Lemma|[D.2]and[D.3]to Sec and [D.5] respectively.
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Lemma D.3 (Error analysis for ¢ ¢ Py;). When the center ¢ < pp, 1 07 ¢ > Py, |cost™ (P, ¢) —
cost™) (S, ¢)| < (T + &) -dist(c, Py) <e- cost™) (P, ¢).

Now we are ready to prove the upper bound in Theorem

Proof of Theorem[1.2| (upper bound). Given a dataset P of size n we apply AlgorlthmE] to P and
obtain the output weighted set S. By Lemma . Algorlthm divides P into O(e~2 + Tg1)
buckets. Note that S contains only the mean point u(B) of each bucket B. Thus we have 77(S|
O 2 + me=1). Combined with Lemma and we conclude that S is an e-coreset of P.

For the runtime, Line 3 cost O(n) time to obtain the optimal center. Recall that P} = {p;,...,p;}is
a continuous subsequence of P and ¢* = Pligigs since we only consider the one-dimensional case.
Thus, we can compute P} and ¢* in O(n) time, since we can sequentially replace the leftmost point
in the current inliers with the next point from the outliers, and the resulting cost difference can be
computed in O(1) time. Lines 4-6 cost O(n) time, since we can sequentially check whether the next
point can be added to the current bucket, otherwise, we place it into a new bucket. Obviously Lines
7-8 also cost O(n) time. This completes the proof. O

D.2 Proof of Lemma[2.4: Number of buckets

Proof of Lemma[2.4] Note that in Llne 2, the number of buckets is O(¢~ ) in Sy, by Theorem
For Line 4, there are at most O(log(2)) non-empty blocks. For Line 6, the constraint on N (B i

generates at most O(Ze~1) buckets. For Lines 7-8, there are O(1) new one-point buckets.

What remains is to show that each non-empty block contains 0(6 T4m £71) buckets in Line 5.
Note that each block contains at most m points, thus the constraint on N (B ;j) generates at most
O(“2e~") buckets. Thus we only have to consider the constraint on §(B; ;).

Suppose we divide an inner block B; into ¢ buckets {B;, j}lg j<t due to controlling & (B”) Since

each B;; is the maximal bucket with §(B; ;) < % , we have §(B; ; U Bit1,;) > %.
Denote B; 2j_1 U B; 2 by C; for j € {1,..., L%J} Let len(B) := max,ep p — min,ep p be the

length of B. Note that 6(B) < N(B) - len(B) holds for every bucket B. Thus we have:

M2 ermax > N(B;) - len(B;) (N(B;) < m,len(B;) < 2'crmay)
L5) L)
> NGy Ic|
j=1 j=1
L%J 1 1
> (Z N(Cy)=|C)|2)? (Cauchy-Schwarz Inequality) (13)
j=1
L5] )
> (Y 8(Cy))?

So we have (| £])?- % < m2'er yay » which implies ¢ < O(e~ ). The proof above is similar
to Lemma 2.8 in [40]. Similarly, it is trivial to prove that By also satisfies the above inequality.

Since there are O(log(¢!)) non-empty blocks, the constraint on §(B; ;) generates at most O(e2)
buckets. Thus Lemma 2.4 holds. O

D.3 Proof of Lemma[D.1} Error analysis for ¢ € Py,

Proof of Lemma|D.1} Let Lo := Pr,NL*, Ro := Pr N L*. Recall that L* denote the set of outliers

w.r.t. the optimal center ¢*. W.L.O.G, assume ¢ > c*, thus PI(C) N Lo = 0. Next, we analyze the
induced error in two cases, based on the scale of dist(c, ¢*). When erp,x > dist(c, ¢*), the center
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c is sufficiently close to ¢*, so cost(™) (P, ¢) ~ cost("™ (P, c*), resulting in a small error. When
Ermax < dist(c, ¢*), we have cost™) (P, ¢) > Q(n - dist(c, ¢*)) > Q(enrmax), which matches the
error from any outlier-misaligned bucket B, whose error is at most O(en)(dist(c, ¢*) + ermax) by
Lemmal23]

Case 1: dist(c, ¢*) > § - "max-

If PI(C) NRo = 0, then we have PI(C) = P}, SEC) = S%. In this case, we directly have cost™) (S, ¢) €
(1« &)cost™ (P, c) by Theorem

Next we assume PI(C) N Ro # (. Same as the above lemma, denote the leftmost and rightmost

buckets intersecting P9 as B L, Br, respectively. Recall that the coreset constructed by A(Pyy, §)
is Sar. By Theorem@ Algorithm A ensures that

|cost(Sar, ¢) — cost(Pyy, ¢)| < = - cost(Par, ¢) < = - cost™ (P, ¢).

w | m
w | m

Next, we bound the cumulative error of By, and Br. Define 7 := max(0, [log(m)] ). Obvi-

2 Tmax
ously §7max < dist(c,c*) < rmax, thus v € [0, [log(¢~1)] — 1]. By the definition of ~y, we have
dist(c, ¢*) < 27 erax. Denote the rightmost point of B as p,., then it follows that

dist(p,, cr) < 2dist(c, c¥) (Lemma 2.3))
< O F2ep (dist(c,c*) < 27+15rmax)

Recall that block Bi(R) ={p € Pr | p> cr,2'ermax < dist(p, cr) < 27+ eryay}. So the block
B; which contains bucket Bp satisfies 7« < v+ 1. By Line 5 in AlgorithmEI, any bucket B; ; in inner

block B; satisfies §(B; ;) < 2 0max  Thus,

27+l 2y
§(Bp) < ——— - max,
(Br) < 288

Similarly,

1.2
27T 2 ax

By) <
0(Br) = 288

Note that at least | “5™ | points are on the left of c¢*, among which there are at least (| “5™ | —m)

inliers w.r.t center c. Moreover, when v = 0, we simply have dist(c, ¢*) > % by the assumption;
when v > 0, we have dist(c, ¢*) > 27erpax by the definition of ~. Thus,

cost™ (P, ¢) > (|22 | — m) - dist (e, ¢*)
> g - dist(c, c*) (n > 4m) (14)
275nrmax 2’Y€rmax

(dist(c,c*) >

48 6 )

Now we are ready to prove our goal |cost(™) (P, c) — > jeiq(IBjl —my) - dist(u(Bj), )| < e-
cost™ (P, c). Recall that m; := |B; \ PI(C)| for each bucket B;. Thus for each bucket B, that is
between By, and Bg, we have m; = 0; for By, and Bg, we have |Br| —my = |Br N PI(C)| and
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|Br| —mgr = |BrN PI(C)|. Then we have

[cost ™ (P,e) = Y (IBj] —my) - dist(u(B;), o)|

j€ldl
<lcost(Sar,¢) — cost(Par,c)| + Y dist(p,u(Br)) + Y dist(p, u(Br))
peBLNPLY peBrNPL)
(Triangle Inequality)
<|cost(Spr, ¢) — cost(Par, ¢)| + 6(Br) + 6(Br) (Definition of 6(B))
€ m 27 - 2N max
<3 -cost™ (P, ¢) + —
<e-cost™ (P, c). (Inequality )

Thus by the definition of 5\,
cost ™ (S,¢) < Y (|B;| = my) - dist(u(B;), c) < (1 + )cost ™ (P, c).

J€ld]

Moreover, it is easy to prove that the rightmost block B, intersecting with S}C) still satisfies ' < y+1.
Thus, similarly to the previous discussion, we have:

cost™ (P, ¢) < (1 + €)cost™ (S, ¢).

Thus cost(™) (S, ¢) € (1 + &)cost™ (P, c).
Case 2: dist(c,c*) < ¢ - Tmax-

Let w; := ZpePI(C)\P; w(p). Consider the points in PI(C) \ P}, we have:
5
cost(m)(P, ¢) > wi(rmax — dist(c,¢*)) > (1 — %)wlrmax > éwlrmax. (15)
Thus,
cost™ (P, ¢) = cost(PI(C) N Pr,c) + cost(PI(c) \ Pr,c)
> cost(Pf, ¢) — 2w - dist(c, ¢*) (Definition of wy;)
> cost(Pr,c) — %wlrmax (16)
2
> cost(Pr,c) — gg - cost™ (P, ¢) (Inequality (T5)).
By the definition of cost(™) (P, ¢), we have
cost™ (P, ¢) < cost(PF, c). (17)
Similarly, we have
2
cost(ST,c) — gg -cost™ (S, ¢) < cost(™ (S, ¢) < cost(SF, ). (18)

By Theorem 2.2} Algorithm A ensures that [cost(Sys, ¢)—cost(Pay, ¢)| < 5-cost(Ppz, ). According
to the definition of the block By, we can obtain that there is no bucket that partially intersects with
Pf. Thus,
|cost (ST, ¢) — cost(Pr, )| = |cost(Shr, ¢) — cost(Pay, ¢)|
< = - cost(Par, ¢) (19)

< = - cost(Pf, ).

Wl mw|m
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Combining the above equations, we have

cost™ (S, ¢) < cost(SF, ¢) (Inequality (L8))
<1+ %)cost(PI*, c) (Inequality (19))

2
<1+ %)(1 + g)cost(m)(P7 c) (Inequality (L6)))

< (14 ¢e)cost™ (P, c).

Similarly we have cost(™ (P, ¢) < (14¢)cost(™) (S, ¢), thus cost™ (S, ¢) € (14¢)-cost(™ (P, c).
O

D.4 Proof of Lemma [D.2; Number of misaligned outliers

Proof of Lemma|[D.2] Note that for any center c, PI(C) is a continuous subset of size n — m. Let

PI(C) ={pi,.. -, Pi4n—m—1}. Assume p; € By, and p;4p_m—1 € Bg. Consider a point p; € Py,
that satisfies dist(p;, ¢) < dist(pj4n—m,c) and dist(u(B), ¢) > dist(u(B’), ¢), where p; € B and
Dj+n—m € B’. Next we show that the total number of points satisfying the above conditions is at

most O(en), which also provides an upper bound for > |m; — m/]|.

In this case p; € P\”). By the definition of P\”), we have j > 1. If B # By, and B’ # Bp, then by
j > 1, we have u(B) > max(By) and u(B’) > max(Bgr). Then we have

dist(p;, ¢) > dist(max(Bp), c) > dist(u(B),c) > dist(u(B’), ¢) > dist(max(Bg), c)
> dist(pj4+n—m, ),

which contradicts the inequality dist(p;, ¢) < dist(p;4n—m,c). Thus, either B = By, or B’ = Bg
holds. This indicates that the total number of points satisfying the above conditions is at most
|B1| + | Bg|. Formally, denote B(*) as the bucket containing p;, we have

L= ]H(pj e P9, dist(u(BY), ¢) > dist(u(B“*”*m),c))] <|Br|+|Bgr|.  (20)

jelm]
Symmetrically, consider the points in Pr, we have

S [ty € PO dist(u(BU ). 0) < dist(u(BY).e))| < [Bo| + 1Bal. @)
jE€n—m+1,n]

Since |PI(C)| =n —m, for any i € [1,m], exactly one point in {p;, Pi1n—m } is in PI(C). This means

that p; € PI(C) if and only if p;yn_m & PI(C). Thus, Inequality is equivalent to the following
form:

L= ]H(pj ¢ P9, dist(u(BY), ¢) < dist(u(B“*”*m),c))] <|Br|+|Br|. (22

j€E€[m]

Moreover, we’ll show that [; and Iy cannot both be greater than 0. Suppose I; > 0. In this case,
there exists a point p; € P, N P\ such that dist(u(BW), ¢) > dist(u(BU+m=m)), ¢). Consider a
point p;s € Py, \ P(C), obviously j’ < j. Then we have

dist(u(BY), ¢) > dist(u(BY), ¢) > dist(u(BUH"~™), ) > dist(u(BY ™), c).
Thus I, = 0. Conversely, it still holds due to symmetry. Based on the above analysis, we have

I + I < |Br| + |Brl. (23)

25



By p; € PI(C) = Ditn-m ¢ PI(C), it is easy to prove that Y |m; — m!| in P, and P are exactly
i

the same. Then it follows that

Solmi—mil=2 Y |m;—m]

i€[q] i€q],B;CPL

=2 > > I € P9y — I(dist(u(B;), c) < dist(u(BYT"™), c))

i€lq],B;CPyL ijB-

<2y} ] p; € PY9) — I(dist (u(BY)), ¢) <dist(,u(B(j+”’m)),c))’

J€[m]
<2(I; + 1)
< 2(|BL| +|Brl) (Inequality (23))
en en
< —. Bl < ==
O

D.5 Proof of Lemma Error analysis for ¢ ¢ Py,

Proof of Lemma([D.3] W.L.O.G., we assume that ¢ > p,,_,,. Recall that P is divided into buckets

By, ..., By, from left to right. Suppose B, (t € [¢]) contains the center ¢, i.e., min,ep, p < ¢ <
max,¢ g, p. We define function fp(c) = cost(™) (P, ¢) and fs(c) = cost(™) (S, ¢) for every ¢ € R.
Note that fp(¢) = fp(pu_m) + [ fi(x) and fs(c) = fi(pn_m) + 7. F4() holds for any

¢ > Pp_m. Next, we first show that fp(Pn—m) = fs(Pn—m) by Line 8 in Algorithm Then we

verify that | f(c) — f4(c)| is bounded by > |m; — m)|, which suffices to prove the lemma. The
i€[q]

main idea is similar to that of the proof of Theorem 2.1 in [37].

By Line 8 in Algorithm there is no bucket that partially intersect with PI(p =) In this case, for each
bucket B C P"~), dist(u(B), ¢) < max o, dist(p,c); for each bucket B ¢ per=m),
I

dist(u(B),c) > MaxX__ p(vn—m) dist(p, ¢). This indicates that S’?’ »=m) contains w(B) with weight
I

| B| for each B C pI(P "””), which maintains consistent weights with pl(l’ »=m) Then by Lemma
we have fp(pp—m) = fs(Pn—m). Note that f,(c) is a linear function of ¢, and we have

frl@)=Hplpe P p<e}l—Hplpe P p>cl
= ST (IBil = my) + |Be| 0 (=00, d]| — |B: N (¢, 00)] = Y _(1Bi| —ma).

i<t >t

Similarly, when p(B;) < ¢, we have f{(c) = Zz<t(|Bi| —mj) 4 |Bi| — 3,5, (| Bs] —mj); when
p(By) > ¢, wehave fg(c) =32, (IBil —mj) — [Bi| = 35, (|Bi| — mj). Thus

p(e) = F5()l < D mi —mi| +2|By|

i€[q]
< T+ 2|By| (Definition of T")
en en
<I'+ —. Bl < —
<+ (1B < 15
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Figure 3: A case for demonstrating the coreset lower bound for robust 1D geometric median. T;

contains [%J points where each point p € T; satisfies p = m®®. Ty contains the remaining points

where each point p € T satisfies p = 0.

Thenby fp(c) = fp(Pn-m)+ [ _fp(@)drand fs(c) = fs(Pnem)+ [ _ fs(x) dx, we have

Pn Pn—

c

fovam)+ [ fole)de = fs(nm) = [ Fila)de

Pn—m n—m

[ - s

n—m

< / Fole) — ()| de

n—m

[fp(c) = fs(o)| =

(fP(pnfm) = fS(pnfm))

C
g/ (F—&-%)dm

= (e~ Paom)( +T)

(% +T) - dist(c, Pas). (Definition of Pyy)

Moreover, since |Pr| = m, at least n — 2m inliers w.r.t. ¢ are on the left of p,,_,,,. These points
satisfy that dist(p, ¢) > dist(p,—_m, ¢), which implies that cost™) (P, ¢) > (n—2m)-dist(pn_m, ¢).
Then we have

en

|fP(C) - fS(c)| < (C *pn—m)(g + F)
§ (?)E?n)(c*pn—m) (Lemma DQ
<e(n—=2m)(c— pn—m) (n > 4m)

< e-cost™(P,c).

This completes the proof. O

D.6 Proof of the lower bound in Theorem [1.2]

Next we show that for n > 4m, the size lower bound of e-coreset for robust 1D geometric median

is Q(E*% + %5’1). This lower bound matches the upper bound in the above discussion, which
completes the proof of Theorem|[I.2] In the following discussion, we assume that the size of dataset
P is sufficiently large such that en > 1, which holds in nearly all practical scenarios.

Proof of Theorem@( lower bound). For vanilla 1D geometric median, [26] shows that the size
lower bound of e-coreset is Q(s*%), which is obviously also the coreset size lower bound for
robust 1D geometric median. Thus, it remains to show the coreset size is Q(%sfl) when 7% > ez,

We first construct the dataset P of size n. Let ¢ = | 5= |. The dataset P is a union of 14-¢ disjoint sets
{To,T1,...,Tq}. Foreachi € {1,...,q}, T; contains [ 7] points, and every point p € T; satisfies
p =m', where a = 2 +1log,, (¢72). T contains n — q|*y | points where each point p € T satisfies

p = 0. Correspondingly, define ¢ disjoint intervals {I1,...,I,}, where I; = [m{i=Da+l mpiatl]
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Suppose S is a e-coreset of P with size |S| < ¢. Then by the pigeonhole principle, there exists an
interval I; (j € [1, q]) such that S does not include any points located in I;. This implies that for any

point p € S, we have p < mU~—De+1 or p > mio+! Fix the center ¢ = m7?, then we have

cost™ (S, ¢) > (n — m) - min dist(p, c)
peS

> (n—m) - (mi® — mU-Da1) (5L =0)
> [(1—m*™*)n — mjmi®

> [(1—€*)n —m]m’® (@ =2+log,, (7))
>[(1—¢e—2e%n+en —mimi®

> (14¢)[(1 = 2¢)n — (m — 1)]m?°. (e > %)

Since n > 4m, we have [To| =n —q - L%j > n — m. Consider the points in T; and 7; as inliers,
we have

cost™ (P, c) < cost(Tj, ¢) + (n — m — |T;|)m?®
=n—-—m-— L%J)mm (Definition of T)

< (n—m—@—&—l)mj”‘
q
< [(1 —2e)n — (m —1)|m?™. (Definition of ¢)

It follows that cost™) (S, ¢) > (1 + ¢)cost™ (P, ¢), thus S is not a e-coreset of P, which leads
to a contradiction. This implies that any e-coreset of P contains Q(%a’l) points when * > ez,
Considering the discussion above, the lower bound of the coreset size is Q(E*% + %5’1).

O

Note that the dataset P we construct is a multiset, which is slightly different from the definition.
However, this does not affect the proof, because we can move each point by a sufficiently small and
distinct distance, making the cost value almost unchanged.

When en < 1, we can show that the coreset size is Q(s_% + m) by the above discussion. Moreover,
consider a trivial method that applies algorithm .A on P, and keeps all points not in Pyy. It’s easy to
prove that this method constructs an e-coreset of the original dataset under the assumption. In this

case, the coreset size is ON(e‘% -+ m), which matches the above lower bound.

E Proofs of Theorem [1.3|(d > 1) and extension to metric spaces

In this section, we list out the missing proof in Section [3|and show how to extend Theorem [I.3]to
various metric spaces.

E.1 Proof of Lemma[3.2} induced error of Sp

Below we briefly introduce the proof idea. We first observe that the induced error of S¢ is primarily
caused by points that act as inliers in P but outliers in S, or vice versa, as shown in Lemmas @]

and The error from a single point is bounded by O(LM) (see Lemma . The next
task 1s ensuring that there are O(em) such points in Sp, which 1s guaranteed when So provides an
e-approximation for the ball range space on L* (Lemma . To achieve this, we sample O(d/?)
points for So (Lemma[E.2).

Fix a center ¢ € R?. Let L(¢) := argminzc p. 1| cost(P — L, ¢) be the set of outliers of P w.r..

cand mp := |L* N L(°)| represent the number of these outliers contained in L*. For Sp U Pf,
we first define a family of weight functions W := {wg : So U P} — R | ws(p) < w(p),Vp €
So; ws(p) < 1,Vp € Pf; ||ws|li1 = n—m}. Intuitively, VW represents the collection of all possible
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weight functions for n — m inliers of the weighted dataset Sp U Pj. Define a weight function w’ as

follows:
/

= i - dist
w':=arg min D> ws(p) - dist(p, ),

i.e., (So U Py, w') represents the n — m inliers of So U Pj with respect to center ¢. Let mg :=
> pes, (w(p) — w'(p)) denote the number of outliers of So U Pr w.r.t. ¢ that are contained in So.

For preparation, we introduce the concept of ball range space, which facilitates a precise analysis of
point distributions in P and S.

Definition E.1 (Approximation of ball range space, Definition F.2 in [39]). For a given dataset
P C RY, the ball range space on P is (P,P) where P := {P N Ball(c,u) | ¢ € R u > 0} and
Ball(c,u) := {p € R? | dist(p,c) < u}. A subset Y C P is called an e-approximation of the ball
range space (P,P) if for every c,u € RY,

| [P NBall(c,u)| [V NBall(c,u)| |
P Y -

Based on this definition, we have the following preparation lemma that measures the performance of
So; which is refined from [39]].

Lemma E.2 (Refmed from Lemma F.3 of [39])). Given dataset Po C R%. Let So be a uniform
sampling of size O(g%)from Po, then with probability at least 1 — m, So is an e-approximation
of the ball range space on Po. Define a weight function w: w(p) = %, for any p € So. Then for
any ¢ € R% y € R,

[|Po NBall(c,u)| — w(So NBall(c,u))| < ¢|Po|.

By the iterative method introduced by [48]}, the factor O(d) of coreset size can be replaced by 6(5_2).
Therefore, Sp is an e-approximation of the ball range space on L*.

Then we are ready to prove Lemma([3.2] We first analyze where the induced error comes from.

Recall that we fix a center c in this section. Let Tp := min,er~ dist(p, ¢) denote the minimum
distance from points in L* to ¢. Let T} := maxye p; dist(p, ¢) denote the maximum distance from
points in P; to c. We have the following Lemma.

Lemma E.3 (Comparing Tp and T;). When mp = m, |cost™ (P, c) — cost™ (So U Py, ¢)| = 0
holds. When mp < m, To < Tt holds.

Proof. If mp = m, for any point p € L*, we have dist(p, c) > max,e pr dist(p, ¢). Since Sp is
sampled from L*, we know that for any point p € So, dist(p, ¢) > max,e Py dist(p, ¢). Therefore,
we have mp = mg = m and then cost™) (P, c) = cost(Pf, c) = cost™(Sp U Pf, c).

If mp < m, then there exists a point p € P} such that dist(p, ¢) > To. By definition, we also know
that dist(p, ¢) < T;. Therefore, combining these two conditions, we have Tp < T7. O

It remains to analyze the case that mp < m. In this setting, we present the following lemma, which
provides an upper bound on the estimation error |cost (™) ( P, ¢) —cost(™ (So U PF, c)|. Before stating
the lemma, we introduce a notation that will also be used in subsequent lemmas. We sort all distances
dist(p, c) for each point p € Py in descending order, w.1.0.g. say dist(p1,c) > ... > dist(p|ps|, ).
Here, we can safely assume all distances dist(p, ¢) are distinct, given that adding small values to the
distances has only a subtle impact on the cost. Let d; := dist(p;, ¢) for i € [m]. Then dy,...,d,,
represent the distances from the m furthest points in P} to the center c. Now, we are ready to provide
the following lemmas.

Lemma E.4 (An upper bound of the induced error of Sp). When mp < m, suppose ||Po N
Ball(c,u)| — w(So N Ball(c,u))| < A for any u > 0, the following holds: |cost™ (P, ¢) —
cost™(So U PF,c)| <2 (A+ |mp —ms]|) - (Tr — To).
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Proof. By Fact F.1 in [39], we have
cost(™P)(L* ¢) = /Oo(m —mp — |L* N Ball(c,u)|) " du (24)
and :o
cost(™s) (S, ¢) = / (m —mg —w(So NBall(c,u))) du (25)
where (a)™ = max {a,0}. ’

Let T := max,c . dist(p, c) and Ts := max,cg,.w(p)>0 dist(p, ¢). Then we know that
To < T,Ts < Tr. By definition, for any distance u > T', we have |L* N Ball(c,u)| > m — mp.
Then we can transform the Inequality (24) to

T
cost ™) (L%, ¢) = / (m —mp — |L* N Ball(c, u)|)du. (26)
0

Similarly, for any distance u > T, we have w(So N Ball(c,u)) > m — mg. We can transform the
Inequality (23] to

Ts
cost ™) (S, ¢) = / (m —mg — w(So N Ball(c, u)))du. (27)
0

Based on the notation of dy, ..., d,,, we know that each point p € Pj satisfying dist(p,c) <
dm—mp+1 is an inlier of Py U L*, and each point ¢ € P; with weight w’(¢) > 0 satisfying
dist(q, c) < dpy—|mg] is an inlier of Sp U Pf. Let mY; := |mgs]. Let | := [mp — mg| denote the
difference in the number of outliers. If mp > mg, we have

Uodm—my, < cost“"_mp)(PI*, c) — cost(m_mS)(PI*, c) (28)
and
cost M) (PF ¢) — cost M) (PF e) <1 dp—mpi1- (29)
If mp < mg, we have
L dyymp < cost ™) (PF, ) — cost™~™F) (PF ¢) (30)
and
cost(M=mS)(PF ) — costMT™P)(PF ) < - - 31)

If mp = mg, we have
cost ™M) (PF ¢) — cost ™™ (PF, ¢) = 0. (32)
By definition, we know that
A < dpm—1 <...<dy <T7. (33)
When mg # m, we know the point p € Py that has distance dist(p, ¢) = dp,—p, is an outlier on
P} U So. Then there exists a point ¢ € So such that dist(g, ¢) < dist(p, ¢). Then we have

dm—my = To. (34)

Similarly, the point p € P; with distance dist(p, ¢) = d,,—m, is an outlier on P, thus there exists a
point ¢ € L* such that dist(g, ¢) < dist(p, ¢). Then we have

dm—mp Z TO- (35)
By Lemma [E.3| it suffices to discuss the following three cases based on the values of mp and mg.
Casel: mg =m

Recall that ] = mg — mp, we have

T
cost ™) (L* ¢) = / (m —mp — |L* N Ball(c, u)|)du (Inequality (26))
0
T
= / (I — |L* N Ball(c, u)|)du (l=mg—mp)
0
T
= [-T- / |L* N Ball(c, u)|du (Vp € L*, dist(p,c) > To).
To
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Since mg = m and mp < mg, each point p € L* — L(°) satisfies dist(p, ¢) < mingeg,, dist(q, c).
For each Tp < u < T, we have w(So N Ball(c,u)) = 0. Since |L* N Ball(c,u)| — w(So N
Ball(c,u)) < A, we know |L* N Ball(c,u)| < AforTp < u < T and

1-T— (T —Tp)-A < cost™P)(L* ¢)<1-T.

Since cost(™s)(Sp, ¢) = 0, we have

costMP)(L* ¢) — cost™s) (Sp,c) <1-T (36)
and
cost ™) (8o, ¢) — costMP) (L*,¢) < (T —Tp) - A—1-T. (37)
Adding Inequality (30) and Inequality (36), we have
cost™ (P, ¢) — cost™ (So U Py,e) < 1-Tr —1-To (T < Ty and Inequality (33))
< |mp—mg|- (T —To) (Lemmal[E.]).

Adding Inequality (31)) into Inequality (37), we have
cost™ (Sp U PF,¢) —cost™ (Pe) < (T —To) - A+1-(dy —T)
< (Tr—To) - A+1-(Tr —To)

(To < T < T and Inequality (33))
< (Jmp —mg|+A) - (T7 — To).
Then we complete the proof of Case 2.
Case2: mg ##mp <m
Without loss of generality, we assume that mp > mg and 7' > T%s.

Firstly, we prove that cost(™?) (P, ¢) — cost(™s)(Sp U Py, ¢) < 2(A + |mp — ms]|) - (T1 — To).
We have

cost ™) (L*, ¢) — cost ™) (S, ¢)
T
= (m —mp —|L* NBall(c, u)|)du
0

Ts
(m —mg —w(So N Ball(c,u)))du (Inequalities (26) and (27))
0
Ts
= (mg —mp + w(So NBall(c,u)) — |L* N Ball(c,u)|)du
0
T
+ (m —mp — |L* N Ball(c, u)|)du (T >Ts)
Ts

Ts
w(So N Ball(e,u)) — |L* N Ball(c,u)|)du — 1 - Tg

»q\

+ (m —mp — |L* NBall(c, u)|)du
Ts
T
< A (Ts—Tp)—1-Ts +/ (m —mp — |L* N Ball(c, u)|)du.
Ts

For Ts < u < T, we have |L* N Ball(c,u)| > m — A, thus

cost ™) (L*, ¢)—cost(™s) (8o, ¢)

T
< A-(TS—T0)+/ (A —mp)du—1-Ts
Ts
< A (Ts—To)+A-(T—-Ts)—1-Ts
< 2-A- (TI—To)—l TS (TogngT[andTST[).
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Adding Inequality (29) and the above inequality, we obtain

cost ™) (P, ¢)—cost™ (Sp U Py, ¢)
< 2-A-(Tr—To)+!1-(dm-mpt1 —Ts)
< 2-A-(Tr—-To)+!-(Tr —To) (Inequality (33))
< (2-A+|mp—mgl|)- (Tr —To).

Secondly, we prove that cost(™s) (S U Py, ¢) — cost™F) (P, c) < (A + |mp — msl|) - (T1 — To).
By Inequality (26) and Inequality (27), we have

cost ™) (S, ¢) — cost™P) (L*, ¢)
Ts
(m —mg —w(So NBall(c,u)))du

S—

T
(m —mp — |L* NBall(c, u)|)du
0
Ts
= (mp —mg + |L* N Ball(c,u)| — w(So N Ball(e, w)))du
0

T
(m —mp — |L* NBall(c, u)|)du (Ts <T)
Ts
S
< (mp —mg + |L* NBall(c,u)| — w(So NBall(c,u)))du
0
< / (IL* nBall(e, u)| — w(So N Ball(e,u)))du +1-Tg
< (Ts —To)+1-Ts.

Adding Inequality (IZS'I) and the above inequality, we have
cost™ (S U Py, ¢) — cost™ (P, ¢)
A-(Ts =To) +1-(Ts — dyp,)
A-(Tr —To)+1- (T —To) (Inequality (34) and T's < T7)
(A+ |mp —mg|) - (T — To).

INIAIA

In summary, we have
lcost™ (P, ¢) — cost™ (So U P, c)| < 2- (A + |mp —ms]|) - (Tr — To).

Similarly, we can get the same conclusion when 7' < T's. Moreover, for the case that mp < mg,
with the help of Inequalities (30)BT)B3)(33). the conclusion still holds.

Case3: mp =mg #m
By Inequality (32), we have
lcost ™ (So U PF, ¢) — cost™ (P, ¢)| = |cost(™5)(Sp, ¢) — cost ™) (L*, ¢)|.
By a similar argument as in Case 2, we have
lcost ™) (Sp U PF, ¢) — cost ™) (P,¢)| < 2- (A + |mp —mg]|) - (Tr — To).
Overall, we complete the proof of Lemma@
O

The Lemma [E4]tells us that at most 2(A + |mp — mg|) points contribute to the error, with each
point inducing at most 77 — T error. We now analyze the magnitude of 77 — Tp.

Lemma E.5 (Bounding induced error of each point). T; — T < O(cost™) (P, c)/m)
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Proof. Let rmax 1= maxpe py dist(p, ¢*) denote the maximum distance from Pj to ¢*. Let dyax :=
dist(c, ¢*) denote the distance between the approximate center ¢* and the center c¢. Let 7 :=
ostP7.e7) denote the average distance from P} toc*.

n—m

Utilizing the triangle inequality, for any point p € L*, we can assert that dist(p, ¢) > dist(p, ¢*) —
dist(c, ¢*) > rmax — dmax, thus To > Tmax — dmax. Similarly, for any point p € P}, we have
dist(p, c) < dist(p,c*) + dist(c,¢*) = rmax + dmax,> thus Tr < 7max + dmax. Consequently,
depending on whether r,, is greater than or less than d, .y, we derive different expressions for
Tr —To: If rmax = dmax, then Tt — To < 2 - diax; if "max < dmax, given that Tp > 0, it follows
that 71 —To < Tmax +@max < 2-dmax- Therefore, we turn to prove 2-m - dp . < O(cost("”) (P, c)).
We discuss the relationship between d,,,,x and 7 in two cases.

Case 1: dax < 47 By definition of 7, we have

4. cost™(P¢*) = 4-(n—m)F
(n - m)dmax

>
> 2-m-dpax (n >4m).

since ¢* is an O(1)-approximate solution for robust geometric median, we have

O(cost™ (P, ¢)) > 2-m - dpax

Case 2: dyay > 47 Let P = {p € Py |dist(p, ¢*) < 27}. By definition, we have |P| > 1P| =
5. Since dyax > 47, we obtain

8-cost™(P,¢) > 8- ((n—m)/2—m)mindist(p,c)

peEP
> 4-m - mindist(p,c) (n>4m)
peP
> 4-m-min(dpax — dist(p, c*)) (Triangle Inequality)
peEP
Z 4-m- (dmax - 2F)
> 2-m-dpax.
Overall, we have T; — To < O(cost™ (P, ¢)/m), which completes the proof. O

Combining Lemmasand E.5| we obtain the bound: |cost(™) (P, c) — cost™ (Sp U P, c)| <
O(1) - (A + jmp — ms|) - LB Ty prove [cost ™ (P, ¢) — cost™ (So U Pr,c)| < O(e) -

cost™) (P, ¢), it remains to ensure that A = O(em) and |mp — mg| = O(em). We show that both

conditions hold when So is an e-approximation for the ball range space on L*.

Lemma E.6 (Bounding misaligned outlier count). Suppose S is an e-approximation for the ball
range space on L*, we have i[mp — mg| < 2-¢-m.

Before proving this lemma, we first analyze the properties of w’. Given a point p € So U P}, we say
p is of partial weight w.r.t. cif 0 < w'(p) < w(p) when p € Sp and 0 < w’(p) < 1 when p € Pf.
Intuitively, such a point is partially an inlier and partially an outlier of Sp U Py to c. The following
claim indicates that the number of partial-weight points is at most one for any c.

Claim 1 (Properties of partial-weight points). For every center ¢ C R?, there exists at most one
point v € Sp U Py of partial weight w.r.t. ¢. Moreover, for any other point p € Sp U P; with
w'(p) = w(p), we have dist(p, ¢) < dist(v, ¢).

Proof. By contradiction, we assume that there exist two points v, v’ € So U P} of partial weight
w.rt. ¢. W.lo.g., suppose dist(v,c) < dist(v’,¢). We note that transferring weight from v to
v’ increases w’(v) by any constant § > 0 and decreases w’(v’) by J does not increase the term
cost(™) (S U Py, ¢). Then by selecting a suitable ¢, we can make either v or v’ no longer of partial
weight. Hence, there exists at most one point v € Sp U P of partial weight w.r.t. c.
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For any other point p € So U Py with w’(p) = w(p), suppose dist(v, ¢) < dist(p, ). In this case,
increasing w’(v) by a small amount § > 0 and decreasing w’(p) by § decreases cost(™ (So U Pf, c).
This contradicts the definition of w’, which completes the proof. O

Recall that dy, . . ., d,, represent the distances from the m furthest points in P} to the center c. Now
we are ready to prove Lemma[E.6]

Proof of Lemma[EZ6] We only need to consider the case of mp > mg and mp < mg. Without
loss of generality, we assume that mp > mg. Let l; := m — mp + 1. Based on the definition of
dy, ..., dm, each inlier point p satisfies dist(p, ¢) < d;, —1. There are m — mp inlier points in L*, so
we have:

|L* N Ball(e,dj, )| < m —mp. (38)
Letly :=m — |mg| + 1. Since mp > mg, we have mp > |mg| + 1, then we get the inequality
lo—1>1. (39)
Moreover, we claim that
m —w(So NBall(c,dj,—1)) < |mg] + 1. (40)

By Claim ([T} at most one point v € So U P} of partial weight w.r.t. ¢ exists. If v € P}, we have
dist(v, c) = dy,. Any point v" € Py with dist(v’, ¢) > dj,_1 is an outlier of Sp U P}. Then there
are m — |mg| — 1 points in P; that have distance to C' at least d;,_1. By contradiction, we assume
that m — w(So N Balls(c,dj,—1)) > |mg] + 1. Then there are no less than m points in P that have
a distance to ¢ greater than dj,_1, which contradicts the fact that v’ is an outlier of Sp U Pj. Hence,
Inequality (@0) holds. For the case that v € Sp or there is no point of partial weight w.r.t. ¢, the
argument is similar.

Since mp > mg, we have w(So N Ball(c,d;,)) > m — mp. Combining with Inequality (38), we
conclude that
|IL* N Ball(e,d,)| < m—mp

< w(So NBall(c,dy,)). @1
Moreover,
w(So NBall(e,dy,)) > w(So NBall(c,di,—1)) 42)
> m—|mg]—1
Then, we have
[|[L* N Ball(c, dy, )| — w(So N Ball(c, dy, )|
=  w(So NBall(c,dy,)) — |L* N Ball(e,dy, )| (Inequality (#1)))
mp — |mg| — 1 (Inequality (38) and #2))

>
Z mpfmsf]..

Since Sp is an e-approximation for the ball range space on L*, by Lemma|E.2] we have
[|L* N Ball(c, d, )| — w(So N Ball(e,dy,))| < e-m.
Combining the above two inequalities, we have
lmp —mg|<e-m+1<2-g-m.

Similarly, we can get the same conclusion when mp < mg, which completes the proof of Lemma
[E. O

Now we are ready to prove Lemma[3.2]

Proof of Lemma[3.2] Based on Lemmas[E3]and [E.4] we have
|cost ™) (P, ¢)—cost ™) (PF U So, ¢)|
< 2-(A+|mp—mg|)- (T7 = To)

< O@1) - (A+|mp —msl|) - cost™ (P, ¢)/m (LemmalE.5)

< 0(1) - (em+ |mp —mg)|) - cost™ (P, c)/m (Lemma [E-8)

< O(e) - cost™ (P, ¢), (LemmalE.2))
which completes the proof. O
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E.2 Extension to other metric spaces

In this section, we explore the extension of Algorithm[2] designed for the robust geometric median
in Euclidean space, to the metric spaces by leveraging the notions of VC dimension and doubling
dimension since the VC dimension is known for various metric spaces [8} 9, [18 40].

Let (X, dist) denote the metric space, where X is the set under consideration, and dist : X x X —
R> is a function that measures the distance between points in &', satisfying the triangle inequality.
Specifically, in the Euclidean metric, X represents Euclidean space R? and dist is the Euclidean
distance.

Similar to the analysis for robust geometric median on Euclidean space, we discuss the induced
error of Sy and Sp separately. We first introduce how to bound the error induced by Sp. Since the
dist function satisfies the triangle inequality, our Lemmas hold, ensuring that each point
in So induces at most O(cost" (P, ¢)/m) error. To ensure the number of points in Sp inducing
error is O(em), it suffices for Sp to be an e-approximation for the ball range space on L* (as shown
in Lemma @ Next, we illustrate how this condition can be satisfied using the notions: 1) VC
dimension; 2) doubling dimension.

VC dimension. We begin by introducing the concept of the VC dimension of the ball range space,
which serves as a measure of the complexity of this ball range space.

Definition E.7 (VC dimension of ball range space). Let M = (X, dist) be the metric space and
define Balls(X) := {Ball(c,u) | ¢ € X,u > 0} as the collection of balls in the space. The VC
dimension of the ball range space (X', Balls(X')), denoted by dy ¢ (X), is the maximum |P|, P C X
such that | P N Balls(X)| = 2/71, where PN Balls(X) := { PN Ball(c, u) | Ball(c,u) € Balls(X)}.

The VC dimension of (X, Balls(X')) aligns to the pseudo-dimension of (X, Balls(X)) used by [45]].
Based on this observation, we give out a refined lemma from [45]].

Lemma E.8 (Refined from [43]). Ler M = (X,dist) be the metric space with VC dimension

dyc(X). Given dataset Po C X, assume So is a uniform sample of size O(ngz‘(x)) from Pp, then
with probability 1 — 1/poly(1/e), So is an e-approximation of the ball range space on Pp.

The Lemma used earlier for the Euclidean space case, is a direct corollary, since in Euclidean
space R?, we have dy ¢ (X) = O(d). This lemma illustrates the number of samples required from
L*.

Doubling dimension. Another notion to measure the complexity of the ball range space is the
doubling dimension.

Definition E.9 (Doubling dimension [31,[3]). The doubling dimension ddim(X’) of a metric space
(X, dist) is the least integer ¢ such that for any Ball(c, u) with ¢ € X, u > 0, it can be covered by 2¢
balls of radius u/2.

We denote the metric space with bounded doubling dimension as doubling metric. Based on [38]], it
is known that the VC dimension of a doubling metric (X', dist) may not be bounded. Therefore, the
previous Lemma[E.§| does not apply for an effective bound. We want to directly relate the ball range
space bound to the doubling dimension. This goal can be achieved by the following refined lemma.
Lemma E.10 (Ball range space approximation in doubling metrics [38]]). Ler M = (X, dist) be the
metric space with doubling dimension ddim(X). Given Po C X, assume So is a uniform sample of
size O(ddim(X)e~2) from Po, then with probability 1 — 1/poly(1/¢), So is an e-approximation of
the ball range space on Po.

Proof. Suppose the distorted distance function dist’ : X x X — R satisfies: for any z,y € X,
we have (1 — ¢)dist(z,y) < dist’(z,y) < (1 + €)dist(z, y). By Lemma 3.1 of [38]], we know that
with probability 1 — poly(1/¢), So is an e-ball range space approximation of Po w.r.t. dist’, when
So = O(ddim(X)e~2). By setting of dist’, we know So is an O(e)-ball range space approximation
of Pp w.r.t. dist, which completes the proof. O

This lemma illustrates the number of points needed to be sampled in order to bound the induced error
of So when the metric space is a doubling metric.
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The remaining problem is to bound the induced error of S;. We give out a generalized version of
Theorem [3.1] as below.

Theorem E.11 (Refined from Corollary 5.4 in [40]). Let M = (X, dist) be the metric space. There
exists a randomized algorithm that in O(n) time constructs a weighted subset S; C P} of size:

« O(dyce(X) - &%), wrt. the VC dimension dyc(X),
« O(ddim(X) - e=2), w.rt. the doubling dimension ddim(X),

such that for every dataset Py of size m, every integer 0 < t < m and every center ¢ € R,
lcost ™ (Po U P, c) — cost) (Po U Sy, ¢)| < e - cost® (Po U Pf,c) + 2¢ - cost( Py, c*).

By combining the discussions of the errors induced by Sp and S;, we present the main theorem
for constructing a coreset for the robust geometric median across various metric spaces. We study
the shortest-path metric (X, dist), where X is the vertex set of a graph G = (V, E), and dist(-, -)
measures the shortest distance between two points in the graph. The treewidth of a graph measures
how “tree-like” the graph is; see Definition 2.1 of [4] for formal definition. A graph excluding a fixed
minor is one that does not contain a particular substructure, known as the minor.

Theorem E.12 (Coreset size for robust geometric median in various metric spaces). Let e € (0, 1).
For a metric space M = (X,dist) and a dataset X C X of sizen > 4m, let S = So U Sy be a
sampled set of size

O(log(|X|) - %) if M is general metric space.
« O(ddim(X) - e=2) if M is a doubling metric with doubling dimension ddim(X).
t-e~4) if M is a shortest-path metric of a graph with bounded treewidth t.

« O(|H|-&~%) if M is a shortest-path metric of a graph that excludes a fixed minor H.
Then S is an e-coreset for robust geometric median on X.

This theorem illustrates the coreset size with respect to different metric spaces, improving upon
previous results for robust coresets by eliminating the O(m) dependency.

Proof of Theorem[E 12} 1If M = (X 1st) is a general metric space, then dyc (X ) = O(log | X]).
Thus, we have |So| = O(log(|X]) - € ~2) by Lemmaand |S1] = O(log(|X|) - %) by Theorem
- leading to a coreset of size O(log(|X|) - e~4).

If M = (X, dist) is a doubling metric space, then by definition, ddim(X') is bounded. Thus we
have |So| = O(ddim(X) - e2) by LemmaE.10]and S| = O(ddim(X) - £~2) by Theorem|[E.11]
leading to a coreset of size O(ddim(X) - 72).

If M = (X, dist) is a shortest-path metric of a graph with bounded treewidth ¢, we have dy ¢ (X') =

O( i by [8]. Thus, we have |So| = O(t - £72) by Lemmaand |S7| = O(t - e*) by Theorem

1} leading to a coreset of size O(t - e~ )

If M = (X,dist) is a shortest-path metric of a graph that excludes a fixed minor H, we have
dyc(X) = O(|H|) by [8]. Thus we have |[So| = O(|H| _2) by Lemmaand |Sr] =
O(|H|-e7%) by Theorem 1} leading to a coreset of size O(|H| - e ).

O

F Proof of Theorem robust (k, z)-clustering

In this section, we provide a coreset construction for robust (&, z)-clustering when d > 1. We first
extend the definition of the robust geometric median and its coreset to the robust (k, z)-clustering
and its corresponding coreset.
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Definition F.1 (Robust (k, z)-clustering). Given a dataset P C R? of size n > 1 and an integer
m > 0, the robust (k, z)-clustering problem is to find a center set C C RY, |C| = k that minimizes
the objective function below:
t™ (P, C) = i dist(p, C))*
cost{(P,0) = min > (dist(p,0))",
peEP\L

where L represents the set of m outliers w.r.t. C and dist(p, C') = min.cc dist(p, ¢) denotes the
Euclidean distance from p to the closest center among C'.

Before we define the coreset for robust (k, z)-clustering, we introduce the generalized cost function
in the context of the robust (k, z)-clustering.

Definition F.2 (Generalized cost function for robust (k, z)-clustering). Let m be an integer. Let
S C R? be a weighted dataset with weights w(p) for each point p € S. Let w(S) := > pes w(p).
Define a collection of weight functions W := {w’ : § — R* | 37 _sw'(p) = w(S) —mAVp €
S,w'(p) < w(p)}. Moreover, we define the following cost function on S:
VC CRYL|C| =k  cost!™(S,C) := mi '(p) - (dist(p, C))*.
CRYIC| =k cost{™(S,C) wmelrvlvze;w(p) (dist(p, )
P

With this definition of the generalized cost function, we now define the notion of a coreset for robust
(k, z)-clustering.

Definition F.3 (Coreset for robust (k, z)-clustering). Given a point set P C R of size n > 1, integer
m > land e € (0, 1), we say a weighted subset S C P together with a weight function w : S — R™
is an e-coreset of P for robust (k, z)-clustering if w(S) = n and for any center set C' C R%, |C| = F,

cost(zm)(S, C)e(l+e)- cost(zm)(P, Q).
Finally, we extend the concepts of inliers, outliers, and the ball range space.

Inliers and outliers. Throughout this section, we denote the approximate center set for robust (k, z)-
clustering by C* = {c%,...,c;} C R%, which is an O(1)-approximation of the optimal solution. We
then define the inliers and outliers with respect to this approximation center set.

Let L* := argmingcp,|r|=m cost. (P — L,C*) denote the set of m outliers with respect to C*,
and define P} := P\ L* as the corresponding inlier set. The inlier set P} is naturally partitioned
by C* into k clusters { P, ..., P;}, where each cluster P} contains the points in P} closest to its

corresponding center c;. Additionally, define 7,ax := max,e pr dist(p, C*) which represents the

. . L . - - (P}.C*
maximum distance from the points in Py to this center set C*. Let 7 := % denote the

average distance from Pj to C*. Under these notations, the second condition of Assumptioncan
be rewritten as (rmax)? < 4k (7).
Ball range space. We introduce the concept of the k-balls range space, which is a direct extension of
the ball range space defined in Definition[E.1]
Definition F.4 (Approximation of k-balls range space, Definition F.2 in [39]). Let Balls(C,u) :=
UeecBall(c,u). For a given dataset P C RY, the k-balls range space on P is (P,P) where
P = {PNBalls(C,u) | C C R, |C| = k,u € R*}. Asubset Y C P is called an e-approximation
of the k-balls range space (P, P) if for every C' C R%, |C| = k, u € R,

| |P N Balls(C,u)| |Y NBalls(C,u)|

1P| Y

| <e.

Based on this definition, we have the following lemma that measures the performance of S for
robust (k, z)-clustering.

Lemma F.5 (Refined from Lemma E.3 of [39]). Given dataset Po C R%. Let So be a uniform
sampling of size O(%) from Pp, then with probability at least 1 — W So is an e-approximation

of the k-balls range space on Po. Define a weight function w: w(p) = %, forany p € So. Then
forany C C R4, |C| =k, u € RY,
[|Po NBalls(C, u)| — w(So NBalls(C, u))| < e|Pol.

Then we are ready to give out our main result.
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F.1 Result for robust (k, z)-clustering

We first recall the following theorem.

Theorem F.6 (Restatement of Corollary 5.4 in [40]). There exists a randomized algorithm Ayq that
in O(nkd) time constructs a weighted subset S; C P} of size O(k?c~2% min {e72,d})), such that
for every dataset Po of size m, every integer 0 < t < m and every center set C C R%, |C| = k,
|cost,(zt)(Po UPF,C)— cost,(zt)(Po usSrC)|<e- costg)(Po U Py, C) + 2¢ - cost, (Pf,C™).

This theorem is a generalization of Theorem [3.1] describing the number of points that need to be
sampled from Py for robust (k, z)-clustering.

To adapt Algorithm [2] for Theorem [[.5] we only need to adjust the size of So to
O(ke™2#*min {72, d}) in Line 2 and modify the algorithm A, to Ay in Line 3 (see Algorithm .
Consequently, the runtime remains dominated by Line 1 and Line 3, resulting in an overall complexity
of O(ndk) according to Theorem [F.6]

Algorithm 3 Coreset Construction for General d and General k

Input: A dataset P C R%, ¢ € (0,1) and an O(1)-approximate center set C* C R¢
Output: An e-coreset S

L* « argmingcp||=m cost. (P — L,C*), Pf <~ P — L*

Uniformly sample So C L* of size O(ke~2* min {e~2,d}). Set ¥p € So, wo(p) +
Construct (S7,wr) < Apa(Pf) by Theorem [F.6]

For any p € Sp, define w(p) = wo(p) and for any p € Sy, define w(p) = wy(p).
Return S <+ Sp U St and w;

_m_
[Sol*

A

Similar to the robust geometric median, we present the key lemma used to prove Theorem [I.5]below.

Lemma F.7 (Induced error of Sp). For any center set C C RY, |C| = k, we have \costgm)(P7 C)—

cost,(zm)(So UPF,C) <O(e) - cost(zm)(P, C).

Theorem [I.3|follows as a corollary of Theorem [F.6|and this lemma, with a proof similar to that of
Theorem L3

Remark F.8. The second condition in Assumption can be replaced with dist(cf,c)* >

mers % % . - . . . .
T ()R for any cj, c; € C*, i # j. Under this modified assumption, Theorem [1.5| be-
comes a direct generalization of Theorem|1.3| as the second condition vanishes when & = 1. This
modification ensures that clusters are sufficiently well-separated, which explains why our algorithm

performs well on the Bank dataset when k& = 3, as this modified assumption is satisfied in this case.

Below we illustrate why this assumption also works. If points in each cluster are mostly assigned to dis-
tinct centers, then cost™ (P,C) =~ cost!™ (P, C*), making the error |cost(zm) (P,C) —cost{™ (Pr
So, C)| easy to bound. Alternatively, if two clusters each have at least half of their points assigned to

the same center, then by the modified assumption, cost™ (P,C) > mrZ

2 ax> Which is large enough
to bound the error induced by So.

F.2 Proof of Lemma[F.7: Induced error of So

In this section, we fix a center set C C R? of size k and define Tp := minye .« (dist(p, €))%,
Tt := maxye ps (dist(p, C))*. We observe that Lemmas and [E.4| can be directly extended to
robust (k, z)-clustering. Therefore, the induced error of each point is at most 7j — Tp. Next, we
show that T) — Tp < O(costgm) (P, c)/m), supported by a detailed discussion of the sizes of 17
and Tp (see Lemma|[F9). The remaining task is to ensure that the number of points that may induce
error is O(em). The result of Lemma [E.6|can be extended to robust (k, z)-clustering when So is an

e-approximation of the k-balls range space on L*. By Lemma we sample O (ke~2* min{e 2, d})
points from L* to ensure the approximation.

We then demonstrate how to prove that 77 — Tp < O(cost,(zm) (P,c)/m).
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Lemma F.9 (Bounds for T7 and Tp). When mp < m, we have T — Tp < O(costim) (P,c)/m)

Proof. Let dyax := max.+cc+ dist(c*, C') denote the maximum distance of points in C* to C. Let
dlas := max.ec dist(c, C*) denote the maximum distance of points in C to C*.

max

We first claim that 77 < (rmax + dmax)?. Let p be defined as max, e py dist(p, C). Denote c;; as the

closest approximate center to p, where ¢ := arg min.-¢c- dist(p, ¢*), and ¢, as the closest center

to c;, where ¢, := arg min e dist(c}, c). This setup allows us to establish an upper bound for 77:

dist(p, C) < dist(p, ¢p)

< dist(p, cpy) + dist(cp, cp) (Triangle Inequality)
S rmax Jr dmaX7

thus, TI S (rmax + dmax)z~

Next, we discuss the relationship between C' and C* in two cases: 1) rmax < dmaxs 2) Tmax > @max-

Case 1: dyax > Tmax In this case, we have T — Tp < 27dZ . since Tp > 0. Therefore, it
suffices to prove 2°d7,. < O(costgm)(P7 C)/m). Suppose dist(c},C) = dmax. let (7;)* =
cost, (P, C*)/|PY|. Based on the scale of dy,,x, we discuss in two cases.

Case 1.1: d,.x < 87; By definition of 7;, we have

167 - cost™ (PF,C*) = 167 - |Pf| - (7)*
AR |Pi*| : drznax

2% -m-dZ . (Item 1 of Assumption[T-4).

IV 1V

Since C* is an O(1)-approximate solution for robust (k, z)-clustering, we have
2% (dmax)® < 167 - cost(™ (P, C*)/m < O(cost(™ (P, C)/m).

Case 1.2: d,,,. > 87;
Let P, := {p € P}|dist(p, C*) < 47;}. By definition, we have | P;| > 3|Py|. For any point p € p;,
suppose ¢, := arg min.c¢ dist(p, c), then we have
dist(p,c) > dist(c], ¢p) — dist(p, ¢f) (Triangle Inequality)
> dist(e}, C) — dist(p, )

= dyax — dist(p, ¢¥) (43)
> dpax — 47 (Definition of 131)
Since dpax > 87;, we obtain
3
8% - cost™(P,¢) > & - (5| PF| — m) min(dist(p, C))*
4 pEP;
3
> 8 (Z'Pi*| — m)(dmax — 473)* (Inequality @3))
3
> 4% . (Z|P1*| - m)drznax
> 2 m - dpax (Item 1 of Assumption[T.4)).

Overall, we have T; — T < O(cost™ (P,C)/m).
Case 2: dyax < Tmax Wehave T — Tp < 2% -rZ . since Tp > 0. By Item 2 of Assumption|1.4}

max

<n- -7 thus Tt — Tp < 2% - COStgm)(Pa c)/m.

Combine Case 1 and Case 2, we complete the proof.

we have m - rf
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F.3 Extension to other metric spaces

In this section, we explore the extension of Algorithm [3|for robust (k, z)-clustering in Euclidean
space, to various other metric spaces.

Similar to the analysis for robust geometric median, we discuss the induced error of S; and Sp
separately. For the error induced by So, Lemma [F9] still holds, so it suffices for S to be an
e-approximation of the k-balls range space.

VC dimension We begin by introducing the concept of the VC dimension of the k-balls range
space.

Definition F.10 (VC dimension of k-balls range space). Let (X, dist) be the metric space and
define Ballsy, (X)) := {Balls(C,u) | C C X,|C| = k,u > 0}. The VC dimension of the k-
balls range space (X, Ballsi (X)), denoted by dy ¢ (X), is the maximum |P|, P C X such that

|P N Ballsy, ()| = 271, where P N Ballsy (X) := {P N Balls(C,u) | Balls(C,u) € Balls;,(X)}.

The VC dimension of (X, Balls; (X)) aligns to the pseudo-dimension of (X', Balls; (X)) used by
[45]. Based on this observation, we give out a refined lemma from [45]].

Lemma F.11 (Refined from [45]]). Let (X, dist) be the metric space. Given dataset Po C X, assume

So is a uniform sample of size O(M)from Pp, then with probability 1 — 1/poly(k/e), So is
a e-approximation of the k-balls range space on Pp.

This lemma illustrates the number of points needed to be sampled from L*.

Doubling dimension Similar to the Lemma|E.T0} we give out the Lemma [F.12]that illustrates the
number of points needed to be sampled in order to bound the induced error of So .

Lemma F.12 (Balls range space approximation for the doubling dimension). Let M = (X, dist)
be the metric space with doubling dimension ddim(X). Given Po C X, assume So is a uniform

sample of size O(ddim(X) - 2% - k) from Po, then with probability 1 — 1/poly(k,1/¢), So is an
e-approximation of the k-balls range space on Pp.

The remaining problem is to bound the induced error of S;. We give out a generalized version of
Theorem [EIT]as below.

Theorem F.13 (Refined from Corollary 5.4 in [40])). Ler (X, dist) be the metric space. There exists
a randomized algorithm that in O(nk) time constructs a weighted subset S; C P} of size:

e O(k? - dyo(X) - e=272), wrt. VC dimension dy ¢ (X),
e O(k? - ddim(X) - £72%), w.rit. doubling dimension ddim(X),

, such that for every dataset Pp of size m, every integer 0 < t < m and every center set C C R,
st (PouPr, C)—costt? (PoUS;, C)| < e-cost) (PoUPF, C) +2¢-cost. (PF, C*).

By combining the discussions of the errors induced by So and Sy, we present the main theorem for
constructing a coreset for the robust (k, z)-clustering across various metric spaces.

Theorem F.14 (Coreset size for robust (k, z)-clustering in various metric spaces). Let e € (0, 1).
For a metric space M = (X, dist) and a dataset X C X satisfying Assumption let S = So US|
be a sampled set of size

O(k? -1og(|X|) - €72272) if M is general metric space.

k% - ddim(X) - e72%) if M is a doubling metric with doubling dimension ddim(X).

(@)

(@Y

O(
O(
(k2 t-e2%~ 2) if M is a shortest-path metric of a graph with bounded treewidth t.
(

k% - |H|-e~%*72) if M is a shortest-path metric of a graph that excludes a fixed minor

=

Then S is an e-coreset for robust (k, z)-clustering on X.
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Table 4: Datasets used in our experiments. For each dataset, we report its size, dimension (DIM),
number of outliers (7). The number of centers (k) is used in robust (k, z)-clustering. We also provide
the values of min; | P}| and (rmax/7)? for robust (k, z)-clustering. Our Assumption [1.4] requires
that min; |P}| > 4m and (rmax/7T)? < 4k. The value Y (resp. N) indicates these assumptions are
satisfied or not. Note that the Athlete dataset is sourced from Kaggle, while the other datasets are
from the UCI repository.

DATASET SIZE DIM. m k min; | Y| (=)

z=1 z=2 z=1 z2=2
TWITTER[L1]] 10° 2 2000 5 8968,y 588N 3.819,v 1.083,Y
CENSUS1990 [46]] 10° 68 2000 5 5927,N 5927,N 1.873,Y 3.252,Y
BANK|[47]] 41188 10 824 5 1361, 1361,N 4.674,Yy 15.731,Y
ADULT[6]] 48842 6 977 5 4508,y 186,N  5.151,Y 5.834,Y
ATHLETE[36]] 10000 4 200 5 1018,y 1018,y 2.923,y 7.062,Y
DIABETES[43]] 10000 10 200 5 1415,y 1459,y 2.551,y 2.527,Y

This theorem illustrates the coreset size with respect to different metric spaces for robust (k, z)-
clustering, improving upon previous results by eliminating the O(m) dependency.

Proof of Theorem[F'I4} 1f M = (X, dist) is a general metric space, then dyc(X) = O(log |X]).
Thus, we have [So| = O(k - log(|X]) - €7%) by Lemmaand |S1] = O(k? - log(]X]) - e=%) by
Theorem [E. 11} leading to a coreset of size O(k? - log(|X|) - e=%).

If M = (X, dist) is a doubling metric space, then by definition, ddim(X’) is bounded. Thus we have
|So| = O(k - ddim(X) os*%) by LemmalE.10/and |S7| = O(k? - ddim(X) - £~2) by Theorem
leading to a coreset of size O(k? - ddim(X) - e=2).

If M = (X, dist) is a shortest-path metric of a graph with bounded treewidth ¢, we have dy ¢ (X') =
O(t) by [8]l. Thus, we have [So| = O(k - t - 72) by Lemma |E.8 and |S;| = O(k® -t -e~%) by
Theorem [E.11] leading to a coreset of size O(k2 - ¢ - e=4).

If M = (X,dist) is a shortest-path metric of a graph that excludes a fixed minor H, we have
dyc(X) = O(|H]) by [8]. Thus, we have |So| = O(k - |H| - ==2) by LemmalE.8|and |S;| =
O(k2 - |H| - e=*) by Theorem [E.11| leading to a coreset of size O(k? - |H| - e~4).

O

G Additional empirical results

G.1 Additional empirical results for robust geometric median

We first present Table ] which lists the parameters of the datasets used in our experiments.

We show the missing result of Section 4 on Bank, Athlete and Diabetes dataset in Figure[d] This
figure demonstrates that our coreset construction algorithm consistently outperforms the baselines.
For instance, on the Diabetes dataset, our method produces a coreset of size 180 with an empirical
error of 0.057, while the best baseline, HLLW25, results in a coreset size of 280 with an empirical
error of 0.065.

Analysis of our algorithm when n < 4m. For robust geometric median, we set m = n/2 in the
six dataset, violating the assumption n > 4m, and report the corresponding size-error tradeoff in
Figure[5] The results show that our method still consistently outperforms the baselines even when
n < 4m. For instance, in Census1990 dataset, our method produces a coreset of size 50200 with an
empirical error of 0.004, while the best baseline produces a coreset of size 51200 with a much larger
empirical error of 0.012.
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Figure 4: Tradeoff between coreset size |S| and empirical error £(.S). The horizontal axis is |S| and
the vertical axis is £(5).
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Figure 5: Tradoff between coreset size | S| and empirical error £(S) for robust geometric median
when we set m = n/2. In this scenario, the assumption n > 4m is violated.

Analysis under heavy-tailed contamination. For each dataset, we randomly perturb 10% of
the points by adding independent Cauchy (0, 1) E| noise to every dimension, thereby simulating a
heavy-tailed data environment. As shown in Figure [ our method consistently outperforms the
baselines on the robust geometric median task, demonstrating that its performance advantage remains
stable even under heavy-tailed contamination. For example, on the perturbed Twitter dataset, our
method achieves a coreset of size 1500 with an empirical error of 0.031, whereas the best baseline,
HLLW?25, requires a coreset twice as large (3000) to attain a higher error of 0.032.

G.2 Empirical results for robust 1D geometric median

We implement our 1D coreset construction algorithm and compare its performance to the previous
baselines and our general dimension method. All experiments are conducted on a PC with an Intel
Core 19 CPU and 16GB of memory, and the algorithms are implemented in C++ 11.

Setup. We select the first dimension of the Twitter dataset, the second dimension of the Adult dataset,
and the second dimension of the Bank dataset to create the Twitter1D, Adultl1D, and Bank1D
datasets. We choose these dimensions because other dimensions in the four datasets listed in Table []
contain no more than 130 distinct points, which would result in an overly small coreset. We conduct
experiments on these 1D datasets. To compute an approximate center for each dataset, we use the
k-means++ algorithm.

*The probability density function of Cauchy(0, 1) is f(x) for any x € R.

_ 1
- 7w (14+22)

42



0.08
\V‘T ——Ours
| ——HJLW23
| 0.06 HLLW25

——Ours

0.04

0.15

——Ours
——HJLW23

0.03
\ HLLW25 0.1
©

——HJLW23 D
HLLW25| w 0-04

(S)

£ 0.02
(W

0.05
0.01 o 0.02 DAY
0 0
1000 2000 3000 4000 1000 2000 3000 4000 500 1000 1500 2000
S| S| S|
(a) Census1990 (b) Twitter (c) Bank
0.14 0.25
——Ours 02 ——Ours 1‘ ——Ours
0412 ——HJLW23 ——HJLW23 0.2 ——HJLW23
HLLW25| 0.15 HLLW25 \ HLLW23|
04 = 015
:?V, w 01 <«4
0.08 0.1
0.06 0.05 s 0.05 %&
0.04 - 0 0
500 1000 1500 2000 100 200 300 400 100 200 300 400
S| IS] S|
(d) Adult (e) Athlete (f) Diabetes

Figure 6: Tradoff between coreset size |S| and empirical error £(.S) for robust geometric median
when we perturb 10% points.

Experiment result. We vary the coreset size from 200 to /m + 1000, and compute the empirical error
(S) w.r.t. the coreset size |.S|. For each size and each algorithm, we independently run the algorithm
10 times and obtain 10 coresets, compute their empirical errors £(.5), and report the average of 10
empirical errors. Figure[7] presents our results. This figure shows that our 1D coreset (denoted by
Our1D) outperforms the previous baselines and our coreset for general dimension. For example,
with the Twitter1D dataset, our 1D method provides a coreset of size 320 with an empirical error
0.013. The best empirical error achieved by our general dimension method for a coreset size 3500 is
much larger, 0.087. Note that the coreset size of Our1D method does not grow uniformly, since the

number of buckets does not increase linearly with e~ or e =1/2.
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Figure 7: Tradeoff between coreset size |.S| and empirical error £(.5) in 1D datasets.

G.3 Empirical results for robust k-median

We implement Algorithm |3| for robust k-median and compare its performance to the previous
baselines.

Setup. We do experiments on the six datasets listed in Table[d] and set the number of centers & to
be 5. We use Lloyd version k-means++ to compute an approximate center C*.

Coreset size and empirical error tradeoff for robust k-median. We vary the coreset size from
m to 2m, and compute the empirical error £(S) w.r.t. the coreset size |S|. For each size and each
algorithm, we independently run the algorithm 10 times and obtain 10 coresets, compute their
empirical errors £(.5), and report the average of 10 empirical errors. Figurepresents our results.
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This figure shows that our algorithm (Ours) outperforms the previous baselines. For example, with
the Census1990 dataset, our method provides a coreset of size 2200 with empirical error 0.012. The
best empirical error achieved by baselines for a coreset size 3600 is larger, 0.013.
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Figure 8: Tradeoff between coreset size |.S| and empirical error £(S) for robust k-median on real-
world datasets.

Statistical test. Similar to the robust geometric median, we evaluate the statistical performance
between our method and baselines for robust k-median on all six real-world datasets. The results,
listed in Table[3] further demonstrate that our algorithm consistently outperforms the baselines.

Table 5: Statistical comparison of different coreset construction methods for robust k-median. The
coreset S represents our coreset, Sy represents the coreset constructed by the baseline HJLW23,
and S5 the coreset constructed by baseline HLLW25. For each empirical error ratio £(.52)/(.S1)
and £(53)/€(S1), we report the mean value over 20 runs, with the subscript indicating the standard
deviation.

Coreset Size Census1990 Twitter
E(S2)/e(S1) E(S3)/e(S1)  E(S52)/e(51)  E(S3)/E(5h)
2200 3.3740 518 3.8001 262 2.9580 785 3.149q 477
3200 1.800¢ 659 1.4830 534 1.654¢ 755 1.5740 710
4200 1.543¢ 559 1.316¢.373 1.408¢ 439 1.379¢.369
Coreset Size Bank Adult
E(S2)/E(S1) E(S3)/E(S1) E(S2)/e(S1)  &(S3)/E(Sh)
1200 1.6579.415 2.019¢.740 2.0980 551 2.1530.772
1700 1.5480,582 1.2570,543 1-4400.619 1-7020.584
2200 1.393¢ 553 1.460¢ 737 1.450¢ 677 1.3730.545
Coreset Size Athlete Diabetes
E(S2)/e(S1) E(S3)/e(S1) &(S52)/e(S1)  E(S3)/E(51)
210 11.4815 433 8.851¢.740 12.6883 443 8.0801 ¢52
310 2.142¢ 525 1.798¢ 553 1.902¢ 512 1.402¢ 395
410 2.104¢ 570 1.5230 481 1.691¢ 546 1.257¢ 470

Speed-up baselines. We compare the coreset of size 2m constructed by the HLLW25 baselines and
coreset of size m conducted by Algorithm 3] We repeat the experiment 10 times and report the aver-
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ages. The result is listed in Table[6] Our algorithm achieves a speed-up over HLLW25—specifically,
a 2x reduction in the running time on the coreset—while maintaining the same level of empirical
error.

Validity of Assumption [I.4]for robust k-median. We evaluate the validity of Assumption [I.4]for
robust k-median across six datasets. The results in Table ] show that the assumptions are satisfied by
the Twitter, Adult, Athlete, and Diabetes datasets, while the condition 7, < 4k7 holds for all six
datasets. These results demonstrate that our assumptions are practical in real-world scenarios, and
our algorithm performs well even when the assumption min; | P}| > 4m is violated. Note that the
condition 7, < 4k is satisfied by all six real-world datasets, even across different choices of k
and m.

Analysis under heavy-tailed contamination. For each dataset, we randomly perturb 10% of the
points by adding independent Cauchy (0, 1) noise to every dimension, thereby simulating a heavy-
tailed data environment. As shown in Figure[9] our method consistently outperforms the baselines
on the robust k-median task, confirming that its superior performance remains stable even under
heavy-tailed contamination. For example, on the perturbed Bank dataset, our method achieves a
coreset of size 600 with an empirical error of 0.044, whereas the best baseline, HLLW2S5, requires a
coreset of size 1300 to reach a higher error of 0.046.
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Figure 9: Tradoff between coreset size | S| and empirical error £(.S) for robust k-median when we
perturb 10% points.

G.4 Empirical results for robust k-means

We implement Algorithm 3]for robust k-means and compare its performance to the previous baselines.

Setup. We do experiments on the six datasets listed in Table[d} and set the number of centers k to
be 5. We use k-means++ to compute an approximate center C*.

Coreset size and empirical error tradeoff for Robust k-means. We vary the coreset size from
m to 2m, and compute the empirical error £(S) w.r.t. the coreset size |S|. For each size and each
algorithm, we independently run the algorithm 10 times and obtain 10 coresets, compute their
empirical errors £(.5), and report the average of 10 empirical errors. Figure presents our results.
This figure shows that our algorithm (Ours) outperforms the previous baselines. For example, with
the Twitter dataset, our method provides a coreset of size 2200 with an empirical error 0.039. The
best empirical error achieved by our general dimension method for a coreset size 4000 is much larger,
0.056.
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Table 6: Comparison of runtime between our Algorithm [3|and baseline HLLW25 for robust k-median.
For each dataset, the coreset size of baseline HLLW2S5 is 2m and the coreset size of ours is m. We
use Lloyd algorithm given by [7]] to compute approximate solutions C'p and Cs for both the original
dataset P and coreset S, respectively. “COST p” denotes cost(lm) (P, Cp) on the original dataset P.

“COSTgs” denotes cost gm) (P, Cs) on the coreset constructed by METHOD. T’ is the running time
on the original dataset. T’s is the running time on coreset. ¢ is the construction time of the coreset.

DATASET COSTp METHOD COSTg Tx Te Ts
5 OURS 1.030x10° 38.862  5.532
CENSUSIO90  L.O32x10°  pyiwwos  1os0x100 51299 38703 10.815
OURS 1.364x10° 12.220 1.621
6
TWITTER 1328x10%  pyrwas  1347x10° 200%* 12450 2.995
6 OURS 3.194x10° 9.021 1.484
BANK 3BATOxI0% prtwas 3.207x10° 47324 9010 3445
s OURS 9.153x10° 9.324 1.854
ADULT 9.221x10% T was  9.166x10° I8 gh66 3517
. OURS 7.503 x10% 1.825 0.206
ATHLETE T2SIX10T i rwas 7389 <10t YL g0 0421
R OURS 8.791x10% 1.829 0.226
DIABETES 8571107 yriwas  sstixior 733 1850 0473
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Figure 10: Tradeoff between coreset size | S| and empirical error £(.S) for robust k-means.

Statistical test. Similar to the previous cases, we evaluate the statistical performance between our
method and baselines for robust k-means on all six real-world datasets. The results, listed in Table
further demonstrate that our algorithm consistently outperforms the baselines.

Speed-up baselines. We compare the coreset of size 2m constructed by the HLLW25 baselines and
coreset of size m conducted by Algorithm 3] We repeat the experiment 10 times and report the aver-
ages. The result is listed in Table[8] Our algorithm achieves a speed-up over HLLW25—specifically,
a 2x reduction in the running time on the coreset—while maintaining the same level of empirical
error.

Validity of Assumption [I.4]for robust k-means. We evaluate the validity of Assumption [T.4]for
robust k-means across six datasets. The results in Table%]show that our assumptions are satisfied
by datasets Athlete and Diabetes, while the assumption r < 4k7? is satisfied by all six datasets.

max —
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Table 7: Statistical comparison of different coreset construction methods for robust geometric median.
The coreset S; represents our coreset, So represents the coreset constructed by the baseline HJLW23,
and S3 the coreset constructed by baseline HLLW25. For each empirical error ratio £(.53)/€(S1)
and £(S3)/€(S1), we report the mean value over 20 runs, with the subscript indicating the standard
deviation.

Coreset Size Census1990 Twitter
E(S2)/e(S1) E(S3)/e(S1) E(S52)/e(S1)  E(S3)/E(5h)
2200 32532.063 2.6451.458 1~7930.644 1.6670.479
3200 1.2570.842 1.2519 632 1.3430.234 1.2830.197
4200 1.303¢.692 1.168¢.739 1.244¢ 159 1.246¢ 148
Coreset Size Bank Adult
E(S2)/E(S1) E(S3)/e(S1) E(S2)/e(S1)  E(S83)/E(51)
1200 1.6474.972 1.3601 018 1.467¢ 987 1.094¢ 542
1700 1-0100.654 1.0280,574 2-1490.884 2.4161.002
2200 1.010¢ 654 1.026¢ 674 1.089¢.360 1.172¢ 537
Coreset Size Athlete Diabetes
E(S2)/E(S1) E(S3)/e(S1) E(S2)/e(S1)  &(S3)/E(Sh)
210 5.1723 634 4.2001 944 5.7003.303 5.8682 952
310 2.4671.564 1-4270.660 1.5670.800 1-3320.653
410 1.658¢ 831 1.045¢ 449 1.3601 103 1.216¢.943

Table 8: Comparison of runtime between our Algorithm|3|and baseline HLLW?2S for robust k£-means.
For each dataset, the coreset size of baseline HLLW2S5 is 2m and the coreset size of ours is m. We
use Lloyd algorithm given by [[7] to compute approximate solutions C'p and Cg for both the original
dataset P and coreset S, respectively. “COSTp” denotes costgm) (P, Cp) on the original dataset P.

“COSTg” denotes costém) (P, Cs) on the coreset constructed by METHOD. T'x is the running time
on the original dataset. T’s is the running time on coreset. 7 is the construction time of the coreset.

DATASET COSTp METHOD COSTs _ Tx Tc Ts
Census1990  L172x107 (PR 0G5 sssais 350 T
w2650 RS SRVl teesa (980 LS
8
BANK 3.477x10° Hl?f\l}vszs ;:gg(l)ﬁgfg 133.978 ;gg ésig
ADULT 2.575x10" HI?E\I:/SZS ;2;‘2?&813 139.16 ngg é(s)g?
ATHLETE 8.630%10° HI?I(JJ\]’{VSZS gg?gﬁgi 44.208 12(9)8 84212;
DIABETES 6.490x10° HI(J)IIJJ\I;VSZS ggégiigg 39.570 }23; 8}1?2

These results show that our assumptions are practical in real-world datasets, and our algorithm
performs well even when the assumption min; | P}| > 4m is violated.

Analysis of our algorithm when Assumption[1.4] violates. We evaluate the applicability of our
algorithm when both assumptions min; |P*| > 4m and (rpax/7)? < 4k are violated. In Bank
dataset, we let k = 3, then we have (rpax/7)? = 15.001 > 4k and min, |P}| = 1432 < 4m,
violating the two assumptions. In Adult dataset, we let k = 8, m = 500, then we have (rpax/7)% =
36.278 > 4k and min,; |P}| = 1592 < 4m, violating the two assumptions. We present the size-error
tradeoff for robust k-means on these datasets in Figure[TT} Our results show that our method still
outperforms the baselines even when both assumptions are violated.
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Figure 11: Tradeoff between coreset size |S| and empirical error £(S) for robust k-means. We set
k = 3 in the Bank dataset and set &k = 8, m = 500 in the Adult dataset. In these cases, the values
(Tmax/T)? and min;e i) | P7| violate both of our assumptions. The goal of this figure is to examine
whether our algorithm remains applicable when the assumptions are not satisfied.

Analysis under heavy-tailed contamination. For each dataset, we randomly perturb 10% of the
points by adding independent Cauchy (0, 1) noise to every dimension, thereby simulating a heavy-
tailed data environment. As shown in Figure[T2] our method consistently outperforms the baselines
on the robust k-means task. For example, on the perturbed Athlete dataset, our method yields a
coreset of size 110 with an empirical error of 0.181, whereas the best baseline, HLLW2S5, attains a
higher error of 0.196 even with a larger coreset of size 290.
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Figure 12: Tradoff between coreset size |.S| and empirical error £(,S) for robust k-means when we
perturb 10% points.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: In Section[I.1] we list the contributions of this paper.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and empirical results, and reflect how much
the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The Theorems[I.3]and [I.5]demonstrate that our coreset size is not tight for
d>1.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: In Section[I.1] we present each theorem’s assumptions and cite their formal
definitions. Sections 2] [3] and [F.2]list the lemmas required to prove the theorems.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. empirical result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
empirical results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Algorithms [T} 2] and [3] present the methods used in our experiments. The
corresponding code is provided in the supplementary material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient in-
structions to faithfully reproduce the main empirical results, as described in supplemental
material?

Answer: [Yes]
Justification: We provide our code in the supplemental material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Plea the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https !
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all empirical results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We demonstrate the parameters of datasets in Table ]
Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: In Section ] we report the empirical error across different coreset sizes for
robust geometric median on each dataset. We list the results of the statistical significance
experiments in Tables [T} [5]and

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We list out the compute resources in Section ]
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: Our research conducted in the paper conform with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper mainly propose the theoretical results, which has no societal impact
of the work performed.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: Table [ lists the sources of our datasets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

54



16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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