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Abstract001

Recent advancements in large language models002
(LLMs) have catalyzed the rise of reasoning-003
intensive inference paradigms, where mod-004
els perform explicit step-by-step reasoning be-005
fore generating final answers. While such006
approaches improve answer quality and in-007
terpretability, they incur substantial computa-008
tional overhead due to the prolonged gener-009
ation sequences. In this paper, we propose010
Tandem, a novel collaborative framework that011
synergizes large and small language models012
(LLMs and SLMs) to achieve high-quality013
reasoning with significantly reduced compu-014
tational cost. Specifically, the LLM serves015
as a strategic coordinator, efficiently gener-016
ating a compact set of critical reasoning in-017
sights. These insights are then used to guide018
a smaller, more efficient SLM in executing019
the full reasoning process and delivering the020
final response. To balance efficiency and reli-021
ability, Tandem introduces a cost-aware termi-022
nation mechanism that adaptively determines023
when sufficient reasoning guidance has been024
accumulated, enabling early stopping of the025
LLM’s generation. Experiments across multi-026
ple public benchmarks demonstrate that Tan-027
dem reduces computational costs by approx-028
imately 40% compared to standalone LLM029
reasoning, while achieving superior or com-030
petitive performance. https://anonymous.031
4open.science/r/Ensemble-Hub-0FD8032

1 Introduction033

Recent advances in large language models (LLMs)034

have shifted their role from simple text genera-035

tors to sophisticated reasoning systems capable of036

solving complex problems (Ke et al., 2025). A037

key development in this shift is the emergence038

of a thinking paradigm, which extends earlier039

chain-of-thought (Wei et al., 2022) prompting. In040

this paradigm, exemplified by models such as041

DeepSeek-R1 (DeepSeek-AI, 2025), the internal042

reasoning process is explicitly externalized and043
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Figure 1: Comparison of reasoning-inference strategies:
(a) LLM-only. (b) SLM-only. (c) LLM-SLM collabora-
tion, where the LLM provides guidance and the SLM
completes the reasoning.

structurally decoupled from final answer gener- 044

ation. This design substantially improves inter- 045

pretability and faithfulness, and has led to state-of- 046

the-art performance on challenging mathematical 047

and scientific reasoning tasks. 048

However, these reasoning improvements come at 049

a substantial computational cost. Thinking models 050

routinely generate reasoning chains spanning thou- 051

sands of tokens, typically 5–10 times longer than 052

conventional LLM outputs (Chen et al., 2025a). 053

This extended reasoning leads to a dramatic in- 054

crease in both inference latency and operational 055

expenses. Such overhead poses a major obstacle 056

to real-world deployment, where applications of- 057

ten require real-time responses or operate under 058

strict budget constraints (Ding et al., 2024; Ferrag 059

et al., 2025). This raises a central question: how 060

can we preserve the benefits of explicit thinking 061
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while making it computationally efficient enough062

for practical deployment?063

Since the inference cost of thinking LLMs is064

dominated by the length of generated reason-065

ing (Han et al., 2025), prior work has attempted to066

reduce this overhead through reinforcement fine-067

tuning (RFT), encouraging the model to solve prob-068

lems with shorter reasoning traces (Fang et al.,069

2025). However, such approaches still have limi-070

tations: (1) they require continual training of the071

LLM, and may degrade the model’s general capa-072

bilities (Yue et al., 2025), and (2) they are inap-073

plicable to closed-source models where only API074

access is available. These constraints motivate us075

to explore alternatives without modifying the LLM.076

To address this challenge, we propose a collabo-077

rative paradigm between large and small language078

models (LLMs and SLMs) as a promising path079

toward cost-effective reasoning. As shown in Fig-080

ure 1 (a) and (b), relying solely on an LLM yields081

correct answers but incurs high computational cost,082

whereas an SLM alone is efficient yet prone to er-083

rors. Our key insight is to combine the strengths of084

both: the LLM acts as a strategic mentor, provid-085

ing high-level reasoning guidance, while the SLM086

serves as an agile intern, efficiently executing the087

detailed reasoning steps and generating the final088

response. This division of labor enables accurate089

reasoning at a fraction of the computational cost as090

in Figure 1 (c).091

Based on this insight, we present Tandem, a092

novel collaborative reasoning framework that for-093

malizes this dynamic as a mentor-intern architec-094

ture (Abell et al., 1995). In Tandem, the mentor095

LLM generates lightweight, early-stage thinking096

insights, which are then used to guide the intern097

SLM in constructing the full response. Our de-098

sign is inherently aligned with the modular nature099

of human cognition as described in the ACT-R100

cognitive architecture (Anderson, 2007). Specifi-101

cally, we decompose the LLM’s reasoning into four102

thinking insights—Goal, Planning, Retrieval, and103

Action—which correspond to the essential stages104

of problem-solving: understanding objectives, out-105

lining strategies, gathering knowledge, and exe-106

cuting logic (Yue, 2025). By transferring only107

high-level insights instead of full reasoning chains,108

Tandem retains the cognitive depth of the LLM109

while significantly reducing computational over-110

head by delegating the remaining reasoning tasks111

to the SLM. To further enhance efficiency, Tandem112

introduces a cost-aware judgment mechanism113

that evaluates whether the current insights are ade- 114

quate for the SLM to complete the task, allowing 115

for adaptive control over the amount of guidance 116

provided by the LLM. 117

Our main contributions can be summarized in 118

the following three aspects: 119

• We propose a novel collaborative reasoning 120

paradigm inspired by the mentor–intern relation- 121

ship, enabling efficient collaboration between 122

large and small models for reasoning tasks. 123

• We propose the Tandem framework, which ex- 124

tracts key thinking insights from the LLM to 125

guide the SLM, with a cost-aware judgment 126

mechanism that enables the SLM to adaptively 127

control the insight generation process. 128

• Experiments on MATH datasets show that a 32B– 129

7B language model collaboration achieves 2.56% 130

higher accuracy than the 32B LLM alone, while 131

requiring only 59% of its computational cost. 132

2 Method 133

2.1 Framework Overview 134

As shown in Figure 2, Tandem establishes a collab- 135

orative reasoning process between a large language 136

model (LLM) and a small language model (SLM). 137

Given a question Q, the LLM generates reasoning 138

insights through three1 sequential stages of increas- 139

ing cognitive effort, with later stages providing 140

progressively richer content. Insights accumulated 141

up to stage t are aggregated into an insight set It. 142

After each stage, the SLM computes uncertainty- 143

based features from the pair (Q, It), and a dedi- 144

cated classifier C determines whether the current 145

guidance suffices for response completion. If the 146

classifier predicts sufficiency, the LLM terminates 147

generation and the SLM produces the final answer 148

A; otherwise, the LLM proceeds to the subsequent 149

stage for more in-depth insights. 150

2.2 Thinking Insight Generation 151

A straightforward approach to constructing the col- 152

laborative thinking-inference paradigm involves 153

directly feeding the LLM’s reasoning chains to 154

the SLM to generate responses. However, LLMs 155

typically produce lengthy reasoning traces that in- 156

clude trial-and-error explorations and verbose jus- 157

tifications. Delivering such unprocessed chains to 158

the SLM incurs significant computational overhead 159

1In this paper, we illustrate Tandem through three stages,
which can also be extended to include additional stages.
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Figure 2: Workflow of the Tandem framework. The LLM generates pre-defined thinking insights (Goal, Planning,
Retrieval, Action) across three thinking effort levels, while the SLM performs cost-aware continual judgment based
on perplexity and entropy to decide when reasoning is sufficient and then completes the final response.

and may exceed its comprehension capacity. To160

mitigate this burden, we extract only the core rea-161

soning components essential for guiding SLMs.162

Inspired by the modular nature of human cog-163

nition, where cognitive processes are decom-164

posed into distinct functional modules (Anderson,165

2007), and by established pipelines for question-166

answering processes in LLM-based agents (Yue,167

2025), we identify and design four types of think-168

ing insights that capture the essential components169

of effective problem solving:170

1. Goal: Defines the ultimate objective or question171

to be solved, clarifying what the model aims to172

achieve through reasoning.173

2. Planning: Outlines the high-level reasoning174

strategy, including decomposition of subprob-175

lems and selection of solution paths.176

3. Retrieval: Involves recalling or gathering rele-177

vant knowledge, facts, or contextual information178

necessary for problem solving.179

4. Action: Executes concrete reasoning steps, cal-180

culations, or logical operations.181

These components form the basis of our structured 182

prompt p (detailed in Appendix D) that instructs the 183

LLM to generate insights sequentially. Formally, 184

given a question Q, the LLM ML generates the 185

thinking insights accompanied with the prompt p: 186

I = ML(Q, p) (1) 187

2.3 Cost-Aware Continual Judgment 188

Problems of varying difficulty require differing lev- 189

els of reasoning guidance. To avoid wasting com- 190

putational resources on simple problems while en- 191

suring sufficient support for more complex ones, 192

we decompose the reasoning process into stages 193

and introduce a cost-aware judgment mechanism. 194

This mechanism evaluates whether the current rea- 195

soning content is sufficient for the SLM to generate 196

a reliable response, allowing the LLM to terminate 197

reasoning early and skip unnecessary stages. 198

Insight Cutoff. To balance reasoning quality and 199

computational cost, we divide the whole thinking 200

process into several successive stages with increas- 201

ing effort levels, e.g., three in this paper, namely 202
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Figure 3: Entropy distribution comparison between sufficient (correct answer) and insufficient (incorrect answer)
guidance across three effort levels. Higher effort levels show clearer separation.

low, medium, and high. Each stage generates in-203

sights covering all four types (Goal, Planning, Re-204

trieval, Action), but with progressively larger token205

budgets and greater depth of analysis. Let ∆It206

denote the newly generated insights at stage t; the207

cumulative insight set is constructed as:208

I0 = ∅, It = It−1 ⊕∆It (t = 1, 2, 3) (2)209

where ⊕ denotes sequential concatenation of in-210

sights. I0 = ∅ represents the baseline case where211

no reasoning insight is provided. The insight of the212

last stage I3 is equivalent to the full response I as213

defined in Equation (1). This progressive design214

enables adaptive allocation of reasoning guidance:215

simple problems may terminate early at low effort216

(e.g., I1), while complex ones proceed to higher217

stages for richer support.218

Confidence Measurement. To assess the suffi-219

ciency of the specific reasoning stage, we use the220

SLM’s token-level probability distribution as the221

confidence signal. Previous studies have found that222

lower perplexity indicates the SLM finds insights223

linguistically familiar, while lower entropy reflects224

higher predictive stability (Kuhn et al., 2023).225

Our empirical analysis, presented in Figure 3,226

also reveals a consistent pattern: the SLM pro-227

duces lower output entropy under guidance that228

leads to correct answers—compared to incorrect229

ones—with a more pronounced separation ob-230

served at higher reasoning effort levels. This find-231

ing motivates the use of perplexity and entropy as232

diagnostic indicators of reasoning sufficiency.233

Concretely, for each stage t, we concatenate Q234

and It to form the input sequence xt for the SLM235

MS , i.e., xt = Q⊕It. Let xti denote the i-th token236

in xt; the corresponding predictive distribution at237

position i is computed as:238

P t
i = PMS

(· | xt<i) (3)239

From this distribution, we compute per-token per- 240

plexity and entropy: 241

PPLt
i = exp(− logP t

i (x
t
i)) (4) 242

Ht
i = −

∑
v∈V

P t
i (v) logP

t
i (v) (5) 243

where V denotes the vocabulary. 244

Sufficiency Classification. Leveraging the distri- 245

butional discrepancy between sufficient and insuffi- 246

cient guidance in Figure 3, we construct a classifier 247

to retroactively assess reasoning sufficiency based 248

on distributional statistics. Let n denote the num- 249

ber of tokens in the SLM input xt. We denote the 250

per-token PPL and entropy sequences as: 251

PPLt = {PPLt
i}ni=1, Ht = {Ht

i}ni=1 (6) 252

Based on these sequences, we construct a distribu- 253

tional feature vector: 254

f t =
[
ϕ(PPLt), ϕ(Ht),∆PPL,∆H, n

]
(7) 255

where ϕ(·) computes distributional statistics (mean, 256

standard deviation, median, max, min, 25th/75th 257

percentiles), and ∆ denotes trend indicators mea- 258

suring the difference between the last 20 and first 259

20 tokens, capturing whether confidence increases 260

or decreases as the model processes the insight. 261

Details are provided in Appendix A. 262

A classifier C, exemplified as a multilayer per- 263

ceptron (MLP), is trained on these features with 264

binary labels indicating whether the SLM produces 265

a correct answer under the given guidance. At in- 266

ference time, the classifier outputs: 267

st = C(f t) ∈ [0, 1] (8) 268

where st denotes the sufficiency score. A binary de- 269

cision is made as yt = 1[st > τ t], with threshold 270
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τ t optimized per effort level on a held-out valida-271

tion set. We also explore alternative input represen-272

tations (e.g., hidden states) and whether fine-tuning273

the SLM benefits classification in Appendix E.274

2.4 Response Completion275

Guided by the sufficiency assessments from the276

judgment mechanism, the framework dynamically277

determines when to halt the LLM’s reasoning and278

transition control to the SLM, which then contin-279

ues the reasoning process and generates the final280

answer. Specifically, at stage t, if the sufficiency de-281

cision yt = 1, the SLM generates the final answer282

A using the question and current insights:283

A = MS(Q⊕ It) (9)284

If all stages yield yt = 0, we fall back to select-285

ing the configuration with the highest sufficiency286

score:287

t∗ = argmax
0≤t≤3

st (10)288

where s0 is computed by applying the same classi-289

fier C to distributional features extracted when the290

SLM processes Q alone. The final answer is then291

generated as:292

A = MS(Q⊕ It∗) (11)293

3 Experiments294

To evaluate the effectiveness of Tandem, the fol-295

lowing research questions (RQs) are investigated:296

• RQ1: How does Tandem perform compared to a297

single LLM?298

• RQ2: Does Tandem generalize to collaborations299

between models from different families?300

• RQ3: What are the scaling behaviors of LLM301

collaboration with respect to guidance length and302

large–small model size combinations?303

• RQ4: Can Tandem utilize API-accessible LLM?304

3.1 Experiment Settings305

Datasets. The experiments are conducted on306

two English mathematical reasoning bench-307

marks: MATH (Hendrycks et al., 2021) and308

GSM8K (Cobbe et al., 2021). The MATH dataset309

contains 12.5K competition-level problems across310

seven subjects with five difficulty levels, split into311

7.5K training and 5K test samples. The distribution312
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Figure 4: Sample distribution analysis of the MATH
dataset (Hendrycks et al., 2021) across seven subjects
and five difficulty levels. Difficulty levels range from 1
(easiest) to 5 (hardest).

of the test set is shown in Figure 4. GSM8K con- 313

sists of 8.5K grade school math problems, split into 314

7.5K training and 1K test samples. Both datasets 315

demand multi-step reasoning, making them suit- 316

able for evaluating Tandem. 317

Evaluation Metrics. We evaluate model perfor- 318

mance using three complementary metrics: (1) 319

Accuracy, defined as the percentage of correctly 320

solved problems under the standard evaluation pro- 321

tocol of each dataset; (2) Inference Length, de- 322

fined as the total number of tokens generated during 323

inference. Let LL and LS denote the numbers of to- 324

kens generated by the LLM and SLM, respectively; 325

the overall inference length is LL + LS ; and (3) 326

Computational Cost, approximated by the total 327

TFLOPs incurred by both models. Let |θL| and 328

|θS | denote the parameter counts of the LLM and 329

SLM, respectively. The cost is computed as 330

Cost =
2

1012
(|θL|LL + |θS |(LL + LS)) (12) 331

Implementation details. For the LLMs, 332

we consider two model families: DeepSeek- 333

R1 (DeepSeek-AI, 2025) and Qwen3 (Yang et al., 334

2025). We use DeepSeek-R1-Distill-Qwen-7B 335

and DeepSeek-R1-Distill-Qwen-32B (denoted 336

as DeepSeek-7B and DeepSeek-32B), together 337

with Qwen3-8B and Qwen3-32B. All LLMs 338

operate in the thinking mode with deterministic 339

generation settings: temperature = 0, top-p = 340

1.0, and no frequency penalty. To investigate 341

the cost-performance trade-off, we empirically 342

evaluate three fixed thinking lengths: 100, 500, and 343

1,000 tokens (corresponding to low, medium, and 344

high effort levels). The maximum output length 345

for complete answers is set to 8,192 tokens. 346

For the continual classifier, we train it on the 347

training splits of both datasets; for MATH, we train 348
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Series Model Metric Algebra Counting Geometry Intermediate Num Prealgebra Precalc Average

Single

7B
Acc. 93.09 75.95 65.34 60.13 76.85 89.55 62.45 77.14
Len. 2,194 2,786 2,854 3,218 2,891 2,084 3,098 2,732
Cost 30.71 39.00 39.96 45.06 40.47 29.17 43.37 38.25

32B
Acc. 94.78 82.07 68.89 64.45 85.00 91.04 67.22 80.90
Len. 2,064 2,676 2,816 3,162 2,678 2,013 3,003 2,630
Cost 132.13 171.26 180.26 202.36 171.40 128.84 192.20 168.35

Baseline

7B+32B
(low)

Acc. 94.27 77.43 68.27 60.24 80.74 90.36 65.38 78.74
Len. 2,155 2,803 2,912 3,250 2,860 2,060 3,106 2,735
Cost 36.64 45.71 47.24 51.97 46.51 35.30 49.95 44.76

7B+32B
(medium)

Acc. 93.93 79.96 69.94 63.90 83.33 91.16 67.40 80.36
Len. 2,205 2,959 3,034 3,380 2,963 2,116 3,312 2,853
Cost 62.90 73.49 74.48 79.39 73.53 61.53 78.43 71.96

7B+32B
(high)

Acc. 95.53 82.49 72.86 67.55 88.52 92.54 71.61 83.18
Len. 2,178 3,057 3,190 3,580 2,980 2,119 3,406 2,930
Cost 93.87 106.77 108.39 114.07 105.47 92.10 111.64 104.62

Tandem 7B+32B

Acc.
96.04 82.70 73.07 67.77 88.70 92.65 71.98 83.46
(+2%) (+1%) (+7%) (+6%) (+5%) (+2%) (+8%) (+4%)

Len.
2,175 3,057 3,136 3,549 2,976 2,118 3,402 2,916
(+6%) (+15%) (+12%) (+13%) (+12%) (+6%) (+14%) (+11%)

Cost
86.27 105.78 96.26 107.02 99.86 91.92 110.94 99.72
(-35%) (-39%) (-47%) (-48%) (-42%) (-29%) (-43%) (-41%)

Table 1: Performance comparison of different model configurations on the MATH dataset (Hendrycks et al., 2021)
using DeepSeek-7B and -32B. We report accuracy (%), average inference length (tokens), and computational cost
(TFLOPs). Bold values denote the best performance and underlined values denote the second-best performance for
each subject. Percentage changes are computed relative to DeepSeek-32B.

a separate classifier for each subject. A sample is349

labeled as sufficient (y = 1) if the SLM produces350

the correct answer given the current insights, and351

as insufficient (y = 0) otherwise. We adopt a strati-352

fied 70/30 train–validation split with random seed353

42. The classifier is a two-hidden-layer MLP (64354

and 32 units) with ReLU activations and dropout355

(p = 0.3), optimized with Adam (lr = 10−4) for356

up to 3 epochs, using early stopping based on val-357

idation accuracy. The threshold τe for each effort358

level is determined by grid search over the range359

[0.05, 0.95] with step size 0.05 on the training set.360

3.2 Overall Performance Comparison (RQ1)361

As shown in Table 1, the experiment compares362

the results of single model inference, fixed-length363

thinking baselines, and our Tandem approach364

across seven mathematical subjects.365

Thinking Length Analysis. Overall, incorporat-366

ing the 32B model’s initial thinking improves the367

7B model’s performance across all subjects. No-368

tably, with sufficient guidance (high effort level),369

the collaboration not only surpasses the 7B base-370

line but also exceeds the 32B model’s standalone371

performance on most subjects. This suggests a syn- 372

ergistic effect where the combination of the LLM’s 373

high-level reasoning and the SLM’s execution ca- 374

pability achieves results beyond what either model 375

can accomplish alone. 376

Tandem Performance. Tandem effectively iden- 377

tifies beneficial thinking processes and adaptively 378

allocates computational resources. It achieves the 379

best accuracy across all subjects, outperforming 380

both the 7B and 32B standalone models. Com- 381

pared to the 32B mentor model, Tandem achieves 382

2.56 percentage points higher accuracy while re- 383

quiring only 59% of the computational cost. These 384

results demonstrate that our cost-aware judgment 385

mechanism successfully balances performance and 386

efficiency through dynamic resource allocation. 387

3.3 Cross-Family Generalization (RQ2) 388

To evaluate whether Tandem generalizes beyond a 389

single model family, we test collaborations between 390

DeepSeek and Qwen3. Table 2 presents results on 391

both the MATH and GSM8K datasets. 392

Cross-family collaboration is effective. Our ex- 393

periments show that cross-family collaboration 394
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MATH GSM8K

Model Acc. Len. Cost Acc. Len. Cost

Single Models
➀ Qwen3-8B 60.86 3,197 51.15 89.61 1,991 31.86
➁ Qwen3-32B 69.50 3,022 193.41 94.01 1,625 104.00
➂ DeepSeek-7B 76.92 2,661 37.25 87.11 1,124 15.74
➃ DeepSeek-32B 80.76 2,560 163.84 94.47 1,049 67.14

Collaboration
➀+➁ 64.42 3,160 96.69 94.77 1,727 57.00
➀+➃ 63.72 3,055 94.71 95.22 1,360 44.18
➂+➁ 79.96 2,520 58.06 94.62 1,488 76.87
➂+➃ 83.34 2,820 97.95 95.45 1,059 52.66

Table 2: Performance of cross-family collaborations on
the MATH (Hendrycks et al., 2021) and GSM8K (Cobbe
et al., 2021) datasets. Bold and underlined values denote
the best and second-best performance, respectively.

yields consistent performance gains over SLM-only395

baselines. For instance, DeepSeek-7B paired with396

Qwen3-32B achieves 79.96% accuracy on MATH,397

surpassing both DeepSeek-7B alone (76.92%) and398

Qwen3-32B alone (69.50%), while reducing infer-399

ence cost to less than one-third of using Qwen3-400

32B. This indicates that the structured insights gen-401

erated by Tandem are sufficiently general to be402

understood and utilized across different families.403

Capability alignment matters. The magnitude404

of improvement depends on the capability gap be-405

tween models. When the SLM is relatively weak406

(e.g., Qwen3-8B), collaboration with DeepSeek-407

32B improves MATH accuracy by only 2.86% and408

fails to reach the LLM’s standalone performance.409

We attribute this limitation to a comprehension bot-410

tleneck: weaker SLMs may lack the capacity to411

fully interpret abstract reasoning guidance, caus-412

ing them to underutilize or misapply the LLM’s413

insights. This suggests that effective collaboration414

requires reasonable capability alignment between415

mentor and intern models.416

3.4 Scaling Law of LLM Collaboration (RQ3)417

Guidance Length. To understand how guidance418

length impacts performance, we analyze the trade-419

off between total token length and accuracy when420

using DeepSeek-32B and -7B. As shown in Fig-421

ure 5, accuracy generally improves as guidance422

length increases, eventually surpassing the pure423

LLM baseline. Notably, even with minimal guid-424

ance (200 tokens), the collaboration substantially425

outperforms the SLM-only baseline. We attribute426

this to the structured nature of insights: even brief427

guidance provides goal clarification and high-level428

planning that helps the SLM avoid dead-ends.429
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Figure 5: Accuracy and token length breakdown on the
Counting & Probability subset of MATH (Hendrycks
et al., 2021). The stacked bars show the composition of
total length (SLM in blue, LLM in orange), while the
line indicates accuracy.

SLM LLM Low Medium High

Acc. Len. Acc. Len. Acc. Len.

1.5B – 59.92 2,898 – –
1.5B 7B 59.28 3,051 58.23 3,446 60.55 3,925
1.5B 14B 61.13 2,961 63.50 2,866 65.82 2,801
1.5B 32B 60.97 2,956 62.66 2,877 67.09 2,854

7B – 75.95 2,786 – –
7B 14B 74.68 2,685 75.74 2,669 75.11 2,690
7B 32B 77.43 2,803 79.96 2,959 82.49 3,057

14B – 79.96 2,613 – –
14B 32B 80.17 2,581 79.48 2,628 80.38 2,665

32B – 82.07 2,675 – –

Table 3: Performance of LLM collaboration with dif-
ferent model size combinations on Counting and Prob-
ability with DeepSeek family. Rows with “–” as LLM
denote single-model baselines. Low, Medium, and High
correspond to the effort levels of LLM guidance.

However, the performance curve exhibits fluctu- 430

ations across different guidance lengths, suggesting 431

that the optimal amount of guidance is problem- 432

dependent. Simple problems may be solved with 433

brief hints, while complex ones require detailed 434

action steps. This observation motivates our cost- 435

aware judgment mechanism, which dynamically 436

determines the appropriate level of guidance rather 437

than relying on a fixed thinking budget. 438

Model Size. To examine the role of model size, 439

we evaluate different combinations of LLM and 440

SLM sizes. Table 3 reports results ranging from 441

1.5B to 32B across three effort levels. Rows with 442

“–” as LLM denote single-model inference. 443

A key finding is that effective collaboration re- 444

quires a moderate capability gap between the LLM 445

and SLM. When the gap is too large, the weaker 446

SLM shows only modest improvements: extremely 447
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Model Algebra Counting Geometry

Acc. Cost Acc. Cost Acc. Cost

Single Models
➀ DeepSeek-7B 93.09 0.18 74.26 0.22 65.34 0.23
➁ GPT-4o-mini 91.32 0.31 74.89 0.37 62.42 0.40
➂ GPT-oss-120B 82.14 0.19 86.50 0.29 82.05 0.50

Collaboration
➀+➁ 94.10 0.17 86.29 0.77 77.66 0.31
➀+➂ 95.79 0.10 86.71 0.23 84.55 0.30

Table 4: Performance and cost ($/1K samples) of col-
laboration with API-based LLMs on selected MATH
subjects. DeepSeek-7B serves as the local SLM, while
GPT-4o-mini and gpt-oss-120b are accessed via API.

small models may lack sufficient capacity to parse448

and execute complex reasoning patterns from much449

larger models, leading to partial utilization of the450

guidance. For instance, the 1.5B model with 32B451

guidance only improves from 59.92% to 67.09%,452

failing to match the 32B standalone performance of453

82.07%. Conversely, when the gap is too small, col-454

laboration yields marginal gains, possibly because455

models of similar capacity share similar reason-456

ing styles and thus provide redundant rather than457

complementary insights. The optimal collabora-458

tion emerges when the SLM is capable enough to459

follow the LLM’s guidance yet still benefits from460

higher-level reasoning it cannot produce indepen-461

dently.462

3.5 API-accessible LLM Collaboration (RQ4)463

A practical advantage of Tandem is its compat-464

ibility with closed-source LLMs accessible only465

via API, as it does not require access to model466

weights. To validate this, we evaluate collabo-467

rations where DeepSeek-7B serves as the local468

SLM, while GPT-4o-mini (OpenAI et al., 2024)469

and gpt-oss-120b (OpenAI et al., 2025) are ac-470

cessed through API calls.471

As shown in Table 4, API-based collaboration472

consistently improves accuracy across all subjects,473

with the combined system outperforming both the474

local SLM and the remote LLM alone. This con-475

firms that Tandem remains effective even when476

the mentor is accessed via API, likely because the477

structured insight format transfers well regardless478

of communication protocol.479

Notably, the collaboration also reduces inference480

cost. The LLM’s high-level thinking insights en-481

able the SLM to solve problems with shorter rea-482

soning chains, eliminating the need for lengthy483

self-exploration. This cost reduction is particularly484

valuable for API-based deployment, where pric- 485

ing is typically token-based and verbose outputs 486

directly increase expenses. 487

4 Related Works 488

LLM collaboration methods leverage multiple mod- 489

els working together to solve complex problems 490

through division of labor and iterative discussion. 491

These approaches can be broadly categorized by 492

their coordination mechanisms. Debate-based 493

methods (Chan et al., 2024) let models discuss 494

and refine responses through multi-turn exchanges, 495

where each model critiques and improves upon 496

others’ outputs until consensus is reached. Role- 497

based methods (Hong et al., 2024) assign special- 498

ized functions to different models within structured 499

workflows, such as planner, executor, and reviewer, 500

enabling complex task decomposition. Verification- 501

based methods (Lightman et al., 2024) employ one 502

model to generate candidates while another vali- 503

dates or ranks them, improving output reliability 504

through cross-model checking. Recent work has 505

also explored large–small model collaboration for 506

inference acceleration, where smaller models as- 507

sist larger ones through speculative decoding (Chen 508

et al., 2023) or draft-then-verify pipelines, reducing 509

latency by parallelizing token generation. However, 510

most existing approaches either route each query to 511

a single model without leveraging complementary 512

capabilities, or combine multiple models at the cost 513

of substantial overhead, leaving the challenge of 514

achieving both improved quality and cost efficiency 515

largely unaddressed. A more comprehensive dis- 516

cussion of the broader landscape of LLM ensemble 517

methods is provided in Appendix B. 518

5 Conclusion 519

In this paper, we proposed Tandem, a large–small 520

LLM collaboration framework, which reduces com- 521

putational cost while preserving the benefits of 522

the thinking paradigm of LLMs. It separates rea- 523

soning from answer generation by letting LLMs 524

provide structured insights and using a cost-aware 525

mechanism to decide when these insights are suffi- 526

cient for SLMs to produce answers. Experiments 527

on two math datasets show that Tandem outper- 528

forms the mentor LLM while reducing computa- 529

tion by roughly 40%, suggesting that lightweight 530

high-quality reasoning guidance can often serve as 531

an effective substitute for full reasoning chains. 532
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Limitations533

Our work has several limitations that suggest direc-534

tions for future research.535

First, we evaluate Tandem exclusively on math-536

ematical reasoning tasks (MATH and GSM8K).537

While these benchmarks require multi-step reason-538

ing and are well-suited for validating our approach,539

the generalizability to other domains such as com-540

monsense reasoning, code generation, or open-541

ended question answering remains unexplored.542

Second, our framework requires training a sep-543

arate MLP classifier for each dataset to predict544

sufficiency. Although the classifier is lightweight545

and training is efficient, this introduces additional546

overhead when adapting Tandem to new tasks.547

Third, Tandem employs a fixed two-model col-548

laboration where one LLM serves as the mentor549

and one SLM as the intern. This simple division550

may not fully exploit more sophisticated collabo-551

ration patterns, such as involving multiple models552

with diverse capabilities or dynamically adjusting553

roles based on task characteristics. Exploring finer-554

grained multi-model collaboration could further555

enhance performance.556
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Series Model Metric Algebra Counting Geometry Intermediate Num Prealgebra Precalc Average

Non-thinking Mode

Single

7B
Acc. 93.60 76.79 67.43 67.33 85.74 89.55 67.95 80.40
Len. 487.0 542.2 693.5 1101.0 640.5 370.8 900.4 664.4
Cost 6.82 7.59 9.71 15.41 8.97 5.19 12.61 9.47

32B
Acc. 92.84 (-1%) 78.27 (+2%) 69.31 (+3%) 66.11 (-2%) 82.41 (-4%) 90.59 (+2%) 66.48 (-3%) 79.98 (-1%)

Len. 385.5 (-21%) 452.1 (-17%) 839.8 (+22%) 1296.9 (+18%) 555.4 (-14%) 319.2 (-14%) 1105.5 (+23%) 685.3 (+4%)

Cost 24.67 (+262%) 28.93 (+282%) 53.75 (+454%) 83.00 (+439%) 35.55 (+297%) 20.43 (+294%) 70.75 (+462%) 45.30 (+379%)

Baseline

7B+32B
(low)

Acc. 91.83 (-2%) 75.53 (-2%) 67.43 65.34 (-3%) 80.00 (-7%) 90.36 (+1%) 67.77 (-1%) 79.00 (-2%)

Len. 402.7 (-18%) 467.0 (-14%) 699.0 (+1%) 1094.8 (-1%) 578.1 (-10%) 311.8 (-16%) 966.1 (+8%) 626.8 (-6%)

Cost 12.10 (+78%) 13.00 (+72%) 16.25 (+68%) 21.79 (+42%) 14.56 (+63%) 10.82 (+109%) 19.98 (+59%) 15.50 (+64%)

7B+32B
(medium)

Acc. 93.26 (-1%) 77.85 (+2%) 66.60 (-2%) 66.00 (-2%) 81.11 (-6%) 90.24 (+1%) 70.70 (+5%) 80.02 (-1%)

Len. 392.3 (-20%) 416.2 (-24%) 774.9 (+12%) 1113.1 (+2%) 551.7 (-14%) 304.7 (-18%) 970.3 (+8%) 626.5 (-6%)

Cost 26.43 (+288%) 27.88 (+268%) 36.04 (+272%) 44.43 (+189%) 32.43 (+262%) 21.92 (+323%) 41.07 (+226%) 32.89 (+248%)

7B+32B
(high)

Acc. 93.34 (-1%) 77.43 (+1%) 70.35 (+5%) 67.77 (+1%) 83.89 (-3%) 90.59 (+2%) 69.78 (+3%) 80.94 (+1%)

Len. 390.1 (-20%) 450.3 (-17%) 816.0 (+18%) 1167.3 (+7%) 558.7 (-13%) 301.9 (-19%) 1039.4 (+16%) 650.8 (-3%)

Cost 28.82 (+323%) 32.61 (+330%) 44.02 (+354%) 60.80 (+295%) 38.71 (+332%) 22.86 (+341%) 54.44 (+332%) 40.32 (+326%)

Tandem 7B+32B
Acc. 94.19 (+1%) 81.01 (+6%) 70.56 (+5%) 69.66 (+4%) 85.93 (+1%) 90.93 (+2%) 73.81 (+9%) 82.56 (+3%)

Len. 474.8 (-3%) 479.3 (-12%) 809.4 (+17%) 1118.6 (+2%) 639.3 (-1%) 301.9 (-19%) 1055.3 (+18%) 674.6 (+2%)

Cost 11.08 (+63%) 26.08 (+244%) 38.90 (+301%) 41.84 (+172%) 9.40 (+5%) 21.54 (+316%) 51.91 (+312%) 28.68 (+203%)

Table 5: Performance comparison under non-thinking mode of the LLMs on the MATH dataset (Hendrycks et al.,
2021). We evaluate single models (7B, 32B), fixed-budget collaboration baselines (low/medium/high mentor token
budgets), and Tandem. Metrics include accuracy (%), average inference length (tokens), and computational cost
(TFLOPs). Bold indicates the best and underlined indicates the second-best for each subject.

A Statistical Feature Extraction Details753

For the cost-aware thinking judgment mechanism754

described in Section 2.3, we extract a comprehen-755

sive set of statistical features from the perplexity756

and entropy values computed over the insight to-757

kens. These features form a feature vector fe at758

each effort level e.759

Perplexity Features (7 dimensions). Given760

PPLt = {PPLt
i}ni=1, we compute:761

• Mean: µt
PPL = 1

n

∑n
i=1 PPL

t
i762

• Std: σt
PPL =

√
1
n

∑n
i=1

(
PPLt

i − µt
PPL

)2
763

• Median: median({PPLt
i}ni=1)764

• Maximum: max({PPLt
i}ni=1)765

• Minimum: min({PPLt
i}ni=1)766

• 25th percentile: Q25({PPLt
i}ni=1)767

• 75th percentile: Q75({PPLt
i}ni=1)768

Entropy Features (7 dimensions). Given Ht =769

{Ht
i}ni=1, we compute:770

• Mean: µt
H = 1

n

∑n
i=1H

t
i771

• Std: σt
H =

√
1
n

∑n
i=1

(
Ht

i − µt
H

)2
772

• Median: median({Ht
i}ni=1)773

• Maximum: max({Ht
i}ni=1)774

• Minimum: min({Ht
i}ni=1)775

• 25th percentile: Q25({Ht
i}ni=1)776

• 75th percentile: Q75({Ht
i}ni=1)777

Trend Features (2 dimensions). Let k = 778

min(20, n). We compute: 779

• Perplexity trend: ∆t
PPL = 1

k

∑n
i=n−k+1 PPL

t
i− 780

1
k

∑k
i=1 PPL

t
i 781

• Entropy trend: ∆t
H = 1

k

∑n
i=n−k+1H

t
i − 782

1
k

∑k
i=1H

t
i 783

These features capture whether the SLM becomes 784

more or less confident as it processes xt. 785

Metadata (1 dimension). 786

• Length: n = |xt|, the total number of tokens in 787

the SLM input xt = Q⊕ It. 788

These 18 features collectively provide a compre- 789

hensive representation of how the SLM processes 790

the LLM-generated insights, capturing not only 791

the overall difficulty but also the variability and 792

temporal dynamics of the processing. 793

B Broader Landscape of LLM Ensemble 794

LLM ensemble plays an essential part in enhancing 795

the generation performance and robustness of AI 796

systems (Chen et al., 2025b). Existing LLM ensem- 797

ble methods can be classified into three categories: 798

1) model selection before inference selects the best 799

candidate LLM for a specific task or question, pri- 800

oritizing smaller models whenever possible to min- 801

imize computational resources and inference time 802

(Ding et al., 2024; Lu et al., 2023; Šakota et al., 803

2024; Zhao et al., 2024); 2) Output aggregation 804

methods obtain the best answer by integrating LLM 805
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SYSTEM
You are a reasoning assistant. Analyze the given problem and follow the structured [Thinking Insights] below.

INSIGHTS
1. Goal: ⟨objective, constraints, and required output form⟩

2. Planning: ⟨high-level strategy; subproblem decomposition; edge cases⟩

3. Retrieval: ⟨relevant facts, formulas, or definitions; N/A if none⟩

4. Action: ⟨concrete steps and intermediate calculations⟩

CONSTRAINTS
• Keep each component concise.

• Maintain notational consistency with the original problem.

Figure 6: Prompt template for the LLM to generate structured Thinking Insights.

outputs with different granularities. These methods806

can fully leverage the complementary capabilities807

of multiple LLMs when answering individual ques-808

tions, thus offering higher potential performance809

(Yu et al., 2024; Yao et al., 2025; Zheng et al., 2025;810

Xu et al., 2025; Park et al., 2024); 3) LLM collabo-811

ration (i.e. LLM agent) employs multiple models812

working cooperatively through planning, reason-813

ing and summary to reach a final answer. This814

approach can achieve the advantages of both pre-815

vious categories through cascaded reasoning that816

starts with smaller models and escalates to larger817

ones based on output quality assessment (Li et al.,818

2024; Jiang et al., 2023; Zhang et al., 2023).819

Model Selection (ensemble before inference)820

approaches select the most appropriate model be-821

fore generation. For example, Fly-swat or Can-822

non (FORC) uses a DistilBERT model to predict823

which LLM performs best for each query, enabling824

cost-effective model selection that reduces infer-825

ence costs while maintaining performance (Šakota826

et al., 2024). RouterEval combines LLM rout-827

ing with recommender systems by collecting cor-828

rectness records from thousands of models across829

datasets, training a router that outperforms individ-830

ual strong models when selecting among about 10831

candidates (Huang et al., 2025). While model se-832

lection can reduce computational costs by choosing833

smaller models when appropriate, training robust834

routers requires extensive labeled data.835

Output Aggregation (ensemble during infer-836

ence) methods integrate outputs of multiple LLMs837

during generation to leverage the knowledge of all838

models. These methods can be further divided into839

three types. Firstly, token-level methods ensem-840

ble multiple LLMs by aligning vocabularies and841

averages token distributions (Yu et al., 2024; Yao 842

et al., 2025). Secondly, sentence-level approaches 843

choose the best piece from multiple candidate text 844

segments based on quality metrics or voting mech- 845

anisms (Xu et al., 2025). Thirdly, response-level 846

methods generate complete responses from each 847

model and then select the final output with ranking 848

models, or use a separate fusion model to com- 849

bine insights from all responses (Jiang et al., 2023). 850

Although these ensemble methods can improve re- 851

sponse quality, they incur computational overhead 852

as all LLMs perform inference for each query. This 853

issue becomes more severe with the emergence of 854

reasoning-intensive models like GPT4-o1 (Jaech 855

et al., 2024), which employ extended chain-of- 856

thought processes that can lead to overthinking 857

problems (Chen et al., 2025a). 858

C Non-thinking Mode Collaboration 859

Table 5 demonstrates that Tandem also general- 860

izes effectively to non-thinking LLMs. Without ex- 861

plicit reasoning chains, the 7B+32B collaboration 862

achieves the highest average accuracy of 82.56%, 863

surpassing both the 7B model at 80.40% and the 864

32B model at 79.98%, while reducing computa- 865

tional cost by 36.7% relative to the 32B baseline. 866

On Precalculus, one of the more challenging sub- 867

jects, accuracy reaches 73.81%, exceeding both 868

single-model baselines by over 5 percentage points. 869

These results confirm that our cost-aware collab- 870

oration framework operates independently of the 871

reasoning paradigm, achieving superior accuracy- 872

efficiency trade-offs through dynamic computation 873

allocation. 874
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D Prompt Schema Template for Thinking875

Insight Generation876

Figure 6 summarizes the prompt schema used in877

our mentor–intern collaboration to elicit a compact878

[Thinking Insights] block. The mentor LLM879

outputs exactly four structured components (Goal,880

Planning, Retrieval, Action), while the intern SLM881

produces the final answer based on these insights,882

enabling consistent downstream parsing and stable883

guidance.884

E Self-competence Awareness of SLMs885

A key question in our framework is whether the886

SLM can reliably assess its own ability to solve887

a problem given the current guidance. We com-888

pare three approaches for predicting sufficiency,889

all using MLP classifiers with different inputs: (1)890

Statistics: perplexity and entropy features com-891

puted from the SLM’s output probabilities; (2)892

Hidden: the last-layer hidden state at the final893

token position; and (3) Hidden w/ LoRA: same as894

Hidden, but additionally finetuning the SLM with895

LoRA before extracting hidden states.896

As shown in Table 6, Statistics and Hidden897

methods achieve comparable performance, sug-898

gesting that the SLM possesses a degree of self-899

awareness regarding its own competence. Surpris-900

ingly, the lightweight Statistics approach, which901

only requires output probabilities, matches the per-902

formance of Hidden, which requires access to inter-903

nal representations. This indicates that the SLM’s904

confidence signals are already well-encoded in its905

output distributions.906

Notably, Hidden w/ LoRA performs worse than907

the non-finetuned approaches, likely because fine-908

tuning on a limited dataset leads to overfitting.909

These findings validate our design choice of using910

perplexity and entropy as sufficiency indicators.911
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Algebra Counting Geometry Intermediate Number Prealgebra Precalculus Average

SLM 93.09 75.95 65.34 60.13 76.85 89.55 62.45 71.74
LLM 94.78 82.07 68.89 64.45 85.00 91.04 67.22 80.90
Hidden 95.70 83.12 73.05 67.88 88.52 93.00 71.79 83.46
Hidden w/ LoRA 94.09 73.02 57.36 63.09 75.60 91.45 69.57 74.88
Statistics 96.04 82.70 73.07 67.77 88.70 92.65 71.98 83.47

Table 6: Accuracy comparison across MATH subjects using different sufficiency prediction methods. All methods
use MLP classifiers with different inputs: Statistics uses perplexity and entropy from output probabilities; Hidden
uses last-layer hidden state at the final token; Hidden w/ LoRA uses hidden states from a LoRA-finetuned SLM.
Bold values indicate the best performance and underlined values indicate the second-best performance.
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