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Abstract

Modern neural networks are usually highly over-parameterized. Behind the wide usage of over-
parameterized networks is the belief that, if the data are simple, then the trained network will be
automatically equivalent to a simple predictor. Following this intuition, many existing works have
studied different notions of “ranks” of neural networks and their relation to the rank of data. In
this work, we study the rank of convolutional neural networks (CNN5) trained by gradient descent,
with a specific focus on the robustness of the rank to noises in data. Specifically, we point out that,
when adding noises to data inputs, the rank of the CNN trained with gradient descent is affected far
less compared with the rank of the data, and even when a significant amount of noises have been
added, the CNN filters can still effectively recover the intrinsic dimension of the clean data. We back
up our claim with a theoretical case study, where we consider data points consisting of “signals”
and “noises” and we rigorously prove that CNNs trained by gradient descent can learn the intrinsic
dimension of the data signals.

1. Introduction

Neural networks have become a cornerstone in modern machine learning, demonstrating remarkable
performance across various domains. A common characteristic of modern networks is their tendency
to be highly over-parameterized. Interestingly, it has been demonstrated that over-parameterized
models trained by standard optimization algorithms exhibit a preference for simplicity [3, 11, 15, 16,
21, 26, 33-36]: if the training data can be fitted well by a simple predictor, then after training, an
over-parameterized model may effectively reduce to this simple predictor.

A notable line of recent works have considered notions of “ranks” to characterize how simple the
over-parameterized neural network after training is [3, 11, 15, 18, 26, 41]. Specifically for nonlinear
networks, [11] showed that the effective hidden layer neurons in a two-layer neural network is sparse.
[41] empirically demonstrated that the hidden neural weight vectors condense on isolated orientations
when learning easy tasks, and provided explanations of this phenomenon with theoretical case studies.
[18] further formulated the Jacobian and Bottleneck ranks for vector-valued neural networks, and
demonstrated that over-parameterized networks tend to achieve small ranks.
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In this work, we aim to study the “ranks” of two-layer convolutional neural networks (CNN)
when learning from low-rank data sets from a new perspective: we examine the robustness of the
neural network rank when noises of increasing levels are added to the low-rank data. Interestingly,
we can draw the following conclusion:

The rank of the CNN is much more robust to noises, compared with the rank of the data.
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Figure 1: Ranks of data and filters under different noise levels. In (a), we perform a principal
component analysis (PCA) to a subset of MNIST images to reduce the intrinsic dimension
of each image to 20. We then add noises around the obtained low-rank image, and train a
two-layer CMM until convergence. We then calculate the ranks of the noisy images and
the matrix consisting of all the convolutional filters of the CNN. When calculating ranks,
eigenvalues smaller than 1/100 of the largest eigenvalue are ignored. The curves of filter
rank and data rank with respect to the noise level are plotted. In (b), we conduct a similar
set of experiments on the CIFAR-10 data set.

An illustration of this claim is given in Figure 1 (A more comprehensive set of experiments
are presented in Appendix B). While the empirical observation is clear, the explanation of this
phenomenon requires more careful analysis. In order to theoretically understand this phenomenon,
we consider a specific type of learning problems which have been considered in recent studies of
the “benign overiftting” phenomenon [7, 23], where the data inputs consist of “signal patches” and
“noise patches”. Notably, this type of data model is particularly suitable for our study of the rank of
neural network and its robustness with respect to noises — the signal patches can represent the clean
(low-rank) data, while the noise patches naturally motivates the study of robustness. By studying
this type of data, we are able to theoretically demonstrate our claim that the rank of CNN filters are
robust to noises.

The major contributions of this paper are as follows:

* We reveal the “rank robustness” phenomenon in training convolutional neural networks. In
particular, we add different levels of noises to low-rank data and then use CNNss to fit these noisy
data. We observe that, even if a significant amount of noises have been added which causes the
rank of the data to explode, the rank of the CNN filters can still remain around the rank of the clean
data. This suggests that the rank of CNN is more robust to the noise compared to the rank of data.

* We theoretically prove that the observed phenomenon happens when training a two-layer CNN

on a data model with multiple signals and noise. More specifically, we show that under a wide
range of noise levels, the CNN model will learn the intrinsic dimension of the training data, i.e.,
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the number of signal vectors. In comparison, we also show that under the same noise levels, the
data rank can provably explode.

* Our theoretical analysis is inspired by [7] where the authors proposed a data model for the study
the “benign overfitting” phenomenon. Compared to [7] where only one signal patch and one
noise patch is considered, our analysis handles the more general model with arbitrarily many
patches. More importantly, as the purpose of [7] is only to study the test loss, their analysis on the
optimization process is not the most accurate. In comparison, this work establishes a more refined
analysis that accurately characterizes the behaviour of all the CNN filters throughout training,
which enables the study of the rank of the trained CNN. The conclusions of [7] can also be directly
implied based on our theoretical results. Therefore, we believe that the theoretical tools developed
in this paper may be of independent interest.

2. Problem Setup

In this section we introduce the theoretical setting considered in this paper. We first give the following

definition on the distribution of data.

Definition 2.1 LetU = {p1, 2, -+ ,prx} C R? be a set of K fixed vectors representing different

signals. Based on these signal vectors, each data point (x,y) withx = [x{ ,XJ , ... ,x}T)]T c RPd

denoting the P patches and y € {—1,1} is generated from the following distribution D:

1. The label y is generated as a Rademacher random variable.

2. Aninteger s is drawn from a distribution 7 over {1,2, ..., K }. This distribution 7 takes value 1
with a positive probability 7.

3. A set of s vectors v, . ..,V are randomly and uniformly drawn from U without replacement. s
patches among xV) | ... x(P) are then randomly chosen and are assigned as y - v;, i € [s].

4. The rest P—s patches among xW L xP) gre assigned as Gaussian random vectors €1, . .. ,Ep_g
that are independently drawnfrom N(O 02 e (La — Zszl priey - el ).

We consider the training of CNNs based on a trained dataset S = {(x1,¥1), .., (Xn, yn)} for binary
classification, where the training data points (x;, y;) are generated independently from the distribution
given in Definition 2.1. For these training data points, we adopt the notations in Definition 2.1 and
denote by s; the number of signal vectors in x;. Similarly, we also denote by v; 1, . . ., v; 5, the signal
vectors contained in x;, and by &; 1, . . ., & p—s, the noise vectors contained in x;. Similar training
samples have been considered for a variety of different topics [2, 7, 19, 23, 29, 42].

Two-layer CNNs. We consider a two-layer convolutional neural network whose filters are applied
to the P patches x(1), x(), ... x(P) separately, and the second layer parameters of the network
are fixed as +1/m and —1/m respectively. Then the network can be written as f(W,x) =
Fi1(Wi,x) — F1(W_1,x), where F' 1 (W41,x), F_1(W_1,x) are defined as:

m

WJ7X ZZ WJT7XP T}’LZ Z (<Wj7’>y Vk +Z W]ragk’

Tlpl k=1 k'=1

for j € {41, —1}, m is the number of convolutional filters in Fy; and F_;. We consider using
Huberized ReLU activation function o'(-) defined as o/(2) = ¢ 'k 7929 - L, eo 3 + (2 — K —K/q) -
1¢.~x), where & is a small constant and ¢ > 3. We use w; » € R? to denote the weight for the 7-th
filter (i.e., neuron), and W is the collection of model weights associated with F;. We also use W to

denote the collection of all model weights.
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Training Algorithm. We train the above CNN model by minimizing the empirical cross-entropy
loss function Lg(W) = 23" l[y; - f(W,x;)], where {(z) = log(1 + exp(—z2)), and § =
{(xi,y:)}1" is the training data set. We consider gradient descent starting from Gaussian initializa-
tion, where each entry of W ; and W_ is sampled from a Gaussian distribution N (0, 08), and 0(2)

is the variance. The gradient descent update of the filters in the CNN can be written as

(t+1) ()
wi ) =w — -V, Ls(W®) (2.1)

Jr
for j € {£1} and r € [m], where we introduce a shorthand notation 4(1:) = y; - FWD, x;)].

3. Main Results

Before we demonstrate our results, we first present conditions on the dimension d, sample size n,
neural network width m (number of filters), learning rate 7, initialization scale oy, signal level || |2,
and noise level oppige.

Condition 3.1 Suppose that _
1. Dimension d is sufficiently large: d = Q(m* v n?)
2. Training sample size n and neural network width m satisfy n, m = Q(polylog(d)).

lells

3. Signals are perpendicular to each other and at the same level, i.e. {p, pr) = 0 and gl =

O(1) forall k # k'. W.L.O.G, we assume ||p1]2 > ||p2ll2 > - - [|1K]2-

q ~
4. The level of signals is larger or equal to the noises: % >Q(1)

noise

5. The learning rate n satisfies n < 6(min{|]u1H2_2, o 2. d7 ).

6. The standard deviation of Gaussian initialization o is sufficiently small: oy < 5(d_1/2) .
min{(anoise\/g>717 Hl’l’l”g_l}

These assumptions are widely made in a series of recent works on the benign overfitting phenomena
of gradient descent in learning over-parameterized CNN models [7, 10, 23]. We remark that, although
the condition on the ratio between signal vectors is established for a clear presentation, it can certainly
be relaxed to include other quantities beyond a constant order. The condition on the levels of signal
and noise, firstly proposed in [7], is to ensure that the signal learning will not be overridden by the
noise. The condition on the learning rate is to ensure the convergence of gradient descent. The
condition on the initialization scaling is to guarantee that gradient descent is performing feature
learning rather than learning random kernels.

Now we are ready to deliver our main theorem, which characterizes the critical properties of the
learned convolutional filters.

Theorem 3.2 Under Condition 3.1, for our signal sets {1, b2, - , i }, there exist K distinct fil-
ters{wir, ., Wira: " ,WLTLK} in W1 and K distinct filters {W_LLL1 s WL g0y ,WLLLK}

in W _y such that at any iteration T = n~'poly(||u1]l3 %, s |pkllyt d o2, 05 tnym, d) >
Q(—=——), with probability at least 1 — O(m™"), it holds that
nog llexlls
(T) Kk m
w — (mlogT) - < O( );
H b~ ) lel3 1] £k l2
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) M m
W (o) - 2 | <o)
K
(T) _ 1 1/2
Wi, <0(> m||uk||2) + O(00d"/?),

k=1
with r # 11 i, 7_1 i, for all k € [K]. Moreover, denote Py, the projection matrix of the compliment

;?) - W](OT)) lo < O(oon'/?) forall j € {—1,+1} and r € [m).

space span(U)*, then ||PyL - (w

The results of Theorem 3.2 demonstrate that for each signal py, only the two filters wy .,
and w_1 ,_, . can significantly learn pj and —py. The projections of filters into the complement
subspace of signal sets are small values by our Condition 3.1, implying that the noise data are rarely
learned in any filter when the magnitude of signals is large compared to noise. As demonstrated in
the previous work of benign over-fitting in two-layer neural networks [7, 23], the neural network
can achieve both lower empirical training loss and test population loss if it rarely learns noises.
However, their result is not sufficient to conjecture the potential structure of the neural networks. In
comparison, we propose a more refined analysis as we carefully check the optimization trajectory
of each filter during the whole training. Our results implies that we can approximately regard
wj(Trjk ~ mlog(T) ||5:”% and wﬁ) ~ Wﬁ)
intuitively show that the neural network can exhibit an inherent prioritizing towards a low-rank
structure that aligns with the intrinsic complexity of the data set.

if 7 # r; .. The significant distinctions among the filters

Corollary 3.3 Let X = [xgl), s xP xél), e xE ,XS), -+, xP] be the matrix consisting
of all the training input patches, and denote by w1, . .. ,wpp and A1, . .., Aoy, the singular values (in

descending order) of X and W respectively. Then under the same conditions as Theorem 3.2, with
probability at least 1 — O(m™1), it holds that

1
wi _ 2pall and K ZQ(mlog(T%Llng )
o0

WnpP O-noise\/a7 )‘KJrl

Corollary 3.3 clearly demonstrates the different patterns of data ranks and learned filters under
varying noise levels. Specifically, as the noise becomes stronger (i.e., opeise inCreases), the condition
number of the data matrix (i.e., w1 /wy,p) decreases and gradually approaches 1, indicating that the
rank of the training data matrix increases and approaches nP. In contrast, the ratio between the K -th
largest and K + 1-th largest eigenvalues of the learned filters is independent of the noise strength, and
thus remains largely unchanged as the noise increases. Furthermore, when using a small initialization
scaling oo, we observe that the gap between Ax and Ax 1 becomes significantly large, suggesting
that the rank of the learned filters is approximately K. This clearly explains the “rank robustness”
phenomenon of the CNN model trained by gradient descent.

4. Conclusions and Future Work

In this paper, we point out an interesting phenomenon on the robustness of CNNs trained by gradient
descent in learning the intrinsic dimension of data. For a specific type of data, we theoretically show
that the two-layer CNN will converge to a low-rank structure when learning from noisy data, and
even if the ranks of the data have exploded due to the added noises, the CNN rank still remains robust.
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Experiments on MNIST, CIFAR10 data sets also support our findings. Exploring more accurate
definitions of “ranks” and extending our results to more complicated data and networks are some
interesting future work directions.
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Appendix A. Additional Related Works

Implicit bias. There emerges a line of works studying the concept of implicit bias’, the inherent
property of learning algorithms prioritizing a solution with some specific structures, especially
some ’simple’ structures. For the implicit bias study on neural networks, [22, 30] demonstrated that
g-homogeneous neural networks trained by gradient descent converge in direction to a KKT point of
the maximum ¢5-margin problem. [31] proposed a stronger result base on symmetric data assumption
and [39] extend the results to adaptive methods. [20, 22] showed the each layer of deep linear neural
networks converges to a rank 1 matrix. [27] establish the equivalence between the gradient flow of
depth-2 matrix factorization and a heuristic rank minimization algorithm. [13] showed that on nearly
orthogonal data, gradient flow in leaky ReLU networks will achieve a linear boundary, and the stable
rank of the neural networks is always bounded by a constant. [24] extends this result to gradient
descent on similar data structures. [37] study the rank minimization on non-linear networks and
provide several counter-examples. Besides, [38] provides a literature review of the existing works of
implicit bias on deep neural networks.

Benign over-fitting. [5, 6] demonstrated the “double descent” population risk curve for many
models, containing decision tree and Gaussian and random Fourier feature model. [4] showed that
the benign overfitting in linear regression is correlated with the effective rank of the data covariance,
and provided a theoretical bound for over-parameterized minimum norm interpolator. [9] study
the benign overfitting in linear classification for a sub-Gaussian mixture model with noise flipping.
[17, 40] study the implicit bias under the regime that dimension and sample increase at a fixed ratio.
[1, 28, 32] explored the multiple descent under different settings. Besides, [7, 14, 23] study the
benign overfitting on two-layer neural networks.

Appendix B. Experiments

In this section, we present our experimental results to backup our theoretical results and show a
two-layer CNN is robust to noise in data.

We generate training data from the MNIST [12] and CIFAR10 [25] datasets according to
Definition 2.1. We use images from two selected classes as the source of signal patches for the
y = —1 class and the y = 1 class, respectively. To control the rank of the training data, we reshape
each image into one vector and stack them into a matrix, then use PCA to reduce its rank. After that,
we generate P patches with noise as one data point x from each column of the matrix. For noise
generation, we use entry-wise Gaussian noise NV (0, aﬁoise), where we set op0ise to different values to
verify how our model behaves under varying levels of noise. We consider a CNN model as defined in
Section 2. To ensure the rank of the initialized parameters of the model does not affect the observed
rank after training, we multiply the initialized weights by a small coefficient. For different data, we
use different setups to generate the noise data and run the full batch gradient decent to train the CNN:
MNIST. The MNIST images firstly undergo dimensionality reduction to three levels of rank: 10, 20,
and 30. Then each column of the matrix, corresponding to an image, is reshaped to its original size
and padded with a 14-pixel wide circle of noise (An example is shown in Figure 2). Finally, each
noise-padded image is reshaped into P patches. The padded pixels are entry-wise Gaussian noise
N(0, aﬁoise), where opeise 1S set to 0, 0.01, 0.1, 0.12, 0.15, 0.18, and 0.2. For the model, the model

width m is set to 128. For each rank level, the initialization coefficients are set to 1le-3, 1le-3, and
le-2, respectively.

10
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Figure 2: Illustration of a training image from the MNIST dataset, reduced to rank 10 and padded
with a circle of noise.

CIFAR10. To reduce the complexity of CIFAR10 data and more easily reveal the phenomenon,
we transform the original CIFAR10 iamge into embeddings using ResNet-18. All embeddings are
stacked into a matrix, which is then subjected to dimensionality reduction to ranks 15, 20, 25. After
reducing the dimension of the embedding matrix, each embedding is concatenated with a noise vector
and reshaped into P patches. Here, the standard deviation of the noise o5 is set to 0, 0.1, 0.5,
0.62, 0.65, 0.7 and 0.8. The model width m is set to 256, 512, 128 and the initialization coefficients
are set to le-6, 3e-7, 3e-7 for each rank.

Synthetic Data. In addition to using two real-world datasets, we also conduct experiments on
synthetic data. We strictly follow Definition 2.1 to generate the synthetic data. For the signal patches,
we set K = 10, 20, and 30, and choose one-hot vectors as signals. Then, we set 11 = 1 and P = 3,
which means each data instance contains one signal patch and two Gaussian noise patches. And
Onoise 18 set to 0, 0.001, 0.0065, 0.009, 0.01, 0.012, 0.015. For the CNN model, The initialization
coefficients are set to 1 x 10™4, and the model width m is set to 128 for each K.

Result. According to Theorem 3.2, the rank of the filter is approximately equal to the number
of signals. In this experiment, we report three different ranks: the dimension of PCA, i.e. the
rank of pure signals wihtout noise, the rank of model weights, and the rank of the data with noise.
Here, we verify whether the dimension of PCA is roughly equal to the rank of the filter after
training. To evaluate the rank of the model weights and the noise data, we denote the number of
their singular values larger than \p,ax /100 as the rank, where A ax is the maximal singular value of
the corresponding matrix. In all experiments, the rank results are presented when models have been
trained to achieve a very small training error, in the range of le-1 to le-2. As shown in Figure 3, it is
evident that as the noise and rank of data increase, the rank of the CNN filter remains approximately
the same as the PCA dimension. This indicates that CNNs tend to learn the signals even when the
data is exposed to significant noise.

Appendix C. Overview of Proof Technique

In this section, we explain how we establish our main theoretical results. Similar to the definition of
U, we define the linear subspace spanned by the noise vectors as

N: Spa‘n{gl,l"“ 7£1,P—817"' 7571,17"' 7£n,P—sn} CUJ_'

11



GRADIENT DESCENT ROBUSTLY LEARNS THE INTRINSIC DIMENSION OF DATA IN TRAINING CNNs

Binary MNIST Reduced to 10 Dimensions Binary MNIST Reduced to 20 Dimensions Binary MNIST Reduced to 30 Dimensions

200 —e— Filter Rank 200 —e— Filter Rank 200 —e— Filter Rank
—e— Data Rank —e— Data Rank —e— Data Rank
—=-- PCA Dimension —=-- PCA Dimension —=-- PCA Dimension
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©
« 100
50
10+
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(a) Rank visualization of data and CNN filters on MNIST dataset.

Binary CIFAR10 Reduced to 15 Dimensions Binary CIFAR10 Reduced to 20 Dimensions Binary CIFAR10 Reduced to 25 Dimensions

—e— Filter Rank —e— Filter Rank —e— Filter Rank
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Noise Standard Deviation Onoise Noise Standard Deviation Onoise Noise Standard Deviation Ongise
(b) Rank visualization of data and CNN filters on CIFAR10 dataset.
Binary Synthetic Data with 10 Signals Binary Synthetic Data with 20 Signals Binary Synthetic Data with 30 Signals
T T
—e— Filter Rank —e— Filter Rank —e— Filter Rank
2001 —e— Data Rank 200 —e— Data Rank 2001 —e— Data Rank

===~ Signal number K ===~ Signal number K === Signal number K
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Rank
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Noise Standard Deviation Onpise Noise Standard Deviation Oneise Noise Standard Deviation Oneise

(c) Rank visualization of data and CNN filters on Synthetic Data.

Figure 3: Rank of the data and learned filters under different noise levels. Here z-axis represents the
value of the standard deviation of noise opise, and y-axis is the rank. From the figures, it
can be clearly observed that the data rank increases rapidly as the noise becomes stronger,
while the rank of the CNN filters remains robust against the noise, while keeps being the
same as the intrinsic dimension of the data features.
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According to the gradient iterative rule for filter (2.1), we could observe that at each iteration,

the update of filter is always in the subspace spanned by the signal vectors and noise vectors i.e.,

witr) (t) € U UN. Since the signal vectors are pairly orthogonal and also orthogonal to the

7T
(t)

noise Vectors, we propose a decomposition of w; _ as

(t) (0) )

<o> - joro Pk <>
—1-2 5 pi + E; (C.1)
| er]l5

=) is the linear projection of w(t) w'? into NV By this decomposition, we can split the

gr gr — Wir
projection P, - wit) = =P, w( ) + = ._.( ). Since the initialization of neural networks is sufficiently

JTr
small under our setting, we can treat (w g?ﬂ — wl T), ni) ~ <w( T),, px)- This inner product efficiently

where =

characterizes the level of different signals learned by each filter. On the other hand, = "( ) reflects
the noise from different data points learned by each filter. In the following, we use a two stage
decoupling technique to characterize the increase of these values.

C.1. Training Phase I

Our training filters w;,’s are initialized at a sufficiently small level, therefore we could treat
—0; ~ 1/2 at the beginning. Until the output of neural networks surpasses a constant level, we
can always treat —¢/ as a constant and there is no significant difference among all training data.
Therefore, the dominating factor in the iterative rules of our filters is the output of the activation
function. Since the Huberized Relu activation function exhibits a power increase with order ¢ > 3 at
the beginning stage. This power increase significantly distinguishes the signal level among w; ;’s by
the end of Phase 1.

Lemma C.1 Under the Condition 3.1, we can find a time T1 = (:)(77 q,Q”HIH
o)) K

sets {p1, o, - -, pic ), there exist K distinct filters {W1 ) |, W1 o, , Wi .} in Wy and
K distinct filters {W_1;,_, ,W_17_1 5, s, Wir_, .} in W_1 such that for all j € {—1,+1},

k € [K], it holds that (w (71) Jjuk) > kand (w (T ),j[,Lk> < 1= with all v # rj .. Moreover, it

JT k7

holds that ||E§?H% < o2nP/2forall j € {+1},r € [m]and 0 <t < T1.

I ) then for our signal
2

Lemma C.1 show that at a time 7T} = é(naq_ o B ), for each signal g, only one filter wy ;. ,
2

2
llex
can learn +py and only one filter w_1,_, , can learn —py, and the level of (wf;ll)k,p,k> and

<w(7T113" , — gy Will attain k, the critical point of the Huberized Relu activation function. By
sF'—1,k

definition of the Huberized Relu activation function, we can easily obtain that the power term will
vanish when the input of the activation function, i.e., <wj7rj7 oo J ) attains k. Moreover, we can not
treat —¢; = ©(1) like Phase I, since some input terms of the loss function also attain constant level.
To better illustrate our results, we denote by J; the set of data points containing only one signal
vector py, in their signal patches, i.e., J, = {i|s; = 1, ;1 = py, and i € [n]}. One good property
for i € Jj, is that we have —{; = O(exp (—(Wy, r, ., Yitk)/m)) if the noise always remains at a
small level. As we will show in the next lemma, this property guarantees that after the power term
vanishes, <wj,7«j7 .» J ) will increase logarithmically.

13
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C.2. Training Phase I1

Lemma C.2 Under the Condition 3.1, for our signal sets {1, po, - - - , i }, there exist K distinct
filters {W1 r1 1\, W1y 55 s Wiy o } it Wy and K distinct filters {W 1, |, W_1,_ 5,y Wi ;o }
in W _1 such that at any time T =T\ + n_lp()ly(HHlHElv T ‘|“K‘|517 d_lo-;oZise’ Jal’ n, m, d)
and forall j € {—1,41}, k € [K], then
T*) .

mlog(T* —T1) — O(m) < <Wg(',rj,)km7“k> < mlog(T* —T1) + O(m)
and <w§-:€*),juk> < g for all v # rji. Moreover, it holds that H—-(t)HQ < 20¢nP for all
je{xlh remland0 <t <T*

In the Phase II training, we don’t specify a particular time 7™, T™ could be any polynomials of our
parameters and the only requirement for 7™ is that 7™ is larger than the 77, then we can approximately

claim that W‘ETT:)]C ~ log(T* — T1) ”i ’Z’HQ , and wg*) ~ (0) if  # r; 1. These intuitive results
clearly illustrate after a long time of trainfng, the neural network will prioritize a ’low-rank’ structure
that aligns with the intrinsic data complexity.

Now, we are ready to prove our main Theorem 3.2.

Proof [Proof of Theorem 32] LetT = ’I”]ilp()ly(Hl»l'l”Q_lv o el Ld! anmse, o

17n7m7 d)

and T > Q( ”“ T ). We calculate the filter norm by (C.1)
2
(T) JBk
— mlogT .
H i ) 2113 1l
wD (0) (T) (0) K =(T)
H .]T]k ]Tj,k_ jrjk7l'l’k?>_jmlogT ‘ H +Z ]T]k_ jrjk7l'l’k>‘| H2 +_lj7rj,k
2 k' +k BE iz 2
(T) © (T) w®

|| ||2 + |<Wj77"j,k - Wj7r]_7k;jl‘l’k> - mlOng _|_ Z ’<Wj77’jk ]T] k)l‘l’k >| _|_ H':(T) ||

Wi irzyp ot [ |2 Pk

1

<O(o0d?) + 0( =) +0( D~ ) + Ologn'/?) < O ().

(0t + O(fa) * O afiaea) O™ < O

The first inequality is from triangle inequality, the second inequality is from Lemma C.2 and
concentration results in Appendix E.1 guaranteeing that HW( ) 2 < O(ood"/?) and \( Wi uk)] <

O(oo||perll2) < O(d—1/?), and the last inequality is by Condltlon 3.1. For w; , with r % r; ;. for all
je€{—1,+1} and k € [K], we have

’ - 7I*l’k‘>| —
ol < i+ 30 B0 3l
1

< O(opd?) +0
(0 @muukuz

) + O(O’onl/2)
K

< O(od"?) + O(Z #)

2l
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Similarly, the first inequality is from triangle inequality, the second inequality is from Lemma C.2
and some concentration results in Appendix E.1, and the last inequality is by Condition 3.1. By

(T) (0)) _ =0

definition of Py, , we can directly have Py, - (w i — W; ) =&, which proves the last result in

Theorem 3.2. |

Appendix D. Proof in Section C

D.1. Decomposition
(®)

We introduce a more refined decomposition of w; - compared to (C.1), the most significant difference
is that we define an exact agent to describe the learning of each noise &; ;- on each filter w; ;..

Definition D.1 Let W for j € {£1}, r € [m] be the convolution filters of the CNN at the t-th

iteration of gradient descent. Then there exist unique coefficients 7;2 > 0and p( ) i Such that

K n P—s;
t 0 . (¢ _ t _
W§7)’ - WJ(7”) + Zj .7](773377“ Al ® - e+ Z Z szzk/ N&iwllz? - &p
We further denote pﬁ»,ﬂ,i,k/ = P;Z,i,k/ 1(P§',3~,i,k/ > 0), BE",)%,Q, = P;,Z,i,k’ IL(pg z,z,k' < 0). Then we
have,
n P-—s;
(1)
t +ZJ A0 el e+ S0 A el - e
=1 k'=1
n P—sz
t -2
300 s i lla® - i
i=1 k'=1

Then, instead of directly analyzing Egtll, we prove some result for p; . ; x- and extend the results

(®)

of pjrik to = e Besides, we define two set notations: 7 is the set of data points containing signal
vector pu in their signal patches, Jj is the set of data points containing only one signal vector gy, in
their signal patches, i.e., 7, = {Z|uk- e{vi1, -+ ,Vig}, andi € [n]}, and Jj, = {z|sZ =1, pp =
Vi1, and ¢ € [TL]}

D.2. Preliminary Lemmas

Before we prove the Lemma C.1, we first present and prove several lemmas that will be used for the

proof of Lemma C.1. We define ;1 = argmax,.c(,, <W](t2, J - pk). Then we have the following
lemma demonstrating that the filter with the largest inner product with some signal at initialization
will always have the largest inner product with this signal during the whole training process.

Lemma D.2 Under Condition 3.1, we have v 1.; = rj o forall j € {+1,—1},k € [K] andt > 0.
Moreover, if {j,k} # {j', k'}, then v} .o # 7 1 o holds with probability at least 1 — O(1/m).
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Since the filter with the largest inner product with any specific signal is consistent during the whole
training process, in the following paragraphs, we can denote r; ;. ¢ by 7; 5, for simplicity and 7 x’s
are distinct for different pair of {j, k}. To prove Lemma D.2, we consider two cases with positive
initialization and negative initialization respectively. Instead of directly proving Lemma D.2, we
introduce and prove the following Lemma D.3 and Lemma D.4, then Lemma D.2 is a direct corollary
of Lemma D.3 and Lemma D 4.

Lemma D.3 Forallr,r’ € [m], if (w ]raJNk> ( j(f)r),,juw > 0, then it holds that ( gz,]um
<W](.t7),,,juk>f0r all t.

Proof [Proof of Lemma D.3] By multiple by j .z on both sides of (2.1) and the orthogonality between
signals and noises, we obtain that

2
1 NiHE
(Wi ) = (W) ) — ”anQZE’[%~f(W(t),xz-)]a/(<wj(fZ,ymk>)
1€Ty

0) 0|3
= Wy db) — = 20 ({ wil o)) S 4Y

€1y, yi=]

2
_W||Nk||2a/(<w§f27_juk>) 3 ‘o, (D.1)

nm . .
1€, Yi=—]

It is clear that (wj(t,),, jpg) is always non-decreasing, therefore if <w§?2, jpk) > 0, we have

(wj(.fz, —jpg) < 0forall ¢, then (D.1) could be simplified as

2
WS e = | ](fr)"juw_”HNkHQG/« w iy 3 4 (D.2)

nm ) .
1€1y,Yi=]

And we could notice that the only item specific to filter » in formula (D.2) is the inner product
( ](tz, jpi). In another word, if we let 2 = ( j(tz, jui), then the recursion (D.2) of the positive

sequences {xr 122, could be simplified as,

A = 20 | Oy’ (20)

2
wherc? Cy = % D ieTy yi=i €Z( ) is independent of filter index 7, and ¢’(+) is a non-decreasing
function. Therefore we conclude that a filter with a larger initialization will always have a larger
increment in each iteration, which completes the proof. |

To compare with the filters with a negative initialization, we define an idealized filter w ;,
satisfying that (1 + @(%)) <VT/§0,3 L JME) = <w(-0) Jjpk), and also following the iterative rule in

JiT35,k,0°
(D.2). The reason for such a definition is that if » # r; 1 o, we have <WJ(0T) J g < (vTI](.?,z, pi) by

Lemma E.5. Next, we introduce our Lemma D .4.

Lemma D.4 Suppose that Condition 3.1 holds and define an idealized filter w ;. satisfying that

(1+ @(%))( ](ngdﬂk> <W§-?T)j v o0 JBE), and alsofollowing the iterative rule in (D.2). Then it

holds that (w\') jpu) < (W), ju) for all v € [m] and t if (w'"), jpuy.) < 0.
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Proof [Proof of Lemma D.4]
Obviously, if <W](-?T),juk> < 0, then <W§-2,juk> < <v~v§f,)€,juk) since (w (,i,jpw is always
positive. We assume that ¢* is the first time such that <w](t2, juk) > 0, which means ( 52, Jjpk) <

<v77](.t,)€, jpg) for t < t*. And similarly, we could re-write the iterative formula for (wﬁ, Jjpk) at t* is

* *__ . 2 * . *_
o) = Y g = TR o () ) ST

nm A .
1€1g,Yi=—]
1| || 3 t* -yl _
< — RS ((wit ) YL 4T < T 2000 g l2)
ool | |l2 ©) ()
< — . = < AW e k) < (W50, i)
The first inequality holds since (w §t:_1), Jjpk) < 0. The second inequality is from — ;.7 . ;(t) <
n and <w§.f:_1), —juk) < { gr), —jug) = O(0o||x|2) by Lemma E.5. The third inequality is

from our Condition 3.1 and the fourth inequality is from Lemma E.5. Since (wgtr ), JHE), <v~v§t,:) L T >

0, by Lemma D.3, we have <w§t})€7 Juk) > <wj(t2,, jpy) for all t > t*, which completes the proof. H
Now, we are ready to prove Lemma D.2

Proof [Proof of Lemma D.2] By Lemma D.3, Lemma E.5 and Lemma D.4, we can conclude that
it # 70, then (w'), ) < (W), jur) < (W T) o+ k) for all £. Since the initialization of

(0)

w . is i.i.d. Gaussian random vectors, we conclude that P(rjgo=rjyro) = % for different pair

of {j,k}. [ |

Next, we introduce and prove the following Lemma D.5 and Lemma D.6 which will be helpful.

Lemma D.5 characterize the relatlonshlp between —¢; and the output of F},, when | ,0 | is small.

RN
Lemma D.6 show that when |pj i | 18 small H.:.j 7"||2 is also small.

Lemma D.5 Suppose that Condition 3.1 holds and |p ikl < O(000noiseVd) forall j € {1}, €
[m], i € [n] and k' € [P — s;], then we have
(Wg?n, 5i,k’> < 6(000n0ise\/g);
t
F_yi (W(—')y ’ ) < 1
0] = 0 (e PaWi2)

Proof [Proof of Lemma D.5] The iterative rule for <wj(t7),, & k) can be derived by multiple by &; ;- on
both sides of (2.1), then we obtain that

(t) . Z Z (&inr &ir k) Z SN
<Wj’r’ Ez,k’> o < 3 T €Z J r,z,k’ + p] 7"2/ ok ”£ i k! HQ pj r,z,k:” ’£Z,l€” ||2

i1 k=1 k" £k
< 5(000110156\/&).
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The last inequality holds because the first term < _y T,fz k) = 5(000110136\/;1) by applying
Lemma E.5, the second term p( ) ik < 0. For the third term and the forth term, pg Z ik p§ 2 i =

O(ooanoise\/&) by our assumptlon and { ﬂg’“"s /l\k2H>’ <€|’L|£k”£sz2”> < O(l/f) by Lemma E.4. Then
i k12 i,k 112

based on our Condition 3.1 about n and d, the last two terms are also 6(00%01%\/&) Now for
Foy (WY

Yi’

x;), its value is determined by (w (_)y » Yilsk) and (w ® “yir &ikr), and we can easily get

t 0 ~
W i) = (WO i) = oy < (W) Ly < Ooo]plla),

Combining with the previous result about <w§’2, & k'), we can present a bound of F_,, (W(_tzh , %)

as

m K m S
Py (W, ) < 33 oltw, pmd) + - D0 S o(wlh), &)

r=1 k=1 r=1k=1/
2P

<t max{O(llill2); O(rmoise )} < 1.

The last inequality is from our Condition 3.1 about o. Finally by the definition of ¢'(-), it is clear
that,

100 = ! - ! .
1+ eyi[F+1(W$iaxi)_F—l(ngvxi)] 1+ 6Fyi(W7(;i)7Xi)_F*yi(W(j;i7xi)

By the fact F',1(+), F—1(-) > 0, the lower bound is straightforward that

M(t) = 1 S 1

1 B (Wi i) =Py (WU i) ™ 9 Fy, (Wi xi)

On the other side, since F_,, (W(_tl)h, x;) < 1, we obtain that

1 (t)
|£;(t)’ = ey (Wyti Xi)

Q) 0) se
1 + eri (W’yz »xi)fF—yz (W—y ’ )

The upper and lower bound of |€;(t)| indicates that |€;(t)| =0 (eiF b (Wi ’xi)). [

—1 for all

je{-1,+1}, r€m] i€ [nland k' € [P — s, lf]pj”k,] < a. Here a could be any positive
number.

Lemma D.6 Suppose that Condition 3.1 holds. Then we have H"( 13 < 2nPa%0,

n01se

Proof [Proof of Lemma D.6] By deposition defined in Definition D.1, we have

—_ - t _ t <£zk7£z’k’>
[= mu-ZZpglm lewl?+ > pEZ@kpﬁlz/k,—

i=1 k'=1 {zk};ﬁ{z’ K} /k'”Q
<2n(P —1)d%0 2 d '+ a0 2 d' < 2nPd’c 2 d!

n01se noise noise

where the first inequality is from Lemma E.4 and our Condition 3.1. |
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D.3. Proof of Lemma C.1

Now, we are ready to prove Lemma C.1

Proof [Proof of Lemma C.1] By Lemma D.6, to show H._. < o¢nP/2, it suffices to show that

)13
j T
max; . g/ ] pj ”. k,| < 000noise Vd d/2. We will show it by induction, and we assume it holds when
we prove the first result. For each j € {—1,+1} and k € [K], we consider the filter w; ;. , and the
idealized filter w; ;. defined in Lemma D.4, then (Wﬁj .»JHg) and <V~Vg(‘tl)w juk) follows the same
iterative rule: 7

t+1) B ||| 3 t it
(W Gy = (W) i) — 2 ({ wi ) S e
1€, yi=]
6 . .
= (W) i) + nCeo’ (W), jpar)),
where C} = % Ziezk,m:j ﬁg(t) < ”“kH? . Define T7 j 1, be the first time such that< ( ) ,j,uk)

(Wi im)

r and T” be the first time such that (w (,)f,]uk) > 17— Since we have % =1+06(%)

7, KoMk

by definition of the idealized filter w; ;. By checking the conditions in Lemma E.7, we can con-

(1]k) 1

clude T; j,, < T’, which implies that ( ,Jik) < gge- Since for all r # 75, we have

(w](-ﬂ)ﬂ]u,w < (W J(,)g, ju) for all t by Lemma E.5, Lemma D.3 and Lemma D.4, we can finally

obtain that ( (Tl o k),]ﬂ ) < 4Km

we assume ]pjm’k/| < aoanmse\f/Z, then for all ¢ < T4 ; and ¢ € Jg, we apply Lemma D.5 and
derive that

for all 7 # r; .. Next, we try to derive the bound for T ; .. As

1
—Egt) > % exp ( - F, (W(t_) xz))

Yi?
1 1 m P-1 1
> % exXp < “m Z [0'(<W75?,rayiﬂk>) + U(<Wg(,i),r»£i,k'>)]> > 22"
r=1 k'=1
This is because
1 m P-1
> o (Wil yii)) + D o (W) &))] <1
r=1 k'=1

by <w§,€)¢yi,k,ym;€> < K, (wz(,?,r,yip,w < 4Km and (w r>fi,k’> < 5(000110156\/&). Therefore, we

get a lower bound for C as

||/1’k‘”% ||/1'k’||2 1||/1’k’||%
Cy=—= E AL = —_—.
! nm b 2 2e2nm H €Ty =itz 8e2Km
lGIk,yz:J

(V1)

The last inequality is because Lemma E.1 and Lemma E.2. Therefore we have C; = @( s |

o ) then
by Lemma E.8 and Lemma E.5, we can obtain that

m ~ m
T1,‘,k=@< . >=9<_>-
7 0l el 3w, o 1)) T2 nog 2| el
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Since for all k € [K],

ll2/llpk]l2 = ©(1), we conclude we can find a time 77 = @(N,;”W)
o 119

such that the preceding results hold at 73 for all j € {—1,+1} and k£ € [K]. Finally we use
induction to prove that max;, ; s | pﬁ il < 000 noiseV.d /2. For simplicity we denote o) =

max; . ; i | Pﬁi 4| Obviously ¢(® = 0, and we suppose that exists T < Ty such that ¢ <
000 noise Vd /2 holds forall 0 < ¢t < T — 1. Then by the iterative rule for p(t) -.,, we have

Jiryi k!
P—s; q—1
77H€zk 13 (&g, Eir k) (Einrs i)
oD < 90 4 max B (wif) € 1+ Y T
jr,z,k/ k4 1nm Wirs Sik Zﬁkgl ||£z k”HQ k;d ||£z,k’”H%
—1 011 4(g+1)/2
7700 nmsed
< ¢4 0( )
nm

7 ~ g—1ga+1 g(q+1)/2
By taking the telescoping sum, we have ¢(T) < Ty - O (7700 Tnoise?

) < O'OUnoise\/;i/2 by the

formula for T = é(#w) and our SNR conditions. Since then, we have finished all the proof
o 1
for Lemma C.1. ’ i |

nm

D.4. Proof of Lemma C.2

During the phase I, we always threat —¢; = ©(1), while in this phase, as the increasing of
<w](-tzj .+ 1K), we can not regard —¢; = O(1) since the training loss will eventually converge.

Proof [Proof of Lemma C.1] By Lemma D.6, to show H_. H2 < 203nP, it suffices to show that

max; i i/ ] pj ” k,] < 000poiseVd. Similar to the proof of Phase I, we first prove the result for
( () ()

Wi J) and then use induction to prove the result for max; , ; i/ |p§tr),lk,| and (w; ., jpu) with

r # ;1. We assume the results for max; , ; i/ |p§t3i .| and <w§-tz, J) with 7 2 75 1, hold when we

prove the first result. From Lemma D.5, we can obtain that for all ¢ € Z;, and ¢ > T7, it holds

(t)
10 < - oxp (= By (WD) < -] 3

since the activation function o (-) is always positive. Additionally, we can also obtain that for all
1 € Jr and t > 17, it holds

1
—th) > % exp ( - Fy, (Wz(j?,xz))
1 1 m P-1
> %exp < - % Z |:0-(<W@(/L:),rayz“k>) + 0(< (t)raéz k/>)}>
r=1 k'=1
P-1
1 1 ‘ 1 "
= 2% exXp < %<Wz(h),ry k’yzuk} m k/_l0-(<W§i)a7’yi,k’£iak/>)>
P-1
1 SRR
- exp < - Z [U(< y“wyzlf'k: + Z o((wy, r,£i7k/>)}> > @e o Wiy, oYk
THETy, k k'=1
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The last inequality is because

P-1 P—1
1 1
LS i)+ [olwrsnd) + 3 o &i0)] <1
k'=1 Ty, k k'=1

by our assumption (Wg(/tl),r, yisr) < 57— and < }re fz‘,k’> < O(000noiseV/d). With such upper and

lower bounds for Ei( ) in hands, we can provide an upper and lower bound for the iterations of

t .
<W§-,,)njyk,m/c> as

t+1 . t) . n |H'k| 5
<WJ(‘,: )a]Hk> = <WJ(',1)”’]“"3> N ‘nm’20/(< JT’j“ Z £
€Ly, Y=

t . enllpxlld —Ew). in : ,
§<Wg(‘,v)~7]lik>+72 s T HZEIk,inJH

21 (b) .
< <W]('t1)nvj/1'k:> n (2"7H.Uk||26 m<Wj,rj7ka“k)’
' m

since a’((w@ jmr)) = 1and |{i € Zpy,y; = j}| < n, and

]77"

2
Y ) = gy — T g (10 ) ST

1€Tk,Yi=]
t llpel3 Lol gn . .
> (w 52, Bi) + 262nm2 s TH) i € T, yi = 5}
) munl|pklld —& o), )
2 Wi I+ g ¢

since a’((w](fr),,juk)) = land [{i € Ji,yi = j}| > 7% by Lemma E.1 and Lemma E.2. Applying
these upper and lower bound on Lemma E.9, for all ¢ > 77 we obtain that

O |13 5
(w) i) > mlog <m(t —T1) + em) > mlog(t — T1) — O(m),  (D.4)

and

) 67IHNI<:||2 _x en|| |3 5
<Wj7rj7k, k) < — e m mlog (T(t —-T1) + em> < mlog(t —T1) + O(m).
(D.5)

This finishes the proof of the conclusion for ( ](Tr*)k , k). Now, we use induction to prove that

(wJ(.,TT*), k) < 3 Km when 7 # r; ;. We first derive a result that will be used for the following
induction proof. Plugging (D.4) into (D.3), for all 7 € 7y, y; = j and ¢ > 17, we have

_K/.(t) < 8e3 K'm?
T3 - T+ 1)
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Taking the sum from ¢ = 77 to T, we have

_ 8K o m?
Z g < SCKm T < 6(-" ) (D.6)
= = il kx| 13

Since at 77, we have ( ](T ),juk> T T # 7j k. Suppose that exists 77 < T < T such that

(wJ(.’Tr_l), k) < 3 Km Then by the iterative rule for (w ( 2, jpi) and applying (D.6), we have

T (T-1) . _nHwH%( 1 )q—l J(F1)
<Wj,ra]/1’k>§<wj7r 7]“’/6) i 1nm \2Km Z ez

€1y, yi=]

2 1 I ~
(T1) nllpll3 ( 1 )‘1 ! DS 1(T-1)
(Wit dhw) = k4 Inm \2Km , ,gi
t=T1 i€ly,yi=j

IN

o ! <77H.Uk”2>. (nm2 ). 11
~ 4Km nmd—1 nllpkll3/ 4Km — 2Km’

This finishes the induction proof that <wj(.?;*), jpk) < ﬁ for all r # r;; and ¢ < T™. Next,
we proof that max; ;. ; p/ | pﬁtr),zk,\ < O'Oo'noise\/g holds for all ¢ < T™. For simplicity we denote
o) = max; . i/ \pgtz ik |. Obviously we have &) < 600mneise Vd /2, and we suppose that exists
T < T < T4 such that gb(t) < 000noiseVd holds for all T} < t < T — 1. Then by the iterative rule

for pgtr),l i and plugging (D.6), we have

o) < 4 +5<n08 i nmsedq“) & m? ),ooonoise\/&

2 < UOUnoise\/ga
nm nl1xl[3 2

where the last inequality holds by our SNR condition and Condition 3.1 that . = O(og o2 9 d2=9)/2),

HOISe
|

Appendix E. Technical Lemmas
E.1. Concentration Results
Lemma E.1 Suppose that 6 > 0, then for any Z C [n], with probability at least 1 — O(96),

III

(i€ T iy=1}, [l €T y= -1} = ="+ O(/[Zlog(1/9)).

Proof [Proof of Lemma E.1] By Hoeffding’s inequality, with probability at least 1 — O(6), we have

log(1/9)
’I‘Z]l{yl_ <O< |I|>

€L
e =1 =Y 1 =1} = 2+ o(IZlo(1/9)).

i€

Therefore,
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This proves the result for [{i € Z : y; = 1}|. The proof for |{i € Z : y; = —1}| is exactly the same,
and we can conclude the proof by applying a union bound. |

Lemma E.2 Suppose that 6 > 0, then for Jy, defined in Section D, with probability at least 1 — O(9),
it holds that

7l = T+ 0(V/nlog(1/9) ).

Proof [Proof of Lemma E.1] By Hoeffding’s inequality, with probability at least 1 — O(6), we have

S e q) - so< bg(i””)

i€[n]
Therefore,
Tl =D Wie T} = Zn+ O(/nlog(1/9)),
i€[n]
which finishes the proof. |

Lemma E.3 Suppose that z ~ N (0,1), then P(|z] < t) = O (¢).

Proof [Proof of Lemma E.3] We use ¢(z) to denote the density function of the standard Gaussian
random variable, and then we know that max ¢(x) = ¢(0). By this fact,

P(l2] < t) = 2/0 b(x)dz < 26(0)t = O (1)

Lemma E4  Suppose that § > 0 and d = Q(log(nm/d)). Then with probability at least 1 — O(5),
it holds that

Hﬁz,kH% = G(Uﬁoised);
Iwi115 = ©(odd);
‘<€i,k7 €i’,k’> < O(Urzloise Y dlog(n2/5))

forall j € {+1,-1}, r € [m], and all i,i' € [n], k € [P — s;|,k' € [P — sy| such that
{0k} # {7,k

Proof [Proof of Lemma E.4] By Bernstein’s inequality, with probability at least 1 — O(d/n) we have

‘”El,ng - O—rzloised‘ - O(Urzloise YV dlog(n/d))

23



GRADIENT DESCENT ROBUSTLY LEARNS THE INTRINSIC DIMENSION OF DATA IN TRAINING CNNs

Therefore, as long as d = (log(n/d)), we have
H€Z kHZ = n01sed)
Similarly, by Bernstein’s inequality, with probability at least 1 — O(d/m) we have
‘WJT“2 _O-Od‘ ( Onoise * dlog(m/d))
Therefore, as long as d = Q(log(m/§)), we have
0
[wi I3 = ©(otd).

Moreover, for any 4,7, k, k" with {i,k} # {¢/,k'}, clearly (§; 1, &y /) has mean zero and by
Bernstein’s inequality, with probability at least 1 — O(§/n?) we have

‘<£’L k?E’L/ k’>‘ < O( Onoise dlog(n2/5))

Applying a union bound completes the proof. |

Lemma E.5 Suppose that d > Q(log(mn/4)), m = Q(log(1/4)). Then with probability at least
1 —O(9), it holds that

‘<w§?2’“k>‘ =0 ( log(m/d) - UOHNkHQ) ;
’<W§?2’£ka/>| =0 ( log(mn/é) : O-Oo'noise\/g)

forallr € [m], j € {£1},i € [n], k € [K] and k' € [P — s;]. Besides,

maxj - (wiil k) = € (ool i)
max j - <w](‘07«)7€i,k’> = <‘700—noise\/8>
re[m] ’

forallj € {£1},i € [n], k € [K| and k' € [P — s;]. Moreover,

. )
e tam) (140 (125 ) ) < max - (o m)

re[m)]
for all v # argmax;,.cj,) J - <W](-?T),p,k>, je{£l}and k € [K].
Proof [Proof of Lemma E.5] It is clear that for each r € [m], j - ( ](Or), pr) is a Gaussian random
variable with mean zero and variance o3| ||3. Therefore, by Gaussian tail bound and union bound,

with probability at least 1 — O(6),

5w ) < 1w )| < O(/og(m/6) - ool 2).
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Moreover, P(oo||pl2/2 > j - (wj(or) , k) is an absolute constant, and therefore by the condition

on m, we have

P(oollinla/2 < ma - (wii) ped) = 1= Bloollmello/2 > ma - (w() ue))

=1 P(oollpkll2/2 > j - (W, pui))™"
>1-—0().

By Lemma E.4, with probability at least 1 — O(9), ||& x||2 = @(anoise\/&) for all i € [n] and

k' € [P — s;]. Therefore, the result for <w](0r) ,&i 1) follows the same proof as j - (w](OT? s LK)

Lastly, for different 7, 7’ and Vt > 0,

(0) (0) (0)
‘(wj(bg,ukﬂ\/}(w](g)/,ukﬂ 14t <p 1—tSW
‘(Wjﬂnau’kﬂ VAN }<Wj’74/>/1’k’>| ‘<wj,r”l'l'k>‘

<P (\<W§?ﬁ,uk>! < 2t|<w§?ﬁ,,uk>\) = 0(t)

P <1+t

. (0) (0)
where the last equality holds from Lemma E.3 and the fact that (w ", pi) and (w7, ) are
independent Gaussian random variables with mean 0 and same variance. By this result, let t = @(%)

and use union bound, we could deduce that with probability at least 1 — O(6),

. d .
j o (w3, ) (1 +6 <2)> < max j - (Wi, )

m re[m]

for all 7 # argmax, ¢, J - (wg?, k) - [ |

E.2. Tensor Power Methods
The following lemmas are inspired by [2, 8, 19]

Lemma E.6 If a positive sequence {x:}7°, satisfies the updating rules x¢11 = x¢ + 1 - Ct - xg_l,

thenVk € N, ( € (0, 1), we have

_ 1 k—1
¢ 1+¢) (@ 2F _
Yoot <> 1_(L t- |1+ QY O + O |, (B
20,2 <(1+¢) o o +O@=2 9=0
and
S 3 n 9
> N Sy I s w— AT o > Cra, (E.2)
>0,z <(14¢)* o 7y (1+¢) (1+¢)@=2) g=1

where T, be the first iteration such that z; > (1 + )%z
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Proof [Proof of Lemma E.6] By the definition of 7, we have

o o= Y. Gl > 3T g G [we(1 409 (E.3)
t€[Tg,Tg+1) t€[Tg,Tg+1)

and

— q—1
Ty = T, = TTp-1 = 7, +7- O 27,y

<CA+ Q)20 +n-Cryo1 - [20(1+ Q)97 (E4)

By combining (E.3) and (E.4) in order and rearranging some items, we could deduce,

¢ -1
nCy < —— +n(1+¢Q)T Crpy -1
té[%+1) :cg 2[(1 +¢)e "

Take a telescoping sum of this result, and then we finish the proof of (E.1). For (E.2), considering
the opposite direction of the inequalities (E.3) and (E.4), repeating the previous process will get the
result. =

Lemma E.7 Suppose there are two positive sequence {x}7° and {y; }32, satisfying the following
updating rules:

Tep1 =3+ 1 Cp 247

Y1 =y +1-Croy7h

with ¢ > 3 and z—g > 1+ ¢, where c is a small positive number. For any two positive number A, and

Ay, let Ty, Ty are the first time s.t. x1, > Ay and yr, > A, respectively. If we have 0 < Cy < C
and n and yg are both sufficiently small such that n = 9] ) and z—(; < O(c), then it holds

that Ty, < T,

__c_
~ q—3
Cyg Ay

Proof [Proof of Lemma E.7] For a positive ¢ > 0, let k1, k2 be the smallest integer s.t. zg(1+ ()" >
Ay and yo(1 + ¢)¥2 > A,. From these definitions, we have

log(4) _,_ loa(1)
log(1+¢) = “log(1+¢)
and
A A
log() _, o)
log(1+¢) log(1+¢)
By Lemma E.6, we further derive that
L ¢ 1 e =
+Q)la—2ks -
chtg =29 _ 1 +n- (1+C)q ! ZCE+1—1+C77€1
t=0 Lo (1+O)@2 9—=0
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1 ,
= qc_a 1 —— +n- (14 )" (k +1)C, (E.5)
Yo =7 arOED
and
Ty —_ % kz—l
C (14-¢)(a=2)k2 n
nCy > —— — — Cr _1
; g1+ 0 1= e (1+Oq1; g
q—2
1— (%
> ¢ (%) T (k- 1)C (E.6)

T A+ QT - g (L QT

We use (E.6) minus (E.5) and get

q—2
¢ (%) 1
nCy — nCy > — - =
SR T e | o
I
- ko —1 g—1
"C{(1+g)q—1 + 1+ (ks +1)}.

~~

Iz

We consider the value of I; and I» separately and carefully choose ¢ such that

2
(1+¢) = (1-2) (1472 =14+06(c).

The last equality is from our assumption }ZT(:, = O (c), and we could also conclude ( = © (c). Then
for I, we have,

¢ -4, 1
L>——y : — 1 :Q( — ) (E.7)
Yo (1—W)(1+0) (1—%—2) Yo Ay
Because ——1—— = O ((). For I, we have,
S+l
- —~ (1
I, <nCoO (k?l V kg) =nCoO (C) . (E.8)

Now by combining (E.7) and (E.8), we could conclude that E;‘Fio nCy — ZtTio nCy > 0, which
completes the proof. |

Lemma E.8 Suppose a positive sequence {x:}{°, satisfies the following iterative rules:

-1
Tgpr > xp+n-Cp-a?
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-1
i1 < xp+n-Co-a?

with Cy > Cy > 0. For any v > xg, let T, be the first time such that x; > v, then for any constant
¢ > 0, we have

1+ ) 1Cylog(L
T < 14¢ +( ()7 Czlog(r)

, E.9
n 7701:6872 Cl ( )

and

T, > 1 _ loslzy) (E.10)
v Z (1 N C)q_17702x8_2 (1 + Oqu' .

Proof [Proof of Lemma E.8] Similar to the definition in Lemma E.6, let 7, be the first iteration such
that z; > (1 + ¢)%z0. Moreover, let g* be the smallest integer such that (1 + ()9 2y > v, resulting

log(-) <o < log(-)
log(1+¢) =9 log(1+ ¢)

Fort = T4,
Ti—-1
T = To + Z nCral™" >z + TinCrad ",
t=0
and we could obtain that
T < 7~ %o (E.11)

N nC’lxo_l.

Consider the upper-bound iteration of x7; and the fact that x5 1 < x¢(1 4 ), we could get
o7y < wni1 +nCorf Ly < wo(1+¢) +nCaaf (L+ Q)7 (E.12)

Combining the results from (E.11) and (E.12), we obtain that,

o ¢ atgriey

- nClx0_2 Cq
Similarly for g > 1,
Tg—1
o, 2 a7, + Y nCiaf > e 00 (Ty — Te-)ad 1+ QU (E13)
t=7z,,1

and we could bound the difference x7, — x7,_, by the following formula,

o7, =,y < a7, 0y —wy, < (L4 Q) g + nCozf (14 (). (B.14)
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Combining the results from (E.13) and (E.14), we obtain that,

¢ (1+¢)171Cy

E.I5
nCrad 2(1 4 ()o-Da2) i (E.15)

Tg—1+
Taking a telescoping sum of the results of (E.15) from g = 1 to g = g* and by the fact that T, < T«,
we finally get (E.9). Now consider another side, similarly for ¢ = 77, we have

Ti-1
x < x0 + Z nCyxd ™" < wo + 7'17702338_1(1 +¢)
t=0

Substitute that x; — z¢ > (xg, we get

T > quC . (E.16)
nCozy ~(1+ Q)at
For g > 1, similarly we could derive,
Tg—1
vy, <x7,_ + Z nCox?™t < v7,_ +nC2(Ty — ’Tg,l)wg*l(l +¢)9ta=b) (E.17)
t=Ty_1

and we could also lower bound the difference z7, — z7,_, by
vy, — a7, 2wy, — a1 —nCarl ! > ((1+ () g — nChaf (14 ()0,
(E.18)

Combining the results from (E.17) and (E.18), we obtain that,

¢ 1
7; 2 7;*1 + nCng_Q(l + C)g(q_2)+1 - (1 + C:)q—l- (E19)

Taking a telescoping sum of the results of (E.19) from g = 1 to g = g* — 1 and by the fact that
Ty > Tg+—1, we finally get (E.10). |

Lemma E.9 Suppose that a positive sequence xy, t > 0 follows the iterative formula

Tip1 = Ty + cre” A

for some c1,co > 0. Then it holds that
1 C2X —C2X 1 C2X
— log(cieat + €270) <y < cre” %0 + — log(cicat 4 €°270)
Cco C2

forallt > 0.
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Proof [Proof of Lemma E.9] We first show the lower bound of x;. Consider a continuous-time
sequence z,, t > 0 defined by the integral equation with the same initialization.

t
T, =2zy+c1- / e ?%dr,  zy = zp. (E.20)
0

Note that z, is obviously an increasing function of ¢. Therefore we have
t+1
Ty =2+ / e “Erdr
¢

t+1
<z, +cy- / e 2Lidr
t

= x;, + ¢1 exp(—cazy)

for all t € N. Comparing the above inequality with the iterative formula of {x;}, we conclude by the
comparison theorem that z; > z, for all ¢ € N. Note that (E.20) has an exact solution
1

log(cicat 4 €°2%0)
C2

Ly
Therefore we have
1
xy > — log(cicat + €°2*0)
C2
for all t € N, which completes the first part of the proof. Now for the upper bound of x;, we have

t—1
T = xo + C1 - E e 2t

=0

t
PN S
7=0

: 1
=x9+cC1- E S EE——
¢ cicat + ec2%o

c ! 1

1 Z
0+ ec2o ta C1CoT + ec2%o
T=1

t
C1 1
c1 - —dr
€20 ta /0 ci1coT + ec2t0

where the second inequality follows by the lower bound of z; as the first part of the result of this
lemma. Therefore we have

<xo+

C1
eC2%0

T < X0 +

1 1
+ — log(cicat + €2%0) — — log(e“™?)
Cco C2
1
= c1e %" + —log(cycat + €7470)
C2

This finishes the proof. |
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