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ABSTRACT

Neural scaling laws have driven the field’s ever-expanding exponential growth
in parameters, data and compute. While scaling behaviors for pretraining losses
and discriminative benchmarks are well established, generative benchmarks such
as mathematical problem-solving or software engineering remain under-explored.
We propose and evaluate three different pretraining scaling laws for fitting pass-
at-k on generative evaluations and for predicting pass-at-k of the most expen-
sive model using cheaper models. Our three scaling laws differ in the covariates
used: (1) pretraining compute, (2) model parameters and pretraining tokens, (3)
log likelihoods of gold reference solutions. First, we demonstrate that generative
evaluations introduce new hyperparameters (in our setting, k) that act as a control
lever for scaling behavior, modulating both the scaling law parameters and the
predictability of performance. Second, we identify a stark difference in parame-
ter stability: while the compute and parameters+tokens laws stabilize for only the
last ∼1.5−2.5 orders of magnitude, the gold reference likelihood law is uniquely
stable, converging across ∼5 orders. Third, in terms of predictive performance,
we find all three scaling laws perform comparably, although the compute law pre-
dicts slightly worse for small k and the gold reference law predicts slightly worse
for large k. Finally, we establish a theoretical connection, proving that the com-
pute scaling law emerges as the compute-optimal envelope of the parameters-and-
tokens law. Our framework provides researchers and practitioners with insights
and methodologies to forecast generative performance, accelerating progress to-
ward models that can reason, solve, and create.

1 INTRODUCTION

Neural scaling laws, which predictably map resources to the performance of neural networks, are
foundational for developing frontier AI systems (Kaplan et al., 2020b; Hoffmann et al., 2022b). Such
empirical regularities for improving model performance from scaling parameters, data, and compute
have driven pursuit of ever-larger models. Much of the research in neural scaling laws has focused on
fitting and predicting model performance on pretraining losses, e.g., (Kaplan et al., 2020b; Hoffmann
et al., 2022b; Clark et al., 2022; Hernandez et al., 2022; Sardana et al., 2024; Muennighoff et al.,
2023; Porian et al., 2024; Pearce & Song, 2024) and on “downstream” discriminative evaluations
like multiple-choice question-answering, e.g., (Schaeffer et al., 2023; Gadre et al., 2024; Schaeffer
et al., 2024b; Grattafiori et al., 2024; Chen et al., 2025; Bhagia et al., 2025).

While pretraining losses and discriminative evaluations are undeniably useful, many capabilities
we care about are generative: writing books, autoformalizing mathematics, or conducting cutting-
edge research. Scaling laws for generative tasks remain undercharacterized (Appendix A) (but see
(OpenAI et al., 2024a; Hu et al., 2024)); for example, Gadre et al. (2024) studied 46 tasks, none of
which were generative. Generative evaluations differ from discriminative evaluations in many ways,
most crucially that performance is calculated from the model’s open-ended samples, which intro-
duces new considerations such as how attempts are sampled from the model, including the sampling
temperature and the sampling algorithm, and which metric is used to measure performance.

In this work, we propose a framework for fitting scaling laws and predicting performance on gener-
ative evaluations, focusing on a particular setting: benchmarks with verifiable binary rewards, with
multiple attempts per problem, with performance scored using the “pass-at-k” metric (Kulal et al.,
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Figure 1: Scaling of GSM8K Pass Rates with Pretraining Compute (Full Fit). Each panel fits
Eqn. 3 − log

(
passB@k

)
(C, k) = E0(k) + C0(k) · C−α(k) to GSM8K pass rates for Pythia check-

points across ∼5 orders of magnitude of pretraining compute. Increasing k drives two major shifts:
(i) The irreducible error E0(k) vanishes (from ≈ 2 → 0), removing the performance plateau, and (ii)
the power law steepens, with the exponent α(k) rising from ≈0.120 →0.317. Takeaway: Larger k
eliminate irreducible error and yield steeper pass-at-k rates with respect to pretraining compute.

2019; Chen et al., 2021). We chose this setting due to its widespread use in the literature, e.g., (First
et al., 2023; Brown et al., 2024; Hassid et al., 2024; Hughes et al., 2024; Chen et al., 2024; Ehrlich
et al., 2025; Kwok et al., 2025). In this setting, we make the following contributions:

1. We propose three scaling laws that fit and predict pass-at-k from three different covariates:
(1) pretraining compute (Sec. 3), (2) model parameters and pretraining tokens (Sec. 4) and
(3) likelihoods of gold reference solutions (Sec. 5).

2. We reveal that a hyperparameter specific to this setting – the number of attempts per prob-
lem k – offers a new lever to shape the scaling and predictability of model performance.

3. We quantify the stability of each scaling law’s parameters. We find that parameters for the
compute scaling law and the parameters + tokens scaling law stabilize by the last ∼1.5−2.5
orders of magnitude of pretraining compute, whereas parameters for the gold reference
likelihood scaling law are stable over the last ∼5 orders of magnitude.

4. We quantify how predictive each scaling law is, finding that all three comparably predict
the performance of the most expensive model based on cheaper models. As a lesser differ-
ence, we find that the compute scaling law has slightly higher predictive error for small k,
whereas the gold reference likelihoods law has slightly higher predictive error for large k.

5. We prove that the compute-only scaling law is the compute-optimal envelope of the
parameters-and-tokens scaling law, obtained by minimizing the objective under a fixed
compute budget. From this, we derive a dimensionless misallocation penalty that explains
quantitatively when and why pretraining recipes underperform compute-optimal scaling.

2 METHODOLOGY

Language Model Family: For our experiments, we used the Pythia family (Biderman et al., 2023)
of 8 models from 14M to 12B parameters pretrained on up to 300B tokens from The Pile (Gao et al.,
2020). We restricted our analysis to Pythia family because it is, to our knowledge, the only public
model family meeting three criteria: (1) densely sampled across both model parameters (N ) and
pretraining tokens (D); (2) spanning many orders of magnitude in pretraining compute (5); and (3)
known token budgets per checkpoint. Other families (e.g., Llama 3, Qwen 3) either lack sufficient
intermediate checkpoints to robustly fit a 5-parameter scaling law or do not disclose specific per-
model pretraining token budgets. We used 8 checkpoints per parameter size of the non-deduplicated
variants, but excluded extremely overtrained checkpoints identified as abnormal (Godey et al., 2024).
We approximated pretraining compute as C ≈ 6N D (Kaplan et al., 2020b; Hoffmann et al., 2022b;
Pearce & Song, 2024; Gadre et al., 2024; Schaeffer et al., 2024b; Porian et al., 2024) and used
intermediate checkpoints in lieu of fully trained models.

2



108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

Under review as a conference paper at ICLR 2026

100 102 104

Num. Attempts / Problem k

0.0

2.5

5.0

7.5

10.0

Ir
re

d
u

ci
b

le
E

rr
or
E

0
(k

)

100 102 104

Num. Attempts / Problem k

103

104

105

C
om

p
u

te
P

re
fa

ct
or
C

0
(k

)

100 102 104

Num. Attempts / Problem k

10−2

10−1

100

C
om

p
u

te
E

xp
on

en
t
α

(k
)

Figure 2: Number of Attempts per Problem k Shapes Scaling Law Parameters (Full Fit). We
fit Eqn. 3 to each k (hue); see Appendix D for the next two scaling laws. Left: Irreducible error
E0(k) decays roughly exponentially with k and is ≈ 0 by k ≈ 102. Center: Compute prefactor
C0(k) increases monotonically with k, indicating that once E0(k) → 0, the compute-dependent
term dominates. Right: Compute exponent α(k) increases smoothly, from ∼ 0.15 at k=1 to ∼ 0.3
at k=104, indicating that larger sampling budgets yield steeper, more favorable scaling behaviors.

Benchmarks: We used two well-established generative tasks: GSM8K (Cobbe et al., 2021) with
8, 500 grade school math word problems, and MATH (Hendrycks et al., 2021) with 12, 500 compe-
tition mathematics problems. Each attempt at solving a problem yields a binary outcome: success or
failure. Because generative evaluations are computationally expensive, to enable a rigorous analysis
across 5 orders of magnitude of compute with high sample counts, we evaluated all checkpoints
on a randomly selected subset of 128 problems from GSM8K and 128 problems from MATH; see
Appendix B for the number of samples per problem per model, and Appendix C for the costs.

Metric: We measured the performance of each model using the pass-at-k metric (Kulal et al., 2019),
defined as the probability that if a model makes k attempts on the ith problem, at least one attempt is
successful. We estimate this per-problem pass rate using the unbiased, low variance and numerically
stable estimator of Chen et al. (2021), which, for each problem, draws ni > k samples, counts the
number of successes si ∈ [0, ni], and then averages over all subsets of size k:

passi@k
def
= 1−

(
ni−si

k

)(
ni

k

) (1)

For a benchmark B of |B| problems, a model’s benchmark pass rate at k attempts is estimated as:

passB@k
def
=

1

|B|
∑
i∈B

passi@k (2)

Pass rates are sometimes phrased as the fraction of problems in the benchmark solved (“coverage”),
which is mathematically equivalent (Brown et al., 2024; Schaeffer et al., 2025b). Importantly, pass-
at-k is fundamentally different from (discriminative) accuracy, as pass-at-k is a continuous proba-
bility derived from the model’s generative distribution whereas accuracy is a discriminative function
of the correct and incorrect multiple choices (Appendix A).

Generation: Generative evaluation introduces a vast hyperparameter space (e.g., temperature (Ack-
ley et al., 1985), top-p (Holtzman et al., 2020), top-k (Fan et al., 2018)). We deliberately isolated the
number of attempts per problem (k) as our primary variable because it is a simple yet effective lever
for scaling inference-time compute (OpenAI et al., 2024b; Snell et al., 2024; Brown et al., 2024;
DeepMind et al., 2025; DeepSeek-AI et al., 2025a) and because previous work has studied the effect
of sampling algorithm and sampling temperature on GSM8K (Chen et al., 2021; Schaeffer et al.,
2025a). We used temperature-only sampling at τ = 1.0, holding the decoding algorithm fixed.

3 FITTING AND PREDICTING PASS RATES FROM PRETRAINING COMPUTE

For our first scaling law, we assessed how well the benchmark passB@k can be (1) fit as a function
of pretraining compute C and (2) predicted from pretraining compute.

3
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Figure 3: Predicting GSM8K Pass Rates from Scaling Pretraining Compute (Backtesting). We
evaluate predictability via backtesting: iteratively fitting Eq. 3 on subsets of models (C ≤ Cmax)
to predict the most expensive model (Pythia 12B-parameter 300B-token; ≈ 2.16 × 1022 FLOP)’s
− log

(
passB@k

)
. The x-axis denotes the compute horizon relative to the target (Cmax/Ctarget).

Top Left: Relative error decreases and then plateaus: reliable prediction requires checkpoints within
∼2 orders of magnitude of the target for k ∈ {1, 102} and ∼1.5 for k = 104. Other Three Panels:
Backtested estimates of the scaling law parameters are initially unstable but converge to their full-fit
values once fits include models within ∼2 orders of magnitude of the target.

3.1 FITTING PASS RATES FROM PRETRAINING COMPUTE

Motivated by the GPT-4 Technical Report (OpenAI et al., 2024a), we posited that the negative log
of benchmark pass rates follows a scaling law as a function of model pretraining compute C:

− log
(
passB@k

)
(C, k) = E0(k) +

C0(k)

Cα(k)
, (3)

where E0(k) ≥ 0 is the irreducible error, C0(k) > 0 is the compute scaling prefactor, and α(k) > 0
is the compute scaling exponent. In contrast with prior research on scaling laws, parameters that
were previously constant are now parameterized by the number of attempts per problem k. Thus,
k can be viewed as a hyperparameter that offers a new lever to change the predictability of scaling
laws in a way that is not available for pretraining loss or discriminative evaluation scaling laws.

We fit the scaling law parameters based on the model checkpoints’ pretraining compute and their
corresponding passB@k. Visually, the fit scaling laws captured the trend reasonably well for differ-
ent values of number of attempts per problem k (Fig. 1). We next evaluated what role the number
of attempts per problem k has on the scaling law parameters: As k increases, the irreducible error
term E0(k) falls roughly exponentially with k and is effectively 0 by k ≈ 1×102 (Fig. 2 Left). This
is consistent with the probability a problem goes unsolved falling exponentially with the number of
attempts per problem (Levi, 2025; Schaeffer et al., 2025b). Thus, by increasing k, Eqn. 3 becomes a
pure power law with no irreducible error. In comparison, as k increases, the compute prefactor and
compute exponent also increase, with the compute prefactor rising ∼4 orders of magnitude (Fig. 2
Center) and the compute exponent rising moderately from 1.20×10−1 to 3.25×10−1 (Fig. 2 Right).
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Figure 4: Scaling of GSM8K Pass Rates with Parameters and Tokens (Full Fit). Each panel
fits Eqn. 4, − log

(
passB@k

)
(N,D, k) = E0(k) + N0(k)N

−β(k) +D0(k)D
−γ(k). Decomposing

compute into parameters N and tokens D instead yields tighter in-range fits than the compute law
for all k. Consistent with Fig. 2, the irreducible error decreases sharply with k (E0 : 3.87→ 0 by
k≈102), after which variation is dominated by the (N,D) terms. However, despite the better global
fit, the largest-compute model checkpoint in each panel exhibits comparatively large relative error.

3.2 PREDICTING PASS RATES FROM PRETRAINING COMPUTE

Previously, we fit Eqn. 3 using all available checkpoints. However, a key motivation for scaling laws
is prediction: can we forecast the performance of an expensive model using cheaper models?

We evaluated the predictability of pass rates via backtesting, a cross-validation-like process for eval-
uating forecasts in which cheaper models are used to predict the performance of the most expensive
model. We fixed a target model checkpoint pretrained on Ctarget FLOP; in our work, we used
Pythia-12B trained for 300B tokens, pretrained with approximately 2.16 × 1022 FLOP. For a se-
quence of compute caps Cmax ≤ Ctarget, we: (i) fit Eq. 3 on all model checkpoints with compute
C ≤ Cmax to obtain Ê0(k), Ĉ0(k), and α̂(k); (ii) extrapolate to the target compute horizon, and
(iii) measure the absolute relative error to the target model’s − log

(
passB@ktarget

)
:

RelativeError(k,Cmax)
def
=

abs| − log
(
passB@ktarget

)
− Ê0(k) − Ĉ0(k) · C−α̂(k)

target

)
|

− log
(
passB@ktarget

) .

We report results as a function of the compute ratio Cmax/Ctarget.

Relative errors typically decrease and then plateau as higher-compute checkpoints are included in
the fit (Fig. 3, top left). For k ∈ {1, 1e2}, reliable extrapolation requires that the largest checkpoint
used for fitting is within ∼2 orders of magnitude of the target’s compute, and the relative errors
plateau at 1 × 10−1. In comparison, for k = 1e4, reliable extrapolation requires ∼1.5 order of
magnitude, and the relative errors plateau below 1. Similarly, the backtested estimates of the param-
eters Ê0(k), Ĉ0(k) and α̂(k) converge to their full-fit values once models within ∼1.5−2.5 orders
of magnitude of Ctarget are included (Fig. 3, other three panels). For these models on this bench-
mark, the compute scaling law provides useful forecasts so long as forecasts are made using models
within ∼2 orders of magnitude of compute as the target model; when only smaller checkpoints are
available, the predictive error increases and the fitted parameters are unreliable.

4 FITTING AND PREDICTING PASS RATES FROM PARAMETERS AND TOKENS

In our second approach, we assessed how well the benchmark passB@k can be (1) fit and (2) pre-
dicted as a function of the number of model parameters N and pretraining tokens D.

4.1 FITTING PASS RATES FROM MODEL PARAMETERS AND PRETRAINING TOKENS

Motivated by Hoffmann et al. (2022b), we posited that the negative log of benchmark pass rates
might instead follow a scaling law as a function of model parameters N and pretraining tokens D:

− log
(
passB@k

)
(N,D, k) = E0(k) +

N0(k)

Nβ(k)
+

D0(k)

Dγ(k)
, (4)

5
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Figure 5: Predicting GSM8K Pass Rates from Scaling Parameters and Tokens (Backtesting).
We evaluate how accurately the parameters + tokens scaling law (Eqn. 4) predicts the most expensive
model’s − log(passB@k). Top Left: The relative error decreases as higher-compute checkpoints
are included, plateauing once the fit includes models within ∼2 orders of magnitude of the target.
Other Five Panels: Estimates of the five scaling law parameters are initially unstable but converge
to their full-fit values once included models are within ∼2 orders of magnitude of the target.

where E0(k) is the irreducible error, N0(k) is the parameter scaling prefactor, β(k) is the parameter
scaling coefficient, D0(k) is the token scaling prefactor and γ(k) is the token scaling coefficient.

We fit this parameters + tokens scaling law. Visually, this law provides a better characterization
of performance for the full range of models, with the fitted curves appearing tighter and reducing
the residual scatter (Fig.4), compared against the pretraining compute law (Fig.1). Consistent with
our findings for the compute-only law, the irreducible error term Ê0(k) decreases with the number
of attempts per problem k, although it does so more gradually, reaching zero by k ≈ 3 × 102

(Fig. 12). However, despite the improved global fit, we observed that the largest-compute model
checkpoints exhibit comparatively large relative error, suggesting that while this law better explains
the performance of cheaper models, it may struggle with extrapolation to the frontier.

4.2 PREDICTING PASS RATES FROM MODEL PARAMETERS AND PRETRAINING TOKENS

We evaluated how predictive the parameters + tokens scaling law is using the same backtesting ap-
proach (Section 3.2). We again used Pythia 12B model trained for 300B tokens as the target, and

6
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Figure 6: Scaling of GSM8K Pass Rates with Gold Reference Likelihood (Full Fit). Each panel
fits Eqn. 6, − log(passB@k) = ξ0+K0(k)·[− log

(
GoldProbB

)
]κ(k). Regressing the gold reference

log-likelihoods against the pass rates produces a visually tighter fit with less residual scatter than the
compute scaling law (cf. Fig. 1). As k increases, the irreducible error ξ0(k) falls toward zero and
the exponent κ(k) increases, making the relationship a steeper, purer power law.

iteratively fit Eqn. 4. The relative error in predicting the target model’s performance decreases and
then plateaus as more capable models are included in the fit (Fig. 5, Top Left). For all values of
k, these extrapolations become reliable once the largest checkpoint used for fitting is within ap-
proximately ∼2−2.5 orders of magnitude of the target’s compute. Similarly, the five backtested
scaling parameters converge to their full-fit values once models within this same compute range of
∼1.5 − 2.5 orders of magnitude are included (Fig. 5, Other Five Panels). While decomposing pre-
training compute into parameters and tokens provides a tighter in-range fit, doing so does not yield
a significant improvement in predicting the performance of the most expensive model. For small k,
the parameters+tokens scaling law has slightly lower relative error at predicting the most expensive
model’s performance, but the advantage disappears for larger k (Fig. 5 Upper Left).

5 FITTING AND PREDICTING PASS RATES FROM GOLD REFERENCE
LIKELIHOODS

Generative evaluations oftentimes contain not just problems and correct answers, but also “gold ref-
erences”, high quality responses that reach the correct answer for the given problem. We calculated
the average log-likelihood of these gold reference sequences to use to predict pass rates:

GoldProbB
def
=

1

|B|
∑
i∈B

pθ(Gold Referencei|Problemi). (5)

For our gold reference likelihood scaling laws we assessed how well the benchmark passB@k can
be (1) fit and (2) predicted as a function of the log likelihoods of the gold references.

5.1 FITTING PASS RATES FROM GOLD REFERENCE LIKELIHOODS

Motivated by Schaeffer et al. (2024b), we tested whether this average likelihood of the gold re-
sponses can be accurately regressed to fit and predict benchmark pass rates passB@k.

− log
(
passB@k

)
(GoldProbB, k) = ξ0(k) +K0(k) ·

[
− log

(
GoldProbB

)]κ(k)
(6)

We find that this straightforwardly computable quantity serves as an exceptionally accurate predictor
of benchmark pass rates. As shown in Figure 6, regressing against the negative log likelihood of
the gold references produces a visually tighter fit than the pretraining compute law (Fig. 1). The
residual scatter is reduced, and the relationship between − log(passB@k) and − log(GoldProbB)
has a smaller reducible error and more closely resembles a power law. We next examined how the
number of attempts per problem k influences the scaling law’s parameters (Fig. 13). Consistent with
our findings for the prior two scaling laws, the irreducible error term ξ0(k) collapses toward zero as
k increases and the exponent κ(k) increases smoothly.
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Figure 7: Predicting GSM8K Pass Rates from Gold Reference Likelihoods (Backtesting). Top
Left: While the overall predictive error is comparable to the other laws, it is slightly lower for small
k and slightly higher for large k. Other Three Panels: The most striking result is the stability of
the scaling law’s parameters. In stark contrast to the compute and parameters+tokens laws, whose
parameters stabilized only when fit on models within ∼2 orders of magnitude of the target, the
backtested estimates for ξ̂0(k), K̂0(k), and κ̂(k) converge to their final values using models up to ∼5
orders of magnitude cheaper than the target. This remarkable stability suggests that the relationship
between gold reference likelihoods and pass rates provides a robust signal for long-range forecasts.

5.2 PREDICTING PASS RATES FROM GOLD REFERENCE LIKELIHOODS

Using our backtesting approach once more, we evaluated how well the gold references scaling law
can predict the performance of our most expensive model. For small k, the gold reference likeli-
hoods scaling law has slightly lower relative error at predicting the most expensive model’s perfor-
mance, but worsens for larger k (Fig. 7 Upper Left). Remarkably, the gold reference law exhibits
exceptional parameter stability. Unlike compute or parameter + token scaling laws, the backtested
estimates for the gold reference scaling parameters stabilize when fitting on models up to ∼5 of
magnitude cheaper than the target (Fig. 7, Other Three Panels) and for all values of k, suggesting
this relationship is a robust signal for long-range forecasting.

6 HOW THE COMPUTE LAW EMERGES FROM THE PARAMETERS + TOKENS
LAW, WITH IMPLICATIONS FOR OVERTRAINING

The approximately equivalent performance between the compute scaling law (Eqn. 3) and the pa-
rameters + tokens scaling law (Eqn. 4) led us to ask whether a deeper connection might exist. We
discovered that the compute scaling law is the compute-optimal envelope of the parameters+tokens
scaling law. We summarize the insight here; see Appendix E for a deeper discussion.

Fix benchmark B and attempts per problem k. Consider a compute budget C ≈ cND. The best
achievable error is obtained by minimizing the right-hand side of Eqn. 4 over all (N,D) with ND =
C/c. Evaluating at the minimizer yields Eqn. 3. The mapping of exponents and constants is:

α(k) =
(

1
β(k) +

1
γ(k)

)−1

, E0(k) = E0(k).
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Compute-Optimal Allocation: Along the envelope (i.e., when Eqn. 3 is tight), the optimal split of
compute between parameters and tokens is

N∗(C, k) =
(

β N0(k)
γ D0(k)

) 1
β+γ

(
C
c

) γ
β+γ

, D∗(C, k) =
(

γ D0(k)
β N0(k)

) 1
β+γ

(
C
c

) β
β+γ

.

Thus the compute-optimal tokens and parameter shift with scale according to β(k), γ(k); when
β(k) = γ(k), both grow like C1/2.

Departures from the Envelope: Deviating from the compute-optimal allocation (N∗, D∗) intro-
duces a multiplicative penalty Φ(r) ≥ 1, where r(C) = D∗(C)

D = N
N∗(C) is the misallocation ratio:

− log
(
passB @k

)
(C, k) = E0(k) + C0(k) · C−α(k) ·

[
γ

β+γ r−β + β
β+γ rγ

]
︸ ︷︷ ︸
Φ(r;β(k), γ(k)) ≥ 1

,
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Figure 8: Quantifying the Cost of Non-
Optimal Scaling. We plot the “effec-
tive” compute multiplier (derived in Eq. ??)
against the misallocation ratio r(C). The
peak at r = 1 corresponds to the compute-
optimal allocation; deviating from this opti-
mum—either by overtraining (r < 1, left) or
undertraining (r > 1, right) rapidly reduces
the effective compute by orders of magni-
tude. Benchmark: GSM8K.

with equality iff r ≡ 1. Intuitively, Φ(r) represents a
“tax” on performance caused by inefficient compute
allocation: small deviations are benign (Φ = 1 +
βγ
2 (log r)2 + O(log r)3) ), but persistent off-ridge

scaling significantly reduces “effective” pretraining
compute:

Effective Pretraining Compute
Pretraining Compute

=
C(r = 1)

C(r ̸= 1)

= Φ(r;β(k), γ(k))−1/α(k)

(7)

A useful case: if one scales N and D at a fixed ra-
tio (i.e., without re-optimizing with C), the effective
compute slope degrades to αpath = min{β,γ}

2 .

Takeaways: (i) The compute law is not an inde-
pendent phenomenology; it is the optimal-allocation
shadow of the parameters + tokens law. (ii) Use the
above allocation to stay on-envelope to maximize
compute efficiency. (iii) Implementation constants
relating C to ND shift C0(k), but do not change
α(k). All statements hold pointwise in k.

Relationship to Overtraining: Our misallocation
ratio r(C) is the inverse of the overtraining multi-
plier M studied by Gadre et al. (2024). Our results extend their overtraining scaling law to generative
evaluations and the downstream metric passB@k for k ≥ 1.

7 HOW SCALING LAWS DEPEND ON THE BENCHMARK: MATH VS GSM8K

We repeated the same scaling analyses for MATH (Hendrycks et al., 2021) as for GSM8K. Due
to space constraints, we defer the results to Appendix F and focus here on the similarities and dif-
ferences between the benchmarks: (1) The estimated irreducible error is higher for MATH than
GSM8K, especially for low k, which supports the common intuition that MATH is a harder bench-
mark than GSM8K. (2) The relative error for forecasting has a similar order of magnitude, but higher
spread (over k) for MATH. (3) When backtesting, estimates of the compute exponent are stable for
much wider range (¿3 orders of magnitude). Note: We began sampling MATH during the ICLR
2026 review process and will continue sampling to improve the quality of our results.

8 DISCUSSION

Key Findings: We investigated pretraining scaling laws for generative evaluations of language mod-
els. Our work was motivated by OpenAI et al. (2024a)’s success, as well as by the insights of Hu

9
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et al. (2024). Our primary contribution is the proposal and rigorous backtesting of three distinct
scaling laws for pass-at-k, utilizing (1) pretraining compute, (2) model parameters and pretraining
tokens, and (3) gold reference log likelihoods as covariates. We demonstrate that the number of
attempts per problem, k, acts as a critical hyperparameter in generative evaluation, offering a novel
lever to control both the parameters of the scaling laws and their predictive reliability. Empirically,
while all three laws exhibit comparable predictive accuracy, the gold reference likelihood law is
uniquely stable, with parameters converging across nearly five orders of magnitude of compute. Fi-
nally, we establish a theoretical connection between the compute law and the parameters-and-tokens
law, proving that the former emerges as the compute-optimal envelope of the latter. This derivation
yields a dimensionless misallocation penalty, quantifying the efficiency loss when training deviates
from the optimal parameter-token ratio.

Limitations: The primary limitation of this work is its empirical focus on a single model fam-
ily (Pythia). As detailed in Section 2, this scope was a necessary constraint to enable a rigorous,
high-resolution analysis (fitting 5-parameter laws requires dense checkpoints) while managing the
substantial computational costs of generative sampling. Additionally, we focus exclusively on pass-
at-k metrics; other generative evaluation metrics and tasks warrant similar investigation.

Related Work: We defer a detailed discussion of related work to Appendix A.

Future Directions: Several avenues for future research are clear. First, subsequent work should de-
termine whether predictive performance can be further improved using controlled pretrained models
or more extensive sampling budgets. Second, OpenAI et al. (2024a) suggest that subsetting and/or
stratifying problems enables better predictions; future work should isolate exactly which techniques
yield the highest signal-to-noise. Third, the strong predictive power of gold reference log-likelihoods
warrants theoretical investigation: given that next-token sampling is a branching process with likely
exponentially many valid solution paths, it is not immediately obvious why the likelihood of the spe-
cific benchmark-provided gold reference correlates so strongly with the pass rate. Two key questions
arise: (i) how generalizable is this relationship across diverse benchmarks? and (ii) to what extent
does this signal remain robust under heavy optimization pressure? Fourth, while we held decoding
strategies constant to isolate the effect of k, understanding how different sampling algorithms (e.g.,
top-p) and temperature interact with scaling laws remains an open and valuable question.
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Pavetić, Thomas Köppe, Shiyu Huang, Rama Pasumarthi, Nick Fernando, Felix Fischer, Daria
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Bapna, Gellért Weisz, Emma Dunleavy, Praneet Dutta, Tianqi Liu, Rahma Chaabouni, Carolina
Parada, Marcus Wu, Alexandra Belias, Alessandro Bissacco, Stanislav Fort, Li Xiao, Fantine
Huot, Chris Knutsen, Yochai Blau, Gang Li, Jennifer Prendki, Juliette Love, Yinlam Chow, Pichi
Charoenpanit, Hidetoshi Shimokawa, Vincent Coriou, Karol Gregor, Tomas Izo, Arjun Akula,
Mario Pinto, Chris Hahn, Dominik Paulus, Jiaxian Guo, Neha Sharma, Cho-Jui Hsieh, Adaeze
Chukwuka, Kazuma Hashimoto, Nathalie Rauschmayr, Ling Wu, Christof Angermueller, Yulong
Wang, Sebastian Gerlach, Michael Pliskin, Daniil Mirylenka, Min Ma, Lexi Baugher, Bryan Gale,
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Hirsch, Lewis Chiang, Boya Fang, Jie Han, Qifei Wang, Ben Hora, Antoine He, Mario Lučić,
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bury, Sheryl Luo, Adrià Recasens, Timothy Knight, Jing Chen, Mohak Patel, YaGuang Li, Ben
Withbroe, Dean Weesner, Kush Bhatia, Jie Ren, Danielle Eisenbud, Ebrahim Songhori, Yanhua
Sun, Travis Choma, Tasos Kementsietsidis, Lucas Manning, Brian Roark, Wael Farhan, Jie Feng,
Susheel Tatineni, James Cobon-Kerr, Yunjie Li, Lisa Anne Hendricks, Isaac Noble, Chris Breaux,
Nate Kushman, Liqian Peng, Fuzhao Xue, Taylor Tobin, Jamie Rogers, Josh Lipschultz, Chris
Alberti, Alexey Vlaskin, Mostafa Dehghani, Roshan Sharma, Tris Warkentin, Chen-Yu Lee, Be-

15



810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

Under review as a conference paper at ICLR 2026

nigno Uria, Da-Cheng Juan, Angad Chandorkar, Hila Sheftel, Ruibo Liu, Elnaz Davoodi, Borja
De Balle Pigem, Kedar Dhamdhere, David Ross, Jonathan Hoech, Mahdis Mahdieh, Li Liu, Qiu-
jia Li, Liam McCafferty, Chenxi Liu, Markus Mircea, Yunting Song, Omkar Savant, Alaa Saade,
Colin Cherry, Vincent Hellendoorn, Siddharth Goyal, Paul Pucciarelli, David Vilar Torres, Zo-
har Yahav, Hyo Lee, Lars Lowe Sjoesund, Christo Kirov, Bo Chang, Deepanway Ghoshal, Lu Li,
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Zhang, Pengwei Li, Petar Vasic, Peter Weng, Prajjwal Bhargava, Pratik Dubal, Praveen Krishnan,
Punit Singh Koura, Puxin Xu, Qing He, Qingxiao Dong, Ragavan Srinivasan, Raj Ganapathy, Ra-
mon Calderer, Ricardo Silveira Cabral, Robert Stojnic, Roberta Raileanu, Rohan Maheswari, Ro-
hit Girdhar, Rohit Patel, Romain Sauvestre, Ronnie Polidoro, Roshan Sumbaly, Ross Taylor, Ruan
Silva, Rui Hou, Rui Wang, Saghar Hosseini, Sahana Chennabasappa, Sanjay Singh, Sean Bell,
Seohyun Sonia Kim, Sergey Edunov, Shaoliang Nie, Sharan Narang, Sharath Raparthy, Sheng
Shen, Shengye Wan, Shruti Bhosale, Shun Zhang, Simon Vandenhende, Soumya Batra, Spencer
Whitman, Sten Sootla, Stephane Collot, Suchin Gururangan, Sydney Borodinsky, Tamar Herman,
Tara Fowler, Tarek Sheasha, Thomas Georgiou, Thomas Scialom, Tobias Speckbacher, Todor Mi-
haylov, Tong Xiao, Ujjwal Karn, Vedanuj Goswami, Vibhor Gupta, Vignesh Ramanathan, Viktor
Kerkez, Vincent Gonguet, Virginie Do, Vish Vogeti, Vı́tor Albiero, Vladan Petrovic, Weiwei
Chu, Wenhan Xiong, Wenyin Fu, Whitney Meers, Xavier Martinet, Xiaodong Wang, Xiaofang
Wang, Xiaoqing Ellen Tan, Xide Xia, Xinfeng Xie, Xuchao Jia, Xuewei Wang, Yaelle Gold-
schlag, Yashesh Gaur, Yasmine Babaei, Yi Wen, Yiwen Song, Yuchen Zhang, Yue Li, Yuning
Mao, Zacharie Delpierre Coudert, Zheng Yan, Zhengxing Chen, Zoe Papakipos, Aaditya Singh,
Aayushi Srivastava, Abha Jain, Adam Kelsey, Adam Shajnfeld, Adithya Gangidi, Adolfo Victoria,
Ahuva Goldstand, Ajay Menon, Ajay Sharma, Alex Boesenberg, Alexei Baevski, Allie Feinstein,
Amanda Kallet, Amit Sangani, Amos Teo, Anam Yunus, Andrei Lupu, Andres Alvarado, An-
drew Caples, Andrew Gu, Andrew Ho, Andrew Poulton, Andrew Ryan, Ankit Ramchandani, An-
nie Dong, Annie Franco, Anuj Goyal, Aparajita Saraf, Arkabandhu Chowdhury, Ashley Gabriel,
Ashwin Bharambe, Assaf Eisenman, Azadeh Yazdan, Beau James, Ben Maurer, Benjamin Leon-
hardi, Bernie Huang, Beth Loyd, Beto De Paola, Bhargavi Paranjape, Bing Liu, Bo Wu, Boyu
Ni, Braden Hancock, Bram Wasti, Brandon Spence, Brani Stojkovic, Brian Gamido, Britt Mon-
talvo, Carl Parker, Carly Burton, Catalina Mejia, Ce Liu, Changhan Wang, Changkyu Kim, Chao

22

https://zenodo.org/records/12608602
https://arxiv.org/abs/2404.07647


1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

Under review as a conference paper at ICLR 2026

Zhou, Chester Hu, Ching-Hsiang Chu, Chris Cai, Chris Tindal, Christoph Feichtenhofer, Cynthia
Gao, Damon Civin, Dana Beaty, Daniel Kreymer, Daniel Li, David Adkins, David Xu, Davide
Testuggine, Delia David, Devi Parikh, Diana Liskovich, Didem Foss, Dingkang Wang, Duc Le,
Dustin Holland, Edward Dowling, Eissa Jamil, Elaine Montgomery, Eleonora Presani, Emily
Hahn, Emily Wood, Eric-Tuan Le, Erik Brinkman, Esteban Arcaute, Evan Dunbar, Evan Smoth-
ers, Fei Sun, Felix Kreuk, Feng Tian, Filippos Kokkinos, Firat Ozgenel, Francesco Caggioni,
Frank Kanayet, Frank Seide, Gabriela Medina Florez, Gabriella Schwarz, Gada Badeer, Georgia
Swee, Gil Halpern, Grant Herman, Grigory Sizov, Guangyi, Zhang, Guna Lakshminarayanan,
Hakan Inan, Hamid Shojanazeri, Han Zou, Hannah Wang, Hanwen Zha, Haroun Habeeb, Harri-
son Rudolph, Helen Suk, Henry Aspegren, Hunter Goldman, Hongyuan Zhan, Ibrahim Damlaj,
Igor Molybog, Igor Tufanov, Ilias Leontiadis, Irina-Elena Veliche, Itai Gat, Jake Weissman, James
Geboski, James Kohli, Janice Lam, Japhet Asher, Jean-Baptiste Gaya, Jeff Marcus, Jeff Tang, Jen-
nifer Chan, Jenny Zhen, Jeremy Reizenstein, Jeremy Teboul, Jessica Zhong, Jian Jin, Jingyi Yang,
Joe Cummings, Jon Carvill, Jon Shepard, Jonathan McPhie, Jonathan Torres, Josh Ginsburg, Jun-
jie Wang, Kai Wu, Kam Hou U, Karan Saxena, Kartikay Khandelwal, Katayoun Zand, Kathy
Matosich, Kaushik Veeraraghavan, Kelly Michelena, Keqian Li, Kiran Jagadeesh, Kun Huang,
Kunal Chawla, Kyle Huang, Lailin Chen, Lakshya Garg, Lavender A, Leandro Silva, Lee Bell,
Lei Zhang, Liangpeng Guo, Licheng Yu, Liron Moshkovich, Luca Wehrstedt, Madian Khabsa,
Manav Avalani, Manish Bhatt, Martynas Mankus, Matan Hasson, Matthew Lennie, Matthias
Reso, Maxim Groshev, Maxim Naumov, Maya Lathi, Meghan Keneally, Miao Liu, Michael L.
Seltzer, Michal Valko, Michelle Restrepo, Mihir Patel, Mik Vyatskov, Mikayel Samvelyan, Mike
Clark, Mike Macey, Mike Wang, Miquel Jubert Hermoso, Mo Metanat, Mohammad Rastegari,
Munish Bansal, Nandhini Santhanam, Natascha Parks, Natasha White, Navyata Bawa, Nayan
Singhal, Nick Egebo, Nicolas Usunier, Nikhil Mehta, Nikolay Pavlovich Laptev, Ning Dong,
Norman Cheng, Oleg Chernoguz, Olivia Hart, Omkar Salpekar, Ozlem Kalinli, Parkin Kent,
Parth Parekh, Paul Saab, Pavan Balaji, Pedro Rittner, Philip Bontrager, Pierre Roux, Piotr Dollar,
Polina Zvyagina, Prashant Ratanchandani, Pritish Yuvraj, Qian Liang, Rachad Alao, Rachel Ro-
driguez, Rafi Ayub, Raghotham Murthy, Raghu Nayani, Rahul Mitra, Rangaprabhu Parthasarathy,
Raymond Li, Rebekkah Hogan, Robin Battey, Rocky Wang, Russ Howes, Ruty Rinott, Sachin
Mehta, Sachin Siby, Sai Jayesh Bondu, Samyak Datta, Sara Chugh, Sara Hunt, Sargun Dhillon,
Sasha Sidorov, Satadru Pan, Saurabh Mahajan, Saurabh Verma, Seiji Yamamoto, Sharadh Ra-
maswamy, Shaun Lindsay, Shaun Lindsay, Sheng Feng, Shenghao Lin, Shengxin Cindy Zha,
Shishir Patil, Shiva Shankar, Shuqiang Zhang, Shuqiang Zhang, Sinong Wang, Sneha Agarwal,
Soji Sajuyigbe, Soumith Chintala, Stephanie Max, Stephen Chen, Steve Kehoe, Steve Satter-
field, Sudarshan Govindaprasad, Sumit Gupta, Summer Deng, Sungmin Cho, Sunny Virk, Suraj
Subramanian, Sy Choudhury, Sydney Goldman, Tal Remez, Tamar Glaser, Tamara Best, Thilo
Koehler, Thomas Robinson, Tianhe Li, Tianjun Zhang, Tim Matthews, Timothy Chou, Tzook
Shaked, Varun Vontimitta, Victoria Ajayi, Victoria Montanez, Vijai Mohan, Vinay Satish Ku-
mar, Vishal Mangla, Vlad Ionescu, Vlad Poenaru, Vlad Tiberiu Mihailescu, Vladimir Ivanov,
Wei Li, Wenchen Wang, Wenwen Jiang, Wes Bouaziz, Will Constable, Xiaocheng Tang, Xiao-
jian Wu, Xiaolan Wang, Xilun Wu, Xinbo Gao, Yaniv Kleinman, Yanjun Chen, Ye Hu, Ye Jia,
Ye Qi, Yenda Li, Yilin Zhang, Ying Zhang, Yossi Adi, Youngjin Nam, Yu, Wang, Yu Zhao,
Yuchen Hao, Yundi Qian, Yunlu Li, Yuzi He, Zach Rait, Zachary DeVito, Zef Rosnbrick, Zhao-
duo Wen, Zhenyu Yang, Zhiwei Zhao, and Zhiyu Ma. The llama 3 herd of models, 2024. URL
https://arxiv.org/abs/2407.21783.

Michael Hassid, Tal Remez, Jonas Gehring, Roy Schwartz, and Yossi Adi. The larger the better? im-
proved llm code-generation via budget reallocation. In First Conference on Language Modeling,
2024.

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Eric Tang, Dawn
Song, and Jacob Steinhardt. Measuring mathematical problem solving with the math dataset.
In Thirty-fifth Conference on Neural Information Processing Systems Datasets and Benchmarks
Track (Round 2), 2021.

Tom Henighan, Jared Kaplan, Mor Katz, Mark Chen, Christopher Hesse, Jacob Jackson, Heewoo
Jun, Tom B Brown, Prafulla Dhariwal, Scott Gray, et al. Scaling laws for autoregressive generative
modeling. arXiv preprint arXiv:2010.14701, 2020.

23

https://arxiv.org/abs/2407.21783


1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
1271
1272
1273
1274
1275
1276
1277
1278
1279
1280
1281
1282
1283
1284
1285
1286
1287
1288
1289
1290
1291
1292
1293
1294
1295

Under review as a conference paper at ICLR 2026

Danny Hernandez, Tom Brown, Tom Conerly, Nova DasSarma, Dawn Drain, Sheer El-Showk, Nel-
son Elhage, Zac Hatfield-Dodds, Tom Henighan, Tristan Hume, et al. Scaling laws and inter-
pretability of learning from repeated data. arXiv preprint arXiv:2205.10487, 2022.

Joel Hestness, Sharan Narang, Newsha Ardalani, Gregory Diamos, Heewoo Jun, Hassan Kianinejad,
Md. Mostofa Ali Patwary, Yang Yang, and Yanqi Zhou. Deep learning scaling is predictable,
empirically, 2017. URL https://arxiv.org/abs/1712.00409.

Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza
Rutherford, Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, Thomas
Hennigan, Eric Noland, Katherine Millican, George van den Driessche, Bogdan Damoc, Au-
relia Guy, Simon Osindero, Karén Simonyan, Erich Elsen, Oriol Vinyals, Jack Rae, and Lau-
rent Sifre. An empirical analysis of compute-optimal large language model training. In
S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh (eds.), Advances in
Neural Information Processing Systems, volume 35, pp. 30016–30030. Curran Associates, Inc.,
2022a. URL https://proceedings.neurips.cc/paper_files/paper/2022/
file/c1e2faff6f588870935f114ebe04a3e5-Paper-Conference.pdf.

Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza
Rutherford, Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, Tom Hen-
nigan, Eric Noland, Katie Millican, George van den Driessche, Bogdan Damoc, Aurelia Guy,
Simon Osindero, Karen Simonyan, Erich Elsen, Jack W. Rae, Oriol Vinyals, and Laurent Sifre.
Training compute-optimal large language models, 2022b. URL https://arxiv.org/abs/
2203.15556.

Ari Holtzman, Jan Buys, Li Du, Maxwell Forbes, and Yejin Choi. The curious case of neural text
degeneration. In International Conference on Learning Representations, 2020.

Shengding Hu, Xin Liu, Xu Han, Xinrong Zhang, Chaoqun He, Weilin Zhao, Yankai Lin, Ning
Ding, Zebin Ou, Guoyang Zeng, Zhiyuan Liu, and Maosong Sun. Predicting emergent abilities
with infinite resolution evaluation, 2024. URL https://arxiv.org/abs/2310.03262.

John Hughes, Sara Price, Aengus Lynch, Rylan Schaeffer, Fazl Barez, Sanmi Koyejo, Henry Sleight,
Erik Jones, Ethan Perez, and Mrinank Sharma. Best-of-n jailbreaking, 2024. URL https:
//arxiv.org/abs/2412.03556.

Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B Brown, Benjamin Chess, Rewon Child,
Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. Scaling laws for neural language
models. arXiv preprint arXiv:2001.08361, 2020a.

Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon Child,
Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. Scaling laws for neural language
models, 2020b. URL https://arxiv.org/abs/2001.08361.

Sumith Kulal, Panupong Pasupat, Kartik Chandra, Mina Lee, Oded Padon, Alex Aiken, and Percy S
Liang. Spoc: Search-based pseudocode to code. Advances in Neural Information Processing
Systems, 32, 2019.

Jacky Kwok, Christopher Agia, Rohan Sinha, Matt Foutter, Shulu Li, Ion Stoica, Azalia Mirho-
seini, and Marco Pavone. Robomonkey: Scaling test-time sampling and verification for vision-
language-action models, 2025. URL https://arxiv.org/abs/2506.17811.

Woosuk Kwon, Zhuohan Li, Siyuan Zhuang, Ying Sheng, Lianmin Zheng, Cody Hao Yu, Joseph E.
Gonzalez, Hao Zhang, and Ion Stoica. Efficient memory management for large language model
serving with pagedattention. In Proceedings of the ACM SIGOPS 29th Symposium on Operating
Systems Principles, 2023.

Noam Itzhak Levi. A simple model of inference scaling laws. In Forty-second International Con-
ference on Machine Learning, 2025.

Niklas Muennighoff, Alexander Rush, Boaz Barak, Teven Le Scao, Nouamane Tazi, Aleksandra
Piktus, Sampo Pyysalo, Thomas Wolf, and Colin A Raffel. Scaling data-constrained language
models. Advances in Neural Information Processing Systems, 36:50358–50376, 2023.

24

https://arxiv.org/abs/1712.00409
https://proceedings.neurips.cc/paper_files/paper/2022/file/c1e2faff6f588870935f114ebe04a3e5-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/c1e2faff6f588870935f114ebe04a3e5-Paper-Conference.pdf
https://arxiv.org/abs/2203.15556
https://arxiv.org/abs/2203.15556
https://arxiv.org/abs/2310.03262
https://arxiv.org/abs/2412.03556
https://arxiv.org/abs/2412.03556
https://arxiv.org/abs/2001.08361
https://arxiv.org/abs/2506.17811


1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1306
1307
1308
1309
1310
1311
1312
1313
1314
1315
1316
1317
1318
1319
1320
1321
1322
1323
1324
1325
1326
1327
1328
1329
1330
1331
1332
1333
1334
1335
1336
1337
1338
1339
1340
1341
1342
1343
1344
1345
1346
1347
1348
1349

Under review as a conference paper at ICLR 2026

OpenAI, Josh Achiam, Steven Adler, Sandhini Agarwal, Lama Ahmad, Ilge Akkaya, Floren-
cia Leoni Aleman, Diogo Almeida, Janko Altenschmidt, Sam Altman, Shyamal Anadkat, Red
Avila, Igor Babuschkin, Suchir Balaji, Valerie Balcom, Paul Baltescu, Haiming Bao, Moham-
mad Bavarian, Jeff Belgum, Irwan Bello, Jake Berdine, Gabriel Bernadett-Shapiro, Christopher
Berner, Lenny Bogdonoff, Oleg Boiko, Madelaine Boyd, Anna-Luisa Brakman, Greg Brock-
man, Tim Brooks, Miles Brundage, Kevin Button, Trevor Cai, Rosie Campbell, Andrew Cann,
Brittany Carey, Chelsea Carlson, Rory Carmichael, Brooke Chan, Che Chang, Fotis Chantzis,
Derek Chen, Sully Chen, Ruby Chen, Jason Chen, Mark Chen, Ben Chess, Chester Cho, Casey
Chu, Hyung Won Chung, Dave Cummings, Jeremiah Currier, Yunxing Dai, Cory Decareaux,
Thomas Degry, Noah Deutsch, Damien Deville, Arka Dhar, David Dohan, Steve Dowling, Sheila
Dunning, Adrien Ecoffet, Atty Eleti, Tyna Eloundou, David Farhi, Liam Fedus, Niko Felix,
Simón Posada Fishman, Juston Forte, Isabella Fulford, Leo Gao, Elie Georges, Christian Gib-
son, Vik Goel, Tarun Gogineni, Gabriel Goh, Rapha Gontijo-Lopes, Jonathan Gordon, Morgan
Grafstein, Scott Gray, Ryan Greene, Joshua Gross, Shixiang Shane Gu, Yufei Guo, Chris Hal-
lacy, Jesse Han, Jeff Harris, Yuchen He, Mike Heaton, Johannes Heidecke, Chris Hesse, Alan
Hickey, Wade Hickey, Peter Hoeschele, Brandon Houghton, Kenny Hsu, Shengli Hu, Xin Hu,
Joost Huizinga, Shantanu Jain, Shawn Jain, Joanne Jang, Angela Jiang, Roger Jiang, Haozhun
Jin, Denny Jin, Shino Jomoto, Billie Jonn, Heewoo Jun, Tomer Kaftan, Łukasz Kaiser, Ali Ka-
mali, Ingmar Kanitscheider, Nitish Shirish Keskar, Tabarak Khan, Logan Kilpatrick, Jong Wook
Kim, Christina Kim, Yongjik Kim, Jan Hendrik Kirchner, Jamie Kiros, Matt Knight, Daniel
Kokotajlo, Łukasz Kondraciuk, Andrew Kondrich, Aris Konstantinidis, Kyle Kosic, Gretchen
Krueger, Vishal Kuo, Michael Lampe, Ikai Lan, Teddy Lee, Jan Leike, Jade Leung, Daniel
Levy, Chak Ming Li, Rachel Lim, Molly Lin, Stephanie Lin, Mateusz Litwin, Theresa Lopez,
Ryan Lowe, Patricia Lue, Anna Makanju, Kim Malfacini, Sam Manning, Todor Markov, Yaniv
Markovski, Bianca Martin, Katie Mayer, Andrew Mayne, Bob McGrew, Scott Mayer McKinney,
Christine McLeavey, Paul McMillan, Jake McNeil, David Medina, Aalok Mehta, Jacob Menick,
Luke Metz, Andrey Mishchenko, Pamela Mishkin, Vinnie Monaco, Evan Morikawa, Daniel
Mossing, Tong Mu, Mira Murati, Oleg Murk, David Mély, Ashvin Nair, Reiichiro Nakano, Ra-
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ang Hu, Elena Buchatskaya, Yingjie Miao, Mohamed Elhawaty, Aditya Siddhant, Nenad Toma-
sev, Jinwei Xing, Christina Greer, Helen Miller, Shereen Ashraf, Aurko Roy, Zizhao Zhang, Ada
Ma, Angelos Filos, Milos Besta, Rory Blevins, Ted Klimenko, Chih-Kuan Yeh, Soravit Chang-
pinyo, Jiaqi Mu, Oscar Chang, Mantas Pajarskas, Carrie Muir, Vered Cohen, Charline Le Lan,
Krishna Haridasan, Amit Marathe, Steven Hansen, Sholto Douglas, Rajkumar Samuel, Mingqiu
Wang, Sophia Austin, Chang Lan, Jiepu Jiang, Justin Chiu, Jaime Alonso Lorenzo, Lars Lowe
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Giannoumis, Wooyeol Kim, Mikołaj Rybiński, Ashwin Sreevatsa, Jennifer Prendki, David So-
ergel, Adrian Goedeckemeyer, Willi Gierke, Mohsen Jafari, Meenu Gaba, Jeremy Wiesner, Di-
ana Gage Wright, Yawen Wei, Harsha Vashisht, Yana Kulizhskaya, Jay Hoover, Maigo Le, Lu Li,
Chimezie Iwuanyanwu, Lu Liu, Kevin Ramirez, Andrey Khorlin, Albert Cui, Tian LIN, Mar-
cus Wu, Ricardo Aguilar, Keith Pallo, Abhishek Chakladar, Ginger Perng, Elena Allica Abellan,
Mingyang Zhang, Ishita Dasgupta, Nate Kushman, Ivo Penchev, Alena Repina, Xihui Wu, Tom
van der Weide, Priya Ponnapalli, Caroline Kaplan, Jiri Simsa, Shuangfeng Li, Olivier Dousse,
Fan Yang, Jeff Piper, Nathan Ie, Rama Pasumarthi, Nathan Lintz, Anitha Vijayakumar, Daniel
Andor, Pedro Valenzuela, Minnie Lui, Cosmin Paduraru, Daiyi Peng, Katherine Lee, Shuyuan
Zhang, Somer Greene, Duc Dung Nguyen, Paula Kurylowicz, Cassidy Hardin, Lucas Dixon, Lili
Janzer, Kiam Choo, Ziqiang Feng, Biao Zhang, Achintya Singhal, Dayou Du, Dan McKinnon,
Natasha Antropova, Tolga Bolukbasi, Orgad Keller, David Reid, Daniel Finchelstein, Maria Abi
Raad, Remi Crocker, Peter Hawkins, Robert Dadashi, Colin Gaffney, Ken Franko, Anna Bu-
lanova, Rémi Leblond, Shirley Chung, Harry Askham, Luis C. Cobo, Kelvin Xu, Felix Fischer,
Jun Xu, Christina Sorokin, Chris Alberti, Chu-Cheng Lin, Colin Evans, Alek Dimitriev, Han-
nah Forbes, Dylan Banarse, Zora Tung, Mark Omernick, Colton Bishop, Rachel Sterneck, Rohan
Jain, Jiawei Xia, Ehsan Amid, Francesco Piccinno, Xingyu Wang, Praseem Banzal, Daniel J.
Mankowitz, Alex Polozov, Victoria Krakovna, Sasha Brown, MohammadHossein Bateni, Den-
nis Duan, Vlad Firoiu, Meghana Thotakuri, Tom Natan, Matthieu Geist, Ser tan Girgin, Hui Li,
Jiayu Ye, Ofir Roval, Reiko Tojo, Michael Kwong, James Lee-Thorp, Christopher Yew, Danila
Sinopalnikov, Sabela Ramos, John Mellor, Abhishek Sharma, Kathy Wu, David Miller, Nico-
las Sonnerat, Denis Vnukov, Rory Greig, Jennifer Beattie, Emily Caveness, Libin Bai, Julian
Eisenschlos, Alex Korchemniy, Tomy Tsai, Mimi Jasarevic, Weize Kong, Phuong Dao, Zeyu
Zheng, Frederick Liu, Fan Yang, Rui Zhu, Tian Huey Teh, Jason Sanmiya, Evgeny Gladchenko,
Nejc Trdin, Daniel Toyama, Evan Rosen, Sasan Tavakkol, Linting Xue, Chen Elkind, Oliver
Woodman, John Carpenter, George Papamakarios, Rupert Kemp, Sushant Kafle, Tanya Grunina,
Rishika Sinha, Alice Talbert, Diane Wu, Denese Owusu-Afriyie, Cosmo Du, Chloe Thornton,
Jordi Pont-Tuset, Pradyumna Narayana, Jing Li, Saaber Fatehi, John Wieting, Omar Ajmeri, Be-
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A RELATED WORK

The study of neural scaling laws, which characterize how model performance predictably improves
with resources, has become a cornerstone of modern large-scale machine learning (Hestness et al.,
2017; Kaplan et al., 2020a; Hoffmann et al., 2022a; Roberts et al., 2022; Bahri et al., 2024). Foun-
dational work demonstrated that pretraining loss follows a power law with respect to model size,
dataset size, and training compute (Kaplan et al., 2020a; Henighan et al., 2020; Hoffmann et al.,
2022a). These principles now guide the development of nearly all state-of-the-art language mod-
els (OpenAI et al., 2024a; Team et al., 2024; Grattafiori et al., 2024; DeepSeek-AI et al., 2025b;
Qwen et al., 2025; Zhipu-AI et al., 2025). This research area has since expanded to explore scaling
properties in diverse domains, including computer vision (Zhai et al., 2022), machine translation
(Ghorbani et al., 2021), and even for optimizing inference-time compute rather than training (Wu
et al., 2024; Snell et al., 2024). Despite this breadth, scaling laws for complex, multi-step generative
tasks—which often represent the ultimate goal of language modeling—have remained compara-
tively underexplored due to the challenges of evaluation. Our work builds most directly on recent
efforts to forecast performance on such generative evaluations. The GPT-4 Technical Report pio-
neered this direction by showing that the negative log pass rate on a subset of the HumanEval coding
benchmark scaled predictably as a power law of pretraining compute (OpenAI et al., 2024a); they
successfully predicted GPT-4’s performance by extrapolating from smaller models over approxi-
mately three orders of magnitude (OpenAI et al., 2024a). We adopt their proposed functional form
for our compute-based law and extend their work by systematically analyzing how the number of
attempts, k, reshapes the law’s parameters. Furthermore, our rigorous backtesting reveals the brittle-
ness of this compute-only law, finding it reliable only across 1-2 orders of magnitude in our setting.
Separately, our work shares a philosophical motivation with Hu et al. (2024), who investigate “infi-
nite resolution” sampling for emergent abilities.

Relationship Between Pass-at-k and Accuracy: In the context of language model evaluations,
accuracy and pass@k are fundamentally different. “Accuracy” is a likelihood comparison: does
the correct multiple-choice answer have the highest probability relative to the incorrect alternative
answers? (Gao et al., 2024; Schaeffer et al., 2024a). In contrast, pass@k measures the success of
free-form generative sampling. To make the distinction clear, here are three obvious differences:

1. Accuracy is either binary 0 or 1, whereas pass@k is a continuous quantity in [0, 1] and
practically almost always in (0, 1). The two metrics have different output spaces.

2. As functions, the two metrics have different inputs: accuracy is a function of the correct
answer and the incorrect answer, whereas pass@k does not depend on the incorrect answer.

3. Accuracy is computed using the exact sequence of the correct answer via teacher forcing.
In comparison, pass@k can sample any sequence of tokens.

Detailed Comparison with Gadre et al. (2024): On the empirical side, the 46 downstream tasks
in Gadre et al. (2024) fall into two categories (see their Table 5): (1) pretraining losses (i.e., next-
token prediction), (2) discriminative evaluations: measuring accuracy on multiple-choice tasks (e.g.,
MMLU). Our work focuses on a third, distinct category: generative evaluation, scored with pass@k.

On the theoretical side, our starting point is the standard separable ((N,D)) scaling law of Hoffmann
et al. (2022a) (L(N,D) ≈ E+AN−α+BD−β). Gadre et al. (2024) show in their Appendix B that
this form implies a compute power law with exponent (αβ/(α + β)), and that departures from the
compute-optimal allocation modify only the prefactor as a function of an over-training parameter
(m). Our derivation in Appendix E is a direct generalization of this result to the relevant quantity for
inference scaling (− log pass@k) and to arbitrary (k): we retain the same ((N,D)) ansatz, derive
the compute-optimal envelope and its exponent (α(k) = (1/β(k) + 1/γ(k))−1), and explicitly
express how sub-optimal choices of ((N,D)) enter as a multiplicative penalty depending on the
ratio (N/N∗).
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B METHODOLOGY: NUMBER OF SAMPLES PER PROBLEM PER MODEL

Because sampling from language models is expensive and because our compute budget is limited,
we chose a compute-aware sampling strategy designed to balance resolution with cost. A key con-
sideration is that the number of samples per problem sets the resolution, i.e., if we draw n samples
per problem, then any pass rate on that problem below 1/n will likely appear to be 0.

For each model checkpoint, we took the following strategy: we drew a minimum of 215 samples
per model per problem, and then continued sampling until 10 successes were obtained or until a
maximum of 220 samples were drawn. 215 was chosen so that we would have more samples per
problem than the largest number of attempts per problem k we considered (1e4).

Fig. 9 shows how many samples per GSM8K problem per model we had at the time our analyses
were conducted, and Fig. 10 shows how many samples per MATH problem per model we had at
the time our analyses were conducted. In total, we had ∼ 500M total samples for GSM8K and
∼ 400M total samples for MATH. Additional sampling would have likely benefited our analyses.
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Figure 9: Number of Samples per Model per GSM8K Problem. This heatmap visualizes the
number of samples per model (y-axis) per problem (x-axis) at the time our analyses were conducted.
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Figure 10: Number of Samples per Model per MATH Problem. This heatmap visualizes the
number of samples per model (y-axis) per problem (x-axis) at the time our analyses were conducted.
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C ESTIMATION OF TOTAL SAMPLING COST

Sampling was performed using vLLM (Kwon et al., 2023). We generated 128 samples of the same
problem at a time to make use of prefix caching for more efficient sampling.

C.1 ESTIMATION OF GSM8K SAMPLING COSTS

Estimates of the GPU time per 128 samples per model size for GSM8K are provided in Table 1.

Pythia Model Parameters A100-s Per 128 Samples (Approximate)
14M 4
70M 4

160M 5
410M 7

1B 9
1.4B 11
2.8B 13
6.9B 25
12B 36

Table 1: A100-Seconds Per 128 Samples by Model Size on GSM8K Problems.

At a minimum of 3.2e4 samples per problem, 128 problems per model checkpoint, 8 model check-
points per model size, our total compute costs are lower bounded by:

Total Chip-Time ≥
∑

Model Size

8 Checkpoints
Model Size

· 128 Problems
1 Checkpoint

· 32e4 Samples
1 Problem

· XModel Size A100-s
128 Samples

≥ 292e6 A100-s
≥ 81e3 A100-hr

Thus, sampling our GSM8K data is lower bounded by 81e3 A100-hr. To estimate the total financial
cost of this sampling, we looked up pricing of compute providers. As of November 2025, Lambda
offers A100s at $1.79/A100-hr, RunPod at $1.39/A100-hr, Tensordock at $1.63/A100-hr, and Vast-
AI at $1.40/A100-hr. In total, the financial cost of our GSM8K sampling data is more than $112k.

C.2 ESTIMATION OF MATH SAMPLING COST

Estimates of the GPU time per 128 samples per model size for MATH are provided in Table 2.

Pythia Model Parameters A100-s Per 128 Samples (Approximate)
14M
70M

160M
410M 8

1B 10
1.4B
2.8B 15
6.9B 27
12B 39

Table 2: A100-Seconds Per 128 Samples by Model Size on MATH Problems.

35



1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911
1912
1913
1914
1915
1916
1917
1918
1919
1920
1921
1922
1923
1924
1925
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943

Under review as a conference paper at ICLR 2026

D GSM8K SCALING LAW PARAMETERS BY NUMBER OF ATTEMPTS PER
PROBLEM k

For the three scaling laws we consider, we visualize how the fit GSM8K scaling law parameters
change as a function of the number of attempts per problem k (Fig. 11, Fig. 12, Fig. 13).
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Figure 11: GSM8K Pretraining Compute Scaling Law Parameters by Number of Attempts per
Problem (Full Fits). Scaling law parameters of Eqn. 3 as functions of k. Hue corresponds to k.
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Figure 12: GSM8K Parameters and Tokens Scaling Law Parameters by Number of Attempts
per Problem (Full Fits). Scaling law parameters of Eqn. 4 as functions of k. Hue corresponds to k.
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Figure 13: GSM8K Gold Reference Log Likelihoods Scaling Law Parameters by Number of
Attempts per Problem (Full Fits). Scaling law parameters of Eqn. 5 as functions of k. Hue
corresponds to k.
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E RELATION BETWEEN THE COMPUTE SCALING LAW AND THE
PARAMETERS + TOKENS SCALING LAW

Here, we provide a concrete analytic relation between Eqn. 3 and Eqn. 4 provided in the main text.
For a fixed benchmark B and number of attempts per problem k, we model

− log
(
passB @k

)
(N,D, k) = E0(k) +

N0(k)

Nβ(k)
+

D0(k)

Dγ(k)
, (8)

and, when training under a compute budget C = cND,

− log
(
passB @k

)
(C, k) = E(k) +

C0(k)

Cα(k)
. (9)

Compute-optimal envelope. Assume the excess loss beyond the irreducible term is additive and
separable in (N,D) as in Eq. 8, with N0(k), D0(k) > 0 and exponents β(k), γ(k) > 0. For each
fixed k, define

A = N0(k), B = D0(k), β = β(k), γ = γ(k), (10)

and

F (N,D) =
A

Nβ
+

B

Dγ
, F(C) = min

N,D>0:
cND=C

F (N,D). (11)

Then the compute law Eq. 9 is the compute-optimal envelope of Eq. 8, with

E(k) = E0(k), α(k) =
β(k) γ(k)

β(k) + γ(k)
=

(
1

β(k) +
1

γ(k)

)−1

, (12)

C0(k) = (β + γ)β− β
β+γ γ− γ

β+γ A
γ

β+γ B
β

β+γ cα(k). (13)

The compute-optimal allocation along the envelope is

N∗(C, k) =
(βA
γB

) 1
β+γ

(C
c

) γ
β+γ

, D∗(C, k) =
(γB
βA

) 1
β+γ

(C
c

) β
β+γ

. (14)

Derivation Sketch. Form the Lagrangian L = AN−β + BD−γ + λ (ND − C/c). First-order
conditions give βAN−β = γBD−γ and ND = C/c, from which (A.5) follows. Substituting
N∗, D∗ into F (N,D) yields F(C) = C0(k)C

−α(k) with α(k) and C0(k) as in Eqs. 12-13, and
E(k) = E0(k).

Remarks.

1. The compute exponent is the parallel sum of the (N,D) exponents: α = (1/β + 1/γ)−1.

2. If β = γ, then α = β/2 and N∗, D∗ ∝ C1/2 with C0 = 2β−1(AB)1/2cβ/2.

3. If one scales N and D at a fixed ratio (i.e., without re-optimizing with C), the effective
compute exponent degrades to αpath = min{β, γ}/2.

4. All quantities may depend on k; the mapping in Eqs. 12-14 applies point-wise in k. The
conversion constant c enters only via C0, not α.

E.1 MULTIPLICATIVE DEVIATION FROM THE OPTIMAL COMPUTE ENVELOPE

Let (N∗(C), D∗(C)) denote the compute–optimal allocation in Eq. 14 and define the misallocation
ratio

r(C) :=
N(C)

N∗(C)
=

D∗(C)

D(C)
. (15)
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A direct algebraic manipulation using the first-order optimality condition βA(N∗)−β = γB(D∗)−γ

gives the exact factorization

− log
(
passB @k

)
(C)− E0

− log
(
passB @k

)
opt(C)− E0

= Φ(r;β, γ) :=
γ

β + γ
r−β +

β

β + γ
rγ ≥ 1, (16)

with equality iff r ≡ 1. Equivalently, this produces a multiplicative correction to Eq. 9

− log(passB @k)(C) = E0 + C0 C
−α Φ

(
N
N∗ ;β, γ

)︸ ︷︷ ︸
misallocation factor ≥1

. (17)

Thus the deviation from equality is fully parameterized by r via the dimensionless penalty Φ ≥ 1.

Local and asymptotic behavior of the penalty. Let t = log r. A Taylor expansion of equation 16
around r = 1 gives

Φ(r;β, γ) = 1 +
βγ

2
t2 +O(t3), (18)

so small misallocations incur only a quadratic penalty in log-space. Along a power-law path N ∝
Cp (with constants absorbed into r), t =

(
p − γ

β+γ

)
logC + O(1); hence if p ̸= γ

β+γ the penalty
grows polynomially:

Φ(r(C)) ≍
{

β
β+γ r(C)γ , r(C) → ∞ (over-allocating N),
γ

β+γ r(C)−β , r(C) → 0 (under-allocating N).
(19)

This isolates the compute–optimal scaling C−α and expresses all off-ridge effects through a single,
dimensionless factor depending only on the allocation ratio N/N∗ (or equivalently D∗/D).

We conclude that if one matches the compute law without optimizing (N,D), the result is not a
single power law in general: it is a compute–optimal power multiplied by a misallocation penalty
Φ(N/N∗) ≥ 1.
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F HOW SCALING DEPENDS ON THE BENCHMARK: THREE PRETRAINING
SCALING LAWS FOR MATH

In the main text, we presented results for GSM8K (Cobbe et al., 2021). Here, we present corre-
sponding results for MATH (Hendrycks et al., 2021). For a focused discussion of the similarities
and differences between the two benchmarks, please see Section 7 in the main text.

F.1 FITTING AND PREDICTING PASS RATES FROM PRETRAINING COMPUTE
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Figure 14: Scaling of MATH Pass Rates with Pretraining Compute (Full Fit). Each panel fits
Eqn. 3 − log

(
passB@k

)
(C, k) = E0(k)+C0(k)·C−α(k) to MATH pass rates for Pythia checkpoints

across ∼5 orders of magnitude of pretraining compute for k ∈ {1, 102, 104}.
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Figure 15: Predicting MATH Pass Rates from Scaling Pretraining Compute (Backtesting). We
evaluate predictability via backtesting: we iteratively fit Eq. 3 on subsets of models up to a maximum
pretraining compute, then extrapolate to predict the most expensive model’s − log

(
passB@k

)
. The

most expensive model is Pythia 12B-parameter 300B-token (≈ 2.16× 1022 FLOP).
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F.2 FITTING AND PREDICTING PASS RATES FROM PARAMETERS AND TOKENS
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Figure 16: Scaling of MATH Pass Rates with Parameters and Tokens (Full Fit). Each panel fits
Eqn. 4, − log

(
passB@k

)
(N,D, k) = E0(k) +N0(k)N

−β(k) +D0(k)D
−γ(k).
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Figure 17: Predicting MATH Pass Rates from Scaling Parameters and Tokens (Backtesting).
We evaluated how accurately the parameters + tokens scaling law (Eqn. 4) predicts the most expen-
sive model’s − log(passB@k).
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F.3 FITTING AND PREDICTING PASS RATES FROM GOLD REFERENCE LIKELIHOODS
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Figure 18: Scaling of MATH Pass Rates with Gold Reference Likelihood (Full Fit). Each panel
fits Eqn. 6, − log(passB@k) = ξ0 +K0(k) · [− log

(
GoldProbB

)
]κ(k), for k ∈ {1, 102, 104}.
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Figure 19: Predicting MATH Pass Rates from Gold Reference Likelihoods (Backtesting). We
evaluated how accurately the gold reference likelihoods scaling law (Eqn. 6) predicts the most ex-
pensive model’s − log(passB@k).
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G MATH SCALING LAW PARAMETERS BY NUMBER OF ATTEMPTS PER
PROBLEM k

For the three scaling laws we consider, we visualize how the fit MATH scaling law parameters
change as a function of the number of attempts per problem k (Fig. 20, Fig. 21, Fig. 22).
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Figure 20: MATH Pretraining Compute Scaling Law Parameters by Number of Attempts per
Problem (Full Fits). Scaling law parameters of Eqn. 3 as functions of k. Hue corresponds to k.
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Figure 21: MATH Parameters and Tokens Scaling Law Parameters by Number of Attempts
per Problem (Full Fits). Scaling law parameters of Eqn. 4 as functions of k. Hue corresponds to k.
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Figure 22: MATH Gold Reference Log Likelihoods Scaling Law Parameters by Number of
Attempts per Problem (Full Fits). Scaling law parameters of Eqn. 5 as functions of k. Hue
corresponds to k.
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