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Abstract

We propose the Value Gradient Sampler
(VGS), a diffusion sampler parameterized
by value functions. VGS generates samples
from an unnormalized target density (i.e., en-
ergy) by evolving randomly initialized par-
ticles along the gradient of the value func-
tion. In many sampling problems where the
target density exhibits invariant symmetries,
value functions provide a novel approach to
leveraging invariant networks for sampling by
inducing an equivariant gradient flow, with-
out requiring more complex equivariant net-
works. The value networks are trained via
temporal difference learning, which supports
off-policy training and other established rein-
forcement learning (RL) techniques. By com-
bining advanced RL methods with efficient
invariant networks, VGS achieves both the
highest sample quality and the fastest sam-
pling speed among our baselines on the 55-
particle Lennard-Jones system.

1 Introduction

Sampling from complex, high-dimensional distribu-
tions is a fundamental problem in statistics, machine
learning, and the natural sciences. The goal of a sam-
pling algorithm is to generate independent and identi-
cally distributed (i.i.d.) samples from an unnormalized
target density q(x). Recently, samplers inspired by dif-
fusion processes have emerged as a powerful class of al-
gorithms for this task. These methods construct sam-
ples via a multi-step diffusion process that interpolates
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between a simple distribution and the target density,
demonstrating strong performance across diverse ap-
plications (Zhang and Chen, 2022; Vargas et al., 2024;
Berner et al., 2022; Vargas et al., 2023; Bengio et al.,
2023; Lahlou et al., 2023; Havens et al., 2025).

In many important applications of sampling, the target
density exhibits symmetries. For instance, the equi-
librium state distributions of particle and molecular
systems are governed by Euclidean symmetries, such
as translation and rotation, which are formalized by
the group SE(3) (or E(3) if reflection is also consid-
ered). Respecting these symmetries is crucial, as it
can lead to improved performance, better sample effi-
ciency, and enhanced generalization (Karczewski et al.,
2024). To sample from an E(3)-invariant target den-
sity, most diffusion samplers employ E(3)-equivariant
neural network architectures (Satorras et al., 2021)
to parametrize E(3)-equivariant score functions
(Akhound-Sadegh et al., 2024; Havens et al., 2025).

However, enforcing Euclidean equivariance in neural
architectures is a non-trivial endeavor. Equivariant
networks often rely on mathematically sophisticated
constructions, incur significant computational over-
head, or impose structural restrictions (Köhler et al.,
2019; Thomas et al., 2018; Fuchs et al., 2020; Geiger
and Smidt, 2022; Midgley et al., 2023a). While EG-
NNs have become widely adopted due to their rela-
tively simple design, they remain slower than general-
purpose architectures such as multi-layer perceptrons
or graph neural networks (Satorras et al., 2021).
In particular, the computation in EGNNs inevitably
scales as O(n2) with respect to the number of parti-
cles n in the system due to all-pairs message passing.

In contrast, achieving E(3)-invariance may be consid-
erably simpler, especially for particle systems where
the energy depends on the relative positions of par-
ticles. A permutation-invariant neural network over
pairwise distances and node features can represent an
invariant potential without requiring explicitly equiv-
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Figure 1: (Left) Value Gradient Sampling. Initial samples are iteratively drifted along the gradient of the next-
step value function to match the target distribution. (Right) Diffusion of an SO(2)-invariant target density
(t = T ) via a variance-preserving diffusion process. The diffused densities also exhibit SO(2)-invariance while
their score functions possess SO(2)-equivariance. VGS employs a sequence of invariant value functions (which
are related to the diffused log-densities) to parameterize the equivariant gradient flow.

ariant layers. Moreover, taking the gradient of such
an invariant network naturally induces an equivariant
gradient flow (Papamakarios et al., 2021).

In this work, we propose Value Gradient Sampler
(VGS), a novel diffusion-based sampling framework
that leverages E(m)-invariant rather than E(m)-
equivariant neural networks for m-dimensional,
n-particle systems. Instead of directly parameterizing
equivariant score functions, VGS uses a sequence of
invariant value functions to represent the diffusion
process (Fig. 1). These value functions are related to
the diffused target densities, which preserve the same
symmetries as the original target density. Sampling
is then performed by following the gradients of
these value functions, which are E(m)-equivariant
by construction. In this way, VGS yields an equiv-
ariant gradient flow without the need for explicitly
equivariant architectures.

The value functions in VGS are trained through re-
inforcement learning (RL). We show that temporal-
difference (TD) learning (Sutton, 1988) can be natu-
rally applied to minimize an upper bound of the KL di-
vergence between the generated samples and the target
density. This connection to RL allows us to incorpo-
rate established techniques such as TD(λ), off-policy
exploration, and double value networks (Sec. 3.4) to
further enhance the performance of VGS.

We demonstrate the effectiveness of VGS on parti-
cle system benchmarks, where the goal is to sample
equilibrium states given the energy function of a sys-
tem. VGS achieves the highest sample-quality metrics
among the baselines in the LJ-55 setting, a challenging
system of 55 indistinguishable particles with an energy
function defined in a 165-dimensional space. Simul-

taneously, VGS dramatically reduces sampling time
compared to existing equivariant samplers by replacing
a computationally intensive equivariant network with
an efficient invariant network. VGS also remains com-
petitive on standard benchmarks without explicit sym-
metries. Our results highlight that VGS is a promising
approach for symmetry-aware sampling applications.
The implementation of VGS is publicly available 1.

2 Preliminaries

Sampling Problems. We consider drawing inde-
pendent samples from a strictly positive target dis-
tribution q(x) on RD of Boltzmann-form

q(x) =
1

Z
exp (−E(x)), (1)

where E : RD → R is an energy function and Z =∫
RD exp (−E(x))dx is the normalizing constant.

Invariance and Equivariance. Given a group G
acting on a set X via the action ·, a scalar function
f : X → R is G-invariant if f(g · x) = f(x) for all
g ∈ G and x ∈ X . A map F : X → X is G-equivariant
if F (g · x) = g · F (x) for all g ∈ G and X ∈ X .

Symmetry Groups in n-Particle Systems. Con-
sider the system of n particles in Rm. Let the config-
uration space be X = Rm×n with x = [x1, . . . , xn],
where xi ∈ Rm denotes the coordinates of the i-th
particle. Two symmetry groups act naturally on X :
the Euclidean group E(m) (translations, rotations, re-
flections) and the symmetric group Sn (permutations
of particle indices). Elements (R, p) ∈ E(m), where

1https://github.com/swyoon/value-gradient-sampler

https://github.com/swyoon/value-gradient-sampler
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R ∈ O(m) and p ∈ Rm, act by

(R, p) · x = [Rx1+p, . . . , Rxn+p], (2)

and permutations σ ∈ Sn act by re-indexing σ · x =
[xσ(1), ..., xσ(n)]. These actions commute, inducing a
product action of E(m)×Sn on X . Under this product
action, the energy E(x) is unchanged, assuming that
the particles are indistinguishable. Thus, the energy
E(x) is E(m)× Sn-invariant.

Training Parametric Samplers. We aim to train
a parametric sampler πϕ(x) with parameter ϕ to gen-
erate approximate samples from the target density
q(x). A natural choice of the objective function is
the (reverse) KL divergence between πϕ(x) and q(x):
minϕ KL(πϕ(x)||q(x)) = minϕ Eπϕ

[log(πϕ(x)/q(x))] ,
which does not require samples from q(x) for train-
ing. Other objectives, such as log-variance loss, have
also been considered (Richter and Berner, 2024).

Diffusion Samplers. Diffusion samplers generate
samples through the following iterative drift-diffusion
process:

π(x0) = N (0, σ2
initI),

π(xt+1|xt) = N (αtxt + µt(xt), σ
2
t I), (3)

for t = 0, . . . , T −1. The schedules {αt, σt} and σinit

are fixed. In practice, we parameterize the drift as
µt
ϕ(xt) and thus define the transition πϕ(xt+1|xt).

Starting from the initial Gaussian sample x0, we se-
quentially scale, drift, and diffuse the sample to ob-
tain the final sample xT . We will often write x to de-
note xT . The sampler distribution πϕ(x) is induced as
the marginal distribution of final samples. This drift-
diffusion process (Eq. 3) is widely found in various
methods, such as diffusion models (Ho et al., 2020;
Song et al., 2021), Euler-Maruyama discretization of
SDE samplers (Zhang and Chen, 2022; Berner et al.,
2022; Vargas et al., 2023), and continuous GFlowNets
(Lahlou et al., 2023).

3 Value Gradient Sampling

In this section, we introduce Value Gradient Sam-
pler (VGS), a diffusion sampler that parametrizes the
drift µt

ϕ(xt) using a value function V t
ϕ(xt). The opti-

mal control formulation and temporal difference train-
ing algorithms are described. Incorporating symme-
tries into VGS will be discussed in Sec. 4.

3.1 Sampling as Optimal Control

We train a diffusion sampler πϕ to match the tar-
get distribution q by leveraging the optimal con-
trol view on diffusion-based sampling proposed in

Zhang and Chen (2022). Instead of directly minimizing
KL(πϕ(x)∥q(x)), we minimize an upper bound from
the data-processing inequality: KL(πϕ(x)∥q(x)) ≤
KL(πϕ(x0:T )∥q̃(x0:T )). We set the joint target dis-
tribution as q̃(x0:T ) = π̃(x0:T )q(xT )/π̃(xT ), which
ensures q̃(xT ) = q(xT ). Here, π̃(x0:T ) is the joint
reference distribution, defined as the uncontrolled
process in Eq. 3 with π̃(x0) = N (0, σ2

initI) and
π̃(xt+1|xt) = N (αtxt, σ

2
t I). This construction sub-

sumes prior choices used in PIS (Zhang and Chen,
2022, σinit = 0, αt = 1) and DDS (Vargas et al., 2023,

σinit = 1, αt =
√

1− σ2
t ).

We use a value-based dynamic programming ap-
proach to this minimization problem. Minimizing
KL(π(x0:T )∥q̃(x0:T )) over the admissible class Π of
policies given by Eq. 3 yields the following optimal
control problem:

min
π∈Π

Eπ(x0:T )

[
T−1∑
t=0

∥µt(xt)∥2

2σ2
t

+ Ẽ(xT )

]
, (4)

where Ẽ(xT ) = E(xT ) + log π̃(xT ). See Appendix A.1
for the derivation. Here, the policy π(xt+1|xt) is
optimized to minimize the sum of running costs
∥µt(xt)∥2/2σ2

t , and the terminal cost Ẽ(xT ).

A value function V t
π(xt) is the expected sum of future

costs starting from xt and following π:

V t
π(xt) = Eπ(·|xt)

[
T−t−1∑
i=0

∥µt+i(xt+i)∥2

2σ2
t+i

+ Ẽ(xT )

∣∣∣∣xt

]
.

(5)

The optimal value function is the minimum over
all possible π(·|xt), V

t
∗ (xt) = minπ(·|xt)∈Π V t

π(xt). If
q̃(xt+1:T |xt) ∈ Π, then V t

∗ (xt) is the energy of the
marginal density ratio q̃(xt)/π̃(xt):

q̃(xt)/π̃(xt) =
1

Z
exp (−V t

∗ (xt)). (6)

The derivation is in Appendix A.2. Intuitively, V t
∗ (xt)

is lower on states that are more probable under
marginal target density q̃(xt) compared to the refer-
ence density π̃(xt).

3.2 Value Gradient Sampler

We present Value Gradient Sampler (VGS), a sam-
pler that approximately solves this optimal control
problem by drifting a particle along the gradient of
the next-step value function. For our policy at time
t defined in Eq. 3, we will find the drift vector µt(xt)
that minimizes the expected future cost from xt, which
can be represented using the next-step value function
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Algorithm 1 Value Gradient Sampler

1: Input: Value V t
ϕ(xt),

constants {αt}T−1
t=0 , {σt}T−1

t=0 , σinit.
2: x0 ∼ N (0, σ2

initI) // Initial samples
3: for t = 0 to T − 1 do
4: µt

ϕ(xt) = −σ2
t∇αtxt

V t+1
ϕ (αtxt) // Eq. (8)

5: ϵt ∼ N (0, I)
6: xt+1 = αtxt + µt

ϕ(xt) + σtϵt
7: end for
8: Output: xT

V t+1
π (xt+1):

min
µt(xt)

Eπ(xt+1|xt)

[
∥µt(xt)∥2

2σ2
t

+ V t+1
π (xt+1)

∣∣∣∣xt

]
. (7)

As this objective lacks a closed-form solution, we apply
a first-order Taylor expansion to V t+1

π (xt+1) around
αtxt to obtain:

E
π(xt+1|xt)

[
V t+1
π (xt+1)

]
= Eϵt [V

t+1
π (αtxt + µt + σtϵt)]

≈ V t+1
π (αtxt) + µt(xt)

⊤∇αtxt
V t+1
π (αtxt),

where ϵt ∼ N (0, I). Substituting this approximation
back into Eq. 7 and setting the derivative with respect
to µt to zero yields the optimal drift:

µt(xt) = −σ2
t∇αtxtV

t+1
π (αtxt). (8)

The detailed derivation is presented in Appendix A.3.
Note that µt(xt) is now determined entirely by the
gradient of the next-step value function. In practice,
we use a parameterized value network V t

ϕ(xt) map-
ping (xt, t) to a scalar, substituting Vϕ for Vπ in Eq. 8
for sampling (Algorithm 1). To approach the optimal
value function and policy, we follow the framework of
generalized policy iteration, which alternates between
policy evaluation and improvement. VGS corresponds
to the policy improvement step, refining the policy
based on the current value function. The policy eval-
uation step is described in the next section.

3.3 Temporal Difference Learning

We employ TD learning (Sutton, 1988) to esti-
mate the value function from samples. From the
definition of the value function (Eq. 5), we ob-
tain the following recurrence relation: V t

π(xt) =

Eπ(xt+1|xt)

[
∥µt(xt)∥2/2σ2

t + V t+1
π (xt+1)|xt

]
. To ap-

proximate V t
π , we train a parameterized value network

V t
ϕ to satisfy this recurrence, resulting in a regression-

type loss with the TD target V̂ t
TD(xt:t+1). The TD

target is defined using a target network V t
ϕ−(xt), a de-

tached copy of the value network parametrized by ϕ−.

Specifically, given a transition xt+1 ∼ πϕ−(xt+1|xt),
we minimize the mean squared TD error:

min
ϕ

Eπϕ− (xt+1|xt)

[
(V t

ϕ(xt)− V̂ t
TD(xt:t+1))

2
]
, (9)

where V̂ t
TD(xt:t+1) =

∥µ t
ϕ−(xt)∥2

2σ2
t

+ V t+1
ϕ− (xt+1).

Gradients are not backpropagated into the target net-
work parameters ϕ−. Instead, ϕ− is updated sepa-
rately via exponential moving averaging: ϕ− ← κϕ−+
(1 − κ)ϕ for 0 < κ < 1. This target-network scheme
is known to stabilize training with function approx-
imation (Mnih et al., 2015; Haarnoja et al., 2018).
The overall training procedure is summarized in Al-
gorithm 2 in the Appendix.

Note that there exist critical differences between our
TD learning and Detailed Balance (DB) (Bengio et al.,
2023). First, we employ a fixed target network dur-
ing the update (Eq. 9). Second, the TD loss does not
directly update the policy. Instead, the policy is im-
plicitly optimized via taking the gradient of the next-
step value (Eq. 8). Consequently, only the current state
value is updated based on the future state value, al-
lowing information from terminal states to propagate
to earlier states in a stable and rectified manner.

TD(λ). The TD learning described above, often re-
ferred to as TD(0), can be slow in propagating infor-
mation in time, as only a single-step transition is used
in the update. Alternatively, TD(λ) (Sutton, 1988) in-
corporates all available future temporal differences by
computing a weighted average with exponentially de-
caying weights. We first define the TD error as follows:

δt(xt,xt+1) =
∥µt

ϕ−(xt)∥2

2σ2
t

+ V t+1
ϕ− (xt+1)− V t

ϕ−(xt).

(10)

Given a trajectory xt+1:T ∼ πϕ−(xt+1:T |xt) and a con-
stant λ ∈ [0, 1], the TD(λ) target is defined as:

V̂ t
TD(λ)(xt:T ) = V t

ϕ−(xt) +

T−t−1∑
i=0

λiδt+i(xt+i,xt+i+1),

(11)

which can be used in Eq. 9 instead of V̂ t
TD(xt:t+1).

This formulation offers a principled trade-off between
bias and variance, interpolating between one-step TD
(λ = 0) and Monte Carlo estimation (λ = 1).

SubTB(λ) (Madan et al., 2023) implements a similar
idea but applies a weighted average over subtrajectory
losses, whereas TD(λ) incorporates it directly into the
target calculation. By looking ahead multiple steps,
TD(λ) is often more efficient and effective than TD(0)
in assigning credit to earlier actions. This benefit be-
comes more pronounced for larger T , as demonstrated
in our comparison experiments in Sec. 5.2.
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3.4 Leveraging RL Techniques in VGS

The TD formulation enables us to leverage well-
established techniques in deep RL.

Training with an Exploration Policy. An ex-
ploration policy πexpl is often used in RL to pro-
mote exploration. Assuming the transition density
πexpl(xt+1|xt) is tractable, off-policy TD(λ) targets
can be computed on a sampled trajectory x0:T ∼
πexpl(x0:T ) using importance sampling. The TD tar-
gets for all timesteps t = 0, . . . , T can be computed
from the stored tuples {xt, µ

t
ϕ−(xt)}Tt=0, collected dur-

ing the sampling phase. Details on off-policy TD(λ)
computation are given in Appendix A.4. In our exper-
iments, we set the exploration policy as the current
policy with an amplified noise level (σt)expl = ησt for
a scale factor η > 1, following prior works (Lahlou
et al., 2023; Madan et al., 2023; Sendera et al., 2024).

Double Value Networks. Using a single value
function for both target evaluation and action opti-
mization induces an overestimation bias in RL (Thrun
and Schwartz, 2014). TD3 addresses this issue by
maintaining two independent value networks: the pol-
icy is optimized using one critic, while targets are com-
puted as the minimum of the two critics’ estimates (Fu-
jimoto et al., 2018). In VGS, we adopt the same princi-
ple: using a single-value network for the value-gradient
sampling (policy optimization) step and computing
TD targets as the minimum of two value estimates.
This design increases training time computation but
leaves the sampling cost unchanged. We empirically
found that the double-value approach improves train-
ing stability and convergence for VGS.

Training with Sample Buffers. In some cases, im-
portant samples xT may be externally provided, such
as MCMC samples, or states selected from a prior-
itized replay buffer. To leverage such data, we sam-
ple the backward trajectory x0:T−1 ∼ q̃(x0:T−1|xT )
and perform TD updates along the resulting trajec-
tory. We prefer TD(0) in this setting, as TD(λ) re-
quires computationally expensive resampling of full fu-
ture trajectories xt+1:T ∼ πϕ−(xt+1:T |xt) at each step,
whereas TD(0) efficiently uses a single transition. We
evaluate VGS with sample buffers in our synthetic dis-
tribution experiments in Sec. 5.2. Following Sendera
et al. (2024), we alternate training VGS on forward
and backward trajectories.

4 Value Gradient Sampler for
n-Particle Systems

A sampler that generates equilibrium states of a many-
body system is called a Boltzmann generator (Noé
et al., 2019). In addition to being a challenging sam-

pling benchmark, inferring stable configurations given
an energy function is an important scientific problem
in chemistry and biology (Jumper et al., 2021; Hooge-
boom et al., 2022; Havens et al., 2025). The energy
of an n-body system is invariant to translation, rota-
tion, reflection, and permutation of particles, exhibit-
ing E(m) × Sn-invariance. To respect this symmetry,
previous approaches have built samplers using E(m)-
equivariant networks (Akhound-Sadegh et al., 2024;
He et al., 2024; Midgley et al., 2023a). In this section,
we describe how VGS is applied to the task of sampling
equilibrium states of n-particle systems. We formulate
the problem on a zero-mean space, establish the in-
variance of the value function, and thus parameterize
it using E(m)-invariant networks.

4.1 Zero-mean Space

The configuration of a system x can be projected
onto the zero-mean subspace X , utilizing the trans-
lation invariance of the system. The zero-mean space
X = {x ∈ Rm×n |

∑n
i=1 xi = 0} is an m(n− 1)-

dimensional subspace of Rm×n where the particles sat-
isfy the zero-mean constraint. As X is a vector space
isomorphic to Rm(n−1), the arguments in Sec. 3 remain
valid, except that the effective dimension reduces to
Deff = m(n−1). Working in X also makes the Boltz-
mann distribution (Eq. 1) well defined, as the normal-
izing constant becomes finite. In practice, we project
both the drift µt

ϕ and the noise ϵt onto X at each step.

4.2 Invariance of the Value Function

On the zero-mean space X , translations are removed,
so an E(m)× Sn–invariant energy E becomes O(m)×
Sn–invariant. The main claim of this subsection is that
the value function of VGS V t

π and the optimal value
function V t

∗ inherit exactly the same O(m)×Sn invari-
ance. Let ◦ denote the product action of O(m)×Sn on
X : (R, σ) ◦ x = [Rxσ(1), ..., Rxσ(n)].

Proposition 4.1 (Invariance of V t
π and V t

∗ ). Assume
that the energy function is O(m) × Sn–invariant as
follows:

E((R, σ) ◦ x) = E(x) ∀x ∈ X , (R, σ) ∈ O(m)× Sn.

then both the value function of VGS and the optimal
value function preserves O(m)× Sn-invariance:

V t
π((R, σ) ◦ xt) = V t

π(xt), V t
∗ ((R, σ) ◦ xt) = V t

∗ (xt),

for all xt ∈ X , (R, σ) ∈ O(m)× Sn.

Proof sketch. The claim for V t
π follows by backward

induction from t = T to 0, using that the gradient
of a G–invariant function is G–equivariant when G
acts orthogonally on X (Papamakarios et al., 2021,
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Table 1: Results of n-body particle system experiments. The metrics are evaluated with 10,000 samples. We
report the average and standard deviation over three random seeds. Metrics shown in bold denote the best
mean performance, while underlined entries indicate means are not statistically distinguishable from the best
mean, using a one-sided Welch’s t-test with a significance threshold of p < 0.1. ∗ indicates divergent training.
For details, see Appendix C.3.1.

Energy DW-4 (D=8) LJ-13 (D=39) LJ-55 (D=165)

Metric TVD-D TVD-E W2 TVD-D TVD-E W2 TVD-D TVD-E W2

FAB 0.073±0.004 0.154±0.011 1.931±0.063 0.278±0.072 0.950±0.044 5.350±0.231 0.148±0.006 1.000±0.000 17.217±0.466

iDEM 0.061±0.003 0.118±0.013 1.597±0.011 0.029±0.005 0.154±0.024 3.976±0.004 0.160±0.104 0.951±0.086 16.460±1.123

DiKL 0.061±0.009 0.193±0.079 1.566±0.013 0.070±0.016 0.488±0.111 4.058±0.035 0.279±0.121 1.000±0.000 18.050±2.158

PIS 0.144±0.015 0.388±0.014 2.107±0.120 0.285±0.069 0.523±0.045 4.187±0.296 ∗ ∗ ∗
DDS 0.259±0.024 0.573±0.062 3.327±0.250 ∗ ∗ ∗ ∗ ∗ ∗
GFN-DB 0.476±0.005 0.891±0.092 2.739±0.938 ∗ ∗ ∗ ∗ ∗ ∗
GFN-SubTB 0.218±0.007 0.585±0.011 1.606±0.006 0.385±0.007 0.999±0.001 5.210±0.036 ∗ ∗ ∗
GFN-TB 0.350±0.021 0.743±0.020 1.687±0.046 0.325±0.030 0.982±0.002 4.914±0.185 ∗ ∗ ∗
VGS (Ours) 0.053±0.0080.097±0.016 1.587±0.007 0.025±0.0010.109±0.024 4.029±0.011 0.061±0.0230.799±0.29715.906±0.261

Lemma 2). The statement for V t
∗ follows from Eq. 6.

See Appendix A.5 for details.

An analogous result holds when particles are
distinguishable and the symmetry reduces to
E(m)–invariance. The corresponding proposition
and proof are also given in Appendix A.5

The results of this section establish O(m)× Sn invari-
ance on X , which lifts to E(m)× Sn invariance on the
full space Rm×n.

4.3 Invariant Architectures for VGS

Building on these theoretical results, we consider two
invariant architectures in our experiments: an E(m)-
invariant graph neural network (IGNN) and an E(m)×
Sn-invariant multilayer perceptron (IMLP). IGNN can
be scaled to general systems when only E(m) invari-
ance is present. IMLP is a simple and efficient choice
when both E(m) and Sn invariances hold.

E(m)-Invariant Graph Neural Network. IGNN
is a simplification of EGNN, introduced in Satorras
et al. (2021). For particles xi ∈ Rm, let the pairwise
distance be dij = ∥xi−xj∥. Given initial node embed-
dings h0 = {h0

i }ni=1, a layer updates as follows:

mij = Φe(h
l
i, h

l
j , dij), hl+1

i = Φh

hl
i,
∑
j ̸=i

mij

 .

Aggregating the final-layer node embeddings and ap-
plying MLPs yields an E(m)-invariant output. To han-
dle distinguishable particles, per-particle features (e.g.,
atom types) can be embedded in h0. In our experi-
ments where particles are indistinguishable, we use a
uniform h0 for both EGNN and IGNN, resulting in
E(m) × Sn equivariance and invariance, respectively.

A limitation of this architecture is the O(n2) compu-
tational scaling induced by all-pairs message passing.

E(m) × Sn-Invariant Multilayer Perceptron.
IMLP is an MLP that takes sorted pairwise distances
{dij}i<j≤n as input instead of particle coordinates x.
By construction, the input representation, and thus
the output of the network, is E(m)×Sn invariant. Fur-
thermore, replacing x with the sorted distances incurs
no loss of information up to an E(m)×Sn transforma-
tion under mild conditions. This follows from (Boutin
and Kemper, 2004, Theorem 2.6), stating that the dis-
tance multiset almost always reconstructs the spatial
configuration if n ≥ m+2, a condition satisfied across
all of our evaluated benchmark systems. Although the
input dimension scales as O(n2), the forward cost is
governed mainly by network width and depth. In the
LJ-13 to LJ-55 setting, we observed that it is sufficient
to only double the hidden dimension, even though the
input grew by about 19×. This computational advan-
tage is reflected in the sampling time experiment re-
sults in Sec. 5.1.

5 Experiments

We evaluate VGS on two tasks: sampling equilibrium
states of n-body systems (Sec. 5.1) and sampling from
synthetic distributions (Sec. 5.2). In this section, we
provide a brief overview of the experimental setups and
present the main results. Detailed descriptions of the
target distributions are provided in Appendix C.1, and
the evaluation metrics are provided in Appendix C.2.
Additional experimental details and hyperparameters
are given in Appendix C.3.



Hwang, Jeong, Shin, Park, Kweon, Yoon, and Park

Table 2: Sampling time measured in the LJ-55 exper-
iments. We measured the average time required for
batch size 512 sample generation over 10 trials on a
single 24GB RTX 4090 GPU.

T time/step (ms) time (s) # Param.

FAB 12 5907.94 5.91±0.51 5.44M
iDEM 1000 135.39 135.39±0.04 0.58M
DiKL 1 368.41 0.37±0.00 2.08M
PIS 200 136.91 27.38±0.05 0.58M
DDS 200 136.91 27.38±0.05 0.58M
GFN3 100 134.51 13.45±0.01 0.58M
VGS-IMLP 100 1.28 0.13±0.00 10.05M
VGS-IGNN 100 124.43 12.43±0.01 0.32M

5.1 Sampling n-Body Particle Systems

Target Distributions. We evaluate our method on
three standard benchmark n-body systems: DW-4, LJ-
13, and LJ-55 (Köhler et al., 2020). DW-4 is a 2D
4-particle system with a double-well potential, while
LJ-13 and LJ-55 are 3D systems with 13 and 55 parti-
cles interacting via the Lennard-Jones potential. The
input space dimensionality of DW-4, LJ-13, and LJ-55
is 8, 39, and 165, respectively. The potential function
of DW-4 exhibit E(2) × S4-invariance, while the po-
tentials of LJ-13 and LJ-55 have E(3)× Sn-invariance
(n = 13, 55).

Performance Metrics. Following He et al. (2024),
we use three metrics: total variation distance of in-
teratomic distances (TVD-D ↓), total variation dis-
tance of energy (TVD-E ↓), and Wasserstein-2 dis-
tance (W2 ↓) between test and generated samples.
TVD-D and TVD-E are computed from histograms of
interatomic distances and energy, respectively. Sam-
ples are normalized to zero mean when computingW2.

Baselines. Baselines include FAB with an SE(3)-
augmented coupling flow (Midgley et al., 2023b,a),
iDEM (Akhound-Sadegh et al., 2024), and DiKL (He
et al., 2024), all explicitly designed for particle system
benchmarks by leveraging symmetry. Additionally, we
include PIS (Zhang and Chen, 2022) and DDS (Var-
gas et al., 2023) as implemented in Akhound-Sadegh
et al. (2024). We also evaluate GFlowNet (GFN) vari-
ants, including GFN-DB (Bengio et al., 2023), GFN-
TB (Lahlou et al., 2023), and GFN-SubTB (Zhang
et al., 2023), using the codebase from Sendera et al.
(2024). However we exclude their proposed variant
(GFN-TB-Imp in Sec. 5.2) as its MCMC exploration
caused divergence. For these additional baselines, we
use an EGNN-parametrized equivariant policy config-

2FAB uses 1 step normalizing flow followed by multiple
MCMC steps

3Includes GFN-DB, GFN-TB, and GFN-SubTB.
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Figure 2: Interatomic Distance (Top) and Energy
(Bottom) histograms from LJ-13. Samples from VGS
with an invariant MLP, IGNN, and a non-invariant
MLP are compared against the test samples. VGS gen-
erates accurate samples with invariant networks.

Table 3: Ablation study on training techniques in VGS.
Experiments are conducted in the LJ-13 system.

TVD-D TVD-E W2

VGS 0.025±0.00 0.109±0.02 4.029±0.01

− Double Value 0.023 0.144 4.030
− TD(λ) 0.040 0.278 4.098
− Exploration Policy 0.063 0.346 4.160

VGS-IGNN 0.023 0.111 4.044

ured identically to iDEM. We omit adjoint sampling
(Havens et al., 2025) due to the lack of publicly avail-
able code for the particle systems.

Results. Experimental results are shown in Table 1.
VGS outperforms all baseline methods across all par-
ticle systems in terms of the TVD-D and TVD-E met-
rics. For the W2 metric, DiKL and iDEM achieve the
best performance on DW-4 and LJ-13, respectively,
while VGS records the lowest average W2 on LJ-55,
demonstrating its scalability to higher dimensions. The
results for VGS are obtained using IMLP, double value
functions, and an exploration policy. We set T = 100
and λ = 0.9 for LJ-13 and LJ-55, and T = 50 and
λ = 0 for DW-4. Sample buffers are not used for par-
ticle system experiments.

Consistent with the findings of Akhound-Sadegh et al.
(2024), the training of PIS and DDS tends to diverge in
higher dimensions. Similar divergent behavior is also
observed in the GFN baselines, which, to the best of
our knowledge, we are the first to evaluate on particle
system benchmarks. We consider a sampler to have
diverged if its TVD-D metric is higher than that of
an untrained sampler. Despite explicitly incorporating
symmetry via the EGNN, these additional baselines
yielded poor performance.

Sampling Time. Table 2 reports the sampling
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Table 4: Results of synthetic distribution experiments. The metrics are evaluated with 2,000 samples. We report
the average and standard deviation over three random seeds. Metrics shown in bold denote the best mean
performance, while underlined entries indicate means are not statistically distinguishable from the best mean,
using a one-sided Welch’s t-test with a significance threshold of p < 0.1. For details, see Appendix C.2 and
Appendix C.3.2.

Energy 25GMM (D=2) Funnel (D=10) Manywell (D=32)

Metric |∆ logZr| |∆ logZf | W2 |∆ logZr| |∆ logZf | W2 |∆ logZr| |∆ logZf | W2

SMC 0.345±0.073 5.207±0.286 0.614±0.100 31.495±15.342 30.170±0.557 5.882±0.237

AFT 0.092±0.052 4.930±0.175 0.197±0.122 23.516±5.167 13.692±4.730 8.905±0.384

CRAFT 0.131±0.108 4.938±0.257 0.126±0.059 26.269±1.960 13.076±4.453 9.244±0.579

PIS-LV 1.020±0.006 0.248±0.050 4.577±0.039 0.357±0.373 0.253±0.037 22.567±2.753 0.721±0.058 0.134±0.078 5.462±0.029

DIS-LV 1.083±0.004 0.034±0.018 4.656±0.044 0.035±0.019 0.337±0.014 20.630±1.471 2.172±0.302 1.253±0.642 6.144±0.025

DDS-LV 1.018±0.002 - 4.678±0.087 0.070±0.017 - 20.681±3.627 2.281±0.314 - 6.021±0.097

GFN-DB 0.559±0.053 0.071±0.050 4.976±0.159 0.552±0.095 0.040±0.017 28.070±9.069 8.321±5.800 7.057±2.670 6.719±0.531

GFN-TB 1.035±0.015 0.014±0.011 4.685±0.055 0.284±0.073 0.016±0.015 27.684±9.120 2.726±0.109 0.198±0.184 6.161±0.027

GFN-SubTB 0.016±0.009 0.013±0.016 1.334±0.090 0.384±0.039 0.013±0.010 20.683±2.514 2.660±0.045 0.337±0.051 6.092±0.013

GFN-TB-Imp 0.016±0.009 0.018±0.004 1.186±0.221 0.154±0.024 0.028±0.016 23.497±3.416 0.153±0.051 0.243±0.297 5.330±0.030

VGS (Ours) 0.003±0.005 0.022±0.020 1.253±0.107 0.203±0.082 0.040±0.022 17.506±0.769 2.427±0.812 3.583±2.775 5.666±0.0.069

+Buffer 0.021±0.016 0.021±0.013 1.181±0.067 0.168±0.087 0.046±0.031 21.787±4.134 1.360±1.565 2.562±0.354 5.474±0.032

+TD(λ) 0.006±0.001 0.012±0.004 1.214±0.104 0.208±0.070 0.005±0.00116.325±0.797 0.845±0.050 0.517±0.277 5.492±0.012
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Figure 3: (Left) Evolution of ∆ logZr during train-
ing. (Right) Effect of varying T . VGS can reliably
learn with a large number of time steps using TD(λ).
GFN-DB diverged when T > 400. Experiments are
conducted on Funnel.

times measured on LJ-55, where scalability poses a
challenge. VGS-IMLP achieves the fastest per-step
and total sampling times among all baselines, despite
utilizing the largest number of parameters. Specifi-
cally, its per-step sampling is over 100× faster than
other models. In terms of total time, it is faster than
the single-step generator DiKL (He et al., 2024) and
approximately 1, 000× faster than iDEM (Akhound-
Sadegh et al., 2024), the best-performing baseline.
Note that VGS uses the network’s gradient during
sampling, which incurs additional computational over-
head. However, our results indicate that the efficiency
of IMLP over equivariant networks outweighs this
overhead. VGS-IGNN demonstrates a moderate sam-
pling time; while slower than single-step generators, it
remains faster than all other multi-step baselines.

Importance of Invariance. Fig. 2 visualizes the

energy and interatomic distance histograms for LJ-13
from VGS. Three different neural network architec-
tures, IGNN, IMLP, and conventional non-invariant
MLP, are compared. The distributions of distances and
energy align well with the test data only when the in-
variance is respected using IGNN and IMLP.

RL Techniques in VGS. We confirm the benefit of
the RL techniques introduced in Sec. 3.4 by ablating
each method (see Table 3). Removing the off-policy
exploration method brings the most significant degra-
dation in performance metrics. Using TD(λ) and the
double value function techniques are also important in
achieving the best performance.

5.2 Sampling from Synthetic Distributions

Target Distributions. We use three distributions
as our sampling benchmarks: a 25-component Gaus-
sian Mixture Model (25GMM), a funnel distribution,
and a manywell distribution.

Baselines. We compare VGS against four classes of
baseline samplers on each target distribution: Sequen-
tial Monte Carlo–based methods (SMC (Del Moral
et al., 2006), AFT (Arbel et al., 2021), and CRAFT
(Matthews et al., 2023)); SDE–based methods (PIS,
DIS (Berner et al., 2022), and DDS with log-variance
objective (Richter and Berner, 2024)); and GFlowNets
(GFN-DB (Bengio et al., 2023), GFN-TB (Lahlou
et al., 2023), GFN-SubTB (Zhang et al., 2023) and
GFN-TB-Imp (Sendera et al., 2024)).

Performance Metrics. The comparisons are
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made based on three metrics: the bias in reverse
importance-weighted estimation of log parti-
tion function (|∆ logZr| ↓), the bias in forward
importance-weighted estimation of log partition
function (|∆ logZf | ↓) (Blessing et al., 2024) and the
Wasserstein-2 distance (W2 ↓).

Results. We evaluate VGS trained with TD(0),
TD(λ), and sample buffers, with the results summa-
rized in Table 4. We set T = 50 for 25GMM, and
T = 100 for Funnel and Manywell. For all TD(λ) ex-
periments, we use λ = 0.9.

VGS-TD(0) and VGS-TD(λ) achieve performance
comparable to baseline models that do not employ
additional exploration strategies (e.g., PIS-LV, GFN-
TB). When a sample buffer is used, VGS shows re-
sults that are on par with baselines incorporating ex-
ploration mechanisms (e.g., GFN-TB-Imp).

Benefit of TD(λ). Fig. 3 compares TD(0) and
TD(λ) applied to VGS. For comparison, we also
present GFN-DB and GFN-SubTB. Specifically,
TD(0) and GFN-DB are aligned in that they both
minimize single-step differences, whereas TD(λ) and
GFN-SubTB share the common feature of operating
over subtrajectories. VGS-TD(0) exhibits more stable
training dynamics than GFN-DB, as expected from
the use of target networks. TD(λ) demonstrates im-
proved performance at larger T , addressing the limi-
tations of TD(0) in long-term credit assignment.

Training with Buffer. We utilize sampler buffer as
introduced in Sec. 3.4. To quantify the impact of the
buffer, we compare VGS with and without the buffer
in Table 4. We adopt the buffer design and MCMC ex-
ploration strategy from Sendera et al. (2024). The per-
formance gain from the buffer is not always consistent,
possibly due to sensitivity to the hyperparameters of
the MCMC exploration.

6 Related Work

VGS builds on diffusion-based samplers, where the
learned trajectory corresponds to the reversed diffu-
sion process. Following diffusion generative models
(Ho et al., 2020; Song et al., 2021), samplers have been
developed to model the stochastic bridge between
initial and target distributions. Some train neural
SDEs (Zhang and Chen, 2022; Berner et al., 2022;
Vargas et al., 2023; Richter and Berner, 2024; Havens
et al., 2025), while others model PDEs (Shi et al.,
2024; Sun et al., 2024). A central challenge is esti-
mating the score of diffused densities, since denoising
score matching is inapplicable without training data.
Alternatives rely on various mathematical formula-
tions (Akhound-Sadegh et al., 2024; Phillips et al.,

2024; Huang et al., 2024; McDonald and Barron,
2022; Wang et al., 2024; Chen et al., 2024; He et al.,
2024; Vargas et al., 2024). GFlowNets view sampling
as a sequential decision-making problem (Bengio
et al., 2021, 2023; Malkin et al., 2022; Lahlou et al.,
2023; Madan et al., 2023). Similar to GFlowNets,
VGS sidesteps score estimation via value-based RL,
estimating the value function corresponding to the
energy of the target-reference density ratio. The idea
of leveraging value functions and TD learning in
diffusion was explored in Yoon et al. (2024).

7 Conclusion

This paper introduces the Value Gradient Sampler
(VGS), a diffusion sampler defined by value functions
and trained via RL. VGS is particularly effective and
efficient when sampling from target densities that ex-
hibit invariance symmetries.

Limitations. First, VGS needs to compute gra-
dients during sampling, which imposes overhead in
both computation and memory. However, in particle
system applications, this drawback is outweighed by
the ability to use more efficient network architectures.
Second, we were not able to experiment with a recent
large-scale conformer sampling benchmark (Havens
et al., 2025) due to computational constraints. Third,
no theoretical guarantee is provided for VGS. We left
larger-scale applications and rigorous mathematical
analysis as future work.
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Supplementary Materials for Value Gradient Sampler: Learning
Invariant Value Functions for Equivariant Diffusion Sampling

A Proofs and Derivations

A.1 Derivation of Optimal control objective

We start from the joint KL-divergence minimization objective:

min
π∈Π

KL(π(x0:T )∥q̃(x0:T )) = min
π∈Π

Eπ(x0:T )

[
log

π(x0:T )

q̃(x0:T )

]
(12)

Substituting our choice of the joint target distribution q̃(x0:T ) = π̃(x0:T )q(xT )/π̃(xT ) and using Eq. 1, and
dropping constant terms, we obtain

min
π∈Π

Eπ(x0:T )

[
log

π(x0)

π̃(x0)
+

T−1∑
t=0

log
π(xt+1|xt)

π̃(xt+1|xt)
+ E(xT ) + log π̃(xT )

]
(13)

From our construction of π (Eq. 3) and the reference distribution π̃, we have π(x0)/π̃(x0) = 1, and

Eπϕ(xt+1|xt)

[
log

π(xt+1|xt)

π̃(xt+1|xt)

∣∣∣∣xt

]
= Eϵt∼N (0,I)

[
−∥σtϵt∥2

2σ2
t

+
∥µt(xt) + σtϵt∥2

2σ2
t

]
=
∥µt(xt)∥2

2σ2
t

, (14)

Therefore, by the tower property, Eq. 13 can be rewritten as

min
π∈Π

Eπ(x0:T )

[
T−1∑
t=0

∥µt(xt)∥2

2σ2
t

+ Ẽ(xT )

]
, (15)

where Ẽ(xT ) = E(xT ) + log π̃(xT ).

A.2 Derivation of the Optimal Value Function

For the proof, using Eq. 14 we rewrite the value function back to its general form:

V t
π(xt) = Eπ(·|xt)

[
T−t−1∑
i=0

∥µt+i(xt+i)∥2

2σ2
t+i

+ Ẽ(xT )

∣∣∣∣xt

]
(16)

= Eπ(·|xt)

[
T−t−1∑
i=0

log
π(xt+1|xt)

π̃(xt+1|xt)
+ Ẽ(xT )

∣∣∣∣xt

]
(17)

= Eπ(·|xt)

[
log

π(xt+1:T |xt)

π̃(xt+1:T |xt)
+ log

π̃(xT )

q(xT )
− logZ

]
(18)

= Eπ(·|xt)

[
log

π(xt+1:T |xt)

q̃(xt+1:T |xt)
+ log

π̃(xt)

q̃(xt)
− logZ

]
. (19)

The last equality follows from Bayes’ rule applied to our choice of the joint target distribution, q̃(xt:T ) =
π̃(xt:T )q(xT )/π̃(xT ).
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Now, by the definition of the optimal value function,

V t
∗ (xt) = min

π(·|xt)∈Π
V t
π(xt) (20)

= log
π̃(xt)

q̃(xt)
− logZ + min

π(·|xt)∈Π
Eπ(·|xt)

[
log

π(xt+1:T |xt)

q̃(xt+1:T |xt)

]
(21)

= log
π̃(xt)

q̃(xt)
− logZ + min

π(·|xt)∈Π
KL

(
π(xt+1:T |xt)∥q̃(xt+1:T |xt)

)
(22)

= log
π̃(xt)

q̃(xt)
− logZ. (23)

The last step uses the assumption that q̃(xt+1:T |xt) ∈ Π, so the minimum KL divergence is attained at zero.

Exponentiating both sides and rearranging terms gives the desired relation:

q̃(xt)

π̃(xt)
=

1

Z
exp (−V t

∗ (xt)). (24)

A.3 Derivation of VGS

In this section, we present a detailed derivation of VGS. To obtain an approximate solution to the optimization
problem in Eq. 7, we apply a first-order Taylor expansion of V t+1

π around αtxt:

Eπ(xt+1|xt)

[
∥µt(xt)∥2

2σ2
t

+ V t+1
π (xt+1)

∣∣∣∣xt

]
=
∥µt(xt)∥2

2σ2
t

+ Eϵt∼N (0,I)

[
V t+1
π (αtxt + µt(xt) + σtϵt)

]
(25)

≈ ∥µ
t(xt)∥2

2σ2
t

+ Eϵt∼N (0,I)

[
V t+1
π (αtxt) + (µt(xt) + σtϵt)

T∇αtxtV
t+1
π (αtxt)

]
(26)

=
∥µt(xt)∥2

2σ2
t

+ V t+1
π (αtxt) + µt(xt)

T∇αtxt
V t+1
π (αtxt). (27)

Substituting this approximation into Eq. 7 and dropping constant terms, we obtain the following surrogate
problem:

min
µt(xt)

∥µt(xt)∥2

2σ2
t

+ µt(xt)
T∇αtxt

V t+1
π (αtxt). (28)

Setting the derivative with respect to µt(xt) to zero yields the closed-form optimal drift:

µt(xt) = −σ2
t∇αtxt

V t+1
π (αtxt). (29)

We use this first-order approximation throughout the main text and experiments. However, a second-order Taylor
expansion in Eq. 26 also admits an analytic solution, which we include here for completeness. In that case, the
optimal drift is

µt(xt) = −
(
I + σ2

t∇2
αtxt

V t+1
π (αtxt)

)−1
σ2
t∇αtxt

V t+1
π (αtxt). (30)

A.4 Off-policy TD(λ)

Recall that the TD(λ) target for on-policy samples x0:T ∼ πϕ−(x0:T ) is given by Eq. 11. Now suppose a trajectory
is collected under a different policy πexpl, i.e., x0:T ∼ πexpl(x0:T ). Using importance sampling, we can construct an

unbiased estimator of the on-policy TD(λ) target’s expectated value Eπϕ− (·|xt)

[
V̂ t
TD(λ)(xt:T )

]
based on samples
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from πexpl. Building on Eq. 11 and applying the tower property, we have

Eπϕ− (xt+1:T |xt)[V̂
t
TD(λ)(xt:T )] (31)

= Eπϕ− (xt+1:T |xt)

[
V t
ϕ−(xt) +

T−t−1∑
i=0

λiδt+i(xt+i,xt+i+1)

]
(32)

= V t
ϕ−(xt) + Eπϕ− (xt+1:T |xt)

[
T−t−1∑
i=0

λiEπϕ− (xt+i+1|xt+i) [δt+i(xt+i,xt+i+1)]

]
(33)

= V t
ϕ−(xt) + Eπexpl(xt+1:T |xt)

[
T−t−1∑
i=0

λi πϕ−(xt+i|xt)

πexpl(xt+i|xt)
Eπϕ− (xt+i+1|xt+i) [δt+i(xt+i,xt+i+1)]

]
(34)

= V t
ϕ−(xt) + Eπexpl(xt+1:T |xt)

T−t−1∑
i=0

i−1∏
j=0

(
λ
πϕ−(xt+j+1|xt+j)

πexpl(xt+j+1|xt+j)

)
Eπϕ− (xt+i+1|xt+i) [δt+i(xt+i,xt+i+1)]

 . (35)

Thus, given off-policy samples x0:T ∼ πexpl(x0:T ), the importance-sampling–based estimate of the TD(λ) target
can be computed as

V̂ t
off-TD(λ)(xt:T ) = V t

ϕ−(xt) +

T−t−1∑
i=0

i−1∏
j=0

λ
πϕ−(xt+j+1|xt+j)

πexpl(xt+j+1|xt+j)

 δt+i(xt+i,x
′
t+i+1), (36)

where δt+i(xt+i,x
′
t+i+1) is the TD error computed with a freshly sampled x′

t+i+1 ∼ πϕ−(·|xt+i), and is therefore
an unbiased estimator of Eπϕ− (xt+i+1|xt+i) [δt+i(xt+i,xt+i+1)]. We used x′

t+i+1 to distinguish it from the off-

policy trajectory sample xt+i+1. The targets V̂ t
off-TD(λ)(xt:T ) for t = 0, . . . , T − 1 can be efficiently computed

in a recursive manner using the tuples D = {(xt, µ
t
ϕ−(xt))}Tt=0 stored during sampling. The full procedure is

described in Algorithm 3.

A.5 Details on the Invariance of the Value Function

Proposition 4.1 (Invariance of V t
π and V t

∗ .) Assume that the energy function is O(m)×Sn–invariant as follows:

E((R, σ) ◦ x) = E(x) ∀x ∈ X , (R, σ) ∈ O(m)× Sn.

then both the value function of VGS and the optimal value function preserves O(m)× Sn-invariance:

V t
π((R, σ) ◦ xt) = V t

π(xt), V t
∗ ((R, σ) ◦ xt) = V t

∗ (xt),

for all xt ∈ X , (R, σ) ∈ O(m)× Sn.

Proof. In this proof, we omit the subscripts of ∇ and write ∇V (x) in place of ∇xV (x) for brevity.

Invariance of V t
π . Substituting µt(xt) = −σ2

t∇V t+1
π (αtxt) to Eq. 7, we obtain the recurrence relation for the

value function of VGS

V t
π(xt) =

σ2
t ∥∇V t+1

π (αtxt)∥2

2
+ Eπ(xt+1|xt)

[
V t+1
π (xt+1)

]
(37)

=
σ2
t ∥∇V t+1

π (αtxt)∥2

2
+ Eϵt∼N (0,I)

[
V t+1
π (αtxt − σ2

t∇V t+1
π (αtxt) + σtϵt)

]
. (38)

Assume V t+1
π is O(m)× Sn–invariant. We show that V t

π inherits this invariance. First, the action ◦ acts orthog-
onally on X : for all x,y ∈ X , (R, σ) ∈ O(m)× Sn,

⟨(R, σ) ◦ x, (R, σ) ◦ y⟩ = ⟨[Rxσ(1), ..., Rxσ(n)], [Ryσ(1), ..., Ryσ(n)]⟩ =
n∑

i=1

xT
σ(i)R

TRyσ(i) =

n∑
i=1

xT
i yi = ⟨x,y⟩.

(39)
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Hence, the invariance of V t+1
π implies the equivariance of its gradient under ◦: ∇V t+1

π

(
(R, σ) ◦ x

)
= (R, σ) ◦

∇V t+1
π (x) (Papamakarios et al., 2021, Lemma 2). Using this property and the recurrence relation in Eq. 38, we

have for all xt ∈ X and (R, σ) ∈ O(m)× Sn,

V t
π((R, σ) ◦ xt) =

σ2
t ∥∇V t+1

π ((R, σ) ◦ αtxt)∥2

2
+ Eϵt∼N (0,I)

[
V t+1
π ((R, σ) ◦ αtxt − σ2

t∇V t+1
π ((R, σ) ◦ αtxt) + σtϵt)

]
(40)

=
σ2
t ∥(R, σ) ◦ ∇V t+1

π (αtxt)∥2

2
+ Eϵt∼N (0,I)

[
V t+1
π ((R, σ) ◦ (αtxt − σ2

t∇V t+1
π (αtxt) + σt(R, σ)−1 ◦ ϵt)

]
(41)

=
σ2
t ∥∇V t+1

π (αtxt)∥2

2
+ E(R,σ)−1◦ϵt∼N (0,I)

[
V t+1
π ((R, σ) ◦ (αtxt − σ2

t∇V t+1
π (αtxt) + σt(R, σ)−1 ◦ ϵt))

]
(42)

=
σ2
t ∥∇V t+1

π (αtxt)∥2

2
+ Eϵ′t∼N (0,I)

[
V t+1
π (αtxt − σ2

t∇V t+1
π (αtxt) + σtϵ

′
t)
]

(43)

= V t
π(xt). (44)

The second equality uses gradient equivariance. The third uses that N (0, I) is invariant under rotations, re-
flections, and permutations, so (R, σ)−1 ◦ ϵt ∼ N (0, I). The fourth equality uses the assumed invariance of
V t+1
π .

Finally, we verify the terminal case t = T . By construction of the reference process (µ = 0 in Eq. 3), π̃(xT ) is
an isotropic zero-mean Gaussian. Consequently, V T

π (xT ) = Ẽ(xT ) = E(xT ) + log π̃(xT ) is O(m)× Sn–invariant
whenever E(xT ) is invariant. The result then follows by backward induction on t.

Invariance of V t
∗ . By Eq. 6, it suffices to show that q̃(xt) inherits the O(m)× Sn-invariance of E(xT ), since

π̃(xt) is an isotropic zero-mean Gaussian and therefore invariant. If E(xT ) is O(m) × Sn-invariant, then by
Eq. 1 the density q(xT ) is also O(m) × Sn-invariant. Moreover, π̃(xt+1|xt) is invariant in the sense that for all
xt,xt+1 ∈ X and (R, σ) ∈ O(m)× Sn, we have

π̃((R, σ) ◦ xt+1|(R, σ) ◦ xt) =
1

(2πσ2
t )

D/2
exp−∥(R, σ) ◦ xt+1 − (R, σ) ◦ αtxt∥2

2σ2
t

(45)

=
1

(2πσ2
t )

D/2
exp−∥(R, σ) ◦ (xt+1 − αtxt)∥2

2σ2
t

(46)

=
1

(2πσ2
t )

D/2
exp−∥xt+1 − αtxt∥2

2σ2
t

(47)

= π̃(xt+1|xt). (48)

The third equality follows from the orthogonality of the action ◦, as established in Eq. 39.
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Using these properties, for all xt ∈ X and (R, σ) ∈ O(m)× Sn, we obtain

q̃((R, σ) ◦ xt) =

∫
XT−t

q̃((R, σ) ◦ xt:T )d((R, σ) ◦ x)t+1:T (49)

=

∫
((R,σ)−1◦X )T−t

q̃((R, σ) ◦ xt:T )

∣∣∣∣det∂(R, σ) ◦ x
∂x

∣∣∣∣
t+1:T

dxt+1:T (50)

=

∫
XT−t

q̃((R, σ) ◦ xt:T )dxt+1:T (51)

=

∫
XT−t

π̃((R, σ) ◦ xt:T )
q((R, σ) ◦ xT )

π̃((R, σ) ◦ xT )
dxt+1:T (52)

=

∫
XT−t

π̃((R, σ) ◦ xt)

T−t−1∏
i=0

π̃((R, σ) ◦ xt+i+1|(R, σ) ◦ xt+i)
q((R, σ) ◦ xT )

π̃((R, σ) ◦ xT )
dxt+1:T (53)

=

∫
XT−t

π̃(xt)

T−t−1∏
i=0

π̃(xt+i+1|xt+i)
q(xT )

π̃(xT )
dxt+1:T (54)

=

∫
XT−t

q̃(xt:T )dxt+1:T (55)

= q̃(xt). (56)

Eq. 50 follows from a change of variables in Eq. 49. In Eq. 51 we use the fact that (R, σ)−1 ◦ X = X and

that x 7→ (R, σ) ◦ x is an orthogonal transformation, so that
∣∣det ∂(R,σ)◦x

∂x

∣∣ = 1. Eq. 52 and Eq. 55 follow from
the definition of the joint target distribution q̃(xt:T ) = π̃(xt:T ) q(xT )/π̃(xT ). Finally, Eq. 54 uses the already
established invariance of q(xT ), π̃(xt) and π̃(xt+1|xt).

Therefore, q̃(xt) is O(m)× Sn-invariant, which yields the desired invariance of V t
∗ via Eq. 6.

Proposition A.1 (O(m)-Invariance of V t
π and V t

∗ ). Assume that the energy function is O(m)–invariant as
follows:

E(R · x) = E(x) ∀x ∈ X , R ∈ O(m)

then both the value function of VGS and the optimal value function preserves O(m)-invariance:

V t
π(R · xt) = V t

π(xt), V t
∗ (R · xt) = V t

∗ (xt),

for all xt ∈ X , R ∈ O(m).

Proof. It is straightforward to check that · : (R,x) 7→ R · x is an orthogonal action and that the isotropic zero-
mean Gaussian is invariant under it. Therefore, the proof in Proposition 4.1 applies after replacing the product
action ◦ : ((R, σ),x) 7→ ((R, σ) ◦ x) with · : (R,x) 7→ R · x. We omit the technical details.

B Algorithms

The detailed algorithm for training the value function in VGS is presented in Algorithm 2. For clarity, we first
present a minimal TD(0) version. In the more general setting where off-policy TD(λ) targets are computed
using an exploration policy, the TD target computation step in Algorithm 2 is substituted with the procedure
in Algorithm 3. To satisfy the boundary condition at t = T , V T

ϕ−(xT ) is replaced by Ẽ(xT ) in the value target
calculation.

C Experimental Setup

C.1 Target Distributions

GMM (Sendera et al., 2024). We use a 2-dimensional Gaussian Mixture Model, with its density given
by γ(x) = 1

m

∑m
i=1N (x;µi,Σi)., where m = 25, (µi)

25
i=1 = {−10,−5, 0, 5, 10} × {−10,−5, 0, 5, 10} ⊂ R2 and



Value Gradient Sampler

Algorithm 2 Learning Value Functions in VGS (TD(0))

Input: Energy E(x), value V t
ϕ(xt), schedules {αt}T−1

t=0 , {σt}T−1
t=0 .

for i = 1 to niter do
Sample trajectory x0:T ∼ πϕ−(x0:T ) // Alg. 1
Store tuples D = {(xt, µ

t
ϕ−(xt))}Tt=0

for (xt, µ
t
ϕ−(xt)) in D do

Compute the value target V̂ t(xt) as V̂
t
TD(xt:t+1) for t < T , and as Ẽ(xT ) for t = T

end for
for j = 1 to nupdate do
for (xt, ) in D do

Optimize minϕ((V
t
ϕ(xt)− V̂ t(xt))

2

end for
end for
Update target value parameters ϕ− ← κϕ− + (1− κ)ϕ

end for

Algorithm 3 Computing off-policy TD(λ) targets with an exploration policy

Input: Target value network V t
ϕ−(xt), schedules {αt}T−1

t=0 , {σt}T−1
t=0 .

Sampled trajectory x0:T ∼ πexpl(x0:T ) using µt
expl(xt) = µt

ϕ−(xt), (σt)expl = ησt // Alg. 1

Stored tuples D = {(xt, µ
t
ϕ−(xt))}Tt=0

Initialize advantage estimate: ÂT = 0
for t = T−1, . . . , 0 do
Resample x′

t+1 ∼ πϕ−(·|xt) as x
′
t+1 = αtxt + µt

ϕ−(xt) + σtϵt // Eq. (3)

Compute TD error δt(xt,x
′
t+1) // Eq.(10)

Update advantage estimate Ât = λ
πϕ− (xt+1|xt)

πexpl(xt+1|xt)
Ât+1 + δt(xt,x

′
t+1)

Compute TD target V̂ t
off-TD(λ)(xt:T ) = V t

ϕ−(xt) + Ât // Eq.(36)
end for

(Σi)
25
i=1 = 0.3I ⊂ R2×2. With these parameters, a 25-component Gaussian Mixture density with evenly separated

modes is obtained. A well-trained sampler must be able to sample from all twenty five modes.

Funnel (Neal, 2003). We use a 10-dimensional funnel distribution with its density given by γ(x) =

N (x1; 0, σ
2)

∏d
i=1N (xi; 0, e

x1), where x ∈ Rd. The specific parameters are d = 10 and σ = 3. The funnel distri-
bution is known to be a challenging distribution for testing MCMC methods, as the variance grows exponentially
as the first dimension x1 increases.

ManyWell (Noé et al., 2019). We use a 32-dimensional manywell distribution with its density given by

γ(x) =
∏16

i=1 µ(x2i−1, x2i), where µ(xi, xj) = exp(−x4
i + 6x2

i + 0.5xi − 0.5x2
j ) and x ∈ R32.

DW-4 (Köhler et al., 2020). This system consists of 4 particles in two dimensions, where each pair of

particles interacts via a double-well potential: γDW(x) = 1
2τ

∑
i,j

[
a (dij − d0) + b (dij − d0)

2
+ c (dij − d0)

4
]
,

where dij denotes the Euclidean distance between particles i and j. These pairwise interactions induce multiple
metastable states in the system. We use the same parameters as in prior works (Midgley et al., 2023a; Akhound-
Sadegh et al., 2024; He et al., 2024), setting d0 = 4, a = 0, b = −4, c = 0.9, and τ = 1. We split the MCMC
samples from Klein et al. (2023) into validation and test sets, which serve as our reference ground truth samples.
We use 1,000 samples for validation dataset, and 10,000 for test dataset.

LJ-13/LJ-55 (Köhler et al., 2020). We consider systems of 13 and 55 particles in three dimensions, where

particles interact via the Lennard-Jones (LJ) potential: γLJ(x) = ϵ
2τ

∑
i,j

[(
rm
dij

)12

− 2
(

rm
dij

)6
]
, with dij denoting

the Euclidean distance between particles i and j. In this setting, the energy and its gradient become unbounded
as dij → 0, making the optimization landscape challenging. To prevent particle dissociation, we follow prior
works (Midgley et al., 2023a; Akhound-Sadegh et al., 2024; He et al., 2024) and add a harmonic potential
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Table 5: Hyperparameters for VGS used in n-body system experiments

Target T niter nupdate λ σ2
0 σ2

T−1 var schedule αt σinit η κ lr Clip Ẽ(x) Clip Ât Hidden dim

DW-4 50 50000 3 0 0.2 0.001 quad 1 (VE) 0 1.2 0.9 1e-5 - - 256

LJ-13 100 50000 3 0.9 0.05 0.0001 exp 1 (VE) 0 1.2 0.98 1e-5 1e4 100 512

LJ-55 100 50000 3 0.9 0.03 0.0001 quad 1 (VE) 0 1.2 0.95 1e-5 1e6 100 1024

centered at the system’s center of mass (CoM): γosc(x) = 1
2

∑
i ∥xi − xCoM∥2. The same works also set ϵ = 1,

rm = 1, and τ = 1, which we adopt in our experiments.We split the MCMC samples from Klein et al. (2023) into
validation and test sets, which serve as our reference ground truth samples. We use 1,000 samples for validation
dataset, and 10,000 for test dataset.

C.2 Performance Metrics

Total Variation Distance (TVD-D, E). The total variation distance (TVD) between two distributions P
and Q is defined as TVD(P,Q) = 1

2

∫
X |P (x) − Q(x)| dx. However, accurate computation of TVD directly in

high-dimensional data space is intractable in practice. Instead, we project the data to physically meaningful
one-dimensional statistics—interatomic distances and total energies—and compute TVD on the resulting dis-
tributions. We refer to these metrics as TVD-D (for distances) and TVD-E (for energies), respectively. Each
is approximated using histogram-based probability distributions, with the number of bins determining the dis-
cretization scale. We use 200 bins for all experiments.

Log Partition Function Error (∆ logZr,∆ logZf). The log partition function error is defined as the dif-
ference between the target density’s true log partition function and its estimated value, denoted as, ∆ logZ =
| logZ − log Ẑ| (Blessing et al., 2024). The estimate Ẑ is computed by using samples from either the trained
distribution (πϕ(x)) or target (q(x) = γ(x)/Z) distribution. Depending on the distribution used, the estimates

are named as reversed estimate (Ẑr) or forward estimate (Ẑf ) respectively. Each estimates and its corresponding
log partition function error is defined as

Ẑr = E x0∼N (0,σ2
initI)

xt+1∼πϕ(xt+1|xt)

[
γ(xT )

∏T−1
t=0 q̃(xt|xt+1)

p(x0)
∏T−1

t=0 πϕ(xt+1|xt)

]
∆ logZr =

∣∣∣logZ − log Ẑr

∣∣∣
Ẑf = 1/E xT∼q(xT )

xt−1∼q̃(xt−1|xt)

[
p(x0)

∏T−1
t=0 πϕ(xt+1|xt)

γ(xT )
∏T−1

t=0 q̃(xt|xt+1)

]
∆ logZf =

∣∣∣logZ − log Ẑf

∣∣∣ .
Wasserstein-2 Distance (W2). The 2-Wasserstein distance between two distributions is defined as

W2(P,Q) =
(
infπ

∫
π(x, y)d(x, y)2 dx dy

) 1
2 , where π is the transport plan with marginals constrained to P and Q

respectively (Akhound-Sadegh et al., 2024). We use the Euclidean distance ||x−y||2 for d(x, y) and calculate the
2-Wasserstein distance between generated samples from the sampler and the ground truth data. For the actual
computation, we use the Python Optimal Transport Library (Flamary et al., 2021).

C.3 Experimental Details

C.3.1 Sampling from n-Body System Experiments

For the n-body system experiments, we conducted 3 independent runs with different random seeds for each
setting. All reported metrics are the mean and standard deviation over these 3 runs. Each experiment was
conducted on a single RTX 3090 GPU or RTX 4090 GPU with 24 GB of memory. Below, we provide detailed
implementation and hyperparameters for each algorithm used.

We applied early stopping during training based on 1,000 validation samples and saved the checkpoint with the
lowest TVD-D score, following the protocol in He et al. (2024). For evaluation, we report metrics computed
on 10,000 samples generated from the final checkpoint and compare them against the test set. Since direct
sampling from the target potentials is infeasible, we use the validation and test sets provided in the official iDEM
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repository at https://github.com/jarridrb/DEM (Akhound-Sadegh et al., 2024), which is adopted from Klein
et al. (2023). As the original validation set contains 10,000 samples, we randomly select and fix a subset of 1,000
samples for early stopping. We provide implementation details and hyperparameter settings for each algorithm
below.

Value Gradient Sampler. The hyperparameters used for VGS are summarized in Table 5. As described in
Algorithm 2, niter denotes the total number of training iterations, and nupdate controls how many times the
rollout samples D is reused for gradient updates. We use a batch size of 512 during the trajectory sampling phase
and 2048 for TD updates. We use the Adam optimizer (Kingma and Ba, 2017) for gradient update.

We use the IMLP value-function architecture in our main experiments as it is more computationally efficient
than IGNN. IMLP takes the sorted pairwise distances {dij}i<j≤n as input; for the LJ experiments, we instead
use their inverses, motivated by the analytic form of the LJ potential. To prevent numerical divergence at d = 0,
a small constant is added. The network is a four-layer MLP with ReLU activations. We encode the time step
with a 128-dimensional sinusoidal embedding and project it to the hidden dimension via a fully connected layer.
We adjust model complexity via the hidden dimension, which we report across experiments in the table.

The variance schedule {σ2
t }T−1

t=0 is defined by choosing the endpoints σ2
0 and σ2

T−1, then interpolating intermediate
values according to a predefined rule (see “var schedule” in the table). In all experiments we use a variance-
exploding(VE) reference process π̃ initialized from a Dirac delta, i.e., αt = 1 and σinit = 0.

The hyperparameter η determines the noise scale of the exploration policy (σt)expl = ησt, and thus the exploration
level during sampling. For simplicity, we do not decay η during training. The parameter κ is the momentum
coefficient for the exponential moving average used to update the target value network.

We find that clipping the terminal rewards Ẽ(x) and the advantage estimates Ât (defined in Algorithm 3)
improves training stability. The clipping thresholds are reported in the table as “Clip Ẽ(x)” and “Clip Ât”.

The LJ potential is particularly sensitive to sample noise, so during evaluation we omit the final diffusion step
by setting σT−1 = 0.

Baseline Methods. We conduct baseline experiments using the following repositories: FAB with an
SE(3)-augmented coupling flow architecture (Midgley et al., 2023a,b) from https://github.com/lollcat/

se3-augmented-coupling-flows, iDEM (Akhound-Sadegh et al., 2024) from https://github.com/jarridrb/

DEM, DiKL (He et al., 2024) from https://github.com/jiajunhe98/DiKL, PIS and DDS (Berner et al., 2022;
Richter and Berner, 2024) from https://github.com/juliusberner/sde_sampler, and GFlowNets (GFN-DB,
GFN-TB, GFN-SubTB) from https://github.com/GFNOrg/gfn-diffusion.

For all baselines, we apply early stopping based on validation TVD-D, following the same protocol used for
VGS. A fixed validation set of 1,000 samples and a test set of 10,000 samples are used across all experiments
(Appendix C.1). We use the default hyperparameters provided in each repository unless otherwise specified, with
three exceptions.

First, FAB and DiKL do not provide default configurations for LJ-55, so we adopt their LJ-13 hyperparameters.
Because their equivariant networks inherently scale computation with the number of particles, we do not explicitly
increase the hidden dimensions or number of layers.

Second, to address out-of-memory issues in certain experiments, we selected the largest batch size our hardware
allows. For instance, the batch size for FAB is reduced from 1024 to 128 on LJ-13, and to 8 on LJ-55. For DiKL
on LJ-55, the batch size is decreased from 256 to 64.

Third, since PIS, DDS, and GFlowNets did not originally include particle system experiments, we replaced their
MLP-based policy networks with EGNNs, following the default configurations in iDEM (Akhound-Sadegh et al.,
2024). We used an EGNN with a hidden dimension of 128, utilizing 3 hidden layers for DW-4 and 5 hidden layers
for LJ-13 and LJ-55.

C.3.2 Sampling from Synthetic Distribution Experiments

For the synthetic distribution experiments, we conducted 3 independent runs with different seeds for each exper-
iment. All reported metrics are the averages of the 3 runs, along with their standard deviation. Every experiment
is performed on a single NVIDIA RTX 3090 (24GB) GPU. To compute the metrics, we use 2,000 randomly sam-

https://github.com/jarridrb/DEM
https://github.com/lollcat/se3-augmented-coupling-flows
https://github.com/lollcat/se3-augmented-coupling-flows
https://github.com/jarridrb/DEM
https://github.com/jarridrb/DEM
https://github.com/jiajunhe98/DiKL
https://github.com/juliusberner/sde_sampler
https://github.com/GFNOrg/gfn-diffusion
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Table 6: Hyperparameters for VGS used in synthetic distribution experiments

Target Methods T niter nupdate λ σ2
0 σ2

T−1 var schedule αt σinit η κ lr Clip E(x) Clip Ât Hidden dim

VGS 50 5000 3 0 0.1 0.1 const 1 (VE) 0 1.2 0.98 1e-4 - - 256

GMM +TD(λ) 50 5000 3 0.9 0.1 0.1 const 1 (VE) 0 1.2 0.98 1e-4 - - 256

+Buffer 50 5000 1 0 0.1 0.1 const 1 (VE) 0 1.1 0.98 1e-4 - - 256

VGS 100 20000 3 0 0.03 0.0001 quad 1 (VE) 0 1.0 0.98 1e-5 1e3 100 256

Funnel +TD(λ) 100 20000 3 0.9 0.03 0.0001 quad 1 (VE) 0 1.0 0.98 1e-5 1e3 100 256

+Buffer 100 20000 1 0 0.03 0.0001 quad 1 (VE) 0 1.0 0.98 1e-5 1e3 100 256

VGS 100 20000 3 0 0.03 0.0001 quad 1 (VE) 0 1.2 0.98 1e-5 1e3 100 512

ManyWell +TD(λ) 100 20000 3 0.9 0.03 0.0001 quad 1 (VE) 0 1.2 0.98 1e-5 1e3 100 512

+Buffer 100 20000 1 0 0.03 0.0001 quad 1 (VE) 0 1.1 0.98 1e-5 1e3 100 512

Table 7: Hyperparameters for SMC-based Methods used in synthetic distribution experiments

Methods / Parameters GMM Funnel ManyWell

SMC
Initial σ 10.0 1.0 12.0
HMC stepsize (β ≤ 0.5) 0.2 0.01 0.01
HMC stepsize (β > 0.5) 0.2 0.1 0.1

AFT
Initial σ 9.0 1.0 10.0
Learning Rate 1e-3 1e-3 1e-3

CRAFT
Initial σ 9.0 1.0 10.0
Learning Rate 1e-2 1e-3 1e-3

pled data from a target density and another 2,000 randomly sampled data from a learned sampler to evaluate
the metrics. Below, we provide detailed implementation and hyperparameters for each algorithm used.

Value Gradient Sampler. The hyperparameters used for VGS are summarized in Table 6. Consistent with
the n-body system experiments, we use a batch size of 512 during trajectory sampling and 2048 for training. In
our experiments with buffer, we adopt the buffer design from Sendera et al. (2024), which maintains a prioritized
mixture of MCMC and policy-generated samples based on sample energy. Following their approach, we alternate
training VGS on forward and backward trajectories.

SMC-based Methods. The implementation of SMC-based method is based on https://github.com/

google-deepmind/annealed_flow_transport. The implementation of SMC variants, AFT (Arbel et al., 2021)
and CRAFT (Matthews et al., 2023) are provided together. For GMM, an initial gaussian distribution with
σ = 10.0 is used to ensure suitable exploration in the range [−10, 10] × [−10, 10] ∈ R2 where the modes ex-
ists. The default hyper-parameter for the funnel distribution and the manywell distribution is provided in the
code. For all the experiments, the resample threshold of 0.3 is used. Additional hyperparameters are reported in
Table 7.

SDE-based Methods. For SDE-based methods, we follow the implementation of the official repository of the
DIS Berner et al. (2022); Richter and Berner (2024). The implementation of PIS (Zhang and Chen, 2022), DIS
(Berner et al., 2022) and DDS (Vargas et al., 2023; Richter and Berner, 2024) are all available. The PIS, DIS
and DDS is trained using the default setting provided by the authors using the log-variance training objective
(Richter and Berner, 2024). Specifically, we used timesteps of T = 200 for PIS, DIS and T = 256 for DDS. We
trained all models for 30,000 iterations with the learning rate value of 5e-3. The Fourier MLP architecture (Zhang
and Chen, 2022) was used, which is fundamentally a MLP architecture with sinusoidal time step embeddings.
The network is composed of 4 layers with the hidden dimension of size 64 and the time step embedding dimension
of size 64.

GFN Methods. For the GFN baselines, we use the official implementation available at https://github.

https://github.com/google-deepmind/annealed_flow_transport
https://github.com/google-deepmind/annealed_flow_transport
https://github.com/GFNOrg/gfn-diffusion
https://github.com/GFNOrg/gfn-diffusion
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com/GFNOrg/gfn-diffusion , corresponding to Sendera et al. (2024). This repository provides implementations
of prior GFN studies on training diffusion samplers, which we refer to as GFN-TB (Lahlou et al., 2023), GFN-
SubTB (Zhang et al., 2023), and GFN-TB-Imp (Sendera et al., 2024) in Table 4. For all baselines, we adopt the
default architectural configurations and training techniques provided by the authors, including linearly decaying
exploration noise during training.

Specifically, for GFN-TB (Lahlou et al., 2023), we employ the trajectory balance (TB) loss as described in
the original work. For GFN-SubTB (Zhang et al., 2023), we use the sub-trajectory balance (SubTB) loss with
λ = 2, and incorporate an energy-informed flow together with a score-informed policy network, following the
architectural design in Zhang et al. (2023). For GFN-TB-Imp (Sendera et al., 2024), we apply the log-variance
loss, a variant of the TB loss, and similarly use a score-informed policy network. In addition, we employ a
prioritized replay buffer combined with local search, an improved off-policy strategy introduced in Sendera et al.
(2024). Lastly, although GFN-DB (Bengio et al., 2023) was not originally evaluated with diffusion samplers, we
include it for completeness. We use its basic architecture and a training procedure consistent with the other
baselines, tuning only the learning rates.

C.3.3 Ablation Experiments

VGS Architecture Ablation (Fig. 2). Experiments were conducted on the LJ-13 potential. The histogram
was plotted using 10,000 samples. Details of the test samples are provided in Appendix C.3.1.

For invariant MLP(IMLP), we used the same hyperparameters as in the main results (Table 1). For non-invariant
MLP, we kept the setup identical to IMLP but replaced the input from the sorted pairwise distances {dij}i<j≤n to
the raw 39-dimensional coordinate vector x. To isolate architectural effects, non-invariant MLP was also trained
and evaluated in the zero-mean space X .

For IGNN, we used three message-passing layers with hidden dimension 64; the final node embeddings were
sum-pooled and passed to a two-layer MLP with hidden dimension 64. Due to computational constraints, we
reduced the batch size to 64 for both sampling and training. Due to altered training dynamics under this smaller
batch and different architecture, we set the learning rate to 1e−4 and the momentum coefficient κ to 0.9.

TD(0) vs. TD(λ) Comparison (Fig. 3). We provide the experimental details for Fig. 3 which demonstates
the benefit of TD(λ) over TD(0). The experiment was conducted on the funnel distribution and the experimental
details are given as follows.

The left panel shows sample efficiency experiment demonstrating that TD(λ) converges faster than TD(0). This
behavior is mirrored by their GFN counterparts, GFN-SubTB and GFN-DB, respectively. For all methods, we
searched over the learning rate grid {1e-2, 1e-3, 1e-4, 1e-5}. For each method, the largest value that did not cause
divergence was selected. All hyperparameters were kept identical to those used in Table 6.

The right panel of Fig. 3 shows how sampling steps effects the sampler performance, demonstrating that TD(λ)
achieves better performance than TD(0) for large timesteps T . This trend is likewise mirrored in their GFN
counterparts. For VGS, we used a quadratic variance schedule and adjusted the endpoints σ2

0 and σ2
T−1, to

ensure that the total injected noise remains constant regardless of T . For GFN, we adopted a constant variance
schedule consistent with the main experimental settings (Table 4), while similarly ensuring that the total injected
noise was preserved. All other hyperparameters were kept identical to the main experiment.

https://github.com/GFNOrg/gfn-diffusion
https://github.com/GFNOrg/gfn-diffusion
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