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SUMMARY

We present a new method for causal discovery in linear structural equation models. We propose a
simple technique based on statistical testing in linear models that can distinguish between ancestors
and non-ancestors of any given variable. Naturally, this approach can then be extended to estimating
the causal order among all variables. We provide explicit error control for false causal discovery, at
least asymptotically. This holds true even under Gaussianity, where other methods fail due to non-
identifiable structures. These Type I error guarantees come at the cost of reduced power. Additionally,
we provide an asymptotically valid goodness-of-fit p-value for assessing whether multivariate data
stem from a linear structural equation model.
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1. INTRODUCTION

We propose a very simple yet effective method for inferring the ancestor variables in a linear
structural equation model from observational data. Consider a response variable of interest ¥ and
covariates X in a linear structural equation model. The procedure is as follows. For a nonlinear func-
tion f(-), such as f(Y) = Y?, run a least squares regression of f(Y) versus Y and all covariates X;
the p-value corresponding to the kth covariate X; measures the significance of X} being an ancestor
variable of Y, and it provides Type I error control. We refer to this method as ancestor regression.
Its power, i.e., Type Il error, depends on the nature of the underlying data-generating probability dis-
tribution. Obviously, the proposed method is extremely simple and easy to use; yet it can deal with
the difficult problem of finding the causal order among random variables. In particular, the proposed
method does not require any new software and is computationally very efficient.

Structure search methods based on observational data for the graphical structure in linear struc-
tural equation models have been developed extensively for various settings, including the Markov
equivalence class in linear Gaussian structural equation models (Spirtes et al., 2001, §5.4; Chicker-
ing, 2002), the single identifiable directed acyclic graph in non-Gaussian linear structural equation
models (Shimizu et al., 2006; Gnecco et al., 2021) and models with equal error variances (Peters &
Bithlmann, 2014). None of these methods comes with p-values and Type I error control. Moreover,
for the identifiable cases, the corresponding algorithms require certain assumptions such as non-
Gaussian errors. In particular, the method of Shimizu et al. (2006) and extensions thereof are not
consistent when there are at least two normally distributed additive error terms involved such that
false causal claims cannot be avoided even in the large-sample limit. If the errors are just slightly
non-Gaussian, the method requires a very large number samples to achieve favourable behaviour.
In contrast, our procedure does not rely on any condition apart from linearity but automatically
exploits whether the structure is identifiable or not. In the latter case, we miss out on some causal
relationships, but our Type I error control retains the same asymptotic guarantees. The price paid for
these guarantees is reduced empirical power relative to competing methods, with the reduction being
substantial in some cases.
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Regarding notation, we use upper-case letters to denote random variables, e.g., X and Y, and use
lower-case letters to denote independent and identically distributed copies of a random variable, e.g.,
x. If X € R?, then x € R™”. With a slight abuse of notation, x can denote either the copies or the
realizations thereof. We write x; for the jth column of a matrix x and x;; for the element in row i and
column j. With <— we emphasize that an equality between random variables is induced by a causal
mechanism. All proofs are given in the Supplementary Material.

2. ANCESTOR REGRESSION
2.1. Model and method

Let X € R” be governed by the linear structural equation model

X, W+ Y ouXe (=1.....p). 1)
kepA())
where W, ..., ¥, are independent and centred random variables. We assume that 0 < var(¥;) = sz <

oo for all j such that the covariance matrix of X exists and has full rank. We use PA(j), cH(j), AN())
and DE(j) to denote j’s parents, children, ancestors and descendants, respectively. Further, we assume
that there exists a directed acyclic graph representing this structure.

Let X; with j € {1,...,p} be a variable of interest, which in §1 was the response Y. Consider a
nonlinear function f'(-). The following result describes the population property of ancestor regression,
with general function f'(-).

THEOREM 1. Assume that the data X follow model (1). Consider the ordinary least squares
regression f(X;) versus X. Denote the corresponding ordinary least squares parameter by
B = E(XX")'E{Xf (X))} and assume that it exists. Then

/=0 Vk ¢ (AN() Uj).

Importantly, X; itself must also be included in the set of predictors. The beauty of Theorem 1
lies in the fact that no assumptions on the distribution of the ¥, or the size of the 6,,, apart from
existence of the moments, need be imposed for any / and k € {1, ..., p}. This allows one to control
against the false discovery of ancestor variables.

Typically, ﬁ 4 0 holds for an ancestor since a nonlinear function of that ancestor cannot be
completely regressed out by the other regressors using only linear terms. For ancestors that are much
further upstream, this effect could become vanishingly small. However, this is not a big issue because
when fitting a linear model using the detected ancestors, those indirect ancestors are assigned a direct
causal effect of 0 anyway. .

Based on Theorem 1, we suggest testing for /Sf:" 4 0 to detect some or even all ancestors of
X;. Doing so for all k requires nothing more than fitting a multiple linear model and using its
corresponding z-tests for individual covariates.

Let x € R"? be n independent and identically distributed copies from (1). Define the quantities

Ny — xpld2
5o WG9 = B3

Ar(A Y — (vTy)~! 42 2
. . var(B) = (x"x) . 67, 2)

B =" NS (x)),

where f(-) is understood to be applied elementwise in f'(x;).

THEOREM 2. Assume that the data X follow model (1), E{f (X))*} < oo, E(X}}) < oo for all k, and
B/ exists. Let x be n independent and identically distributed copies thereof. Using the definitions from
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(2), we have

317 = Bl + 0,(1), var(Bl’) = 0p<%)»
3/ d S
= G — N@O,1) Vk ¢ {an() U}

Because of this limiting distribution, we suggest testing the null hypothesis Hyx_,; : k & AN(j) with
the p-value

P =2{1 — ®(ZD}, A3)

where ®(-) denotes the cumulative distribution function of the standard normal distribution.

For ancestors for which ﬂ,f(” =+ 0, the absolute z-statistic increases as /n. In typical set-ups, one
can thus detect all ancestors. Having found all ancestors, one could infer the parents with an ordinary
least squares regression of X; versus X,y(, using the z-test for assigning the significance of being a
parental variable. Such a procedure may have poor error control for small samples as it requires full
power in the first step to detect all ancestors; we provide error control only for the estimated ancestral
set.

The choice of f(-) has an impact on the constant in the growth of zﬁc for ancestors. If the W, are
symmetric, any even function yields {‘i = 0 for all k. Therefore, odd functions should be used. In
our simulations and the real-data analysis, we use f(X;) = Xj3 as it is the simplest odd function,
which induces only slightly higher moments than linear functions. This choice leads to empirically
competitive performance relative to other candidates in our simulations.

2.2. Adversarial set-ups

There are cases where ,B{J = 0 does not hold for some ancestors, leading to reduced power of the
method. We provide necessary and sufficient conditions for this to hold and present some examples.
We first define the j-restricted Markov boundary of k as

MA™ (k) == |:PA(k) Ucu(b U | J teat) \k}] N {AN(j) U j}.
lecu(k)

It contains all the variables in the Markov boundary of k which are ancestors of j or j itself. For
example, if k& € AN(j), then all its parents are in the restricted Markov boundary, but not necessarily
all its children.

THEOREM 3. Let k € AN(j). Then
=0 Y/() ifandonlyif EX:|X)=EX! _,, v | X),

MA

where y/** is the least squares parameter for regressing Xy versus X,,,~jq,. In particular,

Bl =0 ¥() if EX| Xymigy) = X1 7'

Intuitively speaking, if the conditional expectation of X given the j-restricted Markov boundary
is linear, k£ could also be a child of all these variables; hence it is not detectable as an ancestor of ;.
In the following, we present two examples that fulfil the conditions of Theorem 3. These are the only
examples that we know of.
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Example 1 (Gaussian). 1t is well known in causal discovery for linear structural equation models
that Gaussian error terms lead to nonidentifiability. Define cH™/ (k) := [cH(k) N {AN(j) U j}], i.e., the
children of k through which a directed path from & to j begins.

PROPOSITION 1. Assume that the data X follow model (1). Let k € AN(j) with ¥y ~ N(0,02). Then
Bl =0 V() if W~ N0} Viecu (k).
Under the additional assumptions of Theorem 2,

B
{var(B,")}'7?

Therefore, if every directed path from k to j starts with an edge for which the nodes on both ends
have Gaussian noise terms, we have no power to detect this ancestor relationship. However, nor do
we detect the opposite direction as guaranteed by Theorem 1, and thus control against false positives
is guaranteed.

Example 2 (Special constellation of distributions and coefficients). A pathological case occurs when
the error term of a child, say /, has the same distribution as the inherited contribution from the error
term of the parent, say k. Then £ is not detectable as /’s ancestor. Likewise, it is not detected as an
ancestor of any of /’s descendants j to which all directed paths from k start with the edge k — .

PROPOSITION 2. Assume that the data X follow model (1). Let k € aAN(j) and cu™/ (k) = {I}. Then
{J =0 Vf©) if ¥ & O Wr.

For the variables discussed here, the limiting Gaussian distribution as stated in Theorem 2 is not
guaranteed even though ,3{" = 0; see also the proof in the Supplementary Material.

2.3. Simulation example

We study ancestor regression in a small simulation example. We generate data from a linear struc-
tural equation model with six variables. The causal order is fixed as X; to Xs. Otherwise, the structure
is randomized and changes in each simulation run: X} is a parent of X; for k < [/ with probability 0.4
such that there is an average of six parental relationships. The edge weights are sampled uniformly
and the W, are assigned by permuting a fixed set of six error distributions. The full data-generating
process is described in the Supplementary Material.

We aim to find the ancestors of X;, which can be any subset of {X;, X;, X3}. We create 1000 dif-
ferent set-ups and test each on samples of sizes varying from 10> to 10°. For the nonlinear function
we use f(X;) = X;. By z-statistic we mean z} as defined in Theorem 2. We calculate p-values accord-
ing to (3) and apply a Bonferroni—-Holm correction to them, without cutting off at 1 for the sake of
visualization.

In Fig. 1 we see the desired /n growth of the absolute z-statistic for the ancestors, while for
the non-ancestors their sample averages are close to the theoretical mean under the asymptotic null
distribution. Indirect ancestors are harder to detect than parents. Although the null distribution is
only asymptotically achieved, the Type I familywise error rate is controlled for every sample size,
supporting our method’s main benefit, namely robustness against false causal discovery.
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Fig. 1. Detection of the ancestors of Xj in a linear structural equation model with six variables, where the
results are based on 1000 simulation runs: (a) average absolute z-statistic for all ancestors (black circles), parents
(red triangles), non-parental ancestors (green plus signs) and non-ancestors (blue crosses) for different sample
sizes n, where the dashed lines correspond to /n growth fitted to perfectly match at n = 103 and the horizontal
dashed line corresponds to (2/7)'/2, .., the first absolute moment of the asymptotic null distribution, a standard
Gaussian; (b) fraction of simulation runs with at least one false causal detection, i.e., the Type I familywise error
rate (FWER), versus the fraction of detected ancestors for sample sizes 10% (black solid), 10? (red dashed), 10*
(green dotted), 10° (blue dot-dashed) and 10° (pink long-dashed), where the curves use the level « of the test as
an implicit parameter, with the plus symbols corresponding to a nominal « of 5% and the grey vertical dashed
line to the actual 5%.

3. ANCESTOR DETECTION IN NETWORKS: NODEWISE AND RECURSIVE
3.1. Algorithm and goodness-of-fit test

In the previous section, we assumed that there is a response variable X; that is of special interest.
This is not always the case. Instead, one might be interested in inferring the full set of causal con-
nections between the variables. Naturally, our ancestor detection technique can be extended to that
problem by applying it nodewise. We suggest the procedure sketched below. The detailed algorithm
can be found in the Supplementary Material. Notably, the algorithm is invariant with respect to the
ordering of the variables.

First, the set of ancestors is defined based on the significant p-values, after multiplicity correction
over all p(p—1) z-tests, of ancestor regression. Any correction controlling the Type I familywise error
rate is applicable, and here we use the Bonferroni-Holm correction. Next, further ancestral relation-
ships are constructed recursively by adding the estimated ancestors of every estimated ancestor; this
recursive construction facilitates the detection of all ancestors. The procedure cannot increase the
Type I familywise error rate over just using the significant p-values, because a false causal discovery
can be propagated only if it existed in the first place.

Since there is no guarantee that the recursive construction will not create directed cycles, such that
variables are claimed to be their own ancestors, we need to address this concern. If such cycles are
found, the significance level is gradually reduced until no more directed cycles are output. This means
that the output becomes somewhat independent of the significance level; for example, in a case with
two variables and with p} = 107¢ and p} = 1073 as in (3), we would never claim that X, — X;
no matter how large « is chosen. We denote the estimated set of ancestors for X; by AN(j). Notably,
the algorithm determines a causal order between the variables but does not always lead to a unique
parental graph. For instance, if AN(3) = {1, 2} and AN(2) = {1}, X; may be a causal parent of X3, but
its effect could also be fully mediated by X5.

One can regard the greatest significance level such that no loops are created as a p-value for the
null hypothesis that the modelling assumption (1) holds. We denote this level, which is a further
output of our algorithm, by @. Thus we have a goodness-of-fit test for our modelling assumption
with an asymptotically valid p-value: a small realized & would provide evidence against the linear
structural equation model in (1). If such evidence exists, it is advisable to take the outcome of ancestor
regression, or any other causal discovery method that relies on linear structural equation models, with
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Fig.2. Nodewise ancestor detection in a linear structural equation model with six variables. The results are
based on 1000 simulation runs. Each simulation run uses two different data-generating processes: (a) exactly
one error term follows a Gaussian distribution; (b) exactly two error terms follow a Gaussian distribution. Each
panel plots the familywise error rate (FWER) of false causal detection versus the fraction of detected ancestors.
The curves use the level of the test « as the implicit parameter, with the plus symbols corresponding to a nominal
a of 5% and the grey vertical dashed line to the actual 5%. The other symbols represent the performance of the
LiNGAM algorithm. We consider different sample sizes: 10 (black solid line and square), 10° (red dashed line
and circle), 10* (green dotted line and upward-pointing triangle), 103 (blue dot-dashed line and diamond) and 10°
(pink long-dashed line and downward-pointing triangle).

caution. We make use of this p-value in the data analysis in §4. The next corollary summarizes the
properties of our algorithm.

COROLLARY 1. Assume that the conditions of Theorem 2 hold for all j € {1, ..., p}. Let AN()) for all
j€{l,...,p} and & be the output of the nodewise ancestor regression algorithm with significance level
a and Bonferroni—Holm correction. Then

lim pr{3j,k £ /j: k & AN(j), k € AN())} <, limpr(@ <o) <o’ Vo' € (0,a).

n—oo

3.2. Simulation example

We extend the simulation from §2.3 to estimation of the ancestors of each variable using the
algorithm described in §3.1. We compare our method with LINGAM (Shimizu et al., 2006) using
the implementation provided in the R (R Development Core Team, 2023) package pcalg (Kalisch
et al., 2012). For every simulation run, we use two slightly different data-generating processes. In the
first, only one of the W, follows a Gaussian distribution; in the second, two of the error terms follow
a Gaussian distribution, and an edge between their respective nodes is always present. As LINGAM
provides an estimated set of parents, we additionally apply our recursive algorithm to its output to
get an estimated set of ancestors, which enables comparison with our method.

The results are shown in Fig. 2. For the model with only one Gaussian error variable, we can reli-
ably detect almost all ancestors without any false causal claims for sufficiently large sample sizes. The
few exceptions can be explained by some set-ups being very close to the nonidentifiable case discussed
in Proposition 2. Not all curves reach a power of 1 even when the significance level is taken to be arbi-
trarily large. This can be explained by the possible insensitivity to significance level outlined in §3.1.

We are able to control the familywise error rate even for small samples using a nominal size of
a = 5%, supporting our theoretical results. This is not the case for LINGAM, which is designed such
that it must always determine a causal order based on the underlying independent component analysis
(Hyvarinen, 1999), even when not enough information is available. Therefore, no Type I error guar-
antees can be provided. The power of LINGAM approaches 1 much faster than ancestor regression;
and if one allows for a bit more liberal Type I error, LINGAM appears preferable in the model with
one Gaussian noise term. The picture changes when one looks at slight violations of the LINGAM
assumption, i.e., another Gaussian error term. In this case, LINGAM is still more powerful but does
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Table 1. Analysis of the dataset in Sachs et al. (2005 ): the second column reports the

raw p-value from ancestor regression, pﬁ( associated with the respective edge and the

third column the raw p-value from the subsequent linear model fit; the rows are ordered
from low to high according to the p-value from ancestor regression.

Causal effect Ancestor regression Linear regression SC MH
PIP3 — PIP2 33x107% 5.5 % 107% — —
PIP3 — PLCg 6.7 x 107%° 1.4 x 1073 — N
PKA — Erk 2.9 x 107 7.2 %1072 — -
INK — p38 6.6 x 10720 2.4 x 1071 — —
PKA — Akt 7.2 x 10720 9.4 x 10~* — —
JNK — PKC 1.2 x 10716 5.1 % 10788 «— «—
RAF — MEK 5.4 %1071 0 — «—
PKC — p38 3.1 x 1078 0 — —
Akt — Erk 7.6 x 1077 0 — —

SC, presents the conclusions of the consensus network in Sachs et al. (2005); MH, shows the conclusions
of the method from Mooij & Heskes (2013); —, the edge is present; --», there exists a directed path
with the same orientation but no edge; <—, the edge is reversed; —, there is no directed path

not control the error at all. Regardless of the sample size, a wrong causal claim is made in around 40%
of the set-ups. Ancestor regression is more robust with respect to this deviation, as the Type I error
guarantees do not require non-Gaussian error terms. For the unidentifiable edges, it avoids making
any decision and can control the error rate at any desired level at the price of some reduction in power.
In this simulation, Proposition 1 applies to around 14% of the ancestral connections.

The Supplementary Material reports additional simulation results for settings varying between
non-Gaussian and Gaussian scenarios. When close to the fully Gaussian case, despite satisfying the
LiNGAM assumption (Shimizu et al., 2006) in population, this clearly worsens the performance of
LiINGAM for finite sample sizes.

4. REAL-DATA EXAMPLE

We analyse the flow cytometry dataset in Sachs et al. (2005), which contains cytometry measure-
ments of 11 phosphorylated proteins and phospholipids. The data are from various experimental
conditions, some of which are interventional environments. The authors provide a ground truth on
how these quantities affect each other, the so-called consensus network. The dataset has been fur-
ther analysed in various follow-up papers; see, for example, Mooij & Heskes (2013) and Taeb et al.
(2022). Following these works, we consider data from eight different environments, seven of which
are interventional. The sample size per environment ranges from 707 to 913.

For each environment individually, we estimate the ancestral relationships using our recursive
algorithm sketched in § 3.1 with nonlinear function f (X;) = Xj3 and o = 0.05. The goodness-of-fit p-
value & per environment, corrected for the number of environments, ranges from 0.14 to 3 x 10712, All
but one of the p-values are lower than 0.04, indicating that for these environments the data do not fol-
low model (1). The deviation can be in terms of hidden variables, nonlinear effects, or noise that is not
additive. While the aforementioned results and other published findings usually yield one graph har-
monized over different environments, the fact that our results are highly varying across environments
suggests questioning the standard autonomy assumption in causality (Aldrich, 1989) that an inter-
vention does not change the underlying graph, except for edges that point into the intervened node.

Henceforth, we focus on the environment with the highest & which seems to be most conformable
with a linear structural equation model. The dataset contains 723 observations. For each node, we fit
a linear model using the claimed set of ancestors as predictors to see which ancestors could be direct
parents. We summarize our findings in Table 1. Most ancestors show an indication of being direct
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S5

Fig. 3. Ancestral relations obtained with ancestor regression.

parents. However, as laid out in § 2.1, we do not have Type I error guarantees for finding parents in
cases where some ancestors are missing.

For comparison, we show the conclusions drawn by the consensus network and Mooij & Heskes
(2013) for these edges. The results of our method are in agreement with at least one of these works,
except for the two edges coming from JNK. One of the indirect paths of Mooij & Heskes (2013)
corresponds to the highest p-value in the linear model fit, which is a further point of agreement. The
ancestral graph output by our method, shown in Fig. 3, consists of four disconnected components.
When considering these components individually, we observe that the part containing JINK, where we
have somewhat unexpected findings, has the strongest indication of violating the model assumptions
in terms of the goodness-of-fit p-value &.

ACKNOWLEDGEMENT

The project leading to this application received funding from the European Research Council
under the European Union’s Horizon 2020 research and innovation programme (No 786461).

SUPPLEMENTARY MATERIAL

The Supplementary Material contains proofs and additional simulation results.
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