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Abstract

We study the trajectory of iterations and the con-
vergence rates of the Expectation-Maximization
(EM) algorithm for two-component Mixed Lin-
ear Regression (2MLR). The fundamental goal
of MLR is to learn the regression models from
unlabeled observations. The EM algorithm finds
extensive applications in solving the mixture of
linear regressions. Recent results have estab-
lished the super-linear convergence of EM for
2MLR in the noiseless and high SNR settings
under some assumptions and its global conver-
gence rate with random initialization has been af-
firmed. However, the exponent of convergence
has not been theoretically estimated and the ge-
ometric properties of the trajectory of EM iter-
ations are not well-understood. In this paper,
first, using Bessel functions we provide explicit
closed-form expressions for the EM updates un-
der all SNR regimes. Then, in the noiseless set-
ting, we completely characterize the behavior of
EM iterations by deriving a recurrence relation at
the population level and notably show that all the
iterations lie on a certain cycloid. Based on this
new trajectory-based analysis, we exhibit the the-
oretical estimate for the exponent of super-linear
convergence and further improve the statistical
error bound at the finite-sample level. Our anal-
ysis provides a new framework for studying the
behavior of EM for Mixed Linear Regression.

1. Introduction

A mixture model of parameterized distributions, such as the
Mixture of Linear Regression (MLR) and Gaussian Mix-
ture Model (GMM), is remarkably powerful for modeling
intricate relationships in practice. It is highly suitable to
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address the challenges arising from data with corruptions,
missing values, and latent variables (Beale & Little, 1975).
In this paper, we focus on the symmetrical two-component
mixed linear regression (2MLR) that can be expressed as
follows:

y = (=1)"TH0",2) + e, (1)

where ¢ is the addictive noise, s = (7,y) € RY x R
is a pair of the covariate and response random variable,
z € {1,2} ~ CAT(n*) represents the latent variable,
namely the label of data, and 6*, 7* are the true values for
the regression parameters and the mixing weights, respec-
tively.

Maximum Likelihood Estimation (MLE) provides a sys-
tematic framework to study such models. However, com-
puting the Maximum Likelihood Estimate (MLE) for high-
dimensional data is intractable due to its non-convexity and
numerous spurious local maxima. Various approaches have
been proposed to handle this intractable problem. Tip-
ping & Bishop (1999) adopted PCA by connecting the in-
herent geometric property and probabilistic interpretation
with Gaussian covariates and errors. Kong et al. (2020a;b)
employed a meta-learning approach to learn the parame-
ters of MLR with small batches. Shen & Sanghavi (2019)
proposed an iterative variant of the least trimmed squares
to handle MLR with corruptions. Another competitor is
the moment-based method, in conjunction with the gra-
dient descent algorithm (Li & Liang, 2018). Moreover,
the Expectation Maximization (EM) method stands out for
its computational efficiency and ease of practical imple-
mentation. In the context of (1), EM estimates the re-
gression parameters and the mixing weights from obser-
vations. It operates in two steps: E-step computes the ex-
pected log-likelihood using the current parameter estimate;
M-step updates the parameters to maximize the expected
log-likelihood compute in the E-step. These steps serve to
maximize the lower bound on the MLE objective iteratively
until convergence.

Dempster et al. (1977) presented the modern EM algorithm
and demonstrated its likelihood to be monotonically in-
creasing with EM updates. Theoretically, Wu (1983) es-
tablished the global convergence of a unimodal likelihood
under some regularity conditions. Empirically, EM showed
success in the MLR problem (De Veaux, 1989; Jordan &
Jacobs, 1994; Jordan & Xu, 1995). Additionally, Wedel &
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DeSarbo (1995) introduced a framework of EM for MLR
involving unknown latent variables.

Related Works. Both MLR and GMM can be viewed
as instances of subspace clustering, thus sharing similari-
ties in the analysis of EM. Dasgupta & Schulman (2007)
showed parameterized well-separated spherical Gaussians
can be learned to near-optimal precision using a variant of
EM. Furthermore, Zhao et al. (2020) illustrated the lin-
ear global convergence of EM with well-separated spher-
ical Gaussians and initialization within a ball around the
truth. For GMM with k > 3 components, Jin et al. (2016)
demonstrated the EM with a random initialization is fre-
quently trapped in local minima with high probability, and
local maxima can exhibit arbitrarily inferior likelihood than
that of any global maximum. Chen & Xi (2020) and Qian
et al. (2022) characterized the only types of local minima
for EM and k-means (EM with hard labels) in GMM un-
der a separation condition. By leveraging the characterized
structures of local minimum, a general framework was pro-
posed to escape local minima (Zhang et al., 2020; Hong
et al., 2022), unifying variants of k-means from a geomet-
ric perspective. Katsevich & Bandeira (2023) revealed the
link between EM and the moment method for GMM via
an asymptotic expansion of log-likelihood in low Signal-
to-Noise Ratio (SNR). So far, the specific case of GMM
with k& = 2 components (2GMM) has been studied inten-
sively. The global convergence of EM with random initial-
ization for spherical 2GMM was established in (Klusowski
& Brinda, 2016; Xu et al., 2016; Daskalakis et al., 2017).
Wu & Zhou (2021) elaborated the convergence result in all
SNR regimes, while constraining the initialization within
a very small radius. Qian et al. (2019); Qian (2020) ex-
tended this convergence result from the spherical Gaussian
to rotation-invariant log-concave densities. Ndaoud (2018)
examined the phase transition threshold of SNR for the ex-
act recovery of 2GMM. Similarly, EM for MLR with two
components (2MLR) with random initialization converges
globally.  Balakrishnan et al. (2017) firstly proved the
global convergence of EM for 2MLR with valid initializa-
tion within a ball around the truth. Klusowski et al. (2019)
extended the convergence result in the high SNR regime for
the case where the cosine angle between the initial param-
eters and the truth is sufficiently large. Kwon et al. (2022;
2019) confirmed that EM for 2MLR converges from a ran-
dom initialization with high probability. Chen et al. (2018)
bounded the statistical error of EM for 2MLR in different
SNR regimes. Xu & Zeevi (2020) illustrated the general-
ization error bounds of log-likelihood of the first-order EM
for 2MLR. Kwon et al. (2021) further studied the statistical
error and the convergence rate of EM for 2MLR under all
regimes of SNR. Yi et al. (2014; 2016) considered Alter-
nating Minimization (AM), an EM variant with hard labels,
for 2MLR in the setting of no noise. Accordingly, Ghosh

& Kannan (2020) demonstrated a super-linear convergence
rate of AM for 2MLR in the noiseless setting within a spe-
cific convergence region. Kwon et al. (2021) generalized
the noiseless setting to the high SNR regime while retaining
the super-linear convergence. Kwon & Caramanis (2020)
provided a convergence analysis of EM for MLR with mul-
tiple components, covering the most general scenarios.

Previous works on the convergence analysis of EM for
2MLR have overlooked the existence of unbalanced mix-
ing weights and assumed a balanced setting. Dwivedi
et al. (2020a;b) accounted for unbalanced mixing weights
and revealed a sharp contrast in statistical error and conver-
gence rate between unbalanced and balanced cases, for the
special case of no separation of parameters. In the pre-
vious convergence analysis of EM, the location scale of
GMM and the noise variance of MLR are fixed. In light of
this, Ren et al. (2022) proposed an EM variant for 2GMM
with the unknown location scale to speed up the conver-
gence of EM. Chandrasekher et al. (2021) devised a tool
that demonstrated noteworthy potential, employing Gordon
state evolution update (Thrampoulidis et al., 2014; 2015)
to accurately estimate both the statistical error and the con-
vergence rate at the finite-sample level.

Contributions. In this paper, we propose a framework that
offers explicit closed-form expressions with Bessel func-
tions (Chapter 10 of (Olver et al., 2010)) for the EM up-
dates of 2MLR, enabling the analysis of convergence rate
across all SNR regimes. Moreover, our framework includes
both scenarios where the mixing weights are balanced and
unbalanced. More specifically, we focus on EM updates
in the noiseless setting, and present the following contribu-
tions:

¢ We derive the recurrence relation, and further show
the cycloid trajectory of EM iterations at the popula-
tion level.

* We establish the super-linear convergence without re-
strictions in previous works (Ghosh & Kannan, 2020;
Kwon et al., 2021).

* We conduct a finer analysis for the statistical errors
in regression parameters, and explore how the error in
mixing weights is influenced by the angle formed by
the EM iteration and the true regression parameters,
the true mixing weights.

2. Problem Setup

Notation. Consider the 2MLR model in (1). Let n denote
the number of samples S := {x;, y; }"_, used for each EM
update, {z;}_, be the values of latent variable for these

. . 0*
samples. Further, o2 denotes the noise variance, n:i= Q

[

is the signal-to-noise ratio (SNR), and § := £ 6* := £
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are the normalized parameters. f(v) * g(v) stands for a
convolution of f(v) and g(v), and a VV b, a A b refer to the
the least upper bound max(a, b) and greatest lower bound
min(a, b) of a, b respectively. The symbol _LL indicates that
the random variables are independent. K¢, K are the mod-
ified Bessel functions of the second kind with parameters
0,1 respectively (Chapter 10 of (Olver et al., 2010)).

Assumptions.

Assumption 2.1. The latent variable and the mixing
weights (z; 7) are independent of the regression parame-
ters 6, namely (z;7) L 6.

Assumption 2.2. The additive noise ¢ is independent of
the covariate random variable, latent variable, the regres-
sion parameters, and the mixing weights, that is ¢ 1L
(x,2;0,m).

Assumption 2.3. The covariate random variable x is in-
dependent of the latent variable, the regression parame-
ters, and the mixing weights, namely x Ll (z; 60, 7).

Assumption 2.4. Both the covariate x and the noise ¢
are Gaussians, z ~ N (0, I),e ~ N(0,0?), where 1, is
a d by d identity matrix.

We leverage the assumption of the Gaussianity of the co-
variate, which is standard in this line of work (see, e.g.,
Assumption 1 in (Ghosh & Kannan, 2020) and Section 2.1
in (Kwon et al., 2021)). The above standard assumptions
are necessary to derive the forthcoming results.

EM Updates. Balakrishnan et al. (2017) con-
sidered the following population EM  update
for 2MLR given the balanced mixing weights
T =n" = {%,% , where ESNP(S‘G*J*) = EINN(O,Id)

Byjenm ()N ((2,0%),0%) 47+ ()N (~ (2,0%),0%)-
y(z, 0
M(@) = ESNp(s\G*,Tr*) tanh <<0'2>) yx

To extend the EM update for both balanced and unbalanced

mixing weights, we introduce
logm(1) — log (2

y . logm(l) 5 em@ @) @

that is tanh(v) = 7(1) — m(2). Thus, the population EM
update rule for regression parameters 6 becomes

,0
M(0,v) := Eyop(s|o+,x+) tanh (y<§2 ) + 1/> yr, (3)

while the corresponding EM update rule for tanh(v) is (see
the derivations in the supplementary, Appendix B)

x,0
N(G, V) = Eswp(s\a*,ﬂ*) tanh (y<0_2 > + I/) . (4)

Subsequently, the finite-sample EM update rules are

-1
1 n
M,(0,v) = ( me?)
n
i=1
<1 Ztanh <yl<l;’0> + u) yi:ci>
n o
1 i (2,0
Na(@,v) = = tanh <y<;> + ,,) . (5)
i=1

For the ease of theoretical analysis, we will use the easy
EM method as discussed in Section 5 with the following
update

1 & (2
MY (0,v) = -~ Ztanh (%(j;, o) + V) Yixi.  (6)

i=1

Trajectory-Relevant Quantities. Our trajectory-based
analysis further utilizes certain angles described next. We
denote the cosine of the angle between the estimate for pa-
rameters 6 and the true value 0* by p := %. Further-
more, ¢ := 5 — arccos|p| € [0,%),¢ := 2arccos|p| €
(0, ] are defined accordingly. As apparent from these def-
initions, we refer to p as the sub-optimality cosine and ¢
and ¢ as sub-optimality angles, respectively.

—

Further, let é; = Hz:\l’ = ﬁ be the direction unit
0—é1é] 6 & = 0" —& &) 0*
fo=éref o[ 2 = Tor—are o7]]
be the unit vectors on the plane span{6*, 8} which are per-
pendicular to é, €; respectively. The superscript ¢ stands
for the ¢-th EM iteration. For instance, 0%, ¢ denote the -
th iteration for regression parameters and mixing weights.
These vectors will again simplify the ensuing trajectory-

based discussion (see Fig. 1 for visualization).

vectors of 6,6, and é5 :=

3. Population EM Updates

In this section we derive closed-form expressions for the
update of population EM we introduced in Eq. (3), (4).

Let U(0,v) := Egup(s|or,n+) log cosh(X%% 4 1)), Then,

0-2
Eq. (3), (4) can be written as the following relations.

M(0,v) = a*VoU(0,v), N(O,v)=V,U,v). (7)

Therefore, we need to derive a closed-form expression for
U(6,v) which appears in the population update of both 6
and v. In the supplementary materials (Appendix A), we
provide the explicit expression of this expectation by intro-
ducing K, the modified Bessel function of the second kind
with parameter 0 (Chapter 10 of (Olver et al., 2010)). Sub-
sequently, we derive the closed-form expressions for EM
update rules at the population level in Theorem 3.1 below
(see Appendices A, C).
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Theorem 3.1. (EM Updates across All SNR) Let p :=

”éﬁ ﬁeiu 0 :=%,0* := — then the EM update rules for
0, tanh(v) at Populatlon level are

o e

JI=
MO = [w' HE |

1+ (1 —p2))16*)2)3

+é2> AF 5(1’)52:| } )

/du tanh(v — v/)

cosh_l(z/*):|

{ta”h(”) { )<mue*|2

(+@1-p*))e* H )~2
7||0|| cosh(v

o (YT gl (et (g)
\rra-ple? ) T\ Tra -2l E

where these coefficients are defined as

I (HGH)

) P01 (757 .

e nra-2ne e
o (YT |55
C\T+a-p,ieE )

i ()
L+ (= Ao

llo= i

N(@O,v) =

Bv) = sgn(v)

1+ —=pH)0=11%]

Ky ( L+ 161 - ||I<9I|>
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N . M(0,v) = &
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Figure 1: The EM update M (6, v) for regression parameters lies on span{6, 6 }.

Note that in Theorem 3.1 we have {f,é5, &} €
span{f, 6*}, which in turn implies the population EM up-
date for the regression parameters satisfies M (6,v) €
span{f, 6*}. We visualize these vectors and their relations
in Fig. 1.

Special cases. For the special case of no separation
SNR := @ — 0 in Theorem 3.1, the population EM
update rules can be simplified (see Appendix C, proof of
Corollary 3.2).

Corollary 3.2. (EM Updates for No Separation Case)
For the special case of no separation of parameters,

namely SNR := Hﬁ:” — 0, the EM update rules
for 6, tanh(v?) at Population level are ' = ”ggl :

1 tanh(||§t_1Hx—_ut_l)mKo(|x|)dm and tan_h(ut) =
L [z tanh(vt=1 — |08 1|z) Ko(|z|)dz, where 6 := £
and 0° := &

~

The second special case, which will be our main focus
moving forward, arises by letting SNR. := ”egj — o0 in
Theorem 3.1. In doing so, we obtain the EM update rules
at the population level in the noiseless setting described be-
low (see Appendix C, proof of Corollary 3.3).

Corollary 3.3. (EM Updates in Noiseless Setting) In the
noiseless setting, namely SNR := @ — oo, the EM
update rules for 6%, tanh(1/!) at the Population level are

* t—1
t—1 0

[l

o' 2 { -1y t—1 0
e — = |sgnlp () —7 T Cosp
o B

tanh(v') = sgn(p’ 1) (igot1> - tanh(v™),

<9t 1 9*) 1

A t—1
= =TT ¥ E

where p! =1 = := T — arccos|p

4. Population Level Analysis

In this section, we focus on the properties of EM update
rules (Corollary 3.3) in the noiseless setting at the popula-
tion level and present one of our main theoretical results on
the convergence rate and the estimation of error of the pop-
ulation EM through a trajectory-based analysis. In particu-
lar, we show that the error of mixing weights (in ¢; norm) is
proportional to the angle between the estimated regression
parameters and the true parameters and establish a consis-
tent quadratic convergence rate, which, interestingly, is in-
dependent of mixing weights.

Theorem 4.1. (Population Level Convergence) If the
initial sup-optimality cosine p° Hegﬁ ﬁ;*\l # 0,
then with the number of total iterations at most 7' =
O (log ﬁ V log log %) , the error of EM update at the
”0T+1

population level is bounded by +‘hw))e*u < s,

and [T+ — 7, = O(E) -
T = 2 —sgn(p°)(3 — 7).

|3 — 7|, , where

Proof Sketch of Theorem 4.1. To estimate the errors
of mixing weights and regression parameters, we need to
study the trajectory of the regression parameters 6. Re-
call, Corollary 3.3 demonstrated that for the special case
of the noiseless setting, the EM update for §* depends on
the angle ¢'. Additionally, upon recalling |tanh(v)| =
|4 — 7*|]1, we directly obtain the following Corollary 4.2
for the error of mixing weights. Regarding the regression
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parameters, we derive the recurrence relation in Proposi-
tion 4.3 and further show the cycloid trajectory in Proposi-
tion 4.4. Hence, the error of regression parameters is only
determined by the sup-optimality angle (. Therefore, in-
stead of directly analyzing the error of regression param-
eters, we could characterize its behavior by studying the
evolution of the sub-optimality angle .

Corollary 4.2. (Error of Mixing Weights 7%) In the
noiseless setting, the error of mixing weights for EM up-
dates at the population level is

_ 2 . 1
||7rt_7r*||1_‘1_80t 1 'H_T* ®)
™ ) 1
where 7 1= 1 — sn(p")(} — 7).t 1= 3 -
_ (0r=1,0" e
arecos o~ and o = pE=phy, A = T

Thus, at the population level, we investigate the evolu-
tion of the sub-optimality angle ©* to characterize the con-
vergence behavior of EM iterations. In Proposition 4.5
we show the linear convergence rate of tan ¢’ when ¢°
is relatively small and demonstrate the quadratic conver-
gence rate when ¢! is large enough. Hence, we can di-
vide the EM updates into two stages: In the first stage,
it takes 7" = O(ﬁ) = O(ﬁ) = O(lp—lgl) iter-
ations to ensure tan <pT/ is large enough. Subsequently,
in the second stage, it takes the other 7”7 = O(loglog 1)
* DL

T+1 . 0
to guarantee 7 = O(,/€). Hence, %

. 2 2 12
%\/((bT —singT)” 4+ (1 — cos 9T )" < [‘éﬂ] = O(e).
The next proposition derives a recurrence equation for the
update of the sub-optimality angle (.

Proposition 4.3. (Recurrence Relation) Assume the initial
_ (e

= ory # EL or
equivalently " := T —arccos |p°| € [0,7/2). Then the re-

currence relation for EM updates at population level char-
acterized by the sub-optimality angle is

sub-optimality cosine satisfies p° :

tan o' = tan 't + ' Htan? ' + 1) (9)

In the following Proposition, we show that the trajectory of
iterations 0%, V¢ € N is on the cycloid (Harris & Stocker,
1998) on the plane span{6°, 6*}.

Proposition 4.4. (Cycloid Trajectory) If p° =

% # +1, namely (;50 = 2arccos |p°] € (0,7].
Then the coordinates x y of normalized vector
L= xey +yles = x'e +y'ed vt € Ny for

EM updates at the Population level can be parameterized
with the angle ¢'~1 := 2 arccos |p' 1| € (0, 7] as follows,

span{0'~1,6*}

—0*

Figure 2: The cycloid trajectory for the EM update M (6, v) of regression param-
eters 0. The figure further shows the two global solutions (red dots), the unstable
solution (blue dot), and the two saddle points (green dots). As long as the initial
suboptimality angle is sufficiently large, ¢! and in turn % super-linearly converge
to % and 6*.

1. <9t—179*>
where p'1 = e
1
L—sgn(p”)x’ = —[¢"" —sing’™]
s
1
y' = —[l—cos¢'™] (10)

Hence, the trajectory of iterations 0',Vt € N, is on the

H9 Il

cycloid with a parameter , on the plane span{6°, 0*}

(see Fig. 2).

Proposition 4.5. (Quadratic Convergence Rate) If ¢°
2 — arccos |p°| € (0, Z), then the EM updates at popula-
tion level satisfies

1 5
tan o' > %[ tan !l (11)
Particularly, if o' = I — arccos|p’™!| €
larctan 1.5, 5 ), then the EM updates at the Population

level satisfies

(s> (3 e - DY 0

Proposition 4.5 states that as long as the initial sub-
optimality angle is nonzero, the angle increases linearly
which implies convergence to global optima. Note that
if ¢* = 0, then the update may converge to one of the
saddle points (see Fig. 2 for a visualization). Let ¢ =
2(% — ) be small enough, then tan(yp) = cot(%) ~ %,
and by Proposition 4.5, % tan(¢") ~ [ tan(p'"1)]%, so
we show that ¢! /7 ~ [¢*~! /7], demonstrating quadratic
convergence in the angle ¢ (see Appendix E, proof of
Proposition 5.5). Further, note that at the population
level, Kwon et al. (2021) (Page 5, Lemma 1) established

the quadratic convergence when C'y/log ||§*H / Hé*”

”ﬂ;f ‘T” < 1/10 for high SNR. Proposition 4.5 then ex-

tends the region of quadratic convergence from 1/10 to

1 \/ —sing)? + (1 — cos ¢)? 6—2(7 —arctan 1.5) ~ 0.22
in the noiseless setting.
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5. Finite-sample Level Analysis

In this section, we give a finite-sample analysis by coupling
the population EM with the corresponding finite-sample
EM in the noiseless setting.

Theorem 5.1. (Convergence at Finite-sample Level) In
the noiseless setting, suppose any initial mixing weights

70 and any initial regression parameters #° € R ensur-
T 1
ing that ©° > © < 10% v loi5> If we run finite-
sample Easy EM for at most 77 = O (log é) iter-
5

ations followed by the finite-sample standard EM for at

most T = O (log 2 Alog #) iterations with all the
5

same n = €2 (d V log %) samples, then we have

167+ — sen(p™Ne"|| _ \/@V g, [logs ’
[16*]| n n n
d logil log +
O/ -v =2 vy =2
1 < n n n

Tl =

2

+e(n™)- O (Hloi‘ls> ,

with probability at least 1 — 79, where T :=

0°,0*
Ty, + T',¢% := T — arccos 7650 ’ 91 T =
2 l16°1]-116=1]
<9T+179*> 1 1
2

e = — sgn(p’)(3
efficient c¢(n*) = O(1), especially ¢(7*) = 0 when
7 ={1,0} or {0,1}.

« 1 i
o o

— 7*), and the co-

‘We note that Ghosh & Kannan (2020) showed the quadratic
convergence at the finite-sample level, only when the error
of regression parameters < min {7*(1),7*(2)} |67 — 65 ||
for a variant of EM in the noiseless setting. Theorem 5.1
on the other hand removes the restriction of mixing weights
and still obtains the quadratic convergence rate. Our re-
sults for convergence rate and statistical error hold when
% is not greater than some constant, which is less than 1
(see Appendix E, proof of Proposition 5.5). However, if
% > 1, recovering regression parameters § € R? from
a reduced number n of measurements invalidates the EM
update rules for regression parameters at the finite-sample
level (see Eq. (5)), as rank(% Dy ziv]) <n < d. Addi-
tional restrictions on €, such as assuming some components
of # are zeros (Barik & Honorio, 2022), are necessary.

Sketch Proof of Theorem 5.1 The first step is to upper-
bound the statistical error of the finite-sample EM. In the
following Proposition 5.2, Proposition 5.3, we give the

. .. log 1 ., log %
bounds for the projected statistical error O(y/ ——=V —*%)

1 1
and the total statistical error O(\/g \% 10% V4/ lo%)

Proposition 5.2. (Projected Statistical Error) In the noise-
less setting, the projection on span{0, 0*} for the statistical
error of 0 satisfies

1Po.0- (M52 (60,v) = MO _ , [, [log T}
16°] - Pl

with probability at least 1 — §, where M, (0,v), M(0,v)
are the EM update rules for 0 at the Finite-sample level and
the population level respectively, and the orthogonal pro-
Jjection matrix Py g~ satisfies span(Py g+ ) = span{6,0* }.

Proposition 5.3. (Statistical Error) In the noiseless set-
ting, the statistical error of 0 for EM updates at the Finite-
sample level satisfies

| M (0, v) — M(0,v)]]2 —0 \/EV log% v log%
[0~ n n n |’

with probability at least 1 — §, M, (0,v), M (0,v) denote
the EM update rules for 6 at the Finite-sample level and the
Population level.

Kwon et al. (2021) (Appendix E, page 17, Lemma 11) and

Balakrishnan et al. (2017) upper-bounded (’)(\/% log %)
for the statistical error, while our finer analysis presents a

: d log ¢ log 3 d n
tighter bound O(\/;\/ =V =) S O(\/glog %)
The difference arises from the techniques used for bound-
ing the statistical error in the {5 norm. We obtain our ad-
ditive log factor by leveraging the rotational invariance of
Gaussians, rewriting the ¢5 norm of the error as the geomet-
ric mean of two Chi-square distributions (see Appendix E,
proof of Proposition 5.3). The multiplicative log factor is
achieved using the standard symmetrization technique and
the Ledoux-Talagrand contraction argument (see Appendix
E, proof of Lemma 11, page 17 of (Kwon et al., 2021)).

Proposition 5.4 shows in the first step when using the ini-
tialization for 6%, ¥ the angle ' is larger than the pro-
jected statistical error, if we run at most O(log %) iterations
of Easy EM with at most ©(—2+) fresh samples per itera-

log %

tion.

Proposition 5.4. (Initialization with Easy EM) In the
noiseless setting, suppose we run the sample-splitting

2
finite-sample Easy EM with n' := © ( n [L} )

log % log %

fresh samples for each iteration, then after at most
T, = (’)(log%) iterations, it satisfies pT© >

(C] < % vV 10%}) with probability at least 1 — §.

This result allows us to divide the analysis of the con-
vergence rate into three stages. In the first stage, we

_ statistical error _
show that after at most 71 = O(log projected statistical error)
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O(log 2+ Tog ) iterations of easy EM, we can ensure the an-

gle ¢ is larger than the statistical error. Then, in the
second stage, by using the linear convergence rate for
! established in Proposition 4.5, we show that the an-
gle ! would be larger than arctan(1.5) after at most
Ty = O(log O(log % Alog =" Tog ) iterations
of standard EM. In the third stage, with the quadrat1c con-
vergence rate for ! > arctan(1.5) in Proposition 4.5, we
further show the distance between 6% and 0* will decrease
with the quadratic speed until the distance reaches the sta-
tistical error (using Proposition 5.5). Hence, with at most
T3 = O(loglog = O(log[log & A log @])
iterations of standard EM, the error of regression parame-
ters reaches the statistical error.

statmtlcal error )

slallstlcal error )

Proposition 5.5. (Convergence of Angle) In the noiseless

. logi logl .
setting, suppose ©° > © ( % \Y Oi‘;), run finite-

sample Easy EM for Ty = O (1og é) iterations fol-
5
lowed by the finite-sample standard EM for at most T' =
o (log 5 Nlog é) iterations with all the same n =
5

Q (d V log %) samples, then it satisfies

logl  [logl
985 85| 13
n n

with probability at least 1-T6, where T =T + T’7 °

*

gp>%@

and o7

~ arccos gty 5 — arceos | T |

2

Upon taking all these three stages into account, the to-
tal number of iterations until convergence with the initial-
ization (i.e., ¢g > the projected statistical error) is 7' =
T + Ty + T3 = O(log 102% ). In particular, with a good
initialization (i.e., oo > the statistical error), the total num-
ber of iterations is 7" = T3 + T3 = O(log 5 A log é)

For the error of the mixing weights, we first establish the
upper bound for the error between the population EM up-
date and the finite-sample EM update for mixing weights

1N (8,0) — N0, 1)1 = c(z*) - O(\/ 22, We estab-
lish this result by estimating the Chernoff bound (the full
proof of Theorem 5.1 is described in the supplementary
materials, Appendix E). The final error is obtained by sum-
ming up the error stemming from the population EM up-
date (Corollary 4.2) and the error between the population
and finite-sample EM updates.

6. Experiments

In this section of empirical experiments, we validate the
theoretical findings established in the preceding sections.
From a normal distribution A/ (0,14), we sample 5,000 in-
dependent and identically distributed (i.i.d.) d-dimensional

covariates, denoted as {x;}"_;. The true parameters 6*
are randomly chosen from a d-dimensional unit sphere.
We subsequently manually/randomly set the true mixture
weights 7* for two components, utilizing them to gen-
erate latent variable samples {z;}!; from a categori-
cal distribution CAT (7*). Following this, we introduce
Gaussian noise to the linear regression determined by
these latent variables, yielding output samples {y;}™ ;.
In all experiments, we utilize the entire dataset for EM
updates at every iteration. Each point on the plots of
Fig. 4 is an average taken from 50 trials with differ-
ent initial values for EM updates. The code for numeri-
cal experiments is available at ht tps://github.com/
dassein/cycloid_em_mlr.

Cycloid Trajectory of EM Iterations. At the population
level, we show that the output of the ¢-th iteration lies on the
cycloid of the spanning space span{#'~!, 6*} in the noise-
less setting. In the corresponding experiments, we choose
the signal-to-noise ratio SNR= 10 and consider different
values of d (2, 3, and 50). In Fig. 3, all the iterations are
near the theoretical cycloid. Thus, our experimental results
validate our theoretical analysis in Proposition 4.4.

Quadratic Convergence for 2 Mixtures. We show
the super-linear convergence of 7 (tan ot — 7) in Fig. 4a
under high SNR regimes. We specified the dimen-
sion (d=50) and considered different high SNR values
(SNR=10%, 107, 10%). We uniformly choose the initial val-
ues for the parameters and the mixing weights from a unit
sphere and the interval [0, 1], respectively. All the points
of 4 EM iterations in Fig. 4a are the average of 50 trials
with different initial values. The slope of the plot indi-
cates the convergence rate exponent. Notably, the slopes
of lines at different SNR values consistently hover around
or slightly exceed 2. That aligns with our theoretical result
of quadratic convergence rate in Proposition 4.5.

Error of Mixing Weights and Angle. In the noiseless set-

ting, we prove that the error of mixing weights ||7¢ — 7* |,

at the Population level is proportional to 5 — '~! =

1

arccos in Corollary 4.2. The angle 5 — o'~

< f 1 *>

T6r=T-18-1]
is determined by the output of EM updates at the (¢ — 1)-th
iteration and the true value of parameters 6*. We demon-
strate the linear correlation between the error of mixing
weights and the angle in Fig. 4b. For the setting of experi-
ments, we specify the dimension d = 50, and consider dif-
ferent high SNR values (SNR=10°, 107, 10®), respectively.
We note that the error in the mixing weights during the ¢-
th iteration is precisely quantified by the angle 5 — i1
at the preceding iteration. Hence, our experimental results
validate Corollary 4.2.

Comparison with Different Mixing Weights. In the
noiseless setting, we establish in Corollary 3.3 and Propo-
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(c) d = 50, trajectories of 6t are displayed across 60 trials,
with 6*, 0° sampled from N (0, I3), ©*, ©© drawn uni-
formly from [0, 1].

Figure 3: Cycloid trajectory of EM iterations 8*— we perform 100 iterations of Finite-sample EM with SNR=108, varying dimensions (d = 2, 3, 50).
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Figure 4: Left and Middle: Quadratic convergence and correlation are shown with 6, 6° from d = 50 unit sphere, s.t. goo = arctan(1.5) in Panel (a), Lpo = 0.31in
Panel (b). Right: The errors of regression parameters and mixing weights for ten EM iterations, with d = 50, gao = 0.3, SNR=10% and different true mixing weights

* = {0.6,0.4}, {0.8,0.2}, {1, 0}.

sition 4.3 that the EM update for regression parameters 6°
is independent of the true mixing weights 7*. The first
subplot of Fig. 4c demonstrates that, at high SNR (108),
the error in regression parameters (measured in ¢ norm)
remains nearly constant for varying true mixing weights
7 = {0.6,0.4}, {0.8,0.2}, and {1, 0}, thus affirming our
theoretical analysis.

In Theorem 5.1, we prove that the final error (in /; norm)
in mixing weights depends on the error in regression pa-
rameters and true mixing weights. Specifically, when the
error in regression parameters is relatively small, the closer
the true mixing weights are to {1,0} or {0, 1}, the smaller
the final mixing weight error. To validate our theoretical
analysis in Theorem 5.1 concerning the statistical errors in
regression parameters f (measured in 5 norm) and mix-
ing weights 7 (measured in /; norm), we experiment with
various true mixing weights 7* = {0.6,0.4}, {0.8,0.2},
and {1, 0}. The second subplot of Fig. 4c illustrates the re-
lationship between the errors and the true mixing weights
«*, further supports our theoretical analysis. In our experi-
mental setup, 0%, 6° are sampled from 50-dimensional unit

sphere, with ©° = 0.3.

7. Conclusion

We derived closed-form expressions for the EM updates
in the 2MLR problem. Notably, in the noiseless setting we
first showed and then analyzed the cycloid trajectory of EM
updates. Additionally, we demonstrated the quadratic con-
vergence rate for regression parameters, which is indepen-
dent of mixing weights. We emphasized that errors in mix-
ing weights primarily arise from the angle formed between
true and estimated regression parameters. Finally, we con-
ducted a detailed analysis of the statistical errors in the es-
timation of regression parameters and mixing weights. We
investigate the special case of the noiseless setting, namely
when SNR tends to infinity. Could we propose a more
refined analysis using the recurrence relations outlined in
Corollary 3.2 for weakly separated scenarios? These ques-
tions could guide our potential future endeavors.
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Impact Statement

There are several potential applications of our theory in
Mixed Linear Regression: Analysis of Over-specified
Model: Corollary 3.2 enables a thorough analysis of
no separation case as SNR— 0 to obtain a funda-
mental understanding of EM with over-specified mixture
models (Dwivedi et al., 2020a;b). Extension to Finite
High/Low SNR Cases: Leveraging the insights from The-
orem 3.1, we can conduct asymptotic expansions of inte-
grals (Wong, 2001; Bleistein & Handelsman, 1986), en-
abling the extension of results from limit cases (SNR —
0, 0) to practical, finite high and low SNR scenarios, ex-
ploring the transition from low SNR to high SNR regimes.
Generalization to Multiple Components: We could ex-
pand our analysis from a mixture of two components to
scenarios involving multiple components, albeit requiring
strong separation of regression parameters compared to the
noise level and good initialization (Kwon & Caramanis,
2020).

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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We organize the Appendix as follows:

* In Section A, we prepare some lemmas for integrals, convolutions related to Bessel functions, expectations for Gaus-
siansused in proofs, etc.

* In Section B, we derive EM update rules at the population level and the finite-sample level.

¢ In Section C, we provide the proof for the explicit closed-form expressions with Bessel functions for Population EM
Updates.

* In Section D, we give the full proof for the results at the population level in the noiseless setting.

* In Section E, we give the full proof for the results at the finite-sample level in the noiseless setting.

12
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A. Lemmas: Integrals, Convolutions, Expectations
A.1. Relations between 6*, 6 and unit vecotors €', €5, €1, éo

The following lemma shows the relations between 6*, 6 and unit vecotors €7, €3, €1, € .

. . 0—é1670 o —prls S 0 = F =BT
Lemma A.l. For é; := -2— &, := 16,0 _ ToT 21071 4pnd — 0 g = =880 Gefine p =
1 ”9*”7 2 H976161T9|| \/1 p 5 1 ”9H s €2 ”0* €1€T9*H’ P
(0%,0) _ _(0%,0)
TelaeT — Telqe-7- then

€ +péy = /11— 0

H9*||

. " 6
éo +péy = 1fp2m

Proof. Let0* :== 2 and § := ¢

Define &; = Hg%\l and €5 = Hg*:efiefw*u thus (€1, &) = 0, ||e1]| = ||e2]| = 1, span{0, 0} = span{f*,0} = span{é}, &}

S () B (M) _ 00y — 2|15+
Let p = iy = ey then |0 — {55 9' V1= p?07]

~ o* 06— elel N LH_P”g::H Aa N o
If we define &1 := g, and & == =z = e and (€1,é2) =0, [|é1]] = [|é2]| =1
(o) =" o ) Gy ) (3) = (7 ) (2 V07 ) ()
o el p V1= e 16l 1 0 é

Therefore

(2) = (7)) (2)- (e )R
(2) = (u "57)(8)

.
g PV1=p 20701 . & — e ( p 1—p? ) ( é1 )
L+ (1— p2)]6*|2 eyooro ”‘ | 1—p2 —p

IRENCETDILAE

D>
N}

Therefore, we can show that
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A.2. Integrals and Expectation with Gaussian

A.2.1. INTEGRALS WITH GAUSSIAN
Lemma A.2. For Va > 0, then

b2
1 [ at® + 2bt eXp [Qa]
2 2 — =
(2m) / exp [ 5 } dt 7

/°° [ at® + 2bt} b [bQ]
exp |————— | tdt = —— exp
— 00 2 a2 2a

A.2.2. EXPECTATIONS WITH GAUSSIAN
Lemma A3. Letf := ¢ 0% := & and v ~ N (—(z,0%)(z,0), (z,0)) or v ~ N ((z,0*)(z, 0), (z,0)?)

then the expectations for the density functions are

— 00

(N

(2m)~

s

ExNN(Oyld)N(_@;v é*><x’ 9), <$7 é>2)

v

) @ A e |- AN (Gs) ] (VT [y
- ’ Pl a—lee | o\ Tr a2l

EINN(OJ(t)N“‘r? é*><x7 é>7 <$a é>2)

v

- ’ @ |+ a0 | Tra e

Proof. We define p := <'§ 9_ and \; := (0,€1), \g := (0, 6,).

Then (z,8) = A 0], (x,0*) = <A1a + 2o, P8 118 + /1= 2107112 ) = Mipll8" || + Aa/T— 7107

For the evaluation of the first expectation, we let

111672
m in (Olver et al., 2010) Chapter 10 (Schléfli’s Integral of K, (z)).

V40,2

a1+ (1= p2)|07? and b+ AT o /T 2072 = VT p ||9*H<A1|0H+>\1pH9*||)andt<—/\21n

Lemma A.2.

For the evaluation of the second expectation, note that the following relation holds for these two density functions.

S
|
Y

Since # — —6 implies p — —p, we can obtain such a relation to derive the closed-form expression in this Lemma.

EINN(O7ICI)N(<:I;’ 9*><$7 9>’ <x7 9>2) = [EINN(O,I(Z)N(_<:E7 9*><$7 9>7 <$, 9>2)]

p—=p

9 and )\1 = <l‘ €1> )\2 = <.%‘,52>.
)2 ) or v~ N((z,0%){(x,0), (x,0)?),

Lemma A4. Letf :=
v~ N(—(z,0%)(x,0),

)
(z,

14
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then the expectations for the the products of i—f and density functions are

A o
EZNN(OvId)TjN(_<$’0 ><x70>7 <$,0>2)

[1+(1

8

= @8I+ (= P2 VI Pl IIGXp[ 2191

oa o (VTP (VIFTETP |
sgn(v)[1 + 67712 K1 = + pl|07 || Ko

[14 (1= p?)[16+]1%] 1+ 1= p2)ll6~]?]

A o
E$~N(O,Id)f'/\/(<l‘7e ><$70>7 <$,9>2)

7 3 Pl Il (757
= @6 @+ Q=)0 "2 /1 - p2||67 || exp [Jr ( ol ) ]

ECEAR
L R 14 (6% - _ 14 [|6%]12 -
e \+ra-nere ) Yl e a=-2)nee
AR

Proof. For the first expectation, let v < {0,1}, z + A= T2] in (Olver et al., 2010) Chapter 10 (Schlifli’s Integral

N* 1 0~ * * *
of Ky(2)); a = 1+ (1= p?) 07| and b« Yt 2 oy /T= 02072 = /T = 207 | (557 + M6l and

t < A9 in Lemma A.2.
For the second expectation, note that N'((z, 0*)(x, ), (x,0)%) = [N(—(z,0%)(x,0), (x,0)*)],;  _;
density functions. Since § — —@ implies p — —p, /1 — p2 — —+/1 — p2, we can obtain such a relation.

holds for these two

A
EfﬂNN(O Id)/\ N(<x 9*>< 9> <$79>2) = Ewa(oyjd))Tj./\/'(—CE,

0" (. 0), (x, 9>2>}

p—=—p\/1=p2——+/1—p?

9 — and )\1 = <.’L‘ 61> )\2 = <$,€2>.
)2 ) orv ~ N((z,0%)(x,0), (x,0)?),

Lemma A.5. Let 6 :=
v~ N(—(z,0%)(x,0),

)
(z,

15
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then the expectations for the the products o

< 0)

T

Bamavto) | gy | V=000, (0,07

(xl6]2) ! o101 (5 T+ 072 -
T €Xp = - Ko
A+ 1-p)a )t 2| T+ a-,le

O [ il [ e A ol (57) P
L+ =)0 TP

v
T
|

[1+ (1= p2)[07]]°]

)[ N }

1+ (1 - @)

(1+ (1= p))8*]2)% A= 2)0er?]

EINN(O*Id) |:<$:j:7(§>:| N(<£Z’, §*><.II,9_>, <Z‘,9_>2)
= @) QA+ @ = pH)F}) "2/ — p2||8"|| ex Plle”ll (ueu)
: PITEra- 2o

_ (x[10]1?)" - [+ plla*H(HgH) ]-m( 1+ 16*]2 - |5 ) [a PNy }
1+

(14 (1 —p2)]6%)12)2 (1= p2)[16%12] [1+ (1= p)ll6*]1°] 1+ (11— )]0 2

9 1— p2)|6*|I[1 + [16*]12]% PlO*1l ( 157 1+ ]16%]2 - | %
N 1 Ve | Ll G LA [+ (#1) ], b

Tl |
(1+ (1= p2)ll6|2)2 [+ (1= p)ll6*]I2] [+ (1 - p2)ll6* 2]) -

Proof. We express x = (\1€1 + Aaéa) + & and r.v. T 1L A1, A2 and E;z[Z] = 0. Hence, for any function ¢(A1, A2), we
have Erw/\/’(o,ld) [f . (p()\l, )\2)} =E )\1, AQ)[E@ [i‘ | )\1, /\2” E %N(O 1)@()\1, AQ)[E@[{%H =0

Note that (z, 0), N'(—(z, 0*)(x,0), (z,0)%), N ((z,0%)(z,0), (x,0)?) are functions of A1, Aa.

A1\ ”dN(o,l)@(

Therefore, EwwN(O,Id) [(%j@} N(7<$7 9_*><(B, 0_>7 <$7 §>2) = OvE;zNN(O,Id) {ﬁ} N(<f£, 9_*><ZE,9_>7 <LL‘, 0_>2) =0.

Subsequently, we can decompose thees expectations into two terms.

o MG+ Moé o
E, A (0,1a) oF) N(—(z,0 ><z,9>,<x,a>2):EMNM)W/\/HM )z, 0), (x,0)%)

& . .

= WEQ?NN(O,M)N(_<CC79*><x79>7<$,9>2) ”0H TNN(OId)A N( <.’E,0*><.’E,0_>,<l’,9>2)

EwNN(O,Id)

€1 N = € A2 5 5 5

><‘T>9>v (CL’, 9>2) + WECCNN(O’M) )\*1/\/‘(<£C,9*><:)37 9>’ <$C, 9>2)

Then, with the previous two Lemmas, we derive the closed-from expressions in this Lemma. O

A.2.3. EXPECTATIONS FOR 2MLR
Lemma A.6. For the 2MLR at the population level, s := (z,y)

and for any function ¢(y), Vy € R, the operator F_,, are defined by F_,[¢)(y)] = ¥(—y);

then By psio«,ne) = Bonn(0,) Byjanms ()N ((2,67),0%)+ 7+ (2IN (—(a,67),02) Satisfies

Esnp(slo*,m*) = Exnn(0,10) By ((,6%),02) [T (1) + 77(2) F—y]

16



Unveiling the Cycloid Trajectory of EM Iterations in Mixed Linear Regression

Proof. For any 9 (y), it can be verified by letting y <— —y in the second term, and note that F_,[¢)(y)] = ¥ (—y)

Esnp(sios,m) V(W) Epan 0,0 Eylomms ()N ((2,6%),02)+7% (2)N (= (2,0%),62) V()
= T (DEern0,1)Eymn((z,6%),02)0 () + T (2)Exnn0,1) Eyni (= (2,0%),02)V(Y)
T (D Eemn0,0) Eymn((2,6%),02) 0 (U) + T (2)Eennr0,1) By ((2,6%),02) P (—Y)
= Eorn(0.00) By~n((2.07).07) 77 (1) + 75(2) Fy] - ¥(y)

Lemma A.7. Let§ := £, 0% := andp ”é” HGZ”,V* = 10g7rjﬂ(l);()g”*(Q),then

ExNN(O,Id) [ *(1)N(7<$ §*>< §>a <{L‘,0_>2) + 7T*(2)N(<JT,§*><$,§>, <£B,0_>2)]
= (alle~a+ ( P16 1%) 2

Ko | T a2

ol ()
cosh™ (v*) cosh i =20 —v

, we obtain the follows.

Proof.  With the previous Lemma and 7* (1) = Hta%h(”*), ™(2) = l_m“fh(”*)

Eonn(o.1) [T (DN (=(2,07)(x,0), (2,0)*) + 7" (N ((2,0%)(z,0), (z,0)*)]

*||2 .
VIH02 |5

[+ (1= p?)ll6~]?]

o071l (757)

[+ (1= p2)]67]1?]

= (@l6) T+ (1= p*)]87]*) 2 Ko

o8I (57)

cosh — tanh(v*) sinh
[+ (1= p2)]07]1?]

0% ( %
Note that cosh(«) — tanh(8) sinh(«) = %a(ﬂ)ﬁ), let o %, B < v*, we further prove this Lemma. [

LemmaA8. Let§ := £ 0+ .= andp H9<II HGZ‘II’ S o= 10g7r*(1);10gTr*(2),then

IEacw]\/(O,Igl) |:<£Cf9_>:| [71'*(1)./\[(—<(E,0_*><.’L',9_>, <.’£, 0_>2) + 7T*(2)N(<CE,9_*><{L',9_>, <.’£, 0_>2)]
16> /1= p2cosh™ (v )3

™ 012 1+ (1 - p2)]0*]|2)

ool (1) VIFIPT - | : ;
cosh —v*| - Ky = — . — + &9
[1+ (1 p?)[16*]1%] [L+ (@ =p)0*1P] ] | /1 - p216*]1> 0]l

v

VIHIER p||9*||( g) . VI - |55

H T e e A E I B G T2 T2 e }

Proof. Note that Hmfnh(ﬁ) exp(—a) + kh%nh(ﬁ) exp(a) = cosh(a) — tanh(p) sinh(a) = %ﬁg)ﬁ) ,

and —71“&;}1(5) exp(—a) + 71_%111([3) exp(a) = sinh(a) — tanh(3) cosh(a) = ‘Si::s(l?(g)ﬁ)’

17
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Pl ( 75 . . . . . .
let o < Wg)“ﬁ’(‘;‘)”ﬂ, B < v*, and use previous Lemma, we give the following. With Lemma for relations of unit

vectors, we obtain éy + péy = /1 — pQHg%H, and by definition &; = H%SH and €, = —éy + /1 — pQﬁ.

* (|2
g - LVI=PIOT oy 2)eR) g VI I

- 2)E? "

Hence, this Lemma is proved by rearranging the terms and using the above relation for vectors. O

Lemma A.9. For the 2MLR at the population level, let p := é9j0*> o= w,

y(z,0
Esp(s|6+,x=) log cosh < <02 ) 4 1/)

= logcosh(v) * ([|8]) "L (1 + (1 — p?)]|6%[%) "2

L | A DY G () N
“\nra—-2nee | " U Tra=,ler -

Proof. Note that Eg (56 x+) = Exon(0,10)Ey~n((2,0%),02) [7" (1) + 7 (2) F_,] in a previous Lemma;

and for convolution (f * g)(v) = [ j;o flv —=v")g(¥')dv', we can exchange expectation and convolution.

Let v := —77’(;“’5”, then v/ ~ N (_7@,9*)2(1;,6) , L %) ) and " ( 9 then v ~ N (7@ 2 <m’6>2).

o o o2

$70 % % Qj,e
Eswp(s\()*,fr*) IOg cosh (y<0_2 > + V) = IEQ:N/\/’(O,Id)]EyN./\f«m,@*),02)[7T (1) +7 (2)]:*?,/] IOg cosh (y<o_2 > + V>

" y(z,0 . y(z, 0
= Epn(0,10) By ((2,0%),02) [w (1) log cosh( <02 ) + 1/) + 7*(2) log cosh (— <02 ) + V)]

= ﬂ'*(1)E$NN(O’I‘1)]EVINN(7MA¢) log cosh(v — V')

+ W*(2)EENN(O’I¢1)EV”NN(<J— 0% (2.0) <L792>2) log cosh(v — ")

o

= logcosh(v) x E,n(o,1,) [T (DN (—(z,0%)(z,0), (z,0)*) + 7 (2)N ((z,0%) (z, ), (x,0)?)]

Then with closed-form expression in the previous Lemma, we further prove this Lemma. O

(0.0%) i ._ logn*(1)—logn*(2)

Lemma A.10. For the 2MLR at the population level, let p := e Y = 5 ,
x,0
ESNP(S‘G*J*)tanh <y<o_2 > —|—V>
= tamh(v) = (x]|6]) 7" (1 4 (1= p)]16"|*) "2
VITIET - |5 » ol (7)
0 sh™ " (v*) cosh —v*

[1+ (1= p?)llo~]?] [1+ 1= p?)llo~]?]

l/

A Ge) N

_ _1
(L+ (1= p?) 071?) " I a5
= — ” tanh (v — V") Ky 5 | cos 5~
7||6]| cosh (v*) R L+ (1 - p2) [|6*]| 1+ (1—p?) 67
Proof. We follow the same steps in the proof of the previous Lemma, but substitute log cosh with tanh. O

18
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Lemma A.11. For the 2MLR at the population level, let p :=

y(z, 0)
0-2

(0.0°) v . logm*(1)—logn”(2)
e Y - ) ’

ESNp(Sw*,ﬂ'*) tanh ( —+ l/> yx

||§_*||2 0 = 1— P cosh™ (") tanh(v) * v
1812 G+ (=)o)

{ Aol (1) T+ 67 -

M ara—eeE )\ ira-Ae

1
7r

E [\/—1— ||9*||2' ol
e o8| 1+ [67]2 -
VAP (1) N &,
L+(1- >||a*||]

9
|

+sgn(v)

1611 L+ - 677 '

Proof. Note that Eg (59« xv) = Epnr(0,10) By ((2,0%),02) [7*(1) + 7*(2) F_,] in a previous Lemma;

and for convolution (f * g)(v) = _Jr;o f(v=v")g(v')dv', we can exchange expectation and convolution.
Let = <I 229 then v/ ~ j\/( f2.6")(z.8) <7“"92>2); and " := <I #29 then v ~ N (7<$’9*>2<I’9>, —<$’02>2).
y(xz, 0
Esp(s|6+,x=) tanh ( <02 ) + V)

* * y x79
= Esz(O,Id)x . EyNN(@,g*%gz)[?T (1) + (2)f,y] tanh <<02> + V) Yy

* Yy 1’,9 * Yy 1'79
= Eon(0,10)TEymn((2,67),02) |:7I' (1)tanh< <02 ) + l/) y — 7*(2) tanh ( <02 ) + V) y}

1’02

= —m (DEzn(0,10) [W] EV'NN(— (0" )(2.0) <I,9>2> tanh(v — ")/

11702

=" (2)Ezmn(0,10) [W] ]E,,,,NN( w0ty ) tanh(v — " )v

o

1

(z,0)

Then, with the previous Lemma of expectaions for 2MLR, we further prove the closed-form expression.

} (T (VN (= {z,6%) {2, 0), (2, 0)*) + 7 ()N (&, 0%) (2, 0), (2,)*))

= —otanh(v) * VE: N (0,14) {
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B. Derivations for EM Update Rules
Lemma B.1. The negative expected log-likelihood f (0, 7) := —E,p(s|g+,x+)[logp(s | 0, 7)] for the mixture model of

s := (z,y), 2z € [M] with the mixing weights 7* € R™ and regression parameters 0 is as follows.
—f0,m) = —KLsp(s | 6%, 7%)[p(s | 6, )] = Hs[p(s | 67, 77)]
= Esup(slor,n)logp(s | 6, )]
= Euup(soe,n)Eang,(z) 10gD(s, 2 | 0,7) + Egop(sjor,ne) Hz[0s(2)] + Egp(sjor,n) KLz [qs(2)||p(2 | 550, 7)]
where KL, H, are KL divengence and Shannon’s entropy wrt. s = (z,y);
KL,,H., softmax, are KL divengence, Shannon’s entropy and softmax wrt. z € Z = [M];

{as(2) | s € X x Y =R? x R} is a family of distributions wrt. z € Z = [M], namely Y __ - qs(z) = 1.

Proof. Note that p(s | 0, 7) = Z gié‘g:; we obtain the following expression.

—f(0,m) = —KLs[p(s | 0%, 7)[p(s | 0,7)] — Hs[p(s | 07, 7")]
= Eswp(s|9*,7r*)[logp(s ‘ 977T)]
= Eswp(s|9*,7r*) [Z CIs(Z) logp(s | 9,7T)‘|

z€EZ

p(S,Z | 9,7T) . qs(z)
T e N pe s;em)]

z2EZ
= Eoup(siorn) Eanga(z) 108 D(8, 2 | 0,7) + Egp(slo, o) Hz[05(2)] + Esmp(sior,ne) KLz [gs (2)[[p(2 | 5:6, )]

= Egopsior )

O

Lemma B.2. The surrogate function g* of f (6, 7) := —Ep(s|¢,»)[log p(s | 6, )] at (t — 1)-th iteration (6~ *, 7'~ 1)

be expressed as follows.
7gt(97 7T) = {Eswp(sw*,ﬂ'*)Equs(z) Ing(Sa z | 07 7T) + Es~p(s|9*,7r*)Hz[QS(z)]}
qs(2)=p(z|s;0t=1 wt=1)

that is gt(ﬁ, 71') > f(g, 7'('), and gt(0, 7T) |(9’7‘-):(‘9t—1yﬂ.t—1): f(g, 7T) |(‘977.r):(9t—17ﬂ.t—1),
Vegt (9, 7T> |(97ﬂ.)=(91717ﬂ.t71): Vef(Q, 7T) ‘(9771.):(9*;7177#71);
where KL, H, are KL divengence and Shannon’s entropy wrt. s = (z,y);

KL,, #H., softmax, are KL divengence, Shannon’s entropy and softmax wrt. z € Z = [M]

Proof. Letr' := g* — f, note that 7" = B0+, r+) KL.[q5(2)[[p(2 | 8;0,7)]q. (2)=p(2|s:6t—1,xt—1) > 0, and

rt(etilvﬂtil) = Eswp(s\@*,ﬂ*) KLz[qs(z)Hp(z | 53 atila 7rtil)]qs(Z):p(z|s;0‘*1,71-“1) =0
[d?“t} _ 4 _0
dp(Z | 5;9771') (0,7)=(0t—1,7t=1) P(Z | 5;0577) 45 (2)=p(z]5;0t =1 7t =1),(0,7)=(0t—1 xt—1)

Hence, the gradients of r* wrt. (6, 7) at (+ — 1)-th iteration (6*~1, 7!~1) are all O by the chain rule. O
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Lemma B.3. Assuming (z;7) Ll f,and 7w L s |z, and 2 I (z;0,7); then

Q@7 |6, 7Yy = [Eswp(sw*,‘n'*)Ezqu(z) log p(s, z | 07Tr)]qs(z)<—p(z|s;9"_17‘n't_1)
= Eonp(sipr m)Bzng.(2) 1080y | 2,2 0)
+  Esnp(sjos,n~) log p(z)
— KL, [7*(2)||7(2)]
= [Wt(z)]
p(z|s;0,7) = softmax,(logw(z)+logp(y | z,z;0))
where KL, # are KL divengence and Shannon’s entropy wrt. s = (x,y);

KL,,H., softmax, are KL divengence, Shannon’s entropy and softmax wrt. z € Z = [M];

qs(2) < p (z | s; F)t’l,wtfl) and * = {7(2)}zez, 1 (2) 1= Esup(s|or,n)qs(2)-

Proof.

e (z;m) L 0 are independent:
therefore p(z | 0, 7) = p(z | 7) = 7(2)
e 7 1L (s;0) | z are conditional independent given z:
then p(7 | 2) = p(r | 2;0) = p(7 | 2, s;0), it implies p}gfj;(f;:;) = p}g?;f;;);

hence p(s | z;6,m) = p(s | 2;0), p(s, 2 | 0,m) = p(s | 2,0, m)p(z | 0,7) = p(s | z;0)x(2)

e x 1l (z;0,m) are independent:
then p(z | 2;0) = p(x)
hence p(s | 2;0) = p(y | z,2,0) - p(z | 2;0) = p(y | 2, 2;0) - p(z)
therefore p(s | 0,m) = > 2 p(s,2 | 0,7) = p(x) - > - m(2)p(y | =, 2;0)

s,z|0,m 7(z)- x,z;0
and p(z | s;0,m) = ng(s|g,7r)) = Ez’ez( T)r(i(g»‘p(ym),z';e) = softmax, (log 7(z) + log p(y | z, 2;0))
With the above assumptions, we obtain that p(s, z | 0, 7) = p(y | z, z;0) - p(x) - 7(z), further prove this Lemma. O

Lemma B4. For MLR y = (z,05) +¢,2 € Z =[M], 0 := {0,}.cz, 7 := {n(2) }.cz, with assumptions: (z;7) LL 0,
ande Il (v,2;0,m),and z 1L (2;0,7) and e ~ N(0,0?)

2
Yy — 023 Z
f(ov 7T) = _ESNp(s|9*,7T*) IOg Z €Xp _% + lOng(Z) - ESNp(s\G*,Tr*) 1ng(1') —C
ZEZ
—1

gt(oa 7T) = (202) Eswp(s\@*,w*)EZqu(z) ”y - <023 $>H2

+ KL, [wt(z)||7r(z)]

+ 7_tz [wt(z)] - IEs~p(s|6’",71'*) Ing(l’) —-cC

- ESN;D(S\G*,W*)HZ [QS (Z)]

_{ot—1 4 2
where ¢ = —1log (2m0?) and ¢s(z) « p(z |50, 7'"1) = softmax, <W Jrlogwtl(z)), and

T = {ﬂ-(z)}ZGZ’ﬂ-t(Z) = Es~p(s|9*,7r*)Qs(z>-

)

Proof. Since (z;7) 1L 6, and e 1L (z,z;60,7), and x Ll (2;0,7), then implies 7 1L s | z because of p(7 | z,s) = p(7 |
z,2,y) =p(n | z,z,e) = p(r | z) = 7(z). Hence, we can apply the previous Lemma.
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= p(e) - p(x, 2;0)

Furthermore, p(y, x, 2;0) = p(e, x, z; 9)

1 el? 1 —{z,0.)|?
| 2.5:0) = () = (200%)~F exp (— A7) = not) 3 exp (-2 w00, 0)
Hence, we obtain log p(y | z, z;0) = 7Hy<29:76’)\| +c,where c = — = 1og (27r0 )

Subsequently, note that g*(,7) = Q0,7 | 0", 7*~1) — Eypsj0+,x+)H= [4s(2)], we prove the expression for g* by
substituting log p(y | x, z; 6) in the previous Lemma.

As shown in the proof of the previous Lemma, p(s, z | 0, 7) = p(y | z, z;0) - p(x) - 7(2).

Hence p(s [ 0,7) =3 czp(s, 2| 0,7) =p(x)-> .2 p(y | z,2;0) 7(2), we prove the expression for f by substituting
logp(y | x, z; 0) in the previous Lemma. O

Theorem B.5. For 2MLR, y = (—1)**1(2,0*) +¢,2 € Z = {1,2}, 6, = 0,00 = —0,7 = {n(2)}.cz, with
assumptions: (z;m) 1L 6,ande Il (z,2;0,7),and x I (2;60,7) and e ~ N(0, 0?).

Then the negative expected log-likelihood f (0, 7) := —Ep(sjo+,»+)[log p(s | ,7)] and the surrogate function g* (6, )
can be expressed as follows.

0
f = (20’2)71<9 Eswp(s\@* ﬂ.*)xl‘ 9> I+ 10gCOShl/ — s~p(s|9*,ﬂ'*) log cosh (y<:_,2> arF I/>

+ (20’2)71Es~p(s|0*,ﬂ'*)y2 - IEs~p(s|0",ﬂ"“) Ing(SC) -
y(z,0)

g

gt = (20’2) < s~p(s\9* ,T*)LL'Z' 9> + log cosh v — ESNP(SW*,#*) log cosh ( =F V) |(9,V)<_(9t—17yt—1)

< a4 1/) |(9,V)e(9t71’yt,1), U — l/t1>

+ (202) s~p(s|0* *)y 7Es~p(s|9* )logp(x)f

0
VGESN})(SW* *)logcosh< yie, > -I-V) |(9’V)<;(0t—1’ut—1),0 = 9t1>
y{z, 0)
o2

Vl, s~p(s]0*, *)IOgCOSh(

where v := 71%”(1);101“(2).

Proof. Note that sigmoid(2t) + sigmoid(—2¢) = 1 and sigmoid(2t) — sigmoid(—2t) = tanh(t) for V¢,

2 t=1 .\ |2 t—
gs(z) < p (2] 5071 nt71) = Softmaxz(—ill‘j <920 all +log wt=1(2)) = sigmoid(2(—1)**! 711@;92 Dy I/t’l]),

—1. logmt=l(1)—lognt—1(2)
Jt—1._ log log .
1 2
(202) ESNp(s\G*,Tr*)EZqu(Z) ”y - <92,x>||
[(=1)**'y = (=,0)]
202

2 2 t—1
Y + <.I‘,0> y(m,ﬁ) y(a:,@ > t—1
ESNP(S‘H*,TF*)720_2 — ESNP(S‘Q*J*) o2 tanh 702 +v

Esnp(slor,m)Eang(2)

’otfl
= (20’2)71«9,ESNP(SW*JT*)JJZT -0) — <1ESNP(SQ*J*) tanh <y<:€2> + th) i—ﬁ, 9> + (20°)  Egmp(sios,n) Y

(2

Consider the other terms for g, note 7/(2) := E, (50, 7+)¢s(2), and 7(2) = sigmoid(2(—1)*"'v).
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Note that log 2 4 log cosh v = —[w] and sigmoid(2t) — sigmoid(—2t) = tanh(t) for V¢.

KL, ['(2)||7(2)] + M. [7( ]

= swp(s\e* ™) Z QS 10g7T
z€Z

9t71
= log2+logcoshv — [E,. |6+ ) tanh (y(:v,a2> + 1/t1> 7

To sum up, we obtain the following.

_ yle, 0" )y
gt = (20’2) 1<0,E5,\,p(5‘0*m*)xl’—r . 9> — <Es~p(s|0*,ﬂ'*) tanh (0_2 + I/t 1 ;79
01571
+log 2 + log cosh v — Egp(s)9+,7+) tanh <y<x,2> + I/t1> 7
o
_ESNp(s|9*,7r*)Hz[q.s(Z)]
+(202)_1E5~p(3‘9*’ﬂ.*)y2 — ESNP(S‘Q*J*) logp(x) —
For the negative expectation of log-likelihood f, we show the following.
—{0,,)|?
[ = —Esopsior,n)log Z exp {—W + log W(z)] — Egop(sjor,n) logp(z) — ¢

z€EZ
log7(1) + log w(2)
2

= (202)71Es~p(s\9*,n*)[92 + (2,0)%] —
,0)

—log2 — E,p(s|o= +) log cosh ( ylw + 1/) — Eqp(s|o-,nv) log p(z) — ¢

0
= (202)_1<9,]ESNP(SW*JT*)JU:CT -0) +log cosh v — E,p(s]g+,x+) log cosh <y<§72 ) + V)

+(202)_1Es~p(s|9*,ﬂ*)y2 - ]Eswp(s\e*ﬂr*) lng(.l') —cC

Note g* = f at (8,v) = (#"~,v/*~1), by comparing the expressions f, g*, and use 1250 — tanp (),

y(z,0)
0-2

g = (202) < SN[)( 6, *).’E:L'T . 0> + log coshv — Eswp(sw*,ﬂ'*) log cosh ( + I/) |(9)y)<_(9t—17yt—1)

y(z,0 -
V@ESNP(S‘Q* *)IOgCOSh< <02 > +l/> |(0’V)<;(0t71’l,t—1),070t 1>

x,0 _
— <V1,Es~p (s]6%,7%) log cosh (Z/< 3 + ll) |(9_’V)<_(9t71’l,t—1), v—t 1>

+  (20%)  Egnp(sior,m)Y° — Esap(sior ) log p(z) —

~
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Theorem B.6. For 2MLR, y = (—1)**Y(z,0*) + ¢,z € Z = {1,2}, 6, = 0,0, = 0,7 = {7(2)}.cz, with
assumptions: (z;m) 1L 0,and e Il (x,2;0,7),and x I (2;60,7) and e ~ N(0, 0?).

Then the negative Maximum Likelihood Estimat (MLE) f,,(0,7) := —1 %" [logp(s; | 6,7)] and the surrogate
function ¢!, (6, ) for the dataset S := {s;}7_; = {(w;, )}, of n i.i.d. samples can be expressed as follows.
_ iz 1< yi{x;, 0)
. = (202)71(9, = ! - 0) +1 hy— =) 1 | eARLALE
i (207) <’n;x$’ ) + log cosh v n;OgCOS o +v
o1l 2 1
+ (207) n Zyz T ZIOgP(xi) -
¢t = Zx +logcosh1/77210gcosh M+V lco gt—1 yt—1
n il 0-2 (O,v)« (01w )

2 179 =
<V9 ZlogCOSh (y <§2 > I U) |(97,/)<_(9t7171,t—1), 0 — Gt 1>

i=1

BN yilwi, 0) -1
— <Vl,n Z log cosh <0_2 +v |(97V)<_(9t—1,1,t—1)7 vV—Vv

=i
lem o 1
+ (207) EZ;yi*EZQIOgP(%)*

where v := 71%”(1);0%”(2).

Proof. This is proved by susbstituting % St . si = (z4,y;) for Egp(s|g*,x+)> 8 := (¥, y) in the previous Theorem.  [J

Theorem B.7. (Derivation for Eq. (3), (4) in Section 2) For 2MLR, y = (—=1)*"3z,0*) + ¢,z € Z = {1,2}, 0; =
0,0 = —0,7 := {m(2)}.cz, with assumptions: (z;7) 1L 0, and ¢ L (x,2;0,7), and 2 1L (2;0,7) and € ~
N(O,O’Q),ZIJ NN(OaId)

The EM update rules M (6*~1, v¢=1), N(6*~1,v¢~1) for 0, tanh(v) at the population level, namely the minizer of the
surrogate g* / the maximizer of Q, are the following.

9t71

M@ = Egp(s|6*,x+) tanh (y<$,02 ) + Z/tl) YT
etfl

N(Gtil, I/til) = Esr\fp(sw*,ﬂ*) tanh (y<$7 B > + l/t1>
g

Proof. Take the gradients of g° wrt. , v, we obtain the following.
_ _ ylaw, 001 _
Vogt = (0?) 1E5Np(s|9*7ﬂ*)me -0 — (0?) 1E5Np(s|9*,m) tanh (<02> + vt 1) Yy

A

(gt—l
tanhv — ESNP(SW*,W*) tanh (y(x,) + l/t_1>

o2

Furthermore, the Hessian of g* wrt. 6, v are positive-definite, we show that the solution to Vg = 0, V, g = 0 must be
the minimizer of g*.

vggt = (02)71E3~p(5\0*,ﬂ'*)x$—r
Vgt = cosh™?v
Note that IESNP(SWJ*)xxT = [y for x ~ N (0, I;), we derive the expressions for EM update rules. O]
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Theorem B.8. (Derivation for Eq. (5) in Section 2) For 2MLR, y = ( 1)* Yz, 0% +e,2€ Z={1,2},0, = 0,0, =
—0,m := {m(2)}.cz, with assumptions: (z;7) 1L 0, and e 1 (z,2;0,7), and z 1 (2;0,7) and e ~ N(0,02),z
N(0, 14).

The EM update rules M, (01, v'=1) N, (9'=1, v'=1) for 0, tanh(v) at the finite-sample level, namely the minizer of
the surrogate g', are the following.

Mn(ﬁt_l, Vt—l)

1 < T y(z, Ht 1) o q
— g X E h
(n - T, ) tan ( +v YT
i g 1 & y{x Ht_1> _
t—1 -1 ) t—1
N,(0"— v ) = - E tanh( ; +v

i=1

Proof. This is proved by susbstituting % S8 = (24,y;) for Egp(sjo= xe), § := (2, y) in the previous Theorem, but
note that £ 3% | a2 # Iy. O
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C. Proof for Results of Population EM Updates

Theorem C.1. (Theorem 3.1 in Section 3) Let p = pt~! := %, 0= ?, g* .= %, then the EM update rules

for ', tanh(v') at Population level are as follows.

0 = M6, vt
= VGESNP(SW* ﬂ,*)logcosh( 72 > |(9 v)=(0t—1,t-1)
9t 1
= ESNP(SW*J*)taHh( < )

o |10*]? V1-p®

—1/ %
= |-= = —— cosh™ " (v
™I @ - )R
0
1971 . -
tanh(v) v |, gy g+ .0~ (V) WHQ*HQ & |+ By ol a0 ()8
vvt—1
tanh(v) := N(0'1, 071
= VVESNP(SW* )IOgCOSh( ’2 > |(9 v)=(6t—1,pt-1)
at 1
= ESNP(SW*J*)‘EHJH}I( < >
(L+ (1= PA)) e (VTP [ (i) N
= — tanh(v'~! — V") K _ cosh - | dv
7[|0]| cosh(v*) [1+ (1= p?)]6*]17] [1+ (1= p?)llo~]2]

v

0| ( & 1+]16% 2| &
where Qp 11011, 116, v+ (1/) := cosh <[ A H(”s”) I/*> - Ky ( Ll [k

+(1-p2)6* 7] [1+(192)|9*|2]>

1+6-1 sinh( "”é*”(ﬁ) 1/*> K, <V LH107112-| 7y

and B, 51,15+~ () = s80(v) “zy E+I—p)le" 17T — [1+(1—p‘2>||6||21>

v

Proof. With Lemma in Section B, we show that the EM update rules at population level are as follows.

0! = ML) = VoE, -, *)1ogCObh< ikl

o2 |(0 v)=(0t—1,pt-1)

= Esup(s|o®,x+) tanh <y<az 2 1> yx

tanh(yt) = N(Gtil, l/til) = VVIESNp(sW* )log cosh ( 72 +v |(9 v)=(6t—1,t=1)
y(z,0°)
= ]ESNP(Sle*,‘IT*) tanh <0’2 + I/

Then, by using the Lemma for the evaluation of expectations in Section A, we complete the proof for these closed-from
expression in this Theorem. O
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Corollary C.2. (Corollary 3.2 in Section 3: EM Updates for No Separation Case) For the special case of no separation
of parameters, namely SNR := ”‘9 I — 0, the EM update rules for 0%, tanh(v*) at Population level are

¢ = o L [ - v te(lahas
10°] ™ Jr
1 _
tanh(vf) = / tanh(v=1 — |7 |12) Ko (j2|)de
T JR

where 0! := & and §° := £
g o
Remark C.3. Note that we can rewrite the EM update rule as

2 h(2vt~t 1
tanh(1) :tanh(yt’1)~7/ ij( il Ko (|z[)dx
T Jrs, cosh(2v71) + cosh(2[|0'~|x)

Since 2 fR Ko(|z|)dz = 1 and cosh(2||0*~||x) > 1, the EM update rule implies
W' <[, sgn(v) = sgn(v' ).

If we take the U5 norm on both sides of the EM update rule for regression parameters, it follows that

_ 1 1 2
16 = 5 [ tanb( o — o~ aKo(fal)do < /|33|K0(|x|)dx: 2
R

is bounded.

Proof. As SNR := 16 H — 0 in previous Theorem, then coefficients in the EM update rule for 8 are as follows.

) 1
16°1 - vy g g e (V) = 0% - cosh(v) - K°(9|| -

| . . ”
16*11% - B, a1 1a- .- (¥) —  0-sgn(v)sinh(—v*) - K; <_|> -

161
Hence, 6% has no é5, & components, and it only contains the ” 0t 1H component.
B L h—l * étfl
= — = 70087_(2]/) . {tanh(u) * U {cosh(y*) - Ky < id ) — }}
o algl 101/ 011 S i
| / v 4 v
= —— = [ tanh(v/ =" — - K, () d—
1= 7 Je 161l o1/ 1191l
ot 1 Gt—1 t—1
= - — [ tanh([|" " |lz — ")z - Ko (|2]) dz
101 7 Jr

Note that tanh(v*=1 + ||#*~1||z) — tanh(v!~t — ||0*~1||z) > O for ||[#* || # 0,z > 0.

/Rtanh(net Uz — vt Yz - Ko (|z)dz = UOOO+/OOO] tanh(]|8* |z — ')z - Ko (|z]) dz

/ (tanh(v'~' + (|6 !(|z) — tanh (v~ — |0 ||2)) = - Ko (|2]) d
0

> 0

e_tfl 0

uatn —qeeT T T T e

|1

Hence, we conclude that

Consequently, we prove the closed-form expression for the EM update rule for 6.
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As SNR := I — 0 in previous Theorem, the EM update rule for tanh(v) is as follows.
t 1 t—1 / V| R t—1 gt—1
tanh(v') = ——— [ tanh(v' ™" —V)Ky | = ) cosh (v*)dv' = — [ tanh(v*' ™" — ||0"" " ||z) Ko(|z|)dx
(|6 cosh(v*) ./ 11l ™ Jr

Corollary C.4. (Corollary 3.3 in Section 3: EM Updates in Noiseless Setting) In the noiseless setting, namely SNR, :=
“9 I 5 o, the EM update rules for 6" ,tanh(v") at the Population level are

* t—1

(7]
t—1
oo g

lo=[l
tanh(v') = sgn(p' 1) (2@t1> - tanh(v*),
T

et g tfl) t—1 0
™

{Sg“(” T

t—1._ (0,07 -1._
where p = W,g@ := Z — arccos |p

tfll
2 °

Proof. For brevity, we let p := p'~1, "=t = Z — arccos [p'~![, thus y/1 — p? = cos ' !

6™ H 1 12 at—1
Tot—1]] and a mm — O+,CC = ko v, when ||9 || — OQ.

Hence, /1 + [0*]2 ~ [|0"] — | = K[| ~ kT = PR

Furthermore, tanh(v'~! — v) = tanh (v'~! — £;) — —sgn(z) as a — 0.

ka?

Denote &k :=

Evaluating the integral involving Ko (|x|), we obtain the following expression as ||#* || — oo, namely o — 0.

07571
tanh(v') = Es~p(s\0*,7r*) tanh (3/(3:,2> + l/tl)

g

= lim k\/l — PP /tanh —v)Ky(ka? - |v|) cosh(pka? - v — v*)dv

a—04 T cosh

= reosh(v) / — sgn(2)Ko(|]) cosh(pz — v*)da

= e [T i) s Ko e
= o0 J, sinh(v*) sinh(px) Ko(|z|)dx

V1= p? too
A tanh(v™) sgn(p)/ sinh(|p|z) Ko (|z|)dz
n 0
2
= sgn(p) tanh(v") {1 — — arccos p]
T

= sgn(p'™") (iwt‘1> ~tanh(v”)

Evaluating the integrals involving Ko (|x|), K (|x|) and the Lemma for the relations of unit vectors, we obtain the following
expression as ||#*~1|| — oo, namely o — 0.
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018
1]l 1 B e
/1 — 52 cosh™ Y (* .
= lim — L= pPeosh (v )k2 (\/ 1-— p2a) o tanh(v) * v
a—04 71—
) _
[COSh(PkOZ2 v —v")Ko(ka? - |v]) (10[2 : i + é2> + sgn(v) sinh(pka? - v — v*) K (ka? - |V|)€2‘|
—p

(1

= —%p) cosh™ ! (v*) / —sgn(x)zfcosh(pr — v*)Ko(|z|)éa + sgn(z) sinh(pz — v*) K1 (|x|)ez]dz
= Mcosh {[/ || cosh(pz — v™) 0(x|)dx} és + [/Rxsinh(px - y*)K1(|x|)dx} 52}
o (1=pY 1 p| (5 — arccos|pl)

SR (6 e e

- S@(P)W(@z )+ (5) 7 (o2t o)

— sen(p) (3 — arccos|pl) VIR 0

™
A (5 —arccoslpl) ol ]\ .
>62+ (28gn(/’) l (1—p2)% + -2 €
2
* m\ 1 0
+1{= 1—p2—r
TV/1-p? 16l (2) 11l

2 [ =1y -1 0" -1 01 }
= — |sgn(p’ ) o Tcosy -
™ 116 6%
O
Lemma C.5. In the noiseless setting, the EM update rules at the population level for 2MLR are
M@= vl = Exwp(xﬂ(m,@*)\Sgn<x,9t_1>x
N(etila Vtil) = Emr\/p(z)Esz.AT(ﬂ'*)(fl)Z+1 Sgn<x7 9*> sgn(x, 0t71>
In the noiseless setting, the EM update rules at the finite-sample level for 2MLR are
R 1
M, (61,71 = (n Zx@j) Z| x5, 0%) | sgn(x;, 01
Nn(et_17yt_1) = 72 Z7+1 sgn 1'179 >Sgn<wi79t_l>
Proof. By letting ¢ — 04, SNR := H&; I~ o0, then y — (=1)**'(x,6%),tanh (@%) + l/t_1> —
sgn(z, 0*) sgn(z, #*~1). Hence, these expressions are proved by taking the limits. O
Lemma C.6. In the noiseless setting, the easy EM update rule for 6 at the finite-sample level for 2MLR is
1 n
Mesy et—l7 =1 _ i;e* ZA79t—1 p
BETLT = LY a8 senden 8
Proof. This Lemma is proved by taking the limit 0 — 0 for easy EM update. O
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Lemma C.7. Let p := Héﬁjﬁ;Z” and ¢ = 5 — arccos |p|, then the identity holds.

* o= arccos ,0 —1
Evnosnl6*TazT6] = |6 |||o||~{[1"]| +(2) 1p2}
2

= |le*|Ifef - (so sin ¢ 4 cos p)

Proof. Decompose © = &+ € R?, where € span{#, 0*}.
Let0 = |(9H (p€1 ++/1—=p 62) |9* |€1 and £ = \1é1 + A2és , since Ay, Ao 1’1\(-‘1./\/'(0, 1)

and 7 = /A2 + A3, A1 + ids = rexp(ic) and dzdy = rdrda

Note (m — 2 arccos p)p is an even function

Eonno.)|0 227 0] = Epno,r,)|0" 3270

= IO NOIE, sy M1 (Ao + 220/ T=27)|

. 1 AT+ A3
= 10101 ] P (gt 2T | e (<2 sy
™ 2
R2

1 2
= [|lo*)10|l g/r?’exp (—g) dr| - /|cosa~cos(a—arccosp)|da

R>o [0,27]

" 1
= o7l — - [(r = 2arccos p)p + 20/ T 7]
arccos N —1
= tortton- { [1- 222 o (3) " VI= 2
2
-1
= tortten- { |1 - =2 g+ (5) 7 Vi)
3 2
* 2,
= 0 llel - 2(psing + cosg)

Lemma C.8. (Grothendieck’s Identity) Let p := |I9Hjll;>* 7 and o = 5 — arccos |p|, then the identity holds.

SR

* 2 *
Ezn(0,1,) Sg0(, 0%) sgn(z, 0) = —~ sgn (6, 0 )p
Note that § + £ sgn(z, 0*) sgn(z,8) € {1,0} is a Binomial random variable, hence

1
P[sgn(z, 0") sgn(x,0) = +1] = =+ —sgn(d,0 )¢
m

— N =

P[sgn(z, 0") sgn(z,0) = -1] = — — 1 sgn(0, 0" )
7r

[\V)
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D. Proof for Results at the Population Level
Theorem D.1. (Proposition 4.3 in Section 4: Recurrence Relation) Assume the initial sub-optimality cosine satisfies
0 = m # %1, or equivalently ¢° — arccos |p°| € [0, 5 ). Then the recurrence relation for EM updates at
population level characterized by the sub- optlmahty angle is

tan @ = tan =1 + o' 1(tanZ !t 4+ 1).

Proof. As ||6*|| — oo, we can obtain the EM update rule for #* in previous Corollary 3.3.

o' 2{ -1y -1 0 t19t1:|
1= (senlp )@ o FeosgtT
o I 16l 165l
Let ¢ := & — arccos |p| € [0, §), then since oY, pt~1 have the same sign (validated by checking the sign of (6%, 6*))
o' (W)*1 { 1—1880(p")0* i1 071 }
o = 5 @ o +tcosp —
o= \2 el 10*=1]

. sgn(p®)0*  gt—1 t—1 1
W‘th< To-T > Tlo= 1u> [p" 1] = singf

gt at 92& o 0 f* —1
tn||:mqn||:< sgn(”) >:(W) o1 4 cos @ sin ]

m @ " ,
6%l 16 le=1" 11 2
ot -1
||9*|||| _ (g) VIP 12 + cos? pt—1 + 20t cos pt—Lsin gt~
Therefore . . "
sincpt: @ T cosptT s
\/[907571]2 1 cos? (ptfl 4 290#1 cos gptfl sin (ptfl
Hence

2 -1
cos ot = /1 —sin? ¢t = \/[ — (ios 14

Ot 12 4+ cos? pr1 4 2t 1 cos pt 1 sin L
Thus, we obtain the recurrence relation for

sin ! it sin pt—!

t_ _ _ t—1 t—1
tan " = cosgt ot + cos T tan 't + o " tan? o' 4 1]
Theorem D.2. (Proposition 4.4 in Section 4: Cycloid Trajectory) If p = Hég‘l% # =1, namely ¢° :=
2 arccos |p°| € (0,7]. Then the coordinates x*, y* of normalized vector HG*H = x'é; +ylél = xté; + y'ed, vt € Ny
for EM updates at the Population level can be parameterized with the angle ¢'~1 := 2 arccos [p'~!| € (0, 7] as follows,
_ 9t 1 9*

where p! ! i= T

1

1—sgn(p)x = Z[g'! —sing']
™
1
= I[1-cosg]

™

Hence, the trajectory of iterations 6%, V¢ € N, is on the cycloid with a parameter ” Il on the plane span{#°, 0*}.

Proof. Let’s prove this, by using the recurrence relation in Proposition 4.3.
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Since tan ¢!
Oﬁsooﬁcplﬁmﬁsot*

IA ﬁ
ﬁﬁ-
AN
w\z\

Leté; = 2 andét — ¢ lo—gt= 0—é18{ 0 lo—gr = M and (é1,¢e4) = 0,]|é1]| = ||é]| = 1
1 ne=1° 2 - 2 10=0 HeféléIOH 6=0 m 1,69 ) 2
(%) t—1 5 sTpt—1 gt 5 ATty _ (%) t—1 pt t—1 5 \/5 pt
W<0 61619 0 €1 819> = W{(@ ,9>—<9 ,61><€1,9>}
= [p'tsing'™t +cos et —sin! ! 4 cos T sin pf T
= cosPp™ >0
Hence, we conclude that <€2 1 At} >0, With e é5 1 épand éit, éb € span{#*,6'~1, 0} C span{6°,6*}, ||e5 1| =
lés]] = 1, we validate €3 = --- = 51 = éb.

By the definition of &4, we obtain 6° = ||0||{sgn(p") sin pé; + cos plel} = ||6%||{sgn(p°) sin p'é; + cos p'e9}
Since 0! € span{f'~1, 0%}, then 0° € span{#°, 0"}, we can express ”g*” xté) + ytéeh = xté; + ytel.
Comparing the expressions for §%, we derive the following result.

" _ xté; +y'éd = {sgn(po) sin " - 167 }é1 + {COS o' [6°) }e
x| 2 — * *
16| el 16|

With the recurrence relation sin ? - HG:H = (%) et + cos ot~ Lsin (pt_l] cos | I‘\ = (g)_1 cos? !~1, which
we showed in the proof of Proposition 4.3, we derive the implicit equation of x*, y*(t > 1)
ot T\ ! _ PR
xt = <||9*|a€1> = <§> Sgn(ﬂo)k@t '+ cos ' sin ! 1]

ot ot T\ 1
t A0 At n 2 t—1
o= <||9*|’2> <||9*|’2> (3) oo

1

Let’s cancel out the parameter ¢! ~! in the parameterized curve ¢! ~1 — (xf, y?)

sgn(po)gxt = \/(gyf> (1 — gyt> + arccos 4/ gyt

Let ¢ :=2 (% — ¢) € (0, ), then we rewrite the implicit equations of x, y'(¢ > 1) (Harris & Stocker, 1998).

1—sgn(p”)x’ = 7 '[p—sing|s_pi1
y' 71 — cos ¢l y—gi—1
O
Theorem D.3. (Proposition 4.5 in Section 4: Quadratic Convergence Rate) If ¢° I — arccos |p°] € ( ), then the

EM updates at population level satisfies

1 )
& +v/5 -tangotfl.

tr >
any: =~ 9
1

Particularly, if '~! := £ — arccos [p'~!| € [arctan 1.5, ), then the EM updates at the Population level satisfies

2
g (e =) 25 (e =)}
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Proof. Let’s prove the inequalites in the Propostion 4.5 as follows.

Let’s define a := tan gpt, then start from the recurrence relation in Proposition 4.3, note that a® > 0.

a' —a" ' = arctana (a2 +1) >0

2
. . arct .. .
Firstly, for the case of ©° := T — arccos |p°| € (0, Z), since ¢ lﬂjain(” = (a22f:1)2 < 0, it is a concave function.
arctan a’*! — arctana® _ darctan(a) | 1 arctan a1
gtt1= =
at—‘rl _ at da a=a 1 + [at+1]2 at+2 _ at-‘rl

Then for V¢ > 0, we obtain the following inequality.

—1 —1
att? — gttt - 1 51 arctan a' N att? — gttt 1+ [a'T2)? 14 att? — gttt
at+1 —at 1— arctan at arctan at+1 at+1 —at 1 [ t+1]2 at+1 —at
arctan at+1

Hence, by solving z > 1 + 2~ (2 > 0), we show that
at+2 _ at+1 at+2 1 \/5 1
attl — gt = (at-H - 1> L+ attl 1 > B vVt >0

With a! — a® = arctan a®([a®]? + 1) > a°, we conclude that Z—; -1>1> \/52_1.

If we assume that “:1 —1> Y51 then the inequality below shows that ZZ% —1> Y51
142 V541 t+2 1 t+2 1 541
ey e AR e > —1)d1+ L VB
attl V51 attl V51 attt At | 2
2 2 at
By mathematical induction, az;l > @ for Vt > 0. Therefore, we have proved the following inequality.

1+5

5 “tan'™t VWt € Ny

tan gpt >

Secondly, for the case of ©° := Z — arccos |p°| € (arctan1.5, 3 ), then we have a® = tan " > 1.5.

Applying the elementary inequality arctana > 52%-, VYa > 0, and noting the fact that a® > a° > 1.5, and 1.5 —

2a+m°
Ar? 4t 1 ~ - ﬂ_sN
ST 4 (44 7%) 2 416> T+ 5 ~ 175
a™ = &' +arctana’(1 + [a']?)
t
Ta
> t (1 t12
a+2at+7r (1+1a])
2 2 4
T2 T ¢ ; Armt+T 1 5
e — [ - - — 4
2[0’} 4a’+a‘ 8(2at+7r)+87r( +7T)
e 7r2 47T2+7r4
> frot12 0t 1.5 — 24 2
2 lal" = e+ S2 1571 )+87r( + 7?)
3
T 112 ™ T o 7T T
_ —_92.2 .2 n n
> gl 2 1" "1t
_ T Z{at_Z}Q
o402 4

Therefore, we have proved the following inequality.

(e =32 {5 (et - D)) e,
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Corollary D.4. (Corollary 4.2 in Section 4: Error of Mixing Weights 7?) In the noiseless setting, the error of mixing
weights for EM updates at the population level is

2 1
t — % t—1 *
—_ =|1—- — o ll= =
I =l = 1= 20 |5 -
| 0y 1 N t—1 t—1._ (0°710%)  o._ (6°,0%)
where 7 —§—Sgn(p )(5_71' ),QD .—§_aI‘CCOS‘p |and,0 = W,p = W

Proof. Using Corollary 3.3, and note that sgn(p?~!) = sgn(p"), we obtain that equation.
2
tanh(v") = sgn(p”) ((pt_1> - tanh(v™)
T
Since ﬂ_t(l) _ 1+tar21h(ut) 7 7rt(2) _ 1—tar21h(1/t) and ﬁ'*(l) _ 1+sgn(p0% tanh(v™) 7 T* (2) _ 1—sgn(pO% tanh(v™) ]

It = 7%l = (1) — 7" ()] + [7"(2) — #"(2)] = | tanh(i) - sgn(p") tanh(v")| = \1 - 2571

1

In the above equation, we use such an identity tanh(v*) = H% — || 1 O

Theorem D.5. (Theorem 4.1 in Section 4: Population Level Convergence) If the initial sup-optimality cosine p® :=
0 p*
m = 0, then with the number of total iterations at most 1" = O <log |Tl<?| V log log %) , the error of EM update

at the population level is bounded by W < e and |77 — 7% ||y = O(VE) - |3 — m*[|1 , where &* :=
1 1

L~ sgn(p)( — ).

Proof. Let’s prove Theorem 4.1, and consider the convergence rate of EM updates at population level.

Let a’ := tan ¢, and ¢° := Z — arccos [p°| € (0, ).

Step 1. Determine the minmum iteration number 7" required to ensure a’ >15

If ¢° > 1.5, then 7" = 0.

Otherwise a” < 1.5, with the inequality in Proposition 4.5, we obtain the following result for V¢ € N
¢ Tt 0 V541 t 0

a = H sl I 9 a

t'=1

"y log 13 T’ N
Hence, if T > . 2 |, we shows that a* > (T) a’ > 1.5
0g 35—

Step 2. Determine the minimum iteration number 7" required to ensure aT'+T" > N., where N, is a big number that
replies on €.

With the inequality in Proposition 4.5, we obtain the following result for V¢ € Ny and ¢t > T’

-3l Gl

Hence, if T > Ff’g[log(mﬂ“og E)]g;"g(log(z(l"”z)w = O(log[log N.))

Flrr 5 Gl -5 = Gl =5
2 [ 17\ Ty =211 =9l

Hence T" < O(log[log N¢]), then T :=T" + T” = O (log = V log[log N.]) ensures a” > N. .

a
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Step 3. Determine the relationship between N, and the desired relative error €.

With Proposition 4.4, we can write the expression for relative error of  as follows.

9T+1 _ 0 o*
” S%H(/) ) H g \/(¢T _&in (bT)Q + (1 — cos ¢T)2
161
R e A A
2 72 7 6480 ot
By letting ¢ = O (1/2), we ensure that W <e.
¢7 = O (VE), thatis T — T = £ = O (V%)
With Corollary 4.2, we show that [|[77 1 — 7%[|; = 2|3 — 7| - [|5 —7*||, = O (V&) ||5 — ="
Note that ¢7 := 2 (F — @) and a” := tanp” = (g ) expand tan (3 —z) =+ — £ — Z—; + o(x®).
W = 0 (V) -0 (VA +0(0(vE)) =0 (1)
O (Ve) Ve
Let N, :=0© (%) with T = O (log arctm ——3 Vlog[log N.]), we ensure a” > N, = © (\[) then we obtain
T=0|lo L\/lo lo 1 =0|lo #\/lo 101
N & arctan a0 &% NG N ® arctan a0 8198 2
Note that ©° := Z — arccos [p"|, and a° := tan ¢°, then [p°| = sin(¢?) = O(¢?) = O(a’) when a°® < 1.5, thus

1 1 1
T=0 <10g — Vloglog E) =0 (log V log log — )
a

1
10
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E. Proof for Results at the Finite-sample Level

E.1. Upper-bound for Statistical Error

Theorem E.1. (Proposition 5.2 in Section 5: Projected Statistical Error) In the noiseless setting, the projection on
span{6, 0*} for the statistical error of 6 satisfies

| Po,o~ [M52Y (0, v) — M (0, v)]|| log % log %
=0 —=4 =4
[16~]] n n ’

with probability at least 1 — ¢, where M,, (0, v), M (0, v) are the EM update rules for 6 at the Finite-sample level and the
population level respectively, and the orthogonal projection matrix Py g+ satisfies span(Pp g« ) = span{6, 6*} .

Proof. In the noiseless setting, the statistical error is

]- 1 ’Laet
Mg, = MO0 = { =~ Ez[:] ~Eyp(sfgene) p tanh <y <”f72 ) 4 u’f) Yis
L1 > -E . (s, 0%)| sgn(z;, 0" a;
n {in}ie[n]"]‘(}/\/’(o-ld) v v ¢

1€[n]

Let x; = %; + z; and 7; € span{0*,0'},z; L span{6*,6'}, we may assume dimspan{#*,0'} = 2 without loss of
generality, and decompose the space into R? = span{6*,6*} & span{#*,0'}+.

It implies that 2nd term of statistical error of (Easy EM) doesn’t depends on dimension d of the space R?.

1
easy (gt ,,t\ _ t oty _ 72 _ . . f* .ot .
Mn (0 vV ) M(9 yV ) - n ‘e[ ] E{mi}ie[n]‘:}/\[(o’]‘i) |<x170 >|Sgn<x“9 >I’L
- ! E |(Z:,0%)| sgn (&, 0%)xk + S E -E i |(Z:,0%)|sgn(F;, 0%)F;
6[ ] 79 (3] 7 n {xi}ig[n]l"\(}j\/(oyld) (3] 19 7

T o
i€[n]

Let the orthogonal projection matrix Py g~ satisfy span(Py g« ) = span{6, 0*}, the 2nd term is the projected statistical error.

1
easy (gt t\ _ t ot _ 72:_ B 5. 0%\ « 5. O\ 4.
HPQ,Q*[Mn (9 v ) M(e yV )]” - || n < E{Ii}ie[n]l’l‘c‘l/\/(ovld) ‘<x259 >|bg1’l<$l,9 >xl
K3 n 2

To estimate the projected statistical error, we begin with decompose it into two parts in terms of €1, €5.

. . A2 .
Let #; = Aiié1 +A2if2, iy Aai < N(0,1), 50 & = P 5 | A €1+ L=r ; das €2.
1—p A2 —p A2;
Let Z; := [Aui] - |pA1i + /1 = p?Xail, Zf == | Anil sgn(pAis + /1 — p2A2i) - (—/1 = p?A1s + pAai).

2 2
Pe,e*[Mﬁ&byh%*VH) — M@,V _ \|¢91*|| % Z(ZZ —ElZ))| + % Z(Z{ - E[Z]])

i€[n] i€[n]

Note that both Z;, Z!,i € [n] are sub-exponential with parameters (2 -2.91e(27) 71,2 2.916) (we explain the reason
later). By using the concentration inequality in (Wainwright, 2019) page 29, equation (2.18) for iid sub-exponential r.v.

36



Unveiling the Cycloid Trajectory of EM Iterations in Mixed Linear Regression

with parameters, with probability at least 1 — 26

1 § 1 § : ! ! 1 1 / 10g 71; 1()g %
n (Zl E[Zl]) y n (Zz E[Zl]) max | 22 (2 2. 16(271) 4) " y 2(2 2. 16) n

i€[n] i€[n]

Hence, the proof is complete.

. easy _ 1 1 log 1 log 4
| Po,0- [ M, T|99’*V||) MO - famax | 23 (2_2.916(%)_1) %835 2(2.9.91¢) 283
n n

flogl logl flog} logl
< max [ 204/ 28 45255 ) o 4[58y 258
n n n n

Now, let’s explain why both Z;, Z!, i € [n] are sub-exponential. For brevity, we write Z, Z’ for Z;, Z! instead.

N

1+ [p|
=3

1+ 1—p2
W) <N+, 7<) <+ [E[Z] <1, B <1

Let W := A + A3 ~ x%(2), then the g-th moment of |Z| for ¢ > 2, E[|Z]7] < Ewy22)[W9 = 2%!. By
Minkowski’s Inequality and Stirling’s approximation, —x log z < e~ ! and exp (logq) <e

1
{Wge%é + ;} ~ 2.907 < 2.91

p(k’%‘j) =33 for g > 2 and

1 1 1 1 1
El|lZ -E[Z]|"]s < E[|Z|%]7 +E[E[Z]|]s = E[Z|*]« + |E[Z]| < [2%¢}]« +1
1
2{27T6T12}q 1 2./ 2reiz 2V/2me s 1
L 2] exp(O%fQ>qH§Wgéq+1§{wgg+}q<2,91q
e q e e 2
Then for 0 < |A| < 55512

Elexp(MZ — E[Z]})] < Elexp(\|Z ~E[Z])] =1+ |A|qEHZq!— E[Z]|")

2
_1 2
(2.91¢[A)) 1 (2.91¢A 9 (2 291e(2m) 1) A
Z : e| = <1+ (291e]A))° <1+ —=(2.91e|\|)? < exp
v ¢ Ver 1=291e\ = Var 2
Therefore, Z and Z’ (the same reason) are sub-exponential with parameters (2 .2.91e(27) 71,2 2'916)_

O

Theorem E.2. (Proposition 5.3 in Section 5: Statistical Error) In the noiseless setting, the statistical error of 6 for EM
updates at the Finite-sample level satisfies

| Mn(0,v) — M(0,v)|l2 o \/EV log% Y log%
[0~ N n n n |’

with probability at least 1 — &, M, (0,v), M
Population level.

(0, v) denote the EM update rules for € at the Finite-sample level and the
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Proof.

s 1 yi(ri,0")
M”C;a y(9t7 l/t) — ]\4(9757 Vt) = — Z _ESN;D(SW*J\'*) tanh <0'2 + l/t Yy

n
i€[n]

— 1 Z -E i |(z:,60%)|sgn(x;, 0")x;

n = {zidiem SN O.1) [ 10 R

Let x; = ¥; + z; and 7; € span{#*,0'},z; L span{6*,6'}, we may assume dimspan{#*,#'} = 2 without loss of
generality, and decompose the space into R? = span{#*, 0} @ span{#*,0'}+.

It implies that 2nd term of statistical error of (Easy EM) doesn’t depends on dimension d of the space R¢

Msasy(at,l/t) _ M(at’ I/t) — l Z —

i€[n]

. g* LAY
B o e,y ( 100 0N senies O

1
t ~ % ~ £\ ~
i€[n

In the previous Proposition 5.2, we bound the ¢5 norm of the second term with

[P, [M (0", ") = M(O", 0] _ 1

1
- - *E ii ~i70* ~i,9t ~i
10°] & nz{] foihemnou (|00 sgn{E 093
¢ 2

[1051 1
0 loggvlogg 7
n n

Let’s focus on the first term, we start by rewriting the /5 norm of the first term in a different notation.

Let the projection matrix P := é1é{ + é2é,, select an orthonormal basis {é3,--- ,é4} to form span{f*,0'}+, and let
Q= (é1,62,€3, -, €q).

Let( ! ’l) = QT x;, where i, € R2, 2/ € R?2 are independent, and &, "> N'(0, I5), 2} " N(0, I;_»).

27 Z

.
Note that /™ := sgn(#;, 0') sgn(i;, 01)Q Tz = sgn(#, (1,0)7 >sgn< (p, V1- p2) >ac;l are indepent from 7/

and & = (&, (1,0)T) N(o 1), 2 % N0, I4—2). We define &’ = {#]}icpy € R, /" = {x’ﬂl}_ o ER
€N

)

for j € [d — 2] (Remark: /" is the j-th component of xy b,

J

The components of projected vector o; = <H§7ZH’ x}’J‘> N (0,1) are independent from each other, and let Z; :=

[Zie[m] (i;’)ﬂ ~x%(n), Zy = [Zje[d—Q] a?] ~ x2%(d — 2) are independent from each other.

2

1 o* 0*
= E : |<J~J,9*>|Sgn<f,9t>ml _ 16~ § ::Z,;Izgll- _ [[6™] E : E :f};/I;/JL
n n

i€[n]

n
9 1€[n] 9 j€[d—2] \i€[n]

6] el Ul . | _ 1ol
= S et = G2 | Y el = VA,

jeld—2] i€[n] j€[d—2]
By using the concentration inequality for Chi-square distribution (see Lemma 1, page 1325 in (Laurent & Massart, 2000)),
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then with at least probability at least (1 — %)2 >1-6

Zlg<\/ﬁ+\llog§> +log§, (\/ —i—\/logé) —l—log%
Therefore
\/Z1Z2<2<\/ﬁ+\/log ) (\/ 2+ 14/log )—2\/ d—2) +210g +2(f+v )\/log

Note that d < n, hence we upper-bound the ¢» norm for the first term.

[(d—2) _log2 log 2

i i t J_ <9 ( 2 ) 4 )

||0*H ’I’L E | {E .0 Sgl’l zi, >xz = n + n + n
2

Bound for Easy EM For easy EM in the noiseless setting, we show the following upper bound for the statistical error (in
{5 norm) by combining the upper-bounds for the 1st and 2nd terms.
[Mp=v (0", v*) = M6, ")
&

1 1
i 4 6 — —E ii Nive* L 0" L
>~ ||9*H n Z | Z; , Sgn T 5 > + ||9*H H n Z%] {Ii}ie[n] SN(O’Id) |<5L' >|Sgn<x s >1’
2

) log 2 log 2 log & log & log L log L
9 (d=2)  Hloes JlogF ) 20,/0&;,45& ol /%8s, [loss
n n n n n n n n

Bound for EM For the standard EM, We update parameters 6 with

n

-1
0 — My (0%,0") = [l 2icin) wzxﬂ 7 Licin tanh (LT“ Lty ) Yii

In noiseless setting (c — 0, SNR— 00), consider the difference between EM updates at the finite-sample/population level.

-1

1 1 .
Mn(0t7yt) - M(etvyt) — E Z[] .TiCCiT E Z _ESNP(SW*JT*) ‘<.Z‘,L',9 >|sgn<xi,9t>zi
1€|n
—1
1 . 1 . t
- iy Ij— |- ibg ]ESN s|0* = i79* i79 7
- .GZ[]:E x; d - .g]x x; p(slo= ) | (xi, 07)| sgn(x;, 0°)x

By using (Wainwright, 2019) page 162, equation (6.9), where 7, is the minimum eigen value.

d
P Ymin g T; x (1-9)— \/> < e*n62/2
n

zE [n]

Lete "0°/2 « 5,0 — 2 log 2 with probability at least 1 — §

at
Vemin ZxxT >1_f Og(; \/‘

ze[n]
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(2, 0°)|sgn(z, ')z = sgn(p) [1 — 2lel] o (5) 70 T— 2ol

2

i * n{xr ¢ arccos 2 - arccos
Hence [Eseteiorony (0.0 jsgnte )l \/{1 _ arceo |p|} (52— 4‘p‘\/1_7{ - \pl} € [0,1]

2

: 1
Usmg WESNP(S\G* )

By using (Wainwright, 2019) page 162, equation (6.12)

2
1 d d
S0 P O S0
nze[n] n n

2

let 2e~m0°/2 8,0 + \/2y/ 224 with probability at least 1 — &

1 1 1
SN wal |~ 1| <2 \[+2f lef) Ve L 0g5
n

i€[n]

2

([ My (6, v") — M (6", )|
16|

—1
Z’LE['IL] T 1 Zie[n]
< 4 Ymin Tk : —E} [(x;,0%)] sgn(z;, 69z,

o(VEv = o) [ (E o) (V) )

o(1)
\/E\/ log 3 y log 5

Lemma E.3. (Convergence of 6 in Single Iteration) For 9 := sin ¢é; + cos péa, where {é1, €3} is an orthonormal basis
for the subspace span{éy, é;} C R, and ¢ € (0, Z); with a pertubation vector ¢ € R? with lengh ||o| = 7 € (0, sin ¢);

[(9+0,81)]
[[9+ell

+

Zie[n]x_x'r‘| 7

n il d }
2

O

then the angle ¢’ := arcsin , satisfies ¢’ > p — arcsinr

Proof. Note that with ||¢|| = r € (0,sin ), (¢ + 0,é1) = (3, é1) + (0, é1) > sing — ||| =singp — r > 0, thus

<7‘9 + 0, é1>

>0
19+ ell

sin ¢’ =

Express the pertubation vector by ¢ = —1” cos(¢ — A)é; 417 sin(o— A)éy+1/r2 — [r]%e, where v’ € [0,7], A € (—, 7]

and é € span{éy, e}t |le]| =1
(O+o0,61) = (0,¢é1)+ (0,é1) =sinp — 1’ cos(p — A)
9+ 0|l = ||[sine—1" cos(p— A)]ér + [cosp + 7' sin(p — A)]éa +
= \/[simp — 1" cos(p — A)]2 4 [cos o + 1 sin(p — A)] [ ]

= \/[1+r2] — 2r'sin A
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Hence, let p := M,—r’ cos A > —/[r"]2 = [rp]2 > —\/r2 = [rp]2 = —ry/1 —p2andp = %|sinA| <1
sinp — 1’ cos(p — A)
r

VIL+72] —2r'sinA
[1 —7'sin A]lsing — ' cos A cos ¢

VL4 72 —2r'sinA
1 —rp|sing — ry/1 — p? cos
[1 —rp]siny PPOSY i)

[14r2] —2rp

. /
sin ¢

Y

1—7rp]sin op—ry/1—p? cos
For 4(p) . [orplsing—ry/1-pZeosy

oo for p € [0, 1], note that cos (gp + [5 — arcsmp]) < cosy

Thus cos ¢ — 7 cos (<p + [% — arcsinp]) >0

—rqi R
dl . rsmgo—l—rﬂcoscp 1 _op
70g — _
dp [1—rp|sing —ry/1—pZcose 2 [L+72]—2rp

r- {cosgp—r {pcosgo— 1—p25in<p}}(p—r)
m{[l —rp| sincp—r\/mcosap} {1+ r?] = 2rp}
r-{cosp —rcos(¢+ |5 —arcsinp])} (p—7)

/1 — p? {[1 —rp|sing —ry/1 —pZCOSgﬁ} A1+ r?] — 2rp}

therefore, ip logy < 0,Vp € (0,7); dip log ) > 0,Vp € (r,1), hence (p) > ¥(p) |p=r for p € [0, 1]

»(p)
Qlj(p) |p:7"
V1—r2sinp —rcosp

sin(y — arcsinr)

sin ¢

(AVARVS

Note that r € (0,sin ), thatis T > ¢ > ¢ — arcsinr > 0, and we show that

@ > p — arcsinr

E.2. Initialization and Convergence of ¢
Theorem E.4. (Proposition 5.4 in Section 5: Initialization with Easy EM) In the noiseless setting, suppose we run the

2
sample-splitting finite-sample Easy EM with n' := © | —2+ A | 21 fresh samples for each iteration, then after at
log 5

log %

1 1
most Ty = O (log %) iterations, it satisfies 70 > © ( lo% \ lo%ﬁ) with probability at least 1 — 6.

Proof. Suppose we run finite-sample easy EM with refresh samples n’ for each iterations, then after some iterations
>4/ 7%' We will prove this in the followings. Let’s denote é, ¢ the EM update at population level. With the EM update

g+l = M (0%) and let &; = A1;€1 + Ao;€5 then 6% = p&) + /1 — p2€>. We begin with evaluating or estimating some
expectations of Gaussian.

1
E, o ‘p)\u /T phas| sgn(Ais)he;s = (g) sgn(p)y/1 - p2 E — arccos \p\] € [~0.357205, 0.357205]
1i,7M28 ™~ )
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sgn(A1;)%A3; = 3 — 2p?. The 3rd moment is bounded by

4 A 2
| Aai ]

2
; ) — 2\,
The 2nd moment is EAM,A%%’N(OJ) ‘p)\h + /1 —p?Ay;

. _ 2 .
IE)\li7/\2ii'i\C’1N(071) {Hp)\lz + V1 —p?Ao;

= [105 — 1209 + 24p*]T < 1051

Let X := ‘p)qi + /1= p2)\2¢

sgn (A1) A2;

3
. _ 2 .
} = [EAM,AQJEN(OA) ‘p)‘“ VL=t

sgn (A1) Aa;, thus 3 > Var[X] > 3 — 2p? — 0.3572052 > 2.8724 — 2p?

1 3
By Minkovski inequality, E[|X — E[X]]*] < (E[|X[’]5 + |E[X]|)? < ([1054} ° 1o 357205) < 45.054.
Then, let’s decompose the statistical error into three terms.

9t+1 o étJrl _ Mrelasy(gt) _ M(gt)

1
= — Z (Z4,0")| sgn( xl’9t>;p + [|0%]| ~ Z —-E iia ‘p)\h+ V1= p2Xoy

Arishai RA(0,1) sgn(A1:) A2 | €2
ze[n’] icln]

T>

[A1i] | €1

N 1
A R D NN (O SEVAEyhv

i€[n’]

T

Consider such events & := {|T1| < 2}, & = {|T2| > cy/ #} Note that the variance of T}

VVar[X] T /Var[X
Thus, with 3 > Var[X] > 3 — 2p? — 0.357205% > 2.8724 — 2p? = 2.8724 — sin” ' > 2.8724 — L,
and E[| X — E[X][*] < 45.054, 2.8724 — 5 > 2.8724 — > 2.539.

T2zc\/g] - 1- \FTQ ¢ ]

\/Var \/Var
c ) 04785 E[IX — E[X]P]
Var[X] (Var[X])2 V!

1 1
Var(Ti] = — Var pru +V/1— P |AM@ —B-17=2=.

Hence, P[&)] = 1 — P{|Ty| > 2} > 1 — 2"(3;[)21] >1- 2(7%)2 —1-z

Consider &, with Berry-Esseen bound for the central limit theorem, (Ross, 2011) theorem 1.1, where T, =
n% i€[n’] [Xl - E[Xl]]

/T 4
p| YT e g ¢ )| < 04T pov mivy
Var[X] (Var[X])>2

P

Y
—
I
oA

C e (c) 04785 45.054

- V3) (28124 1)2 VW

s e (c) - (0.4785-45.054> 1

g V3 2.5393 NGY
c 1

> 1-3 (-2 ) - 53287 ——

()
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1 1 c 1
=P |1y > — —T5 > — | >2(1-d(— —2-5.3287 -
2= Q—Can]— { (ﬁ)] NeG

P[E) A &) = PI&)] + P&] — P&, V &) > P&1] + P& — 1
> (1-50) + (-0 ()] -2rommr ) 122 -0 ()] - (54 7]

After runing Easy-EM for T times with independent batches (batch size is n')

P[&s] +P

To ensure that the probability of & A &> happens for 7 times is less than §, and let 7 = @(log %) and
11+\/112+8772[1—<1>(%>}
< l
{2<I> (\/g) 1+ [ + WH < 1 for large enough n’ > 4[14)(%)]

near s fiosfooo ()] (5o ) ~folGe) o5 )

Otherwise, if & A &y = {|T1| < 2} A {|T2| >cy/ 2 } happens in the 7 -th iteration

0T = 0T ST ({07 st 67 )k + 0T + T
i€[n’]
= M@©OT) + — Z (&5, 0%)| sgn(z;, 07 V- + ||0*||[T1€1 + Thés]
i€[n’]

Then, since ’ ﬁ((fl\) H < 1, with probability at least 1 — 9,

d—2 1 1 d logi
§ i (z:,0T)at|| < 2 1 2log = +1.62)| =0 — v =29
] w 2 (WOt O = 2y [*(d—m—l( w5 ﬂ ( W

If we assume 2 % {1 + ﬁ (2 log% + 1.62)] < 0.1 for large n’

2
Thus, we conclude that n/ > 5252

2

o™ _ ) T + e : Z (@ 07}
R R R R ] PR s
i€[n’]
M) . . 2 2
< e —|—T161 + Thés|| +0.1 < 1+;+|T2| +0.1= 1.1+; + T3]
Using the results, <% €2> 207 cos(¢T), (07, &) =0and § < |9 0 07, ¢)) = ‘99?” <land|Ty| < 2
1 M@OT) - 67 1 1 M@OT) - 67
97’+1 > _ il SO - - 07 > T T 97 > Rl SO -
TETGast ) e IS I g S (T
2 M@OT) - 67 2
< () O (2 00) 1 (1-2) =2
™ 16 ™
M@OT) - 67 1 M@OT) - 67
— (0Tt &) = ’<*,52 + (07 e2) + To| > | To| — ( ——7— €2
6% 16 (6% 16
2 2 1
> |To|— =97 cos(@”) = [To| — 24/ =
s s n
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Then, with n’ > 831622 , we conclude that /-1 < 2\[262 < 0.0135, \/1——>\/1—8%16222 —0.14
T+1 g THL 5| — |ain oot gTH & ot T+ =
AR bt T A Bl vl T R Al T R
1 1 1 2 1 1
t 0T+ 2| — s t o7+ & 1— = [Tl ==/ = —4/=.2
Z Cosp ||< 762> Sm e ||< 761> = n | 2| T n n

/1 ™ n'
n’

and |p| = sin g7 < o7 < /L, with & A & = {|T1| < 2}A{\T2|>c,/ni}

T, 2 1
> | (1-0.1% 7l _ 2

_ 4 2\ _
By solving [((1110:))% 1, we obtain ¢ > 4.43347, then
1L _pT+1 g+ 1-014 <|T2|_2>_2]\/T/
o s singT+ = OO Ll [< At ;
i L R A

[(1-01% (c—2)—2] [T _ [(1-01%(c—2)
§ (1.1+2)+c\/1, \/;Z (1.1+2) +00135c \f \/»

By choosing ¢ = 4.43347, for large 7/ > 1.103582 x 10, we have (1 — 0.01048) + [;;—2 n JHT] <1

c 2 11 2 11
211 —-®(—= )| —-|—+—| =0.01048 — | — + —
[ (ﬂ)} {n,+\/n,} 001048 [n’+\/n’]
2 11
—-P < (1-0.0104 — 1
[51/\52] < ( 0008)+|:n/+\/ﬁi|<

Py A &)

v

With at most 7 = m O (log }) iterations, we can ensure ¢’ > /2 for some Ty € [T + 1]. Hence,

Ty = O(T) = O(log 3) and by choosing n’ = @( T/ (10g )?)

1 logl logi
QDTO > —~ = © 7g 5 V 7g o
n \/ n n

The proof is complete. O
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Theorem E.5. (Proposition 5.5 in Section 5: Convergence of Angle) In the noiseless setting, suppose ¢° >
C] ( % vV loié), run Easy finite-sample EM for 77 = O (log

10;1) iterations followed by the standard finite-
5

sample EM for at most 77 = O <log % Alog é) iterations with all the same n = € (d V log ) samples, then it

satisfies
lo lo
o220 \f SEE VR a4
(6°,0%) (07,0
with probability at least 1 — T'8, where T := T} + T", ©° — arccos | et | and o7 3 — arccos ToTT e |-

; log 3, log 3 d ., logd log +
Proof. In this proof, we assume that © Vv —%] < O -V =V /== ] < 0.1, and denote by O =

/o) <\/§ V % v \/@) the threshold for ¢.

Besides, we denote 0, ¢ for the EM update at population level.

We divide the whole procedure inito three stages.

1 1 1 1

In Stage 1, ¢ > const -© ( k’% \% loi‘;) =p>0 (\/g\/ 10% \Y loi‘s) after at most 7 iterations of Easy EM.
1 1

In Stage 2, ¢ > 40 <\/g \% 107% V o4/ loi5> = ¢ > arctan 1.5 after at most 75 iterations of standard EM.

In Stage 3, ¢ > arctan 1.5 = ¢! > 5 — L7750 < % \% loi‘15> after at most 75 iterations of standard EM.

Y - 1 1 1
Stagel:ngconst@( loi‘s\/loié> :><,029<\/g\/10i5\/\/bi5>

In the first Stage, we run Easy EM 0/+! « M;™ (6%, v!), and note that the length of the projected vector is less than or
equal to the length of the original one

1 R 1 1 - s - N
16%]] <‘9t+1 M(6"),é1) < ”9*” o Z —E{xi}iE[n]NN(on) |(Z,0%)|sgn(z, 0%

i€[n]

2

With probability at least 1 — 49

1 1 o s [log: log3 log$ log3
i Z “Efe:}ic0~N0.10) ¢ [(T,07)[sgn(Z,0%)Z|| < max | 20 " ,457 =0 - \Y -
i€[n] 9
log}?) <0.1

(O — M(6"),é1) < 0.1

S 1 -1
By using the assumption © ( 10% \% loi‘;) <O (\/g\/ l(’% \%

—_

16|

n

ot log + log %
& §1+®< 7\/7n <1.1

Use | 5= ‘<0t+1 é’1>’ < 2, and with assumption ¢' < © (\[\/ log3

)<01
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We denote © := © (\/> % log LT RVEVE ‘1’> the threshold for ¢.
9t+1
Sin Q0t+1 _ < ‘ | )
1

925—&-1” 1
0t+1 0 > (” ) <9t+1’é1>
16 H2 16l [
> 1.1~ 1 <0t+1 A1>
16l
1 1
= 1171 | (0" — M(0"),é1) + = (M(6"),é1)
16l 16l
1 1
> 117N (M(0"),61)| — 117 | ——(0"T" — M(6"), é1)
16l (A
1 logi logi
> 1171 (M(0"),e1)| — 11710 [/ —2 v —2
16l n n
logl logi
> 1-1.239' (0", e1)| — 11710 | (28 y B
16 || n n
loel logl
> 1.1263-sin¢’ —1.17'0 \/&v&
n n
That is
1 logi logi 1 logt logi
1.1263 [ sinp™!' — — . © Sy 28 | | >sinpt— — . LRV %
Sy 1.1-0.1263 n n =S T 11701263 n n
For ¢! < © < 0.1, we have ! > sin ¢! > (1 — 0.002)?
When ¢© > (Hommam) g <\/l°i5 v “’ié) ~ 8.21430 ( LRV 1"%})
1 logt logi 1 logt logi
gt L 5y 85 > (1-0.002)0 - — . 5y 285
ST 11.0.1263 n = (1-0002)¢" = 557563 7 © n

[logt logl
> 0 085, %%
n n

I 1
We could assume that cpo > 8.30 ( 10% vV bi”) , with at most 77 iterations

1 logt logl 1 logt logi
Tt >singe™ > 112637 [sing® - ——— . 0 By —2 6 s
Pt Zsing™ > S — 01263 n ' n || T11-01203 n o on
loel logl
> 1.12637© \/Tgévog“
n n
1 1
n n n

LetTh = O | log L — log L =0 | log

10,;% log% T log% log%
@W L o vEviety /i

\Y,
If
@
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We use this Lemma in the previous analysis in Stage 1.

Lemma

(0, 6))| =sing! < o <O <0.1, % = /[T =7 1(¢f —sin¢")2 + [7~ (I — cos )2 < 0.643

ith —L
with ey

for ¢! :=2 (% — ¢') € [r — 0.2, 7]

(M0 1)) 10" )]
M@ N N

. 2 = 2 . 2
(M (0).20)] (Lot
\/1‘< TR ) 1 ( o] )

we conclude that

[(M(6"), é1)] 1 1+v5 [(¢",é1)|

> .
MO V1-0.6432 = 2 167]]

1M (64|
with o] >1

1 s

Y IO 1 e s
V1= 0.6432 - :
PO ||0*|\‘<9 =

1 + V5
> \/1—06432] |9*H ,€1)]
> 1.239- ‘<0t,é1>
16l
1 T
Stage 2: ¢ > 40 (ﬂv 10% \% 1°i5> = ¢ > arctan 1.5
We denote rt+1 ;= ILMa(0)=ME)] et) M(et)H <0 (\/7\/ los § \% ) and ¢ := arcsin |<\|éeﬁ>l’@t+1 := arcsin %
and the update rule '+ = n(é’t).
ot > @t arcsin rttt
Note that arcsin '+ < Zr'*! and the Lemma E.3 that we just proved
1 5
tang'™! > +2f tan o’ V' >0
et > @ — arcsinrtt?
1 1
With the assumption /71 < © := © (\/g\/ 10% V 4/ loi‘s) < 0.1, and tan(arcsin ©) = 1?@2
_ 4 e . 1+V5 t 1 t : e . 1+V/5 t 01 .

Note that 1 — = o7 > tan ¢ } > " 262 = o for tan " < 1.5, since =57 2 tang’ < NiE=Ea
143 1_1-%
s <i=

(1+v5)

(S

oA I e ][]
102 = 25 2 | V/ioz 2

If tan ¢’ > 1O, then 4(12\/5) tan @t > 2 =
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. P 3
Then, with —-2— >z — %~

Vita? 2
tan@tJrl— [C]
tan'™ > tan(@'! — arcsin©) = 5 ‘1_33_1
1+W~tancp
e o 17"

[ e '71_ 1—@2+[\/1—@2}

|V1—02] 1+\/%~tan¢t+1
-1
_ L e e

- S} ! 7 o7 " {\/1—92}

V1 —©2] 1+\/%~1+T‘/gtan<pt

_[e 177 [ e +[ G }‘1 LA e 1445
Ve Jier  |Vitee 5 lVicer 2

G 4 1++5 ?

- _ + . +5 1+[ } tanwt
V1-02 5 2 V1- 02
2(1+5) C 1[ e 7°

> ————tanyp" — — =

5 Vi-02 2 |[\V1-e2
2(1++5

> (5\f)tancpt—@

2
> 1—7tancp—®

Thus, we conclude that if £© < tan ¢’ < 1.5, then
t+1 22 ¢
[tan '™ —3.40] > 17 [tan " — 3.40]

We could assume ¢ > 40 then tan ¢' — 3.40 > tan ©° — 3.40 > 0.60, thus

t t
[tan ' — 3.40] > <ii> [tan ¢° — 3.40] > (ii) -0.60

. log gkl log & +log 2.5
Therefore, after runing at most Tp = [~2089 | = [225178227 — 0 (log L)
log 7% log 1%

Ts
22
tan 2 > 3.40 + (17> 10.60 >340+1.5>15
Stage 3: ¢ > arctan 1.5 = ¢' > £ — 1.7750 < % % loié)
Let’s start from the following relation
tan @' = tan @' + ¢’ ([tan ©']? + 1)

We denote ¢ :=2 (5 — ¢) € (O,ﬁ),notethat%f& <tan(§f%) <%f%
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9 2) gZ_St+1
> -
(Z_St+1 d_)t+1 6

= tan<g—(§>+<g—¢;> {tanZ(;T—(b;)—&-l}

2 ¢t T ¢ 2 ot \?
~ qst_.93+(2_2) [(W‘m) 1

Y

For 0 < ¢! < 1.18805,i.e. ot = T — £ > 0.976772, tan(y!) > 1.48061, then 458497 — 1444494" + 100007[¢]2 —

10000[¢!]3 > 0

P < 2
2
2 ¢t s Pt 2 Pt
oot (5 B 7) {(d)t - 4.93) + 1]
= 92
T+ 972196 {4584977 — 144449¢* + 100007 [¢?])? — 10000[¢*]3}
¢
.2 [P
- 27 T
[#']?
By using the previous Lemma, 't > @'+ — arcsin rt*!
¢ — 2arcsin 't < ottt

t
Hence, with arcsin 1 < Zrt*! for 0 < % < L8805 ~ 0.378167

£12
At — 2arcsinrit < ¢t < [¢']

T
t+1 t t72
¢ {‘é } farcsmr < {(b} + ittt
s s s s

Suppose rit! < ©:=0 (ﬁ\/ % V4/ 10?) < 0.1, then

1 2
C<[Z] e

s s

Suppose 0 < %t < Miﬂ ~ 0.378167, with © < 0.1 then in one iteration

¢t+1

1
< 0.378224+0.1< =
T 4

t 0
Thus, we could assume 0 < % < % < 1, then

[W“_m] < -d’tr—e
™ T
2
_ W_Q@] _@([l_4ﬂ+4@)
" ,
< 77—2@]
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1
If %U < 20, then %0 < 30; otherwise, with at most T3 = [w] =0 (log log %) iterations, @ < 30

log 2
¢T3 #° 27s 1 27s
{ — 2@} < [ - 2@} < [ — 2@} < exp(—log4 - 2T%)
s T 4
1 1
= om L on < 1
log log o —loglog 4 log log Il —loglog4
exp (log4 of Tog 2 ) exp <log 4-2 Tog 2 )
= 0

t
After at most Té interations, 0 < % < 30 is satisfied, then run three more iteration, with © < 0.1

s rit12
< } +0<(99+1)0 < 1.90
i L ™
P [pt+1 2
— < - } +0 < (1.9°0 +1)0 < 1.3610
Pt3 :¢t+2 2
< } +0 < (1.361%°0 +1)0 < 1.130
™ 7T

To sum up, after running foratmost 73 =1+ T4 +3=T3 +4 =0 (log log %) iterations, then 0 < ¢* < (1.137)©

with ¢' = 2 (% — "), we conclude that ¢’ € (0, %) satisfies
ts T (1 1 I) T_ 1
o> 2 (1132)e> 2 - 11750

Number of Iterations, Statistical Error

We denote © := © (ﬂ\/ % Vy/ 10?) < 0.1.

Note that

1
O | log A log og Alog

1 1 1 1
O log> = O log - - i
( (C) ®<\/Evlogév /logé) \/E r log%
n n n n n n
n n
= O|log - Alog ——
(Ogd Oglogé)

In Stage 1, it taks at most 77 = O <log ﬁ)
5

In Stage 2, it taks at most 7o = O (log §) = O (log 2 Alog @)
5

In Stage 3, it taks at most 75 = O (loglog &) = O (log [log % Alog @} )
5

Hence, the iteration numbers at most to ensure the convergence ¢ > 5 — © with probability at least 1 — 7' is

T:T1+T2+T3:O<log ”1)
IOgS

For a good initialization ¢° > 40

T =T+T3=0 logﬁ/\log nl
d log 5
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E.3. Error of Mixing Weights 7 and Convergence at the Finite-Sample Level
Lemma E.6. Let ¢ := max(p, 1 — p) for V; e Bern(p), Vi € [n], then

fort € R>g
Pl > (Vi —E[Vi]) > t | < exp(—2nt?)
n i€[n]

fort € [e(1—q),q) # @

1 t t t2

— . 1) > < _ — _ -

Fln 2 (Vi—EW]) ¢ _eXp{ n{q [log (1—q) 1} +2q2}}
1€ [n]

for ¢ € [g, o0)

Proof. Let’s denote g := max(p, 1 —p), V' :=V; —E[V;],i € [n], thus E [V’Q} =Var[V;] =p(1-p) = q(1—9),|V’| <
¢.With Chenorff bound and let ¢(A) := E[exp(A(V; — E[V;]))] = —Ap + log(1 + p(exp(A) — 1)) < &

log]P’[Z (V; = E[Vi]) > nt] ir;% logE |exp [ A Z (Vi=E[Vi) | | — Ant

1€[n] i€[n]

2
inf {n {A — )\t} } = —2nt?
A>0 8

Let’s focus on next concentration inequality. We begin with bounding (), note that 2 sinh(z) > exp(z) —z—1,Vz > 0.

IN

IN

Hence, the first probability inequality is proved.

k—2
Hk; { ]Ak<1+k§ [ }‘1 )\kS1+(17;q){exp(q)\)fq)\fl}§1+2¥Sinh(q)\)

Let p := 2(1;—‘1) sinh(g)), then A\ = %arcsinh (2(%@#), and p' = (1Eq) Wy Y = (-9 ¢ (0,1], 7 := = tq)

1
logP | = > (Vi —E[Vi]) > ¢ inf % log Elexp(A(Vi — E[Vi]))] — log exp(nAt)
" i€[n] >0 i€[n]
= nnfllogy(A) — ]

(1-9)
q

IN

< - : B
< n ;\r;fo {log {1 +2 smh(q)\)} )\t}

1 !/
= nv inf { log(1 + yu') — 7 arcsinh (M) }
w>0 |y 2

IN

1
inf { =log(1 + ') — 7 log(/
mﬂlgo{7 og(1 +yp') Tog(u)}

o 1
Ift > g, then 7 := (1fq) € [;, 00).
ny inf { 2 log(1+ /) — 7log() b = o
wW>0 7y
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Ift € [e(1 —q),q), then T := (1fq) € [e, %)

1
inf { = log(1 " — 7log(
nvl}go{7 og(1+p') Tog(u)}

IA
3
)

IN
S
=2
\
il
<)
09
9
\
=
=2
3
[\V]
—

S 2
t t t2
ot o] )
{ q { (1-q) 2¢°
Therefore, the third probability inequality is proved, and we show the probability is O when ¢ > q. O

Theorem E.7. (Theorem 5.1 in Section 5: Convergence at the Finite-Sample Level) In the noiseless setting, suppose

T 1
any initial mixing weights 70 and any initial regression parameters ° € R¢ ensuring that ©° > © < 10% \Y bi“) I

we run finite-sample Easy EM for at most 77 = O (log B ) iterations followed by the finite-sample standard EM for

log 5
atmost 7" = O (1og % Alog 21 ) iterations with all the same n = 2 (d V log 3 ) samples, then we have

_n_
log 5

o 1 1
(674 — sen(p™)0"|| _ \/Ev logs ,,, [logs |
(16| n n n
1 d logt  [logi
||7TT+1_7T*||1:H_7T* .O \/>v 85 g5
2 1 n n n

log
ye(r)-0 [y 23],
n

with probability at least 1 — T3, where T := Ty + T',¢" := T — arccos ‘%
1 1

3 —sgn(p?)(5 — 7*), and the coefficient ¢(m*) = O(1), especially ¢(m*) = 0 when 7* = {1,0} or {0, 1}.

T41 . (0TTLery .
P = TeTFeT ™

.. T
Proof. In the proof of Proposition 5.5 for the converge of angle o, we show that EM upate rules ensure ¢~ > 3 — 1.7750
1 1
after enough 7" iterations, where © := © (\/g \% 10% V/ loi 2 ) is the threshold for .

T

Using the relation ¢7 := 2 (% — T) € (0, ), namely
¢ < 3.550

5T+1

In the following proof, we use v for the EM update at the population level.
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Final Statistical Error in Regression Parameters 6

Note that \/(QS —sing)? + (1 —cos¢)? < %2 for Vo € [ , 2} and use tha assumption © < 0.1 in Proposition 5.5, the
upper bound for the relative error is

(| M, (67) — sgn(6T,6%)0*

|M(67) — sgn (67T, 6%)0*

1M, (0T) — M (7))

[0+l - 16+l [0+l
< 1\/(¢T—sin¢T)2+(1—cos¢T)2+@
-

112
< il +0O
21
2
< 2 g
2T
2
< (3'55 -0.1+1>@
21
< 1.210

07 —san(p™ 0" | _ [[Ma(67)—sen(67 670" || _ T logt log 1
Hence I d\, 985 g5
’ 1671 0T nY T VYV T

Final Statistical Error in Mixing Weights 7

By using the Corollary 3.3 in Section 3, and note that tanh (77 1) := N (67, vT).

tanh(z7 ™) = N (67, v7) = tanh(v*) - sgn(67, 6*) [Q@T]
7r

Note that E [N, (07, v7)] = N(67,v7) = tanh(v T+1) in the noiseless setting, Lemma in Appendix C gives that.
tanh(v'T1) = N, (67, 07) Z sgn(z;, 0 )sgn(z;, 67) - (=1)% !
ze[n]

Note that x;, z; are independent let W; := sgn(xi, 0*)sgn(w;, 07 - (—1)=+L,
with P(z; = 1) = 2 4+ L tanh(v*),P(z; = 2) = 1 — L tanh(v*)
Using Lemma C.8 (Grothendieck’s Identity), we show that

1
Plsgn(as, °)sgn(ar, 07) = +1] = |+ se(6”.0) £

™
* T 1 T px* (PT
Plsgn(z;, 0 )sgn(z;, 0" ) = —1] = 3 sgn(f", 6%)—
™
Therefore, we obtain that
PW, =+1] = Plsgn(z;, 0" )sgn(z;, 67y = +1] - P(z; = 1) + P[sgn(z;, 0 )sgn{x;, 67y = —1]-P(z; =2)
T
= = +sgn(67,0") 2 - tanh(v*)
™
o7
PW; =—1] = = —sgn(f”, ") - tanh(v*)
™

Let V; := +(W; + 1) Bern( ) be Bernoulli distribution with the parameter p := 1 + sgn (67, 9*) - tanh(v*).

Therefore, with 5N, (87, v7) + 5 = & 30,y Viand 3 N(67,07) + 5 = E[V]] = %Zie[n] E[V;].
By using the probability inequalities in Lemma E.6
T T T T 1
PlINL(07,07) = N(OT 07 =21 = B |- S (Vi —EVi])| >t

K i€[n]
< 2exp(—2nt?)
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Consequently, by letting exp(—2nt?) < §, with probability at least 1 — 26

21og £
[N (67, 07) = N(67, 7] < | =28
n

Furthermore, when 7* = [1,0] or [0, 1], namely v* — =oc, then ¢ := max(p,1 — p) — 3 + %. Since after enough
iterations, EM updates ensure that 7 > 5 — L.775. Hence, q := % + % >1-0.5650,1— ¢ < 0.5650.

Using Lemma E.6, we show that for ¢ € [e(1 — q),q) # @

Pl S i-Em) > Sexp{—n{é [bg(ltq) ‘1} *22}}

i€[n]

By choosing ¢ = 0.565¢0 € [e(1 — ¢), 00), note that ©2 > %, then with probability at least

t t t2 0.565%¢2
lexp{n{ {log1]+}} > 1exp{n@2}
q (1-q) 2¢* 2
log 1
1—exp{—1.179n~ Ogé}
n

> 1-9

Y

Hence [N, (07, v7) — N(67,v7)| =213
when 7* = [1,0] or [0, 1].

iepny Vi — E[Vi]| = 2-0.565e0 = 1.13e© with probability at least 1 — 24,

IN, (07, 0T) — sgn(6”,6*) tanh(v*)] < |N(OT,v7) —sgn(fT,0*) tanh(v*)| + [N, (87, vT) — N (67, v7)|

2 2log &
: ‘Lsﬂ [ tanh(v*)] + || SBS

T n

2 2log &
< 177520 |tanh(s")] + ng5

2log ¥
= 1.13@~|tanh(1/”‘)|—|—\/Oig‘S
n
d logt log L 21og L
= 1'13|tanh(y*)|(~) \/7\/%\/\/?5 +\/07g6
n n n n

In the proof, we use [N (67, ™) — sgn(6”, %) tanh(v*)| = |1 — 2¢”| - | tanh(v*)|, which is provided in Corollary 4.2.
Particularly, when 7* = {1,0} or {0, 1}, then | tanh(v*)| = 1
N, (67, 07) — sgn(67, 0%) tanh(v*)] < |[N(67,17) — san(67,6%) tanh(v*)| + [N, (67, 7) — N6, 7|
< 1.130 - |tanh(r*)| + 1.13e©

d_ log: [log}
1.13(1 4 ¢)| tanh(v*)|© \/7\/0g5\/ "l

n n n
1~O<\/§\/loié\/1/loié>+c(ﬂ*)-

Therefore [|77+! — ||y = [N, (67, v") — sgn(67,6) tanh(v*)| = |1 — 7|

o («/birls), where ¢(7*) = 0 when 7* = {1,0} or {0, 1}, and ¢(z*) = O(1).
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