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Abstract

The growing deployment of reinforcement learning from human feedback (RLHF)
calls for a deeper theoretical investigation of its underlying models. The prevalent
models of RLHF do not account for neuroscience-backed, partially-observed “inter-
nal states” that can affect human feedback, nor do they accommodate intermediate
feedback during an interaction. Both of these can be instrumental in speeding
up learning and improving alignment. To address these limitations, we model
RLHF as reinforcement learning with partially observed reward-states (PORRL).
We accommodate two kinds of feedback — cardinal and dueling feedback. We
first demonstrate that PORRL subsumes a wide class of RL problems, including
traditional RL, RLHF, and reward machines. For cardinal feedback, we present two
model-based methods (POR-UCRL, POR-UCBVI). We give both cardinal regret
and sample complexity guarantees for the methods, showing that they improve over
naive history-summarization. We then discuss the benefits of a model-free method
like GOLF with naive history-summarization in settings with recursive internal
states and dense intermediate feedback. For this purpose, we define a new history
aware version of the Bellman-eluder dimension and give a new guarantee for GOLF
in our setting, which can be exponentially sharper in illustrative examples. For
dueling feedback, we show that a naive reduction to cardinal feedback fails to
achieve sublinear dueling regret. We then present the first explicit reduction that
converts guarantees for cardinal regret to dueling regret. In both feedback settings,
we show that our models and guarantees generalize and extend existing ones.

1 Introduction

As automated systems become more ubiquitous, the need to understand how to align their objectives
with the needs of humans that interact with them has become increasingly important [[15} 22} 35| 28]].
The development and study of reinforcement learning from human feedback (RLHF) has been an
important way of formalizing these problems and design methods for alignment [16}56]. RLHF is
concerned with the study of how to find a policy that maximizes an objective defined in terms of
human labeled data in an RL domain [[16, |56]].

Many RLHF methods entail learning a reward function from human data, and then using the learned
reward function as an input to a traditional reinforcement learning algorithm such as PPO [46]. These
methods have been pivotal in the development of several technologies such as robotics [16} (7, 147,
recommender systems [58]], and most notably the training of large language models (LLMs) [6} 41} [1]].

There exist two dominant kinds of feedback in reward-based RLHF, cardinal and dueling feedback.
Cardinal feedback requires the human labeler to provide a single label over an entire trajectory
of interaction between the agent and the environment [19] [11]. Dueling feedback requires the
human to specify a preference between two trajectories. In practice, dueling feedback has been
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used to train reward models, which have been successfully combined with RL algorithms to train
LLMs [62, 14813116, 41]. Past work [[11}155]45]] has designed algorithms for both cardinal and dueling
feedback under various metrics — standard/cardinal regret, sample complexity or dueling regret.

We observe that current models of reward-based RLHF assume a very specific model of non-
Markovian rewards. Modeling rewards as non-Markovian is natural, since human responses to stimuli
are known to be affected by partially-observed and evolving “internal states” [20]. For example,
when a human reads a piece of text (possibly generated by an LLM), their assessment may oscillate
between opposing sentiments in different parts of the text. Unfortunately, current models do not
explicitly incorporate such “internal states” that affect rewards, and are limited to a specific linear
model of rewards. While one can incorporate internal states using naive history-summarization, i.e.
by treating the entire trajectory 7[h] so far as the state, we show below that better general algorithms
can be designed with improved guarantees.

Additionally, current models assume that feedback is received only once at the end of an episode
or pair of episodes. In many applications such as motion [34] and mathematical reasoning [52]],
correctly incorporating intermediate or “snippet-level” feedback can speed up learning as well as
improve alignment. With this in mind, we ask the following questions:

How do we generalize the RLHF setting to incorporate internal states and intermediate feedback?
What algorithms and guarantees can improve over naive history-summarization here?

Contributions:

¢ Introducing PORRL: In Section@ we introduce PORRL, which generalizes current RLHF models
to incorporate “internal states” and intermediate feedback.

* Improving over naive history-summarization: In Section we design model-based op-
timistic algorithms, POR-UCRL and POR-UCBVI, achieving a regret of O((poly(H, S, A) +
pvdpdc)y/T) and a sample complexity of O((poly(H, S, A) /&2 +p2dgdc /c2) under minimal as-
sumptionsﬂ The poly(H, S, A) term would be exponential in H under naive history-summarization.
We show that our guarantees subsume and improve over past results in RLHF.

* Leveraging recursive structure on internal states: In Section we study the model-free
algorithm GOLF, applied using history-summarization. We define a new “history-aware” notion

of dimension, dgapg and show that GOLF has regret @(pH VduasrdcT). We show using an
example that when internal states have a recursive structure, our guarantee can be exponentially
smaller than existing guarantees and guarantees for our model-based methods.

* Reduction from Dueling to Cardinal PORRL: We show that a naive blackbox reduction from
dueling to cardinal PORRL always fails. We design a whitebox reduction from dueling PORRL to
a large class of optimistic algorithms for cardinal PORRL. To the best of our knowledge, this is the
first explicit reduction that converts guarantees for cardinal regret to dueling regret in RL.

1.1 Related Work

RLHF. RL with human preferences has a long history [2, 8, 44]. It has been successfully used in
disparate domains such as robotics, games, and LLMs. The problem of learning from cardinal feed-
back has been theoretically studied in [19,[11]. Theoretical guarantees for utility-based preferential
(dueling) feedback can be found in [40} 45| [14}60]. The non-Markovian nature of the optimal policy
under these RLHF models contributes greatly to why the problem is harder than traditional RL.

Internal states and intermediate feedback. There is evidence in neuroscience research indicating
that human responses to stimuli are affected by “internal states”” — partially hidden variables that
profoundly shape perception, cognition, and action” [see |20]. Despite not explicitly recognizing the
phenomenon of human internal states, several works in RLHF incorporate richer forms of feedback.
For example, Wu et al. [S7] consider human labeling over sub-sections of the text. In work on process
supervision [52} [36], humans give feedback on intermediate steps. Motivated by these, our work
is a first attempt at laying the groundwork for a theoretical treatment of internal human states and
intermediate feedback in RLHF, using partially observed reward-states.

Partial observability in RL. The problem of partial observability in RL is not new. Although learning
in POMDPs [4] is known to be statistically intractable in general [33,131]], a flurry of recent works
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have studied POMDPS under various structural assumptions [[18, 37, 38} 21,159, 19} [12} 13} 154, 61]].
Our model is distinct from POMDPS since our results do not require the latent state evolution to be
Markovian, but assumes Markovian transitions for observed states. See Section [2.3]for a discussion.

2 Defining RL with Partially-Observed Reward States (PORRL)

In this paper, we consider an episodic reinforcement learning setting in which a learner interacts with
an MDP having a state space S, an action space A, transitions dynamics P, and episode length H.
At each time-step h € [H] of an episode, the learner observes the state s;, and takes an action ap,
generating a trajectory 7 = (s1,a1,- -+ ,SH,an) € I', where I' denotes the space of trajectories In
a typical RLHF setting, the learner observes a human feedback oy € O at the end of the episode,
which is associated to but potentially different from a reward  : I' — R encoding the task. We
now describe how internal states and intermediate feedback shall be incorporated in the latter RLHF
framework through a guiding example, and we use this to formally introduce the PORMDP model.

2.1 PORMDPs

Let us consider the example of a human interacting with a language model. In this example, an action
is a token, the state is the text so far, and reward is some score representing the human’s satisfaction,
which induces stochastic feedback. The internal states could be the human’s emotional reaction to
the text (e.g., happy, frustrated, or amused), or numbers in [0, 1] encoding a confidence level that the
text is progressing towards a coherent response. While an agent goes through a sequence of states
and actions, the system (i.e., the human) progresses through internal states, which inevitably affect,
together with agent’s actions and the state of the process, the human’s satisfaction.

Formally, this can be modeled by introducing internal states « € {/ and defining the set of underlying
histories T' _, that incorporate internal states by T'¢ _, := {7%[h — 1] = {(s;,w, @)}/ | 51 €
S,a; € A, u; € U}. We model the dynamics of internal states by saying that there exists an internal
state generator wy, : I'}f_; x & x A — A(U) so that the human’s internal state uy, is sampled from
the distribution defined by wy, (7%[h — 1], sp, ar,). The human’s satisfaction at time h should then be
a function of the current state and action, but also the current internal state, given by 7 (s, up, ap).

The agent does not observe the reward r, directly, but a feedback o, depending on rj,. Typically, oy,
will be {0, 1} feedback reflecting whether the human says that they are satisfied or not. In general, this
could be stochastic. For instance, this could be Ber(o,(r)) for some function oy,. So, o, ~ ex(r)
for some distribution ey, (7). This leads to the general definition below, where we have introduced
new objects U, H,,, w, e not seen in traditional RL:

Definition 1. A PORMDP M with cardinal feedback is a tuple (S, A,U, O, P, H,,r,w, e), where:

» S, A are fully observable states and actions, U are unobserved internal reward-states, O is a space
of feedback, P(- | s, a) is a Markovian transition matrix, s; € S is an initial state

* H, c [H]is a set of timesteps where reward and feedback is obtained with size |,| = p.

o 7= {rn}hen, sothatr, : S x U x A — R are reward functions at time h.

* w = {Wn}nen, so that wy : I'}_; x & x A — A(U) are internal state generators that map
underlying histories of (s, a, ) tuples to distributions over U.

* e := {en}tnen, are feedback functions so that the feedback oy, ~ ey (ry) is sampled from an
7p-subgaussian distribution e;, with mean o, (ry,) for some activation function o, : R — RE]

In some relevant RLHF applications, the human is presented with two trajectories and they pro-
vide feedback based on the pair. In most cases, this involves indicating a 0-1 preference between
trajectories. To accommodate this setting, we extend the framework to dueling feedback.

Definition 2. A PORMDP M with dueling feedback is a tuple (S, A,U,O, P, H,,r, w,e), where
everything is identical to Definition [T} except that every episode now involves running two trajectories
T1, T2 that produce rewards 7y, 1, 7p,,2 Vh € H,, and feedback is distributed as o, ~ ep (1,1 — rp.2).

*We will further denote 7[h] = (s1, a1, ..., s, an) the sub-trajectory of 7 of length h and I}, the corre-
sponding space of sub-trajectories of length h.

3Recall that choosing a formal state s; to serve as a placeholder initial state is not restrictive.

“This subsumes and generalizes the example of Bernoulli feedback in RLHF.



We note that PORMDPS subsume and model a wide class of RL settings, including RLHF. A brief
list of settings that PORMDPS subsume is as follows: (i) traditional MDPs, by setting U = {*}; (ii)
existing linear models of RLHF, setting U = {¢(7) " w} for a known feature map ¢ and unknown w
[IL1L (19,1450 155]); (iii) learning reward models with stochastic feedback by setting U/ to be the set of
reward states [26| 24} 25/ 23]]. By using &/ to model implicit intentions, PORMDPS can also model
learning from the following feedback: (iv) process supervision [36}52], (v) fine-grained feedback
[57] and (vi) snippet-level feedback [34]. Further, one can show that in all these settings, we can
define the U/ generators wy, to be deterministic.

One illustrative hard example of PORRL is that of a combination lock,E] which we will also use later
in the paper. Consider an H-digit numerical lock with a set .4 of options at each digit. Let the true
combination be a7, ... aj;. An agent tries to unlock it by listening for “clicks” while rotating the dial
at each digit h. Naturally, we only hear clicks at digit A if the entire combination so far is correct.
We thus model this as a PORMDP with non-Markovian rewards, S = {*}, U = {|J,, A"} and the
appropriate dynamics. Arguing that the click might sometimes be too faint, we consider stochastic
rewards. Specifically, we model this as 7y, (sp, up, ap) = Ber(q]laiy___a;’ (up,)) for some uncertainty
parameter ¢q. Notice that the internal states have a recursive structure here, and they evolve in a
Markovian way. This is a toy model for the problem of learning to take desirable sequences of actions
using intermediate feedback. It can be viewed as a simplified version of many such tasks — navigating
mazes, writing structured essays with guidance, writing a proof with feedback on correctness.

2.2 Reinforcement Learning in PORMDPs (PORRL) with Cardinal and Dueling Feedback

Due to the complex nature of observability in our problem, we will use this subsection to carefully set
up a meaningful set of RL problems, in which an agent interacts with a PORMDP to optimize a policy.
At each step h, the agent observes a history 7[h—1] € T';,_; and takes an action a;, ~ w(7[h—1], sp).
The agent does not observe the reward r,, but receives an observation oy, ~ ey, (7).

Defining the learning objective. Since rewards are partially observed and dependent on the entire
history, there is a subtlety in defining value functions. We first choose and fix some subclass II of
history-dependent policies and we define the total expected reward of a policy 7 € II as

VoM7) := Erupu.= [Z

he, rh(Sh, un, ah)]

Vw(M,7) is taking an expectation over the dynamics of underlying trajectories 7% =
{(sn,un,an)}L | ~ P¥™. Since the states u are never revealed, these dynamics can never be learnt,
making V/,, hard to directly deal with. In this light, we introduce stochastic functions g, : 'y, — A(U)

that marginalize the internal state generator wy, over the sequence uq, ... up,—1. That is, given an
(s, a) history 7[h], we can defind®| g5, (7[1]) ~ up, | 7[h]. Now define

VoM, ) := Ervpr [Zhe% Eumgh(r[h])[M(Smuhvah)]]

Vy(M, ) is a much more tractable object, where the outer expectation is taken over the dynamics of
the observed trajectories 7. The following result establishes that as one would hope, V,, = V.

Lemma 1 (Replacing w with g). For any history-dependent policy m that selects an action ap, ~
m(r[h — 1], 51), Viw(M, m) = V4 (M, ) holds for any M.

For the purposes of value functions, M is fully specified by (S, A, U, O,P,H,,r, g, e). Henceforth
we replace w with g and denote the value function V, (M, ) by V(M, 7). Define the optimal policy
as T, := argmax, . V (M, 7).

Cardinal PORRL. Consider an algorithm producing a sequence of policies 71, ..., 7 € II, where
m¢ is chosen only using trajectories {7; 2;1 generated by {m}f;% We measure the performance of
such an algorithm by its cardinal regret under model M, :

T
Regret(T) = > V(M,,m,) — V(M,,m)
t=1

5This is a variant of a common example used to generate lower bounds in POMDPs [33][31]. In contrast,
we will use it to illustrate the power of our upper bounds.

®More technically, define g5 (7[h]) to be the regular conditional distribution of the random variable
wp((t[h — 1], u1, ... un—1), Sh, an), conditioned on 7[h].



One can also ask for the sample complexity of learning a good policy. Given a randomized algorithm
that completes N episodes of interaction and outputs 7y, the sample complexity N (e, ¢) of the
algorithm is the minimum N so that V/(M,, 7,.) — V(M,,7x) < & with probability at least 1 — ¢
over the randomness of the feedback and the algorithm. It makes sense to study cardinal regret and
sample complexity in two RLHF settings:

* Using a learnt reward model: In most deployments of offline RLHF, an offline dataset of dueling
feedback from humans is typically used to create a cardinal feedback oracle (a reward model),
which is then used to train the policy using RL. In fact, [43] do exactly this under our model. The
sample complexity of the algorithm is important in this setting.

* Improving a deployed model with batched feedback: One can learn from batches of interaction
with humans and hope to improve the model/policy adaptively over multiple batches. This is
compatible with deploying LLMs or recommender systems to users, collecting a batch of good/bad
feedback, and then fine-tuning the model offline using this batch. This approach is also discussed in
[49][17]]. Regret is a better metric than sample complexity here, since we want users to be satisfied
(exploiting) while improving the model (exploring). Instead of good/bad feedback, we can also ask
for dueling feedback against a fixed policy my and treat it as cardinal feedbackﬂ

Dueling PORRL. In dueling PORRL, we play a duel by running two policies (71, 72) € II x Il in
parallel to obtain trajectories (71, 7o) and receive feedback {0, } ne3(,. Again, note that the rewards
of the policies are not observed. While the definitions of V' (M, 7) and =, are the same as before,
we define a new measure of regret accordingly. If we play T duels (m1,1,721), ..., (71,7, T2,1)
according to an algorithm, we aim to minimize the dueling regret given by

V(M*7 7r1,t> + V(M*7 7r2,t)
2

T
Regretp(T) = Z V(M,,m) —
t=1

It makes sense to consider this metric when improving a deployed model with batched dueling
feedback. We can do the same batching as the batched feedback example above, but instead compare
our model/policy 7, to a fixed base policy 7 and ask for dueling feedback. The induced feedback
can be treated as cardinal feedback. This is similar to the ideas in [55]], who consider this setting and
give cardinal regret/sample complexity guarantees. However, when deploying a model, we typically
want humans to be satisfied with both the options they are given. Cardinal regret only accounts for
one of the options being good. Dueling regret demands that both policies used are good policies.

Remark 1. PORRL subsumes the settings of [45,|11]], which in turn subsume the feedback models of
RLHF [55]. Crucially, [55,[11] measure performance using only sample complexity or cardinal regret,
while [45] only study dueling regret. We have discussed above why both metrics are important.

2.3 A General Yet Tractable Case

The nature of the feedback in PORMDPS , which depends on a reward that is function of the entire
history, signals that PORRL may be intractable in general. We now instantiate the model into a
statistically tractable sub-class that still subsumes most existing work on RLHF and all the examples
provided at the end of Section[2.1] Specifically, we assume that the internal reward-state functions gy,
are deterministic and the feedback is emitted according to a Bernoulli distribution depending on the
reward. We will work under this assumption in the remainder of the paper.

Assumption 1. We work in a known class P of transition kernels P and known classes R}, of reward
functions p, : S x U x A — R with |r,| < B for all h. Let g, be deterministic (but unknown)
and belonging to a known class of “decoder functions” G,. Let O = {0, 1} and let e}, only depend
on the rewards. For dueling feedback, let ep,(rp,1 — 75,2) be n,-subgaussian with known mean

on(r1,n — r27h). Also assume that o, and 0;1 are Lipschitz with Lipschitz constants x1 5 and k2 j,
respectively. Call the resulting class of PORMDPS M.

We also define a function class induced by R}, and Gj,.

Definition 3. Let us then consider the decoder-induced function classes F}, given by

Fn = {fh T >R | 3gneGn,rneRy st fu(7[h]) = ra(sk, gn(T[h — 1]),an), VT}

"If the activation function is Lipschitz and monotone, then we can get cardinal regret guarantees for this
problem by using the difference function class.



Also define F =[] het, Fnsothat f = {fu}ner, € F. A model M is then fully determined by
(P, f), so we denote V (P, f, ) := V(M, 7). Note that V (P, f, 1) = Erepr [zh% f;L(T[h])].

Remark 2. We note that all examples from Section 2.1| work with deterministic dynamics for ¢/ and
satisfy Assumption

Giving statistically efficient algorithms for this framework comes with numerous challenges:

* Traditional RL incurs linear regret: We show in Lemma 3 that any method returning a possibly
time-dependent but memoryless policy can incur linear regret.

* POMDP results do not apply: PORMDPS cannot be viewed as a subcase of POMDPSs with
latent states S x U/ since s, u,a — s’,u’ is not Markovianﬁ Even if we considered the subclass of
PORMDPS where s, u,a — s, is Markovian, which would be a subclass of reward machines,
this is a specific kind of overcomplete POMDP . Literature on overcomplete POMDPS is much
more scarce than their undercomplete counterpart. The only paper that gives guarantees for
overcomplete POMDPS to our knowledge is [37]], which makes reward function fully observable.
This cannot apply to our setting, since our rewards have to be partially observable.

* Naive history-summarization is inefficient: It is overkill to use naive history-summarization
— where one treats the history 7[h] as the state s, and executes traditional RL. This is because
while policies are non-Markovian, state transitions are Markovian. It is unclear if we can leverage
this structure without running into exponential dependence on H. Moreover, a lot of work on RL
assumes that the reward is known, while learning the reward function is itself a hard problem here.

» Ensuring satisfactory utilization of additional structure: Examples like the combination lock
signal that there are intuitive ways to leverage a recursive structure on the internal states. In
the combination lock, one should wait for the “click” at each digit before moving onto the next
digit, giving us a polynomial dependence on A, H in sample complexity. It is unclear if general
algorithms for PORRL can implicitly leverage such structure to achieve polynomial guarantees.

3 Optimistic Algorithms for Cardinal PORRL

3.1 Improving over Naive History-Summarization with Model-Based Methods

In this section, we present two optimistic methods that leverage Markovian transitions in PORMDPS
— POR-UCRL and POR-UCBVI. We describe them briefly here, deferring details to Appendix [D] [E]

* POR-UCRL: At each timestep ¢, we maintain a least squares estimate f t+1 of f and an MLE
estimate P; and define confidence sets C}, (8) that consider all f;, with a small mean squared error
against f1*, such that C-(6) = [ [, Cf (8). The probability transition confidence sets Ck (8) are
the exact same ones in UCRL [27]]. At timestep ¢, following confidence-set optimism, we play an
optimistic policy 7; that maximizes its highest value V' (M, ) over all models M € C& x Ck.

* POR-UCBVTL: 1t is trickier to adapt ideas from UCBVI [3]. Yet again, we maintain a least squares

estimate f t and an MLE estimate P,. Instead of confidence sets, we design trajectory-dependent
bonuses for F as bl (7,0) = Dinen, Max, pect(s) fn(T[h]) = f1,(T[h]). We use these to define

policy-level bonuses for F as b’ (P, 7, d) := E..pr [b%(,9)]. Then, we use the standard UCBVI
bonuses to similarly define policy level bonuses for P. At timestep ¢, following bonus-based

optimism, we play an optimistic policy 7, that maximizes its bonus-boosted value under f t pt,
We show that POR-UCRL enjoys the guarantee below.

Theorem 1 (POR-UCRL Regret). Under Assumption |1} the regret Regret(T') of POR-UCRL is
bounded by the following with probability at least 1 — §

O ((pSVHA+Y,, ,, Vipaden)VT)

where dg , = dimp (Fp, %) and dc.p, = log(N (Fn, /T, | - ||«0))-

Here, the first term comes from uncertainty in P. Under naive history-summarization, the first term
would be exponential in H since the modified state space of trajectories would have size Q((SA)H).

8Since observed state transitions are Markovian, PORMDPS are also not more general than POMDPS .



Similar regret guarantees are given for POR-UCBVI in Theorem [§] Both guarantees are proved
by viewing each algorithm as a specific instance of a generic optimistic algorithm for PORRL (see
Appendix [C] D] [E). By a simple regret-to-PAC conversion, we also show that POR-UCRL has sample

~ 2 2 2
complexity of O (p Zf 442 dfzdc), where dp := maxpey, dpn, and do 1= maxuey, do,n.

POR-UCBVI has sample complexity O (pQHSA ?;ax(H’S) 4 plde max(de’H) log(1/9) )

Challenges: There are three main technical challenges in proving these guarantees. First, we have to
handle non-Markovian reward functions with Markovian transitions. Second, in POR-UCBVI, we
have the added challenge of ensuring that the bonus is uniformly optimistic over all history-dependent

policies. This is typically a doubly exponential set (A(SA)H), so a union bound does not help us.
Third, we are working with general function approximation for reward functions.

Remark 3 (Comparison to Past Results). Notice that withi/ = ¢(7)"w with w € R?and H,, = {H},
we are in the setting of [[11]]. Here, dg. g = dc,m = d, so POR-UCRL improves over their guarantees.
POR-UCB VI improves over their guarantees by a smaller amount. With respect to sample complexity
guarantees, we compare to [S5]. While they use dueling feedback, our methods use cardinal feedback.
In their setting, U is the set of all histories and H,, = {H}. Their best guarantee is from P-OMLE,

which makes O (H 25‘22‘4 + Hds = do.n ) dueling oracle queries for tabular P. Both POR-UCRL
and POR-UCBVTI have a smaller complexity for cardinal feedback queries.

3.2 Leveraging Recursive Structures Using Model-Free Methods

We have established that the model-based methods POR-UCRL and POR-UCBVI improve over naive
history-summarization and have a poly (S, A, H) guarantee in terms of transition function estimation.
However, we recall the last challenge mentioned in Section [2.3]— can they adapt to examples like the
combination lock, where there is a recursive structure on the internal states? Disappointingly, we will
see in Proposition that the answer is no, since the eluder dimension of reward functions is A™ for
the combination lock. Since POR-UCRL and POR-UCBVI decouple the learning of reward functions
across timesteps, they are unable to incorporate a recursive structure on the reward functions.

In this light, we consider model-free methods. Unlike model-based methods that have to account for
Markovian transitions, we can simply use naive history-summarization here and treat 7[h] as the state
for Q-functions (J1,. However, under history-summarization, there is a subtlety involved in choosing
the class Q of Q-functions given a known class M of models. Using product classes Q1 x - -+ X Qg
is wasteful, since often exponentially many tuples in a product class cannot be realized by any model
ME] Instead, one should consider the class of all individual tuples (Q1, ..., Q) that can be realized
by a model M. In practice, this translates to the problem of good representation learning — one
should use a shared network for all Q-functions instead of using a different network for each timestep.
This is reflected in the experimental choices of [43]].

Model-free methods rely on the Bellman error, which relates consecutive Q-functions and couples
their learning. It is thus natural to expect model-free methods like GOLF [32] to adapt to a recursive
structure on internal states and perform better than model-based methods. However, existing guar-
antees do not reflect this, since it turns out from Proposition [I|below that the Bellman eluder (BE)
dimension of the combination lock problem with the minimal Q-function class is still A7,

The issue is that the proof of GOLF bounds the h-step Bellman errors in a decoupled manner, which
is why it still fails to incorporate a recursive structure on internal states. Intuitively, one wants to wait
for Bellman errors at timesteps 1, ..., h — 1 to become small before bounding the Bellman error at h.
In this light, given a parameter «, we define the function class

Q(OZ, h) = {Q € Q | |E/LL(Q)[QZ - 7762l+1:|| < «, V1 < l < h}

that considers all tuples (Q1, . .., Qy) where the Bellman errors until step h are already low. We
can use this class to define the a-history aware Bellman eluder dimension (HABE) of Q as follows.
Recall that 7¢ is the policy that acts greedily according to @ = (Q1, ... Qn).

Definition 4. Consider the Bellman errors @, := {Qh —ThQni1 |Q € Q(a,h— 1)} Denote 1, (Q)
the distribution induced on 7[h—1], as, by mg and let Dy, o := {11n(Q) | @ € Q}. Let dimp g the dis-
tributional eluder dimension and define dimpaBe(Q, @, €) := max;, dimpge(Ph, Dh,o(a,h—1): €)-

The reader can use the example of the combination lock to convince themselves of this.



Intuitively, a-HABE dimension measures how hard it is to reduce the Bellman error at timestep A if
the errors at previous timesteps 1, ..., h — 1 are already small. This captures the hardness of adapting
to the recursive structure on internal states one/a few timesteps at a time. We discuss in Appendix [F1]
how the a-HABE dimension compares to the Bellman eluder dimension in general. We now give a
new guarantee for GOLF using the a-HABE dimension.

Theorem 2 (Modified GOLF Regret). Let Assumption hold, and let dgapg =

dimyagge(Q, @, min(a, A/1/T)). Choose hyperparameter 3 = clog(HTN(Q u G, 1/T,| - |l0)
for some universal constant ¢ and the auxiliary function class G used in GOLE, and define

de,o :=10g(N(Q U G, 1/T, || - |«)). Then, GOLF satisfies Regret(T) = O (pH~/duasedc,oT).

Using a regret-to-PAC conversion, we also show in Corollary [6] that the sample complexity of GOLF

~ 27rr2
isO %ﬂ) As foreshadowed above, we now show in Proposition|1|that these guarantees

can be polynomial even when the the usual guarantees for GOLF as well as guarantees for our
model-based algorithms are exponential. Note that this improvement is achieved only given dense
intermediate feedback. Under sparse intermediate feedback, one cannot adapt to internal states "a
few timesteps at a time."

Proposition 1 (Dimensions for the Combination Lock). Consider the combination lock problem with
model class M = P x F and induced Q-function class Q.

* Under dense intermediate feedback with H,, = [H], the dimpapg(Q, a)A for all o < q, while its
BE dimension is at least A" — 2. The eluder dimension for reward functions dim g (Fy,, %) is at
least A" for any h < H.

* For sparse intermediate feedback with H,, = { H} and any o > 0, the o-HABE dimension, the BE
dimension and the eluder dimension of Fy are all at least A™ — 2.

We discuss in Appendix [FI]that in general, we do not have an inequality in either direction. However,
the a-HABE dimension is typically smaller.

4 Dueling to Optimism Reduction

The dueling and cardinal feedback models are intimately related. It is thus tempting to use algorithms
for cardinal PORRL to solve dueling PORRL. However, we detail why the “obvious” reduction from
dueling feedback to cardinal feedback fails. This both demonstrates the hardness of the problem and
motivates our reduction.

4.1 The Naive Reduction Always Fails

Consider a modified PORMDP M with S := S x S, A := A x A, P := P® P, where we run
the pair of policies 7 := (71, m2) and obtain observations based on the decoder-induced function
Fu(ri[R], 72[R]) := fu(r1[R]) — fu(72[h]). Consider the space of all such PORMDPS induced by
M, and denote it by M. Since cardinal feedback in M exactly corresponds to dueling feedback in M,
it is tempting to restrict to searching over II x IT and run any algorithm for cardinal PORRL on this

modified PORMDP M to achieve low dueling regret.

This fails because the feedback model and regret metric are fundamentally non-aligned in dueling
feedback, unlike in cardinal feedback. While the agent receives dueling feedback over the duel for
(71,¢, m2,¢), dueling regret is instead concerned with duels for (., m1,;) and (7., 72 ¢). Running an
algorithm for cardinal PORRL on the modified MDP will maximize the dueling feedback itself. This
is achieved by playing one good and one really bad policy, unlike the two good policies needed for
low dueling regret. We formalize this in Lemma] showing that the naive reduction leads to linear
dueling regret for any PORMDP and any cardinal PORRL algorithm with sublinear regret.

4.2 Reducing Dueling to Optimistic Cardinal PORRL

The naive reduction fails because maximizing dueling feedback can lead to bad policies being
played. In this subsection, we present a white-box reduction where we ensure that we only play
potentially good policies for both 71 ; and 7o ;. We detail here how we can obtain an algorithm for
the dueling feedback problem from any optimistic algorithm for cardinal PORRL. We will focus
on the case of confidence sets here for smoother exposition, the much harder case of bonuses is
treated in Appendix [G.2] A generic optimistic algorithm using confidence sets maintains confidence
sets Caq(Dy, 0) using the collected dataset D; of trajectories and feedback. We define it formally in



Appendix [C.1] For the reduction to work, we require that the confidence sets are well-designed, as
demanded by Assumption[2] This assumption is satisfied for confidence sets used by POR-UCRL.

Assumption 2 (Controlling Value Error due to Confidence Sets). M, € Caq(Dy, d) for arbitrary
sequences (Py, f*) € Caq(Dy, ), both | X7 V(Py, ft, 1) — V(Pa, f,m)| = O(Cp(M, T, 6))
and |ZtT:1 V(P., ffome) = V(Pu, fu,me)| = O(Cp(M,T, 8)) hold with probability 1 — §/2 each.

The key insight is to use confidence sets from cardinal PORRL to search for 7; ; and 7 ; only
among policies that both have a chance of being optimal. Then one plays the most uncertain duel
among all possible choices for 71 ; and 7o ;. This generalizes and abstracts out ideas in [42], which
presents a specific algorithm to achieve low dueling regret in their model. We present the reduction
to optimism over confidence sets in Algorithm [I] the version for bonuses is in Appendix [G.2] Define
VoM, m,7') = V(M,7) — V(M, 7). We compute the confidence sets C(D, §) as the image of
Cp(D, 6) under P — P. We compute C(D, §) by treating {0, }nen, as cardinal feedback in M. As

an example, for POR-UCRL, we perform a least squares fit for f and use Lemma to define our
confidence sets again.

Algorithm 1 Reduction from Dueling to Cardinal Confidence-Set Optimism

Input Known reward function {r, }/__,, method to compute C5;(D, §) < C5(D, §) x Cx(D, d)
Initialize dataset D, < {}, C5(D1,0) := PxF
fort=1,...,T do

Compute IT, — {Tl' e H’HM € Cr(D1, 0) s.t. V(M, 7, my) = 0V € H} {Candidates 7, }

AN

Play (71 ¢,m2¢) € argmax __ max Vp(M,m,7') —Vp (M', 7, ') {Most uncertain duel}
m,m'elly MM eCr(Dy,8)

6:  Observe trajectories 7;; = { (s, aﬁ’h)}thl along with feedback {op, } nen,

7:  Update D; to D, using the data and compute C5(D;1,6), C=(Di41,9)

8: end for

We then get the following regret guarantee and the corresponding corollary.

Theorem 3 (Reduction from Dueling to Confidence-Set-Based Optimism). If the confidence sets
Cm(Dy, b) satisfy Assumption|2] then the dueling regret Regret , (T') of Algorithm|l|is given by

RegretD(T) = @(CP(M, T7 6) + CF (m7 Ta 6))

Note that complexity parameter C- depends on M. It is a priori unclear how the complexity of M
relates to that of M. Fortunately, Lemma@]below settles this, and we can then use our results for
POR-UCRL to get Corollary [T]below.

Lemma 2 (Relating F and F). For any function class F, dimg(F,¢) < 9dimg(F,e/2).

Corollary 1 (Dueling Regret using POR-UCRL Confidence Sets). The confidence sets from POR-
UCRL satisfy Assumption |2| and using them in Algorithm || leads to the following regret bound

Regretp(7) = O ((pSVHA + Tyery, /dmndon) VT).

5 Conclusions and Future Work

In this work, we have introduced PORMDPS and their analysis as a way to better model internal
states of humans and intermediate feedback in RLHF. We have introduced two statistically efficient
algorithms for handling partially observed reward-states and have shown that they improve over naive
history summarization. We have noted that these methods subsume as well as improve over a lot of
past work in RLHF. We have studied how one can further leverage a recursive structure over internal
states using model-free methods. For this purpose, we have defined a new notion of dimension, the
a-HABE dimension, that captures the hardness of utilizing the recursive structure. Finally, we have
also provided a novel reduction from dueling regret to optimistic algorithms for cardinal regret. We
hope that our ideas lay the groundwork for further theoretical understanding of the statistical limits
of learning good policies when interacting with “stateful” feedback such as that of humans. Our
algorithms and proofs are presented in high generality and modularity in the appendix, and we hope
that they can be used to provide novel algorithms and bounds in the future.
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A Lemmas and Discussion
A.1 Relation between V,, and V,

Lemma 1 (Replacing w with g). For any history-dependent policy m that selects an action ap, ~
m(r[h — 1], 51), Viw(M, m) = V4 (M, ) holds for any M.

Proof. By a slight abuse of notation, the following chain of equalities holds. Here, (¢) holds since
71 (Sh, un, ap,) is a function of sy, up, ap. Equation (44) holds since we have already conditioned on
7[h], which includes sy, a,. Equation (7ii) holds by the definition of g, (7[h]) as the conditional
distribution of uy, given 7[h].

Vw(M,ﬂ') = ETuNPw,ﬂ' Z rh(sh,uh,ah)

heH,

= Z E-,—uNPwJ" [’I"h(Sh,,Uh,,ah,)]
heH,

= Z E un)~pwr (7 (Shs U, an)]
heH,

= Z E‘r[h]'wp” |:E7u[h],wpwyﬂ' [Th(Sh,Uh,ah)] ‘T[h]]
heH,

D S Erpgere [Eunsnanpen aConun, )] (1]
heH,

(2) Z E-,—[h]~P"" [Euh,pr’W [Th(8h7uh7ah)] ‘T[h]:l
heH,

(i)

=" X Ertigepr [Eupmgn(rin)) [Pn(sns wn, an)]]
heH,

= Z E,_p~ [Euh~gh(r[h]) [T}L(Shauh7a‘h)]]
heH,

=E,pr Z Evp~gn(rn]) [Th(8hs Un, an)]
heH,

= Vg(Mv W)

A.2 Ignoring Internal Reward-States is Bad for Alignment

We define traditional RL methods as those that output possibly time-dependent Markovian policies.
In this section, we provide a toy example showing that there is a PORMDP with good sublinear
regret guarantees where any time-dependent Markovian policy has value bounded away from the
maximum value. This means that traditional RL methods will always incur linear regret. We hope
that this illustrates that RL methods that ignore internal reward-states can be bad for alignment.

Lemma 3 (Markovian policies are not enough). There is a PORMDP where POR-UCRL and

POR-UCBVI achieve poly(H, S, A)\/T regret, but any Markovian policy is at least i-suboptimal
and so any method that outputs Markovian (possibly time-dependent) policies will lead to linear
regret.

Proof. Consider a PORMDP M in the setting of [11] (see point (ii) below Definition Q]) and set
S = {s1,52}, A = {a1,a2} and w = 1 € R. Let the transition matrix be P(s’ | s,a) = 3 for all
s,a,s’. Let the starting state always be s1.

Consider the set 7 of all trajectories that have ay until s, appears, and then only have a;. Choose

¢(7) = 1(7 € T). The best non-Markovian policy 7, can follow this rule and achieve ¢(7) = 1 for
all 7 ~ P™. Thus, max,er V (M, ) = 1, where II is given by all history-dependent policies.
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On the other hand, consider a Markovian but potentially time-dependent policy 7. If 7w(az2) = 0, then
its value is zero. If 7(az) > 0, then conditioned on the event that s appears first at timestep 1, the
expected total reward is at most 71 (a2)(1 — 72(az)). Conditioned on the event that s, appears first
at timestep 2, the expected total reward is at most 71 (ag )72 (a2). Conditioned on seeing sq at or after
h = 3, the expected total reward is certainly at most 1. Using these crude inequalities, we can bound
the expected reward of a Markovian policy 7 by

m(a2)(1 = ma(az)) | mi(az)ma(as) i 1 _ mi(a)(2 = m(as))
oh =

2 4 4 *

< -+

3
1

| =
N |
=

This means that the value of any time-dependent Markovian policy is at most % and so any time-
dependent Markovian policy is at least %-suboptimal and incurs % regret. O

Recall that we defined traditional RL algorithms as those that output (possibly time- de}%endent)
Markovian policies. Clearly, any traditional RL algorithm in this sense will have at least 7 regret,
which is linear regret.

A.3 The Naive Reduction from Dueling to Cardinal PORRL Fails

Lemma 4 (Naive Reduction Lower Bound). Using any algorithm for cardinal PORRL with sublinear
cardinal regret on M with policy class II' := II x II to get a sequence (m1,1,72,1), ..., (71,17, T2,1)
leads to linear dueling regret for M whenever all policies T do not have the same value V (M, ).

Proof. Define 7, := argmax_ .y V(M, 7) and let mp;, := argmin_ .y V(M, 7). Then note that

max Vp(M,7,7') = max V(M,7) — V(M,r")

w,m'ell ,m'ell

_ /
max V(M, ) + 132111([ VM, )]

= max V (M, 7) — min V(M, 7’)
well m'ell
=V(M, ) — V(M Tmin)

Under the naive reduction described in Section ] a cardinal PORRL algorithm is used to maxi-
mize dueling feedback. If the algorithm has sublinear cardinal regret, then it will produce duels
(m1¢,m2,¢),t =1 — T, satisfying

Z maxn VoM, 7") — Vp (M, 1 ¢, m2.¢) = o(T)
‘ﬂ'ﬂ'e

From above, this means that

T

DMIIVIM ) = VM7 0)] + [V(Mm2,0) = VM, Tnin)] = o(T)

t=1
Now note that by definition of 7, and 7,,;,, both terms are positive. This is the key point. We thus
have

M’i

VIM,m) = V(M 714) = o(T)

—

T
Z (M, m9.¢) — V (M, Tnin) = o(T)
This means that for dueling regret Regret , (T"), we have the following.

Regret ,(T) = Z VM, ) = V(M mr10)] + [VIM, ) = V(M, 72,4
=1

~

= VM, 7)) = V(M m1,0)] + [VIM, 7)) — VM, Tin )]

o~
Il
it
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Where the last line holds since all policies 7 do not have the same value V' (M, r), and so V (M, 7, ) —
VM, Tmin) > 0. O
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B Regret-to-PAC Conversion

When learning in MDPs, we can turn any guarantee on the regret into a corresponding PAC guarantee,
the so-called “regret-to-PAC conversion” [30} 39,153/ |51]]. Similarly, we want to convert guarantees
on the cardinal and dueling regret (see Section[2) into corresponding PAC guarantees, which are more
adherent to an offline setting. We provide distinct results for the cardinal and dueling regret below.

Lemma 5 (Cardinal regret to PAC). For T € N and § € [0, 1], let ALG be an algorithm for cardinal
PORRL producing a sequence of policies () se[r] With cardinal regret bounded with probability at
least1 — 0 as

T
DIV(M, ) = V(M) < R(T,6) €R.
t=1

Then, a policy T ~ 71, ..., sampled uniformly satisfies with probability at least 1 — 25
~ R(T,§ log(1/d
V(M) — V(M 77) < % +8Bp Og(T/ ).

Proof. We consider the sequence of random variables Y; = V/(M, m,.) — V(M, 7;) V¢ € [T']. Through
the Hoeffding’s inequality on Y; and |ry,| < B we have

VM, ) = V(M 7i7) = E[V(M, ) — V(M, )]

T
< ;,;1 (V(M,m) - V(Mﬂrt)) +8Bp w

with probability at least 1 — §. Then, combining the latter inequality with the upper bound on the
regret and a union bound, we get

log(1/9)

R(T, )

———— +8B
T + 8Bp h

with probability at least 1 — 24. O

VM) = V(M, 7)) <

The latter result implies a PAC guarantee of the form P(V (M, 7.) — V(M,7r) > ¢) < ¢ for some
1

/€2). An analogous result can be stated

4
e > 0and ¢ € [0, 1] with a number of episodes of order O(
for the dueling setting.

Lemma 6 (Dueling regret to PAC). For T € N and ¢ € [0, 1], let ALG be an algorithm for dueling
PORRL producing a sequence of policy pairs (71 4, 7['27t)t€[T] with dueling regret bounded with
probability at least 1 — § as

T
dIVM,T,) - VM, me) ; VM, m24) Rp(T,5) eR.
t=1

Then, a policy Tr ~ 71,. .., 7 sampled uniformly satisfies with probability at least 1 — 49

T log(1
V(MJT*) - V(MJ/'FT) < M + 16Bp Og(T/é).

Proof. The proof proceeds as in the previous lemma by applying Hoeffding separately on the
sequences Y1, = V(M,m,) — V(M, 1) and Yo, = V(M, 7,) — V(M, ma,,), then applying a union
bound. O
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C Proofs for General Optimistic Algorithms for Cardinal PORRL
C.1 Generic Model-Based Optimism using Confidence-Sets

We present a template to get regret bounds for a generic model-based optimistic algorithm using
confidence sets, which we will later instantiate into POR-UCRL and also use in our reduction from
the dueling PORRL to optimistic algorithms for cardinal PORRL.

A generic algorithm using confidence sets is determined by confidence sets Cr((D, d) based on a
dataset D. Maintaining a running dataset D, at each step ¢, we run 7, given by

7rt,|\~/|t = argmax V(P, f,7m)
7€Il,MeC a1 (Dy,6)

We obtain a trajectory 7, ~ P7* and append it to D, to get D1, recompute confidence sets
Cam(Dy41,0), and continue. This algorithm is formally presented in Appendix below.

Algorithm 2 Generic Confidence-Set Optimism

1: Input Known family of reward functions {R,}L |, known model class M induced by known
probability transition kernel class P and known decoder-induced function class F, confidence
level 6.

2: Initialize dataset D «— {} and Cr(D1,d) «— M.

fort=1,...,T do

4:  Compute the optimistic history dependent policy,

w

T, My = argmax V(M, )
7, MECA(D,6)

5: Observe trajectory 7 = {(s!,,a})}5_, and feedback {0} heH, -
Update D, < D; u {7} and compute new confidence set Cr((D¢+1,9).
7: end for

a

We now make the following assumption about our confidence sets. It essentially controls the effect of
shrinking confidence sets for P and F on the value. Showing this assumption is the core of proving
regret bounds for any instantiation of this generic algorithm. We will see later that it is satisfied by
the confidence sets for POR-UCRL.

Assumption 3 (Controlling Value Error due to Confidence Sets, Refined Version). For a transition
kernel P, and function f,, consider any sequence of policies 7; and datasets D; that contain {Ti}le
generated under (PTt, f*). We require that M, € Caq(Dy, d) for all ¢ with probability 1 — §/16.
We require that there exist problem dependent functions C'p(M, T, ) and Cr (M, T, §) so that for
arbitrary sequences (Py, f*) € Caq(Dy, 6), the following hold with probability 1 — §/2 each.

T
DIV(Ps, ffom) = V(P f,m)| = O(Cp(M, T, 5))

t=1
T
2 P*,f '/Tt (P*,f*,ﬂt) :@(CF(MvTa(S))

Theorem 4 (Regret for Confidence-Set Optimism). Under Assumption |3} any generic optimistic
algorithm using confidence sets Cp((D, 0) satisfies the regret bound

Regret(T) = O (Cp(M, T, 8) + Cp(M, T, )

Proof. Let M, be given by P, and ft. Note the following inequalities, where (%) holds with probability
1 by the optimistic definition of 7.

T
Regret Z P*yf 77* - V(P*af*777t)
t=1
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We now apply Assumption [3]to bound (1) and (II). We can use the assumption since D; contains

~,

trajectories {7;}!_, generated by P™, ft € Cx(Dy,8) < F and P € Cx(Dy, ). This immediately
gives us that with probability 1 — §

Regret(T) = O(Cp(M,T,8) + Cp(M,T,5))
as desired. O
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C.2 Generic Model-Based Optimism using Bonuses

We present a template to get regret bounds for a generic model-based optimistic algorithm using
bonuses, which we will later instantiate into POR-UCBVI and also use in our reduction from the
dueling PORRL to optimistic algorithms for cardinal PORRL.

A generic optimistic algorithm using bonuses relies on bonuses b3 (P, , §), bD(P 7, d) that depend
on a policy 7, transition kernel P and dataset D. It also relies on estimates Pp and fp that depend
onD. Mamtalmng a running dataset D;, at each step ¢, we run 7 := arg max, V(Ppt , fD,, ),
where V(PDt,th, ) is given by:

V(Pp,, fp,,7) + b2 (Pp,, m,8) + 2(Bp)bS* (Pp,, 7, )

where z is defined below. We obtain a trajectory 7 ~ PT* and append it to D, to get D, 1, compute
new bonuses and estimates, and continue. This algorithm is formally presented in Appendix [C.2}

Algorithm 3 Generic Bonus-Based Optimism

1: Input Known family of reward functions {R,}_, method Est (D) to estimate Pp and fp from
dataset D, bonus functions b2 (P, 7, §) and b3 (P, m, §), confidence level

2: Initialize D; «— {}, initialize fP*,Pp, arbitrarily.

fort=1,...,T do

4:  Compute optimistic history dependent policy,

w

7 = argmax V (Pp,, fp,, ) + 02 (Pp,,m,8) + z(Bp) (b5 (Pp,, ,9))

Observe trajectory 7; = {(192’ CLZ)A}th1 and feedback {op, }nen, -
Compute new estimates fPt+1, PPt+1 « Est(D;,;) and compute new bonus functions
b?tJrl (th“ - 5)7 bgt+1 (PDHI, . 5)

7: end for

We now make the following assumption about our bonuses. Showing this assumption is the core
of proving regret bounds for any instantiation of this generic algorithm. We will see later that it is
satisfied by the bonuses for POR-UCBVI.

Assumption 4 (Controlling Value Error via Bonuses). For a transition kernel P, and function f,,
consider any sequence of policies 7; and datasets D; that contain {7;}!_, generated under (PTt, f*).
We require that for sequences Pp, and fp, and any sequence f* € F, the following hold.

* Bounding effect of error in F: With probability 1 — §/32, for any P and uniformly over all
policies 7, |V (P, fp,, )~V (P, f*,m)| < b2*(P, , &) and there is a function C(M, T, 8)
so that Zthl b2 Py, 7y, 0) = O(Cr(M, T, 5)) with probability 1 — §/32

* Bounding effect of error in P: For any function i : 'y — R bounded by D, there is a

function z(D) = D so that the following holds uniformly over all policies 7 with probability
1—0/32.

ET~(|SD )"" (T) - ETNP".LL(T) < Z(D)th(P*a T, 5)
The statement also holds if we switch P, and PD Additionally, the statement holds for
a suitable D if we replace E,_p~ ,u( ) with bp (P, 7 6) or bz (P, ,4)[ Finally, there is
a function Cp (M, T, 0) so that thl bot (P, 7, 0) = O(Cp(M,T,6)) with probability
1—6/32.

Theorem 5 (Regret for Bonus-Based Optimism). Under Assumption 4} with z1(D) = z(D) +
2(2D) + z(2z(D)), any generic optimistic algorithm using bonuses satisfies

Regret(T) = O (Cp(M, T, 8) + z1(Bp)Cp(M,T,d))

"%This would instantly hold with D = Bp if bz (P, 7, ) := E-~p=bz (7, §) for some trajectory level bonus
br(7,0), and similarly for P.
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Proof. Note that we can use Assumption 4] since D; contains trajectories {7;}!_, generated by
PYt, fp, € F is computed using D; and Pp, is computed using D;. Also note that WLOG,
bgt (P, m,d) < 2 always holds since we can otherwise clip it at 2 and our assumption will still hold.

Similarly, WLOG b?-‘ (P, m,0) < 2z(Bp), otherwise we can clip it at 1 and our assumption will still
hold. Now note the following inequalities.

Regret(T)

[l
D=

V(th*vﬂ-*) - V(P*vf*77rt)

o~
Il
_

N2
1=

V(Pp,, f*,m) + 2(Bp)(bp' (Pp,, 7., 8)) = V(Pu, f*,m)

-~

NE
D~

V(lsDufDuﬂ-*) + b?—‘t (lsDuTr*v(S) + Z(Bp)(bgt (Ispt,ﬂ'*,(S)) - V(P*7 f*vﬂ-t)

-

N
SR

—~
!
S8
S.

=

V(lspﬁfpt, ) + b?—t(lﬁpt,ﬂ't, 0) + Z(Bp)(bgt(lspt,ﬂ't, 0)) = V (P, f*,m¢)

o~
Il
it

Il
D=

V(ISD”.]ED” ) — V(Py, [*, 1) + b%(lf’pt,m,é) + z(Bp)(bgf(If’Dt,m,é))

o~
Il
_

Il
D=

V(ISDM.]EDM 77*) - V(IS'Dmf*)Tr*) + V(ISD“f*77T*) - V(P*a f*vﬂ-t)

o~
Il
_

T
+ D, b7 (Pp,, 7, 8) + 2(Bp)(bp' (P, ™, 6))
t=1
Here, inequality (¢) holds with probability 1 — §/16 by the second point in Assumpth%] Inequality

(¢1) holds with probability 1 — §/16 by the first point in Assumption 4] Inequality (iiz) holds with
probability 1 by the optimistic definition of 7. Continuing, we have

(iv) 3
Regret(T) < QZbD (Pp,,m,8) + 2(Bp) (b5t (Pp,, 71, )

T
< 2t (Pa, 71, 8) + 22(Bp) (b5t (P, 71, 6)) + 2(Bp) (bnt (Pa, 1, 8))

+22(2(Bp)) (bp* (Pa, 1, 6))

T
(Z “(Py, 7,0 +Z1(Bp)(bgt(P*v”ta5))>

Here, inequality (iv) holds with probability 1 — §/8 by a union bound over the first and the second
point in Assumption@ Finally, inequality (v) holds with probability 1 — 4/4 by a union bound over
four applications of the second point of Assumption[4] Finally, we use a union bound over both points
of Assumptlonl 4| to conclude that with probability 1 — §/8

(Z b (P, 7t,0) + zl(Bp)(b%(P*,m,é))) =0 (CrM,T,8) + z1(Bp)Cp(M, T, 9))

By taking a union bound over the events of all inequalities above, we have that with probability 1 — §

Regret(T) = O (Cp(M, T, 8) + z1(Bp)Cp(M, T, 5))
as desired. O
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C.3 Generic Model-Free Optimism

Algorithm 4 Generic Model-Free Optimism

1: Input Known Bellman-complete class of Q-functions Q, confidence level 4.
2: Initialize dataset D; < {} and Co(D1,9) <« Q.

3: fort=1,..,T do

4 7[0] « ()

5 forh =1,...H do

6: Play a},, Q] — argmax, geco (p,.s) @n(7[h], a) and observe feedback o},
7:  end for

8: Update Dy < D; u {7, (0},...0%}

9:  Compute Co(D;y1,9)

0:

1 : end for

Note that the method for choosing actions a}, at time ¢ induces a history dependent policy ;, whose
suboptimality is what we use to define regret. Regret is still given by

T
Regret(T) = Y V(M,,m,) — V(M,, )
t=1

We now make the following assumption about our confidence sets. Showing this assumption is the
core of proving regret bounds for any instantiation of this generic algorithm. We know that this
is satisfied by GOLF using the BE-dimension. We will show that in our case, it is also satisfied
by a more refined notion known as the a-HABE dimension (the a-history aware Bellman eluder
dimension).

Assumption 5. For a Q-function * induced by model M,, consider any sequence of policies 7; and
datasets D, that contain {7;}!_, generated under M,.. We require that Q* € Co(Dy, d) for all ¢ with
probability 1 — ¢/16. We require that there exists a problem dependent function C(Q, T, d), so that
for arbitrary sequences Q* € Co(D;, d), the following holds for all 2 with probability 1 — §/2.

t
B i [Qh — ThQLTI < Co(Q,T,6)
j=1

Theorem 6 (Regret for Generic Model-Free Optimism). If the confidence sets Co(D, §) used in
Algorithm{]satisfy Assumption 5] then the regret of Algorithm[d|is bounded by

Regret(T) = O (HC(Q,T,4))

Proof. Note that V (M,, 7,) = max, Q}(s1,a) < max, Q% (s1,a) for all ¢, giving us the following
result by the policy loss decomposition in [29].

T
Regret(T) = > V(My,m,) — V (M., )

ﬁ
Il
—_

)
1=

max QY (s1,a) — V(M,, )

“
I
—_

E,u (o0 [QF — Th@p ]

I
1=
M=

-+
Il
—
>
Il
-

+1
Epnon[@h — Th@3 ]

=
I
—_

Il
M=
M=

t

O(HOQ(Qv T, 6))
where the last line holds by Assumption 5] O

1
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D Details and Proofs for Cardinal POR-UCRL

We now instantiate Algorithm [2Jusing standard confidence sets to get POR-UCRL. We show that
they satisfy Assumption [3] and get regret bounds for the algorithm. Note that our algorithm is
crucially different from naively summarizing the history to define a modified state space, since we
are separating the use of history summarization for getting confidence sets f from using only the
current state while learning the Markovian transitions P. In this case, it is a priori unclear if we can
use ideas from optimism to prove guarantees with a favorable (non-exponential) dependence on the
complexity of transitions.

Recall that given a dataset of the first ¢ trajectory samples {7;}!_, and an index h € [H], we consider
the following least squares objective to estimate f:

t

A}EH = argmmz on(fu(mi[h])) — 02)2

fh€Fn ;1
Simple least squares guarantees imply the lemma below.

Lemma 7 (Concentration for o o f). Define

t

MSEn,q(fn, f;) 2 on(fu(ni[h])) = on(f7(n:lh]))"

_ B . t
Also define B1,+(8) = n? log <(Fh§|°c)) + auppp With ap g 1= w Then f} simulta-

neously satisfies MSEy, +(f7r, f fltt) ) < B (%%H) for all h,t with probability 1 — 6/32.

Proof. We apply Lemma 6 in [[10] and the last statement in its proof to each h separately with the
function class in the lemma set to {o1,0 f3|fr, € Fn}, P = 1,X¢, = Xy, L= 7¢[ k] and misspecification
e = 0 (decoupled from the Eluder dimension’s €). We also note that o}, are 7;,-subgaussian samples
with mean o, (f,(7[R])). This gives us that each of event indexed by h, ¢ below holds with probability

atleast 1 — 57277 -

S (o (fa(mlh]) = on(F(FIRD)) < B (%(SH)

So, the events all simultaneously hold with probability at least 1 — § by a union bound. [

Recall the definition of our confidence sets below.

Confidence Sets for POR-UCRL. We instantiate the generic optimistic algorithm using confi-
dence sets by defining Caq(Dy, 8) := Ch(8) x C(8) as our conﬁdence sets below. We name the
resulting algorithm POR-UCRL. We use the data from trajectories {7;}!_; to build the confidence

sets i1 (8) = [, C1T(0) with C;7!(5) defined below, where 34, 4(& ) = Bhs (ﬁ)

C (o) == {fh € fh’MSEh,t(f;L DY < B (5)}

Nt(s,a,s')

ACRE Now for

We also use the MLE estimate for P after ¢ episodes to define P*(- | s,a) :=
¢(n,d) = 2\/3log(Q)HOgQ(Z("H)SA/‘S), define C5(9) as below:

{PIIPC-15,) = Pul- I'5,a)l1 < C(Nis, a),6)Vs,a

Confidence Sets for POR-UCRL in case P, is known. For known-model UCRL, the confidence
sets C%-(9) are still as above, but C% (8) := {P.,}

For completeness, we repeat the algorithm POR-UCRL here, which is an instantiation of Algorithm 2]
the generic optimistic algorithm using confidence sets.
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Algorithm 5 POR-UCRL

1: Input: Known family of reward functions {R,}/__,, known probability transition kernel class P
and known decoder-induced function class F, confidence level 4.

2: Initialize dataset D; — {} and Cx(D1,0) «— [[1_, Fn,Cp(D1,8) — P.
3: fort=1,....,T do
4:  Compute the optimistic history dependent policy,

wt,ﬁ,ﬁt = arg max V(P, f,m)
7, FECF(Dy,0),PeEP(Dy,5)

5:  Collect trajectory 7, = {(s},, aZ)}le and feedback {op, } ne#, by sampling from PJ* with
true decoder-induced function f,.
Update D, < Dy U {1}, Pyi1, fiT! forall h
Compute new confidence sets Cr(Dy41,0) «— HhH:1 Ci*1(5) and Cp(Dy41,8) where

Cy () « {fh € Fn|MSEy, ((f7, A(Hl)) < Bhye (5)}

Cp(Diy1,0) « {P IP(- | s,a) = Pea (- | s,a)|y < C(NtJrl(s,a),(S)Vs,a}

8: end for

We will now show our regret bound.

Theorem 1 (POR-UCRL Regret). Under Assumption |1} the regret Regret(T') of POR-UCRL is
bounded by the following with probability at least 1 — §

O ((pSVHA+Y,, , Vduades)VT)

where dg p, = dimpg (fh, %) and dc p, = log(N' (Fr, 1/T, | - |»))-

D.1 Showing that Assumption [3]is Satisfied

D.1.1 Bounding Reward Model Deviations

Lemma 8 (Bounding Reward Model Deviations). Consider decoder-induced functions { fn}ne#,
satisfying | fr.| < B that induce value functions V (P, f, ). For any sequence of policies 7, if the
confidence Cl-(0) is generated using data 7; ~ PTi,i = 1 — t and fte CL(0) is an arbitrary
sequence of functions, then we have the following with probability 1 — 6 /4.

T
SV, Ftom) — VP, f*,me)

is bounded by
O | Bp\/Tlog(T/0) + > Bropden+ Y. k2ny/denBur(0)T

heH, heH,
Proof.
T N [ H H
Z V(P*v ftvﬂ—t) P*7 f 77Tt Z E7'~P7rt 2 Ii(T[h’] 1 T~P lz ]
t=1 | h=1 h=1

T [ ~,

= Z ET~P:t itL(T[h - ETNP t
t=1 heH, hEHp

2 fr(r[h]) — fr(7[h])

I
1=

o«
I
N
>
M
X
s




=3 DI Fhmln]) = fr(nlh]) + X1+ Xay

< 2| X Fhnlh)) = fi(mln)) | + O (Bpy/Tlog(T/5))

where

Inequality (i) follows by the definition of 7; and fh — that is, by optimism. Inequality (i¢) holds
with probability at least 1 — § since X ; and X5 ; are both martingales with respect to the filtration

G: given by the data of trajectories {7,}:Z]. Also, |X1|,| X2 < Bp. We can thus apply the
Azuma-Hoeffding inequality twice to obtain inequality (i¢).

Continuing, note the following.

T
ZV P*aft 7Tt (P*af*aﬂ-t)

t=1

N

M=

Fh(mlh]) — fi (mlh ]wwm

h

1

< [Z k2,0 (fh(1e[h])) — Kenon (7 (1e[h]))

T

+ Bpy/T'log(T/6)

\thz Z . max  op(fr(me[h])) — on(fh(7e[Rh])) +Bp/T log(T/6)

t
=1 hem, M VL)

~"

=n,t(1¢[R],0)

T
= K2,k Z lz Ynt(1e[h],6) | + Bp\/T'log(T/0)

heH,

The sum of these maximum uncertainty evaluations can be upper bounded using the Eluder dimension.
The inequality below holds by applying Lemma 3 in [[10] for each h separately, with the function
class in the lemma set to {0}, o f3,|fr € Fn}, P = 1, X4, = X¢1 = 7¢[h] and misspecification ¢ = 0
(decoupled from the Eluder dimension’s €). We also recall that o}, are 7,-subgaussian samples with
mean oy, (fr(7:[h])). We obtain

T
Z Yn,t(Te[h],0) < O (BdE,h + \/dE,hﬁ}LT((S)T)
=1

Where dp,;, = dimg (Fy, 2) is the Eluder dimension of 7, and 8y, 7(6) = B¢ (525 )- Therefore,
we have our result.

T
Z P*aft 7Tt (P*7f*77rt)

t=1
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is bounded by

O > Branden+ Y. k2ny/denBnr(8)T + Bpy/Tlog(T/6)

heH, heH,

Note that this entire argument can be repeated with f, and ft switched, by the symmetry of the
definition of 7, ; (7¢[h], 0) and the fact that the negative of a martingale is also a martingale. O

D.1.2 Bounding Probability Model Deviations

Lemma 9 (Bounding Probability Model Deviations). Consider an arbitrary sequence of functions
ft e F satisfying | fn| < B that induce value functions V (P, f, 7). For any sequence of policies s,
if the confidence Ck (0) is generated using data that includes ; ~ PTi,i = 1 — t and P, e ChH () is
an arbitrary sequence of transition structures, then we have the following with probability 1 — § /4.

T
S V(Pe £ m0) = V(Pu, f1,m0)| < O (esBpV/SAHT + ¢ BpHSA + Bpy/pTlog(T/9))

t=1

where c5 1= 84/Slog(2) + log(HT'SA/0).

Proof. We first show the following.

Lemma 10.
T T H
Z V (P, f,m) = V(Pa, f ) Z Z C(Ny(sh,a}),0) + O (Bp«/pTlog T/6) )
t=1 i=1h=1

Recall that we denote the Bellman operator by 7™ where 7™ f = E, P f. Momentarily define the
following for 7 = (7,1, $;,7'), where 7;,_; is an arbitrary trajectory of length [ — 1 < H, and s; is
an arbitrary state.

H
Vi'e(ri—1,51) := Errepre lz J?E(T[h])l

h=l

“Erepr | Y ir[R)
heHp,h>1

So in the definition above, the first [ — 1 observations in 7 come from 7;_; while the rest are generated
by the input P starting with state s;. Note that V/(P, f*, m;) = V{p(, 51). Also note that by the
Bellman equation, we have the following.

Vip(nell =11, 81) = Eamr, [T (7[ID)] + Eanr, [Esinp(fsia)Viiip (7l — 1], 5,a), )]
=Eq~r, [flt(Tt[l])] + Eonr, [P( | Slva)TVlt-H,P((Tt[l —1],s1,0), )]

Now use 74 to set 7;_ := 7¢[l — 1] and define the following.
Af(s) = Vip, (mll = 1], s1) = Vi, (7l = 1], 5)
Note that -
Al(s1) = V(Pe, f'm) = V(Pu, f',me) M
The computation above then gives us the following.
Af(5}) = Eanr, [P | s1,0) TV, 5 (1l = 1, 81,0), )]

- Ea~7rt [ ( | Sl7a)TVl+1,P*((Tt[l - 1]7‘9;7&)7 ))]

=Pl | s.al) TV, 5, (Rll] ) = Pul- | sfaf) Vil p, (mell], ) + Vi + Zue
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where Y; ; and Z; ; are stochastic processes defined below.

Vi = Pul | 5b@) Vs o, (7ull), ) = B, [Pulc | 5f0) Vil o, (mll = 1], 5, ), )]
Z1t = B, |Pol- st 0) V), 5, (Rl = 11, a), )| = B | st 0) TV 5 (mll, )

Consider the filtration G; ; induced by the data of {7,}'_} U [l — 1] U {s{}. Since a} ~ 7; and
(e[l — 1], st,al) = Tt[l] we get that E[Y; |G, ] = E[th\gl,t] = 0. So, one can see that both
processes are martingales over G; ;. Also note that |Y; ¢|,|Z;+| < p. We thus have that

Af(sh) = [Pa- | shaf) = Pu | shaD) | V), o, (101, )

P shaf) T [V 5, (1l ) = Visap, (1l )] + i + Zu
( Vi o, (L) + Pu- | sfyal) AL (8) + Yie + Zue
(
(

1+1, P

)
| shan) | Vi g, (1)) + B isap) [ALi ()] + Yir + Zi
)

V! ~t(7't[l]7 D) 4 ALy (s1e1) + Ui + Yo + Ziy

where
Ut :==Egop, (-st,al) [A§+1(3/)] - A§+1(5f+1)

Consider the filtration G; .+ defined by the data of {TS 1 u 1¢[l]. Clearly, U; ; is a martingale over
Qlyt Also note that |U; ;| < p To conclude, we have that

Af(sh) = Afr(shn) = [Pel- | sty af) = Pl | sf,af) | Vi 5, (L], ) + Ut + Yia + Zu
Using a telescoping sum over [ for a fixed ¢ and equation [I] we get that for any ¢, the following holds.

VP, ft,m) — V(Pa, f',m)
= Al(s1)

H
= 3 [P I stoal) = Puc I stiah) | VL 5, (R0, ) + Dbt + Y + Zug
=1

V(ﬁta ftv’frt) - V(P*a ftaﬂ—t)

H
< Y, Bp|Pul- | styal) =Pu(- | sfyaf)| + Use + Yo + Zue
=1

H
<\'B HIS stal) —By(- | s, t‘
z; p |Pe(- | s1,a7) t(+ | si ap) )

P (- | styaf) = Pe( | shoaf)| + Ui + Vi + 2
@)
Until equation all statements have held with probability 1 and did not use any facts about P,. The

last inequality also holds with probability 1 and uses the design of the confidence sets. Now, note the
following well known concentration lemma. See, for example, [S0].

Lemma 11. For ((n,6) = 8/ et 1S4/ g

Ch(6) = {P|IP( | 5.0) = Pu(- | 5,0) i < C(Ni(s,a),8)7s,a]

the true model P* € C(0) for all t > 1 with probability at least 1 — §/32.
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Applying the lemma twice and applying a union bound imply that the following holds with probability
1—0/8.

T
ZV Pt7f Trt (P*7ft77rt)

=1

~+

e
M=

QBpC(Nt(S]l‘va]l‘% 5) + Ulﬁt + YLt + Zl,t

Il
—

H T

2Bp((Ny(sh,al),8) + Z Z Unt +Yhe + Zny
1h=1 t=1 heH,,

H
2 2BpC(Ny(sh,at),8) + O (Bp\/pTlog T/5) )

h=1

Il
1=

t

—~

L

1)
<

Note that 1nequa11ty ( ) is subtle since we could have used more data than that from 7;,i = 1 — t to
construct C,. The inequality still holds since {(n, §) is decreasing in n. Also, inequality (ii) holds
by the Azuma-Hoeffding inequality.

Now note that the whole argument above can be repeated with P, and E’t switched, since the negative
of a martingale is also a martingale. So, we have that with probability 1 — §/4

T T H
Z V(’Staft,ﬂt) —V(P., f',m)| < Z Z 2Bp((Ni(s}, ap,),8) + O (Bp\/pTlog T/s) )
t=1 t=1h=1

Finally, we need the following easy lemma, proved in [50]].

Lemma 12. Let c5 := 84/Slog(2) + log(HT'SA/S). Then the following holds almost surely.

T H
> Z 2Bp((Ny(st,at),0) < csBpV/SAHT + c;BpHSA
t=1h=1

This establishes our claim. O

D.2 Putting It All Together

Theorem 1 (POR-UCRL Regret). Under Assumption|l| the regret Regret(T) of POR-UCRL is
bounded by the following with probability at least 1 — §

O ((psvHA+ Y, Vipnden) VT)
where dp j, = dimp (.Fh, %) and dc.p, = log(N (Fn, 1/T, | - ||o0))-

Proof. We can now combine Lemmas [7] lnd 1| to conclude that M, € Cp4(Dy,d) for all ¢ with
probability 1 — §/16. We can now combine this observation with Lemmas and@]to observe that
Assumption [3]is satisfied by POR-UCRL. By Theorem 4] the following holds with probability 1 — 4.

Regret(T) = O | ¢sBpVSAHT + ¢;BpHSA+ Y. Brondpn + Y kany/denBnr(8)T

heH, heH,

where ¢5 = 84/S1log(2) + log(HT'SA/S), dg,, = dimg (F, £) is the Eluder dimension of F,
and B, 7(5) = By ( ST = O(an de, h)) This is because all the terms dependent on p get
absorbed by the first term in our expression below.
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We further refine it by ignoring terms independent of 7" and using the fact that 8, () = @(da h) to
get that

Regret(T) = O | pSVAHT + Z VAadendenT

heH,

Analogously, we can provide a sample complexity result for POR-UCRL.

Corollary 2 (POR-UCRL Sample complexity). Let e > 0,6 € [0, 1]. Ignoring polynomial terms
independent of €, we can bound the sample complexity N (g, 8) of POR-UCRL as follows

2 2 2
~ pHSA pdEdC
o (L

where dp := maxpey, dg h, and do := maxpey, do,h.

Proof. We invoke the regret-to-PAC conversion in Lemma with confidence ¢’ = §/2 and we plug
the regret bound in Theorem|I]to write

= O (BpS\/E‘F > keny/denden + Bp\/W) (\/IT)

heH,

from which we get the result by picking N = T and the definition of dg, d¢. O

Also note the following theorem and corresponding corollary.

Theorem 7 (POR-UCRL Regret if P, is Known). If we know the transition matrix P, in POR-UCRL,
then our regret is given by the following with probability 1 — 6, ignoring polynomial terms independent
of T.

Regret(T) =0 Bp + Z Vdgpden VT

heH

Proof. We can now use Lemmas [§ and the fact that C5(4) is always a singleton to observe that
Assumption [3]is satisfied by this version of POR-UCRL as well. By Theorem [ the following holds
with probability 1 — 4.

Regret(T) :(Ng Bp\/f—ﬁ— 2 Bligﬁth,h-i- 2 KQ,hq/dE’hﬁh’T((S)T

heH, heH,

We further refine it by ignoring terms independent of T" and using the fact that 85, 1 () = @(da ) to

get that
Regret(T) = O | | Bp + Z K2.n/denBrr () | VT

heH,
O

Corollary 3 (POR-UCRL sample complexity if P, is Known). Let ¢ > 0,8 € [0,1]. Ignoring
polynomial terms independent of €, we can bound the sample complexity N (g,0) of POR-UCRL

when P, is known as follows
~ (p*dpd
o(44)
€

where dp := maxpey, dp n, and dcp, = maxpey, do,p.

Proof. The proof proceeds as in Corollary 2] by plugging Theorem[7]in Lemma 5} O
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E Details and Proofs for Cardinal POR-UCBVI

We now describe how we instantiate POR-UCBVI from a generic optimistic algorithm using bonuses.
Note that again, this is crucially different from naively summarizing the history to define a modified
state space, since we are separating the use of history summarization for getting bonuses for f
from using only the current state while getting bonuses for the Markovian transitions P. Like with
confidence sets, it is a priori unclear if we can use ideas from optimism to prove guarantees with
a favorable (non-exponential) dependence on the complexity of transitions. In particular, we will
note that showing that the bonuses are optimistic would naively need a union bound over the doubly

exponential (A(S A)H) set of history-dependent policies, which is a non-trivial challenge to overcome.

Given a dataset of the first ¢ trajectory samples {7;}{_, and an index h € [H], we consider the
following:

Estimates for POR-UCBVI:

t‘H = arg min Z (fn(m5[R])) — 02)2
fn€Fn ;1
We also use the MLE estimate for P after ¢ episodes to define P!(- | s,a) := %j(;‘;) Now for

¢(n,d) = 2\/3log(Q)HOg("(”H)SA/&), define Cp, (9) as below:

2n

{PlIPC- | 5,0) = Pu(- | s,0)]l < C(Ni(s,0), 0)¥s,a

Recall the definition of our bonus below.

Bonuses for POR-UCBVI. Recall that simple least squares guarantees imply the lemma below.
Lemma 7 (Concentration for o o f;). Define

t

MSEy, o (fu, ) - thfm ) = onlfh(m:[h]))’

n E “lloo . t .
Also define B, +(6) = n? log <N(Fh§|)) + ap ¢ with ap ¢ := w. Then fy simulta-

neously satisfies MSEy +(f7, f» Fl+D ) < B (ﬁ) for all h,t with probability 1 — 6/32.

We use the data from trajectories {7;}*_; to build the confidence sets C:**(8) =[], C; ™' (6) with
C”’l( ) defined below, where S35, +(0) := Bh : ( t2H)

CL(6) i= { S & Fu[MSEw (£ 1Y) < B (6)

We first define a trajectory dependent bonus term below, with § := HSH#AH
i (T[h],8) = fu(r[h]) = fu(r[R])
I ,ge h( )

Note that according to the definition of /3, this does not create any exponential dependence in the
confidence intervals used to define C; .

0
s (g ) < 04 QOB 1+ 12) + B+ s low(1/6) 4 H on(THS 4/3)

= O(dc’h + H)

It follows by a union bound over all trajectory segments and all timesteps ¢ that with probability at
least 1 — 6/16 and for any trajectory 7 and t > 1, h € H,,

|fi (7 (kD) = fr(r[RD] < e (7[R], ) ©)
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Remark 4. In the case of many popular function classes F, like the linear class Fg = {7 —
#(7)"w | ||w| < W}, we can compute v, +(7[h], §) quite easily. In this case vz ¢ is given by

sup  ¢(7)" (W —w) = [é()|v, s R

w,weW, w,w'e
for a suitable quadratic form V;.

~r.t(T[h], ) induces a trajectory-dependent bonus, given by

bt T (5 Z ’Yht
heH,

This in turn induces a policy-level bonus (which depends on the transition kernel), given by:

b (P,m,0) = Erepy [D(7,0)] = Erepr | Y Ana(r[R],0)
heH,

Let us define a term £%(s, a, §) that will be used to define the probability bonus.

. N Hlog(6HSA) + Slog(8t2H?) + log(32t2N¢(s,a)/d)
&' (s,a,d) := min <2,4\/ 2N, (5.) )

This induces a trajectory-dependent bonus, given by

bf (1,9) Z (sn,an, o

This induces a policy-level bonus (which depends on the transition kernel), given by:

H-1
V5 (P,7,8) := min (4, E-pr [b%(7,0)]) = min (4, E, p~ [ Z gt(sh,ah,§)1>

h=1

Estimates and Bonuses in case P, is known. If P, is instead known, keep ft and b’ (P, m, §) the
same as above, but set P, := P, and b, (P, 7, 6) := 0 for all ¢.

For completeness we state POR-UCBVTI here, which is an instantiation of Algorithm 3] the generic
optimistic algorithm using bonuses.

Algorithm 6 POR-UCBVI

1: Input Known family of reward functions {R;,}/__,, methods Est (D) to estimate P; and ft from
dataset D, confidence level &

2: Initialize D; «— {}, initialize fP', Pp, arbitrarily.

fort=1,...,T do

4:  Compute optimistic history dependent policy,

w

Tt = argmaXV(lstaft77T) + bg:(lstaﬂ-76) + Z(Bp)(bt'P(lstaﬂ-75))

Observe trajectory 7; = {(sjl7 aﬁL)A}thl and feedback {op}hep, -
Compute new estimates f'*! P;,; « Est(D;y1) and compute new bonus functions
bt]-j_l(ftJrl, ) 5)7 b%D+1(Pt+1a B 5)

7: end for

We will show the following regret bound.
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Theorem 8 (POR-UCBVI Regret). Under Assumption[l] POR-UCBVI satisfies Assumption[d] and its
regret Regret(T') is bounded by the following with probability at least 1 — 0, ignoring polynomial
terms independent of T

O | pC(H, S, A)+ ) \/den(den+ H) |VT

heH,

where C(H, S, A) := HVSA+ SvHA

E.1 Showing that Assumption[d]is Satisfied
E.1.1 Bounding effect of error in F

Lemma 13 (Bounding f* Value Error). Given any P, with f' computed using data from {r;}!_, ~
PT: for any sequence of policies T; using least squares, the following holds with probability 1 — §/16
uniformly over all T.

[V (P, f',7) = V(P, f*,7)| < b (P,,0)

Proof. Recall that with probability at least 1 — 6/16, the following holds for any trajectory 7 and any
t=1,heH,.

|fi(r[B]) = Fi(r[RD)| < yne(r[R], 8) Q)

Now note the following inequalities, where () holds with probability 1 — /16 uniformly over all
policies due to inequality |4{ above.

VP, f',m) = V(P f*,m) = Erepr | Y fL(r[R]) = fi(r[h])

heH,

(1)

< Erpr | D) ma(r[n]6
heH,
)

=b%(P,m,§

Lemma 14 (Bounding Sum of F Bonuses). The following holds with probability 1.

T
Db m,8) = O | Y] Bdpn+ Y, A/denBur(8)T + Bpy/Tlog(T/0)
t=1

heH, heH,

Proof. First note the following inequality, which hold with probability 1 — §/16 by the Azuma-
Hoeffding inequality.

T T
Z bt]-'(P*a T, 6) = Z ETNP::{' Z 7t7h(7[h] 0
=1 t=1

heH,

<3 2 wnlrlhl,8) + O (Bpy/Tlog(1/5))

=1 heH,

Now apply Lemma 3 in [10] for each h separately, with the function class in the lemma set to
{o o fulfn € Fn}, P = 1,%, = X,1 = 7[h] and misspecification ¢ = 0 (decoupled from the
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Eluder dimension’s €). We also note that of, are n-subgaussian samples with mean o ( f5,(7[h])). We
obtain

T

t; fh,}?gé(é) o(fu(r[h])) — o(fr(r[h]) < O <BdE7h + \/W)

where di ;, = dimpg (}'h, %) is the Eluder dimension of ¥}, and 6h,T(5) =8 (%) Since the

Lipschitz constant of o~ ! is ko, we have that the following holds with probability 1.

T
D yea(r[n],6) <0 (Bffsz,h + Ko dE,hﬁh,T(5)T>
=1

This implies that the following holds with probability 1 — 4/16.

D U(Pa ) < ) 3 a1k, 8) + O (Bpy/Tlog(1/5))
t=1

t=1heH,

= @ Z BIing,}L + Z Iﬁgq/dEﬁﬂh,T(S)T—FBp\/Tlog(T/(S)

heH, heH,

E.1.2 Bounding effect of error in P
We now restate Lemma B.2 of [[L1] in our notation.

Lemma 15 (Change of Measure Inequality). For any function p of trajectories bounded by D, if P,
is computed from data that includes trajectories {T; ~ PTi}!_, for any sequence of policies T;, then
the following holds uniformly over all policies w with probability 1 — §/16.

Erve. [1(7)] — E, _p, [1(7)] < 2D+/1og(D)blp (P, . )

The same statement holds if we switch the roles of P and P, on both sides.

Proof. For the order of P and Ist in the statement, the following follows from Lemma B.2 of [[L1]]
withn = Dande = t% We pull the additive log(D) in the square root outside to fit our assumption’s
phrasing.

Erp ()] — Exp, [0(7)] < DVI0g(D)n (Pry w,0) + 75 < 2D/ log(D)b (P, )

The only subtlety is that more data than that from {7;}{_; could have been used to compute P;. The
proof still follows since ¢p (P, 7, D) is decreasing in the counts N¢(s, a).

Finally, if we switch P and I5t on both sides, we can follow the proof of Lemma B.2 verbatim with P

and P, switched everywhere, except for the martingale argument. There, instead of switching the two
transition kernels, we negate the martingale to get our desired result. This exception is because we
still need the expectation to be over the true transition kernel P, for the stochastic process defined to
be a martingale. O

Lemma 16 (Bounding P, Value Error). Consider any sequence of functions f' that induce value

functions V (P, ft, 7). For any sequence of policies T, if the estimates P,, bonuses bp and costs cp
are generated using data including that of T; ~ PTi i = 1 — t, then the following holds uniformly
over t and over all policies with probability 1 — §/16.

V(Ista fta’/Tt) - V(P*v ftaﬂt) = Bp V IOg(Bp)(b%“D*?ﬂ—v 6))

The statement also holds if we switch P, and P.,.
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Proof. Note the following two inequalities that immediately follow from Lemma T3]
V(P*7 ft7 7Tt) - V(Ista ft7 7Tt) < Bp V IOg(Bp)(bt'P(lsh ™, 6))
V(Ish ft7 ﬂ-t) - V(P*7 ft7 Trt) < Bp V log(Bp)(btP(P*a T, 6))

Our result follows immediately. O

Lemma 17 (Bounding Sum of P Bonuses). The following holds with probability 1 — /16 whenever
the data used to compute b’ (P, 7, ) includes the data of trajectories 7;,t = 1 — t.

2 b (P, m1,0) = O (SAcs + ¢V HSAT

where

_ 4\/Hlog(6HSA) + Slog(8t2H?2) + log(32t2Ny(s,a)/9)
2
This means that for any s, a, £'(s,a,8) = 2 until N(s,a) > %

Proof. First note that by the definition of the bonus and the Azuma-Hoeffding inequality, we have
the following.

!

T
2 (Pe,m1,6) < . Ernprblp(r,0)

t=1

VAN
1~

=
9

(1¢,6) + O(4+/T log(T/$))

o
I
_
:5
-

[
1=

(s}, ab, 8) + O(4+/T log(T/$))

Now note that the first inequality holds even if more data beyond that of {7;}!_, is used to compute
&4(s,a, ), since £¥(s, a, d) is decreasing in Ny(s,a).

~
Il
—
=
I
-

T H-1 T H-1 z
£ (sh,al,0) < SAes + Z i
t=1 h=1 t=1 h=1 Nt(sgf), aEf))
Nr(s,a) 1
< SAcs + ¢
s+ Cs Z 2 7
(s,a)eS =1
< SAGs + 2¢5 Z Nr(s,a)
(s,a)eSx.A
< SAes +26 [SA ). Nr(s,a)
(s,a)eSx A
— O ((SAcs + &5V/SATH)
This concludes our proof, since 1 = O(v/HSA) O

E.1.3 Putting everything together

Theorem 8 (POR-UCBVI Regret). Under Assumption[l} POR-UCBVI satisfies Assumption[d|and its
regret Regret(T) is bounded by the following with probability at least 1 — §, ignoring polynomial
terms independent of T

O | (pC(H,S,4)+ > \/den(don+ H) | VT

heH,

where C(H,S,A) := HVSA+ SVHA
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Proof. Note that by Lemmas[13] [T4] [I5] [T6] [T7] Assumption[d]is satisfied by POR-UCBVI. Using
Theorem [5|and Lemmas [I4]and we have the following.

Regret(T) = O( Y} Bropdp, + BPHSAG + Y. ko dnBur(6)T

heH, heH,

+ Bp\/T log(T'/d) + cs BpHV SAT)

We further refine it grouping terms and ignoring terms independent of 7", and also noting that

O(H ++/8) as well as By, 7(5) = O(dc,, + H)

Regret(T) = O | | D) rar/den(den + H) + Bp(HVSA+ SVHA) |NT

heH,

= O | p(HVSA+SVHA) + Y. /den(den + H) |VT

heH,

From the latter we derive a sample complexity result as follows.

Corollary 4 (POR-UCBVI Sample complexity). Let e > 0, € [0, 1]. Ignoring polynomial terms
independent of €, we can bound the sample complexity N (g, 8) of POR-UCBVI as follows

~ (pPHSAmax(H,S) p?dgmax(dc, H)log(1/d)
© g2 * g2

where dp := maxpey, dg n, and do = maxpen, do,h.

Proof. We invoke the regret-to-PAC conversion in Lemma with confidence ¢’ = §/2 and we plug
the regret bound in Theorem §]to write

62(5 <Bp(HV A+ SVH 2 N/dEhBhT +Bp log 1/5)( )
heH,
from which we get the result by noting N = pT and the definition of dg, d¢. O

We also have the following theorem and corollary, in the same vein as Theorem [7]

Theorem 9 (Regret for POR-UCBVI if P, is Known). When P, is known, POR-UCBVI that sets
P, := P, and b5 (P, 76) := 0 for all t > 1 still satisfies Assumptionand its regret Regret(T') is
bounded by the following with probability at least 1 — ¢, ignoring terms independent of T

(5 Z dE}LdC}L—FH) ﬁ
heH,

where dE,h = dlmE (.Fh, %)

Proof. Note that by Lemmas[I3]and [T4] Assumption[]is satisfied by POR-UCBVI. Using Lemma([T4]
we have the following.

Regret(T) = O 2 Brkodp p + 2 kar/ dg nBnr(0)T + Bp\/T log(T/5)

hecH, heH,
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We further refine it grouping terms and ignoring terms independent of 7', and also noting that

s = O(WH +/S)

Regret(T) = O Z Ko/ dE.nBur(5) + Bp | VT
heH,
-0 Bp + Z dg nBnr(0) |VT
heH,
-0 Z den(den + H) VT

heH,

O

Corollary 5 (POR-UCBVI Sample complexity if P, is Known). Lete > 0,§ € [0,1]. Ignoring
polynomial terms independent of €, we can bound the sample complexity N (e,d) of POR-UCBVI

when Py is known as follows
~ (p*Hdg max(dc, H)
@) =

where dp 1= maxpey, dp,n, := MaxXpey, Br,n(0), and do := maxpey, do,p.

Proof. The proof proceeds as in Corollary 4] by plugging Theorem[9]in Lemma 5] O

36



F Details and Proofs for PORRL with GOLF

For completeness and establishing notation, we recall GOLF here.

Algorithm 7 GOLF

1: Input Known class of Bellman consistent Q-functions Q, confidence level §.
2: Initialize dataset D; < {} and Co(D;,9) <« Q.
3: fort=1,....,T do

4 7[0] < ()

5 forh=1,...Hdo

6: Compute a,, Q) — argmax, geco(p,,5) Q(T[h], )

7: Play o}, and observe feedback o},

8: end for

9:  Update D; ;1 <« D; u {7, (0},...04}

10:  Compute

CalPes1,8) = { £0,(Qn Quar) < iuf £,(0.Qnen) + 5}

h

11: end for

Theorem 2 (Modified GOLF Regret). Let Assumption hold, and let dgapg =

dimpape(Q, o, min(a, 4/1/T")). Choose hyperparameter 8 = clog(HTN(Q u G,1/T,| - |x)
for some universal constant ¢ and the auxiliary function class G used in GOLE, and define

de,o :=10g(N(Q U G, 1/T, || - |«)). Then, GOLF satisfies Regret(T) = O (pH~/duasedc,oT).

Proof. The meat of the theorem is in proving Lemmal[l8] We 3 = clog(HTN (Q U G, 1/T, | - |x))
for some suitably large universal constant ¢, and use Theorem [6]and Lemma [I8]to get that

H BQPQB h—1 .
Regret(T) = 2 Tw+ Bp ( >+ 1) Z di(a) | + min(dp(w), T)Bp + 2Bp+/Bdp(w)T
1=1

h=1 a

where dj,(¢) := dimpg (P, Dp, ). Now set w = % and use the fact that dj, (¢) increases with
decreasing € to get that

Regret(T) = 0 (pH\/m)
= O (pH\/duapnde.oT )

since dgagg := dimgapg(Q, min(a, Bp/T)) := maxy, dj, (min(«, Bp/T)). O

Corollary 6 (GOLF Sample complexity). Let e > 0,0 € [0, 1]. Ignoring polynomial terms indepen-
dent of €, we can bound the sample complexity N (e, ) of GOLF as follows

) (pQHQdHABEdc,Q )
g2 '

Proof. Again, we use Lemma[5|and a quick computation shows our result. O

F.1 Comparing dimygapg and dimpg

It is easy to see that since the function class ®; is a subset of the class W, of all Bellman errors,
dimpgape < maxp, dimpgr(Vh, Dp,0,€). Recall that the Bellman eluder dimension is a minimum
over the RHS and another term that uses Dirac-9 distributions, but typically, the RHS is smaller.
So, in many cases, dimgapg < dimpg. However, we don’t have a universal inequality in either
direction.
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F.2 Computing dimensions for the combination lock

Proposition 1 (Dimensions for the Combination Lock). Consider the combination lock problem with
model class M = P x F and induced Q-function class Q.

* Under dense intermediate feedback with H,, = [H)], the dimpyapgr(Q, o)A for all & < g, while its
BE dimension is at least A" — 2. The eluder dimension for reward functions dim g (Fp, %) is at

least A" for any h < H.
* For sparse intermediate feedback with H,, = {H} and any o > 0, the o-HABE dimension, the BE
dimension and the eluder dimension of Fy are all at least A7 — 2.

Proof. We separately resolve the cases of sparse and dense intermediate feedback.

F.2.1 Dense intermediate feedback, , = [H]|

Notice that we get a reward Ber(q) at every step as long as we are on the correct sequence of actions
aj,...ay,and as soon as we take a wrong action, we always get a reward of 0 subsequently. It is then
easy to see that the induced function classes Q then are given by Q = {(Q1,...Qg) | Ja1,...ag €
Ast. Qnp=(H—-h+1)qly,, q,}

a-HABE dimension: It suffices to show the upper bound using Dy, g(a,n—1), since the a-HABE
dimension takes the minimum of distirbutional eluder dimensions over two distributions. For any
«a < q, consider the function class

Qash—1) = {Qe @,

Eu@l@ -~ TiQuall <@, VI <I<h—1f

Now note that E,,, () [Q1 — T1Qi141] = qla,,...q; — qlax . qr. If this is smaller than «, then this is
smaller than ¢ and thus must be 0. So, (a1,...ar—1) = (ai,...a;_,) forany Q € Q(a,h — 1).
This also means that any ¢, € ®j,, thereisa Q € Q(«a, h — 1) so that

d)h = Qh - 777.Qh+1 = q]laz,...a’;bil,ah - q]la’l*,...a;;il,az

Thus, the size of @, is just A. More importantly, the set Dj, g(q,n—1) Of distributions pp, (@)
induced by Q € Q(«, h — 1) only include indicators of the form Las,...az_, o for actions a. Thus,
the set of distributions Dg(,,,—1) has size A. We know that the distributional eluder dimension
d = dimpg(®n, Dp(a,n—1), min(a, Bp/T)) is bounded by the number of possible distributions
|DQ(a,h—1)|' SO, d< A

BE dimension: The Bellman differences, from above, are ¢1,, .4, — q]la;,.“a; . This is an affine
transformation of a family of A indicator functions. The distributions z;(Q)) over trajectories
induced by () include indicators 1., ...a; Of all trajectories of length [. Now for any sequence
M1, - -« [, in+1 Of different indicator distributions not including a7, . . . aj, we consider the Bellman
difference gp+1 = qla,,...a), —q]la;,...a; with action sequence given by /iy, 1. Note thatE,,; g,11 = 0
foralli < nbutE, . gny1 = g. This means that the longest possible sequence in the definition of
the distributional eluder dimension has length AH _ 2. So, the BE dimension is at least A7 — 2.

Eluder dimension: The reward function class F, is given by all functions of the form ¢l,, . q,.
This is a scaled version of a class of A" indicator functions. Since it contains A" indicator functions,
its eluder dimension is at least A™.

F.2.2 Sparse intermediate feedback, 7{, = [H ]

Notice that we get a reward Ber(q) at the last step if we took correct sequence of actions aj, ... aj;,
and reward 0 otherwise. It is then easy to see that now, the induced function classes Q then are given

by Q ={(Q1,...Qu) | Jar,...ag e Ast. Qn, = qlg,, q,}-

a-HABE dimension: This time, note that E,,, (y[Q1 — ThQnr4+1] = 0 forall h < H — 1. So,
the function class ®;, = {0} forall » < H — 1. Only for h = H do we have that E,,,, (0)[Qn —
TaQui1] = qla, .. .ay — qla;,. a2, Also note that Q(a, H — 1) = Q for all asince E ,, ()[Q1 —
ThQr+1] = 0forall h < H — 1. So, this is merely the BE dimension of the problem. Now, the
Bellman differences at timestep H are identical to those for the sparse feedback problem, and the
distributions Dg (4, 77—1) = Dg since we have established that Q(a, H — 1) = Q. This means that
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by the argument for BE dimension in the dense feedback case, we have that the distributional eluder
dimension of ® is at least A — 2, which is then also the «-HABE dimension of this problem.

BE dimension: From the argument for the a-HABE dimension in the sparse case, the BE dimension
and the a-HABE dimension match in this case, and are both at least A7 — 2.

Eluder dimension: Again, the reward function class Fp is given by all functions of the form
g1y, ... .ay- This is a scaled version of a class of AH indicator functions. Since it contains A

indicator functions, its eluder dimension is at least A7,
O

F.3 Proofs of Lemmas

Recall that Q(a, h) = {Q € Q | [E, ()[Q1 — TiQi+1]| < o, V1 < I < hj, that p1,(Q) is the
distribution induced on 7[h — 1], ay, by mg and D, o := {un(Q) | Q € Q}.

Lemma 18. Let dj,(¢) := dimpp(®h, Dh,0(a,h-1), €) With
P, 1= {Qh - TthH’Q € Qa,h — 1)}

Then, we have that for 3 = clog(HTN(Q u G, 1/T,| - ||lx)), Z;:l IE,.. 0@ — Ta@, 11| is
bounded by

ot Bp< B2 26 ) (2 di(a ) + min(dp (w), t) Bp + 2Bp+/Bdp, (w)t

Proof. We modify the proof of Lemma 41 in [32]. Pick arbitrary i and ¢ and let ¥}, be the function
class given by

q)h = {Qh - 77LQh+1’Q € Q(O‘ﬂ h)}
B {Qh - EQhH‘(Qh"‘QH) € QEu@l@—TiQn]l <, VI<I<h- 1}

Also note that we have the function class ®;, of timestep h Bellman errors induced by "historically
a-accurate” functions - functions whose expected Bellman errors in previous timesteps are smaller
than «. The distribution used for computing the expected Bellman errors for previous timesteps is

m(Q).

Now abbreviating ¢ := Q] — T,Q] 41 gives a sequence Y}, ...} of functions in ¥, for every
1 <1 < h. This must have a subsequence ¢;, . . ;' consisting of all the functions in the sequence
that lie in ®;, for every 1 < 1 < h. Also let dy, (e ) dimp g (P, Dy, €) for any . Now note that

-~

2 Eun@[0h = T2}l

<.
Il
—

\ @[] 1 (@) 3] > w,Q € Qo h = 1))

i‘ n(Q7) ¢h‘ (\ #h(czf>[1/)i]|<w)

Jj=1
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I 'Ew

(@ (9] 1@ € Qa1 - 1\Q(a,1)

HM& HM|

\ @ 1|1 ([Eun@n ¥l > w, @ € Q(a,h = 1))

||M\
||M~

2, [En@ 1|1 (Bua il > o Qe Qo - 1)

i ‘ wn(Q7) wh ) <|Euh(Qj)[w{L]| >w,Q € Qa,h— 1))

(41) h=1 m Th .
<twt ) [Euien 68| (Epen[6f]l > a) + 2 [Fuuiar NCAR (GRS
=1 3j5=1 =1

@) 63| 1 (B[94l > )

(i) 2p
<tw+Bp<B )(26[1 )

Here, (4) holds since one of three possibilities holds — either ’E#h(@-) [wi]’ < w,or [E,, @in¥i| >w
and there is aleast] < h —1sothat Q € Q(a,l — 1) but Q ¢ Q(a,h — 1), 0or Q € Q(a, h — 1).
(44) holds since if |EM(Qj)wi| < aforall k <1 —1, then wlj = ¢! for some i. Finally, (i)
holds by Proposition 43 of [32] since Z;;i B0 [(qﬁf)Z] < B by Lemma 39(a) of [32]. While our
rewards are stochastic and theirs are not, we can repeat their arguments verbatim after noting that the

martingale defined in the beginning of their proof continues to be a martingale even for stochastic
rewards that have second moments.

j=1

Now arrange the sequence |EM (Qj)¢s| in order to get ey, . .. e, . We can then write

¢ 2 Th
Z ’ 1(Q9) [QF, - EQhH]’ tw + BP( ) (Z di(a ) + 2 e;jl(e; > w)
j=1 j=1

For any e; > w, consider arbitrary -y such that e; > v > w. This means that by Proposition 43 of

[32] again,
Th B2p2
]<21(6i>7)< < ,yp2ﬂ+1>dh(w)
i=1

This means that v < Bp fidé‘h(E”L)) for any such 7. Since e; < DBp, we get that e; <

min (Bp7 Bpy/ 2 dh(f))) Finally, this means that

t
Z ‘ uh(QJ - EQ%+1]‘

nggﬁ h—1 Th
<tw+Bp< 2 +1> di(e) | + Zej]l(ej > w)
=1 Jj=1
B*p’5 S) B (w)
<tw+ Bp ( s— + 1) di(a) | + Z min | Bp, Bpy | ——————~
@ =1 j=1 J —dn(w)
BQ 2 h—1 Th d
< tw + Bp ( p2 p + 1) di() | + min(dp,rn)Bp + Z Bp M
@ I=1 j=1 J
B2p2ﬁ h—1
<tw+ Bp ( T 1) di() | + min(dp(w),ry)Bp + 2Bp+/Bdp(
1=1



(07

h—1
<tw + Bp (Bij/B + 1) (Z dl(a)> + min(dy(w),t)Bp + 2Bp+/ Bdp (w)t
=1

as desired.
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G Proofs for Dueling Feedback

G.1 Proof for Reduction to Confidence-Set Optimism
Theorem 3 (Reduction from Dueling to Confidence-Set-Based Optimism). If the confidence sets
Cpm(Dy, d) satisfy Assumption 2] then the dueling regret Regret, (T') of Algorithm|l]is given by

Regret p(T) = O(Cp(M, T, 8) + Cr(M,T,5))

Remark 5. While the theorem states that we need Assumption [2]from the main paper, we actually
use its slightly more refined version — Assumption [3] The less refined version was added to the main
paper for brevity.

Proof. For ease of notation, let us use the sets C(Dy, §) given by the pre-image of C;(D;, §) under
the map M — M from SCCUOHI We first recall that M. € Caq(Dt, 6) and so 7, € Ht for all ¢ with
probability 1 — §/16. Recall that the value of a duel (7, 7") under model M < is denoted by

VoM, 7, 7') := V(M,7) = V(M,7") = V(P, f,7) = V(P,g,7)
We overload notation and use the natural maps (P, f) <> M +— M to define
VD(Ma T, 7T,) = VD (Ma T, 7T,)
For ease of notation, we will then work with C((D;, d) in this proof until we can. Since 7; ; € I, for
i = 1,2, there exists some M; ; € Caq(Dy, d) fori = 1,2 so that Vp (M, ¢, m, 71 +) < O for all 7. Note

that duehng regret is given below. Inequality (%) is by deﬁmtlon of M; ¢, since VD( it T, Tig) < 0
for ¢ = 1, 2. Inequality (i¢) holds by definition of 7y ¢, w2 4.

[
=
Ml\?

Regret (T) Vo (M, T, 5 ¢)

~
Il
—
S
Il
—

2
VoM, T, i) — VD (M4 ¢, T, i) + Z VD(Mi,t,W*JTi,t)]

i=1

Il
1=
(e

w
Il

—
—

e
RS
DM~ -

[VD(M*7 Txy ﬂ-i,t) - VD(Mi,tv Tx s T‘—i,t)]

<.

~
Il

—

NE
= L
[N}

—~

Vp(M —Vp(M
MyM,Ergithé)[ DM, 714, 72,0) = Vo (M, 716, 2,0 |

o~
Il
—_

Continuing, we have

Regret (T < Z 2M M'ergﬁ}((p 5 [VDM, 14, m24) — V(M 714, ma¢) |

=2 Z e [VD(M7 T, T2,) — VD (Me, m1e, m20) + Vo My, 1, 2,

- VD(M/,m,t,?Tz,t)]
< Z M. M’GIgﬁ}((Dt, [VD(M7 ﬂ-l,t) 7T2,t) - VD(M*a Trl,ta 7T2,t)] +

Vp(M — Vp(M
MM@Igﬁ)fbha)[ DMy, 716, m21) — V(M 714, mat) |

=2 Z [VD(Mtﬂﬁ,tﬂTz,t) - VD(M*aﬂ'l,taﬂ'Q,t)] + [VD(M*77T1,t7772,t) - VD(Mgaﬂ'l,taﬂ'Q,t)]
t=1
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where M, and I\N/IQ are the respective maximisers. It suffices to analyse only one of the terms, as a
consequence of the symmetry of Assumption 3]

We can now use the fact that M is described by (P, f) to analyse the first term, letting l\7|t — (Ist, f o).

Z [VD Mg, 14, T2 ) — VD(Mnﬂ'l,taﬂ'Q,t)]

Il
E%ﬂ

VD(E’ta J?t’ T1,t, 772,t) - VD(P*7 f*77T1,t77T2,t)]

o~
Il
—

N
[N}
D=

Vi (P, J?taﬂ'l,taﬂ'Q,t) - VD(P*,J?t77T1,t,7T2,t)] + [VD(P*,ft,ﬁ,tﬂTz,t) - VD(Pnf*ﬂTLtJTQ,t)]

o~
Il
—

VA

[N}
D1~
o

Vb (P4, J?t’ﬂl,t,ﬂ'Q,O - VD(P*7.]?%77T1¢77T2¢):| + [VD(P*aft,Wl,t,Wz,t) - VD(P*vf*vﬂ'l,tvﬂ'Q,t)]

o~
Il
it

~, ~,

ts ft7 7Tl,t) - V(P*a fta ﬂ-l,t)] - I:V(ﬁh .]?t7 W?,t) - V(P*’ fta 7T2,t):|

=
[\)
D=
| —
=
o

-+
Il
-

+

[VD(Pnft,Wl,th,t) - VD(P*af*aﬂl,taﬂ'Z,t):I

- T - N -~ N

(2) 2 Z [V(Pt7 fta 7Tl,t) - V(P*7 fta 7T1,t):| - [V(Pta ft7 772,t) - V(P*a ft7 7T2,t):|
t=1
+[VPL@PLT (i m,0) = VP ®P., T (a4 m0))|

Where (i) holds by the definition of Vp and V, and (i7) holds in the product MDP M, once we define

ﬁL((ﬁ, T2)[R]) := f}i (r1[h]) — ]?}tL(TQ [A]) and recall that P, = P, ® P,. Now, we can immediately
apply Assumption [3]to the last line in two different ways. For the first two terms, we apply the first
point in the assumption to each under cardinal feedback for MDP M., noting that the datasets D;
contain trajectories from 7y ; as well as 7 ;. For the last term, we apply the second point in the

assumption under cardinal feedback for the MDP (P,, T ).
This gives us that with probability 1 — J,

Regret(T) = O(Cp(M,T,8) + Cr(M,T,5))

We have the following lemma, which is an immediate consequence of

Lemma 2 (Relating F and F). For any function class F, dimg(F,¢) < 9dimg(F,&/2).

Proof. Letd;, = dimg(Fy,€). Pick the &’ so that there is a sequence of dj, pairs Ti,j=1— dy, of
length h trajectories, where each one is ¢’-independent of its predecessors. Note that 7, = (71, T2,;).
We now inductively build a sequence i; so that each 7;, ; is €’ /2-independent of its predecessors.

Pick the first 4; arbitrarily. Now assume that we have built the sequence until index j = k. Also,
by definition of this sequence, there exist fj,?;, we have \/ Z§=1(?j (7j) — ?; (74))% < € but

| fresr (Tj) — ﬂﬂ_l(?jﬂ > ¢’. Since a? + b? < 2(a + b)?, we have that

k k
24 Uit10) = £ S | 2 Uilria) = F00.00 + Ui s) = F iy )
a o —/
<\ 22057 — T < Ve
j=1
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Additionally, since

L
|ferr(Trra1) = fron (Toran) | + e (Tops1) — fron (Toks )] = 1 frs1(Fj) = fra (Tj)| = €

. So, there is an ij1 so that

|fk+1(Tik+17k+1) - fllc+1(7-ik+1,k+1)| = 6//2

o . . o
So, we have a sequence z; := 7;;,; and a sequence of pairs of functions f;, f; so that for any

1<k < dn X0y (fi(m5) = fi(2))? < 2(€)? but | faga(zar1) — foyy(@rs1)] > /2. This
implies the following. Inequality (i) holds by Proposition 43 of [32] upon setting 3 = 2(&’)? and
setting the proposition’s ¢ to €’/2. Inequality (4¢) holds since £'/2 > £/2.

s <(2€(’j/2)22 + 1) dimg (Fp,e/2)

)
= 9dimE(]:h,E//2)
9 dimp

This establishes our claim. O

We have the following immediate corollary of Theorem[d Theorem[7]and Lemma[2}

Corollary 1 (Dueling Regret using POR-UCRL Confidence Sets). The confidence sets from POR-
UCRL satisfy Assumption [2] and using them in Algorithm 1] leads to the following regret bound

Regretp(T) = O ((pSVHA+ Syepy, /dinden) VT).
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G.2 Reduction to Bonus-Based Optimism

‘We define the reduction using the algorithm below.

Algorithm 8 Reduction from Dueling to Cardinal Bonus-Based Optimism

1: Input Known reward function {r;, }/__, method Est(D) to estimate Pp and f, from dataset D,
bonus functions b2(P, 7, §) and b3 (P, 7, §), confidence level 4.

Initialize dataset Dy « {}
fort=1,...,T do
Compute good set IT; {Valid 7, candidates}

Rl

11, = {m e Vi (P, Fp,). m.m1) + br(P,. (m.m). )

+ 2(Bp)bp(Pp,, m,8) + 2(Bp)bp(Pp,, m1.8) > 0, ¥ € n}

5:  Pick (m14,m2,) given by {Most uncertain duel }

argmaxbf(lspt, (m,7"),08) + Z(Bp)bp(lspt,ﬂ', 5) + z(Bp)bp(lspt,m, )

w,w'ell;

H
6:  Collect trajectories 7¢,; = {(sz i al 2))}’1 along with feedback {0 }nep, by sampling
v -1

from P;** fori = 1, 2.
Append the data to D; to get D, 1, update estimates and bonuses.
8: end for

~

Theorem 10 (Reduction from Dueling to Bonus-Based Optimism). If the bonuses and estimates
used in Algorithmsatisfy Assumption then with probability 1 — 0§, the dueling regret Regret (1)
of Algorithm[8|is given by

Regret(T) = O(Cp(M, T, 8) + Cp(M,T,5))

Proof. Recall that the value of a duel (7, 7') under model M <> M «> (P, f) is denoted by
Vo(M,m,7') i= V(M,7) — V(M,7) = V(P, f,) — V(P,g,)
We overload notation and use the natural bijection M <> M to define
VoM, 7, 7") := Vp(M, m, ")

For ease of notation in the proof, we often work with an arbitrary pre-image fp of fp under the map

f — f. A careful read will confirm that this does not affect the correctness of any of the statements.
First note that 7, € II; for all T with probability 1 — §/16 since the following hold uniformly over
allm; e II

~Vo((Pp,, fp,), Ty 1) = V(Pp,, fp,, 1) — V(Pp,, fp,, )
= [V(lsDwatﬂTl) - V(P*»thﬂTl)] - [V(P*ath,Fl) - V(ﬁ’DﬁfvtﬂTl)]
+ VP, f*,m1) = V(P f*,7)
+Vp((Pu, fp,)s ™1, ™) = Vp((Pu, f*), 1, )
2(Bp)bp(Pp,, s, 0) + 2(Bp)bp (Pp,, 1, 8)
+0
+b%(Pp,, (e, m1),6)+
= b=(Pp,, (s, m1),8) + 2(Bp)bp(Pp,, 7s,8) + 2(Bp)bp(Pp,, 1, 6)
where the inequality holds by Assumption @and the optimality of 7, in the true model. Note let M,

be the model given by Ppt , fpt and let M, be the corresponding model in M. We make the following
abbreviation:

bii(My, (m,7'),8) := bz(Pp,, (m,7'),8) + 2(Bp)bp(Pp,,m,8) + 2(Bp)bp(Pp,, ', )
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Regret , (T) Vb (My, Ty, i )

Il
M=
Ml\?

H_
I
—
-
Il
—

VD(M*a T Tri,t) - VD(Mta T Tri,t) + bﬂ(Mfm (7T*, Tri,t)? 6)

o~
Il
—
-
Il
—

I
1=
<§‘M

2
+ 2 VD(Mtaﬂ—*vﬂi,t) - bﬂ(mty (7T*77Ti,t)a5)]
i=1

N2
gl
1=

-
Il
—_
o~
Il
—

[VD(M*7 Ty 7Ti,t) - VD(Mtv Ty 7Ti,t) + bﬂ(mta (77*5 7Ti,t)7 5):|

Inequality (i) holds since Vi (M, 7y, m5.1) = —Vp (Mg, mip, 7), and ;¢ € TI; for i = 1,2 implies
that

Vo (Mg, 5.4, 70) + bre(Po,, (e, 11),8) + 2(Bp)bp(Pp,, T, 8) + 2(Bp)bp(Pp,, m1,8) = 0

Now note that the following holds uniformly over all timesteps ¢ with probability 1 —3§/8 fori = 1,2
simultaneously using Assumption @] multiple times and applying a union bound.

Vi (Ma, Tay Ti0) = Vo (Mo, Tay i) = Vo (Pay )y ey Tit) — Vo (Pys o, )s s Tirt)
= VD((P*,T),W*JM) — VD((ISDZ,?*),m,m¢)
+Vp((Pp,, ), me,mit) = Vo((Po,, Fp, ) T, Tit)
VP, m)=V(Pp,, m)+ V(Pp,, [ mis) = V(Pu, f i)
+Vp((Ppys )y Tasit) — Vo (Poys i, )y s Tist)
= 2(Bp)bp(Pp,, T, 6) + 2(Bp)bp (Pp,, i1, )
+ bz(Pp,, (T4, Tit), 0)
= bﬂ(mt, (Tus Tirt), 0)
So, with probability 1 — 36/16, we have that

T 2
Regret (1) < bﬂ(mt, (T, Tit), 0)

-
Il
—
-
Il
fut

NS
N
g

(Mt7(7T1,t,7T2,t)75)

-
Il
—_

Il
L

z(Bp)bp(If’Dt,th, 5) + Z(Bp)bP(lsDt,ﬂ'z,né) + bf(ISD” (7T1,t,ﬂ'2,t);5)

o~
Il
—_

—~

NE

Qe

T
<2(21(BP)bP(P*a T1,t,0) + 21(Bp)bp (Py, w2, 0) + br(Py, (771,ta772,t)75)>

t=1
where inequality (7) holds since (1,4, m2;) = argmax, ey, brg(My, (7, 7'), 6) and inequality (i)
holds with probability 1 —3§/8 by 6 applications of the change of measure inequality in Assumption

Now, we can use the fact that Assumption [4] is satisfied again to conclude that with probability
1—104/32.
T ~ PE—
Z (Zl(Bp)bP(PM T1,ts 6) + 21 (Bp)bP(P*a T2t 5) + bf(Pﬂ (7T1,t7 71-2,75)’ 6) = O(CP(M7 T7 5) + CF(Ma T7 5))
t=1

Taking a union bound over all inequalities stated so far, we have the following with probability 1 — §

Regret p(T) = O(Cp(M, T, 8) + Cp(M,T,5))
as desired. O
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Again, the following corollary is immediate from Theorem 5] Theorem [9]and Lemma|2}

Corollary 7. By using POR-UCBVI as the algorithm in the dueling reduction in Algorithm|[8] we can
get a bound on the dueling regret given by

Regret ,(T) = O C(H,8,A)+ > \/dgn(dcs + H)

heH,

where JEyh = dimg (]—'h, %)
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