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Abstract

The Lasso has been widely used in a high-
dimensional setting, but its estimation accu-
racy may become inadequate when the co-
variates are highly correlated or when the
number of covariates is extremely large. To
overcome this problem, we propose a novel
preconditioner that adaptively induces a low-
rank structure in the design matrix. The pro-
posed preconditioner achieves a higher prob-
ability of sign correctness under some con-
ditions. We establish theoretical guarantees
showing that our method dominates the stan-
dard Lasso, and we further demonstrate its
superiority over the correlation shifting. To
validate its practical effectiveness, we con-
ducted numerical experiments on synthetic
and semi-real datasets, and the proposed
method presented better performance than
existing methods.

1 INTRODUCTION

In this paper, we consider the linear regression model
in a high dimensional setting. The Lasso (Tibshirani,
1996) has become a canonical tool in such a setting, as
its l1 penalty simultaneously regularizes the model es-
timation and induces sparsity in the coefficients. How-
ever, the Lasso cannot present enough sign correctness
when the covariates exhibit high correlations (Zhao
and Yu, 2006), or when the number of covariates is
much larger than the number of samples (Fan and Lv,
2008). To address this difficulty, there are two types
of strategy.

(A) Refining the penalty. Several influential ap-
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proaches focus on modifying the regularizer. The elas-
tic net (Zou and Hastie, 2005) augments the l1 penalty
with the l2 term. In addition to inducing sparsity in
the estimation by the l1 component, the l2 compo-
nent stabilizes estimation under multicollinearity and
induces a grouping effect that tends to keep corre-
lated covariates together, often improving both pre-
diction and variable selection over Lasso when the co-
variates are highly correlated (Wang et al., 2020). The
adaptive Lasso (Zou, 2006) employs data-dependent
weights in the l1 penalty, maintaining that the objec-
tive function is convex like Lasso, and achieves the ora-
cle property (variable selection consistency and asymp-
totically normality with the oracle distribution). Con-
cave penalties such as SCAD (Fan and Li, 2001) and
MCP (Zhang, 2010) are designed to reduce estimation
bias for large coefficients and also attain the oracle
property.

(B) Preconditioning the data. The preconditioning
constructs a new transformed data from the origi-
nal data (X,Y ) and then apply a penalized regression
method to the transformed data. There are two repre-
sentative approaches. One is the left-preconditioning,
which uses a transformed data (PXX,Pyy) (Paul et al.,
2008). For example, (Jia and Rohe, 2015) adopted a
left-preconditioning to mitigate harmful correlations
of covariates. The other is the right-preconditioning,
which changes the basis in the parameter space so that
the subsequent penalized regression is performed in a
designed coordinate system (Kelner et al., 2022).

Apart from the two approaches discussed above, we
also refer to the principal component regression (PCR)
(Massy, 1965; Hotelling, 1957; Jolliffe, 1982). This
method first constructs low-rank principal components
as linear combinations of the covariates, then treats
these components as new covariates, and finally makes
a regression model using them. PCR is often employed
to build good predictive models in a high dimensional
setting (Bair et al., 2006; lldiko E. Frank and Fried-
man, 1993; Green and Romanov, 2025). However,
when the objective is to recover the correct signs of
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the original coefficients, the task becomes more chal-
lenging, since the original covariates are incorporated
through these complex linear combinations.

In this paper, we propose a novel left-preconditioning
technique with a low-rank structure, inspired by
PCR. Our method selects an optimal low-rank left-
preconditioner that maximizes the probability of sign
correctness under some conditions. Our method can
be regarded as a generalization of the correlation-
shifting preconditioner (Huang and Jojic, 2011). To
demonstrate the effectiveness of our proposed method,
we present the following key contributions:

1. We theoretically show that the proposed method
achieves a higher probability of sign correctness
than the standard Lasso.

2. The ordinary correlation shifting loses its theo-
retical guarantee in some cases, in contrast the
proposed method maintains the theoretical guar-
antee even in such cases.

3. We conducted numerical experiments on synthetic
and semi-realistic datasets, demonstrating that
the proposed method was better than existing ap-
proaches.

This paper is organized as follows. In Section 2, the
Lasso and preconditioning are reviewed. In Section 3,
to improve the sign correctness in the Lasso, we pro-
pose a novel left-preconditioning technique with a low-
rank structure. In Section 4, some theoretical proper-
ties of the proposed method are presented, in partic-
ular, showing the superiority to the Lasso. In Sec-
tion 5, the algorithm of the proposed method is pro-
vided. In Sections 6 and 7, numerical experiments on
synthetic and semi-real datasets are illustrated. Sec-
tion 8 presents the conclusion.

2 PRELIMINARIES

2.1 Lasso and its Sign Correctness

We begin with the following linear regression model:

y = Xβ∗ + w, (1)

where y ∈ Rn is the response vector, X ∈ Rn×p

is the design matrix, β∗ ∈ Rp is the true coeffi-
cient vector, and w ∈ Rn is a Gaussian noise with
E[w] = 0 and Var[w] = σ2In. We assume that β∗

is s-sparse, i.e. |β∗|0 = s, and denote its support by
S = {j ∈ {1, . . . , p} | β∗

j ̸= 0}. Let Sc be the comple-
ment of S.

The Lasso estimator of β∗ is defined as

β̂ = arg min
β∈Rp

{
1

2n
∥y −Xβ∥22 + λ∥β∥1

}
.

In this paper, to evaluate the accuracy of variable se-
lection, we focus on the sign correctness because it is
amenable to theoretical analysis (Wainwright, 2009).
Let the sign function be denoted by

sgn(x) =


−1 (x < 0)

0 (x = 0).

1 (x > 0)

The sign correctness of the estimator β̂ is defined as

sgn(β̂) = sgn(β∗).

This means that β̂ has the same sign as the true pa-
rameter β∗.

We introduce the well-known lemma that character-
izes the necessary and sufficient conditions for the sign
correctness of the Lasso. For i ∈ S and j ∈ Sc, define

Zj = X⊤
j

{
XS(X

⊤
S XS)

−1 sgn(β∗
S) + ΠX⊥

S

( w

λn

)}
,

∆i = e⊤i

(
1

n
X⊤

S XS

)−1 [
1

n
X⊤

S w − λ sgn(β∗
S)

]
,

where Xj is the j-th column of X, XS is the submatrix
of X consisting of columns indexed by S, β∗

S is the
subvector of β∗ consisting of entries indexed by S, ΠX⊥

S

is the projection onto the orthogonal complement of
the column space of XS , and ei is the i-th canonical
base.

Lemma 1 (Wainwright, 2009). If X⊤
S XS is invertible,

then the Lasso has a unique solution with sign correct-
ness if and only if the following two events occur:

M(Z) =

{
max
j∈Sc

|Zj | < 1

}
, (2)

M(∆) = {sgn(β∗
i +∆i) = sgn(β∗

i ) for any i ∈ S}. (3)

As in Lemma 1, we assume X⊤
S XS is invertible

throughout this paper.

For later use, we introduce the following quantities:

µj = X⊤
j XS(X

⊤
S XS)

−1 sgn(β∗
S),

ηj = X⊤
j ΠX⊥

S

(w
n

)
,

ϵi = e⊤i

(
1

n
X⊤

S XS

)−1
1

n
X⊤

S w,

γi = e⊤i

(
1

n
X⊤

S XS

)−1

sgn(β∗
S).

(4)

With these definitions, Zj and ∆i can be rewritten as

Zj = µj +
ηj

λ , ∆i = ϵi − λγi. (5)
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2.2 Preconditioning

In this paper, we focus on a left-preconditioner. The
preconditioner aims at enhancing the performance of
Lasso by transforming data (Paul et al., 2008). Given
the original data (X, y), we apply preconditioners PX

and Py to obtain transformed variables X̃ = PXX and

ỹ = Pyy. The resulting dataset (X̃, ỹ) is then used in
place of the original one, leading to what is referred to
as the preconditioned Lasso:

β̃ = arg min
β∈Rp

{
1

2n
∥ỹ − X̃β∥22 + λ̃∥β∥1

}
. (6)

The preconditioner reshapes the geometry of the
squared loss, and then the level sets and curvature
of the squared loss are governed by X̃⊤X̃ instead of
X⊤X. Jia and Rohe (2015) proposed the precondi-
toner called the Puffer Transformation. This is equiv-
alent to decorrelating (whitening) the covariates in a
low-dimensional setting, transforming the quadratic-
loss contours from ellipses into circles, where PX =
Py is the whitening matrix of X. Huang and Jojic
(2011) proposed the preconditioner called the correla-
tion shifting. This preconditioning aims at reducing
correlations among the covariates by removing an ef-
fect of large singular values of X, where PX = Py is
constructed from the left singular matrix of X corre-
sponding to the smaller eigen values. Through exper-
iments on synthetic data and semi-synthetic data, it
was demonstrated that this preconditioning improved
the accuracy of variable selection compared with meth-
ods such as the lasso, elastic net, and adaptive lasso
Huang and Jojic (2011). Later, Wauthier et al. (2013)
theoretically showed that, compared with the lasso,
this preconditioner achieves sign consistency over a
wider range of penalty parameters. The proposed
method is an extension of the correlation shifting, as
described later. It should be noted that, because the
preconditioner also transforms noise, this effect may
outweight the benefits of transforming the data.

3 PROPOSED METHODS

3.1 Main Idea

Let the SVD of X be denoted by X = UDV ⊤, where
U ∈ Rn×r is the left singular matrix, V ∈ Rp×r is
the right singular matrix, and D ∈ Rr×r is the di-
agonal matrix with strictly positive entries ordered in
non-increasing order. Let K be a subset of {1, . . . , r}.
Define UK and VK as the submatrices containing the
columns of U and V indexed by K, respectively, and
define DK as the principal submatrix obtained by se-
lecting from D only those diagonal entries whose in-

dices belong to K. We propose the preconditioner

F = UKU⊤
K for K ⊆ {1, . . . , r},

and then we apply the Lasso to the transformed data
(X̃, ỹ) = (FX,Fy).

Clearly, F is the orthogonal projection matrix onto the
column space of UK . This preconditioning is closely re-
lated to the idea of the correlation shifting (Huang and
Jojic, 2011) because it is a special case of our frame-
work with K = {k+1, . . . , r} for some positive integer
k. In other words, the correlation shifting projects
X onto the subspace spanned by the singular vectors
corresponding to the smaller singular values.

However, there is no reason that the singular vec-
tor space corresponding to smaller sigular values are
more important for the parameter estimation. From
a methodological perspective, it is preferable that the
preconditioner is adaptively determined according to
the data. Motivated by this perspective, we refer
to our method as the generalized correlation shift-
ing (GCS), in contrast to Huang’s original correlation
shifting (OCS).

A fundamental issue in GCS is how to select the subset
K. In the following, we propose a selecting method of
K so as to maximize the probability of sign conrrect-
ness of GCS under some conditions.

3.2 Some Conditions and Related Properties

In this subsection, we prepare some conditions and
related properties. Let the SVD of XS be denoted by
XS = LSMSR

⊤
S , where LS ∈ Rn×l is the left singular

matrix, RS ∈ Rs×l is the right singular matrix, and
MS ∈ Rl×l is the diagonal matrix. For a matrix A, let
span(A) be the space spanned by the column vectors
of A. We assume the following condition on K.

Condition 1 (Active-set Preservation Condition).

span(LS) ⊆ span(UK).

This condition implies that the column space of the
true active set XS remains unchanged after the pre-
conditioner F is operated, more precisely, FXS = XS ,
and the regression structure also remains unchanged
because FXβ∗ = FXSβ

∗
S = XSβ

∗
S . This condition

was originally introduced in the study of OCS (Wau-
thier et al., 2013).

Let the preconditioned versions of the quantities intro-
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duced in Equation (4) and Equation (5) be denoted by

µ̃j := X̃⊤
j X̃S(X̃

⊤
S X̃S)

−1 sgn(β∗
S),

η̃j := X̃⊤
j ΠX̃⊥

S

(
w̃

n

)
,

ϵ̃i := e⊤i

(
1

n
X̃⊤

S X̃S

)−1
1

n
X̃⊤

S w̃,

γ̃i := e⊤i

(
1

n
X̃⊤

S X̃S

)−1

sgn(β∗
S),

Z̃j := µ̃j +
η̃j
λ
, ∆̃i := ϵ̃i − λγ̃i,

where w̃ = Fw. We can see under Condition 1 that
many of these remain unchanged and the only change
in GCS is η̃ (Wauthier et al., 2013).

Proposition 1. Under Condition 1, for any i ∈ S
and j ∈ Sc,

µ̃j = µj , ϵ̃i = ϵi, γ̃i = γi, ∆̃i = ∆i,

η̃j = X⊤
j (I − LSL

⊤
S )UKU⊤

K

w

n
.

The following irrepresentable condition (IC) is well
known as a necessary and sufficient condition for the
sign consistency of Lasso.

Condition 2 (Irrepresentable condition).

max
j∈Sc

|µj | < 1− η,

where η is a positive constant.

Several sufficient conditions for IC are available, in-
cluding small constant correlation, bounded correla-
tion, and polynomial decay of correlations in the de-
sign matrix. See Zhao and Yu (2006) for details. IC
requires that the correlations between the active co-
variates and inactive ones be sufficiently small. We
assume Condition 1 and Condition 2 hold throughout
the rest of this paper.

3.3 How to select K

We consider the maximization of sign correctness prob-
ability in GCS. The sign correctness holds when Equa-
tion (2) and Equation (3) occur for ∆̃i and Z̃i, as
mentioned in Lemma 1. The probability of the for-
mer remains unchanged after the preconditioning since
∆̃i = ∆i from Proposition 1. Hence, we focus on the
probability of the latter, P(M(Z̃j)).

We have |µ̃j | = |µj | < 1− η for all j ∈ Sc from Condi-

tion 2, and then |Z̃j | < |µ̃j |+ |η̃j |/λ < 1− η + |η̃j |/λ.
Hence, if |η̃j | < λη, thenM(Z̃j) occurs. From Propo-

sition 1, the variance of η̃j is

Var[η̃j ] = X⊤
j (I − LSL

⊤
S )UKU⊤

K

σ2

n2
(I − LSL

⊤
S )Xj

= ∥U⊤
K(I − LSL

⊤
S )Xj∥22

σ2

n2
. (7)

By Gaussianity of the noise, η̃j follows a normal dis-
tribution with mean 0 and variance (7). Therefore, we
can expect that as variance (7) is smaller, we have a
higher probability ofM(Z̃). This motivates a selecting
method of K in GCS by minimizing maxj∈Sc Var[η̃j ]
under Condition 1.

Definition 1 (GCS with max-criterion).

Kmax ∈ arg min
K⊆{1,...,r}

max
j∈Sc

∥U⊤
K(I − LSL

⊤
S )Xj∥22

s.t. span(LS) ⊆ span(UK).

Let η̃ = (η̃j)j∈Sc . Its covariance matrix is given by

Var[η̃] :=
σ2

n2
X⊤

Sc(UKU⊤
K − LSL

⊤
S )XSc . (8)

Thus, Kmax can be regarded as the minimizer of the
largest diagonal entry of Var[η̃]. Following the analogy
with the optimal design theory (Kiefer and Wolfowitz,
1959), we also define D-, A-, and E-criteria for GCS,
corresponding respectively to D-optimality (Kiefer and
Wolfowitz, 1959), A-optimality (Kiefer, 1974), and E-
optimality (Kiefer, 1974). In this paper, we basically
use the max-criterion because it is useful. (For a de-
tailed comparison of these criteria, see the Appendix.)

4 THEORETICAL ANALYSIS

4.1 Comparison with Lasso

We can show the following theorem, which implies that
GCS (and OCS), for any K, exhibits a higher proba-
blity of sign correctness than the standard Lasso.

Theorem 1. Under Condition 1 and Condition 2,

P(sgn(β̃) = sgn(β∗)) ≥ P(sgn(β̂) = sgn(β∗)).

Proof. The key step of the proof is to establish that
Var[η] − Var[η̃] ⪰ O for any K. From this in-
equality and the Gaussianity of the noise, we have
P(M(Z̃)) ≥ P(M(Z)). From this inequality, Proposi-
tion 1 and Lemma 1, we can show the theorem. For
details, see the Appendix.
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4.2 Comparison with OCS

Let Φ : R(p−k)×(p−k) → R be a criterion function,
and let Kopt denote the minimizer of Φ(Var[η̃]). It is
important to note that, in general, Kopt cannot serve
as a minimizer in the Loewner order, i.e. it does not
hold that Var[η̃K ]−Var[η̃Kopt

] ⪰ O for all K (Kiefer,
1974). This makes it difficult to clearly say whether
GCS is better than OCS. Nevertheless, under a certain
condition, we can still establish a distinct advantage
of GCS over OCS, which is formalized in the following
theorem.

Theorem 2. Without loss of generality, assume that
the first s columns of X correspond to the active co-
variates, and the remaining p− s columns correspond
to inactive covariates. Suppose that Σ, the popula-
tion covariance matrix of X, is block-diagonal, given
by Σ = diag(ΣS ,ΣSc), where ΣS and ΣSc are the s×s
and (p− s)× (p− s) matrices, respectively, and

λmax(ΣS) ≥ λmax(ΣSc). (9)

In addition, assume that the sample covariance matrix
Σ(n) := X⊤X/n converges to Σ as n → ∞. Then, in
a limiting case, Condition 1 is satisfied for GCS with
some K, but not satisfied for OCS.

Proof. Under the conditions of the theorem, the singu-
lar vectors eliminated by OCS lie in the column space
of XS , and therefore Condition 1 can no longer be sat-
isfied. For details, see the Appendix.

Example 1. We illustrate two exmaples satisfying
Equation (9). Let Λa(ρ) denote the a × a matrix
with ones on the diagonal and the constant ρ in the
off-diagonal. The first example is ΣS = Λs(ρ1) and
ΣSc = Λp−s(ρ2). The parameter region where Equa-
tion (9) holds is shown in the left panel of Figure 1
for p = 100 and s = 5. The detail derivation is
given in the Appendix. The second exmaple is a block-
diagonal structure with ΣS = Λs(ρ1) and ΣSc =
diag(Λa(ρ2), . . . ,Λa(ρ2)). For s = 5 and a = 5, the
corresponding region is shown in the right panel of Fig-
ure 1. The second example yields a larger feasible re-
gion than the first one because Equation (9) reduces to
λmax(Λs(ρ1)) ≥ λmax(Λa(ρ2)) in the second exmaple,
a weaker requirement than in the first example since
p− s ≥ a.

Remark 1. In the highlighted region of Example 1,
OCS loses the theoretical guarantee provided in Theo-
rem 1, in contrast GCS maintains the theoretical guar-
antee even in such regions.

(a) ΣSc = Λp−s(ρ2)
(p = 100, s = 5)

(b) ΣSc =
diag(Λa(ρ2), . . . ,Λa(ρ2))

(s = 5, a = 5)

Figure 1: Correlations satisfying the condition of The-
orem 2. ΣS = Λs(ρ1) in both cases.

5 IMPLEMENTATION

GCS cannot be directly performed because, in Defini-
tion 1, GCS is obtained through minimization involv-
ing an unknown active set S. Hence, by replacing S
by an appropriate surrogate, we consider a surrogate
problem instead of Definition 1.

First, we focus on the objective function in Defini-
tion 1. Let S be a set contained in S. This set can be
obtained via a method such as the stability selection
(Meinshausen and Bühlmann, 2010). By replacing S
by S in the objective function, we consider the surro-
gate objective function

max
j∈Sc

∥(UKU⊤
K − LSL

⊤
S )Xj∥22. (10)

It can be verified that this serves as an upper bound
of the original objective function, as shown below:

Proposition 2. For any S(⊆ S),

max
j∈Sc

∥(UKU⊤
K − LSL

⊤
S )Xj∥22

≤ max
j∈Sc

∥(UKU⊤
K − LSL

⊤
S )Xj∥22.

Proof. By a straightforward calculation, this proposi-
tion can be proved. For details, see the Appendix.

Next, we consider the constraint in Definition 1. Let S̄
be a set that contains S. This set can be obtained via a
method such as the sure independence screening (Fan
and Lv, 2008). By replacing S by S̄ in the constraint,
we have a larger set of K such that

span(LS̄) ⊆ span(UK). (11)

Finally, by integrating the surrogate objective function
(10) with the surrogate constraint (11), we propose the
following practical construction of Kmax:
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Definition 2.

K̂max ∈ arg min
K⊆{1,...,r}

max
j∈Sc

∥(UKU⊤
K − LSL

⊤
S )Xj∥22

s.t. span(LS̄) ⊆ span(UK).

Similarly, we can propose surrogate methods with
other criteria. For issues related to feasible implemen-
tations of other criteria and their performance, please
refer to the Appendix.

Since the minimization problem in Definition 2 is com-
binatorial, obtaining its exact solution is computation-
ally expensive. In this paper, we employ a greedy
method in which the size of K is gradually reduced by
removing one element at a time. Let L(K;S) denote
the objective function computed using the surrogate
set S. The greedy method is expressed in Algorithm 1.

Algorithm 1 Greedy GCS

Input: X,S, S̄
Output: GCS preconditioner F
K̃ ← {1, . . . , rank(X)}; Lold ← L(K̃;S); F ← In
while span(LS̄) ⊆ span(UK̃) do

select k ∈ K̃ minimizing L(K̃ \ {k};S)
Lnew ← L(K̃ \ {k};S)

if Lnew ≤ Lold then

K̃ ← K̃ \ {k}; F = UK̃UT
K̃

else
break

end

end
return F

In Algorithm 1, an issue remains regarding how to
properly verify whether the constraint span(LS̄) ⊆
span(UK̃) is satisfied. To do this, using the R2 value
obtained by regressing each column of LS̄ onto the
column space of UK̃ , we consider that the constraint
span(LS̄) ⊆ span(UK̃) is satisfied if R2 is larger than
a predefined threshold. This is not a rigorous criteion,
but this flexibility is neccesary because S̄, the surro-
gate estimator of S, has a variation generated from the
data.

6 SIMULATION EXPERIMENT

6.1 Simulation Model and Evaluation
Measure

The simulation model is

y = Xβ∗ + w,

where y is the outcome,X is the design matrix, the i-th
rows of X are i.i.d. samples drawn from N (0, Ip), and

w ∼ N (0, In). All nonzero entries of β∗ are set to 1,
and the size of the active set is fixed at 5. We set n =
100 and p = 25, 200, 400, 600, 800, 1000. Using this
simulation model, we generated 30 random samples.

We obtained the GCS preconditioner F based on Al-
gorithm 1 using (X, y), and set X̃ = FX and ỹ = Fy.
We performed the preconditioned Lasso using (X̃, ỹ)
based on Equation (6), and obtained the estimate β̃.
We determined the penalty parameter λ according to
the OLS-BIC (Jia and Rohe, 2015).

Based on 30 random samples, each method was eval-
uated by Precison, Recall, and F1-measure, where
Precison = TP/(TP + FP), Recall = TP/(TP + FN),
F1-measure = 2/(1/Precision + 1/Recall) (TP: true
positive, FP: false positive, FN: false negative). Each
evaluation value was presented with the averages and
standard deviations.

6.2 Known Active Set Setting

We examine the effectiveness of GCS in the ideal case
where the true active set is known. We used the true
active set only for constructing the preconditioner pro-
vided in Definition 1. In Figure 2, we compared GCS
(R2 thresholds of 0.3, 0.5, 0.7, 0.9) with Lasso and
OCS (k = 1, 5, 10). GCS showed a similar perfor-
mance to Lasso and OCS in low-dimensional settings
(n > p); however, GCS demonstrated a better perfor-
mance than Lasso and OCS in high-dimensional set-
tings (n < p).

It should be noted that the R2 threshold in GCS has a
clear impact on the performance of GCS. The best per-
formance was achieved around 0.7, and a larger value
of the threshold does not lead to better performance.
Later, we adaptively selected the threshold by OLS-
BIC (Jia and Rohe, 2015).

Recall was almost 1 in most experiments. Hence, ex-
cept in Figure 2, we report only the F1-measure be-
cause it is a monotone increasing function of Precision
when Recall is fixed.

6.3 Influence of Using S and S̄

First, we consider the case where S is replaced by a
surrogate set S in the objective function and S is still
known in the constraint (S̄ = S), and then we evaluate
the influence of using S, which was constructed by ran-
domly selecting a specified proportion r(= 0.2, 0.5, 0.8)
of the indices from S. Except for this replacement, the
experimental setting was the same as in the known ac-
tive set setting. As shown in Figure 3, the influence of
r was limited for any R2 thresholds of GCS.

Next, we consider the case where S is replaces by a
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(a) Precision (b) Recall

(c) F1-measure

Figure 2: Precision, Recall, and F1 measure for simu-
lation. Each evaluation value was presented with the
averages and standard deviations.

surrogate set S̄ in the constraint and S is still known in
the objective function (S = S), and then we evaluate
the influence of using S̄, which was constructed by
augmenting S with a specified proportion r(= 1, 3, 4)
of randomly selected indices from Sc. Except for this
replacement, the experimental setting was the same as
in the known active set setting. As shown in Figure 4,
the influence of r was limited for any R2 thresholds of
GCS.

Although it is difficult to theoretically evaluate how
the accuracy of S̄ and S affects the sign correctness
of GCS, these results suggest that the performance of
GCS is not highly sensitive to the accuracy of S̄ and
S. To deepen our understanding of this, we exam-
ine how our choice of K is influenced by the estima-
tion accuracy of S. We set the R2 threshold to 0.7
and compare K̂max(S, S), which uses the true S for
both the objective function and the constraint, with
K̂max(S, S), which uses S in the objective function,
and K̂max(S, S̄), which uses S̄ in the constraint. We
calculated precision and recall by treating K̂max(S, S)
as the ground truth for each value of r. The precisons
and recalls of K̂max(S, S) and K̂max(S, S̄) are shown in
Table 1 and Table 2, respectively. Even when r = 0.2
for K̂max(S, S), both precision and recall are high.
Similarly, even when r = 3 for K̂max(S, S̄), both preci-
sion and recall are high. This indicates that the choice
of K is weakly affected by the estimation accuracy of
S. In addition, K̂max(S, S) and K̂max(S, S̄) differed

from those obtained by simply selecting smaller singu-
lar values, as in OCS, indicating that GCS constructs
an efficient preconditioner by using the information
contained in the estimated S.

(a) R2 threshold: 0.3 (b) R2 threshold: 0.5

(c) R2 threshold: 0.7 (d) R2 threshold: 0.9

Figure 3: Influence of using the surrogate set S with
the different R2 thresholds in GCS.

Table 1: Precision and recall of K̂max(S, S) by treating
K̂max(S, S) as the ground truth.

r Precision Recall
0.8 0.848 ± 0.037 0.807 ± 0.046
0.6 0.832 ± 0.039 0.806 ± 0.045
0.4 0.824 ± 0.053 0.800 ± 0.060
0.2 0.839 ± 0.032 0.821 ± 0.041

Table 2: Precision and recall of K̂max(S, S̄) by treating
K̂max(S, S) as the ground truth.

r Precision Recall
0.5 0.865 ± 0.033 0.892 ± 0.040
1 0.873 ± 0.035 0.908 ± 0.031
2 0.856 ± 0.040 0.896 ± 0.033
3 0.845 ± 0.040 0.886 ± 0.036

6.4 Unknown Active Set Setting

6.4.1 How to Make S and S̄ in Practice

In Section 5, we suppose that S ⊆ S and S̄ ⊇ S. To
construct S and S̄, we employed the stability selec-
tion (SS) (Meinshausen and Bühlmann, 2010) and the
sure independence screening (SIS) (Fan and Lv, 2008),
respectively. SS provides control over the family-wise
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(a) R2 threshold: 0.3 (b) R2 threshold: 0.5

(c) R2 threshold: 0.7 (d) R2 threshold: 0.9

Figure 4: Influence of using the surrogate set S̄ with
the different R2 thresholds in GCS.

error rate, and thus, with a sufficiently small selection
threshold, the condition S ⊆ S is expected to hold.
We used the SS implementation in R package stabs

(Hofner and Hothorn, 2021) with the cutoff value 0.6.
SIS enjoys the sure screening property, and thus S̄ ⊇ S
is expected to hold. We used the (non-iterative) SIS
implementation in R package SIS (Saldana and Feng,
2018) with the default settings.

6.4.2 Comparison with Other Regularization
Methods

We compared GCS with several representative regular-
ization methods: Lasso, SCAD, MCP, elastic net (el-
net), and adaptive lasso (adlasso). The tuning param-
eters of these methods were selected using OLS-BIC
(Jia and Rohe, 2015). For the initial estimator in the
adaptive lasso, we employed the ridge estimator with
the tuning parameter determined by cross-validation.
The puffer transformation (Jia and Rohe, 2015) was
excluded from the comparison because the active set
was estimated to be empty in most cases, especially in
high-dimensional settings in preliminary studies.

The experimental settings were essentially the same
as in the known active set setting, but we considered
two types of design matrices: isotropic and block-
independent. In the isotropic design, we assumed
Xi ∼ i.i.d. N (0, Ip) for i = 1, . . . , n. In the block-
independent design, we assumed Xi ∼ i.i.d. N (0,Σ)
for i = 1, . . . , n, where Σ = diag(ΣS ,ΣSc),ΣS =

Λs(ρ),ΣSc = Λp−s(ρ). We set ρ = 0.8. All nonzero
entries of β∗ are set to 1 for a strong signal setting
and 0.2 for a weak signal setting. The R2 threshold
of GCS was selected from {0.3, 0.4, . . . , 0.9} by OLS-
BIC. The results are shown in Figure 5. GCS exhibited
clearly higher performance when the signal was weak.
When the signal was strong, GCS performed compara-
bly to SCAD and MCP and was superior to the other
methods in the isotropic design, and was inferior to
SCAD but superior to the other methods in the block-
independent design. We further compared our method
with additional approaches. Refer to the Appendix for
details.

(a) Isotropic design,
β∗ = 1

(b) Isotropic design,
β∗ = 0.2

(c) Block-independent
design, β∗ = 1

(d) Block-independent
design, β∗ = 0.2

Figure 5: F1-measure of various methods.

7 PERFORMANCE OF GCS FOR
SEMI-REAL DATA

In this section, we examine the performance of GCS
when evaluated using semi-real datasets. We treated
six different real datasets of gene expression. A list of
datasets used is given in Table 3. ‘pomeroy’ , ‘west’,
‘subramanian’, and ‘alon’ datasets were provided in
R package datamicroarray (Ramhiser, 2012). In the
same manner as in the known active set scenario, we
generated 20 random samples of outcome. Many meth-
ods were applied to the semi-real datasets. The results
are shown in Table 4. GCS was clearly better than
the other methods except in some cases. GCS was
slightly better in some cases (SCAD in the ‘west’ and
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Table 3: Datasets.

Dataset n p
pomeroy (Pomeroy et al., 2002) 60 7128
west (West et al., 2001) 49 7129
subramanian (Subramanian et al., 2005) 50 10100
alon (Alon et al., 1999) 62 2000
golub (Golub et al., 1999) 72 3571
riboflavin (Bühlmann et al., 2014) 71 4088

‘subramanian’ datasets, Elastic Net and Lasso in the
‘golub’ dataset) and slightly inferior to SCAD in the
‘riboflavin’ dataset.

Table 4: F1-measures for semi-real data. Mean values
are shown on the first line and the standard deviations
are shown on the second line. The best F1-measure is
indicated in bold for each setting.
GCS-lasso MCP SCAD elnet adlasso lasso

pomeroy
0.163
(0.075)

0.0659
(0.056)

0.0875
(0.087)

0.0934
(0.034)

0.0910
(0.034)

0.0962
(0.036)

west
0.149
(0.109)

0.0767
(0.0708)

0.133
(0.0968)

0.104
(0.0387)

0.0967
(0.0314)

0.103
(0.0394)

subramanian
0.154
(0.113)

0.119
(0.0814)

0.131
(0.114)

0.0987
(0.0397)

0.0946
(0.0419)

0.101
(0.0394)

alon
0.152
(0.056)

0.1
(0.079)

0.11
(0.0882)

0.09
(0.037)

0.0731
(0.024)

0.081
(0.035)

golub
0.201
(0.064)

0.048
(0.051)

0.029
(0.045)

0.199
(0.112)

0.120
(0.055)

0.199
(0.112)

riboflavin
0.123
(0.093)

0.083
(0.071)

0.135
(0.129)

0.0903
(0.037)

0.073
(0.024)

0.0809
(0.0351)

8 CONCLUSION

In this paper, we have proposed a novel left-
preconditioning technique with a low-rank structure,
inspired by PCR. This is an extension of correlation
shifting; hence it is called the generalized correla-
tion shifting (GCS). GCS selects an optimal low-rank
left-preconditioner that maximizes the probability of
sign correctness under some conditions. Under certain
assumptions, GCS theoretically dominates the stan-
dard Lasso, and further provides theoretical advan-
tages over the original correlation shifting. Since some
unknown information is necessary in GCS, we have
constructed the surrogate optimization problem with
the feasible algorithm from the dataset. We have con-
ducted numerical experiments based on both synthetic
and semi-real datasets. GCS demonstrated better per-
formance than existing methods. Limitation: As our
method depends on singular value decomposition, scal-
ability can become a concern for large-scale dense ma-
trices. To mitigate this, we note that preliminary fea-

ture screening and randomized SVD may be effective
in reducing both runtime and memory requirements.
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A1 Proof of Theorem 1

First, we present the following lemma concerning the probability that a random variable following a normal
distribution is contained within a symmetric convex set:

Lemma A1 (Andereson’s inequality). Assume XΣ ∼ Nd(0,Σ) and Σ1 ⪰ Σ2, for a symmetric convex set A ⊂ Rd,

P(XΣ1
∈ A) ≤ P(XΣ2

∈ A).

Proof. From Andereson’s inequality (Anderson, 1996), for any µ ∈ Rd,

P(X ∈ A) ≥ P(X + µ ∈ A).

If the difference between two covariance matrices satisfies Σ1 − Σ2 = CC⊤, then

XΣ1

d
= XΣ2 + CZ, Z ∼ N (0, I) ⊥ XΣ2 .

For A,

P(XΣ1
∈ A) = P(XΣ2

+ CZ ∈ A)

=

∫
Rd

P(XΣ2
+ Cz ∈ A|Z = z)f(z)dz

=

∫
Rd

P(XΣ2 + Cz ∈ A)f(z)dz

≤ P(XΣ2
+ Cz ∈ A)

≤ P(XΣ2
∈ A)

, where f(z) is the probability density function of Z, and we used the Andereson’s inequality in the last inequality.

Next, we define the counterpart of Equation (8) in the context of the Lasso as follows:

η := X⊤
ScΠX⊥

S

(w
n

)
and

Var[η] :=
σ2

n2
X⊤

Sc(I − LSL
⊤
S )XSc .

From I − UKU⊤
K ⪰ O, Var[η] ⪰ Var[η̃]. From IC, |µj | < 1 − η and P(M(Z)) = P(|η̃| < λη). A = {a ∈ Rp−s :

|ai| ≤ λη} is symmetric convex, then from Lemma A1,

P(|η| < λη) ≤ P(|η̃| < λη),

and then
P(M(Z̃)) ≥ P(M(Z)).

In addition, from Proposition 1, we obtain P(M(∆̃)) = P(M(∆)). Combining together, we finally obtain

P(sgn(β̃) = sgn(β∗)) ≥ P(sgn(β̂) = sgn(β∗)).
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A2 Proof of Theorem 2

In OCS, the larger singular values of X are excluded. Consider the decomposition X = UDV ⊤, where the
diagonal entries of D are arranged in descending order. Since λmax(Σs) ≥ λmax(Σp−s), the singular vector
corresponding to the maximum singular value is the first column of U , denoted by U1. If we further decompose
XS as XS = LSMSR

⊤
S , then by the block-dependency of X, it follows that U1 ∈ span(LS). Consequently, in

OCS we have U1 /∈ span(UK) for any k ≥ 1. This implies that span(LS) ̸⊆ span(UK), and hence Assumption 1
is no longer satisfied.

On the contrary, in the case of GCS, when K = S, we have η̃ = 0, and the minimum value of the objective
function becomes 0 under any criterion. Therefore, a solution with K = S exists for any criterion. In this case,
Assumption 1 is naturally satisfied (with equality).

A3 Derivation of Figure 1 in Example 1

The eigenvalues of ΣS are given by 1− ρ1 with multiplicity s− 1, and 1− ρ1 + sρ1 with multiplicity 1. Likewise,
the eigenvalues of ΣSc are 1− ρ2 with multiplicity p− s− 1, and 1− ρ2 + (p− s)ρ2 with multiplicity 1.

The conditions for λmax(ΣS) ≥ λmax(ΣSc):

1. in case ρ1 > 0 and ρ2 > 0, (s− 1)ρ1 > (p− s− 1)ρ2,

2. in caseρ1 > 0 and ρ2 < 0, −ρ1 > (p− s− 1)ρ2,

3. in case ρ1 < 0 and ρ2 > 0, (s− 1)ρ1 > −ρ2

4. in case ρ1 < 0 and ρ2 < 0, −ρ1 > −ρ2.

Thus, λmax(Σs) ≥ λmax(Σp−s) holds in the highlighted region of (ρ2, ρ1) in Figure 1.

A4 Proof of Proposition 2

First we obtain the following lemma:

Lemma A2. Let U ,V,W ⊂ Rd subspace such that U ⊂ V ⊂ W, and denote each projection PU , PV , PW . Then

∥(PW − PV)x∥2 ≤ ∥(PW − PU )x∥2 (for any x ∈ Rd).

Proof. Denote w := PWx, u := PUx, and v := PVx. From x− w ⊥ W ⊃ V, x− w ⊥ V, and then

v = PVx = PV(x− w + w) = PV(x− w) + PV(w) = PV(w)

Therefore, w − v ⊥ V. Furthermore, from v − u ∈ V,

∥w − u∥22 = ∥(w − v) + (v − u)∥22 = ∥w − v∥22 + ∥v − u∥22 ≥ ∥w − v∥22.

From the assumption, span(UK) ⊃ span(LS) ⊃ span(LS) holds, and from Lemma A2, for any x ∈ Rn,

∥(UKU⊤
K − LSL

⊤
S )x∥22 ≤ ∥(UKU⊤

K − LSL
⊤
S )x∥22. (A1)

Finally, from Sc ⊂ Sc,

max
j∈Sc

∥(UKU⊤
K − LSL

⊤
S )Xj∥22 ≤ max

j∈Sc
∥(UKU⊤

K − LSL
⊤
S )Xj∥22,

and we obtain
max
j∈Sc

∥(UKU⊤
K − LSL

⊤
S )Xj∥22 ≤ max

j∈Sc
∥(UKU⊤

K − LSL
⊤
S )Xj∥22.



A5 Other Criteria

A5.1 GCS with D-, A-, E-criterion

Definition A1 (GCS with D-, A-, E-criterion). Under the constraint of span(LS) ⊆ span(UK),

KD ∈ arg min
K⊆{1,...,r}

det[Var[η̃]],

KA ∈ arg min
K⊆{1,...,r}

tr[Var[η̃]],

KE ∈ arg min
K⊆{1,...,r}

∥Var[η̃]∥2.

Upper bounds for the objective functions We introduce an upper bound of the objective function in
the minimization problem for determining K in GCS max-criterion in Section 5. Similarly, we can propose a
surrogate problem for KA. We prepare a surrogate of S, S such that S ⊆ S, and then consider the following
surrogate minimization problem:

min
K⊆{1,...,r}

tr[X⊤
Sc(UKU⊤

K − LSL
⊤
S )XSc ].

Again, it can be verified that this indeed serves as an upper bound of the original minimization problem, as
shown below:

Proposition A1. For any S(⊆ S),

tr[X⊤
Sc(UKU⊤

K − USU
⊤
S )XSc ]

≤ tr[X⊤
Sc(UKU⊤

K − USU
⊤
S )XSc ]

Proof. All diagonal entries of Var[η̃] are non-negative. For any j ∈ Sc ⊆ Sc, it is sufficient to show

X⊤
j (UKU⊤

K − LSL
⊤
S )Xj ≤ X⊤

j (UKU⊤
K − LSL

⊤
S )Xj ,

and this is already shown in Equation (A1).

Therefore, again combining with the alternative constraint that replace S with S̄ such that S̄ ⊇ S leads to the
practical construction of KA

gcs as follows:

Definition A2.

ˆKA
gcs ∈ arg min

K⊆{1,...,r}
tr[X⊤

Sc(UKU⊤
K − USU

⊤
S )XSc ]

s.t. span(US̄) ⊆ span(UK).

On the contrary, for the objective functions in KD
gcs and KE

gcs, with S such that S ⊆ S,

det[X⊤
Sc(UKU⊤

K − USU
⊤
S )XSc ]

and
∥X⊤

Sc(UKU⊤
K − USU

⊤
S )XSc∥2

are not the upper bounds in general of each objective function.
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A5.2 Experiment Using Different Criteria

We compared the performance of gcs when using different criteria. The experimental setting was the same as in
the known active set scenario in 6.1, and the R2 threshold of GCS was fixed at 0.7. As shown in Figure A1, the
overall performance remained broadly similar across different criteria. As mentioned earlier, for the E-criterion
and D-criterion, it is not guaranteed that replacing S with S in each objective function will in general yield an
upper bound of the original objective function. Nevertheless, at least in this experimental setting, the E-criterion
and D-criterion appeared to achieve performance comparable to that of the other criteria.

Figure A1: Influence of the criteria.

A6 Additional Experiments

We futher compared our method with additional approaches. These include generalized Puffer Transformation
(gPT)(Jia and Rohe, 2015), OSCAR(Bondell and Reich, 2008), and SLOPE(Bogdan et al., 2015). We conducted
experiments under the settings described in Section 6.4.2. The F1-measures for each method are presented in
Figure A2. The proposed GCS outperformed these methods at most cases.

(a) Isotropic design,
β∗ = 1

(b) Isotropic design,
β∗ = 0.2

(c) Block-independent
design, β∗ = 1

(d) Block-independent
design, β∗ = 0.2

Figure A2: F1-measure of various methods.
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