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Abstract

A common explanation for the failure of deep networks to generalize out-of-
distribution is that they fail to recover the “correct” features. We challenge this
notion with a simple experiment which suggests that ERM already learns sufficient
features and that the current bottleneck is not feature learning, but robust regres-
sion. Our findings also imply that given a small amount of data from the target
distribution, retraining only the last linear layer will give excellent performance.
We therefore argue that devising simpler methods for learning predictors on ex-
isting features is a promising direction for future research. Towards this end, we
introduce Domain-Adjusted Regression (DARE), a convex objective for learning
a linear predictor that is provably robust under a new model of distribution shift.
Rather than learning one function, DARE performs a domain-specific adjustment
to unify the domains in a canonical latent space and learns to predict in this space.
Under a natural model, we prove that the DARE solution is the minimax-optimal
predictor for a constrained set of test distributions. Further, we provide the first
finite-environment convergence guarantee to the minimax risk, improving over
existing analyses which only yield minimax predictors after an environment thresh-
old. Evaluated on finetuned features, we find that DARE compares favorably to
prior methods, consistently achieving equal or better performance. The full version
of this paper is available on arXiv at this https URL.

1 Introduction

The historical motivation for deep learning focuses on the ability of deep neural networks to automat-
ically learn rich, hierarchical features of complex data [21}[13]]. Simple Empirical Risk Minimization
(ERM), with appropriate regularization, results in high-quality representations. Despite these suc-
cesses, the dominant focus is on the shortcomings of this approach: recent work points to the failure of
networks trained with ERM to generalize under even moderate distribution shift [30L 26]]. A common
explanation for this phenomenon is reliance on “spurious correlations” or “shortcuts” [29} 12, 41]].
Many proposed solutions implicitly assume that this problem is due to the entire neural network:
they suggest an alternate objective to be minimized over a deep network in an end-to-end fashion
[36L 11, [1]]. These objectives are complex, poorly understood, and difficult to optimize. Though a
neural network is often viewed as a deep feature embedder with a final linear predictor applied to the
features, it is still unclear—and to our knowledge has not been directly asked or tested—whether
these issues are primarily because of (i) learning the wrong features or (ii) learning good features but
failing to find the best-generalizing linear predictor on top of them.

We begin with a simple experiment (Figure[I)) to try to distinguish between these two possibilities:
we train a deep network with ERM on several domain generalization benchmarks, where the task is

Workshop on Distribution Shifts, 36th Conference on Neural Information Processing Systems (NeurIPS 2022).


https://arxiv.org/abs/2202.06856

OfficeHome VLCS Lo DomainNet

Y

g D i

S

Test Accura

o A c P R
PACS
10 . - _ I ERM 0.4
Too Al 4 o ooare ‘
8 [ Linear 0.2
Bos [ End-to-Endf ﬂ L JT ‘ —‘
on [ Pretrained® 00 —‘
o A C P S c i p q r s

Figure 1: Accuracy via “cheating”: dagger (1) denotes access to test domain at train-time. Each letter
is a domain. Dark blue is approximate SOTA, orange is our proposed DARE objective, light grey
represents cheating while retraining the linear classifier only. All three methods use the same features,
attained without cheating. Dark grey is “ideal” accuracy, cheating while training the entire deep
network. Surprisingly, cheating only for the linear classifier rivals cheating for the whole network.
Cheating accuracy on pretrained features (light blue) makes clear that this effect is due to finetuning
on the train domains, and not simply overparameterization (i.e., a very large number of features).

to learn a predictor using a collection of distinct training domains and then perform well on a new,
unseen domain. After training, we freeze the features and separately learn a linear classifier on top
of them. Crucially, when training this classifier (i.e., retraining just the last linear layer), we give it
an unreasonable advantage by optimizing on both the train and test domains—henceforth we refer
to this as “cheating”. Since we use just a linear classifier, this process establishes a lower bound on
what performance we could plausibly achieve using standard ERM features. We then separately cheat
while training the full network end-to-end, simulating the idealized setting with no distribution shift.
Note that in neither case do we train on the test points; our cheating entails training on (different)
samples from the test domain, which are assumed unavailable in domain generalization.

Notably, we find that simple (cheating) logistic regression on frozen deep features learned via ERM
results in enormous improvements over current state of the art, on the order of 10-15%. In fact, it
usually performs comparably to the full cheating method—which learns both features and classifier
end-to-end with test domain access—sometimes even outperforming it. Put another way, cheating
while training the entire network rarely does significantly better than cheating while training
just the last linear layer. We also find that this cheating method does not ensure good performance
on pretrained features, which implies that we are not yet in the “universal approximation” regime and
that the effect we observe is indeed due to finetuning via ERM. These results suggest that features
learned by ERM may be “good enough” for out-of-distribution generalization in deep learning. For a
more detailed description of the experimental setup, see Appendices[B| & [H]

Motivated by these findings, we propose a new objective, which we call Domain-Adjusted Regression
(DARE). DARE enjoys strong theoretical guarantees: under a new model of distribution shift we
precisely characterize the adversarial risk of the DARE solution against a natural perturbation set,
and we prove that this risk is minimax. We further provide the first finite-environment convergence
guarantee to the minimax risk, improving over existing results which merely demonstrate a threshold
in the number of observed environments at which the solution is discovered [31,[7, |40]]. Evaluated
on finetuned features, we find that DARE compares favorably to existing methods, consistently
achieving equal or better performance. We hope these results will encourage going “back to basics”,
with future work focusing on simpler, easier to understand methods for robust prediction.

2 The Domain-Adjusted Regression Objective

The goal of many prior methods in deep domain adaptation or generalization is to learn a single
network which does well on all environments simultaneously, often by throwing away non-invariant
components [27,1]. Instead, we reframe the problem by thinking of each training domain as a distinct
transformation from a shared canonical representation space. In this framing, we can “adjust” each
domain in order to undo these transformations, aligning the representations to learn a single robust
predictor in this unified space. Specifically, we propose to whiten each domain’s features to have zero
mean and identity covariance, which can be thought of as a “domain-specific batchnorm” but using



the full feature covariance. DARE is similar to methods which learn separate batchnorm parameters
per domain over a deep network, possibly adjusting at test-time [35. (6, [34].

To begin, define £ as the set of observed training environments, each of which is defined by a
distribution p©(z, y) over features = € R? and class labels y € [k]. For each e € &, denote the mean
and covariance of the features as ., 2.. Our first step is to adjust the features via the whitening

transformation Y. 1/2 (z — pe). Unfortunately, we cannot undo the test transformation because we
have no way of knowing what the test mean will be. This is not a problem provided the predictor
satisfies a simple constraint. Suppose that the predictor’s output on the mean representation of each
environment is a multiple of the all-ones vector. This enforces that the environment mean has no
effect on the final probability distribution, and thus there is no need to adjust for the test-time mean.
Formally, the DARE objective finds a matrix 3 € R%**¥ which solves

minZ]Epc (0BT %2, y)]  subject to softmax (BTE;UQLLE) = 11. Vee &, (1)
d ec& k

where ¢ is the multinomial logistic loss. Thus, the DARE objective explicitly regresses on the
adjusted features, while the constraint enforces that each environment mean has no effect on the
output distribution to encourage predictions to also be invariant to test-time transformations. We also
do not know precisely the correct whitening matrix for the test data—instead, we adjust using our
best guess for the test covariance: denoting this estimate as X, our prediction on a new sample x is
f(x; B) = softmax (ﬂTifl/Zx). We prove that this prediction is minimax so long as our guess is
“sufficiently close”, and in practice we find that simply averaging the training domain adjustments
performs well. Note that unlike prior methods, DARE does not enforce invariance of the features
themselves. Rather, it aligns the representations such that different domains share optimal predictors.
The appendix contains discussion of implementation of the DARE pipeline in practice, as well as
ablations of various design and constraint choices (Appendix [[). Another benefit to our approach is
that the adjustments for each domain do not depend on labels, so given unlabeled samples from the
test domain we can often do even better. Theorem [D.9|provides finite-sample risk bounds for the
DARE objective in this setting.

3 A New Model of Distribution Shift

The DARE objective is based on the intuition that all domains arise as unique transformation from
a joint representation space. To capture this, we model the joint distribution p®(e, y) over latents
¢ € R? and label y € {0, 1}, along with an environment-specific transformation to observations
x € RY for each domain. In the fully general case, this transformation can take an arbitrary form
and can be written as x = T,(e,y). Our primary assumption is that p°(y | €) is constant for all
domains. Our goal is thus to invert each transformation 7, such that we are learning an invariant
conditional p(y | T, *(z)) (throughout we assume 7, is invertible). One can also view this model
as a generalization of covariate shift. Our finding that ERM features are good enough suggests that
modeling the learned features as a simple function of the “true latents” e is not unreasonable. In other
words, we now consider x to represent the frozen features of the trained network, and we expect this
network to have already “undone” the majority of the complexity, resulting in observations which are
a simple function of the ground truth. Accordingly, we consider the following model:

e=¢+be, y=1{Te+n>0}, 2 = Ace. )
Here, €9 ~ p®(eo), which we allow to be any domain-specific distribution; we assume only that its
mean is zero (such that E[¢] = b,) and that its covariance exists. We fix 3* € R? for all domains
and model 7 as logistic noise. Finally, A, € R%*4 b, € R are domain-specific. For regression, we
model the same generative process for z, €, while for the response, we have y € R and 7 is zero-mean
independent noise: y = 3*Te + 1.

Connection to Invariant Prediction. Statistical models of varying and invariant (latent) features
have recently become a popular tool for analyzing the behavior of deep representation learning
algorithms [311 7, [39]. We see that Equation (2) can model such a setting by assuming, e.g., that a
subspace of the columnspan of A, is constant for all e, while the remaining subspace can vary. In
such a case, the features = are expressed as the sum of a varying and an invariant component, and
any minimax representation must remove the varying component, throwing away potentially useful
information. Instead, DARE realigns these components so that we can use them at test-time. We
illustrate this with an example in Appendix [C]



4 Theoretical Analysis

Due to space constraints, we briefly list our theoretical results in this section. Results are stated fully
in Appendix [D] along with a more involved discussion .

First, we solve for the closed-form solution to the DARE objective under our model:

Theorem 4.1. Under model ({2)), the solution to the DARE population objective {B) for linear
regression is I18*. If € is Gaussian, the solution for (1)) is aI13* for some . € (0, 1].

4.1 The Adversarial Risk of DARE

Next, under some natural assumptions on the strength of the adversary choosing the test distribution,
we solve for the exact risk of the DARE predictor. Further, we prove that this risk is minimax:

Theorem 4.2. Denote the set of possible test environments A, which contains all parameters
(Aer, ber) subject to Assumptl()ns-and- D.5|and a bound on the mean: ||ber|| < p. For logistic or
linear regression, let 5 be the minimizer of the corresponding DARE objective as in Theorem-
Then,

sup  Rer(B) = (1+ p*) (18717 + 2B B51l18;_41)- 3)
(Ae/,bel)G.Ap

Furthermore, the DARE solution is minimax.:

Be argmin  sup Re (B). 4)
BERA (Ae’ vbe')eAP

4.2 The Environment Complexity of DARE

An important new measure of domain generalization algorithms is their environment complexity,
which describes how the test risk behaves as a function of the number of (possibly random) domains
we observe. Prior methods exclusively give thresholds at which the optimal invariant predictor is
recovered, usually linear in the ambient dimension of the varying subspace. However, their behavior
when this threshold has not been reached is not well understood. Our next result demonstrates that
DARE achieves this same threshold, but we also prove the first finite-environment convergence
guarantee, quantifying how quickly the risk of the DARE predictor approaches that of the minimax-
optimal predictor.

Theorem 4.3 (Environment complexity of DARE). Define the smallest gap between consecutive
eigenvalues: §(X) := min;eg_1] \i — Aiy1. Fix test parameters A, ber and guess Y. After seeing
FE training domains:

1. If E > rank(X,) then DARE recovers the minimax-optimal predictor almost surely: B = A
2. Otherwise, if E > r(X) then with probability > 1 — 0, Re(B) < Re(Bh) +

@) <—§“(E;b”) ( —T(E”) +max{1/—1°g§/5, —logé/‘s})) where O(-) hides dependence on ||A| and

r(X) = Turg) is the effective rank.

Remark 4.4. Thus, DARE achieves the same threshold for minimax optimality. But we should expect
that if the shift in the test distribution is not zoo large then we can do better, and indeed Theorem [D.7]
shows that if the effective rank of % is sufficiently small, the risk of the DARE predictor will
approach that of the minimax predictor as O(E~1/2).

4.3 Applying DARE to JIT-UDA

Finally, we provide a finite-sample risk bound given access to unlabeled test data at test time, with no
retraining necessary. We’d expect that estimating the adjustment via unlabeled samples will improve
the performance. Prior works have extensively explored how to leverage access to unlabeled test
samples for improved generalization—but while some suggest ways of using unlabeled samples at test-
time, the advantages have not been formally quantified. Our final theorem investigates the provable
benefits of using the empirical moments instead of enforcing invariance, giving a finite-sample
convergence guarantee for the unconstrained DARE objective in the JIT-UDA setting:



Theorem 4.5 (JIT-UDA, shortened). Let Xg, Y1 be the covariances of the source and target dis-

tributions, respectively. Define m(X%) := i\?,“i"((g))
samples and analogous nr target samples. Then after solving the DARE objective, with probability

at least 1 — 3d™", the excess squared risk of our predictor on the new environment is bounded as
Re(B) = O (|| (2E2) 4 mEn)Y),

ng nr

Assume we observe ng, = Q(m(Xg)d?) source

5 Experiments

Dataset / Algorithm Mean Accuracy by Domain (+ 90% CI) Dataset / Algorithm Mean Accuracy by Domain (= 90% CI)

Office-Home A C P R VLCS C L S v
ERM 614+£19 521+16 746+£07 758+19 ERM 97.6£0.7 66.1+£06 719+£19 76.1+£23
IRM 62115 532417 752409 773408 IRM 98.6+06 649+£09 729+07 741421
GroupDRO 625+05 S53.1+17 757405 77.7+1.1 GroupDRO 985407 650+05 739+1.0 75.1+1.8
Reweighted ERM  62.5+0.8 525+23 7574+0.5 774408 Reweighted ERM ~ 98.6 +£0.7 655+0.5 734+03 749+ 1.7
DARE 647 +£08 554+11 775+£03 792405 DARE 985+02 625+16 743+£14 755+14

PACS A © P S DomainNet ® i P q r s
ERM 843+15 795+£19 967+£05 749+£37 ERM 576 £0.6 17.9+£06 447£07 12609 59.0+£0.7 48.6+0.3
IRM 83.6+04 792+05 97.1+£02 764+£23 IRM 609+04 193+02 47.6+£04 124+£04 619+1.0 49.840.6
GroupDRO 83.6+1.0 79.1+£02 969+03 768£28 GroupDRO 578407 188+04 453+£04 119+£08 59510 479409
Reweighted ERM ~ 83.6 £ 1.0 788+£02 97.1+£03 765+23 Reweighted ERM ~ 61.0+0.4 19.1+£04 474+04 123+£06 618+1.1 499405
DARE 85606 805+10 96.6+04 767420 DARE 61.7+£02 193+0.1 474+05 13.1+£07 612413 514403

Table 1: Performance of linear predictors on top of fixed features learned via ERM. Each letter is a
domain. Because all algorithms use the same set of features for each trial, results are not independent.
Therefore, bold indicates highest mean according to one-sided paired t-tests at p = 0.1 significance.
If not the overall highest, underline indicates higher mean than ERM under the same test.

Most algorithms implemented in the DOMAINBED benchmark are only applicable to deep networks;
many apply complex regularization to either the learned features or the network itself. We instead
compare to three popular algorithms which work for linear classifiers: ERM [37]], IRM [], and
GroupDRO [33]]. We also discovered that simply rescaling ERM by downweighting each domain
proportionally to its size serves as a strong baseline. Concurrent work makes a similar observation,
exploring this baseline when training the whole network rather than just the last layer [[17]. We denote
this method “Reweighted ERM”. We evaluate all approaches on four datasets: Office-Home [38],
PACS [22], VLCS [10]], and DomainNet [27]. The features for each trial are the default hyperpa-
rameter sweep of DOMAINBED; for computational reasons, we used fewer random hyperparameter
choices per trial, meaning the reported accuracies are not directly comparable. Nevertheless, our
results are significant because they are consistently evaluated according to the same methodology.
Additional comparisons to other end-to-end methods can be found in Appendix [}

Results are reported in Table [T} We find that DARE consistently matches or surpasses prior methods.
All algorithms use the same set of features for each trial, so their performances are highly dependent.
To account for this, we perform a one-sided paired t-test between algorithms to determine the best
performers. The fact that DARE consistently bests ERM is somewhat surprising: it is intended to
guard against a worst-case distribution shift and depends on the quality of our guess X, so we would
in general expect worse performance on some datasets.

Prior methods now consistently outperform ERM. It is interesting that the previously observed
gap between ERM and alternatives disappears in this setting with a linear predictor. For example,
Gulrajani & Lopez-Paz [14] report IRM and GroupDRO performing much worse on DomainNet—
5-10% lower accuracy on some domains—but they surpass ERM when using frozen features. This
could be because they learn worse features, or perhaps they are just more difficult to optimize over a
deep network. This also implies that when these methods do work, it is most likely due to learning a
better linear classifier. This further motivates work on methods for learning simpler robust predictors.



Limitations

Our experiments demonstrate that traditional training already learns excellent features for generalizing
to new distributions. This suggests that we should focus on methods learning to use these features, but
it also means that these features are likely to contain just as much spurious or sensitive information as
the original inputs. Thus, even if a method which uses frozen features performs better under shift
(such as on minority subpopulations), care must still be taken to account for possible biases in the
resulting classifier.
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A Related Work

A popular approach to domain generalization matches the domains in feature space, either by aligning
moments [36] or with an adversarial loss [11]], though these methods are known to be inadequate in
general [43]]. DARE differs from these approaches in that the constraint requires only that the feature
mean projection onto the vector 3 be invariant. Domain-invariant projections [2]] were recently
analyzed by Chen & Biithlmann [8]], though notably under fully observed features and only for domain
adaptation. They analyze other invariances as well, and we expect combining these methods with
domain adjustment can serve as a direction for future study.

There has been intense recent focus on invariant prediction, based on ideas from causality [28]]
and catalyzed by IRM [1]. Though the goal of such methods is minimax-optimality under major
distribution shift, later work identifies critical failure modes of this approach [31,[18]]. These methods
eliminate features whose information is not invariant, which is often overly conservative. DARE
instead allows for limited new variation by aligning the non-invariant subspaces, enabling stronger
theoretical guarantees.

Some prior works “normalize” each domain by learning separate batchnorm parameters but sharing
the rest of the network. Initially suggested for UDA [24 4. 6], this idea has also been applied to
domain generalization [35}|34]] but in a somewhat ad-hoc manner—this is problematic because deep
domain generalization methods were recently called into question when Gulrajani & Lopez-Paz [14]
gave convincing evidence that no method beats ERM when evaluated fairly. Our analysis provides an
initial justification for these methods, suggesting that this idea is worth exploring further.

B ERM Learns Surprisingly Useful Features

Our experiments are motivated by a simple question: is the observed failure of deep neural
networks to generalize out-of-distribution more appropriately attributed to inadequate feature
learning or inadequate robust prediction? Both could undoubtedly be improved, but we are
concerned with which currently serves as the primary bottleneck. It’s typical to train the entire
network end-to-end and then evaluate on a test distribution; in reality, this measures the quality of the
interaction of the features and the classifier, not of either one individually.

Using datasets and methodology from DOMAINBED [[14]], we finetune a ResNet-50 [[15]] with ERM
on the training domains to extract features. Next, we cheat while learning a linear classifier on top of
these frozen features by optimizing on both the train and test domains. We compare this cheating
linear classifier to a full cheating network trained on all domains end-to-end. If it is the case that
ERM learns features which do not generalize, we should expect that the cheating linear classifier will
not substantially improve over the current state of the art and will perform significantly worse than
cheating end-to-end, since the latter method can adapt the features to better suit the test domain.

Instead, we find that simply giving the linear predictor access to all domains while training makes
up the vast majority of the gap between current state of the art (ERM with heavy regularization)
and the ideal setting where we train a network on all domains. In other words, ERM produces
features which are informative enough that a linear classifier on top of these frozen features is—in
principle—capable of generalizing almost as well as if we had access to the test domain when training
the entire network. Figure [2|in the Appendix depicts the evaluation methodology described above,
along with a more detailed explanation. We conjecture that this phenomenon occurs more broadly:
our findings suggest that for many applications, existing features learned via ERM may be “good
enough” for out-of-distribution generalization in deep learning. Based on this idea, we posit that
future work would benefit from modularity, working to improve representation learning and robust
classification/regression separately. There are several distinct advantages to this approach:

* More robust comparisons and better reproducibility: Current methods have myriad degrees
of freedom which makes informative comparisons difficult; evaluating feature learning and robust
regression separately eliminates many of these sources of experimental variation.

* Less compute overhead: Training large networks to learn both features and a classifier is expen-
sive. Benchmarks could include files with the weights for ready-to-use deep feature embedders
trained with various objectives—these models can be much larger and trained on much more data

'On a few domains the linear method sees a gap of ~5% accuracy from the idealized setting. We emphasize
that our use of a simple linear predictor serves as a lower bound on the achievable error using ERM features.



than would be feasible for many. Using these features, academic researchers could thus make
faster progress on better classifiers with less compute.

* Modular theoretical guarantees: Conditioning on the frozen features, we can use more classical
analyses to provide guarantees for the simpler parametric classifiers learned on top of these
features. For example, Bansal et al. [3] derive a generalization bound for simpler classifiers which
is agnostic to the complexity of the features on which they are trained.

We conclude by emphasizing that while the predictor in our experiments is linear, future methods
need not be. Rather, we are highlighting that there may be no need for complex, expensive, highly
variable regularization of a deep network when much simpler approaches suffice.

C Example Comparing Invariant Prediction to DARE

Example 1 (Invariant Latent Subspace Recovery). Consider the model (2)) with € ~ N(0, 4, +4,)-

Define IT := blockdiag(Iy, , 04,) and assume A, = blockdiag(X1/2, $.1/2) for all e, where & €
R4 %1 ig constant for all domains but ¥, € R%*% varijes.

Here we have a simple latent variable model: the features have the decomposition z = A.e =

S/ + B/ 2([ — IT)e, where the first component is constant across environments and the second
varies. It will be instructive at this point to analyze what an invariant prediction algorithm such
as IRM would do in this setting. Here, the IRM constraint would enforce learning a featurizer ®
such that ®(z) has an invariant relationship with the target. Under the above model, the solution is
®(z) = A, 'z = B'/?Tle, retainining only the component lying in span(IT). Crucially, removing
these features actually results in worse performance on the training environments—IRM only does
so because using these features could harm test performance in the worst case. However, projecting
out the varying component in this manner is unnecessarily conservative, as we may expect that for a
future distribution, Y. will not be oo different from what we have seen before. Instead of projecting
out this component, DARE performs a more nuanced alignment of environment subspaces, and it is
thus able to take advantage of this additional informaton.

D Detailed Theoretical Results

Before we can analyze the DARE objective, we observe that there is a possible degeneracy in
Equation , since two identical observational distributions p(x, y) can have different regression
vectors 5*. We therefore begin with a simple non-degeneracy assumption:

Assumption D.1. Write the SVD of A, as U.S.V.]. We assume V, = V Ve.

One special case where this holds is when A, is constant for all domains; this is very similar to the
“additive intervention” setting of Rothenhiusler et al. [32], since only p®, b, can vary. We assume
WLOG that V' = I, as any other value can be subsumed by the other parameters. We further
let E[epel ] = I WLOG by the same reasoning. With Assumption [D.1} we can uniquely recover
A, = U.S, via the eigendecomposition of the covariance ¥, = A, AL = U,S?UZL. We therefore

use the notation Eé/ 2 to refer to A, recovered in this way. We allow covariances to have zero
eigenvalues, in which case we write the matrix inverse to implicitly refer to the pseudoinverse. As
is standard in domain generalization analysis, unless stated otherwise we assume full distribution
access to the training domains, though standard concentration inequalities could easily be applied.

A remark on our assumptions. Assumption and the constraint in Equation (I]) are not trivial.
Domain generalization is an exceptionally difficult problem, and showing anything meaningful
requires some assumption of consistency between train and test. Our assumptions are only as strong
as necessary to prove our results, but future work could relax them, resulting in weaker but possibly
still reasonable performance guarantees. Experiments in Appendix [[|demonstrate that our covariance
estimation is indeed accurate, and the fact that our method exceeds state of the art even with this
strong constraint (and does worse without the constraint, see Figure[d) is further evidence that our
assumptions are reasonable.

We begin by deriving the solution to Equations (I)) and (5) . Recall that the DARE constraint requires
that the mean representation of each domain has no effect on our prediction. To enforce this, the
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DARE solution must project out the subspace in which the means vary. Given a set of E training
environments, define B as the d x E matrix whose columns are the environmental mean parameters b..

Throughout this section, we make use of the matrix I1, which is defined as the orthogonal projection
onto the nullspace of B”: I := I — BB = UﬁSﬁUg € R¥*4 This matrix projects onto the DARE
constraint set, and it turns out to be all that is necessary to state the solution:

Theorem D.2. (Closed-form solution to the DARE population objective). Under model (2)), the
solution to the DARE population objective (9)) for linear regression is I15*. If € is Gaussian, then the
solution for logistic regression (1)) is o118* for some o € (0, 1].

In Example[T} we saw how invariant prediction will discard a large subspace of the representation
and why this is undesirable. Instead, DARE undoes the environment transformation and regresses
directly on € = T, ! (x). Because we are performing a separate transformation for each environment,
we are aligning the varying subspaces rather than throwing them away, allowing us to make use of
additional information. Though the DARE solution also recovers 5* up to a projection, it is using
the adjusted features; DARE therefore only removes what cannot be aligned. In particular, whereas
IT has rank d; in Example I1 = I would have full rank—this retains strictly more information.
Indeed, in the ideal setting where we have a good estimate of ., (e.g., under mild distribution shift
or when solving JIT-UDA), we can make the Bayes-optimal prediction as E[y | 2] = 3*T A x.
Thus we see a clear advantage that DARE enjoys over invariant prediction.

D.1 The Adversarial Risk of DARE

Moving forward, we denote the DARE solution BI’EI .= I18*, with 5’;7ﬁ defined analogously. We
next study the behavior of the DARE solution under worst-case distribution shift. We consider the
setting where an adversary directly observes our choices of %, /3 and chooses new environmental
parameters A./, bes so as to cause the greatest possible loss. Specifically, we study the square loss,
defining the excess test risk of a predictor as R (3) := E,,, (BTS2 — B*T€)?] (we leave the
dependence on ¥ implicit). For logistic regression we therefore analyze the squared error with respect
to the log-odds. With some abuse of notation, we also reference excess risk when only using a
particular subspace, i.e. RI(6) := E,_, [(BL 2z — BT e)?].

Because we guess X before observing any data from this new distribution, ensuring success is
impossible in the general case. Instead, we consider a set of restrictions on the adversary which will
make the problem tractable. Define the error in our test domain adjustment as A := Zi,/ S RV
observe that if ¥ = X/, then A = 0. Our first assumptiorﬂ says that the effect of our adjustment
error with respect to the interaction between subspaces 11 and (I - f[) is bounded:

Assumption D.3. For a fixed constant B > 0, || (I — II)ATI3| < B||TI3*|.

Remark D.4. To see specific cases when this would hold, consider the decomposition of A ac-

cording to its components in the subspaces Il and I — 1I: Ug AUy = {AA; AAlj] , where

A, € Rrank(I)xrank(ll) - A few settings automatically satisfy Assumptionwith B = 0, due to the
fact that Uff AUy, will be block-diagonal. In particular, this will be the case if all domains share an
invariant subspace—e.g., if ILA.II is constant as in Example[I] Below, we show that in this setting,
exact recovery of this subspace occurs once we observe rank(/ — IT) environments—this matches
(actually, it is one less than) the linear environment complexity of most invariant predictors [31]], and
therefore Assumption[D.3|with B = 0 is no stronger than assuming a linear number of environments.
This will similarly occur if U, is shared across all environments (e.g., under fixed A, as described
above) and we use any sort of “averaging” guess of X.

Assumption D.5 (Bound on adjustment error in non-varying subspace). Using only covariates in the
non-varying subspace, the risk of the ground truth regressor 5* is less than that of the trivial zero

predictor: Rzr;le, (B*) < R,ll, (0).

>Though we label these as assumptions, they are properly interpreted as restrictions on an adversary—we
consider an “uncertainty set” comprising all possible domains subject to these requirements.
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The need for this restriction should be immediate—if our adjustment error were so large that this
did not hold, even the oracle regression vector would do worse than simply always predicting § = 0.
Assumption is satisfied for example if | ALI|| < 1, which again is guaranteed if there is an
invariant subspace. Note that we make no restriction on the risk in the subspace I — II—the adversary
is allowed any amount of variation in directions where we have already seen variation in the mean
terms b,, but introduction of new variation is assumed bounded. This is a no-free-lunch necessity: if
we have never seen a particular type of variation, we cannot possibly know how to use it at test-time.

With these restrictions on the adversary, our main result derives the supremum of the excess test risk
of the DARE solution under adversarial distribution shift. Furthermore, we prove that this risk is
minimax: making no more restrictions on the adversary other than a global bound on the mean, the
DARE solution achieves the best performance we could possibly hope for at test-time:

Theorem D.6 (DARE risk and minimaxity). Denote the set of possible test environments A, which
contains all parameters (Aer, ber) subject to Assumptions and and a bound on the mean:

[ber|] < p. For logistic or linear regression, let B be the minimizer of the corresponding DARE
objective as in Theorem Then, sup(4_, 3 )eaRe (B) = (1 + oA (I1B*N1% + 2B|[BE BT 41D
Furthermore, the DARE solution is minimax: 3 € arg mingcpa SUP(4_, 5., )e A, Re (B).

e/

A special case when our assumptions hold is when all domains share an invariant subspace and we
only predict using that subspace, but this is often too conservative. There are settings where allowing
for (limited) new variation can improve our predictions, and Theorem [D.6]shows that DARE should
outperform invariant prediction in such settings.

D.2 The Environment Complexity of DARE

An important new measure of domain generalization algorithms is their environment complexity,
which describes how the test risk behaves as a function of the number of (possibly random) domains
we observe. In contrast to Example[T] for this analysis we assume an invariant subspace II outside of
which both A, and b, can vary arbitrarily—we formalize this as a prior over the b, whose covariance
has the same span as I — II. Our next result demonstrates that DARE achieves the same threshold as
prior methods, but we also prove the first finite-environment convergence guarantee, quantifying how
quickly the risk of the DARE predictor approaches that of the minimax-optimal predictor.

Theorem D.7 (Environment complexity of DARE). Define the smallest gap between consecutive
eigenvalues: £(¥) := min;eg—1] \i — Aiy1. Fix test parameters A, b and guess Y. Suppose we
minimize the DARE regression objective ([5) on environments whose means b. are Gaussian vectors
with covariance Ly, with span(Xy) = span(I — II). After seeing E training domains:

1. If E > rank(X;,) then DARE recovers the minimax-optimal predictor almost surely: B = A
2. Otherwise, if E > r(Xy) then with probability > 1 — §,

Re(B) < Re(Bi) + O <£I(Ezbb|) ( r(?) +max{\/@’ logEl/(S}));

where O(-) hides dependence on ||Al| and r(X) = T”réﬁ) is the effective rank.

For coherence we present the first item as a probabilistic statement, but it holds deterministically so
long as there are rank (%) linearly independent observations of b,.

Remark D.8. Prior analyses of invariant prediction methods only show a discontinuous threshold
where the minimax predictor is discovered after seeing a fixed number of environments—usually
linear in the non-invariant latent dimension But one should expect that if the variation is not oo large
then we can do better, and indeed Theorem shows that if the effective rank of X, is sufficiently
small, the risk of the DARE predictor will approach that of the minimax predictor as O(E~1/2).

D.3 Applying DARE to JIT-UDA
So far, we have only considered a setting with no knowledge of the test domain. As discussed in

Section[2] we’d expect that estimating the adjustment via unlabeled samples will improve performance.
Prior works have extensively explored how to leverage access to unlabeled test samples for improved
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generalization—but while some suggest ways of using unlabeled samples “just-in time” (i.e., only
at test-time), the advantages have not been formally quantified. Our final theorem investigates
the provable benefits of using the empirical moments instead of enforcing invariance, giving a
finite-sample convergence guarantee for the unconstrained DARE objective in the JIT-UDA setting:

Theorem D.9 (JIT-UDA, shortened). Let Xg, X1 be the covariances of the source and target
distributions, respectively. Define m(¥) := i\‘s“i"g)) Assume we observe ng = Q(m(Xg)d?) source
samples and analogous nr target samples. Then after solving the DARE objective, with probability
at least 1 — 3d~", the excess squared risk of our predictor on the new environment is bounded as

Rr(@) =0 (¢l (=452 + =52))

E Connection to Anchor Regression

The DARE objective for linear regression is written

manE [(BTSY2(x — pe) — y)?] st. T8V, =0. Yee £, (5)
ee&

The idea of adjusting for domain projections has similarities to Anchor Regression [32], an objective
which linearly regresses separately on the projection and rejection of the data onto the span of a set
of anchor variables. These variables represent some (known) measure of variability across the data,
and the resulting solution enjoys robustness to pointwise-additive shifts in the underlying SCM. If
we define the anchor variable to be a one-hot vector indicating a sample’s environment, the Anchor
Regression objective minimizes

|g‘ Z]E - Me)ﬂ Yy — ,uy,e) + VE(BTNea Uy,e))] y
ec&

i1

where / is the squared loss and p, . = E,[y]. Here we see that Anchor Regression is “adjusting
in a sense, by regressing on the residuals, though the objective also regresses the mean prediction
onto the target mean. Unfortunately, this requires access to the target mean, which is unavailable
p(y=1|z)
p(y=—1[z)
(i) assume the feature covariance is fixed for all environments and (ii) assume the target mean is
zero for all environments, we observe that the above objective becomes equivalent to the Lagrangian
form of DARE for linear regression (3)). Alternatively, we could imagine combining the two by
keeping Anchor Regression’s use of separate target means while adding DARE’s feature covariance
whitening which would give

|g| ZE [ 1/2(‘7" - Me) Y — Hy, 6) + 72(6T 1/2/1,5, My,e):| )

in logistic regression due to the lack of a good estimator for E [log ] . Nevertheless, if we

However, this st111 requires us to estimate the target mean, so it is unclear if or how this objective
could be applied to the task of classification.

F Proofs of Main Results

F.1 Notation

We use capital letters to denote matrices and lowercase to denote vectors or scalars, where the latter
should be clear from context. || - || refers to the usual vector norm, or spectral norm for matrices. For a
matrix M, we use Apax (M) to mean its maximum eigenvalue—the minimum is defined analogously.
We write the pseudo-inverse as M. For a collection of samples {x » 1, we frequently make use

of the sample mean, /i := 1 3" ;, and the sample covariance, 3 := 1 3" (2; — fi)(2; — fi)”. The
notation < means less than or equal to up to constant factors.

F.2 Statement and proof of Lemma [F.1} and discussion of related results

Lemma F.1. Assume our data follows a logistic regression model with regression vector 3* and

covariates z ~ N(0,1): log ((?J 1]2)

pl=—1[s) = = B*T 2. Then the solution to the dimension-constrained

logistic regression problem
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argmin E, ,[—logo(ys” 2)] s.t. Bse =0,
B
where S C [d] indexes a subset of the dimensions, is equal to aS% for some o € (0, 1].

Proof. The logistic regression model can be rewritten:

y\z:l{B*Tz+e>O},

where € is drawn from a standard logistic distribution. If we are restricted to not use zge, we can see
that these can be modeled simply as an additional noise term. Thus, our new model is

y\z:1{6§T25+6+7'>0},

where 7 := BEZZSC ~ p is symmetric zero-mean noise, independent of zg. Because we are now
modeling the other dimensions as noise, moving forward we will drop the .S subscript, writing simply
B*T 2. Define F, f as the CDF and PDF of the distribution of ¢’ := ¢ + 7. Then the MLE population
objective can be written

L(B) = —E.[Ecwp(e [l{ﬁ*Tz +¢ > 0}log U(BT )+ 1{—=(BTz+¢€) >0} loga(—BT2)]].

For a fixed z, note that E./ [1{8*T 2+¢ > 0}] = P(¢' > —3*T2) = F(B*T2) (since f is symmetric),
and therefore taking the derivative of this objective we get

VsL(B) = —VE.[F(6 2)log (87 2) + F(-"" 2 )log o(—p"2)]
=E.[z- (F(=8"2)0(8"2) — F(8"" 2)0(—4"2))]
Because f is symmetric, we have F(z) = 1 — F(—z), giving
VsL(B) =E. [2- (0(8T2) = F(5"72))] .
Consider the directional derivative of the loss in the direction 8*, at the point 5 = «5*:
BIVL(af*) =E, [Tz (c(af*2) — F(8T2))].

Because F'is the CDF of a logistic distribution convolved with p, by Fubini’s theorem we have

F(z) = [ ; £(2) dz

- /; [/Z S dT} i
_ /_ Z p(7) [ /_ O; o (w) dw} dr

_ /OO p(F)o(z —7)

= ]E:Np[o(z - 7).

Further, because p is symmetric, this is equal to 2 (E.p[0(z — 7)] + E-~p[0(2 + 7)]). Thus, we
have

BIVsL(aB*) =E, {B*Tz “Ermp [a(aﬂ*Tz) — % (c(BTz—7)+0o(B" 2+ T))H .

We first consider the case where o = 1. When 3*7 2z > 0, the term inside the expectation is positive
for all 7 # 0, and vice-versa when 3*7z < 0 (this can be verified by writing the difference as a

function of 3*” 2, 7, and observing that all the terms are non-negative except for a factor of e e 1).
It follows that at the point 5 = 8*, —* is a descent direction. Furthermore, since the objective is
continuous in «, we can follow this direction by reducing « (that is, moving in the direction —5*)
until the directional derivative vanishes.

Next, consider a« = 0. Then the directional derivative is

BTV5L(0) = %EZ BTz Erep [1— (0(BT2z—7)+0(BT2+71))]].
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Here, when 3*T2 > 0 the inner term is negative, and vice-versa for 3*7 2 < 0, implying that the
directional derivative is now negative. Because the objective is convex, it follows that the optimal
choice for « lies in (0, 1], being equal to 1 when 7 = 0 almost surely.

It remains to show that the optimal vector has no other component orthogonal to 3*—in other words,
that the solution is precisely a5*. For isotropic Gaussian z, we have for any J perpendicular to 5*
that E[§7 2| 3*T 2] = 0. Therefore, the gradient in the direction J is

E.[072 (0(aB™2) = F(82))] = Egor. [Esrpor.[07 2] (0(aB*T 2) — F(B*72))]
= 0.

Since 8* and all orthogonal directions form a complete basis, it follows that VL(a8*) = 0 and
therefore that o™ is the optimal solution. O

Though we prove this lemma only for Gaussian z, we found empirically that the result approximately
holds whenever z is dimension-wise independent and symmetric about the origin. We believe this is
a consequence of the Central Limit Theorem: our proof relies on the conditional expectation of inner
products with z which converge to Gaussian in distribution as the dimensionality of z grows.

We observe that Li & Duan [23] prove a much simpler result under a general “linear conditional
expectation” condition which is similar to the property we exploit regarding zero-mean conditional
expectation of orthogonal inner products with isotropic Gaussians. Their result is more general, but
it allows for any value of «, including negative. In this case, we would actually be recovering the
opposite effects of the ground truth, which is clearly insufficient for test-time prediction. Heagerty
& Zeger [16] give an analytical closed-form for the solution under a probit model with Gaussian
noise; since this is not a logistic model, the Gaussian noise represents significantly less model
misspecification, which explains why the exact closed-form is recoverable.

F.3 Proof of Theorem[D.2]

Theorem D.2. (Closed-form solution to the DARE population objective) Under model (2), the
solution to the DARE population objectlve for linear regression is H,B If € is Gaussian, then the
solution for logistic regression I is ozHB* for some o € (0, 1].

Proof. Observe that under the constraint, regressing on the centered observations is equivalent to
regressing on the non-centered observations (since the mean must have no effect on the output), so
the solutions to these two objectives must be the same and have the same minimizers. We therefore
consider the solution to the DARE objective but on non-centered observations.

It is immediate that the unconstrained solution to the DARE population objective on non-centered
data is 8* for both linear and logistic regression. For linear regression, we observe that because
the adjusted covariates in each environment have identity covariance, the excess training risk of a
predictor 3 is exactly ||3 — 3*||%. Therefore, the solution can be rewritten

. * (12
min —
p 18— B
st. ATS;Y%u,=0. Vee&.

Recalling that 3. 1/2 e = b, the constraint can be written in matrix form as B3 = 0, and thus we
see that the solution is the £5-norm projection of 3* onto the nullspace of B (i.e., the intersection of

the nullspaces of the b,). By definition, this is given by (I — BBT)3* = 115*.

To derive the closed-form for logistic regression, write the spectral decomposition B = UDV T, and
consider regressing on U7 ¢ instead of e. As the predictor only affects the objective through its linear
projection, the solution to this objective will be U times the solution to the original objective (that
is, for all vectors v, (U1 8)TUTv = 3Tv). We will denote parameters for the rotated objective with
atilde, e.g. © := UTw.

The constraint in Equation (I)) is equivalent to requiring that the mean projection is a constant vector
c1 and, with the inclusion of a bias term, we can WLOG consider ¢ = 0. Thus, the constraint can be
written BT ,B VDB 0 = Dﬁ = 0. We can therefore see that this constraint is the same as
requiring that the dimensions of B corresponding to the non-zero dimensions of D are 0.
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Noting that U Te ~ N(0,1), we now apply Lemmato see that the solution will be 3 = a(I —
DD™)3* for some o € (0, 1]. Finally, as argued above we can recover the solution to the original
objective by rotating back, giving the solution 3 = U3 = aU (I — DDN)UT p* = allp*. O

F.4 Proof of Theorem [D.6

Theorem F.2 (Theorem[D.6| restated). For any p > 0, denote the set of possible test environments
A, which contains all parameters (A, be) subject to Assumptions and and a bound on

the mean: ||be/|| < p. For logistic or linear regression, let 3 be the minimizer of the corresponding
DARE objective (1) or (O). Then,

sup Re(B) = (1+ p*)(I8711% + 2BIB5 11854 -
(Ae/,be/)E.Ap

Furthermore, the DARE solution is minimax:
fecargmin  sup Re (8).
BERT  (Agribor)EA,

Proof. Recall that in an environment e, E.[y | 2] = g*7X. 1z, So, for an environment e’ and
predictor 3, we have the following excess risk decomposition:

Re(B) = Eo|(BTE 2 — 755! 20/ )?)
T1 T2
_ Ee/[(BTS_l/Q(LL'/ _ ,ue’) _ ﬁ*TZ;l/Q(.’L'/ _ ,Ue’))2] +Ee’[(BTS_1/2,U/e’ _ ﬁ*TZ;l/QMe/)Q] ]

Observe that term 73 does not depend on the mean b,-.

Term 75 simplifies to

v

—_—
Ee/[(ﬁTz—l/Que, _ ﬁ*ngl/QMe/)Q] _ (22/22—1/25 _ ﬁ*)Tbe’ 7

and so we can write a supremum over 715 as

sup Ty = sup (v7ber)?
= p” sup [Jv[|.
A,
Next, observe that 7 simplifies to
BTSSR 4|87 |P — 2BTE PRt = |2 PR 2B - P
= [l

So, returning to the full loss and recalling that 7} is independent of b.,, we have

sup Re/(B) =sup T1 +T»
A, A,

= (1+ p?)sup ||v]>.
A

P

Of course, the ideal would be for a given environment €’ to set B =3 22;1/ 2 B* — v =0,but
we have to choose a single /3 for all possible environments €’ parameterized by (A, ber) € A,. We
will show that the choice of 3 := all3* is minimax-optimal under this set for any « € (0, 1].

Leaving the supremum over adversary choices implicit, we can rewrite the squared norm of v as
vTv=((A+1)3 - B (A+1)5 - BY)
— BTATAB + ||B _ ﬂ*||2 + 2BTAT(B _ 5*)

16



By Lemma . we can define an environment by defining the block terms of UﬁAUg directly.

Bi_nBi_n

W,Ag = Ayy = Ag; = 0. This choice is in A, for any
I—T1
A € R since it is block-diagonal and ||Az|| = 0. Now we can write
vTo =18 _qll® + 18 = B°1° + 2057 _4(Br_n — B _p)
> X118, _all? = 2X18,_alllB = 81D,

via Cauchy-Schwarz and the triangle 1nequahty So, taking A — oo means that the minimax risk is

unbounded unless 3 n=0 < B = ﬁn For the remainder of the proof we consider only this
case.

Consider the choice of A1 = A

With this restriction, we have
[0l = (A + 1)Bq — B*II°
_ * 2
=[(A+1)Bx — B — B;_4ll
2 2 A
= (A + D)8 — BEII> + 118;_glI” — 28;"  ABg.

Assumption [D.3]implies that

Br
Br

187 ABy| = 18U (I - Sg)UE AU SLUL B

. Ay A ;
= B TUL(I — Sp) {A;l Aﬂ SyULB

< BlIBalB7_gll;

Consider the DARE solution B = a,é’l’il for o € (0,1]. Then using the equivalent supremized set
from Assumption [D.5]and Lemma[G.3] the worst-case risk of this choice is

sup Rer(B) = (1+p°)  sup  ([[(@d+ (= DDBLI> +1IB;_glI* + 2BlB1I18;_4)
A, 18z 112 <118 12
(6)

= (L + P IBEIP + 187 _glI* + 2BIBE I B;_41)-

It remains to show that any other choice of /3 results in greater risk. Observe that the second two
terms of @ are constant with respect to A, so we focus on the first term. That is, we show that any

other choice results in sup|ag: |2< |22 [|(A + By — BEN? > 84117 (except for 3 = 0, which
II II
we address at the end).

For any choice of Bﬁ, decompose the vector into its projection and rejection onto ﬂiﬁl as BH = aﬁli‘[ +9,
with 5Tﬁl’fl = 0. The adversary can choose Ay = A\§§”, which lies in A, for any X. Then taking
A — oo causes risk to grow without bound—it follows that we must have 6 = 0.

Next, consider any choice o ¢ (0,1]. If @« > 2 or & < 0, choosing A; = 0 makes this term
(@ = 1285117 > 1IB%]I°- 1 2 > @ > 1, choosing Ay = & I makes this term o*[| 3% [|* > || 8% |-

Finally, if « = 0 then this term is equal to || ﬁl’zl||2—however, this value is the supremum of the
adversarial risk of the DARE solution and it cannot actually be attained. O

F.5 Proof of Theorem [D.7|

Theorem F.3 (Theorem restated). Fix test environment parameters Aes,ber and our guess 3.
Suppose we minimize the DARE regression objective on environments whose means b. are
Gaussian vectors with covariance %y, with span(2y) = span(I — 11). After seeing E training
domains:

1. If E > rank(X;,) then DARE recovers the minimax-optimal predictor almost surely: B = BL
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2. Otherwise, if E > r(Xy) then with probability > 1 — 6,

Ro(B) < Ror(B) + O @(E;bl') < o m“{\/@’ 12/5})) |

where O(+) hides dependence on | Al.

Proof. Define Iz as the projection onto the nullspace of B” after having seen E environments. Item
1 is immediate, since as soon as we observe E = rank(X;) linearly independent b, we have that

span(B) = span(X;) and therefore I = I (this occurs almost surely for any absolutely continuous
dlstrlbutlon) To prove item 2, we will write the solution learned after seeing E environments as

ﬁ =1lg B*. We can write the excess risk of the ground-truth minimax predictor /7; as
I
Re(B7) = E[(B £/ % = 7e)’)

=E[(BTIE P8P - 5T,

and likewise we have
Re (Br) = E[(BEE 125 %e — T e)?]

= E[(B TS 125 % — BTe)?].

Taking the difference,

=v

A s S 1/2 < 1/2
R(Bp) = R(Bfy) = B8 571252 =3 Te)? — (8TTIS /25 /% — *7e)?]
< |11~ Tig)E[ov”)(2] — T~ Ig) | + 2| (11 - T15)E[vc"]|
< 2T — f1g)Efvv | + [|(11 — Tg)EfveT] ] -
Now we note that
E[voT] = E[(S~1/2526) (87125 2)7]
— 512y 512
and
E[vel] = 271/2232.

These matrices are bounded by ||A + I||?, | A + I|| respectively and are constant with respect to the
training environments we sample. It follows that we can bound the risk difference as

R(BE) — R(BL) < g — 10|,

and all that remains is to bound the term || 1z — II|.

Combining Theorems 4 and 5 from Koltchinskii & Lounici [20] with the triangle inequality, we have
that when r(3;) < E, with probability > 1 — 4,

1951 5 15 (s 25100 L {120 )

Since (%) < E, the first term of the second max dominates. Further, Corrolary 3 of Yu et al. [42],
a variant of the Davis-Kahan theorem, gives us

< IZ- Eb||
§(3s)

Combining these facts gives the result. O

e — 10| S
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F.6 Proof of Theorem [D.9]

Theorem F.4 (Theorem fully stated). Assume the data follows model (2)) with ¢ ~ N(0,1).

Observing ng samples from a source distribution S with covariance X.g, we use half to estimate Y. g
and the other half to learn parameters 3 which minimize the unconstrained (A = 0), uncentered
DARE regression objective. At test-time, given ny samples {x;}'%, from the target distribution T

with mean and covariance pr, Yor, we predict f(x; §) = BTZTUZ .

Define m(X) := "“”‘((g)) and assume ng = Q(m(Xs)d?), nr = Qm(Xr)d?). Then with

probability at least 1 — 3d™", the excess squared error of our predictor on the new environment is
bounded as

Re(f) =0 | (1+ ||ur?) Wd+d2(m(25) . m(ET)>

o) e

Proof. We begin by bounding the error of our solution I8 — B8*||. Observe that with our estimate
S of the source environment moments, we are solving linear regression with targets 3*7¢; + 1;
and covariates ; = Z /2, T; = 251/2 1/2@. Thus, if we had access to the true gradient of the
modified least-squares ob]ectlve (which is not the same as assuming ng — 00, because in that case

we would have > g — X g), the solution would be

- ~ -1 /.
Elea”] " Elay] = (855621 + prpn )T 285512 (S512 8620 + prun™)8Y)
— 22/22571/2ﬂ*.
Moving forward we denote this solution to the modified objective as 6 = Zl/ 2 Y Y2p*, and
further define Ag := % 51/ 25 Sl/ 2, with Ap defined analogously. A classical result tells us that the

A 0'2 . . .
OLS solution is distributed as N (6 , %M ’1> , where M is the modified covariance ALAg and

05 := [E[n?]. To show a rate of convergence to the OLS solution, we need to solve for the minimum
eigenvalue A, (M )—this will suffice since the above fact implies finite-sample convergence of the
OLS estimator to the population solution. The well-known bound for sub-Gaussian random vectors
tells us that with probability > 1 — ¢y,

18— Bl £\ Amac(M )02 ,/ ,/bg”&

and moving forward we condition on this event. Now let vg := 1/d/ng, with yr defined analogously.
Since M > 0, it follows that

)\max(Mil) = Amin(ACZSWAS)ilv
and further,
Amin(AgAS) Z 1- ||A£AS - IH
By Lemma|G.1| we have that with probability > 1 — d~!
laTAs — 1] S s
This implies that our solution’s error can be bounded as

18 =871 =11(8 - B) +
\/1_072 \F \/m + 12578572 — 1l
(vs) s
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We assume ||3*|| = 1 so we can avoid carrying it throughout the rest of the proof. Bounding the
second term with Lemma|[G.2] gives

. / o2 [ d [log 1/,
18 —=87 < Wz%‘)) %4' s +vs5vVdm(Xs).

On the target distribution, our excess risk with a predictor 3 is

Ra(9) = B(5"S7 0 = 575 )
Ar 2

S—1/2
=E || (20227128 - 5*)Te

= (ArB = B + prpr™ ) (Arp — BY)
< (L+ lurl®)lATs — 5712
Now, we have
1A78— 8%l = [(Arf — Ar8*) + (Arf* - B°)]
<Az (B8 =B + [[(Ar = DB
< A+ A7 = IIDIB = B*[1 + |Ar — 1]].
Once again invoking Lemma with probability > 1 — d~!,

|Ar —I|| S yrv/dm(Xr),

and using this plus the previous result, the triangle inequality, and (a + b)2 < 2(a2 + 52) gives
|78 — B S (L+ [ Ag — T8 - 8| + | A — |1
S L+ /AmE0)8 - 82 + (/22 |2V )
S8 = B + vpd m(2r),

where the lower bound on np enforces vr+/d m(X7) < 1. It follows that the excess risk can be
bounded as

Re S 1+ [lur|) A8 — 57
S @+ lprl?) (18 = B +2d m(Sr)) -

Letting 0, = 1/d, combining all of the above via union bound, and eliminating lower-order terms,
we get

2
Re(B) S (14 lurl?) (g‘yd +7%d m(Ss) +47d m(ZT)>

1—-0(ys) ns
o2 d by z
=+ llpr ) | —— == — +d2<m; s) | mfl T)>
_ )\ ns s
1-0 (,/ns) T
with probability > 1 — 3d~!. O

G Technical Lemmas
Lemma G.1. Suppose we observe n € Q(d + log1/8) samples X ~ N (u, %) with ¥ = 0 and

estimate the inverse covariance matrix X" with the inverse of the sample covariance matrix 1.
Then with probability > 1 — ¢, it holds that

”2—1/222—1/2 _ IH 5 /d+10g 1/6
n
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Proof. As ©~1/2%.%.-1/2 and /25 -1%1/2 have the same spectrum, it suffices to bound the latter.
Observe that

H21/22—121/2 _ IH — HZl/Q(i—l _ 2—1)21/2”-
Now applying Theorem 10 of Kereta & Klock [19] with A = B = %'/2 yields the result. O

Lemma G.2. Assume the conditions of Lemma|G.1| Then under the same event as Lemma|G.1] it
holds that

IS12512 1) 2 (IS + 57 R
where 7 = 4/ %3;1/5' In particular, if § = d™ ', then
_ 42
ISV2E2 — 1 SAJIEIE IR —
n

Proof. We begin by deriving a bound for || £~1/2 — £ =1/2||. Define E = £~! — ¥ ~1. Observe that
IE|| = |5~ /252 Ent /25172

IR 2(s 28 sl _ el

<BTHIEYEETEY — 1,
and now apply Lemma|G.1](since £~1/2%5-1/2 and $1/25 151/ have the same spectrum), giving

1] < 15,
Let UDUT be the eigendecomposition of X, and define the matrix [/, a]; ; =
Carlsson [5]]. The Daleckii-Krein theorem [9] tells us that
|£712 =572 = UV~ ol o EYUT | + O(| E|?).

Note that max; ; |[v/-, alij| = 1/2/Amin(X) = ||V, ]| < /d||[X71]], and therefore by
sub-multiplicativity of spectral norm under Hadamard product,

IS712 = 512 < VAT Bl + | B
S IZ7HP2Vay + 2722

1 .
————— as m
VDiit++/Djj

Finally, noting that
D N P e ]
< [I=VPETY2 - BT

completes the main proof. To see the second claim, note that n > 2||S || implies || X ~1(|3/2v/d >
|X71(|?v, meaning the first of the two terms dominates. O

Lemma G.3. Let ¥ be fixed. Then Assumption is satisfied if and only if || ABZ, % < | [Ehd 1%

Proof. The claim follows by rewriting the risk terms. Recall that A = 3
the excess risk of the ground truth 5* in the subspace 11,

RE () = By, (BTS20 — BT 5, %0)?]

1/2$-1/2 _ I Writing out

=E,, {(ﬁ*Tﬂifl/QEl/ze - B*Tﬂe)ﬂ

= E,, [(3"TAT?|

= ||ATIg|>.

Next, the excess risk of the null vector B = 0 in the same subspace is
i *T—1/2

RYL(0) =E,, (852" %)%
=E,, [(8"1le)?]
= [[TI8*|*. O
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Lemma G.4. For a fixed ¥, choosing an environmental covariance Y./ is equivalent to directly
choosing the error terms A1, Ao, A1a, Aoy.

Proof. For a fixed ¥, due to the unique definition of square root as a result of Assumption the

map X — Ei/zi’l/z — I is one-to-one. Recall that we can write

Ay A12:|

T _
UﬁAUﬁ = |:A21 AQ

which defines a one-to-one map from A to the error terms. Since the composition of bijective
functions is bijective, the claim follows. O
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H Implementation Details
H.1 Evaluation pipeline

{ Cheat on Test Domain
to Learn Features

Test Domain Accuracy
e ©
—}|. ind Classifier
Learn Features . °
and Classifier
Traini o ° Training
raining > ., > X o ° Domains
Domains B °
@ eat to Learn

Learn Features

just Classifier

Figure 2: Depiction of evaluation pipeline. Standard training on train domains leads to poor perfor-
mance. Cheating while training the full network (features and classifier) does substantially better.
However, cheating on just the linear classifier does almost as well, implying that the features learned
without cheating are already good enough for massive improvements over SOTA.

Figure [2] depicts the overall pipeline for evaluation of the different approaches we describe in
Appendix [B] Our baselines are three distinct pipelines, each slightly different:

1. The first pipeline (dark blue in Figure 2) is the standard method of evaluating ERM on a new
domain. We train the entire network (the combination of a feature embedder comprising all
layers except the last linear layer, and the last layer linear classifier) end-to-end on the training
domains, simultaneously learning the features and the linear classifier on the training domains via
backpropagation. When evaluated on a new domain, this achieves state-of-the-art accuracy [14],
but it still performs quite poorly.

2. The second pipeline (red) is very similar to the first, but we include the test domain among the
domains on which the network is trained end-to-end. Because this means that the test distribution
is one of the training domains, this simulates an “ideal” setting where no distribution shift occurs
from train-time to test-time. As such, it is unsurprising that this approach performs substantially
better (though it still leaves a bit to be desired—this raises a separate question about failures of
in-distribution learning with multiple domains). As this approach requires cheating, it is completely
unrealistic to expect current methods to even begin to approach this baseline, but it gives a good
sense of what would be the best performance to hope for.

3. The final pipeline (grey) is our main experimental contribution. Here, the features (all but the
last layer) are learned without cheating, as in the first pipeline. Next, we freeze the features and
cheat only while learning a linear classifier on top of these features. Not only does this method do
significantly better than the first baseline, it actually performs almost as well as—and sometimes
better than—the second pipeline. Thus, we find that standard features learned via ERM without
cheating are already good enough for generalization and that the main bottleneck to reaching
the accuracy of the second baseline is in learning a good linear classifier only. This has several
important advantages to current methods which attempt to change the entire end-to-end process,
which we explicate in Appendix [B]in the main body.

H.2 Code details

All features were learned by finetuning a ResNet-50 using the default settings and hyperparameter
sweeps of the DOMAINBED benchmark [[14]]. We extracted features from 3 trials, with 5 random
hyperparameter choices per trial, picking the one with the best training domain validation accuracy.
We used the default random splits of 80% train / 20% test for each domain.

Using frozen features, the cheating linear classifier was trained by minimizing the multinomial
logistic loss with full-batch SGD with momentum for 3000 steps. We did not use a validation set.

For the main experiments, all algorithms were trained using full-batch L-BFGS [25]. We used the
exact same optimization hyperparameters for all methods; the default learning rate of 1 was unstable
when optimizing IRM, frequently diverging, so we lowered the learning rate until IRM consistently
converged (which occurred at a learning rate of 0.2). Since the IRM penalty only makes sense with
both a feature embedder and a classification vector, we used an additional linear layer for IRM,
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making the objective non-convex. Presumably due to their convexity for linear classifiers, all other
methods were unaffected by this change. For all methods, we halted optimization once 20 epochs
occurred with no increase in training domain validation accuracy; the maximum validation accuracy
typically occurred within the first 5 epochs.

For stability when whitening (and because the number of samples per domain was often less than the
feature dimension), in estimating ¥, for each environment we shrank the sample covariance towards
the identity. Specifically, we define 3. = (1 —p)L >0 | @27 + pI, with p = 0.1, and p = 0.01 for

DomainNet due to its much larger size. We found that increasing A beyond ~1 had little-to-no effect
on the accuracy, loss, or penalty of the DARE solution (see Appendix [I| for ablations). However,
we did observe that choosing a very large value for A (e.g., 10° or higher) could result in poor
conditioning of the objective, with the result being that the L-BFGS optimizer took several epochs

for the loss to begin going down.

I Additional Experiments

Here we present additional experimental results. All reported accuracies represent the mean of three
trials, and all error bars (where present) display 90% confidence intervals calculated as i1.645%.

Note though that the results are not independent across methods, so simply checking if the error
bars overlap is overly conservative in identifying methods which perform better.

L1 Accuracy of the Test Covariance Whitener

As we do not have access to the true test-time covariance, we estimate the adjustment with the
average of the train-time adjustments. Table 2] reports the normalized squared Frobenius norm of

. s . . W—-w||? &—1/2
our estimate’s error to the sample covariance adjustment, defined as W, where W := 3, /
F

is the sample covariance adjustment and W= é Yoecs e /2 is our averaging estimate. We find
that this normalized error is consistently small, meaning our estimated adjustment is reasonably
close to the “true” adjustment, relative to its spectrum (we put “true” in quotation marks because
the best we can do is estimate it via the sample covariance). This helps explain why our averaging
adjustment performs so well in practice, though we expect future methods could improve on this
estimate (particularly on the last domain of PACS).

Dataset Normalized Error
Office-Home
A 0.033
C 0.040
P 0.022
R 0.019
PACS
A 0.052
C 0.016
P 0.025
S 0.217
VLCS
C 0.094
L 0.039
S 0.051
\'% 0.029

Table 2: Mean normalized adjustment estimation error for each dataset and each train-domain/test-
domain split.
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LI.2 Alignment of Domain-Specific Optimal Classifiers

As discussed in Section 2] DARE does not project out varying subspaces but rather aligns them such
that the adjusted domains have similar optimal classifiers simultaneously. To verify that this is actually
happening, we learn the optimal linear classifier for each domain individually and evaluate the inter-
domain cosine similarity for these vectors for each class. We see that without adjustment, different
domains’ optimal linear decision boundaries have normals with small alignment on average, which
explains why trying to learn a single linear classifier which does well on all domains simultaneously
performs poorly in most cases. After alignment, the individually optimal classifiers are more aligned,
which allows a single classifier to perform better on all domains. Furthermore, this is done without
throwing away the varying component (as would be done by invariant prediction [28]]), allowing
DARE to use more information and resulting in higher test accuracy.

Dataset With Adjustement Without Adjustement
Office-Home
A 0.693 0.596
C 0.710 0.691
P 0.695 0.636
R 0.642 0.590
PACS
A 0.903 0.863
C 0.896 0.776
P 0.905 0.827
S 0.903 0.791
VLCS
C 0.598 0.200
L 0.723 0.436
S 0.674 0.231
v 0.591 0.210

Table 3: Mean cosine similarity between linear classification vectors which are individually optimal
for their respective domains (learned via logistic regression). For each dataset and each train-
domain/test-domain split we report the average similarity across all class normal vectors and all
domain pairs.

1.3 Results on Additional End-to-End Methods

Though ERM represents approximate state-of-the-art accuracy, for completeness we include a few
additional end-to-end methods to confirm that this fact still holds under our experimental conditions.

‘We also include additional results on ColoredMNIST:
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Dataset / Algorithm Mean Accuracy by Domain (+ 90% CI)

Office-Home A C P R
ERM 614+19 521+16 746+07 758+19
Fish 61.2+10 501+17 751+10 765+02
CORAL 61.1+£07 524+1.1 752+07 77.0+0.3

PACS A C P S
ERM 843 +15 7954+19 96.7+0.5 749+3.7
Fish 83.8+26 764+06 966+12 756+3.8
CORAL 8244+10 786+13 9674+04 730429

VLCS C L S \%
ERM 97.6 +0.7 66.1+06 71.9+19 76.1+23
Fish 988 +04 63606 72016 786+1.6
CORAL 97.7+03 64.0+20 722+1.8 74.0+0.7

Table 4: Performance of other algorithms under our experimental conditions. Our results confirm that
ERM remains approximate state of the art among end-to-end methods.

Dataset / Algorithm Mean Accuracy by Domain (+ 90% CI)

ColoredMNIST 90% 80% 10%
ERM 71.2+0.8 728+0.2 10.1 £0.2
IRM 71.3+£0.6 72.6+£03 10.1 £0.1
GroupDRO 71.2+£05 72.6+£03 10.1 £0.1
DARE 714+£03 729+£0.1 10.1 £ 0.1

Table 5: Performance on ColoredMNIST.

1.4 Ablations

OfficeHome PACS VLCS

N DARE

I NoSigmaDARE

0.9 0.9 0.9

R . 0.8
B . 0.7
0.6 0.6 0.6 I
0.5 n 0.5 A C 3 S 0.5 C L ry v

A C P R

w
w

Test Accuracy

a
B

Figure 3: Demonstration of the effect of whitening. NoSigmaDARE is the exact same algorithm
as DARE but with no covariance whitening. In almost all cases, covariance whitening + guessing
at test-time results in better performance. We expect under much larger distribution shift that this
pattern may reverse.
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Figure 4: Effect of penalty term A on the two algorithms which use it. A = 0 corresponds to no
constraint, and the lower performance demonstrates that this invariance requirement is essential to the
quality of the learned classifier. For A # 0, DARE accuracy is extremely robust, effectively constant
for all A > 1; in practice we also found the penalty term itself to always be ~0. In contrast, IRM
accuracy appears to decrease with increasing A, implying that the observed benefit of IRM primarily
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comes from the domain reweighting as in our GroupERM method.
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Figure 5: Effect of final feature bottleneck dimensionality on cheating accuracy. Reducing the
dimensionality reduces accuracy of all methods to varying degrees, though in some cases it actually
increases test accuracy. We observe that the main pattern persists, though the gap between cheating
on finetuned features and traditional ERM shrinks as the dimensionality is reduced substantially. To
reduce dimensionality of the pretrained features we use a random projection; unsurprisingly, the
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