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Abstract

We initiate the study of differentially private (DP) estimation with access to a
small amount of public data. For private estimation of d-dimensional Gaussians,
we assume that the public data comes from a Gaussian that may have vanishing
similarity in total variation distance with the underlying Gaussian of the private
data. We show that under the constraints of pure or concentrated DP, d + 1 public
data samples are sufficient to remove any dependence on the range parameters of
the private data distribution from the private sample complexity, which is known to
be otherwise necessary without public data. For separated Gaussian mixtures, we
assume that the underlying public and private distributions are the same, and we
consider two settings: (1) when given a dimension-independent amount of public
data, the private sample complexity can be improved polynomially in terms of
the number of mixture components, and any dependence on the range parameters
of the distribution can be removed in the approximate DP case; (2) when given
an amount of public data linear in the dimension, the private sample complexity
can be made independent of range parameters even under concentrated DP, and
additional improvements can be made to the overall sample complexity.

1 Introduction

Differential privacy (DP) [DMNSO06] guarantees the privacy of every point in a dataset. This is a
strong requirement, and often gives rise to qualitatively new requirements when performing private
data analysis. For instance, for the problem of private mean estimation (under pure or concentrated
DP), the analyst must specify a guess for the unknown parameter, and needs more data to get an
accurate estimate depending on how good their guess is. This cost can be prohibitive in cases where
the data domain may be unfamiliar.

Fortunately, in many cases, it is natural to assume that there exists an additional public dataset. This
public dataset may vary in both size and quality. For example, one could imagine that a fraction of
users opt out of privacy considerations, giving a small set of public in-distribution data. Alternatively,
it is common to pretrain models on large amounts of public data from the web, which may be orders
of magnitude larger than the private data but significantly out of distribution. In a variety of such
settings, this public data can yield dramatic theoretical and empirical improvements to utility in
private data analysis (see discussion in Section 1.3). We seek to answer the following question:

How can one take advantage of public data for private estimation?

We initiate the study of differentially private statistical estimation with a supplementary public dataset.
In particular, our goal is to understand when a small amount of public data can significantly reduce
the cost of private estimation.
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1.1 Problem Formulation

We investigate private estimation with public data through the canonical problems of estimating
Gaussians and mixtures of Gaussians. We focus on parameter estimation from i.i.d. samples drawn
from public and private data distributions.

We wish to design estimation algorithms that take as input both public data and private data, and are
private with respect to private data. Formally, we say a randomized algorithm A : X™ x X™ — )

taking as input public data X € X™ and private data X € X" is private with respect to private data
if for any setting of the public data X, A(X,-) : X™ — Y is differentially private.’

Gaussians. Let p, i € R? and positive definite 2,5 € R be unknown, with

dryv(N (1, 2), N (j1,X)) < ~ for some known 0 < v < 1. Then for 0 < «,( < 1, given
public samples from N(1z, 3) and private samples from N (u, ), we would like to output /i, 3 such

~

that with probability > 1 — 3, dpv (N (u, X), N (1, X)) < a.

Mixtures of Gaussians. We represent a Gaussian mixture D by a sequence of k tuples
((p1, X1, w1), .., (1, 2k, wg)), each representing the mean, covariance matrix, and mixing weight
of a component. Then for 0 < «, 5 < 1, given public and private samples drawn from D, we would
like to output a Gaussian mixture D = {(7iy, &1, @1), . .., (Ji, S, @Wx))} such that with probability
> 1 — B, for each i € [k], there exists a distinct j € [k], such that dpy (N (i, £:), N (5, 55)) < o

and |w; — w;| < «o/k. This implies dpv (D, lA)) < O(a), and we refer to this stronger notion of
component-wise estimation as («, 3)-learning (Definition A.10).

1.2 Results

Gaussians. In the case of pure and concentrated DP, exactly d + 1 public samples are sufficient
to remove any dependence on “range parameters” in the private sample complexity, even when the
underlying Gaussian distribution of the public data bears almost no similarity to that of the private
data. We start with following result for the scenario when the two distributions are the same.

Theorem 1.1. Forall o, B, > 0 and d > 1 there exists a computationally efficient %-zCDP (and
a computationally inefficient e-DP) algorithm M that takes d + 1 public samples and n private
samples from a Gaussian D over R?, which is private with respect to private data, such that if

n=0 (g—z + i—i) - polylog (d, %, l), then M estimates the parameters of D to within TV error o

with probability > 1 — (.

Without public data, the analyst would be required to specify a bound R on the £5 norm of the mean
and a bound K on the condition number of the covariance, and the private sample complexity would
scale logarithmically in terms of these parameters (which we denote as range parameters). Thus, this
cost could be arbitrarily large, or even infinite, given poor a priori knowledge of the problem. Note
that these requirements are not due to suboptimality of current private algorithms. Packing lower
bounds for estimation under pure and concentrated DP show that dependence on range parameters is
an inherent cost of privacy. However, this dependence can be entirely eliminated at the price of d + 1

. . . . . . 2 .
public data points, which is less public data than the non-private @(%) sample complexity of the
problem. For estimating Gaussians with identity or known covariance (that is, mean estimation) it
turns out that just one public sample suffices to remove all dependence on range parameters.

The next natural question to ask is: what if our public data does not come from the same distribution
as our private data? Indeed, in practical settings, there may be significant domain shift between data
that is publicly available and the private data of interest. Our next result shows that we can relax this
assumption: it suffices that our public data comes from another Gaussian that is at most v < 1 away
in TV distance from the underlying private data distribution.

Theorem 1.2. Forall a,8,e > 0,d > 1, and 0 < v < 1, there exists a computationally efficient
2
5--zCDP (and a computationally inefficient e-DP) algorithm M that takes d + 1 public samples from

2Previous work exploring private algorithms with additional public data, such as [BNS16a; BCMNUW20],
adopt this privacy requirement for their algorithms.



a Gaussian D over R and n private samples from a Gaussian D over R® with drv (D, ﬁ) <,

which is private with respect to private data, such that ifn = O (i—z + Z—i) -polylog (d, %, é, ﬁ)

then M estimates the parameters of D to within TV error o with probability > 1 — .

The upper bound on the TV gap -y results in the sample complexity picking up an extra polylog( ﬁ)
factor. For instance, even when the public and private distributions have total variation distance
1 — 1/d'%0 (that is, they are almost entirely dissimilar), we incur only an extra poly log d factor in
the sample complexity. In particular, note that the public dataset may be simultaneously quite small
and significantly out of distribution with respect to the private data.

Mixtures of Gaussians. We focus on estimation of mixtures of k separated Gaussians in d
dimensions. Specifically, we assume that, given mixture components A (u;, ;) with respective
mixing weights w; for ¢ € [k] (with w; > wmin), then for each i #£ 7,

s — ug||2>9< \ﬁ r)ﬂl%{\/ﬂ\/ﬁ} (1)

Private estimation of such mixtures of Gaussians (without public data) was previously studied
by [KSSU19]. Their algorithms proceed in two stages: first, a clustering step to isolate the samples
from each component, and an estimation step, which estimates the parameters of each individual
Gaussian using the isolated samples from each component. Our algorithms follow a similar structure,
but employ the public data at appropriate points in the procedure to enable substantial savings.

In all the results that follow, O hides the polylog factors of d, k, the inverse of error parameters + = ﬁ,

and the inverse of privacy parameters 7, g, . We provide two flavours of results for learning mixtures
of Gaussians. First, we investigate the settmg when we have a very small, dimension-independent
amount of public data.

Theorem 1.3. For all «,3,e,0 > 0, there exists an (¢,0)-DP algorithm M that takes n private

samples and m public samples from a Gaussian mixture D, satisfying (1), which is private with
respect to private data, such that if m = O (log km)) andn = O (w dzaz + = dzas + dl:’cZ'S),
then M (a, 8)-learns D.

Theorem 1.4. For all o, 5, p > 0, there exists a p-zCDP algorithm M that takes n private samples
and m public samples from a Gaussian mixture D satisfying (1), which is private with respect

to private data, such that if Vi, ||pi|l2 < Rand 1 < 3; <= KI, and m = O (%) and

n=0 (wm]naz + wm,(,ivf + dl\s/l% ) - polylog (K, R), then M (o, B)-learns D.

Our results differ from the prior work of [KSSU19] in the following ways: (1) we have results for both
approximate DP and zCDP, as opposed to just approximate DP in [KSSU19]; (2) the private sample
complexity due to the clustering step does not involve any dependence on the range parameters; and
(3) the sample complexity due to the clustering step is now O(d*-°k?-5), as opposed to O(d*->k%-96),
which is a significant improvement, and shows up only due to applications of private PCA under
better sensitivity guarantees. As far as the private sample complexity in the component estimation
process is concerned, in the case of approximate DP, we have expressions independent of distribution
parameters owing to the recent Gaussian learner by [AL21].

Finally, we investigate Gaussian mixture estimation with an amount of public data which is linear in
the dimension.

Theorem 1.5. For all o, 3,e,0 > 0, there exists an (¢,0)-DP algorithm M that takes n private
samples and m public samples from a Gaussian mixture D satisfying (1) which is private with
respect to private data, such that if m = O (M) andn = O ( =+ 5 as), then M
(a, B)-learns D.

Theorem 1.6. For all a, 3, p > 0, there exists a p-zCDP algorithm M that takes n private samples
and m public samples from a Gaussian mixture D satisfying (1) which is private with respect to
private data, such that if m = O (M) andn = O ( d ) then M («, B)-

Win Wnina? + Wmnin /P

Wmin

learns D.



Using O(d/wmin) public samples establishes all the advantages that using O(1/wmiy) public samples
gives, but additionally improves the private sample complexity even further. As we will describe in the
technical overview, the clustering process is done entirely using the public data, and ends up removing
the term due to private PCA from the private sample complexity in both approximate DP and zCDP
regimes. Additionally, in the zCDP case, we do not have any dependence on distribution range
parameters even in the component estimation process because we can use results from Theorem 1.1
this time.

1.3 Related Work

A large part of our work focuses on using public data to obviate the dependence on range parameters
in private estimation. Understanding these dependences without public data has been a topic of
significant study. [KV 18] investigated private estimation of univariate Gaussians, showing that loga-
rithmic dependences on the range parameters were both necessary and sufficient for pure differential
privacy, but by using stability-based histograms [KKMNO09; BNS16b], they could be removed under
approximate differential privacy. Similar results have been shown in the multivariate setting: while
logarithmic dependences are necessary and sufficient under pure or concentrated DP [KLSU19], they
can be removed under approximate DP [AAK21; KMSSU21; TCKMS21; AL21; KMV21; LKO21].
More broadly, a common theme is that the dependences which are intrinsic to pure or concentrated
DP can be eliminated by relaxing to approximate DP. Our results demonstrate that instead of relaxing
the privacy definition for all the data, one can achieve the same goal by employing a much smaller
amount of public data.

Our investigation fits more broadly into a line of work employing public data for private data
analysis. Works, both theoretical and empirical, investigate the role of public data in private query
release, synthetic data generation, and prediction [JE13; BNS16a; ABM19; NB20; BCMNUW20;
BMN20; LVSUW?21]. For distribution-free classification with public and private data, it was shown
in [ABM19] that, roughly speaking, if a hypothesis class is privately learnable with a small amount of
public data (o(1/«)), it is privately learnable with no public data. For density estimation, we show that
the family of unbounded Gaussians is learnable with a small amount of public data (a-independent),
despite the fact that it is not learnable without public data.

Additionally, a number of empirical works study the efficacy of public data in private machine learn-
ing, including methods such as public pre-training [ACGMMTZ16; PCSTE19; TB21; LWAFF21;
YZCL21; LTLH22; Yu+22], using public data to compute useful statistics about the private gra-
dients [ZWB21; YZCL21; KRRT21; AGMRSSSTT21], or using unlabeled public data to train a
student model [PAEGT17; PSMRTE18; BTGT18].

Another setting with mixed privacy guarantees is when different users may require local versus central
differential privacy [AKZHL17]. Mean estimation has also been studied in this setting [ADK19].

1.4 Organization

The remainder of the paper is organized as follows. In Section 2, we discuss our results for estimating
multivariate Gaussians. After that in Section 3, we give a technical overview of our results for
estimating mixtures of Gaussians. We present all the relevant notations and preliminaries about dif-
ferential privacy, Gaussian mixtures, and techniques like PCA, along with a few useful concentration
inequalities in Appendix A. In Appendix B, we provide further technical details that are missing
from Section 2. We provide all our technical results about mixtures of Gaussians from Section 3,
including algorithms, theorems, and proofs, in Appendix C. Finally, in Appendix D we present some
proof-of-concept numerical simulations demonstrating the effectivenss of public data for private
estimation.

2 Estimating Gaussians

We discuss our results for estimating multivariate Gaussians with access to a limited amount of
public data. First, as a warm-up, we consider the case of estimating the mean of an identity (or
known) covariance Gaussian, and give a p-zCDP private algorithm that uses 1 public sample. We
then generalize the high-level approach taken there to arrive at a private algorithm that uses (d + 1)
public samples for general Gaussians. Furthermore, we show that we can relax the condition that the



public and the private data come from the same distribution — the public data can come from another
Gaussian that is at most «y far away in TV distance.

2.1 Warmup: Identity Covariance Gaussians with 1 Public Sample

In this setting, we are given a single public sample X, along with private samples X1, ..., X,
where X and the X; are drawn from a d-dimensional Gaussian A (y, I) independently. Our main
observation is that a single public sample is sufficient to get a “good enough” coarse estimate of (,
allowing us to apply existing private algorithms for a finer estimate. This is captured in the following
claim, which is a standard fact regarding norm concentration of Gaussian vectors (Lemma A.3).

Claim 2.1. Suppose we get a sample X ~ N (1, 1). Then with probability at least 1 — 3, ||u— X |2 <

\d+ 24/dlog(1/5) +2log (1/5).

We restate the guarantees of an existing folklore p-zCDP “clip-and-noise” algorithm via the Gaussian
mechanism for estimating identity covariance Gaussians.

Lemma 2.2 (zCDP Private Gaussian Mean Estimation). For all o, 3, p > 0, there exists a p-zCDP
. _ A (dtlog(1/8) | VdA(R+Vd)log(1/8)

algorithm that takes n = O ( e + a/p =

R, where ||p||2 < R, and outputs an estimate [i € R?, such that with probability at least 1 — f,

dTV(N(:Uﬂ]I)aN(ﬁa H)) <o

) private samples from N (1, 1) over

The above “clip-and-noise” mechanism simply clips all the points in the dataset to within radius

A=R+ \/d + 24/dlog(n/B) + 2log (n/f) around the origin, and outputs the noisy empirical
mean of the clipped points via the Gaussian mechanism.

Claim 2.1, combined with the result above, yields a 1-public-sample, private mean estima-
tion algorithm via the following three-step process: (1) form shifted private dataset Y1,...,Y,

by taking each Y; = X; — X; (2) run “clip-and-noise” on Yi,...,Y,,, setting R

\/d +24/dlog(2/B) + 21log(2/8) = O(y/dlog(1/3)) and target failure probability 5/2, to obtain
ity; and (3) output [ := iy + X.

By a union bound, with probability > 1 — j3, the distribution of Y7, ..., Y], satisfies tight boundedness
independent of the range parameters, and furthermore, succeeds in outputting a good estimate fiy
for puy = EY]. The last step undoes the shift to yield a good estimate jz for the original p. Privacy
is preserved with respect to private data, since we are doing entry-wise pre-processing and post-
processing with public data. For full version of this argument (which includes the e-DP case), see
Theorem B.2.

This yields a private sample complexity that no longer depends on the range bound R, allowing us to
use a fixed sample size to estimate the family of all identity covariance Gaussians over R<.

Theorem 2.3 (zCDP Gaussian Mean Estimation with Public Data). For all ., 3, p > 0, there exists

a p-zCDP algorithm that is private with respect to the private samples, takes 1 public sample and

n:5<ﬁmwm+dmmwm
«

2 a./p

i € RY, such that with probability at least 1 — B, drv (N (i, 1), N'(11, 1)) < a.

) private samples from N (1, 1) over R%, and outputs an estimate

2.2 General Gaussians with d + 1 Public Samples

In this section, we discuss our main result for privately estimating Gaussians with public data.

Theorem 2.4 (Private Gaussian Estimation with Public Data). For all o, B,e,p > 0, there exist
p-zCDP and -DP algorithms that take d + 1 public samples X1, ..., X411 and n private samples
Xi,..., Xy from unknown, d-dimensional Gaussians N (j1,%) and N (u,X), respectively, with

0 <dpy(N(u,X),N(, X)) <~ < 1, are private with respect to the private samples, and return

fix € R and $x € R, such that dpy (N (fix, Ex), N (11, X)) < « with probability at least
1 — B, as long as the following bounds on n hold.

1. For p-zCDP (with computational efficiency) via [KLSUI19] and d + 1 public samples,



d? + log (%) N d? - polylog ( ) + dlog (m) . d*® - polylog (m)

=0
" o avp VP

2. For e-DP (without computational efficiency) via [BKSW19] and d + 1 public samples,

d
a? Qe

n=0

For simplicity, the rest of this section examines the v = 0 case, that is, when the public data and the
private data distributions are the same. Later, we address what modifications are needed for the v > 0
case.

Public Data Preconditioning. We extend the same high-level idea from the identity covariance
case. We use public data to do coarse estimation, and then use that coarse estimate to transform
the private data, reducing to the bounded case that can be solved using existing private algorithms
(Lemma A.22). Specifically, we use the d + 1 public samples for “public data preconditioning”.

Algorithm 1: Public Data Preconditioner PubPreconditioners(X)

Input: Public samples X = ()Z' Iy.-- ,)Z}H_l). Failure probability 5 > 0.
Output: i € R:, ¥ e R4 L ¢ R, U € R.

// Compute the empirical mean and covariance of X.

d+1 1 !
- T
,“—dHZX and $ « — Z -7
// Compute L and U.
2
L+ d and Ue%

4d + 4, /2dlog 3 + 21og B2

Return (7, S L, U).

Public-Private Gaussian Estimator. We obtain a public-private Gaussian estimator via the fol-
lowing process. (1) We use the preconditioning parameters output by Algorithm 1 to recenter,

then rescale our private data X1, ..., X,,. Specifically, the transformed private data, denoted by
Yi,...,Y,, are givenby Y; = %2*1/2( i —11). (2) The Y1, ..., Y, are then fed as input to an ex-

1st1ng DPGau551anEst11nator (from Lemma A22) for bounded Gaussians. It outputs estimates iy
and Sy. (3) For our final estimates, we output Xy = L3/25y5Y/2 and fiy = VIEY 20y + .
See Algorithm 2 in Appendix B for an exact description.

To establish correctness, we must ensure that, with high probability over the sampling of public
data, the parameters of the true distribution underlying Y7, . ..,Y,, indeed satisfy tight range bounds
required by DPGaussianEstimator to provide the desired success guarantee with parameter-free
private sample complexity. In other words, the mean of the transformed Gaussian must lie in a known
poly(d, 1/53) ball, and the condition number of its covariance must be poly(d, 1/).

Lemma 2.5 (Public Data Preconditioning). For all § > 0, there exists an algorithm that takes
d + 1 independent samples X1, . .., Xqy1 from a Gaussian N (i1, %) over R%, and outputs 1i € R,
L eR™ L eR andU € R, such that if Sy = £~ Y258"Y2 and py = %2—1/2@ — ),
then with probability at least 1 — 3 over the sampling of the data, (1)1 <X Yy = %H, and (2)

2
il < /Y - /BToaB7B), where Y = 0 ((£1s/2)),



Proof. We prove the theorem by proving the utility of Algorithm 1. Note that the quantities L, U,
as defined in Algorithm 1, satisfy U/L = O(d? log(1/3)/3?). To prove part (1), where we wish
to bound the eigenvalues of ¥y, by the the properties of Loewner ordering, and since X, 3 are
symmetric, we have

I < %2—1/222—1/2 < %H = [N <US « LY 128012 1< un-1/28n-1/2,

Therefore, it is sufficient to prove the final inequality. Let £, := £~1/25%~1/2_ Then

d+1 d+1

= T E i ) = D )"

=1

\oli
N

where for eachi € [d+ 1], Z; = 2" V2(X; — p) ~ N(0,1) independently and fiz := X~ 12—
w = 77 Zdﬂ Z;. Therefore, it sufﬁces to show LYz < Tand1 < USy. Fori € [d], let

W; ~ N(0,1) independently. Then Cochran’s theorem (see Fact B.4) says that ) z 1s identically
distributed to é Zle W;WI. From here, we can apply the bounds from Fact B.3 by noting that
0a(Sz) ~ Lo (Wi, ..., Wa))? and 0y (22) ~ Lo1 ((Wh,-.., Wa))*.

With probability > 1 — 8/3, Lo (W1,...,Wa))* > G5 — US, - 1.
<2\/E+\/210g(3/ﬁ))2
d

With probability > 1 — 8/3, So1 ([Wi,..., Wa])* < — IS, <1

Taking the union bound, (1) holds with probability at least 1 — ? Next, we prove the bound on iy
in (2). We have

d+1
S 1 5 1 1 ~

= 7271/2 —1n) = 7271/2 I 21/221' + — _ 271/221/2/\
== (1 —n) Nis | ;:1( 1) Vi fiz

Since i is identically distributed to \/ﬁ Zy, by concentration of the norm for multivariate Gaussians
(Lemma A.3), we have that with probability > 1 — /3,

il < \/d +2,/dlog(3/B) + 21og(3/8)

d+1

From (1), we know that H%f]‘l/QEEAI_I/QH < Y. Hence,
2
implies that

~pEesie| < /O7L. Th
7z , < / is

lovlls < |[~—=S172512| |7 <\F. d + 2,/dlog(3/5) + 21og(3/5)
a VL 2 VL d+1

which implies (2). Applying the union bound again, we have the claim. O

Hence the process described above is indeed a (d + 1)-public-sample private algorithm satisfying
privacy with respect to private data Xy, ..., X,, and the required accuracy guarantees. This follows
from the guarantees of public data preconditioning (as stated in the aforementioned Lemma 2.5)
combined with the guarantees of existing DPGaussianEstimator (stated in Lemma A.24). See
Theorem B.5 for full details. Again, we note that our sample complexity no longer depends on the a
priori bounds on the mean and the covariance of the unknown private data distribution.

Different Public and Private Distributions. Thus far, we have only considered the case where
the public and the private data come from the same distribution. In the more general case where
the public data X 1y-- X d+1 comes from a Gaussian D within TV distance v < 1 of the private
data distribution D, 1t can be shown that Algorithm 1 (public data preconditioning) with a slight
modification will work similarly to map our unbounded problem onto a bounded one. In particular,
outputting U, = 4U/(1 — v)* and L, = (1 — v)*L/4 instead of U and L leads to covariance
and norm bounds K = O(d?log(1/8)/8%(1 — 7)®) and R = O(dlog(1/5)/B(1 — v)*°) on the



underlying parameters of the transformed private data. This result is the consequence of a technical
Lemma that translates the TV bound ~y into a bound on Gaussian parameters. Full details are in
Appendix B.2.

With modified Algorithm 1, we can perform the same process of: (1) transforming private data with
our public data preconditioner; (2) running an existing private algorithm requiring bounded range
parameters; and (3) undoing the transformation. The guarantees of such a process are stated in
Theorem 2.4. We pick up an extra polylog(1/(1 — ~)) factor in our sample complexity.

3 Estimating Gaussian Mixtures

The general process of estimating the parameters of Gaussian mixtures involves separating the mixture
components by using techniques like PCA, followed by their isolation, and finally by individual
component estimation. In other words, the components are first projected onto a low-dimensional
subspace of R?, which separates the large mixture components from the rest, given that the separation
in the original space is enough. The subspace is computed with respect to the available data, that
is, it is chosen to be the top k subspace of the data matrix, which preserves the original distances
between the individual components, but shrinks down each component so that the intra-component
distances are small but inter-component distances are large still. This allows us to separate a group of
components from the rest. Repeating this process on each group, we can narrow down to a single
Gaussian in each group, and estimate its parameters.

This has been the high-level idea in a lot of prior work, both non-private [VW02; AMO05] and private
[KSSU19]. In our setting, we utilise the public data available in different settings at various points to
establish these tasks, while having a low cost in the sample complexity of the private data. Given a
lower bound on the mixing weights (wmin ), we consider two settings in terms of the availability of

the public data: (1) when there is very little available — O(1/wyy,;y ); and (2) when there is a lot more

available — O(d/wyin ). The key challenge, as indicated, is accurate clustering of data. Due to space
constraints, the complete technical details for this section are deferred to Appendix C.

3.1 Public Data Sample Complexity: O(1/wyiy)

Clustering. This is the more challenging setting of the two because there is not enough public data
for techniques such as PCA to give accurate results. We therefore have to rely on the private data
for these tasks, and use their private counterparts to get the desired results. The entire procedure is
described in detail in Algorithm 6, and its corresponding result in Theorem C.21.

1. Superclustering to reduce sensitivity for Private PCA: The main goal, as in most private
estimation tasks, is to reduce the amount of noise added for privacy in order to get better
accuracy. This boils down to limiting the sensitivity of the target empirical function of the
data. For this, we would like to make sure that the range of the data (to which, we scale the
noise) is very tight — in our context, it means that we would like to have a ball that contains
a group of mixture components, which are very close to one another (a “supercluster”),
having close to the smallest possible radius. We can limit the data to within this ball, and
the sensitivity for the next step would be reduced. To get such a ball, we use the public
data, and come up with a “superclustering” algorithm (Algorithm 3, Theorem C.14), which
does exactly that. This algorithm essentially relies on the concentration properties of high-
dimensional Gaussians — it finds the radius of the largest Gaussian and a point (as the centre)
within that Gaussian, and additively grows the ball until it stops finding more points. This
gives a ball whose radius is an O(k) approximation to the radius of the largest Gaussian.
We use this ball to isolate the same components in the private data, and perform private PCA
to separate the components within. Getting this tight ball is crucial to reduce the cost of
private PCA in terms of the sample complexity compared to the prior work of [KSSU19].

2. Private PCA: We use the well-known private PCA algorithm (Algorithm 4, Corollary C.18)
that has been previously analysed in [DTTZ14; KSSU19] for this.

3. Partitioning in low dimensions: The next task is to partition the components in the low-
dimensional subspace in a way that there is no overlap. For this, we use an algorithm
(Algorithm 5, Theorem C.20) that is similar to the “terrific ball” algorithm of [KSSU19],



and relies upon the accuracy guarantees of the private PCA step. It uses both public and
private data, and looks for a terrific ball within them. If there is one, indicating that there is
more than one component in that subset of the datasets, it partitions the datasets (and the
components), and queues the partitions for further work. Otherwise, it just adds that subset
of the private dataset to the set of discovered clusters.

4. The whole process is repeated on all the remaining partitions.

Here, we provide some intuition about the clustering process. To explain the implication of step (1),
we state an informal version of Theorem C.14 only for the first application of Algorithm 3 when it is
being run initially on the whole public dataset (of size m).

Theorem 3.1. There exists an algorithm, which if given m > O (M) samples from a Gaussian

Wmin
mixture D, it outputs ¢ € R? and R € R, such that with probability > 1 — 3: (1) Bg (c) is non-empty
and contains either > 1 — [3/k probability mass of a Gaussian component or < f3/k; and (2) R is an
O(k) multiplicative approximation of the radius of the largest Gaussian within B (c).

The above result essentially says that a supercluster is captured by this algorithm in a tight ball.
Because with high probability, the points from high-dimensional Gaussians are highly concentrated,
Bg (¢) would capture all points from both public and private datasets only corresponding to the
captured components. Note that this process is performed entirely using the public dataset.

In step (2), where we perform private PCA, the radius of the ball we’re limiting the points to (Bg (¢))
is small, that is, R is an O(k) approximation of the radius of the largest mixture component contained
within it. Therefore, while computing the noisy empirical covariance, we add a relatively small
amount of noise that preserves the signal of the points from that Gaussian. This ensures that projection
matrix we get preserves the inter-Gaussian distances appropriately, but significantly reduces the
intra-Gaussian distances. In other words, it preserves the distance between the mean of that largest
Gaussian from the means of the rest of Gaussians within Bg (c), while shrinking down all the
Gaussians. This helps to isolate at least one component in step (3).

Step (3) relies on the following observation about Gaussians, along with the result from step (2).
In the case when there are at least two components within By, (c), step (2) ensures that in the low-
dimensional subspace, there is at least one Gaussian that is far from all the others. Thus, there must
be a ball that contains a large number of points, such that expanding it by a constant factor would not
give us any new points (because of the available empty space), and the complement of that expanded
ball would contain a large number of points. On the other hand, if there is only one component within
Bg, (¢), then projecting it to a low-dimensional subspace would never give us such a ball. Using this
observation, Algorithm 5 uses both public and private datasets to determine whether there are one
or more components in Bg (¢), and in the first case, returns a ball that partitions the datasets in a
non-trivial way that no component has points in both subsets (a “clean partition”), or in the second
case, returns L. The number of public samples is enough, such that in the first case, querying the
projected public dataset for the existence of such a ball would give us one, but not enough to correctly
reject in the second case, which is why we use the much larger private dataset to confirm whether the
positive answer we get by querying the public dataset is correct or not.

In the end, the idea of the clustering algorithm is that in each iteration, it would either isolate both
public and private points from a component or partition the datasets further in a clean way. In either
case, we move one step closer towards obtaining k clean subsets of the two datasets.

Component Estimation. The final task is to estimate the parameters of the k isolated components
(Algorithm 7, Theorem C.22). In the (e, §)-DP setting (Theorem C.23), we simply apply the private
Gaussian learner of [AL21] to each component, which enables us to learn with no dependence in the
sample complexity on the range parameters of the Gaussian itself (among other available choices,
were the (e, §)-DP learners from [KMSSU21; KMV21; TCKMS21], but this one had the joint best
sample complexity with [TCKMS21]). In the p-zCDP setting (Theorem C.24), we use the Gaussian
learner from [KLSU19], instead. Note that in this setting, the private sample complexity does depend
on the range parameters of the Gaussians, themselves.



3.2 Public Data Sample Complexity: O(d/wpmiy)

Clustering. In the second setting, clustering is easier in terms of the tasks that need to be done
privately — it can be done entirely by using the public dataset itself (Algorithm 9, Theorem C.26).
This time, the number of public samples is enough to be able to accurately do PCA on the public
data, hence, perform clustering using just the public data itself. This improves the private data sample
complexity by removing the term due to private PCA altogether.

1. No supercustering involved: The first change in the clustering algorithm is eliminating the
superclustering step.

2. PCA: We essentially get the projection matrix for the top k£ subspace of the data using
non-private PCA, and work within that subspace using the public data to further partition
the two datasets (and the components).

3. Partitioning in low dimensions: The algorithm for partitioning in the low-dimensional
subspace (Algorithm 8, Theorem C.25) is similar to the private partitioner used in the
previous case, except that there is no need for privacy in this case.

4. The whole process is repeated on all the remaining partitions.

Component Estimation. Once the components are separated, as before, we individually estimate
them using the partitions of the private dataset privately (Algorithm 10, Theorem C.27). In the (e, §)-
DP setting (Theorem C.28), we again use the learner from [AL21], which ensures parameter-free
private data sample complexity in this process. In the p-zCDP setting though (Theorem C.29), we use
our own zCDP learner from this text (Theorem 1.1), which uses the public data, as well, to ensure
parameter-free private data sample complexity for this process.

4 Conclusion

We investigate the task of private estimation with access to a small amount of public data. Availability
of some public data is a reasonable assumption in practice, therefore, we demonstrate ways to take
advantage of it. We show that significant improvements can be made in terms of the private sample
complexity for the tasks of estimating multivariate Gaussians and Gaussian mixtures, given a small
amount of public data. For the first problem, we show that even in the case where the public data
distribution differs from the private data distribution significantly, we can still estimate the private
data distribution using a small number of public samples, and improve the private sample complexity
by removing any dependence on the range parameters of the private data distribution, which is not
possible without any public data. For the problem of estimating Gaussian mixtures under privacy
constraints, our new algorithms take advantage of public data to obtain sample complexity bounds,
which are significantly better than those of the best known private algorithms for this problem.

Limitations and Open Problems. One question in the context of Gaussian estimation is whether
we could obtain computationally efficient, pure DP algorithms that use public data, and match the
best known private sample complexity for the problem. Another question is whether we could
polynomially improve the private sample complexity, given a much larger, but o(d?), number of
public samples. A natural question to ask is whether our results for Gaussian estimation could be
extended to mean and covariance estimation of heavy-tailed distributions. For estimation of Gaussian
mixtures, our work focuses on the case where the public data and the private data distributions are the
same, so studying this problem for the case where they are different would be an interesting challenge.
Another related question is understanding other instances of clustering problems, where the results of
the existing private algorithms could be improved using some additional public data.
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