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Abstract— Optimal control problems can be solved via a
one-shot (single) optimization or a sequence of optimiza-
tion using dynamic programming (DP). However, the com-
putation of their global optima often faces NP-hardness,
and thus only locally optimal solutions may be obtained
at best. In this work, we consider the discrete-time finite-
horizon optimal control problem in both deterministic and
stochastic cases and study the optimization landscapes
associated with two different approaches: one-shot and DP.
In the deterministic case, we prove that each local mini-
mizer of the one-shot optimization corresponds to some
control input induced by a locally minimum control policy
of DP, and vice versa. However, with a parameterized pol-
icy approach, we prove that deterministic and stochastic
cases both exhibit the desirable property that each local
minimizer of DP corresponds to some local minimizer of
the one-shot optimization, but the converse does not nec-
essarily hold. Nonetheless, under different technical as-
sumptions for deterministic and stochastic cases, if there
exists only a single locally minimum control policy, one-
shot and DP turn out to capture the same local solution.
These results pave the way to understand the performance
and stability of local search methods in optimal control.

Index Terms— Optimal Control, Landscape, One-shot op-
timization, Dynamic programming

[. INTRODUCTION

Dynamic Programming (DP) has been widely used in a
variety of fields with a rich theoretical foundation and many
mathematical and algorithmic aspects [2], [3]. One classic area
of DP is to solve optimal control problems, with applications
in communication systems [4], inventory control [5], power-
train control [6], and many more. Furthermore, many recent
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A preliminary version of this paper has appeared in 2021 American
Control Conference, New Orleans, USA, May 25-28, 2021 [1]. The
previous version mainly discussed the deterministic problem with control
inputs, while this journal version has significantly extended the results
to include both the deterministic and the stochastic problems under a
parameterized policy to study a closed-loop system. To address the
parameterized problem, our new notion of a local minimizer of the one-
shot optimization optimizes the objective function over the parameters
modeling the inputs. Furthermore, the notion of a locally minimum
control policy of DP is replaced with a local minimizer of DP, which
considers a neighborhood in the parameter space instead of the action
space. These new notions enable the investigation of the stochastic
dynamics as a finite-dimensional problem.

successes in artificial intelligence, especially in reinforcement
learning (RL) [7], [8], are also deeply rooted in DP. In the
challenging domain of classic Atari 2600 games, the work
[9] has demonstrated that the Q-learning method based on the
generalized policy iteration along with a deep neural network
as the function approximator for the Q-values surpasses the
performance of all previous algorithms and achieves a level
comparable to that of a professional human games tester.
Despite a strong theoretical framework of DP, the exact
solutions of large-scale optimal control problems are often
impossible to obtain using DP in practice [7]. Apart from
suffering the “curse of dimensionality” when the state space
is large, solving DP accurately could also be highly complex.
The reason is that DP requires solving optimization sub-
problems to global optimality, and the computation of their
global optima is NP-hard in general, due to the non-linearity
of the dynamics and the non-convexity of the cost function.
Therefore, although DP theory relies on global optimization
solvers, practitioners routinely use local optimization solvers
based on first- and second-order numerical algorithms. As a
result, the theoretical guarantee of DP could break down as
soon as a non-global local solution is found in any of the
sub-problems. Understanding the performance of local search
methods for non-convex problems has been a focal area in
machine learning in recent years. This is performed under the
notion of spurious solution, which refers to a local minimum
that is not a global solution. The specific application areas are
neural networks [10], [11], deep learning [12], [13], mixtures
of regressions [14], [15], matrix sensing/recovery [16]-[19],
phase retrieval [15], [20], and online optimization [21], [22].
Recently, there has been an increasing interest in under-
standing the global convergence of exact or approximate
DP algorithms in policy gradient methods for RL, such as
projected policy gradient, natural policy gradient, and mirror
descent with or without regularizers [23]-[27]. Prior to them,
the work [28] identified some general algorithm-independent
properties of the policy gradient method by establishing a
direct connection between policy gradient (one-shot) and pol-
icy iteration (DP) objectives. They showed that the global
convergence of the policy gradient method is guaranteed if
the policy iteration objectives have no sub-optimal stationary
points. However, the literature lacks a rigorous analysis of the
spurious solutions of the DP method.
In this paper, we analyze the spurious solutions of the DP
method by focusing on the following fundamental question:



What if the globally optimal solution of each sub-problem of
DP is replaced with a solution obtained by a local search
method? A challenge in this analysis is that policy optimiza-
tion even towards the spurious solutions can be problematic
if the action space is continuous [29]. One can think of the
policy iteration with function approximation [30] where the
Q-function approximation error is zero. This is a reasonable
assumption since a close-to-zero error can be obtained with
a sufficiently rich and expressive policy class such as deep
neural networks, which naturally yields the existence of the
local minimizer of DP. That motivates our analysis on the
comparison between the solutions of one-shot method and DP
if they are only solved to the spurious local minimizers, and
hence, our algorithm-agnostic study offers a clear understand-
ing on the landscapes for the optimal control problem without
considering the secondary issue of the approximation error.

We focus on both deterministic and stochastic discrete-time
finite-horizon optimal control problems whose goal is to find
an optimal input sequence minimizing the total cost subject
to the dynamics. One approach to solving the problem is by
formulating it as a one-shot optimization problem, a single
entire-period problem, and another approach is using the DP
to formulate it as a sequential decision-making problem with
multiple single-period sub-problems and solve it in a backward
way. Although it is known that the one-shot method and the
DP method return the same globally optimal control sequence
for the deterministic optimal control problem [3], it is not yet
known what would occur if the global optimizer needed for
solving each sub-optimization problem in DP is replaced by a
local optimizer. In our work, we compare the two optimization
landscapes: one induced by the DP method based on local
search algorithms, and the other induced by its corresponding
one-shot optimization based on local search methods.

Contribution and Outline. We address the relationship
between the two landscapes holistically for three types of
control systems:

1. In Section II, we first study deterministic systems under a
non-parameterized policy. We introduce the notion of locally
minimum control policy of DP and prove that under some
mild conditions, each (spurious) local minimizer of the one-
shot optimization corresponds to the control input induced by
a (spurious) locally minimum control policy of DP, and vice
versa. This indicates that DP with local search can successfully
solve the optimal control problem to global optimality if and
only if the one-shot problem is free of spurious solutions.

2. In Section III, we analyze deterministic systems under
a parameterized policy. The necessity to study this problem
arises in RL algorithms, where the control policy used by DP
is parameterized by neural networks or other means. Thus, we
generalize the results of Section II to optimization with respect
to the parameters rather than the control inputs themselves.
We prove that each local minimizer of DP corresponds to
some local minimizer of the one-shot optimization, whereas its
converse may not hold. Moreover, we show that if there exists
only a single locally minimum control policy with a specific
parameterized policy class, namely a linear combination of
independent basis functions, each local minimizer of the one-
shot optimization corresponds to a local minimizer of DP.

TABLE |
THEOREMS AND THE CORRESPONDING ASSUMPTIONS WITH RESULTS.
Theorems Deterministic Determinis.tic + St()chastilc +
W Parameterized Parameterized
T T 27173 4 757]°6 718719
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Policy c? o
class Defined by o °
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DP to one-shot o o o
DP to one-shot
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3. In Section IV, we extend the result to stochastic systems
under a parameterized policy. The stochasticity brings up the
challenge to handle an uncountable number of realizations
of random variables. We show that surprisingly a similar
relationship in the deterministic parameterized problem holds.
For both cases, we conclude that the optimization landscape of
the one-shot problem is more complex than its DP counterpart
in terms of the number of spurious solutions. This implies that
if the one-shot problem has a low complexity, so does the DP
problem. Another result says that if the DP problem has a
very low complexity, the same holds for the one-shot problem.
In this paper, our notion of “complexity” of an optimization
problem is based on the number of spurious local minima.
For example, convex optimization problems have very low
complexity in light of having no spurious solutions. However,
problems with an exponential number of spurious solutions are
hard to solve [31]. Note that a reformulation of an optimization
problem via a change of variables does not normally change
the number of local minima, which justifies why the number
of spurious solutions can serve as a complexity measure.

Finally, concluding remarks are provided in Section V.
Table I summarizes the main results of the paper.

In various applications arising in machine learning and
model-free approaches for which the model is unknown and
simulations are expensive, DP is the only viable choice
compared to the one-shot optimization approach. Hence, it
is essential to understand when DP combined with a local
search solver works. The results of this paper explain that the
success of DP is closely related to the optimization landscape
of a single optimization problem. For instance, the success
of the DP method highly depends on the number of spurious
solutions of the one-shot optimization problem.

Notation. Let R denote the set of real numbers. We use
B(c,r) to denote the open ball centered at ¢ with radius r
and use B(c,r) to denote the closure of B(c,r). The notation
x € A\ B means that = is in the set A but not in the set
B. Let || - || denote the Euclidean norm and || - || denote the
Frobenius norm. Let V. f(x, y) denote the gradient of f(x,y)
with respect to = and V2 f(z) denote the Hessian of f(x). For
the matrix K, K > 0 means that K is positive definite. The
notation C™ means that the function is n-times continuously
differentiable. The notation [E denotes the expectation operator.
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II. DETERMINISTIC PROBLEM
A. Problem Formulation

Consider a general discrete-time finite-horizon deterministic
optimal control problem with n time steps:

n—1
min Z ci(iyug) + en(zn)
UQyeneyUp—1 EA ‘
i=0 ‘ (P1)
st a1 = filzi,ug), 1=0,...,n—1,
xo 1S given,

where x; € RY is the state at time 7 and u; is the control
input at time ¢ that is constrained to be in an action space
A C RM. The state transition is governed by the dynamics
fi : RV xRM — RN Each time instance 7 is associated with a
stage cost ¢; : RV x RM — R or the terminal cost ¢,, : RN —
R. Given an initial state xg, the goal of the optimal control
problem is to find an optimal control input (ug,...,U,—1)
minimizing the sum of the stage costs and the terminal cost.
In this paper, the dynamics f; and the cost functions ¢; are
assumed to be at least twice continuously differentiable over
RY x RM and the action space A is assumed to be compact.
The optimal control problem can be solved by two common
approaches. The first approach directly solves (P1) as a one-
shot optimization problem that simultaneously solves for all
variables. To simplify the analysis, we eliminate the equality
constraints in (P1) via the notation C(zy;ug,...,u,—1) de-
fined as the cost-to-go started at the time step k£ with the initial
state x and control inputs ug, ..., u,—1. In other words,

C(x) = cn(x),

C(z;upy ..y up—1) = cp(x,ug)

+ C(fk(xvuk);uk—‘rla v aun—l)a

for K =0,...,n— 1. The one-shot optimization problem (P1)
can be equivalently written as

min

. ,un,l).
UQy-e s Un—1€

C(l’o; Ug, - - (PZ)

The second approach to solving the optimal control problem
is based on DP. Let Jy(z) denote the optimal cost-to-go at
the time step k£ with the initial state zy, i.e.,

Ji(xg) = min C(xp; Uk, -5 Up—1)
U
Then, Ji can be computed in a backward fashion from the

time step n — 1 to time O through the following recursion:

Jn(x) = cp(2),

Ju(2) = min{ey(z, ) + Jp1 (fulz,w)}, (P

for k =0,...,n—1. It is worth noting that (P3) yields a set of
functions that solve the problem for all initial states, whereas
(P1) produces a vector specific to a given x. The optimal cost
Jo(zo) equals the optimal objective value of (P1).

However, due to the non-convexity of the function, it is
generally NP-hard to obtain globally optimal solutions of (P3)
for all states and at all times. Specifically, when using the
DP to solve the optimal control problem (P1), the first step
is to compute miny,eca{cn—_1(Tn-1,u) + cn(frn-1(Tn-1,u))}

for every x,_, € RY, which requires solving nonconvex
optimization problems if the cost function or the dynamic is
nonconvex. Since these intermediate problems are normally
solved via local search methods, the best expectation is to
obtain a local minimizer for u,_; as a function of z € RY,
denoted by the policy 7, _1(x). As a result, instead of working
with truly optimal cost-to-go functions, one may arrive at a
sub-optimal cost-to-go at time n — 1 as follows:

Jn1(Tn—1) = cn1(Tn—1,Tn-1(Tp-1))+
cn(fnfl(mnfh anl(-rn71>))a

which is obtained based on the local minimizer 7,1 (z). Sub-
sequently, it is required to solve the optimal decision-making
problem miny e a{cn_2(Tn—2,u) +J7_1(fn—2(zn_2,u))} for
every z,,_o € RY. By repeating this procedure in a backward
fashion toward the time step 0, we obtain a group of policy
functions 7, and sub-optimal cost-to-go functions J; for
k=0,...,n — 1. Given the initial state x, let

US = 7T0($0)a xik = fo(SU(),US), u>1k = 7(1(;3*1‘)’ x; = fl(l'T,UT)

Up g = Tn1(Tp_1), T = ful@h_1,U5_1),

be the control inputs and the states induced by the policies
Oy -+ Tn—1. Then, (uf,...,u’_;) is a sub-optimal solution
to the original optimal control problem (P1) with the sub-
optimal objective value JJ (zo). This motivates us to define
locally minimum control policies based on solving (P3) to
local optimality.

Definition 1: Given a control policy 7 = (7, ..., Tph—1),
the associated Q-functions Q7 (-,-) and cost-to-go functions
Ji7 () under the policy 7 are defined in a backward way from
the time step n — 1 to O through the following recursion:

I () = en(2),
Qr(z,u) = cp(z,u) + Ji  (fr(z,u), k=0,...,n—1,
Ji(z) = QF (z, mp(x)), k=0,....,n—1.
Definition 2 (local minimizer): A vector (ug,...,u)_4) is
said to be a local minimizer of the one-shot optimization
problem (P2) if there exists ¢ > 0 such that

C((L’o,ua, - ,U;_l) S C((L’(),fl,o, e ,ﬁn_l)

for all 4; € B(u},e)N A where i =0,...,n— 1. It is further
called a spurious (non-global) local minimizer of the one-shot
optimization problem if C(zq,ug, ..., ul_1) > Jo(xo).

Definition 3 (locally minimum control policy): A  control
policy m = (mo,...,mn—1) is said to be a locally minimum
control policy of DP if for all £ € {0,...,n — 1} and for
all x € RY, the policy m(x) is a local minimizer of the
Q-function Q7 (z,-), meaning that there exists €j(x) > 0
such that

Qf;(z, m(2)) < Qf (2, w),

It is further called a spurious locally minimum control policy
of DP if JSF(LL'()) > Jo(.%‘o).

In the following subsections, we will show that in the
deterministic problem, both approaches capture the same local
solutions under mild assumptions.

Va € B(mi(x), e (x)) N A.



B. Local minimizers: From DP to one-shot optimization

It is well-known that the input sequence induced by a
globally minimal control policy is a global minimizer of the
one-shot problem [3]. In this subsection, we will show that the
input sequence induced by a spurious locally minimum control
policy of DP also corresponds to a spurious local minimizer
of the one-shot problem if some mild conditions are satisfied.

Theorem 1: Assume that A is convex. Consider a (spurious)
locally minimum control policy # = (mg,...,7m—1), and
let the corresponding input and state sequences associated
with the initial state z, be denoted as (u§,...,u)_;) and
(x§,...,z}). If m is twice continuously differentiable in a
neighborhood of z} and V2ZQT(z},u;) = 0 for all k €
{0,...,n—1}, then (uf,...,u’_;) is also a (spurious) local
minimizer of the one-shot problem.

Proof:  First, we will use induction to find positive

numbers g, ...,d, and €q,...,€,_1 such that
V2Qr (z,u) = 0, (1)
mr(x) € Bluy, €x), 2)
fi(@,u) € B(@py1, 0k41), 3)

for every x € B(x},0k), u € B(uj,ex) N A, and k €
{0,...,n—1}. At the base step k = n, we choose an arbitrary
0, > 0. At the induction step, since fj is continuous and
V2QT is continuous at (z},u} ), there exist 6 > 0 and €, > 0
such that both (1) and (3) are satisfied for all x € B(zx}, 0x)
and u € B(uj, ex) N A. Moreover, as 7, is continuous at xj,
(2) will be satisfied by further reducing dy.

For every (uo,...,Un—1) With 4 € B(u},ex) N A, let
(Zo,...,Zn) be its corresponding state sequence (note that
Zo = xo). It follows from (3) that ¥, € B(x},d) for all
k €{0,...,n — 1}, which together with (2) implies that

mw(Zk) € Buj,er), Vke{0,...,n—1}.

In light of (1), Q7 (Z,-) is a convex function on the convex
set B(uj,ex) N A. Because 7 (%) € B(uj,ex) N A is a
local minimizer of the function QF (Z, -), it must be a global
minimizer of this function over B(uj,e) N A. Thus, for
ke {0,...,n— 1}, we have

ck(Thy k) + Jigr (Fu1) = Qf (Th, Ur) > Qi (Tk, mx(Ti))
= Ji (@)

By adding all of the above inequalities, one can obtain

Sy ln—1) > Jg (z0) = C(x05ug, - - -, Up_1),

which shows that (uf,...,u}_;) is a local minimizer of the
one-shot problem. Also, if 7 is a spurious locally minimum
control policy of DP, namely, J7 (z¢) > Jo(x§), then

Uy 1) = Jg (x0) > Jo(wo).

As aresult, (u,...,u’_;) is also a spurious local minimizer
of the one-shot problem. [ |

Remark 1: By taking the contrapositive, one can imme-
diately conclude that the DP method cannot produce any
spurious locally minimum control policies that satisfy the
regularity conditions in Theorem 1 as long as the one-shot
problem has no spurious local minima.

C(.’bo;ﬂm ..

C(zo;ug, - -

C. Stationary points: From DP to one-shot optimization

In this subsection, we will show that the induced controlled
input of a locally minimum control policy of DP corresponds
to a stationary point of the one-shot problem, under some
conditions milder than the assumptions of Theorem 1.

Definition 4: Given a set S and a continuously differen-
tiable function g, a point s* € S is said to be a stationary
point of the optimization problem mingeg g(s) if

_ng(S*) € NS(S*)7

where Ng(s*) denotes the normal cone of the set S at the
point s* [32].
We branch off into two specific notions of stationarity below.

Definition 5 (Stationary point): A vector of control inputs
(uf,...,u;_q) is said to be a stationary point of the one-
shot optimization if for all k£ € {0,...,n — 1}, it holds that
—Vu, Cl(xosugy, ... uk_q) € Na(uf).

Definition 6 (Stationary control policy): A control policy
m = (7o, ..., Th—1) is said to be a stationary control policy
of DP if for all k € {0,...,n — 1} and for all x € RY, it
holds that —V, Q7 (z, 7 (z)) € Na(mi()).

Now, we will prove that a stationary control policy (which
involves a locally minimum control policy) implies a stationary
point of the one-shot optimization under mild assumptions. Let
D7 () be the Jacobian matrix of 7 (-) at point x, Df:’m(x, u)
be the Jacobian matrix of the function fx (-, u) at point z while
viewing u as a constant, and Di’"(m, u) be the Jacobian matrix
of fr(x,-) at point v while viewing = as a constant.

Theorem 2: Consider a stationary control policy 7 =
(mo0,...,m™—1), and let the associated input and state se-
quences with the initial state xy be denoted as (ug, ..., u}:_;)
and (z,...,x}). If for every k € {0,...,n —1}:

1) m is continuously differentiable in a neighborhood of 7,
2) either m () is in the interior of A or D} (z}) =0,

then (ug,...,u)_;) is a stationary point of the one-shot
optimization.
Proof: First, we will apply induction to prove that
Vaedi(ay) = Ve Clap;ug, ... un_q) 4)

holds for k € {0, ...,n}. The base step k = n is obvious. For

the induction step, observe that

VaQf (2, u) = Vaer(z,u) + DL (@, 0) Va4 (Fi(, u)),

Vo Ji () = Vo [QF (2, mk (2))]

= V. Qf (z, m()) + DF (2)" V@ (w, i (2)).

Therefore,

Ve (1) = Vac(@h, u) + DY (e, up) Va4 (2] 41)
+ D (25) " VuQF (2} ug)- )

If uj, is in the interior of A, we have V,Q7 (z;,u;) = 0 by

stationarity. Otherwise, by the assumption, we have DJ (z}) =

0. In either case, the last term of (5) is zero. Meanwhile,

V. C(zug, ... un_q)

= Vaer(x, up) + Vo [C(fr(@, ug); whyrs - up 1))

= Vacr(z,uy) + D{’w(as, up) Vo C(fr(@,up)s ufyq, - -

7u;71)
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Now, (4) can be obtained by taking x = z; in the above
equality and then combining it with the induction hypothesis
and (5). Finally, for k € {0,...,n — 1}, one can write

Vo, C(zosugy .- yurn_q)

= Vuer(z}, up) + DL (25, up) Vo C(@h 05U 1)

= Vuer(@p,up) + DP (g up) T Ve di (@)
= VuQE@ZWZ)?

in which the second equality is due to (4). Since uj, is a
stationary point of QF (%), —Vu.QF(x},u}) € Na(uf).
Thus, —V,, C(zo;uf, ..., us_1) € Na(uj), which proves
that (ug,...,u’_;) is a stationary point of the one-shot
optimization. [

D. Local minimizers: From one-shot optimization to DP

In this subsection, we will show that each strict local
minimizer of the one-shot problem is induced by a locally
minimum control policy 7 of DP. Before proving the theorem,
we first provide the following useful lemma.

Lemma 1: Given a function g : RY x A — R, a point
z* € RY and a number € > 0, if u* € A is a strict local
minimizer of the function g(x*,-) and ¢ is continuous in a
neighborhood of (z*, u*), then there exist > 0 and a function
h: B(z*,d) — A such that h(z*) = u* and that the following
statements hold for all x € B(x*,4):

1) h(z) is a local minimizer of g(z,-).

2) h(z) € B(u*,e).

3) The function g(x, h(x)) is continuous at .

Proof: The proof is given in [1] (see Lemma 1). ]

Theorem 3: If the one-shot problem has a (spurious) strict
local minimizer (ug, ..., u)_;), then there exists a (spurious)
locally minimum control policy 7w of DP with the property that
m(xy) = uj, for all k € {0,...,n — 1}, where (zf,...,2})
is the state sequence associated with the (spurious) solution of
the one-shot problem.

Proof: Let (uf,...,u}_;) be a strict local minimizer of

the one-shot problem. There exists € > 0 such that
Czo;ug, - yup_1) < Clzo;ug, .-« yUn—1), (6)
for every control sequence (ug,...,un—1) # (ul, ..., us_;)

with the property that u; € B(uf,e)NAfori=0,...,n—1.
In what follows, we will prove by a backward induction that
there exist policies 7, . .., T, _1, positive numbers dg, . . . , Oy,
and corresponding cost-to-go functions J{, ..., J] such that
they jointly satisfy the following properties:

1) mi(zk) is a local minimizer of the function Q7 (zg,-)

for all z;, € RN,
2) mp(xy) = uj.
3) For all x, € B(xy,dx), it holds that

(1) € B(ug,€),  fr(zr, m(2r)) € B()iq, Okt1)-

4) JF is lower semi-continuous on R and continuous on
B(xz, 51@)

For the base step k = n, we choose an arbitrary §,, > 0

and notice that J7(z) = ¢,(x), implying that J7 is always

continuous. For k£ < n, assume that 7gy1,...,m,—1 and
Ok+1, .- .,0n With the above properties have been found.
First, by the continuity of fj, there exist 52 >0and 0 <

€ < € such that

Te(@r,ur) € B(wyyq,0041), Y(wg,ug) € Sk, (7)

where S, = B(z},6,.) X (B(uj,ex) NA).
Since QF (wr,ux) = c(wr,ur) + JI 1 (fe(wr, ug)) and
JiT,, is continuous on B(x}, ,0r41), QF is continuous on

Sk. Next, for every ug € B(u,”;, €r) N A, if we define

Tpr1 = fu(@g, k),  Okg1 = Thg1 (Trg1),

Trhro = [or1 (Tra1, Uhg1),  Upy2 = Trp2(Trr2),

Tp_1= fn—Q(jn—Qaan—Z)y Up—1 = 7Tn—1(jn—1)7

by applying (7) and then the third property above repeatedly,
we arrive at

u; € B(ul,e)NA, Vie{k+1,...,n—1}.

When 4y, # uj, it follows from (6) and the second property
above that

Qi (ay, ) = C(xr; Uky -+ vy Up—1)
k-1
= C(X0;Uy -+, Ufy_ 1 Uky -+« y Up—1) — ci(xf,ul)
=0
k—1
> Claouh, . uhq) — Y cila)uf)
i=0
= C(JIZ, ult7 e 7U’TL—1) = QZ(Q?Z,UZ)

As a result, uj is a strict local minimizer of QF (xj,-).
Applying Lemma 1 to the function QF with =} and e, one
can find 0 < 0 < 6}, and a function hy : B(x},0r) — A
such that hy(z}) = uj and that the following statements hold
for every xzj € B(x}, 0r):

1) hi(zg) is a local minimizer of QF (x, -).

2) hi(xr) € B(uf,ex) C B(uj,€), which together with

(7) implies that
fe(@r, hi (1)) € B(@f, 1, Ok1)-

3) The function QF (z, hx(xk)) is continuous at xg.

Let 7, be the extension of the function hy, by setting 7y (z)
to be any global minimizer of the lower semi-continuous
function QF (z, -) over the compact set A if ), ¢ B(x}, dk).
Obviously, 7y, satisfies the first three properties. To verify the
last property, observe that

Q% (T, hi (1)),
Hk(‘rk)v

in which Hy(xr) = min,ea QF (zx, u), and therefore JJ is
continuous on the set B(x},dx). In addition, note that JJ, |
and thus QF is lower semi-continuous, while A is compact.
Hence, it follows from the Berge maximum theorem [33] that
H;. is also lower semi-continuous on RY, which implies that
JI is lower semi-continuous on RY \ B(z},dy). For every
point Z;, on the boundary of B(zj,d), since Hy, is lower

if Tk € B(xz, 61@)»

otherwise,

Ji; (wg) = {



semi-continuous at Ty, for every € > 0 there exists 5 >0
such that

J]?(l’k) > Hk(xk) > Hk(fk) — €= J]zr(.’fk) — €

holds for all z, € B(Zy,d). Therefore, JJ is also lower semi-
continuous at Tj.

By the first and second properties, m = (7o, ..., Tp—1) is @
locally minimum control policy of DP. Also, if (ug, ..., u}_;)
is a spurious local minimizer of the one-shot problem, then
Ji(xo) = C(zo;ug, - .. ,ul_q) > Jo(zo), which implies that
7 is also a spurious locally minimum control policy of DP. B

Remark 2: Theorem 3 shows that, under mild conditions,
DP is a reformulation from a single one-shot optimization
problem to a sequence of optimization problems that preserves
local minimizers. By taking the contrapositive of Theorem
3, one can immediately obtain the result that the one-shot
problem has no spurious strict local minimizers as long as
DP has no spurious locally minimum control policies.

Remark 3: Pontryagin’s minimum principle implies that a
global minimizer of the one-shot problem achieves a global op-
timality of each DP problem minimizing Hamiltonian. One can
restrict the domain to apply the principle to a local minimizer
of the one-shot problem; it achieves a local optimality of u} for
each DP problem if J[ are evaluated at the associated state
xj. Theorem 3 is a generalization of Pontryagin’s principle
in the sense that from each local minimizer of the one-
shot problem, we obtain a locally minimum control policy
instead of uj; i.e, a set of functions that achieves a local
optimality of every DP problem for all z € RY. We further
require a “strict” local minimizer of the one-shot problem to
ensure that a local optimality is obtained at all points in the
neighborhood of z}. Meanwhile, one can now anticipate that
Theorem 1 would correspond to the converse of Pontryagin’s
principle. The principle provides sufficient conditions for the
one-shot problem if we have a convex action space, convex
cost functions, and linear dynamics [3], [34]. In contrast,
Theorem 1 assumes a convex action space but still has general
nonlinear transition dynamics. Theorem 1 instead requires a
locally “strictly” convex Q-functions (Hamiltonian) for each
DP sub-problem. The connection between our results and
Pontryagin’s principle suggests the possibility of the extension
of the above results to the continuous-time setting.

Remark 4: In fact, all results of our paper can be naturally
generalized to the continuous-time setting, but the analysis
is left as future work due to space restrictions. To outline
the pathway for generalization, note that the Hamilton-Jacobi-
Bellman equation for a given continuous-time system can be
obtained from developing a discrete-time model, obtaining
the Bellman equation for that model, and then closing the
gap between the continuous-time and discrete-time system via
taking a limit [3]. Moreover, the infinite-horizon case is also
treated in [3] as the stationary limit of a finite-horizon problem,
which again allows us to extend our results to the infinite-
horizon case.

Considering Theorems 1 and 3 altogether, one can conclude
that under mild conditions, each local minimizer of the one-
shot optimization corresponds to some control input induced
by a locally minimum control policy, and vice versa.

— T Dl —

e =
&0 05 —

(a) Example 1 (b) Example 2

Fig. 1. Landscape of the one-shot optimization: (a) Each local minimizer
is equivalent to a set of control inputs induced by each locally minimum
control policy. (b) (0, 0) is a control input induced by a locally minimum
control policy but not a local minimizer of the one-shot optimization.
However, it is indeed a stationary point of the one-shot optimization.

E. Numerical Examples

To effectively demonstrate the results of this section via
visualization, we will provide two low-dimensional examples.
Example 1: Consider an optimal control problem with the

control constraint A = [—10, 10] and
co(z,u) =0,
1 3 4 3z2 4+ 8 3
cl(m,u): Zu4_ -T3+ u3+ X +29’J+ u2

—z(x+ 1)(x + 3)u + exp (z),
C2(1.) = 01 fo(l’,u) =z + u, fl(xvu) =T +u
At the initial state ¢y = 0, the one-shot problem is written as
) 1, 3Bup+4 5 3ud+8ug+3 ,
oed €A {4“1 Ty et 2 "

—up(up + 1)(up + 3)us + exp (ué)}.

This one-shot optimization problem has 3 spurious local mini-
mizers (—0.523, —0.523), (—0.523,2.477), (0.938,0.938) and
the globally optimal minimizer (0.938, 3.938). The landscape
of this objective function is shown in Fig. la.

The optimal control problem can also be solved sequentially
by DP. At the time step 1, the Q-function is QT (z,u1) =
¢1(x,u1), which has the maximum point = + 1, the spurious
local minimizer x and the global minimizer  + 3. One can
choose between the two different continuous policies

x, |z| <10,
T1 (ZL’) = )
10 - sgn(z), otherwise,
or
x+ 3, —-13<x <7,
T1 (1‘) = .
10 - sgn(x), otherwise,

where sgn(x) denotes the sign of z. The first policy has the
cost-to-go function J7(z) = —75(3z* + 162 + 182?) +
exp(z*) for |z| < 10 and the second policy has JT(z) =
— L (3% + 162> + 1822 + 27) + exp(a?) for —13 <z < 7.

At the time step 0 and the initial state x¢ = 0, the Q-function
is QF(0,up) = J7(ug). For the first policy, the Q-function
has a spurious local minimizer at ug = —0.523 and a global
minimum at uo = 0.938. If we choose m(0) = —0.523, then
the induced input under 7 of DP is (—0.523, —0.523) and if
we choose 7(0) = 0.938, then the induced input under =
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of DP is (0.938,0.938). Both of these input sequences are
spurious local minimizers of the one-shot problem.

The Q-function of the second policy has a spurious lo-
cal minimizer at uyp = —0.523 and a global minimum at
ug = 0.938. If we choose m(0) = 0.938, then the locally
minimum control policy 7 is non-spurious and its induced
input (0.938,3.938) is the global minimizer of the one-shot
problem. However, if we choose mo(0) = —0.523, then 7 is
spurious and its induced input (—0.523,2.477) is the spurious
minimizer of the one-shot problem.

In this example, one can observe that each strictly local
minimizer of the one-shot problem corresponds to a locally
minimum control policy of DP, which validates the result
of Theorem 3. In addition, it can be noticed that since
V2Qr(0,—0.523) and V2Q7(0,0.938) are both strictly pos-
itive for each of the two policies, Theorem 1 clearly holds.

Example 2: Consider the problem in Example 1 but change
ci(z,u) to Jut — Zud — 2%u? + exp (z*). At the initial state
zo = 0, the one-shot problem can be written as

1 U
o in {qut = Fhud — udud + exp (ud) }.

It has 3 stationary points (0,0) and ((log($))7,2(log($))7)
and (—(log(%))#, —2(log(%))¥). The latter two are the global
minimizers of this one-shot problem. For (0, 0), we take ug =
u1 = € and use the Taylor expansion of the exponential func-
tion to arrive at ¢! — Le? — et +exp (e?) = — et +1+0(e?),
which is strictly less that 1 for sufficiently small values of e.
This implies that (0, 0) is not a local minimizer of the one-shot
problem. The landscape of this objective function is shown
in Fig. 1b. It can also be solved sequentially by DP. For the
initial state xq, it has 3 different induced input sequences under
the locally minimum control policy: (log(g))%,Q(log(%))%),
(—(log(g))i,—ﬂlog(%))%) and (0,0). The first two points
are the global minimizers of the one-shot problem but (0,0)
is not a local minimizer of the one-shot problem.

In this example, V2QT(0,0) = V2¢1(0,0) = 0 violates
the assumptions in Theorem 1, and thus (0,0) is not a local
minimizer of the one-shot problem. This clarifies the role of
the regularity conditions needed in the theorem. On the other
hand, Q7 (z, -) has three stationary control policies 0, —z, 2.
Consistent with Theorem 2, (0,0) is a saddle point (which is
a stationary point) of the one-shot optimization.

[1I. DETERMINISTIC PROBLEM UNDER A
PARAMETERIZED POLICY

A. Problem Formulation

In Section II, the one-shot optimization approach is referred
to as an open-loop control, in the sense that it determines all
the control inputs at once, only given an initial state. On the
other hand, the dynamic programming approach is referred to
as a closed-loop control, in the sense that the control input of
each time step is the function of the output of the previous step
[3]. In this section, we formulate both approaches to a closed-
loop control. To achieve this, we can replace the control inputs
of the one-shot optimization with a parameterized policy. We
still optimize over a vector at once, which means that it can be

solved in a one-shot fashion. However, this method becomes
a type of closed-loop control in the sense that a function of
both the parameters at each step and the output of the previous
step determines the control input [35]. Also, it is reasonable to
adopt such parameterized policies for dynamic programming
as well, which would still be a closed-loop control. Note that
both approaches now optimize over a set of parameters so that
they can be directly compared in terms of their landscapes.
This motivates us to modify Definitions 1, 2, 3, 5, and 6 to
incorporate parameterized policies.

Definition 7: Given a parameter space © and a compact
action space A, let pg(-) : RV — A be a bounded real-
valued function parameterized by # € ©, which satisfies the
continuity assumption that for all ¢ > 0, there exists § > 0
such that

16 =61l <3 = sup [luo(z) —po(2)ll <e.  (®)

S
Now, we modify the deterministic problems (P1), (P2), and
(P3) to a discrete-time finite-horizon deterministic optimal
control problem under a parameterized policy as follows:

n—1
St ) o)
st xip1 = filwi, pe, (x:)), i=0,...,n—1,
x( is given.
(PP1)

Definition 8: Given a control policy parameter vector m =
(Bo,...,0n—_1), the associated Q-functions Q7 (-,-) and cost-
to-go functions J () under the policy 7w are defined in a
backward way from the time step n — 1 to the time step 0
through the following recursion:

']77:(1') = cn(a:),

Qr (z, no(x)) = cr(@, po(x)) + i1 (fr(z, po(x))),
k=0,....,n—1,

Then, the one-shot optimization problem (PP1) can be equiv-
alently written as
min

J5(x
7= (00,0 _1)€O" 0 (@)

(PP2)

and DP approach can be written as the following backward
recursion:

Jn(2) = cn(x),

Jelw) = min{er (@, pae)) + T (@, po(@))y,

for k = 0,...,n — 1. Note that m was previously defined
as a control policy (7, ..,T,—1), but we use the equivalent
definition (0o, ...,0,—1) in the parameterized case. We also
call it control policy parameter vector alternatively.

Definition 9 (local minimizer of the one-shot optimization):
A control policy parameter vector m = (6;,...,0%_4) is said
to be a local minimizer of the one-shot optimization if there
exists € > 0 such that

J§ (o) < J§ (x0)

for all @ = (fo,...,0n 1) (B(5,€) N O) x --- x
(3(9;717 6) N 6)



Definition 10 (local minimizer of DP): A control policy
parameter vector m = (6f,...,0_;) is said to be a local
minimizer of DP if for all £ € {0,...,n — 1} and for all
z € RV, the policy parameter ¢ is a local minimizer of

Q7 (z, ey (z)), meaning that there exists €; > 0 such that
Qi (z, poy (v)) < QF (x, pg(x)), V0 € B(Oy,ex)NO. (9)

Definition 11 (Stationary point of the one-shot optimization):

A control policy parameter vector m = (6,...,05_) is said
to be a stationary point of the one-shot optimization if for all
k€ {0,...,n— 1}, it holds that —Vy, J7 (zo) € No(65).

Definition 12 (Stationary point of DP): A control policy
parameter vector m = (65, ...,0%_;) is said to be a stationary
point of DP if for all & € {0,...,n — 1} and for all x € RY,
it holds that —Vg, QF (z, ue: () € No(0}).

Remark 5: By comparing (P2) with (PP2) as well as
comparing Definition 2 with Definition 9, notice that
one-shot optimization now considers JJ(zo) instead of
C(zo; 00, ...,0,_1), since the two definitions are equivalent
when the parameterized policy is incorporated.

We can compare Definition 10 with the following definition:
Vk €{0,...,n—1}, Vo € RN, 3e}(x) > 0 such that
QTkr(x7 Koy (‘T)) < QZ(I’, ﬁ)v Vu e B(M@; (CL‘), 6;(33)) N éb)

Definition 10 considers the open ball centered at the policy
parameter in the parameter space, while (10) considers the
corresponding open ball in the action space. Proposition 1
establishes the relationship between these definitions.

Proposition 1: If an arbitrary control policy parameter vec-
tor m = (6,...,0;_,) satisfies (10) with inf cpw €f(z) >0
for all k € {0,...,n — 1}, then it is a local minimizer of DP.

Proof:  Since inf g~ € (x) > 0, by the continuity
assumption, for every k € {0,...,n — 1}, there exists d; > 0
such that

16— 0]l <0k = sup ||luo(z)
z€RN

That is, for all 0 € B(0;,0k) N O, [lue(z) — po: (x)]| <

€;(z) for all x € RY. Notice that Definition 7 implies that

we(x) € A for all x € RN, Thus, it holds for all z € RY that

0 € B(0r,0k) N © = pp(x) € B(po; (), ex(x)) N A.

Thus, given a control policy parameter vector satisfying
(10), for all £ € {0,...,n — 1} and for all x € RY, (9)
holds if one substitutes €; with 6. This completes the proof.

|

Remark 6: The converse of Proposition 1 does not hold.
For example, suppose there exists €; > 0 such that pg(z)
takes the same value for all § € B(0},¢;) N ©. While this
control policy satisfies the continuity assumption, 6} is clearly
a local minimizer of DP, which satisfies (9). However, it is even
possible that pg: (z) is a strict local maximizer of QF (z, ).

Note that the condition inf g~ €}, (2) > 0 is necessary for
Proposition 1. Thus, the proposition implies that if we use
our notion of a local minimizer of DP, we no longer need to
assume inf, g~ €5 () > 0 while establishing the relationship
from DP to one-shot optimization, which was the case in
the (non-parameterized) deterministic case presented in our
conference paper (see Theorem 2 in [1]).

~ oy @) < inf,_i(a)

B. From DP to one-shot optimization

In this subsection, we will show that in the determinis-
tic case with a parameterized policy, each local minimizer
(stationary point) of DP directly corresponds to some local
minimizer (stationary point) of the one-shot optimization.

Theorem 4: Consider a local minimizer of DP =
(05, ...,0%_1). Then, 7 is also a local minimizer of the one-
shot optimization.

Proof: Since (65, ...,0%_) is a local minimizer of DP,
there exist €, ..., e,_; > 0 such that

Jg (z0) = QF (%o, po; (20)) < Qf (w0, 14, (o))
= co(wo, g, (20)) + QT (Z1, pog (1))
(@1 = fo(zo, g, (20)))
< co(@o, g, (20)) + QT (21, g, (71))
= co(zo, g, (o)) + c1(Z1, 1( 1)) + Q3 (2, piog (22
(T2 = f1(Z1, pg, (21)))
<< U (@)
where @ = (Ao,...,0,_1) € (B(65,€) NO) x -+ x

(B(0;_1,¢-1) NO). ~
Choose € = min{eg, ... €5, }. Then, J{f(xo) < JF(zg) for
all @ = (o, ...,0,_1) € (B(65,6)NO) x---x (B(#%_,, )N
©). This completes the proof. [ ]
Theorem 5: Consider a stationary point of DP 7 =
(05,...,0%_1). Let the corresponding state sequence be
(xf,...xk). If for every k € {0,...,n — 1}, pg, (xx) is con-
tinuously differentiable with respect to 6y in a neighborhood
of (z},05), then 7 is also a stationary point of the one-shot
optimization.
Proof:  Notice that Vg, Ji(x9) = Vo, J(x})
Vo, Qf (x5, poz (x5)). Thus, =V, J§(z0) € No(6y) for all
k € {0,...,n — 1}, which means that 7 is a stationary point
of the one-shot optimization. [ ]
Remark 7: The converse of Theorem 5 clearly does not
hold since one can generally find a point z € RY such that

Vo, QF (3, po; (7)) # Vo, QF (z, oy ().

C. From one-shot optimization to DP

In this subsection, we first show that a local minimizer of
the one-shot optimization does not necessarily correspond to
a local minimizer of DP; i.e., the converse of Theorem 4 does
not hold. Then, with Remark 7, it is clear that the optimization
landscape of the one-shot optimization is more complex than
that of DP. As a by-product, if the one-shot problem has a low
complexity, so does the DP problem.

To develop a clear counterexample, we restrict the pa-
rameterized policy to a certain class as given below, which
automatically satisfies the continuity assumption defined in
Definition 7.

Definition 13: Define our parameterized policy to be a lin-
ear combination of arbitrary linearly independent basis func-
tions, while satisfying Definition 7; i.e., Given m functions

fir RN S RM =1, .mand 0 = [s1,..., 5,7 €6,
po(x) = Zsz’fi(x) €A an

i=1

)
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where there does not exist (51, .. ., §,,) # 0 such that for all z
in any set of non-zero measure, the following equation holds
[36]:

Z Sifi(x) = 0.

Remark 8: Since a s2e7tIOf isolated points is a set of measure
zero, it is exempt from determining the independence of
basis functions. When x has a continuous distribution, the
independence of basis functions implies that if (12) holds for
all z in the support of the distribution, §; = -+ = 5,,, = 0.
When z has a discrete distribution, since a set of all the
possible values of x is a set of measure zero, the independence
of basis functions does not guarantee §; = --- = 5,,, = 0 even
if (12) holds for all possible values of x.

Applications of a parameterized policy defined by Definition
13 arise in a piecewise polynomial function as well as a
stochastic control. The usefulness of the parameterized policy
also manifests within Representer theorem [37]: a linear com-
bination of kernels fully represents the solution of minimizing
empirical risk. It switches the optimization problem in infinite-
dimensional function space to finding the finite number of
coefficients. The minimum number of parameters needed is
the number of data points, which is generally much greater
than the dimension of the output. Applying this to our pa-
rameterized policy, the number of parameters m needs to be
greater than the dimension of the action M to cover all data
points. For the remainder of this section, we call a policy
satisfying m > M as an overparameterized policy.

We now provide some evidence to refute the converse of
Theorem 4, specifically if the parameterized policy class is a
linear combination of basis functions. It turns out that a local
minimizer of the one-shot optimization does not necessarily
imply a local minimizer of DP in the overparameterized case.

Proposition 2: Consider an overparameterized policy class
defined by Definition 13. Let m = (05,...,0%_;) be a local
minimizer of DP. If there exists at least one k € {0,...,n—1}
such that §; is in the interior of ©, then there exists an infinite
number of local minimizers of the one-shot optimization
corresponding to each local minimizer of DP.

Proof: Consider the state sequence (g, . .., ) induced
by a local minimizer of DP 7. Let k be an index for
which 07 is in the interior of ©. Then, one can express the
action taken at step k as pg:(zy) = ;- s; fi(x)) with
07y = (s5,s%,...,5),) by Definition 13. Since the policy is
overparameterized, m is greater than the dimension of the
action M. Now, consider the matrix equation

[folz})  fi(zy) S (x3)] Ok = pox (),

where 0}, is an m X 1 vector variable, and let F’ denote the
first matrix in the left-hand side, which is an M X m constant
matrix given by . (13) has at least one solution: ¢;.

The dimension of the null space of Fj' is greater than 0
due to m > M. We take any nonzero element v from the
null space. Then, for all § € R, 6} + dv satisfies (13). Since
0; is in the interior of ©, one can pick €1 > 0 such that
B(65,€e1) C ©. Thus, for 0 < § < vH’ 05 + dv € B(05,€1)
preserves the state and action sequence assomated with 0} due
to (13). The induced cost is also indeed preserved.

12)

13)

By Theorem 4, 7 is a local minimizer of the one-shot opti-
mization. Now, we select e > 0 such that JT(xo) < J&(z0)
for all @ = (85,...,0k,...,0%_,) where 6 € B(0},e2) N 6.
Let € := mln{q,ez} > 0. Then, for 0 < § < m, we have
B(6; + 6v,d|jv||) € B(65,¢). Since 65 + v preserves the

induced cost, (6§,...,05+dv,...,0}_ 1) is a local minimizer
of the one-shot optlmlzatlon forall 0 < § < 2||6UH' This

completes the proof. [ ]

Proposition 2 implies that for every k € {0,...,n —1}, 6
of a “strict” local minimizer of the one-shot optimization does
not lie in the interior of ©. Thus, one can think of constructing
a strict local minimizer by restricting the area of ©. It turns out
that given a strict local minimizer of the one-shot optimization
and the induced input sequence, no other points can retrieve
the same input sequence if © is convex.

Lemma 2: Consider a strict local minimizer of the one-
shot optimization 7 = (6§,...,0%_). Let (z,...,2%) be
the induced state sequence. Suppose that © is convex and the
parameterized policy is defined by Definition 13. Then, 7 is
the unique control policy parameter vector that achieves the
input sequence (g; (23), -, Hox_, (T5_1))-

Proof: For every k € {0,...,n — 1}, po(zy) =
Yok sifi(xy) where 0 = (s1,...,Sm,). Let 0 =
(87,...,5p,,). Since 7 is a strict local minimizer of the one-
shot optimization, jip(7},) # fie; (x7,) in the neighborhood of
05 if 0 # 07; i.e., there exists € > 0 such that

my

{0 € B(by,e)NO: Zszfz(x;;)

i=1

Assume that there exists 6 # 0 such that 3.7 &, fi(z}) =
per (z7,) where 6 = (51,..-,5m,). Then, for A € [0,1],
one can obtain Y " (Asj + (1 — N\)3;) fi(xy) = pox (z}) by
linearity and A0} + (1 —\)f € © by convexity. Letting A — 1,
one can construct an element of the left-hand side of (14)
distinct from 7. By contradiction, 6} is the unique point that
achieves pgx (7} ). [ |

Note that Lemma 2 does not necessarily imply that a strict
local minimizer of the one-shot optimization is a local min-
imizer of DP even if © is convex. A simple counterexample
can be constructed by considering the 1-step problem

col o)) = Jro(e)’ = (2% + 20)po(e)*+

= po; (1)} = {0} (14)

1
52% +x = Dpg(2)” — (" —2® + 2 —x)pg (),

2
c1(@, po(2)) =0, fo(x, po(x)) = 2 + po(x).

with the parameterized policy ug(z) = diz + do where 6 =
(dl,dg) and © = {(dl,dg) 11 <2dy1—ds < 3,1 <2d14dy <
3} which is convex. At the initial state zy = 1, the one-shot
problem can be written as

min

1

Each vector (dy,d2) € © which satisfies dy + dy =
0 or di + do = 2 is a local minimizer of the one-shot
optimization. Since {(d1,dz) : d1 +da =0} NO = {(1,-1)}
and {(d;,d2) : d1 +d2 = 2} N© = {(1,1)}, we have



(b) Landscape

(a) Domain

Fig. 2. The domain and the landscape of the one-shot optimization for
a deterministic parameterized problem: (a) The gray-colored area is the
domain of the parameter space. The intersection between the dotted
lines and the domain is {(1, 1), (1, —1)}. (b) Both (1,1) and (1, —1)
are a strict local minimizer of the one-shot optimization but only (1, —1)
is a local minimizer of DP.

(1,-1) and (1,1) as strict local minimizers of the one-shot
optimization. On the other hand, since VoQF(x, ug(z)) =
Voco(w io(x)) = lg(w,0)a,g(z,0)]7 where g(x.0) =
(o) — (2 + 1)) (o(x) — @) (o () — (x — 1)), a local
minimizer of DP should be the parameter that yields ug(z) =
x—1or ug(z) = 22+ 1 for all x € RY. Since a linear policy
cannot contain 2241, (1, —1) € © is the only local minimizer
of DP. Thus, (1,1) is a strict local minimizer of the one-shot
optimization but not a local minimizer of DP. Fig. 2 shows
the domain and the landscape of the one-shot optimization.

In light of the above counterexample, one can think of the
situation where the parameterized policy contains every locally
minimum control policy of DP (see Definition 3). It turns out
that if such a situation is possible, given a convex parameter
space, each strict local minimizer of the one-shot optimization
is a local minimizer of DP under the following assumptions.

Assumption 1: Given a local minimizer of the one-shot
optimization , let (zf,...,z)) be the associated state se-
quence. Then, for all k € {0,...,n — 1}, the M x m matrix
[fo(zy) fi(zg) ... fm(xy)] has a full row rank.

Assumption 2: Assume that A C NP_,ue(x}), where
pe(xy) is the image of © through pg(z}) : © — A.

Lemma 3: Assume that © is convex. Consider a strict local
minimizer of the one-shot optimization = = (6§,...,6%_;).
Suppose that the parameterized policy defined by Definition
13 satisfies Assumptions 1 and 2. If the parameterized policy
class contains every locally minimum control policy of DP and
at least one of the locally minimum control policies satisfies
inf g~ € (z) > 0 for all & € {0,...,n — 1}, then 7 is a
local minimizer of DP.

Proof: Let (xf,...,x}) be the state sequence associ-
ated with 7. Recall that J§ (zo) = Y-y ci(x], pos (¢})) +
Q% (x}, pox (z)). One can fix all parameters except ¢} to de-
rive that J§ (x0) = J§' (o) = QF (. pio; () — QF (v, pg (),
where 7' = (05,...,0;_1,0,,05,1,--.,05_1). Thus, a local
minimizer of the one-shot optimization 7 implies that for all
k€ {0,...,n — 1}, there exists €; > 0 such that

Qo o 01)) £ QLG pile), 90 < BOLG)N O,

Now, let Ey be the M x m matrix
[folz}) fi(z}) fm(x})], where its smallest singular
value is denoted by ;. Given an arbitrary direction v € R,
one can take a point u, that is farthest from pgx () in the
direction of v since the action space A is compact. Let ¢, be
the value that achieves u, = jig; (73) + d,v. By Assumption
2, there exists 0, € O satisfying u, = pg,(z}), and by
Definition 13, pg, (x}) is defined by F}6,.

Case 1§, = 0: There does not exist § > 0 such that pg: () +
v € A

Case 2 6, > 0 and 6, € B(0;,¢;): Due to the linearity of
policy and the convexity of O, there exists 85 € B(6;,€)NO
such that pp; (z};) = per (z) + dv for all 0 < & < d,.

Case 3 6, > 0 and 0, ¢ B(0},€;): Consider pg:(z}) +
WEQZH(% (z%) — po; (z)). The corresponding parameter
is definitely in B(0},€;) N © by the linearity of policy and
the convexity of ©. Then, as in Case 2, there exists 65 €
B(05,€;) N © such that g, (v}) = pe;(xy) + dv for all

€
0<6<W592”6v.

In Case 3, notice that ||2H%ﬁ9:”(u9v (z7) = pox (zp)| =

e NFr(@u—0)l <~ €k : P
2 e, el > Fop >0, where the last inequality is from

Assumption 1 and the second last inequality is from the basic
property of singular value [38]. i

Considering all three cases, @ € B(ug: (z}), Sox) N A
implies that at least one corresponding parameter for each
is in B(0}, €;) N ©. Thus, one can notice that (15) implies
Vi € B(ug: (x}), %a;)mA.

(16)

We select an arbitrary locally minimum control policy ¢ =
(¢o,- .., ¢Pn—1) with the property that inf,cg~ €} (z) > 0.
Let # = (&p,...,Tn—1) be the policy such that for all
ke{0,...,n—1},

~ . o (xZ)v
o) = {%(%%

Such 7 is also a locally minimum control policy by (16).
This implies that the parameterized policy contains 7. Also, 7
achieves the same input sequence (pg; (23), - - - » ftox (T, _1))
as the strict local minimizer 7. Therefore, by Lemma 2, ip: =
7 holds. Since inf, g~ €} (x) induced by ¢y is greater than
0, inf g~ €} (2) induced by 7 is also greater than 0. Then,
by Proposition 1, 7 = (6§,...,0%_;) is a local minimizer of
DP. ]

Remark 9: With a given set of parameters (05,...,0%_;),
there exists only one associated state sequence for the de-
terministic parameterized problem. Assumptions 1 and 2 are
thus only required for that specific state sequence, where one
can readily check the assumptions in advance with known
dynamics, parameter space, action space, and policy class.
Assumption 1 is a type of regularity condition, which can
be regarded as the extension of an overparameterized policy.
Assumption 2 implies that © should be large enough to contain
relevant parameters to cover the action space A. Since pg(x)
is designed to be in A by Definition 7, Assumption 2 is
equivalent to saying that A = pg(ay) = - = pe(xl).

Q‘Iicr(x;;vlw,ﬁ (.%';;)) < Qg(fﬁzyﬁ%

if xp = 27,

otherwise.
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Meanwhile, suppose that there exist two different locally
minimum control policies in a set of non-zero measure, mean-
ing that at some step k, mi(x) # ma(z) for all x € I where
I is a set of non-zero measure. Then, there exists an infinite
number of locally minimum control policies made up of 7
and 7o by alternating between 1 (z) and 7o (z) along x € I,
and the parameterized policy class cannot contain all these
policies. We now present the situation that the parameterized
policy contains every locally minimum control policy of DP.

Theorem 6: Assume that © 1is convex. Consider a
strict local minimizer of the one-shot optimization m =
(05, ...,0%_1). Suppose that the parameterized policy defined
by Definition 13 satisfies Assumptions 2 and 1. If there exists
only a single locally minimum control policy of DP ¢ =
(¢0,-..,®n—1) and the parameterized policy class contains
¢, then 7 is a local minimizer of DP.

Proof: Let ¢ = (6,...,0,,_,) be the parameters
associated with ¢. For all k € {0,...,n — 1} and for all z €
RY, ¢y () is the unique local minimizer of Qf/ (z,u). Having
no spurious local minima implies that inf, g~ €} (z) = 0o >
0. Moreover, the parameterized policy class contains every
locally minimum control policy of DP. Since these facts satisfy
the preconditions of Lemma 3, this completes the proof. ®

Considering both Theorem 4 and 6, one can conclude that
under the assumptions of Theorem 6, a local minimizer of DP
is equivalent to a local minimizer of the one-shot optimization.

IV. STOCHASTIC PROBLEM UNDER A
PARAMETERIZED POLICY

A. Problem Formulation

In this section, we will show that the results obtained for the
deterministic problem under a parameterized policy also hold
for the stochastic problem under a parameterized policy. Since
we now take the expectation of the sum of the costs over the
trajectories, the issue of strictness, as in Proposition 2, does
not take place. Before presenting the theorems, we first define
the problem setting in the stochastic case.

Definition 14: Given a complete probability space
(Q,F,P), let zo be a F-measurable, RY -valued random
variable, which has an initial distribution p. Also, let wy
be an JF-measurable, R" -valued random variable for all
k € {0,...,n — 1} such that zo, wy,...,w,_1 are mutually
independent. The state transition is now governed by the
dynamics f; : RYN x A x RY — RN, i =0,...,n— 1. The
dynamics are again defined to be at least twice continuously
differentiable.

Now, we modify the deterministic problems under a param-
eterized policy, i.e., (PP1), (PP2), and (PP3), to a discrete-
time finite-horizon stochastic optimal control problem under a
parameterized policy:

n—1

B o B | S ipne) el
where ;11 = fi(zi, po, (), w;), i=0,...,n— 1
(SP1)

Notice that for stochastic problems, zy may not be given as a
point, but has an initial distribution p. Afterwards, x;; is a
random variable induced by (z¢, wo, ..., w;).

Definition 15: Given a control policy parameter vector m =
(Bo, . ..,0n—_1), the associated Q-functions Q7 (-,-) and cost-
to-go functions J(-) under the policy 7w are defined in a
backward way from the time step n — 1 to the time step 0
through the following recursion:

Ji(x) = cn(2),

Qr(, po(x)) = Eu, [cx(z, po(x)) + T (fe (@, po (), wi))],
k=0,...,n—1,

JI(x) = QF (x, po, (x)), k=0,....,n—1.

Then, the one-shot optimization problem (SP1) can be equiv-

alently written as

min

E, [JT ,
7=(0,....00n_1)EO™ o5 (20)] (SP2)
as long as the cost functions ¢;, i = 0,...,n—1, are uniformly

bounded, due to the product measure Theorem and Fubini’s
Theorem [39]. In the remainder of the paper, we assume that
the two problems are equivalent.

The DP approach can be written as the following backward
recursion:

In(z) = cp (),
Ji(x) = géiél{ﬂiwk ek (z, po(x)) + Jhg1 (fu (@, po(x), wi))]},

k=0,...,n—1.
(SP3)

Definition 16 (local minimizer of the one-shot optimization):
A control policy parameter vector m = (6;,...,0% ;) is said
to be a local minimizer of the one-shot optimization if there
exists € > 0 such that

By [J§ (20)] < Eay [JG (w0)]

for all @ = (fo,...,0n_1) (B(65,€) N ©) x --- x
(B(0:_1,6)NO).

Definition 17 (Stationary point of the one-shot optimization):
A control policy parameter vector m = (6g,...,0%_) is said
to be a stationary point of the one-shot optimization if for all
k € {0,...,n—1},itholds that —Vg, E, [J7 (z0)] € Ne(6;).

While the one-shot method aims for optimizing the expec-
tation over all steps in the stochastic dynamics, DP studies
optimizing Q-function at every step both in the deterministic
and stochastic cases. Since we have modified the definition
of Q-function to incorporate the expectation, it is natural that
the definition of a local minimizer (stationary point) of DP is
exactly the same as Definition 10 (12).

B. From DP to one-shot optimization

In this subsection, we will show that, in the stochastic case
with a parameterized policy, each local minimizer (stationary
point) of DP directly corresponds to some local minimizer
(stationary point) of the one-shot optimization, just as in the
deterministic case. However, it turns out that for the stationary
points, the policy needs to be continuously differentiable with
respect to both states and parameters since the expectation is
over all trajectories rather than a single trajectory.

Theorem 7: Consider a local minimizer of DP n =
(05, ...,0%_1). Then, 7 is also a local minimizer of the one-
shot optimization.



Proof:
Since (6§, ...,0%_;) is a local minimizer of DP, there exist
€.+, €n_1 > 0 such that

Eao [J5 (20)] = Eao[QF (0, p16; (0))] < Bao [Q5 (20, 15, (20))]

= Eu, [co(o, 114, (20)) + Euw, [QT (21, po; (21))]]
(@1 = fo(zo, g, (20), wo))

< Eyolco(zo, g, (20)) + Eu, [QT (F1, pg, (£1))]]
= Eu [co(o, g, (20)) + Euw,[e1 (21, pg, (21))
+ Eu, [Q3 (T2, po3 (72))]]]
(T2 = f1(Z1, g, (T1),w1))
< < Eagawoswn s [ (%0)]

where @ = (Ap,...,0, 1) € (B(6E,€) NO) x - x
(B(0%_1,€:_1)NO). The last inequality is due to the assump-
tion that the two problems (SP1) and (SP2) are equivalent.
Choose € = min{e}, ...e;_; }. Then, JT (zg) < JF (z0) for
all @ = (Ao, ...,0h_1) € (B(0%,€)NO) x---x (B(0%_,,€)N
O). This completes the proof. ]
Now, let D%(6) be the Jacobian matrix of x(.y(x) at point
0, D" (x, pg(x), w) be the Jacobian matrix of the function
fe(, pme(-),w) at point x while viewing 6 as a constant,
and similarly Dﬁ’e(x7u9(x)7w) be the Jacobian matrix of
Jr(x, pey(x), w) at point & while viewing x as a constant.
Theorem 8: Consider a stationary point of DP n =
05,...,05_1). If forall k € {0,...,n—1},
1) we, (x3,) is continuously differentiable with respect to 6y,
in a neighborhood of 67 for all z} € RY;
2) po; (k) is continuously differentiable with respect to x,
everywhere,

then 7 is a stationary point of the one-shot optimization.
Proof:

First, we will apply induction to prove that for every k €
{1,...,n}, J7 () is continuously differentiable. For the base
step, J7(z) = c,(x) is continuously differentiable. For the
induction step, observe that

Vo J7 (2) = Vo [QF (. g ()
= Valex(, o (2)) + / TE 1 (o, o (), i) dp(y)]

= V. [k (@, o ()] + / Va7 2 (fe (@ po (), wi)))dp(wy
= Ve (e, g ()]

/ DL (2, p0; (2), we) Vo Iy (Fi(@, o (), i) dp(uw,).

This observation is based on the existence and continu-
ity of the Jacobian matrix Di’m(l’,ﬂgz (z),wy) due to as-
sumption 2, continuity of V.J7, (fx(z,pe: (z),wr)) due
to the induction step, and therefore the continuity of
Vel Ji o (fi(®, per (), wy))]. This allows us to interchange
integration and differentiation in the second equality by Leib-
niz’s integration rule.
Now, for k € {0,...,n — 1}, observe that

Vo, QF (xk, por (1))

= Vo, [c(zk, poy (v1)) + ; i1 (fe(@r, por (z), wi) )dp(wy)]
= D% (05)" V ez, po; (vr))

+/Di’e(xk,Me;(xk),wk)TVlegﬂ(fk(ﬂ?k,Me;(xk),wk))dp(wk),
Q

which is valid because for k& € {1,...,n}, J](x) is contin-
uously differentiable and assumption 1 implies the existence

and continuity of D% (6;) and Di’g(xk, to; (1), wi). Thus,

Vo, QF (xk, po, (x)) is continuous in a neighborhood of 6;
for all z;, € RY. Then, for k € {0,....,n — 1},

Vo, Bao [J5 (20)] =
/ // Vo, Qk (T, pox (1) )dp(wr—1)...dp(wo )dp(zo),
RN JQ Q

Now, note that Ng(f}) is nonempty, closed, and convex
[32]. By the definition of a stationary point of DP, we have
—Vo, QF (1, pox (zx)) € Neo(0;) for all 2, € RV, To prove
by contradiction, assume that —V, E, [J§ (z0)] ¢ Neo(65).
Let aj, denote the dimension of 6. By the separating hyper-
plane theorem, there exist p € R* and o € R such that

—p"' Vo, QF (w1, por (1)) < o < —p" Vg, Eary [JG (w0)],
for all z; € RY. Then, observe that
~ 9" Vo, Euo [J5 (0)]
=" [ [ [ V0 QE ooy (w))dplnr).dpao)
RN JQ Q

/RN ‘/Q.../Q_pTv%Qg(xkaMO;(xk))dp(wkfﬂ...dp(xo)
< /RN /Q'"/Q_pTVGk]Ewo[Jg(wo)]dp(wkﬂ)...dp(a;o)

= —p" Vo, Eq, [J5 (20)],

which is a contradiction. Thus, —V, E,, [JF (z0)] € Neo(0}),
which shows that = = (6§, ...,0%_,) is a stationary point of
the one-shot optimization. [ ]

C. From one-shot optimization to DP

In this subsection, we first show that a local minimizer (sta-
tionary point) of the one-shot optimization does not necessarily
correspond to a local minimizer (stationary point) of DP; i.e.,
the converse of Theorem 7 and that of Theorem 8 do not hold.
Then, the optimization landscape of the one-shot optimization
is more complex than that of DP. In other words, if the one-
shot problem has a low complexity, so does the DP problem.

To provide a counterexample, we use the basic parameter-
ized policy that follows Definition 13: pp, (x) = arx + by,
where 6 = (ax, by). Consider the 2-step problem

zg =0, co(, pg,(2)) =0,

folx, pg, (x),wo )—x+a0x+bo+wo,

2
(CC o, (T ,wl)—x—l—alx—l—bl + wy,

ca(x, po, () = 0 where wg, wy " Um'form< - \/g, \/E),

(2)
r(r, i, (7)) = (a7 +b1)* = S (nz +b1)° 407,
()
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Fig. 3. Landscape of the one-shot optimization for a stochastic param-
eterized problem: b is fixed to 0 in the figure. (a1,b1) = (%1, 0),
(0, £1) are strict local minimizers of the one-shot optimization but only
(0, 1) is a local minimizer of DP.

where © = [—2, 2] x [—2, 2]. The associated one-shot problem
can be written as

1
i E, |- 4
Co<hpan<a 0 4{a1(bo +wo) + b1}

1
- §{a1(b0 + wo) + b1} + (bo + wo)?

It turns out that there are 9 stationary points of the
one-shot optimization in the interior of O: (bg,a1,b1) =
(0, £0.7071, £0.4082), (0, £1,0), (0,0, £1), (0,0,0). Among
them, there are 4 strict local minimizers of the one-shot
optimization: (0,+1,0), (0,0, £1). On the other hand, consid-
ering Vg, c1(z, po, (x)) = [g9(z,a1,b1)x, g(x,a1,b1)] where
g(x,a1,b1) = (a1 + b1) (a1 + by — 1)(arx + by + 1), there
are 3 stationary points of DP: (0,0,+1),(0,0,0) and 2 strict
local minimizers of DP: (0,0,+1). This verifies that a local
minimizer (stationary point) of DP is indeed a local minimizer
(stationary point) of the one-shot optimization but not the
other way around. Fig. 3 shows the landscape of the one-shot
optimization when by is fixed to 0.

Now, we present the specific case that a local minimizer
of the one-shot optimization implies a local minimizer of
DP, similar to Theorem 6. The preconditions of theorems
are similar in the sense that they both consider the case
when DP has a very low complexity in the sense that there
is no spurious local minima at each step of DP. The main
difference between the theorems comes from whether we
consider a single trajectory or the expectation over infinitely
many trajectories. We consider this in the view of stationarity.
(see Definitions 6, 11, and 12)

Assumption 3: There exists only a single stationary control
policy ¢ = (o, ..., ¢n—1) which is also a locally minimum
control policy in the interior of A for all z € RM. The
parameterized policy defined by Definition 13 contains ¢, with
the associated parameters denoted by ¢’ = (6}, ...,0.,_;).

Theorem 9: Assume that Assumption 3 holds. Consider
a local minimizer of the one-shot optimization © =
(05,...,0%_;) in the interior of ©™. If z} is a continuous
random variable for all k£ € {0,...,n—1}, where (z, ..., z})
is the random state process associated with 7, then 7 is a local
minimizer of DP.

Proof: Since ¢ is a single locally minimum control

policy, Qf(:au) has no spurious local minima for all k£ €

{0,...,n — 1}. Thus, by Proposition 1, the corresponding
inf, cpw €f(z) = 0o > 0 makes ¢’ be a local minimizer of
DP.

Consider a stationary point of the one-shot optimization 7 =
(05, ...,0%_;) in the interior of ©™. We will now prove by a
backward induction that 7 should always be ¢'; i.e., 0 = 0,
for all k € {0,...,n —1}.

For the base step, at step n — 1, since the parameterized
policy contains ¢,_1, it can be expressed as ¢,_1(x) =
S sifi(z), where £ : RN - RM i =1,....m, f;(z) =
[fir(z), ..., firr(z)]T and 0, _; = (s1,...,5m) € ©. Notice
that Q% (z, pigr  (2)) = QF_(, pigr_ () since @, is
the final parameter of the whole system to determine the
control inputs and the state transition. Now, observe that

V,.QY (xpy (%) =V, Qi (x, pgr (2)) =0

n—1 n—1
and fig;  (x) is the unique solution for V“Qf_l(l’, ) =0
since pgr () is the unique stationary point located within the
interior of A due to Assumption 3. This yields the following

expression with g () = (ug,...,upn)7:

V,Q4 (2, po(x)) = V,u Qi (x, o))
(ur = >0 sifir (@) - g1 (x,0)

(uar — S sifnt (@) - gar(a, 6)

where g;(z,60),j = 1,..., M, are nonnegative at 6 = 6),_,

and positive at all the other points since ¢’ is a local minimizer
of DP that yields the unique stationary control policy ¢.

Now, let g« (x) be 7", difi(x) where 6} , =
(di,...,dm). Observe that according to the chain rule, the
following expression holds:

v9n71szl(m>/‘9;_l($))T
= V,.Qn 1 (x, po_ ()DL} ))
(i (di = si) fr (%)) - ga(, 05 1)

17
fii(@) - foa ()

T

(it (di = si) fine (%)) - gnr (0,05 _1)
Now, notice that Vg _ E. [JF(x0)] = 0 since 7 is a
stationary point of the one-shot optimization in the interior
of ©". Then, observe that

VenfleO [Jg(l‘o)]
= an—lEIwaO ----- wn_z[ngl(fﬁfl’ﬂe;,l(x;q))]
= ]Eﬂlo,wo,--qwnfz [VenleZ'rL—l(x:L—l’ Hox (JZ* —1))] =0.

n—1\"T
The second equality comes from Q7 _,(z, pg(x)) being dif-
ferentiable with respect to the parameters due to the linearity
of the policy defined by Definition 13. Now, we substitute
(17) into (18) to derive an m-dimensional vector equation,
and multiply (dj — sx) with £™ component as follows:
M

(18)

B [Z(dk — ) i (@)
j=1
D (i = si) fig (@) - gj (@1, 05-1)| =0,
=1

fl];/l(x)"'.me'(x)



for all £k = 1,...,m. We sum up the m equations and
rearrange the terms to derive the following equation:

M m 2

> Brvinnnecs | Sli-s0fs(ai))

j=1 i=1

0@, :;_o] —0. (19

The term inside the expectation is always nonnegative regard-
less of the distribution of zg,wq,...,wy—2. Now, suppose
that 0 _, # 0/,_; ie, d; # s; for some i € {1,...,m}.
Then, we have g;(-,0_;) to be strictly positive. As a result,
for (19) to be satisfied, Y .~ (d; — s;)fij(x%_1) should be
0 for every j € {1,..., M} for all possible values of x,_;.
Recall from Remark 8 to note that it is impossible to satisfy
(19) since x;,_; is a continuous random variable and the
policy is defined by Definition 13, i.e., a linear combination
of some independent basis functions. Thus, d; = s; for all
i €{1,...,m}, which means 6_, =6/ _;.

For the induction step, assume that 6} = 6. Again,
Qf(x,ugk(m)) = QF(x,pe,(x)) holds, and thus one can
apply the same logic as the base step to obtain 6; |, =6, _,.

Thus, @ = ¢’ holds, which implies that 7 is a local
minimizer of DP since ¢’ is a local minimizer of DP. [ ]

Remark 10: The results of both Theorems 6 and 9 state
that a local minimizer of the one-shot optimization is indeed
a local minimizer of DP under the common assumption
that no spurious local minima exist at each step of DP. By
taking the contrapositive, one can observe that under such a
condition, there is at most one local minimizer of the one-shot
optimization, indicating that no spurious local minima exist;
i.e., if DP has a very low complexity, the same holds for the
one-shot problem. )

Remark 11: To determine the form of V,Q°_, (x,u), it
was necessary to argue that ,U/g;_l(ill‘) should be the unique

solution for VﬂQﬁll(%u) = 0. For this to be true, there
should certainly be only a single stationary control policy,
which necessitates Assumption 3. In fact, it may be difficult to
satisfy the precondition that a single stationary control policy
should be in the interior of A for all z € RY. Instead, we can
relax this condition to apply only within the domain of z; i.e.,
the set of values that at least one of the states xg,z1,...,Zy,
can take. For example, if the state space is finite, satisfying
the condition becomes relatively straightforward.

Remark 12: The challenging part of a backward induction
in the proof arises from the fact that the state at step k is fully
determined by the previous steps but one cannot look at the
previous steps in the backward induction. Thus, the main idea
of the proof leverages equation (19), which incurs the fact that
0; = 0, regardless of the distribution of zg,wo,..
Thus, we only need the assumption that there is a single
stationary control policy with respect to the given distribution
of xg,wq,...,wy—1. This is a big improvement from the
work [28] (see Condition 4 of Section 5.4) in the sense that
Condition 4 needs no sub-optimal stationary point with respect
to any possible distribution.

Now, we present the pictorial example of Theorem 9.
Consider the example of 2-step problem presented above in

L, We—1-

Fig. 4. Landscape of the one-shot optimization under the assumptions
of Theorem 9: b is fixed to 0 in the figure. (a1, b1) = (1,0.5) is the
only stationary point (local minimizer) of DP and also the only stationary
point (local minimizer) of the one-shot optimization.

Fig. 3, but modify ¢ (z, po, (z)) to 1 (a1z+b; —2—0.5)*+a*.
The associated one-shot problem can be written as

7291;171}11;171)62 B, %{(a1—1)(bo+wo)+b1—0.5}4+(b0+w0)4

(mo,m1) = (0,2 +0.5) is the only locally minimum control
policy, and the parameterized policy class contains this policy
as (bg,a1,b1) = (0,1,0.5). Clearly, it is a local minimizer
of DP. It turns out that the corresponding one-shot problem
also has a single stationary point (0,1,0.5), which is also a
local minimizer of the one-shot optimization. Fig. 4 shows the
landscape of the one-shot optimization when b is fixed to 0.

Considering both Theorems 7 and 9, one can conclude that
under the assumptions of Theorem 9, a local minimizer of DP
is equivalent to a local minimizer of the one-shot optimization.

D. Numerical Experiments

In this subsection, we will present a high-dimensional
experiment on the classical linear quadratic regulator (LQR):

fe(xp,ug) = Agag + Brug, k=0,...,n—1, 9~ D,
cr(Tp, up) = ) Qeay +ul Rpug, k=0,...,n—1,
up = Kz, k=0,....,n—1, cu(zn) =2z, Qnn,
whose goal is to find the optimal parameters: Ko, ..., K, _1.

To solve the problem using DP, we use Xpress Optimizer
v9.3.0 [40]. To solve the problem in a one-shot fashion, we
use Gurobi Optimizer v11.0.0 [41] with the tolerance of 10—,
Let Ky pp and K og denote an observed local solution
of the k™ step parameter K obtained by DP and the one-
shot problem, respectively. We aim to determine whether each
local solution of DP corresponds to some local solutions of
the one-shot problem, and vice versa. One can verify this by
first solving DP or the one-shot problem and then providing
its solution as the initial parameter values when solving its
counterpart. This method is often referred to as “warm start.”
We expect to observe unchanged values from the initial guess
if there is indeed a correspondence. Let K. pp_, o5 (K os_pp)
denote the solution of K obtained by the one-shot problem
(DP) using warm start with DP (one-shot) solution as an initial
guess. The initial distribution D introduces the stochasticity
to the system and induces the states to be continuous random
variables, which obeys the assumption of Theorem 9.
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TABLE I
RELATIONSHIP BETWEEN DP AND ONE-SHOT SOLUTIONS OF LQR

Numerical difference Scenario (a) Unconstrained (b) Constrained
||K8,DP_K(§ pp_sosl F/1Kj ppll 7 0 0
E3 * *
157 pp — K1 ppoosllF/I1 K7 ppllF 0 0
=6 =z
K3 0s — K¢ 0s—ppll £/ I1KG osll 7 2.901-10 5.399-10
—5
||Ki*0s - K} OS—>DPHF/HKI osllF 2.291-10 3.156

We perform 20 experiments for 23 € R? and u; € R* with
n = 30. We randomly generate A; and By, whose entries
are all in [—100,100]. We also generate Q; = QQT and
R, = RR"T + 1001, where all entries of (Q and R are in
[—20,20] and I denotes the identity matrix. D is the normal
distribution with the expectation 201 and the variance vvT,
where 1 denotes the vector of ones and all entries in V' are
in [—200, 200]. We consider two scenarios: (a) unconstrained
and (b) constrained by the last-step (nonconvex) condition
K,T_lKn_l > 100007, where > denotes the Loewner partial
ordering (roughly speaking, this condition ensures that the
controller has a high gain). Table II shows whether the
correspondence holds between the solutions of DP and the
one-shot problem using warm start under the two scenarios,
presenting the results of the average of 20 experiments.

It turns out that for both scenarios, one can observe that a
solution of DP corresponds to each solution of one-shot prob-
lem since the one-shot solver directly identifies DP solution as
a local solution of the one-shot problem without any numerical
update. This implication supports the findings of Theorem 7.

However, whether a one-shot solution implies some DP
solutions depends on the problem setting. Our experiment for
the unconstrained case shows that a solution of the one-shot
problem indeed corresponds to that of DP, implying with the
above result that a one-shot solution is equivalent to a DP
solution. Previous studies have shown the global convergence
of this one-shot problem by proving that LQR satisfies the
gradient dominance property, even though the problem is gen-
erally nonconvex [42], [43]. Our general approach alternatively
observes the DP counterparts: Since every DP sub-problem of
LQR has no spurious local minima, our experiment implies
that the one-shot LQR problem also has none of them and
achieves the global convergence, which supports Theorem 9.

On the other hand, the nonconvex constraint on K, _1
creates spurious solutions for the (n — 1)™ DP, independent of
whether the (n—2)", ..., 0" DP steps have any spurious local
minima. Our experiment for the constrained case shows that
having spurious local minima at the (n — 1) DP propagates
backward to K, where the solver fails to guarantee that
an observed local minimum of the one-shot optimization
corresponds to that of DP. This illustrates that the landscape
of the one-shot problem has a higher complexity than its DP
counterpart, which was also shown in Fig. 2b and Fig. 3. This
result serves as a counterexample of the converse of Theorems
7 and 8, and it implies that a single high-complexity DP step
affects the landscape of the one-shot problem.

V. CONCLUSION

In this paper, we studied the optimization landscape of the
optimal control problems via two different formulations: one-
shot optimization aimed at solving for all input values at the
same time, and DP method aimed at finding the input values
sequentially. For the deterministic problem, we proved that
under some mild conditions, each local minimizer of the one-
shot optimization corresponds to an input sequence induced by
some locally minimum control policy of DP, and vice versa.

To help better understand the quality of the local solutions
obtained by reinforcement learning algorithms, we incorpo-
rated exact parameterized policies into the optimal control
problem for both deterministic and stochastic dynamics. We
showed that if the one-shot problem has a low complexity, so
do the corresponding DP sub-problems, indicating the success
of DP methods. Moreover, under the condition that there exists
only a single locally minimum control policy, with different
technical assumptions, both deterministic and stochastic cases
yield that a local minimizer of the one-shot optimization is
equivalent to a local minimizer of DP.

We focused on the discrete-time finite-horizon optimal
control problem in this work. A natural future direction would
be to extend this work to the continuous-time and infinite-
horizon cases, which was discussed in Remark 4. For safety-
critical systems, state constraints may also be enforced, with
recursive feasibility being crucial to guarantee the success of
DP. One may also want to extend the parameterized policy
class beyond a linear combination of basis functions, such as
composite functions widely used in deep neural networks.
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