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Abstract

This paper presents a new methodology that adaptively optimizes exploration
policy for the reinforcement learning problem. We shift the objective from value-
function accuracy to direct policy identification, using the probability of correct
selection as a metric. We establish a new central limit theorem for asynchronous
Q-learning with adaptive step sizes and propose a regularized signal-to-noise ratio
index for exploration policy designing. To address the computational cost of
the high-dimensional optimization, we propose a novel pipeline with an offline,
simulation-based proactive learning loop. This loop trains a deep neural network
to serve as a fast, low-dimensional proxy for the complex optimization problem,
allowing for efficient online policy updates in real-world applications. We validate
our approach on the challenging RiverSwim environment, demonstrating superior
performance compared to standard exploration heuristics.

1 Introduction

Reinforcement learning (RL) has achieved remarkable success in sequential decision-making by
combining statistical learning with trial-and-error exploration. Yet, a central bottleneck remains: data
collection in online RL is costly, and standard exploration heuristics such as ϵ-greedy or Boltzmann
exploration depend heavily on hyperparameter tuning, often failing to ensure sufficient coverage in
complex environments [Sutton and Barto, 2018, Szepesvari, 2010]. For Q-learning in particular, the
exploration policy not only governs state transitions but also directly affects the update frequency of
Q-values, making its design crucial for sample efficiency.

The primary goal of RL is to find an optimal policy, a∗(s). Value-based methods like Q-learning
traditionally approach this by estimating the optimal action-value function, Q∗(s, a), typically
through minimizing temporal-difference errors, which are often treated in practice as regression-like
objectives with metrics such as mean squared error (MSE) or Bellman error. However, a critical
limitation is that value function accuracy is a poor proxy for policy accuracy Fujimoto et al. [2022].
A model with low value error may still fail to correctly rank the optimal action and vice versa.
Motivated by this misalignment, our work shifts the optimization goal from value estimation to direct
policy identification. We introduce a more direct metric, the probability of correct selection (PCS),
which measures the likelihood of correctly identifying the optimal action a∗(s) in a given state. This
paradigm is inspired by the Ranking and Selection (R&S) problems in simulation optimization [Chen
et al., 2020, Peng et al., 2018, Shi et al., 2023], which are designed to find the best alternative with
minimal samples and high probability Hong [2018]. Unlike traditional RL exploration strategies that
focus on reducing uncertainty across all actions Lu and Van Roy [2019], our approach integrates
R&S experiences into an off-policy Q-learning framework, designing a behavior policy specifically
to efficiently differentiate between optimal and suboptimal actions.
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We develop a new functional CLT for asynchronous Q-learning that explicitly accommodates adaptive
step sizes, extending beyond prior analyses restricted to polynomial or constant step-size rules. This
new CLT provides closed-form variance characterization through Lyapunov equations, enabling
principled uncertainty quantification for Q-value estimates. Previous results in the literature often
require global smoothness assumptions on the mean flow [Paulin, 2015, Borkar et al., 2024], do
not admit adaptive step sizes [Szepesvári, 1997, Li et al., 2023], or fail to provide explicit variance
formulas [Xie and Zhang, 2022, Zhang and Xie, 2024]. By contrast, our framework explicitly handles
the non-smooth nature of the Q-learning mean flow and yields tractable variance expressions.

To optimize the exploration policy, we propose to optimize an asymptotic surrogate of the PCS
[Glynn and Juneja, 2004, Zhu et al., 2023]. While variance-aware exploration can in principle be
formulated as a high-dimensional optimization problem involving D +D2 variables (with D the
number of state-action pairs), directly solving it is computationally prohibitive. To overcome this,
we design a pipeline that first generates problem instances and simulates exploration policies, then
uses CLT-based variance analysis to quantify uncertainty, followed by learning and solving a reduced
proxy optimization with only D variables. The resulting objective values are then used to train a
neural network as a deep objective proxy. This surrogate allows fast and scalable approximation of
the optimization objective, amortizing computation across tasks and enabling efficient online policy
updates in real-world interactions. Numerical experiments on a pure-exploration RiverSwim problem
demonstrates the feasibility and superiority of our method.

2 Methodology

Consider a discounted infinite-horizon Markov decision process (MDP) denoted as (S,A, R, P, γ),
where S = [S] and A = [A] are the state and action spaces, respectively. The function R : S×A → R
specifies the expected immediate reward, P is the transition probability, and γ ∈ (0, 1) is the discount
factor. Here, 0 < S,A < ∞ denote the cardinalities of the state and action spaces. A standard
result in dynamic programming is that the maximum achievable expected cumulative reward can be
represented by the optimal action-value function Q∗. This function satisfies the Bellman equation:

Q∗(s, a) = R(s, a) + γ
∑
s′∈S

Ps,a(s
′) max

a′∈A
Q∗(s′, a′).

The corresponding optimal policy is stationary and state-dependent, given by

a∗(s) = argmax
a∈A

Q∗(s, a), s ∈ S.

Suppose a stationary exploration policy π(a|s) is implemented. At step t ≥ 1, an agent observes
state st, selects an action at ∼ π(·|st), and receives a reward rt. The next state is sampled as st+1 ∼
Pst,at

(·). We assume rt and st+1 are conditionally independent given (st, at). The asynchronous
Q-learning algorithm updates the Q-value for the state-action pair (st, at) using the following rule:

Qt+1(s, a) = Qt(s, a) + βt(s, a)1(s,a)(st, at)

(
rt(st, at) + γmax

a′∈A
Qt(st+1, a

′)−Qt(st, at)

)
where βt(s, a) ∈ (0, 1) is a randomized step size. Specifically, we use βt(s, a) = pt/wt(s, a), where
pt = kρ/(t + k)ρ for k > 0 and 1/2 < ρ ≤ 1. And, wt(s, a) is a weight satisfying Assumption
3 in the online supplement. For example, wt(s, a) = (Nt−1(s, a) + 1)/(t + 1) can be utilized
for variance reduction and facilitating convergence, especially when the state space is large. Here,
Nt−1(s, a) =

∑t−1
τ=1 1(s,a)(st, at) stands for the visiting times of (s, a).

We propose to use the average PCS as the performance metric. Formally, it is defined as

PCS :=
1

S

∑
s∈S

P (Qt(s, a
∗(s)) > Qt(s, a), ∀a ̸= a∗(s)) .

Each summand dictates the probability of correctly identifying a∗(s) as the best action after exhaust-
ing t samples, given a state s. Although PCS is not analytically tractable, we have the following
approximation based on the large deviations principle given by Glynn and Juneja [2004], i.e.,

−pt log(1− PCS) ≈ min
s∈S

min
a∈A\{a∗(s)}

1

2
(Q∗(s, a∗(s))−Q∗(s, a))

2
/σ̃2(s, a),
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where σ̃2(s, a) represents the asymptotic variance of Qt(s, a
∗(s))−Qt(s, a), ∀s ∈ S, a ̸= a∗(s),

if it exists. Moreover, the above approximation takes the explicit form of a signal-to-noise ratio
(SNR). A high SNR means that the expected difference is large relative to the variability, hence the
difference is reliably detectable. These observations drive us to take SNR as a surrogate for PCS.

In implementation, we use plug-in estimate to calculate SNR, substituting unknown parameter Q∗

with Qt. Let λ(s, a) denote the stable distribution of the Markov chain {(st, at) : t ≥ 1} given
exploration policy π(a|s). We notice Qt is typically biased for Q∗ when t is small, leading to a
biased estimation for SNR. To be specific, Szepesvári [1997] provides a polynomial bound for the
bias E|Qt(s, a)−Q∗(s, a)| ≤ C/ exp{ln t ·minλ(s, a)/maxλ(s, a) · (1− γ)} for some constant
C. To mitigate the bias issue, we introduce a regularized term to the surrogate objective:

ISNR-REG := max
s∈S

max
a∈A\{a∗(s)}

log
σ̃2(s, a)

(Q∗(s, a)−Q∗(s, a∗(s)))2
+ ξ log

maxλ(s, a)

minλ(s, a)
,

where ξ is a hyperparameter.

It remains to characterize asymptotic behavior of Qt(s, a
∗(s)) − Qt(s, a). For this purpose, we

develop a novel central limit theorem for Qt leveraging the ordinary differential equation method
in Borkar et al. [2024]. Suppose D = SA and Qt = (Qt(s, a)) ∈ RD is a vector arranged in
lexicographical order. Denote W ∗, Λ, ΣR and ΣT as diagonal matrices with the ((s − 1)A + a)-
th element on the diagonal being w∗(s, a) := limt→∞ wt(s, a), λ(s, a), σ2(s, a), and Ps,aV

∗2 −
(Ps,aV

∗)2, respectively. Here, σ2(s, a) is the variance of the reward received for action a at state s,
and V ∗ = (V ∗(s)) is the state-value function with V ∗(s) = maxa∈A Q∗(s, a). Moreover, let P ∗ be
the transition kernel of (st, at) when the optimal action policy a∗ is applied. Then, we have:
Theorem 1 (CLT). Under Assumptions 1, 2, and 3, then the asynchronous Q-learning algorithm
is consistent, i.e., Qt → Q∗ as t → ∞. Moreover, if the initial Q-value Q0 has eighth bounded
absolute moment, and pt satisfies either one of the following:

1. 1
2 < ρ < 1, k > 0, and α = 0; or

2. ρ = 1, 0 < 1/k < (1− γ) ·mins,a λ(s, a)/w
∗(s, a), and α = 1/k,

then,
√
pt−1

−1(Qt −Q∗)
w→ N(0,ΣQ), where ΣQ solves the Lyapunov equation

AΣQ +ΣQA
⊤ +B = 0.

where A = [ 12αI + (W ∗)−1Λ(γP ∗ − I)], B = (W ∗)−2Λ(ΣR + γ2ΣT ).

The Assumptions 1, 2, and 3 could be found in the online supplement. The proof of Theorem 1 is
deferred to the future version of this project.

The optimal allocation is then calculated by solving an optimization problem that maximizes the
proposed index. Similar to Zhu et al. [2023], we consider optimizing the following problem:

min
Λ≥0,ΣQ

ISNR-REG (1)

s.t.



[
1

2
αI + (W ∗)−1Λ(γP ∗ − I)

]
ΣQ +ΣQ

[
1

2
αI + (γP ∗ − I)⊤Λ(W ∗)−1

]
= −(W ∗)−2Λ(ΣR + γ2ΣT ),∑

a′∈A
λ(s, a′) =

∑
s′∈S,a′∈A

λ(s′, a′)Ps′,a′(s), ∀s ∈ S,

∑
s′∈S,a′∈A

λ(s′, a′) = 1, λ(s, a) > ε, ∀(s, a) ∈ S ×A,

where ε > 0 is introduced to force enough exploration, especially when t is small. The first equation
links the essential decision variable Λ to the asymptotic variance matrix ΣQ. The second equations
ensure λ(s, a) is compatible with the transition probability P . The third equation normalizes λ(s, a).
Then, the exploration policy follows π(a|s) = λ(s, a)/

∑
a∈A λ(s, a). In implementation, we begin

with an initial exploration policy π0, carry out the Q-learning algorithm, and periodically re-solve the
optimization problem (1). The details are described in Algorithm 1, which we refer to as Q-learning
optimal computing budget allocation (Q-OCBA) algorithm.
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3 Deep Q-OCBA Exploration Policy

The Q-OCBA algorithm, as a sequential exploration policy, necessitates the repeated re-solving of
the optimization problem (1). This optimization module is computationally prohibitive due to several
factors. First, the problem’s formulation is non-convex and involves quadratic constraints with an
indefinite coefficient matrix. Second, the high dimensionality of the decision variables contributes
significantly to the computational burden, as the variance matrix is D2-dimensional and the Λ matrix
contains D non-degenerate elements. Consequently, the high computational time makes the approach
impractical for real-world applications.

Deep objective
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Explore action 𝑠𝑡+1 ∼ 𝑃(𝑠|𝑠𝑡, 𝑎𝑡) Sample action 𝑎𝑡 ∼ 𝜋𝑡(𝑎|𝑠𝑡)
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Figure 1: A learning pipeline with two workflows: an online primitive workflow above the dashed line
for real-world interactions, and a new offline workflow below it that uses pretrained neural networks
to replace the slow optimization module.

We then propose a deep-learning driven methodology to mitigate this issue. The new approach is
motivated by the observation that the cause of the curse of dimensionality arises from the intermediate
variable ΣQ. Although ΣQ can be solved from a linear system when Λ is given, the need to minimize
the objective as a function of Λ necessitates differentiating ΣQ w.r.t. Λ, applying the chain rule. In
order to facilitate optimization, we train a deep neural network to express ISNR− REG as a function
in merely Λ. To train the network, we simulate problem instance parameters proactively, including
α, γ, ξ, P ∗, and W ∗. For each instance, we then simulate feasible stable distribution Λ’s and evaluate
the objective values exactly. The simulated data are gathered to feed the neural network. With the
pretrained network, we obtain a D-dimensional problem with a neural network surrogate objective,
subject to the second and third constraints as in (1), which can be solved easily using non-convex
optimizers. The gradients of the surrogate are easily accessible, facilitating the optimization. The
pipeline is illustrated in Figure 1.
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Figure 2: PCS curve as a function of
simulation budget, estimated based on
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We demonstrate the performance of the proposed method-
ology in a pure exploration problem known as RiverSwim.
It is commonly used to validate exploration policies in
reinforcement learning [Osband et al., 2013, Hans et al.,
2016]. The problem details can be found in the online
supplement. In an instance with S = 30 states and 2 ac-
tions, we compare the proposed algorithm with a problem-
dependent heuristic, random exploration. It relies on a
single parameter p ∈ (0, 1) and its performance is highly
parameter-sensitive. As demonstrated in Figure 2, the ran-
dom exploration policy p = 0.75 performs best among the
compared methods. Unfortunately, the optimal parameter
is unknown ex ante. Another random exploration pol-
icy with p = 0.7 delivers poor PCS. The proposed deep
Q-OCBA algorithm, is superior to random exploration
with the oracle optimal parameter. Its edge over other methods when the budget is small further
emphasizes its advantage in practice. Further discussions can be found in the online supplement
(https://github.com/anduiiin/NIPSWS_RSQLearning-online-supplement).
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A Experiment Details

The river swim problem is a widely used benchmark in RL. The environment consists of a finite,
discrete set of states [S] = {1, 2, . . . , S}, arranged in a linear topology. There are two possible
actions: to swim upstream (rightward) or downstream (leftward). The challenge in this problem lies
in the fact that the optimal policy requires persistent exploration to reach and assess the state at the
rightmost end.

At each step t, when the agent selects the upstream action in state st ∈ [S], it transitions to
st+1 = (st + 1) ∨ S with a small probability pr, or remains in the same state with probability
1− pr − δ, or transitions to the downstream state with a small probability δ. Conversely, choosing
the downstream action, the agent transitions to st+1 = (st − 1) ∧ 1 with probability 1. We consider
scenarios with S = 30 states. The upstream transition probability pr is set to 0.4, while the small
probability δ is set to 0.1. Rewards are distributed sparsely across the state space: a small reward of
r(1) = 4 is given at the leftmost state 1, and a significantly larger reward of r(S) = 10 is assigned to
the rightmost state S. All intermediate states {2, . . . , S − 1} yield zero rewards.

Intuitively, the optimal policy is to choose the upstream action when the current state is close to the
upmost state and to choose the downstream action when the state is small. Therefore, this problem
underlines sufficient exploration for an efficient policy. In fact, greedy-like algorithms that spend
most samples on the optimal action tend to stick to one side of the river and may fail to learn the
best action in the upstream states that are never visited, which necessitates adopting a farsighted
exploration policy.

Our model encodes each instance–input pair through parallel pathways and a lightweight attention
mechanism. The instance encoder has two branches: a convolutional branch processes the instance-
transition matrix (reshaped to 60× 60 with a single channel) through three convolutional kernels with
channel sizes 64, 128, and 256, followed by adaptive average pooling to obtain a 256-dimensional
feature, which is further projected to 256 dimensions with a linear layer; and a tabular branch maps 122
auxiliary features through two fully connected layers (122-256-128), producing a 128-dimensional
representation. The two outputs are concatenated into a 384-dimensional vector and fused through
a two-layer MLP (384-256-128) to form the final 128-dimensional instance representation. Each
candidate input (60-dimensional) is independently mapped into the same latent space using a two-
layer MLP (60-256-128). A multi-head paired attention module (4 heads, 32 dimensions per head)
then conditions each input on its corresponding instance embedding using gated dot-product scores,
projecting the output back to 128 dimensions, which is combined with the input embedding via
residual addition and normalization. The resulting embedding is refined by a residual feed-forward
block (128-256-128) and finally passed through a two-layer prediction head (128-128-1) to produce
the scalar output.

B Algorithms

Algorithm 1 Q-Learning Optimal Computing Budget Allocation (Q-OCBA) Policy
1: Input: Review periods B, cumulative number of data collected after stage b, tb, b = 1, . . . , B,

with tB = N , i.e., N is the total sampling budget (and we define t0 = 0), estimation parameters
ρ, k, α satisfying assumptions in Theorem 1, auxiliary parameter ξ > 0 (a penalty constant),
0 < ε ≪ 1, and initial exploration policy π1.

2: Initialize: iteration numbering b = 1; randomized initial Q-table Q0.
3: while b ≤ B do
4: Simulate data from exploration policy πb for tb − tb−1 steps, update Qtb−1+1, . . . , Qtb in an

online manner, and maintain estimations P̂tb and Σ̂R,tb ;
5: Use plug-in estimation based on Qtb and P̂tb to obtain π̂∗

tb
, V̂ ∗

tb
and Σ̂T,tb .

6: Solve optimization problem (1) for Λb, with W ∗ replaced by Wtb , P replaced by P̂tb , π∗

replaced by π̂∗
tb

, ΣR replaced by Σ̂R,tb , and ΣT replaced by Σ̂T,tb .
7: Set πb(s|a) = λb(s, a)/

∑
a′∈A λb(s, a

′) and b = b+ 1.
8: end while
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C Assumptions

For any M > 0, we define Tk :=
∑k−1

t=0 pt, τ0 = 0 and τn+1 := inf{t > τn : Tt ≥ Tτn + M},
inductively. We assume the following assumptions.
Assumption 1. For any state s ∈ S, argmaxa∈A Q∗(s, a) is unique.
Assumption 2. The transition probability matrix Pπ is aperiodic and irreducible.
Assumption 3. Assume there exists a constant C3, which is subject to change of M , such that ∀(s, a),

1. Wt > 0 is a predictable process, i.e., wt ∈ Ft−1, converging to W ∗, a.s.; and

2. for t ≤ l that satisfies Tl − Tt ≤ M , |w−1
l (s, a)− w−1

t (s, a)| ≤ C3|w−1
t (s, a)|; and

3. limn→∞ supτn≤t≤τn+1
∥w−1

t (s, a) − w∗−1(s, a)∥rn = 0 as n → ∞, if rn = O(n2);

moreover, supτn≤t≤τn+1
p
−1/2
t ∥w−1

t (s, a)− w∗−1(s, a)∥rn < C3, if rn = O(1).

D Lemmas, Propositions, and Proofs

Lemma 1 (Hurwitz). In either of the following cases,

1. 1/2 < ρ < 1, k > 0 arbitrary, and α = 0; or

2. ρ = 1, 0 < 1/k < 2(1− γ) · (1 ∧mins,a λ(s, a
∗(s))/w∗(s, a∗(s))), and α = 1/k,

the drift coefficient A in Theorem 1 is Hurwitz. Therefore, the Lyapunov equation (1) is well-posed.
Furthermore, if Σζ is symmetric and (semi-)positive definite, the unique solution to the Lyapunov
equation (1) is symmetric and (semi-)positive definite as well.

Proof. Recall all entries of Ā = (W ∗)−1Λ(γP ∗ − I) are non-positive since P ∗ is a probability
transition matrix. It follows from the Gershgorin circle theorem that for each eigenvalue z of Ā,
either |z − 1| ≤ γ, or for some s ∈ S,∣∣z − λ(s, a∗(s))(γPs,a∗(s)(s)− 1)/w∗(s, a∗(s))

∣∣ ≤ λ(s, a∗(s))γ(1− Ps,a∗(s)(s))/w
∗(s, a∗(s)).

In the former case, Re(z) ≤ −(1− γ) < 0, and in the latter case,
Re(z) ≤ −(1− γ)λ(s, a∗(s))/w∗(s, a∗(s)) < 0.

If condition 1. holds, A = Ā is Hurwitz. If condition 2. holds, each eigenvalue z′ of 1
2αI

coincides with 1
2k + z for some eigenvalue z of Ā. Therefore, in either case in the last paragraph,

Re(z′) = 1
2k +Re(z) < 0. Hence A is Hurwitz.

Now, suppose Σζ is symmetric. Then, since A is Hurwitz, the unique solution admits an analytical
form ΣQ =

∫∞
0

exp{At}Σζ exp{A⊤t}dt. Hence ΣQ is symmetric. If Σζ is semi-positive definite,
then x⊤ΣQx =

∫∞
0

x⊤ exp{At}Σζ exp{A⊤t}xdt ≥ 0 for any x ∈ RD. If Σζ is further positive
definite, we claim ΣQ is positive definite as well. Suppose otherwise that there exists x ̸= 0 such that
x⊤ΣQx = 0, we must have x⊤ exp{At}Σζ exp{A⊤t}x = 0 for t ≥ 0 almost everywhere. Since
Σζ is positive definite, exp{A⊤t}x = 0, which implies that exp{A⊤t} does not have full rank, a
contradiction to the fact that A is Hurwitz.

Lemma 2. The following statements regarding τn hold:

1. for 1
2 < ρ < 1, we have τn + k = Θ(n1/(1−ρ)) as n → ∞ and (τn+1 − τn)/τn = O(n−1);

2. for ρ = 1, we have k exp{nMk−ρ − 1} ≤ τn + k ≤ k exp{n(M + 1)k−ρ}, and (τn+1 −
τn)/τn < (1 + k)(exp{M + 1} − 1).

Proof. By definition of τn, we have nM ≤ Tτn ≤ n(M + 1). Moreover, it follows from the integral
inequality that ∫ k+t

k

x−ρdx ≤ k−ρTt =

t−1∑
j=0

(j + k)−ρ ≤ 1 +

∫ k+t

k

x−ρdx.
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Moreover,

k−ρ(M + 1) ≥
τn+1−1∑
j=τn

(j + k)−ρ ≥
∫ τn+1+k

τn+k

x−ρdx.

For ρ < 1, it follows from the first inequality that (k1−ρ+n(1−ρ)Mk−ρ−(1−ρ))1/(1−ρ) ≤ τn+k ≤
(k1−ρ + n(1− ρ)(M + 1)k−ρ)1/(1−ρ). And, it follows from the second inequality and the concavity
of the mapping x 7→ x1−ρ that

∫ τn+1+k

τn+k
x−ρdx = (1 − ρ)−1((τn+1 + k)1−ρ − (τn + k)1−ρ) ≥

(τn + k)−ρ(τn+1 − τn). Since (τn + k)1−ρ ≥ k1−ρ + n(1 − ρ)Mk−ρ − (1 − ρ), we see that
(τn+1 − τn)/τn = O(n−1) as n → ∞.

For ρ = 1, we have
∫ k+t

k
x−1dx = ln(1 + t/k). The first inequality leads to k exp{nMk−ρ − 1} ≤

τn + k ≤ k exp{n(M + 1)k−ρ}. From the second inequality above, we have exp{M + 1} − 1 ≥
(τn+1 − τn)/(τn + k) ≥ (τn+1 − τn)/((1 + k)τn).

Proposition 1. Under Assumption 2, either (i) the constant steps sizes, i.e., wt(s, a) = w∗(s, a) = 1,
or (ii) the inverse-visit-frequency step sizes, i.e., wt(s, a) = (Nt−1(s, a) + 1)/(t+ 1), satisfies the
conditions in Assumption 3.

Proof. For case (i), Wt is a constant and thus Assumption 3 holds trivially.

For case (ii), given Assumption 2, wt(s, a) = (Nt−1(s, a) + 1)/(t + 1) is Ft−1-measurable
and converges to λ(s, a). Therefore, Assumption 3.1 holds. To see the validity of Assumption
3.2, a straightforward calculation yields w−1

l (s, a) − w−1
t (s, a) = l+1

Nl−1(s,a)+1 − t+1
Nt−1(s,a)+1 ≤

l−t
Nt−1(s,a)+1 = l−t

t+1w
−1
t (s, a) and w−1

l (s, a) − w−1
t (s, a) ≥ − t+1

Nt−1(s,a)+1 . Choosing C3 =

max{1, supt≤l, Tl−Tt≤M
l−t
t+1} suffices, if the second term is finite. In fact, using a similar argument

in the proof of Lemma 2, we have k−ρM ≥ k−ρ(Tl−Tt) =
∑l

j=t+1(j+k)−ρ ≥
∫ l+k+1

t+k+1
x−ρdx ≥

l−t
t+1

t+1
(t+k+1)ρ . It turns out that lim supt→∞ supTl−Tt≤M

l−t
t+1 ≤ k−ρM , which justifies Assumption

3.2.

Given Assumption 2, Paulin [2015] implies the Hoeffding’s inequality

P
(∣∣∣∣Nt−1(s, a)

t
− λ(s, a)

∣∣∣∣ ≥ x

)
≤ exp{−C1tx

2}, (2)

where C1 is a constant depending on the mixing time of the underlying Markov chain. Fix any s, a,
and write δt := w−1

t (s, a)− w∗−1(s, a). And we define the following analogy to δt:

δ̃t := w−1
t (s, a)− t+ 1

tw∗(s, a) + 1
= δ̃t1{|δ̃t| >

t+ 1

tw∗(s, a) + 1
}+ δ̃t1{|δ̃t| ≤

t+ 1

tw∗(s, a) + 1
}.

If |δ̃t| > t+1
tw∗(s,a)+1 , then w−1

t (s, a) ≥ 2(t+1)
tw∗(s,a)+1 > 0 and δ̃t ≤ t

Nt−1(s,a)
− w∗−1(s, a). Therefore,

it follows from (2), for x ≥ t+1
tw∗(s,a)+1 ≥ 1,

P
(
w−1

t (s, a)− t+ 1

tw∗(s, a) + 1
≥ x

)
≤ P

(
t

Nt−1(s, a)
− w∗−1(s, a) ≥ x

)
≤ exp{−C ′

1t},

where C ′
1 = C1

w∗2(s,a)
(w∗−1(s,a)+1)2 . It follows by definition that wt(s, a) ≥ 1

1+t . Hence,∥∥∥∥δ̃t1{|δ̃t| > t+ 1

tw∗(s, a) + 1
}
∥∥∥∥rn
rn

=

∫ t+1

t+1
tw∗(s,a)+1

rnx
rn−1P

(
w−1

t (s, a)− t+ 1

tw∗(s, a) ≥ 1
+ x

)
dx

≤ exp{−C ′
1t} ×

∫ t+1

0

rnx
rn−1dx = exp{−C ′

1t} · (t+ 1)rn .

Therefore, for n sufficiently large, if 1/2 < ρ < 1,

sup
τn≤t≤τn+1

∥∥∥∥δ̃t1{|δ̃t| > t+ 1

tw∗(s, a) + 1
}
∥∥∥∥
rn

≤ exp{−C ′
1

τn
rn

}(τn+1 + 1) = O

(
exp{−C ′

1

τn
rn

}τn
)
.
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The second equality above holds because supn≥1
τn+1

τn
≤ ∞ according to Lemma 2.

If |δ̃t| ≤ t+1
tw∗(s,a)+1 , then 0 ≤ w−1

t (s, a) ≤ 2w∗−1(s, a). Consequently,

|δ̃t| =
∣∣∣∣ t+ 1

Nt−1(s, a) + 1
− t+ 1

tw∗(s, a) + 1

∣∣∣∣ ≤ ∣∣∣∣ 2tw∗−1(s, a)

tw∗(s, a) + 1

∣∣∣∣ · ∣∣∣∣Nt−1(s, a)

t
− w∗(s, a)

∣∣∣∣ ,
and by (2) again, it turns out that for x > 0,

P
(∣∣∣∣ t+ 1

Nt−1(s, a) + 1
− t+ 1

tw∗(s, a) + 1

∣∣∣∣ · 1{|δ̃t| ≤ t+ 1

tw∗(s, a) + 1
} ≥ x

)
≤P

(∣∣∣∣Nt−1(s, a)

t
− w∗(s, a)

∣∣∣∣ ≥ ∣∣∣∣ tw∗(s, a) + 1

2tw∗−1(s, a)

∣∣∣∣x) ≤ exp{−C ′′
1 tx

2},

where C ′′
1 = C1

w∗4(s,a)
4 . Hence,∥∥∥∥δ̃t1{|δ̃t| ≤ t+ 1

tw∗(s, a) + 1
}
∥∥∥∥rn
rn

≤
∫ w∗−1(s,a)

−w∗−1(s,a)

rn|x|rn−1 exp{−C ′′
1 tx

2}dx

≤rn(2C
′′
1 t)

−rn/2
√
2πE|Z|rn−1,

where Z ∼ N(0, 1). According to Feller [1991], we have E|Z|rn−1 = 2
rn−1

2 Γ( rn2 )/
√
π, where Γ

is the gamma function. Then
∥∥∥δ̃t1{|δ̃t| ≤ t+1

tw∗(s,a)+1}
∥∥∥
rn

≤ O(r
1/rn
n ( t2 )

− 1
2Γ( rn2 )

1
rn ). It follows

from the Stirling’s formula that this moment is smaller than or equal to O(
√
rn/t) ≤ O(

√
rn/τn).

Finally, we see that 0 ≤ δt − δ̃t ≤ 1−w∗(s,a)
w∗2(s,a) · 1

t = O( 1t ). By the triangle inequality,

sup
τn≤t≤τn+1

∥δt∥rn ≤ sup
τn≤t≤τn+1

∥δt − δ̃t∥rn +

∥∥∥∥δ̃t1{|δ̃t| > t+ 1

tw∗(s, a) + 1
}
∥∥∥∥
rn

+

∥∥∥∥δ̃t1{|δ̃t| ≤ t+ 1

tw∗(s, a) + 1
}
∥∥∥∥
rn

=O

(
1

τn

)
+O

(
exp{−C ′

1

τn
rn

}τn
)
+O

(√
rn
τn

)
.

For rn = O(n2), Lemma 2 implies that 1/τn = o(1). If 1/2 < ρ < 1, exp{−C ′
1
τn
rn
}τn =

exp{−Ω(n
1

1−ρ−2)}O(n
1

1−ρ ) = o(1), and
√

rn
τn

= O(n1− 1
2(1−ρ) ) = o(1). If ρ = 1, it follows

from the numerical inequality exp{−x} = o(1/xp), ∀ p > 0, x > 0, that exp{−C ′
1
τn
rn
}τn =

exp{−Ω(exp{nM/k}/n2)} ·O(exp{n(M + 1)/k}) = o(1). To partially conclude, the first state-
ment in Assumption 3.3 holds.

In addition, for t ≤ τn+1, p−1/2
t ≤ p

−1/2
τn+1 = O(p

−1/2
τn ) = O(τ

ρ/2
n ), where the last equality follows

from Lemma 2. We have

sup
τn≤t≤τn+1

p
−1/2
t−1 ∥δt∥rn ≤ O

(
τ

ρ
2−1
n

)
+O

(
τ

ρ
2+1
n exp{−C ′

1

τn
rn

}
)
+O

(
τ

ρ−1
2

n
√
rn

)
.

Now suppose rn = O(1). It is apparent that O(τ
ρ/2−1
n ) = O(1). Since pτn = τ−ρ

n , the second term

is still dominated by the exponential term and equal to o(1). For the last term, τ
ρ−1
2

n
√
rn = O(τ

ρ−1
2

n ),
which is O(n− 1

2 ) if ρ < 1 and O(1) if ρ = 1. This completes the proof.
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