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Abstract

With the motive of training all the parameters of a neural network, we study why and when
one can achieve this by iteratively creating, training, and combining randomly selected sub-
networks. Such scenarios have either implicitly or explicitly emerged in the recent literature:
see e.g., the Dropout family of regularization techniques, or some distributed ML training
protocols that reduce communication/computation complexities, such as the Independent
Subnet Training protocol. While these methods are studied empirically and utilized in prac-
tice, they often enjoy partial or no theoretical support, especially when applied on neural
network-based objectives.

In this manuscript, our focus is on single hidden layer neural networks with ReLLU activations.
By carefully analyzing i) the subnetworks’ neural tangent kernel, i7) the surrogate functions’
gradient, and #ii) how we sample and combine the surrogate functions, we prove linear
convergence rate of the training error —up to an error region— for an overparameterized
single-hidden layer perceptron with a regression loss. Our analysis reveals a dependency of
the error region on the number of surrogate models and the number of local training steps
for each selected subnetwork. Moreover, the considered framework generalizes and provides
new insights on dropout training, multi-sample dropout training, as well as Independent
Subnet Training; for each case, we provide convergence results as corollaries of our main
theorem.

1 Introduction

Overparameterized neural networks have led to both unexpected empirical success in deep learning
let all [2021]: [Goodfellow et all, |2016; |Arpit et all, (2017; |Recht et all [2019; [Toneva et al) [2018), and new
techniques in analyzing neural network training (Kawaguchi et al) 2017 |Bartlett et all |2017; [Neyshabur
[ef all [2017; [Golowich et all, [2018; [Liang et al), [2019; [Arora et all [2018; [Dziugaite & Ro, [2017; [Neyshabu
et all [2018) [Zhou et all [2018]; |Soudry et all [2018]; [Shah et al), [2020; |Belkin et al), [201Y; [2018}; [Feldman),
2020 [Ma et all, [2018]; [Spigler et all [2019; [Belkin), [2021]; [Bartlett et all, [2021]; [Jacot et all [2018). While
theoretical work in this field has led to a diverse set of new overparameterized neural network architectures
(Frei et all, [2020; |[Fang et all 2021} |Lu et all, {2020 |Huang et all (2020; |Allen-Zhu et all, [2019d]; |Gu et al.
2020;|Cao et all,|2020) and training algorithms (Du et all,|2018;|Zou et al||2020;|Soltanolkotabi et al., |2018;
Oymak € Soltanolkotabi, |2019; |Li et all, |2020; |Oymak € Soltanolkotabi, |2020)), most efforts fall under the
following scenario: in each iteration, we perform a gradient-based update that involves all parameters of the
neural network in both the forward and backward propagation. Yet, advances in regularization techniques
(Srivastava et all, [2014); [Wan et al) [2015; |Gal & Ghahramand, |2016]; |Courbariauz et al) (2015 [Labach et al.),
2019), computationally-efficient (Shazeer et all [2017; |Fedus et all |2021]; |Lepikhin et all [2020}; |LeJeund
et al), [2020; [Yao et al) |2021); [Yu et all |2018; |Mohtashamsi et all, [2021]; [Yuan et all [2020; [Dun et all, [2021];
Wolfe et all |2021) and communication-efficient distributed training methods (Vogels et al |2019; |Wang|
et all {2021 [Yuan et al] |2020]) favor a different narrative: one would —explicitly or implicitly— train smaller
and randomly-selected models within a large model, iteratively. This brings up the following question:

“Can one meaningfully train an overparameterized ML model by iteratively training
and combining together smaller versions of it?”
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Figure 1: Training a single hidden-layer perceptron using multiple randomly masked subnetworks. Here,
f(W ) denotes the full model with W parameters, and Jmi (W, ) denotes the surrogate model (subnetwork)

with only active neurons as dictated by the mask m% at the k-th iteration for subnetwork [. Moreover, Wy
denotes the parameter at the start of the iteration, while WLT is the trained parameter of subnetwork .

This question closely relates to multiple existing training algorithms, as we discuss below; our goal is to work
towards a unified training scheme, and seek for rigorous theoretical analysis of such a framework. Focusing
on this objective based on shallow feedforward neural networks, we provide a positive answer, accompanied
with theoretical guarantees that are supported by observations in practical scenarios.

To be more specific, the training scheme we consider is depicted in Figure[l} Given a dense neural network,
as in Fig.1(a), we sample masks within one training step; see Fig.1(b). Each of these masks deactivates a
subset of the neurons in the original network’s hidden layer. In a way, each mask defines a surrogate model,
as shown in Fig.1(c), based on the original network, leading to a collection of subnetworks. These surrogate
subnetworks independently update their own parameters (possibly on different data shards), by performing
(stochastic) gradient descent ((S)GD) steps. Lastly, we aggregate the parameters of the independently trained
subnetworks (Fig.1(d)) to update the weights of the original network, before the next iteration starts; see
Fig.1(e). Note that multiple masks could share active neurons. When aggregating the updates, we take the
weighted sum of the updated parameters across all subnetworks, with the aggregation weights computed on
the masks of the current iteration.

We mathematically illustrate the difference between traditional training (first expression below) and the
considered methodology (second expression below):

W1 = (S)GD(f, Wy, T) VS.
W1 = Reassemble ((S)GD (fm;7Wi,T) , (S)GD (fmi,wi, 7‘) -, (S)GD (fmi,Wi,T)>

Here, the acronym (S)GD (f, W, 7) indicates the application of (S)GD on function f for 7 iterations, starting
from initial parameters W. Consequently, (S)GD ( fmi ,ch,7'> indicates the application of (S)GD for 7
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iterations on the surrogate function f,:, based on the mask me and using only the subset of parameters
k

W!. The function Reassemble involves both aggregation and reassembly of the whole model Wy 1.

In this work, we perform a theoretical analysis of this framework, based on a single-hidden layer perceptron
with ReLU activations. This is a non-trivial, non-convex setting, that has been used extensively in studying
the behavior of training algorithms on neural networks (Du et al| (2018 |Zou et all |2020; |Soltanolkotabi
et al), [2018; [Oymak & Soltanolkotabd, [2019; L et all [2020; |Oymak & Soltanolkotabi, |2020; [Song & Yang,
2020 |Ji & Telgarski, [2020; [Mianjy & Arord, [2020).

Challenges. Much work has been devoted to analyzing the convergence of neural networks based on the
Neural Tangent Kernel (NTK) perspective (Jacot et all [2018); see the Related Works section below. The
literature in this direction notice that the NTK remains roughly stable throughout training. Therefore, the
neural network output can be approximated well by the linearization defined by the NTK. Yet, training
with randomly masked neurons poses additional challenges: i) With a randomly generated mask, the NTK
changes even with the same set of weights, leading to more instability of the kernel; ii) the gradient of
the subnetworks introduces both randomness and bias towards optimizing the loss of the full network; and,
191) the non-linear activation makes the aggregated network function no longer a linear combination of the
subnetwork functions. The three challenges complicate the analysis, driving us to treat the NTK, gradient,
and combined network function with special care. We will tackle these difficulties in the proof of the theorems.

Motivation and connection to existing methods. The study of partial models/subnetworks that reside
in a large dense network have drawn increasing attention.

Dropout regularization. Dropout (Srivastava et all |2014; |Wan et all |2015; |Gal ¢ Ghahramand, (2016
[Courbariaux et al.| [2015]) is a widely-accepted technique against overfitting in deep learning. In each training
step, a random mask is generated from some pre-defined distribution, and used to mask-out part of the
neurons in the neural network. Later variants of dropout include the drop-connect (Wan et al., |2015), multi-
sample dropout [2019), Gaussian dropout (Wang & Manning, [2015), and the variational dropout
(Kingma et all |2015). Here, we restrict our attention to the vanilla dropout, and the multi-sample dropout.
The vanilla dropout corresponds to our framework, if in the latter we sample only one mask per iteration,
and let the subnetwork perform only one gradient descent update. The multi-sample dropout extends the
vanilla dropout in that it samples multiple masks per iteration. For regression tasks, our theoretical result
implies convergence guarantees for these two scenarios on a single hidden-layer perceptron.

Distributed ML training. Recent advances in distributed model/parallel training have led to variants of
distributed gradient descent protocols (Mcdonald et all [200Y: |Zinkevich et all, |2010; |Zhang & Rd, |2014;
[Zhang et all [201¢]). Yet, all training parameters are updated per outer step, which could be computationally
and communication inefficient. The Independent Subnetwork Training (IST) protocol (Yuan et all, [2020)
goes one step further: IST splits the model vertically, where each machine contains all layers of the neural
network, but only with a (non-overlapping) subset of neurons being active in each layer. Multiple local SGD
steps can be performed without the workers having to communicate. Yet, the theoretical understanding of
IST is currently missing. Our theoretical result implies convergence guarantees for IST for a single hidden-
layer perceptron, and provides insights on how the number of compute nodes affects the performance of the
overall protocol.

Contributions. The present training framework naturally generalizes the approaches above. Yet, current
literature —more often than not— omits any theoretical understanding for these scenarios, even for the case
of shallow MLPs. While handling multiple layers is a more desirable scenario (and is, indeed, considered
as future work), our presented theory illustrates how training and combining multiple randomly masked
surrogate models behaves. Our findings can be summarized as follows:

o We provide convergence rate guarantees for i) dropout regularization (Srivastava et all, [2014)), i) multi-
sample dropout (noud, , 4ii) and multi-worker IST (Yuan et all, [2020]), given a regression task on
a single-hidden layer perceptron.

e We show that the NTK of surrogate models stays close to the infinite width NTK, thus being positive
definite. Consequently, our work shows that training over surrogate models still enjoys linear convergence.
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o For subnetworks defined by Bernoulli masks with a fixed distribution parameter, we show that aggregated
gradient in the first local step is a biased estimator of the desirable gradient of the whole network, with
the bias term decreasing as the number of subnetworks grows. Moreover, all aggregated gradients during
local training stays close to the aggregated gradient of the first local step. This finding leads to linear
convergence of the above training framework with an error term under Bernoulli masks.

o For masks sampled from categorical distribution, we provide tight bounds ) on the average loss increase,
when sampling a subnetwork from the whole network; i) on the loss decrease, when the independently
trained subnetworks are combined into the whole model. This finding leads to linear convergence with a
more desirable error term than the Bernoulli mask scenario.

Summarizing the contributions above, the main objective of our work is to provide theoretical support for
the following statement:

Main statement (Informal). Consider the training scheme shown in Figure |l and described precisely in
Algorithm [1.  If the masks are generated from a Bernoulli distribution or categorical distribution, under
sufficiently large over-parameterization coefficient, and sufficiently small learning rate, training the large
model via surrogate subnetworks still converges linearly, up to an error region.

2 Related Works

The NTK enabled more refined analysis of training overparameterized neural networks (Jacot et all, |2018;
Du et all [2018; |Oymak € Soltanolkotabi, [2020;|Song & Yang, [2020; |Ji € Telgarskiy, |2020;|Su € Yang, [2019;
Arora et al) [2019; |Mianjy € Arord, |2020; |Huang et al) |2021]). NTKs can be viewed as the reproducing
kernels of the function space defined by the neural network structure, and are constructed using the inner
product between gradients of pairs of data points. With the observation of the NTK’s stability under
sufficient over-parameterization, recent work has shown that (S)GD achieves zero training loss on shallow
neural networks for regression task, even if when the data-points are randomly labeled '
[Oymak € Soltanolkotabd, |2020; |Song € Yang, |2020}). Later work characterizes the loss update in terms of
the NTK-induced inner-product of the label vector, and notices that, when the label vector aligns with the
top eigenvectors of the NTK, training achieves a faster convergence rate (Arora et al. |2019).

A different line of work explores the structure of the data-distribution in classification tasks, by assuming
separability when mapped to the Hilbert space induced by the partial application of the NTK (.Ji & Telgarsk:
|2020; |Mianjy & Arora, |2020}). Rather than depending on the stability of NTK, the crux of these works
relies on the small change in the linearization of the network function. This line of work requires milder
overparameterization, and can be easily extended to training stochastic gradient descent without changing
the over-parameterization requirement. The above literature assumes all parameters are updated per iteration.

There is literature devoted to the analysis of dropout training. For shallow linear neural networks,
Cerda € Sanders, |2020d]) give asymptotic convergence rate by carefully characterizing the local minimas.
For deep neural networks with ReLU activations, (Senen-Cerda € Sanders, |20200) shows that the training
dynamics of dropout converge to a unique stationary set of a projected system of differential equations.
Under NTK assumptions, (Mianjy & Arord, [2020]) shows sublinear convergence rate for an online version
for dropout in classification tasks. Our main theorem implies linear convergence rate of the training loss
dynamic for the regression task on a shallow neural network with ReLU activations.

Theoretical work on Federated Learning (FL) also focuses on the convergence of neural network training.
FL-NTK (Huang et al) |2021) characterize the asymmetry of the NTK matrix due to the partial data
knowledge. For non-i.i.d. data distribution, (Deng & Mahdavi, |2021) proves convergence for a shallow
neural network by analyzing the semi-Lipschitzness of the hidden layer. Our work differs since we consider
training a partial model with the whole dataset. Lastly, there is recent work on training partially masked
neural networks (Mohtashami et al) |2021]). The authors consider minimizing a differentiable objective
function under Lipschitz assumptions. We consider the more frequently used setting of a one-hidden layer
perceptron with non-differentiable activation.
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3 Training with Randomly Masked Neurons

We use bold lower-case letters (e.g., a) to denote vectors, bold upper-case letters (e.g., A) to denote matrices,
and standard letters (e.g., a) for scalars. ||al|s stands for the ¢5 (Euclidean) vector norm, ||All2 stands for
the spectral matrix norm, and ||A|r stands for the Frobenius norm. For an integer a, we use [a] to
denote the enumeration set {1,2,---,a}. Unless otherwise stated, p denotes the number of subnetworks,
and [ € [p] its index; K denotes the number of global iterations and k € [K] its index; 7 is used for the
number of local iterations and ¢ € [7] its index. We use My, to denote the mask at global iteration k, and
Emnv, ] = Emo,..., M, [] to denote the total expectation over masks My, ..., M. We use P(:) to denote the
probability of an event, and I{-} to denote the indicator function of an event. For distributions, we use
N(u,X) to denote the Gaussian distribution with mean p and variance 3. We use Bern(£) to denote the
Bernoulli distribution with mean £, and we use Unif(S) to denote the uniform distribution over the set S.
For a complete list of notation, see Table[I]in the Appendix.

3.1 Single Hidden-Layer Neural Network with ReLU activations

We consider the single hidden-layer neural network with

Al ithm 1 domly Masked Traini
ReLU activations, as in: gorithm 1 Randomly Masked Training

1: Initialize Wy, a

- 2. for k=0,...,K —1do
1(W,a,x) vm Z ((wr, ) := F(W, ). 3: Sample mask My, ~ D
h 4 for!=1,...,pdo
Here, W = [wl, .. ,Wm]T € R™*? is the weight ma- 5 Wéc,O +— W,
trix of the first layer, and a = [al,...,ar]T e R 6 fort=0,....,7—1do oL, (W)
is the weight vector of the second layer. We assume . Wi 1 Wff - n%
that each w, is initialized based on N(0,x*I). Each g end for ’
weight entry a, in the second layer is initialized uni- . AW% <_W§c I

formly at random from {-1,1}. As in (Du el al, . end for

2018 |Zou_et_all, |2020 [Soltanolkotabi et all |2018; |Oy- 1. forr=1,...,m do

mak & Soltanolkotabd, [2019; [Li et all, [2020; |Oymak & 1. Whitr < Weo + ke SO0, Awfc .
Soltanolkotabi, |2020), a is fixed. 13: end for ’

Consider a subnetwork computing scheme with p workers. 14 end for

In the k-th global iteration, we consider each binary mask
M, € {0,1}™*P to be composed of subnetwork masks m{, € {0,1}™ for [ € [p]. The r-th entry of m} is
denoted as mLW with mﬁw = 1 indicating that neuron r is active in subnetwork [ in the kth global iteration,

and mﬁw = 0 otherwise. We further impose the condition that the event mfw = 1 happens with a fixed
probability for all k,r and [. We denote this probability with £ = P (mﬁw = 1). The surrogate function

defined by a subnetwork mask mfC is given by:

fm (W X ZaT7nk r0 WT’ >)

With colored text, we highlight the differences between the full model and the surrogate functions. Consider
the dataset given by (X,y) = {(x;,v:)}"_;. We make the following assumption on the dataset:

Assumption 1. For any i € [n], it holds that ||xi]|, = 1 and |y;| < C — 1 for some constant C' > 1.
Moreover, for any j # i it holds that the points x;,%x; are not co-aligned, i.e., x; [f x;.

This assumption is quite standard as in previous literature (Du et al | |2018 [Arora et al.| 2019} [Song & Yang]
2020)).We consider training the neural network using the regression loss. Given a dataset (X,y), the function
output on the whole dataset is denoted as f(W,X) = [f(W,x1),..., f(W,x,)]. Then, the (scaled) mean
squared error (MSE) of a surrogate model is given by:

1 2
L )

k
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The surrogate gradient is computed as:
Ly (W)

ow,.

= % Zarm%c,r (fmﬁC (vai) - yl) Xi]I{<Wr,XZ‘> > 0}.
=1

Within this setting, the general training algorithm is given by Algorithm [I]

4 Convergence on Two-Layer ReLU Neural Network

We assume that m,C = 1 happens with a fixed probability for all k,r and [, and such probability is denoted
by &. Consequently7 the forward pass of the surrogate function is a hnear combination of &-proportion of
the neurons’ output. To keep the pre-activation of the hidden layer at the same scale for both the whole
network and the subnetwork, we multiply the weight of the whole network with a factor of £. Due to the
homogeneity of the ReLLU activation, this is equivalent to scaling the output of each neuron, as in (Mianj:

& Arordl, |12020). For notation clarity, we define:
v,
U;(;) == ﬁ 7;1 ar50(<wk,r> X’L == g Wk Ty X1>)

Adding this scaling factor gives the property that Epg, [ fmﬁe (Wi, xi)] = u,(f). We focus on the behavior of

the following loss, computed on the scaled whole network over iterations k:
L= lly —wellB, where we = [ulV,... 0]

This is the regression loss over iterations k between observations y and the learned model uy.

Properties of subnetwork NTK. Recent works on analyzing the convergence of gradient descent for
neural networks consider approximating the function output ug with the first order Taylor expansion
let all |2018; |Arora et all |2019;|Song € Yang|. |2020)). For constant step size n, taking the gradient descent’s
(i.e., Wrr1 = Wy, — nVwL(Wy)) first-order Taylor expansion, we get:

ul(;j_l ~ ul(c) <unl(€)’Wk+1 > 2 uk fnZH 1] — yj) (1)

where H(k) € R™*™ is the finite-width NTK matrix of iteration k, given by

H(E) = & (xi,) D T{{wir,x0) > 0, (wi5) > 0 2
r=1
Compared with the previous definition of finite-width NTK, we have an additional scaling factor £. This is
because, based on our later definition of masked-NTK, we would like the masked-NTK to be an unbiased
estimator of the finite-width NTK. In the overparameterized regime, the change of the network’s weights is
controlled in a small region around initialization. Therefore, the change of H(k) is small, staying close to
the NTK at initialization. Moreover, the latter can be well approximated by the infinite-width NTK:

HY} = ¢ Ewono,n [((xi, x)I{{w,x;) > 0,(w,x;) > 0}].

\Du et all |2018) shows that H* is positive definite.
Theorem 1. (Du et all, |2018) Denote Ao := Amin(H™), the minimum eigenvalue of H*. Then we have
Ao > 0 as long as assumption zl/ holds.

With H(k) staying sufficiently close to H*™, (Du et all, |[2018; |Arora et al) |201Y: |Song & Yangd|, |2020) show
that Amin(H(k)) > 22 > 0. Moreover, Equat10n|_| implies that

U1 —u, = —{nH(E) (up —y),



Under review as submission to TMLR

that further leads to linear convergence rate:
Lit1~ Ly + (Vuy Ligy W1 — wg) = L — &n(ug — y, H(k) (ur —y)) = (1 = nAo) Li.

In NTK analysis, the Taylor expansion for both ug and Lj; produces an error term that improves the
convergence rate from nXg to ynAg with v € (0,1) being a constant.

For our scenario, the randomly sampled subnetworks bring a trickier situation onto the table: in each
iteration, due to the different masks, the NTK changes even when the weights stay the same. To tackle this
difficulty, we provide a generalization of the definition of the finite-width NTK that takes both the mask and
the weight into consideration:

Definition 1. Let mfc, be the mask of subnetwork I in iteration k'. We define the masked-NTK in global
iteration k and local iteration t induced by m’, as:

m

(mL, o H(k‘,t))ij = %(xi,xﬁ Zn?,i,,ﬁ,.]l{<wk7w,xi> >0, (Wg,1,r,X;) > 0}

r=1

Here, with colored text we highlight the main differences to the common NTK definition. Although we
are only interested in the masked-NTK with k& = £/, to facilitate our analysis on the minimum eigenvalue
of masked-NTK, we also allow k # k’. We point out two connections between our masked-NTK and the
vanilla NTK: ) the masked-NTK is an unbiased estimator of the whole network’s NTK; 4i) when & = 1,
the masked-NTK reduce to the vanilla NTK as in equation . Throughout iterations of the algorithm, the
following theorem shows that all masked-NTKs stay sufficiently close to the infinite-width NTK.

Theorem 2. Suppose the number of hidden nodes satisfies m = Q (n®log(Kpn/8)/ex2). If for all k,t it holds
that |Wi.¢r — Worll2 < R:= B0 then with probability at least 1 — 6, for all k, k' € [K] we have:

8n
/\min(mk’ OH(k,t)) > %'

The above theorem relies on the small weight change in iteration (k,t). In order to guarantee each subnet-
work’s loss decrease, we need to ensure that the 7) the weight change is bounded up to global iteration & (this
implies that when a subnetwork is sampled from the whole network, its weights do not deviate much from
the initialization); and, i) the weight change during the local training of the subnetwork is also bounded.
The following hypothesis establishes these two conditions, and sets up the “skeleton” to construct different
theorems, based on problems considered. The aim of this work is to prove this hypothesis for several cases.

Hypothesis 1. Fix the number of global iterations K. Suppose the number of hidden nodes satisfies m =
Q (n®log(Kpn/5)/e2), and suppose we use a constant step size n = O (Mo/n?). If the weight perturbation before
iteration k is bounded by

IWhr = Worllz + 207\ 25 Ena, ) wo.a [ly = uell2] + (K = k)r/E(L = &)pn < R, 3)

then, for all t € [], with probability at least 1 — 45, we have:

2 A 2
Hy - fm%ﬂ (WZ,HUX)HQ < (1 - 7720> Hy - fmiﬂ (Wée,tvx)sz (4)

and the local weight perturbation satisfies:

IR 26(1-€)pK
Wit = Wil < 2B B, ) wa [y — o] + 2neny/ 002K (5)

The hypothesis above states that, in a given global step k, given a small weight perturbation guarantee
(Equation [3]) up to the current global iterations, each subnetwork’s local loss also decreases linearly (Equa-
tion, as well as the weight perturbation remains bounded (Equation. Yet, the above hypothesis does not
connect the subnetwork’s loss with the whole network’s loss through the sampling and aggregation process.
Our aim is to turn Hypothesis [I] into a series of specific theorems that cover different cases. In particular,
we prove using induction the condition for which Hypothesis holds under: ) masks with i.i.d. Bernoulli;
and i7) masks with i.i.d categorical rows. Utilizing these results, we provide convergence results for the two
scenarios. This is the goal in the following section.
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4.1 Generic Convergence Result under Bernoulli Mask

While the local gradient descent for each subnetwork is guaranteed to make progress with high probability,
when a large network is split into small subnetworks, the expected loss on the dataset increases. Since

Em, [fmi (W, xl)] = ug), simply expanding the MSE reveals that:

Enm, My — fent (Wi, %)

2 2
] =yl B | Wi <]

When analyzing the convergence, the second term on the right hand side needs to be carefully dealt with.
It is non-trivial to show that, when combining the updated network of the local steps, the loss computed on
the whole network is smaller than or equal to the error of each sub-network. We will solve these technical
difficulties for the training procedure with subnetworks created using masks sampled from two types of
distribution. In this section, we focus on masks satisfies the following Bernoulli assumption:

Assumption 2. (Bernoulli Mask) Each mask entry mﬁw is independently from a Bernoulli distribution
with mean &, i.e., m} , ~ Bern(§).

Masks sampled in this fashion allow a neuron to be active in more than one subnetworks, or none of the
subnetworks. For convenience, we denote the probability that a neuron is active in at least one subnetwork
with § =1 — (1 —¢)P. In the meantime, subnetworks created using Bernoulli masks enjoy full independence,
and thus have nice concentration properties. By carefully analyzing the aggregated gradient of each local
step, we arrive at the following generic convergence theorem, under the Bernoulli mask assumption.

Theorem 3. Let assumptions and (@ hold. Then Ao > 0. Fiz the number of global iterations to K and
the number of local iterations to 7. Let the number of hidden neurons satisfy:

K n*  nK®B, _,

Then Algorithm with a constant step-size n = O (W) converges with probability at least 1 — 9,

according to:

k
Env g [Ily — well3] < (1= 5n07X0)" [ly — uoll3 + B, (7)

for some error region level By > 0, defined as:

2 2 2 2
31:0<(1_5) nid | (0= &met (1—i> 92(1—5)7%;2). (8)

mA3 D

Overall, given the overparameterization requirement in Equation [f] the neural network training error, as
expressed in Equation [7] drops linearly up to an error region, defined by By in Equation [§] We notice that
Bj has three terms that all reduce to zero when £ = 1. In the first term of By, m appears in the denominator,
implying that this term can be arbitrarily decreased as the cost of increasing the number of hidden neurons.
The second terms keeps at a constant scale as long as the initialization scale x is small enough. The third
term disappears when the number of local steps is one. The complete proof of this theorem is defered to
Appendix [E] and we sketch the proof below:

1. Let Xy, = Zf’zl mgw denote the number of subnetworks that update neuron r in global iteration
k. Let Ni, = max{Xy,, 1} to be the normalizer of the aggregated gradient, N,ﬁ:r = min{ Xy, 1}
to be the indicator of whether a neuron is selected by at least one subnetwork. Then, the update of
each weight vector can be written as:

9)
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] N oL, . (Wi, )
2. We first focus on the aggregated gradient of the first local step N’:” r —t5——, and show

3 OL(Wk)
ow,.

that this aggregated gradient satisfies a concentration property around the ideal gradient
and such concentration is closer if p is larger.

)

3. We notice that the difference between the aggregated gradient in the later local steps and the
aggregated gradient in the first local step depends on how much the local weight of each subnetwork
in the later local step deviates from the weight of the first local step. We then show that the local
weight change is bounded, implying that the aggregated gradient in all local steps lie near to the
aggregated gradient in the first local step.

4. Lastly, we use the standard NTK technique to show that the aggregated gradient update in equation
@ leads to linear convergence per each global step, with an additional error term.

To interpret the theorem, we choose k = n_%, make mild assumptions and simplify the key messages of the
form in Theorem ((3)).

Assumption 3. For the simplicity of our theorem, we assume that max{K,d,p} <mn and Ao < 1.

Notice that for all m that satisfies equation @, the first term in B; is upper bounded by O(1). Moreover,
1
since p > 1 and 7 > 1, by choosing x = n~2, the second and third term are also upper bounded by
O(1). Therefore, By is upper bounded by O(1). Moreover, since Ag > 1 and max{K,p} < n, we have that
2
both %ﬁ: and K?2p are smaller than ﬁ;g’ so the over-parameterization requirement in equation

reduces to m = 52%;. For different choice of 7 and p, our considered scenario reduces to different existing
0
algorithms. In the following, we provide convergence results of these algorithms, as corollaries of Theorem

, by considering different 7 and p values.

Dropout. The dropout algorithm (Srivastava et al., |201/]) corresponds to the case 7 = 1,p = 1. For this
assignment, we arrive at the following corollary.

Corollary 1. Let assumptions , (@, and (@ holds. Fiz the number of dropout iterations to K, the step
size to n = O (Mo/n?), and let the number of hidden neurons satisfies m = © (n°K/¢2x35). Then, the dropout
algorithm on a two-layer ReL U neural network converges with probability at least 1 — &, according to:

1 k
Baau [y~ ucl}] < (1= 0670 lly = wl +0(1 - 6.

Typically, 1—£ is usually referred to as the “dropout rate”. In our result, as £ approaches 0, which corresponds
to the scenario that no neurons are selected, the convergence rate approaches 1, meaning that the loss hardly
decreases. In the mean time, the error term remains constant. On the contrary, as £ approaches 1, which
corresponds to the scenario that all neurons are selected, we get the same convergence rate of 1 — O (n)\g)
as in previous literature, and the error term decreases to 0. Moreover, we should note that the over-
parameterization requirement also depends on £. In particular, as £ becomes smaller, we need a larger
number of hidden neurons to guarantee convergence.

Multi-Sample Dropout. The multi-sample dropout (/noud, |2019) corresponds to the scenario where
7 =1,p > 1. Our corollary below indicates how increasing p helps the convergence.

Corollary 2. Let assumptions , (@, and (@ hold. Fix the number of dropout iterations to K, the step
size to n = O (Mo/n?), and let the number of hidden neurons satisfy m = © (n°K /ecox3s5). Then the p-sample

dropout algorithm on a two-layer ReLU neural network converges with probability at least 1 — §, according
to:

1 ¥ (1-6%  0-¢
— , 2 < — — — 2 .
Emm,, [y —uwl3] < <1 4779)\0> lly —uoll3 +O( =+ 5

Recall that § = 1 — (1 — £)? denotes the probability that a neuron is selected by at least one subnetwork.
Based on this corollary, increasing the number of subnetworks p improve the convergence rate and the
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over-parameterization requirement since # increases as p increases. Moreover, increasing the number of
subnetworks help decreasing the error term even when the dropout rate ¢ is fixed. After p is as large as

(1-9°*

nK, the error term stops decreasing, dominated by the term O ( — ) Lastly, compared with the result

of dropout, the over-parameterization depends not only on &, but also on 6.

Multi-Worker IST. The multi-worker IST algorithm (Yuan et all [202(}) is very similar to the general
scheme with p > 1 and 7 > 1 but with the additional assumption that max{K,d,p} < n, and a special

choice of initialization x = n~%.

Corollary 3. Let assumptions , (@, and (@ hold. Fix the number of dropout iterations to K, the step
size to 1 = O (2o /nrmax{n,p}), and let the number of hidden neurons satisfy m = © (n°K/¢ox3s). Then the
IST algorithm on a two-layer ReL U neural network converges with probability at least 1 — §, according to:

k 2 p_ g2
Baau Iy = wild] < (1= gomaa) Iy —wol+0 (C=E 4 25 (1- D) - o))

While this corollary presents a convergence result for the multi-worker IST, which is missing in the current
literature, it also bears the problem that, when 7 > 1, the last error term % potientially increase
as the number of workers (subnetworks) increase because of its dependents on 6. This could again be due
to the fact that some neurons are shared among workers and the gradients from the individual workers are
normalized during aggregation. In the next section, we show how this problem can be improved by sampling
the masks from a different distribution.

4.2 Multi-Subnetwork Convergence Result for Categorical Mask

We consider masks sampled from categorical distribution, as explained by the assumption below:

Assumption 4. We assume that My, ~ Categorical(p). To be specific, for each r € [m], let I, ~ Uni f([p]),

and we define mﬁm =14ifl=1 and mﬁm = 0 otherwise.

In this way, the masks endorsed by each worker are non-overlapping (as stated in (Yuan et al) |2020))), and
the union of the masks covers the whole set of hidden neurons. However, we note that the subnetworks
created by the masks sampled according to this fashion are no longer independent. The following theorem
presents the convergence result under this setting.

Theorem 4. Let assumptions and hold. Then Ay > 0. Fiz the number of global iterations to K and

2 2 2
the number of local iterations to 7. Let the number of hidden neurons be m = Q (L%;M). Then,
0
Algorithm with a constant step-size n = O (%) converges with probability at least 1 — §, according to:

B, woa [y —wil3] < (3+3 (1-22) ) CPn+ 0 (Tspit),

We defer the proof of this theorem to Appendix [F] This theorem has a couple noticeable properties. First,
when the number of workers p = 1, i.e., the scenario of multi-worker IST reduces to the full-network training,
the error term disappears, driving further connections between regular and IST training. Second, one can
arbitrarily increase the overparameterization parameter m, which further leads to error term decrease: this
suggests that IST training could be benefited by wider models, an observation made in (Yuan et al., |2020).
We defer the complete proof of this theorem to Appendix [F] and sketch the proof below:

1. Let uk + = fml ( & T,X). We notice that f = l v fmﬁc' Using this property, we show that

Lyt = % iy lly — a3 - p% Sy Zl/ 1 Huﬁm ﬁ%tHQ. The first term here enjoys linear con-
vergence starting from an initial value of [ly — aj o[|3.

2. Tt then follows that EMk[% Ly =0 0lI3] = lly — uk||§ JrIEM,C[l iy lug — @ o [13]. We rewrite
the second term on the right hand side as ;Tz - El, Ll o — klo||§

10
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3. We bound the term p%z%’:l 5;11(||ﬁ§€70 - ﬁZOH% - ||ﬁ§€7t - ﬁf;t 2), and apply the local linear

convergence in Hypothesis to arrive at the convergence rate in the theorem.

5 Experiments
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Figure 2: Validation experiments on a single hidden layer perceptron.

We experimentally validate our theory using features extracted from the CIFAR-10 dataset ([Krizhevsky|
. We take a ResNet-50 model pretrained on ImageNet as our feature extractor and
concatenate it with two fully-connected layers. We train this combined models on the CIFAR-10 dataset,
and take the outputs of the re-trained ResNet-50 model as the input features, and use the logits output of
the combined model as the outputs. The obtained input feature has a dimension of 2048, and we perform
the experiments on a one-hidden-layer ReLU MLP with a constant learning rate and a sample size of 1000.

In Figure we plot the logarithm of the mean and variance of the training error dynamic with respect
to the K (for clarity, we only plot the first 160 iterations), which includes the sampling step, local training
steps, as well as the gradient aggregation step. Notice that there are three types of dynamics, as annotated
in the figure: (1) A smooth decrease of training error: This corresponds to subnetworks’ local training, which
is supported by our theory that each subnetwork makes local progress. (2) The sudden decrease of training
error: This corresponds to the aggregation of locally-trained subnetworks, and is consistent with our proof
in Theorem (3) The sudden increase of training error: This corresponds to re-sampling subnetworks;
according to our theory, the expected average training error increases after sampling.

Figure 2B provides heatmap results that demonstrate the change of the error term as we vary the number
of subnetworks, and the selection probability. In Figure the subnetworks are generated using Bernoulli
masks, and the training process assumes a fixed number of local steps. Note that, as we fix the number of
subnetworks and increase the selection probability, the error decreases (lighter colors in heatmap). Moreover,
if we fix the number of selection probability and increase the number of subnetworks, the training error also
decreases. This is consistent with Theorem

6 Conclusion

We prove linear convergence up to an error region when training and combining subnetworks in a single
hidden-layer perceptron scenario. Our work extends results on dropout, multi-sample dropout, and the
Independent Subnet Training, and has broad implications on how the sampling method, the number of
subnetworks, and the number of local steps affect the convergence rate and the error region. While our work
focus on the single hidden-layer perceptron, we consider multi-layer perceptrons as an interesting direction:
we conjecture that a more refined analysis of each layer’s output is required (Du et all [2019; |Allen-Zhu)
. Moreover, focusing on the convergence of a stochastic algorithm for our framework, as well
as considering different losses (e.g., classification tasks or even generic generalization losses) are interesting
future research directions.

11
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A Notation
Table 1: Notations
SYMBOL DESCRIPTION MATHEMATICAL DEFINITION
K Number of global iterations K e Ny
k Index of global iterations k € [K]
T Number of local iterations TeNy
t Index of local iterations t €]
p Number of subnetworks p e Ny
¢ Index of subnetworks 1€ [p]
§ Probability of selecting a neuron € €(0,1]
& Vector probability of selection a ¢ (0,1
neuron by each worker ’
n Constant step size for local cR
gradient update K
M. Binary mask in iteration k My, € {0,1}p*™
Mk, Binary HTaSk fgr neuron rm my, . € {0,1}P, the vector of rth column of My
iteration k '
; - - -
My Binary mas.k for .bubnetwork Lin m! € {0,1}™, the vector of Ith row of My,
iteration k
L Binary mask for neuron r in
mk,'r y l
subnetwork [ in iteration k Mk € {0,1} the (I, r)th entry of My
X Number of subnetworks e .
selecting neuron r in iteration k Ker = 21z My
Ni.r Aggregated gradient normalizer B
for neuron r in iteration k Nieyr = max{ X r, 1}
N, Indicator of gradient existing for NE = min{ Xy, 1}
’ neuron r in iteration k ko kors
Mher Global gradient aggregation step -
size for neuron r in iteration k M = Nir/Nir
() Output of the whole network at '
U (@ _ & ym ,
g global iteration k for sample i Y = Um 21 @0 ((Whyrs Xi))
u Output of the whole network at (1) (n)
k global iteration k for all X u, = [uk R T }
L1(i) Output of subnetwork [ at 26 1 m ; .
Ut iteration (k,t) for sample ¢ Ukt = Um 2 e Gy 0 (<Wk,t,r’xi>>
ol Output of subnetwork [ at N (1) 1(n)
k.t iteration (k,t) for all X Ut = {uk,t e Uy ]
L1(i) Output of subnetwork [ at RIOEENIO,
Ui iteration (k,0) for sample ¢ e = U0
4l Output of subnetwork [ at al = ol
k iteration (k,0) for all X k™ Tk0
L Global loss at iteration k Ly = ||y — uz||?
Ly (WL ) Local loss for subnetwork I at Ly e PN
k iteration (k‘,t) ngc (Wk:,t) - ”y fmfc (Wk7t)||2

17




Under review as submission to TMLR

B Preliminary and Definition

In the proofs of our theorems, we use extensively the following tools.

Definition 2. (Sub-Gaussian Random Variable) A random variable X is r2-sub-Gaussian if
0242
Ele'] < "2~
Definition 3. (Sub-Ezponential Random Variable) A random variable with mean E[X]| = p is (', a)-sub-
exponential if there exists non-negative (', ) such that for all t < a~*
E[et(Xfu)] < S,M
Property 1. (Sub-Ezponential Tail Bound) For a (k', a)-sub-exponential random variable X with E[X] = u
we have
+2
e I if0<t< i

PX>p+t) < 2 = 2
e 2 ift> =

Property 2. (Markov’s Inequality) For a non-negative random variable X, we have
1
P(X >a) < —E[X]
a

Property 3. (Hoeffding’s Inequality for Bounded Random Variables) Let X1, ..., X,, be independent random
variables bounded by | X;| <1 for all i € [n]. Then we have

1 ¢ 2
P - XZ > ¢ < —2nt
(’nz - ) =°

i=1
Property 4. (Berstein’s Inequality) Let X1, ..., X, be random variables with E[X;] = 0 for all i € [n]. If
| X;| < M almost surely, then

n _ t2/2
p <Z X; > t> <e ijl E[XJQ.HMt/S
i=1

Property 5. (Jensen’s Inequality for Expectation) For a non-negative random variable X, we have

E[x}] < (B[X))?

Apart from the properties above, we also need the following definitions to facilitate our analysis. First, we

note that, in the following proofs, we let R = 1"9’;‘;. Define

Ay = {3w € B(wor, R) : I{{w,x;) > 0} # I{(wq,,x;) > 0}}

to denote the event that for sample x;, the activation pattern of neuron r may change through training if
the weight vector change is bounded in the R-ball centered at initialization. Moreover, let

S; = {7" € [m] : ﬁAiT}
Si=[m]\ S
to be the set of neurons whose activation pattern does not change for sample x; if the weight vector change

is bounded by the R-ball centered at initialization. Moreover, since we are interested in the loss dynamic
computed on the following function

m
=T
uy, = —= aro((Wk,r, Xi)).
m r=1
we denote the full gradient of loss with respect to each weight vector w,. as

PO — £ 3 el ~ ) >0}

ow,

18
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C Proof of Theorem

Recall the definition of masked-NTK
1 m
(mgc' o H(kv t))ij = E <Xiﬂ Xj> Zlméc/,rﬂ{«’vk,t,m Xi> >0, <Wk,t,ra Xi> > 0}

To start with, we fix k' € [K],l € [p], and i,j € [n]. In this case, let
he =M . (%, %5) I{{(Wo,r, X;) > 0, (o, %;) > 0}

Then we have

m

1
(ml, o H(0,0));; = ~ > he

r=1

Also we have

Env,. w [hr] = Ewenro,n) [Enmy, [2r]] = HEY

Note that for all » we have |h,| < 1. Thus we apply Hoeffding’s inequality for bounded random variables
and get

P (|(m}, 0 H(0,0));; — HY| > t) = P (

1 m
E;hT—H%‘?

Apply a union bound over i, j gives that with probability at least 1 — 2n2e2mt it holds that

2 t) S 26—2mt2

‘(mkz o H(070))1j — H;)]o| S t
for all 4, j € [n]. Therefore,

|[ml, o H(0,0) — H|2 < ||m}, o H(0,0) — H®|[’,

n
2
< Y |(mj, 0 H(0,0));; — HY
i,j=1
< n?t?
Let t = 2—3 gives

o

Jml, o H(0,0) — F], < X

mAZ2
holds with probability at least 1 — 2n2e~ 2% . Next we show that for all k € [k] and ¢t € [7], as long as
(lWk,t.r — Worll2 < R for all » € [m], then it holds that
|mj, o H(k,t) — mj, o H(0,0)||, < 2nx™'R
Following the argument of (Song & Yang, |2020)), lemma 3.2, we have

2
1 n m
Jml o (k) — i 0 HO.O) < - 3 (z )

ij=1 \r=1

with

Srij = mfgf,r (I{{wo,r, xi) > 05 (Wo,r, Xi) > 0} — I{{Wyr k¢, %5) > 0; (Wy g4, %X;) > 0})

19
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Then s,;; = 0 if A4, and —A;, happend. In other cases we have |s,; ;| < 1. Thus we have that for all
i,j € [n]

4ER
Enm, wo [Srij] = §P (Air U Ajy) < 3

< 2%k™'R
2r ¢

and

EMmWo {(Sr,i,j - ]EMmWo [5T7i7j])2:| =

Thus applying Bernstein inequality with ¢t = {k ™' R gives

1 & méR
P(W;STW > 3¢kt ) < exp (— 10”)

Therefore, taking a union bound gives that, with probability at least 1 — n2e~"Tox we have that
|mj, o H(k,t) —

my, o H(0,0)||, < [|m}, o H(k,t) — mj, o H(0,0)||, < 3¢ns™'R
Using R < %20 gives |m}, o H(k,t) — m, o H(0,0)[2 < %3° < 20 with probability at least 1 — nZe o
Therefore, We have

~ T12n

[ o Fi(k, 1) — <, < 20

which implies that Api (m}, o H(k,t)) > 22 holds with probability at least 1 —n
for a fixed k¥’ € [K] and [ € [p].

e 12n — 2e &n )

Taking a union bound over all ¥ and ! and plugging in the requirement
2 n

m=Q (%ﬁp/é) gives the desired result.

2
mérg mAy
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D Proof of Hypothesis [I]
In this proof, we follow the idea of (Du et al. |2018). However, the difference is that i) we use our masked-

NTK during the analysis, and i) we use a different technique for bounding the weight perturbation. We
repeat the key requirement stated in the theorem here: for all r € [m]

nk
Wk — Worll2 + 2074/ BV Wo.a [y — uglle] + (K = k)r/E(1 = Epn < R (10)

To start, we notice that, using the required over-parameterization, lemma [23] holds with probability at least
1 —0(6). We use induction on the following two conditions to prove the theorem:

A
Iy = skl = (1552 by = bl )
2nK 26(1 — &pK
[k = il < T By = ]+ 2my 2P (12)
Il —woul < B (13)

Base Case: For the case of t = 0, we notice that equation and naturally holds. Moreover, equation
implies equation .

Inductive Case: the inductive case is divided into three parts.

(12)— (13)): assume that equation holds in local iteration ¢. Conbine the result with equation
gives that equation holds in iteration ¢.

(13{—(11)): assume that equation holds in local iteration t. We are going to prove that equation
holds. In particular, we are interested in

Al

ly = 01 I3 = lly — 0,115

-2(y - ugc,t’ ﬁéc,t—&-l - ﬁgc,t> + Hﬁge,t-i-l - ﬁém”%

We define uﬁ{,‘(lt—‘rl Aic(;) =1 (Z)t + Il( )t with

1Y, = Z apml, (o ((Wh 1o x:)) — o (W %))
TGS

A Zarmm (Wh s x:)) — 0 ((Wh (o x:)))
TESL

and notice that, with the 1-Lipchitzness of ReLU,
1

H2 < i Sl (hassrod) — o (ko)
reo;
1
= ﬁ TGZS# HWgc,tJrLT - Wk’taTHQ
< L aLmL <W§€7t)
- \/ﬁ reS; Owy 2
<SSy al ],
reS;t

< dnk~'VnR|ly — @) |2
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where the last inequality uses |S;-| < 4mk~!'R from Lemma Therefore,

|<y uk taI2 k.t | < fmax’ 2.kt ly — ﬁgc,t||2 < 4775_1nR||y - ﬁitlli

Similarly, we have

2
(ﬁic(t)Jrl aiclt)) < = <Z H Wht41,r — Wk’t’rH2>
. 2
< Z ||Wk,t+1,r - Wk,t,ng

m 0L (W) ’

<’y m’})wr

< n*n’lly — a3

2

Lastly, we define m} o H(k,t)* with

1
(mj o H(k,0)"), = — (xi,%;) > mp I{(Wip, i) > 0, (We o, X5) > 0}

TESj

and we have

16 1
1(k)t = m Z a’rmi:,r <W§€,t+1,7“ - Wéc,t,w X’i> ]I{<W]€77"7 Xi> 2 0}

res;
oL, W
Z army,, <<kt)xz> I{(wg,r, x;) > 0}
TGS 9 Wr
-1y kar( — 7)) o5, %) T Wi i) > 0, (Wi %) > 0}
7’657] 1

0> (mf o H(k, 1) — m), o H(k, 1)), (v — 317)
j=1
Therefore,

(v =Ty =1 > (v = @7) (mf o H(k 1) = mf o H(k 1)1 (s — )

ij=1
=n(y — Gy, (m}, 0 H(k, t) — mj o H(k, 1)) (y — i) )
77>\0 ”

\ \/

1 )
y = )3 = nllmg o H(k, )~ [l2[ly — a0y, I3

%

nAo _ .
(2 ~ o) ly - i
where the last inequality follows from the fact that

I}, o H(k, 8)4||3 < |[mj o H(k, )" |5

3 ) X T x) 2 0, (wexg) > 0)

i,j=1 reSiL
2
n ol
m2 |Sz ‘2

16nk 2R?

IN
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Putting things together gives
ly =0 o115 < (1= nAo + 16ns~"'nR+n°n?) |y — &, |3

Choose R < gi“’ and n < n2 gives
. nAo
Iy = hoall < (1750 ) Iy ok 12

(11)—(12)): Assume that equation holds for local iteration O, e ,t. We are going to prove equation
(12) for local iteration ¢ + 1 We start by noticing that equation ([L1]) implies that for all local iteration
t' € [t], we have that ||y — uk oll2 < |ly — @ |]2. Moreover, we notice that

l
L] < S -t st

2

vn .
s m [y — el
Therefore,

t=1 | OLum, (Wﬁw)

— <
||Wk,t,r Wk,r||2 =7 6WT

r—,
t'=0 2

< nf Z ly — a2
\/ﬁ

< 77Tﬁlly — G} [|2

N

S (Ily = well2 + [[ax — a2)

Applying Markov’s inequality to the global convergence, with probabiltiy at least 1 — it holds that

2K’
ly = urllz < V2K/0En, i1, wo.a [Ily — ull2]
By Lemma we have
Enr, [[[uy = @[J3] < 46(1 = )nw?

Thus with probability at least 1 — 21}% it holds that

[ug — a2 < 26v/26(1 — E)npK /s

Plugging in gives

nTV2nK 26(1 — &pK
(Wit — Wil < W]E[Mk_l],wo,a [y = wxllo] + 2n7rny | ===

which completes the proof.
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E Proof of Theorem 3

Before we start the proof, we introduce several notations. Define

Ifi) - L ar (0((Wry1,0, %)) — 0((Wir, Xi)))
k \/ﬁ;& k+1, k
12(111 = \/ﬁm Z ar (0((Wit1,r, %)) — 0({Wkr, X3)))

reSt

i

Let
L= [10 1)

and similarly,
1 n)
o= [ )]

Then we have u,(:ll — u,(j) = I{i) + IQ(i) and ug41 —up = I + Ip 5. Also, we define H(k)J‘ to be

HDS = & 37 () T{wi ) 2 0, (wix,) > 0}

rESﬁ

For k-th global iteration, first local iteration, we define the mixing gradient as

P aLmL (Wgc,O)
kr = Nk,r —

ow,.
=1
P DLy (Wy)
= Nk,r Z T
=1

- yz)a7XlH{<wk () XZ> > O}

(f}gfl — Ny arx I{ (W, ., ;) > 0}

I
3= 3
Mg T

.
Il

1

where we define the mixing function as

kr_nkTE mkr

As usual, we let fj, , = [ PSR fk" } We note that f,ili has the form
Igz)" = Nk,r Z mgc,rﬂl(c( )
1=1
m p
\/7 Zar (nkrz kﬂ) U(<W’€ﬂ"ﬂxi>)

r'=1

Let vi ppr = ng r Zz 1 mﬁc ka - The mixing function reduce to the form

kr fzarykrr’o— Wkr7xz>)
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Also, note that if N;- i = 0, we have vy ,,» = 0. We prove Theorem I by a fashion of induction, with the
two conditions we con51der stated below:

k
1

Enae [Iy -~ ucl]) < (1= 097 )y - ol + 5 (1)

2nK 4
i =l + 20y 2 (B, [y~ well] + (6~ 1)B) < R (15)
IWher = woul, < R (16)

with
4B,
B = 1-—
2P kVE— G

Base Case: Note that equation and equation holds naturally for ¢ = 0. To show that equation
holds, we need to use the over-parameterization property. In particular, we want to show that

2nK 4 Ko
2 — KB)<R<
15 (B lly -~ wola] + KB) <7< {20

Apply lemma[26] and move the factor on the left hand side of the equation to the right. Then we equivalently

want
KXo | md 4C?n
22 =0 —— KB
Ve =9 (o { S 5}

Plugging in the value of B and the requirement of 7, and solve for m to get that

K n* nK?B;
== - K2
" <5 max{m%exg’ K20N2 p})
Inductive Case: again the inductive case is divided into three parts.

.—>. Observe that B > k(1 —¢)pn. Thus, if equation is satisﬁed and the over-

parameterization requirement holds, then Hypothesis . ) holds. Thus equatlon 116)) holds naturally.

.% . Assume that equation (14]) holds, and . holds for global iteration k, we want to show that
equation 1.) holds for global 1terat10n t + 1. In particular, we would like to show that

[2nK 4
||Wk+1 r — Wpo r||2 + 297 e (7797_/\ E[Mk],WO,a lly — wpglle] + (K =k — 1)B> <R

it suffice to show that

2nK 2nK 8nK By
= Wil <y LR Jly = 27| B — 27y |
[Wit1,r — Wirll2 <7 5 EM ] Wo, [[ly — ugll2] + 297 5 Vi rew

Recall the definition of B as

B= E+Hv€(1 —&pn

It then suffice to show that

2nK 26(1 — &pK
Wit = Worllz < 17y =B, o) wo.a [y = all2] + 2070y [ =——="—
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Note that under these two conditions and the over-parameterization requirement, Hypothesis holds.

Thus, we have
2nK 26(1 - ¢pK
l
Wt = Whrlls < 7 T Bt woua [y = wella] + 20mny [ =

L

for all [ € [p] and ¢ € [7]. Using the definition that n, = %, we have

p

[Wii1r = Wil < ner > mi Wk o — Wil
=1

2nK 26(1 = §pK
< Bt won [y — ] + 2y 220 P

(16)), (15)—(14) Assume that equation and holds for iteration k. We want to show for up
to iteration k+ 1. Under these conditions, we have that with probability at least 1 — 4§, Hypothesis [1| holds.

Throughout this proof, we assume that

n m
E E (Wo,r, Xq) §2mnf<;2—mnR2

i=1r/'=1

and that

[Wollr < V2md — vmR

Note that Lemma [22| and Lemma shows that, as long as m = () (log %), the above assumption holds with

probability at least 1 — § over initialization. Moreover, Lemma [16|shows that as long as m = <n2\i% ), with

probability at least 1 — § over initialization we have
ISt < 4mk™'R
To start, expanding the loss at iteration k + 1 gives
Em, [Iy = wienl3] = Iy — wil3 — 2y — up, Ema, [urg1 — wil) + Enny, [[lupgr — uglf3]
= |y —urll3 = 2y — w, Eng,, [Lik]) — 2 {y — up, Emp [Toi]) +
Emy [[lugr1 — uglf3]

Following previous work, we bound the second, third, and fourth term separately. However, the second term
requires a more detailed analysis. In particular, we let

Iy =L —n0mH(k)(y — ug)
Then the loss at iteration k& + 1 has the form

Em, [y — wrrall3] = lly — wrll3 — 2007 (y — wp, H(k)(y — ux)) + Ena, [[lurs — i3] -
2(y —up, Enn, [I71]) = 2(y — up, Enmn,, (T2 1))
< (1= nfr2o)lly — will3 +2 [ {y — wp. Emy, [T])] +
2y = wg, Enn, [T i])] + Enay, [[[unsn — uglf3]

where in the last inequality we use Amin(H(k)) > % from (Du et all |2018), Assumption 3.1. Moreover,
Lemma@ Lemma|§|, and Lemma [10[ shows that under the given assumption, with n = O <¢) we

nT max{n,p}
have

16n07E2(1 — £)?k2n3d 20227 (1 — 1)%npCy
+
m>\0 9)‘0

1
|y = we, Eng, [T 4])] < §n97->\0||y —ull3 +
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&% (0 — E)nk® | A& (1 —1)°pC)
24pr 9670

1
[y — ug, Enm,, [T2x])] < §779T>\0||y — w3+

1712€2720(0 — £2)n3 k2
n-EET0(0 — &)n'k +772§2)\0(T—1)2pnc1

1
En, [[[0k41 — ugll3] < EWQTAOH.Y —ugll3 +

Putting things together gives

1 16n07€%(1 — €)2n3d  203¢%7 (1 — 1)%n*pC
EMk [Hy - uk_t,_l”g] < (1 — 47]97’)\0) ||y — Ung —+ n ( ) + Ui ( ) 1

m>\0 9>\0
(0 = i | (T = 1%pCy | 1TPERrR0(0 — €)nd? |
24Tp 9676 P

7}252)\07(7 — DpnCy

1 1
< (1 - 47}9T)\0> ly — el + ZnamoBl

Therefore, we have

k

o
Baaey Iy = wild] < (1= g6raa) lly — wol} + 5

This completes the proof.
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F Proof of Theorem {4

Again we use induction to prove the theorem. Consider the following conditions

Ente woa [y — well3] < (1= ) Ewg.a [lly — usll3] + B (17)

2nK (1
Iwir =l + 20y 25 (28 ly — wile] + (K - B) < R (18)

with @ and B defined as below
o)’ By n7(p — 1)*k*n’d
=(1- 1—11—-— . B=— 1— - By = ) v
o= (1-(1-2) )i m=P s wETom m-o( TR

with € = p~!. For notation clarity we will not plug in the value of ¢ for now. Notice that equation
implies the convergence result as in the theorem statement as long as v = % and that max{K,d,p} > n.
Thus, as long as we establish the inductive relations as above we are done.

Base Case: Notice by lemma equation holds. We use the over-parameterization requirement to
show equation (18)). In particular, we show

2nK (1 KA
2Ty —— (]EWO,a [||y — u0||2} + KB) <R=0 (0>
mod \«

n

As before, using Lemma [26] we have

1

Ewo.a [y — woll2] < (Ew,a [lly — wol3])* = Cv/n

Plugging in this value and the value of B and «, we arrive at the over-parameterization requirement

= Q 72K max{n* n%d,pK?}
U\ T Ao e

Inductive Case: the proof is again divided into two parts.
(117)—(18]) Assume that equation holds, and equation holds for global iteration k. Similar to the
proof of Theorem |3 it suffice to show that

2nK InK 2nKB
l2 <7 s BM_ 1], Wo.a [[ly —ukllo] + 2197/ —=B — 27 !

||Wk+1,’r — Wo,r

mé moa

Plugging in the value of B and «, it then suffice to show that

HW}‘?‘H’T - WOJ"HQ < nTFE[Mkl]h,WO,a [Hy - uk||2] + 2nTKN u

By Hypothesis [I] we have

2nK 26(1 - &)pK
Wt = Wirlle < 17y S ity woa [y = wella) + 2y | =P

for all I € [p] and ¢ € [r]. Then we have

P

[Wht1,r = Wrll2 < 1k,r mec,rﬂwi,r,r = Wi,r|l2
=1

2nK [€(1 — K
<\ S B wosa [y = wkllz] + 2nmrny [ =
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—> Now, assume that equation holds. Then the result of Hypothesis @ holds. Our target
is to show equation . As in previous theorem, we start by studying |y — uxy1//3. In the case of a
categorical mask, we have the nice property that the average of the sub-networks equals to the full network
Wey1 = 1 >p_, @, . Using this property, Lemma [13| characterize ||y — ug41(3 as

1 1 & ,
~ Al Al
Iy —wegall3 = =D lly —of 3 — 5 > > llag —af 13
p =1 p =110=1

We start by assuming the condition of Hypothesis[I] holds. We proceed by proving the convergence, then we
prove the weight perturbation bound with a fashion of induction. Hypothesis [I implies that

N nAo ! N
Iy a3 < (1-52) v - ol

T—1 t
_ 2 Mo nAo Al 112
_”y_ukH2_72 Z 1_72 ly — a2

t=0
Using the fact that Eyp, [ﬁH = ug, we have that
Enm, [lly — aill3] = [ly — gl +Ewm, [[lur — 0 [13]

Therefore, we have

1 A p A\t A
Enm, [lly — wes1ll3] = » ZEMk [y —a.]13] — o Z <1 - 7720) Enm, [y — al3] —
=1

=110'=1
UAO T—1 p 7]}\0 t
—ly =l - 50 S (1= 10 ) B, [ly - okl +
t=0 =1

Lemma [14] studies the error term |luy — @} |3 and gives

p 1 p -1

N Al Al
ol — a5 = =D " jlog — ag 3
=1 pl:l '=1

Plugging in we have

A T—1 A t P .
Eng, [y = wena 8] < lly —welf = =52 37 (1 - ’72) > Ena, [lly — ahl3] +
=1

1 &N L A2 N A2
SO0 Baa, [0 — 13— i, - af 3]

p I=11'=1

Denote the last term in the right hand side as t;. Lemma shows bound of the expectation of ¢ with
respect to the initialization. In particular, under the assumption that the network initialization satisfies
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(Wo.rll2 < kvV2md — /mR for some R > 0, and the weight perturbation is bounded by ||wk s —Worl2 <R
for all » € [m] then we have for all v > 0

Mo w
<
LTS

T—

32n7(p — 1)%k2n3d

1
En, [[ly =i I3] + ki Ewa ] <

—1 t=0 YAom
Using this result, we have that
o A
Ewm, [Hy - Uk+1||§] = [ly - uk”% - _T; Z 1- 0> ZEMk ly — Uk||§] +
t=0

A0 o A
0 0 A
~ly el 0SS (10 g [y - ]+

T—1 t 2 2 3
YA nA . 32n7(p — 1)%2k2n3d
03> (1= Ban [l - ai g + 2,

2p —~ 2 YAom
1 p 1-1 ,
=D IP I [LH
L
T—1
(1= 0o o
w3 - SO S (1 0y - a3
P =1 t=0
-1
32m7(p —1)2k203d 1 & L
o0 > Ean 1]
TAom Lt
(1 =7)n)o o\’
<y~ w3 - - 20) - w3
=0
32n7(p — 1)2kK2 1< L
o pQZZEMk[ |
=1 1=1

2 124273
—(r+a-v (1‘77;0) ) Iy el 4 2 D

YAom
p I-1
> > Eaa ]

p I=11=1

Therefore,

Ent, woa [[Y = wral3] < (1= ) lly — w3 + By

This is the same as the form in equation . Also,

By 1&g :
v [y = well3] < (1= )"y = wollf + =2+ =57 57 > By, 1]

and therefore,

B
k 1
Env ), wosa [y — uell3] < (1—a)" Ew,ally — uoll3 + -

B
<(1- a)k ]EwmaCzn + ;1

This shows the convergence result in the theorem with o and B; plugged in and noticing % < %.
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G Lemmas for Theorem 3

Lemma 1. The expectation of the mizing function satisfies

i i 0(1 —
Ban, [10)] = 00l + 2=t x)

Proof. Note that if N,ﬁ:r = 0, then we have f,izl =0 for all i € [n]. Thus
Epr, [f‘” | N, = 0] =0

Moreover, if N, lir = 1, the expectation can be computed as

r’'=1 =1
- \/fm > arol(wi ) + o (W)
r’'=1

by using Lemma Combining the two conditions above gives that
En, [£12] = PN, = DB, [£7 | N, = 1] + P(NE, = 0)E Nt =0
My, k,r ( k,r ) My, k,r ‘ k,r + ( k,r ) My, fk | k,r

\i% TJZZI ar’0(<Wk,r’a Xz>) + 9(]\-/%5) ara(<wk7r,, Xz>)

_ ng) + e(lﬁaraawlg,ruxz'))

Lemma 2. The expectation of the mizing gradient satisfies

0OL(W) |
g ow,. Z i

EMk [gk,r] = Wk ry Xq )
Proof. With the result from Lemma [I] we have

Ewm, gk, =

V-

(IEMk [ “)] yiBar, [N r]) a,x,I{ (Wg ., x;) > 0}

1

@ o 1=¢ , I Vs
P (uk Yi + \/m a7'0(<wk,7'7xz>)> arX; {<Wk,7'axz> = O}

L
:g (fﬂ(wr ) le Wk: ry Xq )

7

Sl 3=

5
Q

Lemma 3. Suppose m > p. If for some R > 0 and all r € [m] the initialization satisfies

m

2
E (Wo,r, %) < 2mnk? — mnR?
r=1
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and for all r € [m], it holds that | Wy, — Wo |2 < R, the expected norm of the difference between the mizing
function and ug) satisfies

8(0 — £2)nk?

B (16— el | N = 1) < =

Proof. Since Ey, [z/kmr/ | N,j:r = 1} = & for v’ # r, we have for r1 # ry, there is at least one of rq, 7o that

is not r. Thus
Enm, [(Whry — &) Wi — &) | N = 1] =0
and for r # 1’
Varm, (Ve | Nip = 1) = Eng,, (ke — )7 | Nip = 1]
Moreover, for r = v/, Lemma,
Em, [(Vk,rr, — €)?] <0 — €

Therefore, using Lemma 1] we have

m

. AN 2 1
]EMk |:< k(:fz" - U;(g')) | Nlj:r = 1:| = EEM[V Z ar(ykmr/ — 5)0—(<Wk,r’,xi>) | N]j:r =1
r'#r
1 m
= — 3" Varm, (U | Ny = 1) 0 (Wi, x0))°+
m r'=1
1
EEMk [(Vkﬂ‘,n - 5)2] U(<Wk7raxi>)2
0—&2 & 9 _ £2
= 1Dm5 7%; (Wi, %5)° + 3 o((Wg.r,x;))?

< 200-¢%) < (Wo,mxi)° + mRQ> + A6-¢9 ({Wrr %) + R?)
pm r'=1 P

8(0 — £%)r?
p

<

Plugging this in gives

8(0 — &€*)nk”
En, [”fk,r - uk”% | N;j:,n = 1] < f

O

Lemma 4. Under the condition of Lemma[3, the expected norm and squared-norm of the mizing gradient
is bounded by

2n6 160(0 — £2)n2k?

B, [l 3] < 220y — g+ 2000
pm

vl 0(0 — &%)

Em, [|lgk,rll2] < ﬁ“y — ugll2 + 4nk T om

Proof. Using Lemma [3] we have
80(6 — £2)nk?

Em, [N lfer — uill3] = P(NG, = D)Ew, [|1fer — well3] < )
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According to Jensen’s inequality, we also have

2006 — £2)n

]EMK‘ [Nlirnfk,r - ukHQ} g 2K - 5

Moreover, we have

1 n
g = —= 0 (1) = i) an N T (Wi, ) > 0}

m i=1
LS~ ( 0 OY 0, N7 NE, OL(Wy)
= — - r Nip X3l X)) >0+ ——= - ——
= 2 (A ) oMt 2 0+ =5 5
Therefore,
2EM,€ [N,i‘,,:| 8L(W ) 2 9 n , ] 2
) k 7 (2
B, [l ] < — g |20y g, |5 (58 —al?) oM o 2 )
rooliz i=1 9
2nd
< Dy, [Nkiz( u) ]+ 2y - w3
< — (Bna, [Nl — wrll3] + 6y — well3)
2nt9 1660(0 — £2)n2k2
<y —weli+ ——>—

pm
This shows the first inequality. To show the second, similarly we have

n

EmmmKMk Hﬁy’%mkzw%ﬁwwwmmmmm]
r i=1 2
< B [N 2| = |+ Ly —
< |/ [V i~ wel] + L2y — il
< T2y — o+ oy | 2D

Lemma 5. Under the condition of Theorem[3, we have

AL(1 AL(d
all) _ gl

)

and therefore,

RIOENIO!
Up,e — Ug

< ntvn ([ly — urll2 + lup — @ l2)

b _ pl() 2<2 2,2 _ 2 a2
Uy =) < 20700 (|ly — w3 + [Juk — @)12)
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Proof. We have

R /L . /L 1 m
uig(’t) _ uz( )| — = Zarmk . (a (<W§€7t,r,xz>) o ((kar,xﬁ))
r=1
1 m
< =Y |o (Whepxi)) = o (Wi x,))|
r=1

2
t—1
<V Y lly = gl
t'=0
< ntv/nlly — a2
Therefore,

ﬁﬁf(i)

NI ~
0 — ) < ntv/m (ly — willz + [[ug — akl2)

Moreover,

NIOREPNIC)

2
ket <2 (ly — g3 + [Ju, — A )]3)

. N 2
~L(7) ~1(1)
(“k,t — Uy ) =

Lemma 6. Under the condition of Lemma@ with n < oz, We have

Ao
T6(r—1

16007E%(1 — €)2k2n3d 2327 (T — 1)2n4pCy
+
m)\o 8)\0

1
|<y —uy, By, [Iluc]>| < §7707)\0||y — w3+

Proof. We start by analyzing wy1,,» — Wy . Taking expectation, we have

i zp:ffl Lyt (ng t)
Enm, [Wet1,r — Wi = —1Ewm,, | 5,r _ 7/
i I=1 t=0 Owr
[ P 9Ly (Wy) P (Ol (Wi,t) 0Lyt (W)
SN P piac SRS 9 9 (e LML
=1 r =1 t=1 r r

w1 (0L (me) DLy (W)

b o
= —n7Em, [8kr] — 1Em, |7k Z Z ow ow
=1 t=1 r "

(1 — 7
m

i=1

_ T OLW)
& Ow,

X0 ((W,r, Xi))—

w1 (0L (Wﬁf’t) Ly (W)

nEm, | 7k,r Z Z ow,. ow,

=1 t=1
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Therefore
Ea |10 = Z 0B, [0((Wit1eXi)) — (Wi X3))
TES
- \/gTTL 7; @r <EM" [Wk""lvT - Wkﬂ“] aXi> H{<Wk,ryxi> Z 0}
- Z < w, X ) HWerxi) 2 0} =1 (5{,,1 +5§7,1)
néd i i
N ,5 > Z = uf?) (i, %) T Wi, %0) 2 0, (Wi, ;) 2 0} = (£07) + €07
resS; j=1
=07y (H(k)y — BRG) (5 — ) — 0 (€10 + €57
j=1
where
7 95 1-— f T n
&k = (mg ) Z Zar (xi, %) o ((Wk,r, X))
resS; j=1
p =1 (OL . (VV}C t) OL,.: (W)
£ = & S o (B e : K (we %) > 0
o \/m res; < * 7 ; =1 awr aWT {< > }

Let & 1 = {51(1,3, . 781(23}, and & = {52(1,2, .. 782(23] Then we have
En, [I1,1] = no7r (H(k) — H(k)l) (y—wp) —n(Ek+Ep)
Thus,

Enm, [T14] = Em, [T] — n07H(K) (y — ug)
= nOTH(k) (y — ug) + 0 (Evp + Eap)

According to Lemma @ and Lemma we have the bound of fi'l(l,)c and 52(1,1 as

‘El(l,)c < OE(1 — &)Tnry %l
e0] < BT (gl — il + VG )

Moreover, according to Lemma [I7, we have
[H(k)* |2 < 4éns™'R

Let R < 1’“2’?3 , we have

Ao

[E()* 2 < 52
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Therefore, we have

[ = e Ena, [15,])] < 0 [(y = we HGE v = i) 40D (| (v - “>)

)]

)nf Iy — sz

=)t

_uk

)

= B[ EL(R) o]y - w3+ ma ([}

+Jegh

IN

€52

1 i
g olly — sl + maxe ([£1] +

1 2067 (T — 1)n?
< Snprolly — el + T I g

3 2 _ 2
(ww e[ T vP01> Iy~ el

Using the general inequality that ab < %(a2 +b?), and n < ﬁ,

N

we get

16n97E2(1 — £)%k2n3d N 203827 (1 — 1)%npCy

1
(v — g, Enm, [T14])] < §779T>‘0”y 3+ mAo 5%

Lemma 7. Under the assumption of Theorem[3 we have that for all k € [K],i € [n], it holds that

1=

i)
)

Proof. We have

< O 157 S () (Wi x,)

3
2 -
m res; j=1

LT 5 3 )

resS; j=1

TTL
< % D Iwkell2

reS;
< BAZ O S (g 1o + )

res;

mw |

(SN

m
(1 —&)n (1 —&)™nR
e Uo\L T S)Thb

Jm

< IWollr+

< 06(1 - 5)771%\/%
m

where for the bound of |Wy||z we use Lemma

Lemma 8. Suppose |Wi 1, — Wo |2 < R for all v € [m]. Then we have

2,t

< BT (1w + VG
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Proof. Since r € S;, the difference between the surrogate gradients of a sub-network has the form

OLpnt (me) Lyt (W)

ow,

8WT

1 n
l [ Al0)
= army, X (U
vm |4 ’
Jj=1

INIC)IENIC))
Upy — Ug

2

Therefore, using the convexity of £3-norm,

- (ch,t) DLy (W)

Mk nkrz

[ p
Nk, r Z
=1

ow, ow,

2

By Lemma [f] we have

NIG
uk(,t)

Therefore,

— i) H{wir,x;) = 0}

2

DLyt (WLJ OL ot (W)

2

L (me) Lot (W)

2

n(lly = ull2 + [lug — aG]|2)

GWT
2

P

< 7)57(72— 1)n% <]

3
T nz
<TI0 (ly — gl + /o)
where the last inequality follows from Lemma [24]

Lemma 9. Under the condition of Theorem[3, we have

1
(y —ug, Enm, [T2])] < §W9T/\o||y — w3 +

(8Lm§c (wiw) Lt (W)

nAog?(0 — €2)nr?

awr

p
Ent, [nmzmk,r (ly - wella + ||y—ﬁz||2)]
=1

Olly — ugll2 + Enr, lnkm > i llu — ﬁkllzD
=1

77/\052(7' - 1)21901

24pT
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Proof. To start, we notice that Using the 1-Lipschitzness of ReL.U, we have

Iﬁhﬁéz}=j%EMk 2 ar (o (Wi 36) = (Wi )
res;
< \/%TZ’; En, [|o((Wht1,rXi) — 0 (Wi, X4)]]
gv%ggEmﬂmHu—wme
SJ%EQEMNWHM—WWM
it e e EE]
< \Z%TGES:# En, [|lgr,rll2] + Enm, |5, :_lllz_p; W 2

IN

0 4 St [6(6 — &2
m m P

név/n LS
- Z Em, Uk,rzzmkr”y a, t||2]
reSt t=1

=1
0 4 St [6(0 — &2
m m P

né/n =<
— D B | Y > milly — 2
reSt t=1

=1
OéT/n dnérn|SH| [6(0 — €2

IN

IN

reSj

7—1
e SO umz]

t=1 [=1

where in the seventh inequality we use the bound on Eng, [||8k.r|/2] from Lemma [4] Moreover, using Lemma
[24] we have

p

Et, nk,rzmgc,r||uk_ﬁ§€|2‘| < VpCi
=1

Then we have

0 4 St 06 — &2 -1
] < TRy, SIS OO el =) s

E Hl(i)
My, 2,k m p

(0 — &2
< 877957'\/77/@713||y — ugll2 + 16n&nR (pﬁ) + 4né(T — 1)}171R\/np01

38



Under review as submission to TMLR

where in the last inequality we use |S;-| < 4mx~1R. Therefore,

n

S 01— o, [1£)]

i=1

Iy — ug, Enm,, [T26])| =

il IEMk 4] \

< s }
?EI?X { 2.k
< Virmax [Iéfk} \ Iy — il

< 800w~ nR||y — k3 + 16nER Iy — ugll2+

0(0 — &2)n’
p

Ané(r — 1)~ 'nR/pCilly — ugll2
A& (0 — £2)nr? n nAo&2 (1 — 1)*pCy
24pT 96760

1
< §779T)\0||y —uglf3 +

where in the last inequality we use R < 1”2))50 and ab < = ( 24 b2).

Lemma 10. Under the condition of Theorem@ with n < we have

Ao
48n7T max{n,p}’

17%€2720(0 — £2)nk?

, + 72 Xo(T — 1)°pnCy

1
Em, [[lursr — ugl3] < Znﬁﬂo\ly — w3+

Proof. As in previous lemma, we use the Lipschitzness of ReL.U to get
2
an [ (w2 - of?) ] < S, (Z 0 (o (Wes1.50) — <<wk,r,xi>>>>
<& B, [(0((wirn ) — ol x)]
r=1 B

m -
<& Ea |[(Whirr — Wk,mxz‘>2]

m -
<€ B, [IWkirr — Wi 3]

=¢2 (D1 + Day)

where

Dis =Y Bna, [IWihrr = wirll}]
res;

Dy =Y En, {||Wk+1,r —Wk,r”g}

TESf
Using Lemma [11] and Lemma [12] we have
160%720(0 — £2)n?k?

Dy < (47200 + 4*0n*s (7 — )p) lly — wel3 + At (r = 1)%pCy
207\ AP Ae0(0 — E)nr? | nP7(r — 1)AopC
Dz,k§n180(1+(T—1)p)||y—Uk||§+ ! 0(9]95) 42 18) e
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Therefore we have

Eng, [[[ k1 — wil3] < €n (D + Do)
< (47;2527%29 +4n*0n T (1 — 1)p +

160%€2720(0 — £2)n’k?

n?0TnAg

S0 (1t (7= ) ) Iy - wel

4n?Xo€20(0 — £2)n?k? n

+4n*e®nt 3 (r — 1)%*pCy +

D 9p
&7 (1 — 1)nAopCi
18
Wlth 77 < m7 we haVe
1 17n2€%2720(0 — €2)n3kK2
Bag, (s = uel] < Joordally - w + TETPOZEN e 1y2ncy

Lemma 11.

16n2720(0 — £2)n?k2

Dy < (47]272710 + 4antondr3(r — 1)p) lly — uells + + dn*nir3 (1 — 1)*pCy

Proof. We have

r 2
2 g (W)
D=1 Y Eng, | s 3000 e Y
res; t=0 =1 r 5
r 2
=12 [OL (WﬁC t) oL, (Wk)
<n? Z En | ||78k,r + Tk, Z Z k@w aw
res; t=1 1=1 r r 5
2
p oL m! (ng t) 6Lml (Wk)
<29’ Y Em [llgesll3] +20°(r = 1) ZZEMk Mo Z kaw -
res; res; t=1 =1 r r

2

Note that for r» € S;, we have

OLyyt (Wi,t) Lyt (Wk) : _ My

ow, 8Wr

2

> arxi (@) = i) I (wir x)} = 0
=1

n
Mg, RGO &
< m Z (“k,t — U

i=1

2 2

2
Z ke (2n*nlly — uk|3 + 2%t n|lu, — A 13)

IN

where in the last inequality we use Lemma [5| Plugging in the bound above and the bound on Eng, |lgxl/3]
from Lemma [ gives

2 16n2720(0 — £2)n?K2

Dy < 4’ by — w3 + 4774911373(7' — Dplly — upl3+

p
P (1 = pEa, [0 ) i llu — 0413

=1

dn*n

16n2720(0 — £2)n’k2

< (477272n9 + 41749n373(7 — 1);0) ly — ukH% + + 4ntn? 2( ) pCy
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Lemma 12.

9 2 _e2 2 2 (-
WOTX0 (1 4~ 1yp) Iy — w3 + 22 Aoe(ogpg Jron” T 1;)%1)01

Proof.

1 2 0Ly (W) ’

Dyy=n" ) Em, rzz e

1
reS; t=0 [=1 9

T—1 P Lyt <W2t>
< 7727- Z ]EM,c [Hgk,rllg] + ZEMk M, Z T
TESI.J- t=1 =1 r )
T—1 [ aLmk (Wk’t) 2
< 7727' Z Em, [Hgk,rng] +pZEMk 'r]ﬁ,rz B —
TES,L'L t=1 1=1 r )

IN

pm t=1 =1
27) ™o | 8n20(0 — £2)tn2k% |, . 20°0T(T —L)np | 9
< =[5 lly — w3 + 157+ 1S [lly — wellz+
m pm m

20°7(r — )np .\ 2 e 12
TISZ- [En, nk,rzmk,r”uk — |3

=1

Using |S;+| < 4mk~ R with R < i:iol gives
207\ A No0(0 — £2)nK?
Dose < 020 (14— 1))y — g 4 22000 = )
18 9p
2 p
n°7(T —1)Aop N
18 EM}c ni,rzmk,rHuk - uk”%
=1
2 2 2 2 2
72071\ 5 An?Xeb(0 — &%)Tnk 7 (T — 1) AopCh
1 -1 —
< T2 (1t (7 = D)y — w4 AT T

41
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H Lemmas for Theorem [

Lemma 13. The kth global step produce the squared error satisfying

-1
1 /4

1< . ) .
Iy = wialls = >3y = @5 5 30> I -

=1 I=110'=1

Proof. We have
1& ’
ly — uk-+1||§ =Y - 1; Zﬁi,f

=1

2

N
Il
-
Il
_

2
p I=10=1

1 P P . o p . o
5 (ZZ (ly = 13+ ly =, 3) = 3D (v~ oy — )
I=10U=1

I=10=

-1

1 - S 2 1 - 1 A2
- 5 Z Hy - uk,T”Q - E Z Z ||uk,7' - uk,TH2
=1

I=11=1

Lemma 14. We have

P s
L2 L A2
) ||uk*uk||2*]; > 0> llag — k3
=1 I=11'=1
Proof. Using uy, = % P_, 0l we have
P Pl 2 2
lu, —ak% = - al -l
k kll2 = » k k
=1 =1 |1 =1 9
p || 2
1 }: NN
=1 llir=1 9
LA
— § § E ~ly Al Al ~1
_P <uk —uk,uk _uk>
I=1 l1=11s=1

|
(]

42
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O

Lemma 15. If the network initialization satisfies ||[Wo|l2 < kvV2md — /mR for some R > 0, and the
weight perturbation is bounded by ||W§w —worll2 < R for all v € [m] then for all v > 0 we have

A0 = =
0 1
L < 5 ZEMk [”y_uk,tHg} + tj,
D
=1 t=0
with

2 2 _12 Sd
By, o [14] < 32nk*T(p — 1)°n

YAom

Proof. First, we have
IWille = [Wollr + [W}, = Wl

= kV2md — kRy/m + (Z Wi — vm-ll%)
r=1
= kV2md — kRy/m + RvVm = kv2md

2

For convenience, denote

0'27(;) =0 (<W€€7”"Xi>) ; O'll;—(i-?,r = U(<W§C,T,r7xi>)

Note that

~ ~ ’ ~ ~ ’
e, — k3 — ok, — ok 3=

= Z (ﬂﬁg(o ol @ ﬂi(j) _ u;g)) (ﬁi’(i) _ ﬁ;,(i) _ UZ@ N ﬂﬁcf))
=1
D n m 1,(3 NG / G e
m 2 (Z v <m§” (U’“’(T) a Ukiiw) = M (Gk,r( b o) )>)> |
i=1 \r=1
<Z ar (1, (29 4020 ) —mf, (0 4 ol ))
r=1
p n m (
1,(i 1@ / (i e
=2 (mi,,. (a,cp . ng’r) —ml, (%,f g ))) .
=1 r=1

1 1,(7) 1,(3) 4 ,(4) U, (@) L
my (Jk,r topiie ) =My Ok T 0k, + i
where
p n ’ ’
L _ 2 : 2 : l L(4) 1,(9) I (@) U, (@)
by, = E ArQypr (mk,r (Uk:,r - Uk+1,r - mk,r ak,r - Uk,'r‘ ’
! 1,3 1,(i I UG UG
(m,w, (ak,(r/) —+ Ukiiﬂ"’) — mk)T/ (o’kﬂf/) + O-kﬂfl)
’
Using independence between a, and a,» we can see that Ew, a [Léc’l ] = 0. Moreover, since for [ # I’ we have

/ . . . !
mﬁw # mfw, it is obvious that méwmém =0 for [ #I'. Therefore,

n m
Al A2 A1 o2 P l 1,(i)2 1,(3)2 v U,(3)2 U,(9)2 LU
G — Qg 15 — 0y, — 0 .5 = m § E Mer Ok — Okiir) = Mhr \Tpr — Opyir)) ik

=1 r=1
p n m , ,
1,(i)2 1,(i)2 U,(i)2 U,(i)2 L
s Z Z (’Uk,r T Okt T ke T Oktrr|) Tk
i=1 r=1
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For all [ € [p],r € [m], and all ¢ > 0 we have

m
E :‘Ukr k+1r
=1

2: L,(4) L,(2)
‘Ukr - 1,7‘ .‘O-k,r + k+1,r

m

<3 Wk = Wil - (ke lly + kil

r=1

where the second inequality uses the 1-Lipschitzness of ReLU and the fact that ||x;||2 = 1. Since we have
for all r € [m], it holds that

T—1 5LM,€ <W§€ t) T—1
T : nv/n Al
[wir = Whan ol <2 |0 2 < T 2y — e
Then
Z‘Uﬁc’,(:)z_ k+1r \/\CZD’ (Z (Hwkr ‘*‘wachl,er))
r=1 r=1

< WEZ ly — o ll2 (Wl + Wy llF)
< 4nwmnd2 ly — ), 4|2

4 m
Ve Z ly — L |l + 4nrgrVmnd

Also, in the last inequality we use 2ab < % + ¢b? for all ¢ > 0. Plugging in the choice
_ 8(p—1)kVn3d

q= YAom

with some v > 0 gives

1,(2)2
Z‘Ukr k+1r <

~ dn(p —

T—1
Y Aom 4 16nk27(p — 1)nd
Ty Sy~

Therefore

Ly AP S A ol
(3] < G2 D (Enay Ty = k18] + Bae, [y - a,03]) +

A A / A
En, | I, — 13 — [, -,

D&
16nk2rp(p — 1)nd L
B, [0
YAom M |
Therefore
| Pt
=25 >0 B, |8h — 8k 3 - af, —af 3]
P Sia
Mo 2 C e 32nk%7r(p — 1)?n3d
=< (]EM y—1u +Em [y—fl D +
o 1) 2o 2 (B [y = 8] + B [y 1 b
| Pt
1l
2 B, [Lk }
PSS
p Tl 2 2,3 P
1720 ;oo 32nkAT(p—1) d 1 { }

44



Under review as submission to TMLR

|  Auxiliary Results
Lemma 16. With probability at least 1 — ne=™% ' we have |S;| < 4mx=R for all i € |n).

Proof. Note that I{r € Si*} = I{I{A;,} # 0} = I{A;,}. Therefore, we have

1S = Ifr e S} =1{A;}.
r=1

Since Ew,, [[{A;r}] = P (Ai) < 22 < k'R, we also have

— KV2T

2R

KV 21

<k 'R

Ewo,. |({Air} = Bwo, 1{Air}))’] < Eui, [{4:}?] =

Again apply Bernstein inequality over the random variable I{ A;,} — Ew, , [I{A;,}] with t = 3ms~'R gives

m
P (S| <4ms™'R) =P (Z {Ai} > 4mm1R> < exp (—mk'R)
r=1
O
Lemma 17. Define H- € R™*"™ such that
§
Hi = (xi,%5) Z {{w,,x;) > 0; (w,,x;) > 0}
resSit
If |S| < 4mk~ 1R, then we have
|H* | < 4néx™'R
Proof. We note that
)3 < [HYE = ) 1HG)P
i,j=1
For each i, j pair we have
L £ oL -1
|Hij‘ < E|Si | =46k R
Thus
_1 1
|HL |2 < (||HJ‘||%) > < (16n°k°A%) % =4nék 'R
O
Lemma 18. For i.i.d Bernoulli masks with parameter &, N,ﬁ:r ~ Bern(0) with
0=P(Ni,=1)=1-(1-¢7"
Proof. We have
P
=1
O
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Lemma 19. We have
]EMk [(Vk,r,r - '5)2] S 0 — 52
Proof. To start, we notice that vk = Mk Y oj—q M. = Mk Dopeq My = Nipo Therefore B, (Vi) =

Ewm, [Nkﬂ} = 6. Moreover, since N-2 = N, we have Ey, [Vﬁ M} = 0. Thus, using 6 > £, we have

EMk [(Vk,r,r - 5)2] = EM}c [Vlg,r,r} - 2£EM19 [Vk,?”ﬂ“} + 52
=020 +&2<h—¢?

O
Lemma 20. For i.i.d Bernoulli masks with parameter £, we have
& ifr#£r
Em, (Vi | NE o =1] =
Mk[ k,r, | k,r ] {1 ifT’:T/
Proof. If r = r', we have
~ n X
1 T
EMk [Vk.,r,'r’/ | Nk,r — 1] = EM}c nk,r;mhr | Nkﬂ’ =1 = IE:M;C |:N ‘ Nkr — :|
=Em, [Ni | Ni =1] =1
If v # r, then we have that mfw/ is independent from mﬁm and Nj .. Therefore,
P
EMk [Vkﬂ’ﬂ"’ | Nlj:r = 1} = ]EMk Nk,r ngc,r | NkJ::r =1 ]EMk [mgc,r’]
1=1
Xk r 1
= ¢E { N Tl} =¢
k Nk,r ‘ k,
O
Lemma 21. The variance follows
0—¢> . /
Vaerk (Vk.r,r/ | ng_r = 1) = p Zf”’ 7& r
’ ' 0 ifr=r'
Proof. For r # r', the expectation of 1/,% o Glven N,ﬁ- =1is
l I
o omb mb mb ml
EMk[V]%TT/|N]§_T:1]:]EMk Zl =1 k,r kr k,r k,r |N]i_7,:1
»T ) Xk r )
P ml . ml’r
ZZEMk mkr’}EMk[mkr’]EMk il =1 ]EMk i |Nli_r71 +
Xk T ’ Xk r ’
=1 7£ ) )
ml,
ZEMk [mge,r’]EMk X2 | Nk o 1]
1=1
p n .
:§2ZZEM’€ X,T|N]§:T:1 ]EMk X,T|N'é:’l‘_1 +
=1 U2l k,r k,r
P l
my .
EZEMk XQ, |NI€L,7‘_1
=1 k,r
P ! 2
1 My 1
- 52 +€EMk |:X ,r | N’wﬂ B 1:| - 52 ;EMk Xk,r | Nk,?" - 1]
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Therefore, the variance of vy, given N, ,ﬁ}, =1 has the form

Var (Vk,r,r’ |gNli:r = ].) :EMk [Vlz,r,r’ ‘Nli:r = ].] *]EM;{ [Vkrr’ |N]i'7, = 1]2

1

‘|2
Let X(p) = >_1_, m! ~ B(p,€), then we have

1
B [XM|NLHJ}_EM4A+X@—1J
!

Xy

Em

k

[ 1
=P(ml =1|Nt =1E —_ :§E _
(e = 1158 = 0B | | = 6 | =)

Moreover, using reciprocal moments we have

& [1 _ 6
M T+ X(p—1)| g
Therefore
" ¢ ?
Varsa, (e | N, = 1) = a1~ P | Trx )
_0-&
p

If r = 7/, the variance is

Varm,, (vrr | gr = 1) = Varm, (9- | g- =1) =0

O
Lemma 22. Suppose k <1, R < K4/ 3%. With probability at least 1 — ™32 we have that
||WO||F < RV 2 \/>R
Proof. For all v € [m],d; € [d], we have En, [w2; ] = x> Moreover, each w?; is a (2x?,2k%)-sub-

exponential random variable

2

oo w
i [ b2y~ ~2>] _ / e, = T
2T J 0o
1 o0
_ / 6_(2 —t)wig, —tr? dw,q
KV2T J o !
1 ™ —tr?
— . - e
KV 2T (2%)_1 —t
— e_t”2 < 212kt
V1 2tR2
with ¢ < 5. Thus, using independence between entries of Wy gives

m d
E [ewuwoué—mdxz)] <TITI E{ Hwra, =+ >} < 2mdi*s’

r=1d;=1
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Invoking the tail bound of sub-exponential random variable gives

2

TEmat  if 0 <t < 2mdk?
P(|Wol2 >mde2+1) < ¢ L7 BU=t=mE

e an? if t > 2mdk?>

Let t = mdk? — 2mrxRvV2d + mR2. Then
[Wo|/2 < 2mdk? + mR? — 2mrRV2d = (kV/2md — /mR)?

2
with probability at least 1 —e™ ST | Using R < K4/ % we have ¢t > %md&Q. Thus with probability at least
1— e % we have
[Wollr < £V2md — vVmR
O

Lemma 23. Assume k <1 and R < % With probability at least 1 —ne™ 32 over initialization, it holds for
all i € [n] that

m
E (Wo,r, X;) § 2mk? — mR?
r=1

m

n
Z (W, %:)° < 2mnk? — mnR?

i=1r=1

Proof. 1t suffice to prove the first inequality, and the second follows by summing over n. To begin, we show
that each (wo,x;) are Gaussian with zero mean and variance k2. Using independence between entries of
Wo,r, We have

d

d
E {E*t(wo,mxz?} —F H e two,r T | — H E [e~twori®ii]
=1

where the last equality follows from our assumption that ||x;||2 = 1. Next, we treat each w,; = (W, x;)°
as a random variable. First, we compute the mean of w; ;

d 2
E[wm‘] =Ew, [<W0,mXi>2} = Ew, <Z wo,r,dﬂci,d>

d1:1
E 2
- Wo wOrd 7d*’€ zzd*’i
di=1 di=1

Then, we show that each w,; is sub-exponential with parameter (2x2,2x2).

i —k? 1 Wy i —K
E [et(wm )} _ —= et(wr,i ) %2 N

1 1 2 2
~(glr ) (Vom) —t? g o
€ 2= Wr g
KV 2T /_OO ’

1 T —t?
- . .e
K27 (2%)~1 —t
—tr?

1—2tk2 —
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for t < 5. Since each wo . is independent, we have that each w,; is independent for a fixed i. Thus

E [et :n:l(w,.,ifn2):| _ H E |:et(w7,,ifm2):| < 62mtn4
r=1

Thus we have

m __t2 .
e mmnt  if 0 < t < 2mk?
P Zwm-Zm/iQ—i—t < .2 - =
r=1 e 22 if t > 2mx2

We choose t = mk? — mR?. Since R < =5, we have that m"‘ <t < mk2. Thus

P <Z Wrj > I2mk2 — mR2> < e~
r=1

Apply a union bound over all i € [n] gives that with probability at least 1 — ne~33, it holds for all i € [n]
that

m
Z Wr; < 2mr? — mR?

r=1

Lemma 24. If for some R > 0 and all r € [m] the initialization satisfies

m

W0y X 2 < 2mnk? — mnR?
Z< 0, bl 7,>
r=1

and for all r € [m], it holds that ||Wg, — Wo |2 < R. Then with C; = W, we have

p
<Cr; By mer Yy millue — a4 la| < +/pCh

=1

EMk 771%,7" ngc,'rnuk - ﬁch%

=1

Proof. Using reciprocal moments, we have
92

EMk [nk,r] =P (N]é'r = 1) EMk [nk7T | Nkl,r = 1] = ]Tg

To start, we compute that for r # /. Using the independence of mfw, and mﬁw/, we have
p

Z (&= mkr)2‘|:

NE

EMk [nlzc,rmkﬂ“(f - mk,r’)2]

Mg

l

1

NE

EMk [nlzf,rmif,r] EMk [(5 - mgc,r’)ﬂ

o

1

= 5( EMk

= &(1 = OB, [1r,r]

For r = 7/, we use the idempotent

/4

M, Z g mk r)2]

( ]EMk

o

=(1- f) En, [1,r]
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Therefore

2
N0 S 1 - “
]EMk: |j7]%,r me’cﬂ' (ul(g) - uk( )) < EEMk nl%,r mé@,r Z ar(f - mf’ar’)a((WkJ"v Xi))

=1

IA
| —
&=
S
1
=
o
3
[
3
.
3
(]
~
3
x>~
\3\
o
2
g
-
%\
Iy
—_

1 — &
< E Z EMk nl%,r Z mgc,r(f - my r’) O'(<Wk77"7 x1>)
r’'=1 =1
< S ] S (i i)+
r’'=1
(1 - f)r(nl —% EMk [nk,r] O'(<W]€77«,Xi>)2
201 _ m 202
= ° (;p : ;::1 (Wi, %)+ (lmfa)fe (wier i)
< 202(1 — &)r? 202%(1 — €)2K2
- p mp§
< 460%(1 — &)K?
p

where in the last inequality we use m > ¢~!. Thus, we have

P n p 2
. SENIC
Bag, a2, 3l o~ uua] _ S Ew, [n Sud, (w0~ )] < 0
=1 i=1 =1
Also, we have
1
P p 2]z
Ent, | Mk D mblae — 0hlla | < B, | { mer D mb lae — Gl
1=1 =1

1
j2 2
< 2 l alg2
< VPEwm, N, r mk,rHuk |5
=1

Plugging in the previous bound gives the desired result.

Lemma 25. If for some R > 0 and all r € [m] the initialization satisfies

m
2
(Wo,r, %) < 2mnk? — mnR?

r=1

and for all r € [m], it holds that ||wWg, — Wo |2 < R. Then we have
Ena, [ur — @} [3] < 4€(1 — &nw®
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Proof. To start, we have

2
Em, l:(ul(;) _ ﬁi(i))2:| _ iEMk (Z a, 5 mkr (<Wk’r,Xi>)>

IA
\
ﬁ

IS

-
!
3

ad

2
g
™
3
2

IN

&(1-9¢ Z <Wk,raxi>2

=1
< 208 i (wo . xi)? + 2601~ E)R
<461 - Or’

Therefore,

2

} < 461 - )nw?

A - 7 ~L(7
Ba [lue — 0 13] = Y- B, [(uf? - 0l”)
=1

Lemma 26. Assume that for all i € [n], y; satisfies |y;| < C — 1 for some C > 1. Then, we have

Ew, . [y — wl3] < C2n

Proof. 1t is easy to see that Ew, a [ugi)] = 0. Now, note that

2
Ewo,a |:<u(()1)>2:| = 52 EWO a (Z aro WO ry X4 )
9 m

2
-— E Ew, |:<W0,7‘7Xi> }
m
r=1
9 m d 2
== 5 Ew, 5 Wo,r,d’ Ti,dr
m r=1

d'=1
€ $ ;2
= E Z Z EWO I:U)Om,d/xi,d/]
r=1d'=1
= ZZ% @
r=1d'=1
=¢2
Therefore,
N e o () O\ _ .2, g2
IEWg,a Yi — Uy =Y; 2y1]EWg,a Ug +EW0,a Uq =Y; +€
Thus,

Ew,.a [”y_ 110”3] = ZEWO,a l:( Yi — Uo ) :| Zyz —|—§27’L < (C%n
=1

=1

o1
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