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ABSTRACT

Signature transforms are iterated path integrals of continuous and discrete-time
time series data, and their universal nonlinearity linearizes the problem of feature
selection. This paper revisits some statistical properties of signature transform un-
der stochastic integrals with a Lasso regression framework, both theoretically and
numerically. Our study shows that, for processes and time series that are closer to
Brownian motion or random walk with weaker inter-dimensional correlations, the
Lasso regression is more consistent for their signatures defined by It6 integrals; for
mean reverting processes and time series, their signatures defined by Stratonovich
integrals have more consistency in the Lasso regression. Our findings highlight
the importance of choosing appropriate definitions of signatures and stochastic
models in statistical inference and machine learning.

1 INTRODUCTION

Signature transform. Originally introduced and studied in algebraic topology (Chen| |1954;
1957), the signature transform, sometimes referred to as the path signature or simply signature, has
been adopted and further developed in rough path theory (Lyons et al.| |2007; [Friz & Victoir, 2010).
Given any continuous or discrete time series, the signature transform produces a vector of real-
valued features that extract rich and relevant information (Morrill et al., |2020a}; Lyons & McLeod,
2022). It has been proven an attractive and powerful tool for feature generation and pattern recogni-
tion with state-of-the-art performance in a wide range of domains, including handwriting recognition
(Yang et al.| |2016bfc; [Wilson-Nunn et al., 2018; Kidger et al., 2020} Ibrahim & Lyons|[2022), action
recognition (Yang et al.l 2016a;|L1 et al., 2017} [Fermanianl 2021} Lee et al., 2022} Yang et al., 2022
Cheng et al., 2023)), medical prediction (Kormilitzin et al.,|2017; Morrill et al., 2019; Moore et al.,
2019; Morrill et al., [ 2020b; |Pan et al.| 2023} [Bleistein et al.|[2023)), and finance (Gyurko et al., 2013
Lyons et al., 2014;|Arribas}, 2018 [Lyons et al.| [2019; |Kalsi et al.,[2020; Salvi et al.,|2021; |Akyildirim
et al., [2022; |Cuchiero et al., 2023} [Futter et al., 2023} |[Lemahieu et al.| [2023)). Comprehensive re-
views of successful and potential applications of the signature transform in machine learning can be
found in|Chevyrev & Kormilitzin| (2016) and Lyons & McLeod! (2022).

Most of the empirical success and theoretical studies of the signature transform are built upon its
most striking universal nonlinearity property. It states that every continuous function of the time
series may be approximated arbitrarily well by a linear function of its signature (see Section [2.1)).
Empirical studies (Levin et al., [2016; [Lyons & McLeod, 2022; [Pan et al.| 2023 |Bleistein et al.,
2023)) demonstrate that the nonlinearity property gives the signature several advantages over end-
to-end neural-network-based nonlinear methods (Ahmed et al., [2023). First, training linear models
of signatures is more computationally efficient than neural networks; second, the linear model al-
lows for interpretability When learning nonlinear relationships between variables, utilizing linear
regression models after applying the signature transform can yield significantly improved out-of-
sample prediction performance compared to modeling without the transform.

Signatures are iterated path integrals of time series, and there are multiple definitions of integrals
adopted for signatures. Despite the rapidly growing literature on the probabilistic characteristics of

!'The signature transform can be understood as a method of feature engineering, and can be interpreted
based on the geometric shape of the underlying path; see Appendix@



signatures and the successful application of the signature transform in machine learning, the statis-
tical properties of the signature method are often overlooked. Furthermore, universal nonlinearity
can be expressed under different definitions of signatures (see Appendix [B)), raising the question
of which definition has better statistical properties for different processes and time series. To our
knowledge, most empirical studies in the literature use a default definition regardless of the spe-
cific scenarios being studied. However, using an inappropriate signature definition may lead to
suboptimal performance. Therefore, it is time to understand and systematically study the statistical
implications of these different forms of signatures on a given time series data.

Consistency of Lasso. In practice, feature selection methods like the Lasso (Tibshiranil [1996))
are commonly used to identify a sparse set of features from a universe of all signatures (Lyons)
2014} |Chevyrev & Kormilitzin, 2016; |[Levin et al., 2016; Moore et al., [2019; Sugiura & Hosodal
2020; [Sugiura & Kouketsu, 2021} |Lemercier et al.,|2021; |Lyons & McLeod, [2022; [Lemahieu et al.,
2023}, Bleistein et al., 2023} |Cuchiero et al [2023). One of the well-documented and extensively
studied issues concerning linear models is the consistency in feature selection by Lasso (Zhao & Yul,
2006; Bickel et al., | 2009; Wainwright, 2009). Consistency is an important metric for out-of-sample
model performance. Given the different definitions of signatures, the natural starting point is the
consistency issue for Lasso regression models under different signature transforms.

Main results. This paper studies the consistency issue of Lasso for signature transforms. It focuses
on two definitions of signatures: It6 and Stratonovich. It chooses two representative classes of
Gaussian processes: multi-dimensional Brownian motion and Ornstein—Uhlenbeck (OU) process,
and their respective discrete-time counterparts, i.e., random walk and autoregressive (AR) process.
These processes have been widely applied in a number of domains (Uhlenbeck & Ornstein, [1930;
Levin et al.,|2016; |Arribas, [2018} [Kidger et al., 2019; Lyons & McLeod} |2022).

To analyze the consistency of Lasso regressions, we first study the correlation structure of signa-
tures for these processes. For Brownian motions, the correlation structure is shown to be block
diagonal for It6 signatures (Propositions [[H2), and to have a special odd—even alternating structure
for Stratonovich signatures (Propositions [3H4). In contrast, the OU process exhibits this odd—even
alternating structure for either definition of the integral (Proposition 3.

Based on the correlation structures of signatures, we investigate the consistency of Lasso regressions
for different processes (Propositions[6H8). For time series and processes that are closer to Brownian
motion and with weaker inter-dimensional correlations, the Lasso regression is more consistent for
their feature selection by Itd signatures; for mean reverting time series and processes, Stratonovich
signatures yield more consistency for the Lasso regression.

Contribution. Our study takes the first step toward understanding the statistical properties of the
signature transform for regression analysis. It fills one of the gaps between the theory and the prac-
tice of signature transforms in machine learning. Our work highlights the importance of choosing
appropriate signature transforms and stochastic models for feature selection and for general statisti-
cal analysis.

2 THE FRAMEWORK

In this section, we present the framework for studying the consistency of feature selection in Lasso
via signature. All proofs are given in Appendix [K]

2.1 REVIEW OF SIGNATURES AND THEIR PROPERTIES

Consider a d-dimensional continuous-time stochastic process X; = (X}, X2,...,X!)T € R4,
0 <t < T, and its signature or signature transform defined as follows:

Definition 1 (Signature). For k > land iy, ...,ix € {1,2,...,d}, the k-th order signature of the
process X with index (i1, . .. i) from time 0 to t is defined as

S(X)im :/ dX;r - dXjk, 0<t<T. (1)
0<t1 <<t <t

The 0-th order signature of X from time 0 to t is defined as S(X)? = 1 forany 0 <t < T.



In other words, the k-th order signature of X given by Equation @ is its k-fold iterated path inte-
gral along the indices i1, ..., 4. For a given order k, there are d” choices of indices (i1, ..., i),
therefore the number of all k-th order signatures is d¥.

The integral in Equation (T]) can be specified differently. For example, if X is a deterministic process,
it can be defined via the Riemann/Lebesgue integral. If X is a multi-dimensional Brownian motion,
it is a stochastic integral that can be defined either by the It6 integral or by the Stratonovich integral.
For clarity, we write

seop = [ axjdxi = [ sEopeentaxy
0<ty <<t <t 0<s<t

when considering the It6 integral, and

S(X)ily---ylk’s — / dXle 0...0 deL]:: _ / S(X)ilwnaik—lgs o dXé‘
0<ty<---<tp<t 0<s<t

for the Stratonovich integral.

Throughout the paper, for ease of exposition, we refer to the signature of X as the It6 (the
Stratonovich) signature if the integral is defined in the sense of the It6 (the Stratonovich) integral.

Signatures enjoy several nice probabilistic properties under mild conditions. First, all expected
signatures of a stochastic process together characterize the distribution of the process (Chevyrev &
Lyons|, 20165 |Chevyrev & Oberhauser, 2022). Second, the signatures uniquely determine the path
of the underlying process (Hambly & Lyons| 2010; Le Jan & Qianl 2013; Boedihardjo et al.|[2014).

One of the most striking properties of the signature transform is its universal nonlinearity (Levin
et al.||2016; | Kirdly & Oberhauser, |2019; Fermanian, 2021;|Lemercier et al.,[2021} Lyons & McLeod,
2022). It is of particular relevance for feature selection in machine learning or statistical analysis,
where one needs to find or learn a (nonlinear) function f that maps time series data X to a target label
y. By universal nonlinearity, any such function can be approximately linearized by the signature of
X in the following sense: for any € > 0, under some technical conditions, there exists X > 1 and a
linear function L such that

1£(X) = L(Sigr (X)) <, )

where Sigh (X) represents all signatures of X from time 0 to 7" truncated to some order K. This
universal nonlinearity lays the foundation for learning the relationship between the time series X
and a target label y using a linear regression. Appendix [B| summarizes different statements of the
universal nonlinearity of signatures in the literature

In the next section, we study feature selection via Lasso regression by signature transform.
2.2  FEATURE SELECTION USING LASSO WITH SIGNATURES
Suppose that one is given N pairs of samples, (X1,11), (X2,¥2),.-.,(Xn,yn), where X,, =

{X,t Jo<i< is the n-th time series, forn = 1,2,..., N. Given a fixed order K > 1, consider the
following regression model:

d d d
o =Bot Y B SXa)i+ D B St Y B SXn) T e,

i1=1 i1,i2=1 i1tk =1
3)
where n = 1,2,..., N represents N samples, and {¢,,})_, are independent and identically dis-
tributed errors with mean zero and finite variance. Here the number of predictors, i.e., the signature

. . gKH1_q . . . ..
of various orders, is < = L including the O-th order signature S (X)OT = 1, whose coefficient is

Bo. It has been documented that including signatures up to a small order K as predictors in a linear

regression usually suffices to achieve good performances in practice (Morrill et al.,|2020a} [Lyons &
McLeod, [2022).

The goal of Lasso is to identify the true predictors/features among all the predictors included in
linear regression (3). A predictor has a zero beta coefficient if it is not in the true model. The

’The time augmentation is discussed in Sectionand Appendix



selection of predictors with nonzero beta coefficients is a typical feature selection problem. We use
A% to represent the set of all signatures of order & with nonzero coefficients in Equation (3)). Given
any (nonlinear) function f that one needs to learn, let us define the set of true predictorsﬂ A* by

K K
A= U Ay = U{(i17~..,ik) By in 7 0} 4)
k=0 k=0

Here, we begin the union with k£ = 0 to include the O-th order signature for notational convenience.
Given a tuning parameter A > 0 and /N samples, we adopt the following Lasso estimator to identify
the true predictors:
N N ~ d . d o
B (%) = argmin S {wn—Bo— D B SX)P — D BianS(Xn)it -

n=1 i1=1 i1,i2=1

2
i 1

11, lK =

where (3 is the vector containing all coefficients Bil .....ir.» and [|-||; denotes the I;-norm. Here, S (Xy)
represents the standarized version of S(X,,) across N samples by the lo-norm, i.e., for any index

(i1, yik)s

11 4eneyt X 1 yenslle
S(Xn)T’ ’ ( )T

ko S n
N U1 yeenslle 2
D=1 {S(Xm)T' ”

We perform this standardization for two reasons. First, the Lasso estimator is sensitive to the mag-
nitudes of the predictors, and standardization helps prevent the domination of predictors with larger
magnitudes in the estimation process (Hastie et al.,[2009). Second, the magnitudes of the signatures
vary as the order of the signature changes (Lyons et al., 2007), therefore standardization is neces-
sary to ensure that the coefficients of different orders of signatures are on the same scale and can be
compared directly. Furthermore, the covariance matrix is now equivalent to the correlation matrix,
allowing us to focus on the correlation structure of the signatures in the subsequent analysis.

2.3 CONSISTENCY AND THE IRREPRESENTABLE CONDITION OF LASSO

Our goal is to study the consistency of feature selection via signatures using the Lasso estimator in
Equation (3). We use the concept of (strong) sign consistency, a custom definition of consistency
for Lasso proposed in|Zhao & Yu|(2006).

Definition 2 (Consistency). Lasso is (strongly) sign consistent if there exists Ay, a function of
sample number N, such that

lim P (sign (BN()\N)) = sign(ﬁ)) =1,

N—+oc0

~N
where 3 () is the Lasso estimator given by Equation (), 3 is a vector containing all beta coeffi-
cients of the true model, Equation (3), and the function sign(-) maps positive entries to 1, negative
entries to —1, and 0 to 0.

In other words, sign consistency requires that a pre-selected A can be used to achieve consistent
feature selection via Lasso.

The following irrepresentable condition is almost a necessary and sufficient condition for the Lasso
to be sign consistent (Zhao & Yu, 2006).

Definition 3 (Irrepresentable condition). The feature selection in Equation (3)) satisfies the (strong)
irrepresentable condition if there exists a positive constant vector 1) such that

Save,a-S51 y-sign(Ba)| <1 -,

3True predictors are predictors with nonzero coefficients in Equation @).



where A* is given by Equation @) and A*° the complement of A*, ¥ g+c a+ (X A+ a+) represents
the covariance matrix{z_r] between all predictors in A* and A* (A* and A*), B 4~ represents a vector
Sformed by beta coefficients for all predictors in A*, 1 is an all-one vector, |- | calculates the absolute
values of all entries, and the inequality “<” holds element-wise.

This irrepresentable condition uses the population covariance matrix instead of the sample covari-
ance matrix in (Zhao & Yul (2006). Nevertheless, similar to [Zhao & Yu| (2006), it means that the
irrelevant predictors in A*¢ cannot be sufficiently represented by the true predictors in A*, implying
weak collinearity between the predictors. Appendix [C] provides more details about the irrepre-
sentable condition and its relationship with the consistency of Lasso.

By the signature transform, predictors in our linear regression (3) are correlated and have special
correlation structures that differ from earlier studies (Zhao & Yul, 2006; Bickel et al., 2009; Wain-
wright, [2009). We will show in the following section that their correlation structures vary with the
underlying process X, hence leading to different consistency performances for different processes.
Moreover, these correlation structures depend on the choice of integrals used in Equation ().

3 CORRELATION STRUCTURE OF SIGNATURES

To study the consistency of Lasso using signatures, let us investigate the correlation structure of It6
and Stratonovich signatures for two representative Gaussian processes with different characteristics:
the Brownian motion and the OU process.

3.1 CORRELATION STRUCTURE FOR MULTI-DIMENSIONAL BROWNIAN MOTION

Definition 4 (Brownian motion). X is a d-dimensional Brownian motion if it can be expressed as:
1 32 d\T 1 772 AT

X = (X, X5, .., X)) =T(W,, Wg, ..., W8, (6)

where W}, W2, ..., W& are mutually independent standard Brownian motions, and T is a matrix

independent of t. In particular, AX}dX] = pijoio;dt with pijo;0; = (T, where o; is the
volatility of X}, and p;; € [—1,1] is the inter-dimensional correlation between X} and Xj.

Now we study the correlation structure of Itd and Stratonovich signatures respectively.

3.1.1 ITO SIGNATURES FOR BROWNIAN MOTION

The following proposition gives the moments of It6 signatures of a d-dimensional Brownian motion.

Proposition 1. Let X be a d-dimensional Brownian motion given by Equation (6). For m,n =
1,2,... and m # n, we have:

E [S(X)flll} -0, E {S(X)il,...,in,IS(X)i'l,...,jm,I} —0,

o , ) m
i1 5eeestn s d s dnsd
E {S(X);h ‘ S(X)il ! } = E Pirir0in O
T k=1

With Proposition [T} the following result explicitly characterizes the correlation structure of Itd sig-
natures for Brownian motions.

Proposition 2. Let X be a d-dimensional Brownian motion given by Equation (6). If we arrange
the signatures in recursive order (see Definition[A.3|in Appendix[D), the correlation matrix for Ito
signatures of X with orders truncated to K is a block diagonal matrix:

»! = diag{Qo, 21,0, ..., Qx}, )

“In this paper, in line with |Zhao & Yu| (2006), all covariances and correlation coefficients are defined to
be uncentered. Specifically, for random variables X and Y, we define their covariance as E[X Y], and their

correlation coefficient as E[XY]/1/E[X?]E[Y2]. One can easily extend our results to the centered case.



whose diagonal block Q. represents the correlation matrix for all k-th order signatures, which is
given by:
=000 ---0Q, k=1,2 K
—_—
k
and Qo = 1, where Q represents Kronecker product, and Q) is a d x d matrix whose (i, j)-th entry

is Pij-

) ®)

geeey

Proposition []reveals several important facts about Itd signatures for Brownian motions. First, signa-
tures of different orders are mutually independent, leading to a block diagonal correlation structure.
Second, the correlation between signatures of the same order has a Kronecker product structure
determined by the inter-correlation (p;;) between different dimensions of X.

3.1.2 STRATONOVICH SIGNATURES FOR BROWNIAN MOTION

The moments and correlation structure for Stratonovich signatures of Brownian motions are more
complicated. We first provide the moments of Stratonovich signatures.

Proposition 3. Let X be a d-dimensional Brownian motion given by Equation (6). For m,n =
1,2,..., we have

n 2n
P i1 rion. S 1
E |:S(X)t1 2n—1 } =0, E [S(X)tl 2 } = 275 H Piop_1iok H iy
T k=1 k=1

E [S(X)il,”.77;27“SS<X){1’”.,ij_ll’S:| _ 0’

and E [S(X)il,“.,izn,ss(x)gl7..-,j2m,S:| and %S(X)il,m,izn1,SS(X)_21,...,jgm1,S:| can be calcu-

lated using formulas provided in Proposition in Appendix|[D]
The following result explicitly characterizes the correlation structure of Stratonovich signatures for
Brownian motions.

Proposition 4. Ler X be a d-dimensional Brownian motion given by Equation (0). The correlation
matrix for all Stratonovich signatures of X with orders truncated to 2K has the following odd—even
alternating structure:

Yoo 0 Wo o 0 e 0 Vo oK
0 U1 0 Vi3 e VoK1 0
Wi 0 Wa o 0 e 0 Vo ok
NS — 0 W3 g 0 W33 W3 oK1 0 ’ 9)
0 Vor_1,1 0 Vor—13 - Worx_12K-1 0
Yok 0 0 Wok 2 0 e 0 Yok 2K

where V., ,, is the correlation matrix between all m-th and n-th order signatures, which can be
calculated using Proposition In particular, if we re-arrange the indices of the signatures by
putting all odd-order signatures and all even-order signatures together respectively, the correlation
matrix has the following block diagonal form:

SS = diag{\lfodd, \I/even}a

where U,qq and Weyen are given respectively by

Wy g Vi3 e UioKx—1 Voo Voo - Ypox
U3 1 P33 e W3or_1 Voo Wao -+ Waag
. . . and . . (10)
Vor-11 VYor-13 -+ VYog_192K-1 Voro VYora -+ VYorox

Propositions [2] and ] reveal a striking difference between It and Stratonovich signatures for Brow-
nian motions. Specifically, Itd signatures of different orders are uncorrelated, leading to a block
diagonal correlation structure; Stratonovich signatures, in contrast, are uncorrelated only if they
have different parity, leading to an odd—even alternating structure. This difference has significant
implications for the consistency of the two types of signatures, which will be discussed in Section[4]



3.2 CORRELATION STRUCTURE FOR MULTI-DIMENSIONAL OU PROCESS

Definition 5 (OU process). X is a d-dimensional Ornstein—Uhlenbeck (OU) process if it can be
expressed as:

X, = (XL X2 .., XHT =1L Y2, ... vHT, (11)

where T is a matrix independent of t, and Y, Y2, ... Y,? are mutually independent OU processes
driven by the following stochastic differential equations:

dY} = —wx;Yidt +dW}, Yi =0,
fori=1,2,...,d. Here r; > 0, and W} are independent standard Brownian motions.

The parameter x; of the OU process controls the speed of mean reversion. A higher r; implies a
stronger mean reversion. When «; = 0, Y, reduces to a standard Brownian motion.

The following proposition shows that the odd—even alternating structure we observe in Proposition
[ holds for both It6 and Stratonovich signatures of the OU process.

Proposition 5. Let X be a d-dimensional OU process given by Equation (T1). The correlation
matrix for all Ité signatures and the correlation matrix for all Stratonovich signatures of X, with
orders truncated to 2K, both have the odd—even alternating structure given by Equation ().

Proposition [5] can be regarded as a generalization of the correlation structures for It6 and
Stratonovich signatures of the Brownian motion in Propositions [2]and ] In particular, for Itd signa-
tures of the Brownian motion, all off-diagonal blocks in the odd—even alternating structure reduce
to zero, as we observe in Proposition 2] However, the calculation of moments for the OU process is
much more complicated than that for the Brownian motion, which we discuss in Appendix

4 CONSISTENCY OF SIGNATURES USING LASSO

This section investigates the consistency of feature selection in Lasso using signatures for both
classes of Gaussian processes: the Brownian motion and the OU process. We also provide results
for their discrete-time counterparts: the random walk and the AR process, respectively.

4.1 CONSISTENCY OF SIGNATURES FOR BROWNIAN MOTION AND RANDOM WALK

The following propositions characterize when the irrepresentable condition holds for signatures of
Brownian motion.

Proposition 6. For a multi-dimensional Brownian motion given by Equation (6), the irrepresentable
condition holds if and only if it holds for each block in the block-diagonal correlation matrix. In
particular, for Ité signatures this is true when the irrepresentable condition holds for each )y, in
Equation [8); for Stratonovich signatures this is true when the irrepresentable condition holds for
both Uoqq and ¥ eyey in Equation (10).

Proposition 7. For a multi-dimensional Brownian motion given by Equation (6), the irrepresentable
condition holds for the correlation matrix of Ito signatures given by Equation (/) if

1
2 maXOSkSK{#AZ} -1 ’

lpiz| < (12)

where Aj, is defined in Equation ().

Proposition [6] demonstrates both the similarity and difference between Itd signatures and
Stratonovich signatures for Brownian motions. In particular, the difference in the block structure
of their correlation matrices leads to the difference in the consistency of their feature selection.

Proposition [/| provides a sufficient condition for Itd signatures that can be easily used in practice:
the Lasso is consistent when different dimensions of the multi-dimensional Brownian motion are not
strongly correlated, with a sufficient bound by Equation (I2)). Appendix [E|discusses the tightness of
this bound.



Empirically, it has been documented that a small K suffices to provide a reasonable approximation
in applications (Morrill et al., [2020a; Lyons & McLeod, 2022). Therefore, maxo<,<x{#A%} is
typically small, which implies that the bound given by Equation (12) is fairly easy to satisfy.

The consistency study for Stratonovich signatures reveals a different picture: the irrepresentable
condition may fail even when all dimensions of X are mutually independent. This is shown in
Example [A.4]in Appendix [D] It suggests that the statistical properties of Lasso may be worse for
Stratonovich signatures.

Simulations further confirm this implicationE] Consider a two-dimensional (d = 2) Brownian mo-
tion with inter-dimensional correlation p; assume that there are ¢ = # A* true predictors in the true

model (B)), and all of these predictors are signatures of orders no greater than K = 4. Now, first
. K+1 .
randomly choose ¢ true predictors from all < T L — 31 signatures; next randomly set each beta

coefficient of these true predictors from the standard normal distribution; next generate 100 sam-
ples from this true model with error term ¢,, drawn from a normal distribution with mean zero and
standard error 0.01; then run a Lasso regression given by Equation () to select predictors based on
these 100 samples; and finally check whether the Lasso is sign consistent according to Definition [2}
Repeat the above procedure by 1,000 times and calculate the consistency rate, which is defined as
the proportion of consistent results among these 1,000 experimentsr_’]
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Figure 1: Consistency rates for the Brownian motion and the random walk with different values of
inter-dimensional correlation, p, and different numbers of true predictors, q. Solid lines correspond
to Itd signatures and dashed lines correspond to Stratonovich signatures.

Figure [I] shows the consistency rates for different values of inter-dimensional correlation, p, and
different numbers of true predictors, ¢q. Figure |la|shows the results for the Brownian motion, and
Figure [ID] for its discrete version—the random walk. First, signatures for both Brownian motion
and random walk are similar: they both exhibit higher consistency rates when the absolute value of
p is small, i.e., when the inter-dimensional correlations of the Brownian motion (random walk) are
weak; second, as the number of true predictors ¢ increases, both consistency rates decrease. These
findings are consistent with our theoretical results.

Finally, consistency rates for It signatures are consistently higher than those for Stratonovich sig-
natures, holding other variables constant (p and ¢). This can be attributed to the difference between
the definitions of Ité and Stratonovich integrals. Recall that, given a partition of [0, T'], Itd integrals
use only the value of the integrand at the left endpoint of each subinterval, whereas Stratonovich
integrals use the values at both the left and the right endpoints. The interaction between the two
endpoints for Stratonovich integrals introduces more collinearity between Stratonovich signatures.
This is also observed in Propositions [2] and i} —signatures of different orders are uncorrelated when
using It6 signatures but become correlated when using Stratonovich signatures. The collinearity
between Stratonovich signatures contributes to their lower consistency for Lasso.

4.2 CONSISTENCY OF SIGNATURES FOR OU PROCESSES AND AR PROCESSES

For both the Itd and the Stratonovich signatures of the OU process, we have the following necessary
and sufficient condition for the irrepresentable condition. However, it appears difficult to derive the
analogue of Proposition 7] for OU processes.

5Appendixﬁreports more details including its computational cost and robustness checks.
6Appendicesexamines the impact of the number of dimension d and the number of samples.



Proposition 8. For a multi-dimensional OU process given by Equation (1), the irrepresentable
condition holds for the correlation matrix of signatures if and only if it holds for both V,qq and
Weven given by Equation (I0). This result holds for both 1t6 and Stratonovich signatures.

Now we study the impact of mean reversion on the consistency of Lasso, for both the OU process and
its discrete version—the autoregressive AR(1) model with parameter ¢. Recall that higher values
of x for the OU process and lower values of ¢ for the AR(1) model imply stronger levels of mean
reversion. We consider two-dimensional OU processes and AR(1) processes, with both dimensions
sharing the same parameters (x and ¢). The inter-dimensional correlation matrix I'T'T is randomly
drawn from the Wishart(2, 2) distribution. Other simulation setups are the same as in Section 4.1}
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(a) OU process. (b) AR(1) model.

Figure 2: Consistency rates for the OU process and the AR(1) model with different parameters (x
and 1 — ¢) and different numbers of true predictors, g. Solid lines correspond to Itd signatures and
dashed lines correspond to Stratonovich signatures.

Figure [2] shows the simulation results for the consistency rates of both processes. First, the Itd
signature reaches the highest consistency rate when s and 1 — ¢ approach 0, which correspond
respectively to a Brownian motion and a random walk. Second, when the process is sufficiently
mean reverting, Stratonovich signatures have higher consistency rates than It6 signatures. Finally, as
observed in Section [4.1] Lasso gets less consistent when the number of true predictors ¢ increases.
These results suggest that, in practice, for processes that are sufficiently rough or mean reverting
(Gatheral et al., [2018]), using Lasso with Stratonovich signatures will likely lead to higher statistical
consistency compared to Itd signatures. More theoretical explanations are provided in Appendix [D]
Appendix [J]examines the more complex ARIMA processes.

5 DISCUSSION

Other performance metrics. We have adopted the sign consistency of Lasso (Zhao & Yul[2006),
defined as whether the Lasso can select all true predictors with correct signs. This restrictive notion
of consistency may be relaxed in the context of signatures. Extensions of the sign consistency for
signatures are given in Appendix [G| Overall, a lower sign consistency implies poorer performances
when using other metrics to measure the performance of feature selection using Lasso, such as the
out-of-sample mean squared error.

Time augmentation. Time augmentation is a widely used technique in signature-based analysis,
which involves adding a time dimension ¢ to the original time series, X; (Chevyrev & Kormilitzin,
2016). Time augmentation lowers the consistency rate of Lasso, as presented in Appendix [H|

Other feature selection techniques. While Lasso is a popular feature selection technique, there
are also other commonly used techniques, such as the bridge regression (Frank & Friedman, |{1993).
The research on the consistency of signatures using other techniques is left for further investigation.

6 CONCLUSION

This paper studies the statistical consistency of Lasso regression for signatures. It finds that consis-
tency is highly dependent on the definition of the signatures and the characteristics of the underlying
processes. These findings call for further statistical studies for signature transform before its poten-
tial for machine learning can be fully realized.
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A GEOMETRIC INTERPRETATION OF SIGNATURES

Signatures can be interpreted from a geometric perspective. Consider a d-dimensional piecewise
linear process X, Figure [A-T]illustrates the geometric interpretation of its first two orders of sig-
natures. (The It6 and Stratonovich signatures are the same for a piecewise linear process.) The
green line represents the path of the i-th and the j-th dimensions of X, (X}, X}), from time 0 to
T'. By definition, the first order signatures are S(X)% = X% — X{ and S(X)7. = XJ. — X}, which
correspond to the increments of the path along the i-th and the j-th dimensions, respectively. Both
increments can be visualized as the length and height of the rectangle in Figure[A.T]

X/ 4
(xix7)
S5
S(X)7
SOOF ~
ibJ
() S}
>
X

Figure A.1: The geometric interpretation of signatures.

Now we consider the second order signatures. By definition, we have S(X)%' = (X% — X})?/2 and
S(X)37 = (X} — X])?/2, which are functions of the first order signatures, S(X)% and S(X)?..
In addition, path integral theory implies that S(X)%’ and S(X)J" are the areas of the blue and
orange regions, respectively (Chevyrev & Kormilitzinl 2016). Therefore, all the first two orders of
signatures can be interpreted using Figure[A.1}

When X, is a continuous martingale, such as a Brownian motion or an OU process, the geometric
interpretation mentioned above still applies to the Stratonovich signatures of X;. The Itd signatures
can be interpreted as Stratonovich signatures adjusted using quadratic variations. This arises from
the following relationship between Itd and Stratonovich integrals:

t t
/ A,dB, = / Ago0dBg — 1[A,B}t,
0 0 2

where [A, B]; is the quadratic covariation between processes A and B. For example, if X; =
(Wi, Ws,...,Wy) is a d dimensional standard Brownian motion with correlations p;; between
dimensions ¢ and 7, we have

S(X)y" = S(X);?,
o o 1
S(X)p = §(X)y7S — Pt
for any 7,57 = 1,2,...,d. Therefore, Itd signatures can be regarded as Stratonovich signatures

adjusted by the quadratic variation of the underlying process.

Higher order signatures may capture additional geometric features of the underlying path (Chevyrev
& Kormilitzin) 2016; [Levin et al., 2016} [Morrill et al., 2020a). This geometric interpretation of
signatures has also led to successful applications in character recognition and quantitative finance
(Levin et al., [2016).
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B TECHNICAL DETAILS FOR UNIVERSAL NONLINEARITY OF SIGNATURES

There are different statements of universal nonlinearity of signatures in the literature, which we
summarize in Table[A ]l

Table A.1: Universal nonlinearity in the literature.

Path With time augmentation Integral
Cuchiero et al.[(2022)
cadlag rough path Yes Rough
Cuchiero et al. (2023))
Continuous semimartingale Yes Stratonovich
Arribas|(2018); |Lyons et al.|(2020)
Continuous rough path Yes Stratonovich
Levin et al.| (2016)
Continuous rough path No Stratonovich or It6
Levin et al.|(2016); [Kiraly & Oberhauser|(2019); Fermanian|(2021))
Bounded variation path No Riemann/Lebesgue

The following theorem gives the precise statement of universal nonlinearity proposed in|Levin et al.
(2016).

Theorem 1 (Universal nonlinearity, Theorem 3.1 of [Levin et al.| (2016)). Let X; be a R-valued
continuous path with finite p-variation, and let S be a compact subset of signature paths of X, from
time 0 to T. Assume that f : S — R is a continuous function. Then, for any € > 0, there exists a
linear functional L : R* — R such that for every s € S:

[f(s) = L(s)| < e

The proof of this theorem can be found in|Levin et al.[(2016). Other versions of universal nonlinear-
ity can be found in, for example, Arribas| (2018)); Kirdly & Oberhauser| (2019); Lyons et al.| (2020);
Fermanian| (2021)); |Cuchiero et al.| (2022} [2023)).

C TECHNICAL DETAILS FOR THE IRREPRESENTABLE CONDITION AND SIGN
CONSISTENCY

In our main article, we briefly introduce the definitions of the sign consistency and the irrepre-
sentable condition for Lasso as proposed by [Zhao & Yu| (2006). This appendix provides more
technical details on these definitions and their relationships.

We have introduced the strong sign consistency in our main paper; see Definition [2| To enhance
readability, we present the definition again below.

Definition A.1 (Strong Sign Consistency). Lasso is strongly sign consistent if there exists Ay, a
function of sample number N, such that

lim P (sign (BN()\N)) = sign(ﬁ)) =1,

N—+oc0

~ N
where 3 () is the Lasso estimator given by Equation (), 3 is a vector containing all beta coeffi-
cients of the true model, Equation (3), and the function sign(-) maps positive entries to 1, negative
entries to —1, and 0 to 0.

There is another version of sign consistency of Lasso, general sign consistency, which is defined as

follows.
Definition A.2 (General Sign Consistency). Lasso is general sign consistent if

lim P (3)\ > 0,sign (,@N(/\)> = sign(ﬂ)) =1,

N—+oc0
where the notations are defined as Definition
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Strong sign consistency implies that using a preselected A can achieve consistent predictor selec-
tion via Lasso. General sign consistency means that there is an appropriate value of A that selects
the true predictors. Strong sign consistency implies general sign consistency.

We also have introduced the strong irrepresentable condition in our main paper; see Definition[3] To
enhance readability, we present the definition again below.

Definition A.3 (Strong Irrepresentable Condition). The feature selection in Equation @) satisfies
the strong irrepresentable condition if there exists a positive constant vector 1 such that

EX*C7A* (EJX*7A*)71Sign(,3A*) S 1-— n,

where A* is given by Equation @) and A*¢ the complement of A*, Z%C’A* (E%’A*) represents
the sample covariance matrix between all predictors in A*¢ and A* (A* and A*), B 4~ represents a
vector formed by beta coefficients for all predictors in A*, 1 is an all-one vector, | - | calculates the
absolute values of all entries, and the inequality “<” holds element-wise.

The weak version is defined as follows.

Definition A.4 (Weak Irrepresentable Condition). The feature selection in Equation (3)) satisfies the
weak irrepresentable condition if

SN SN —1
ZA*C7A*(ZA*7A*) Slgn(ﬂA*) < 1,
where the inequality “<” holds element-wise, and other notations are defined as Definition[A.3)]

As explained by |Zhao & Yul (2000), the irrepresentable conditions resemble a regularization con-
straint on the regression coefficients of the false predictors on true predictors. In particular, when
signs of the true beta coefficients are unknown, for the irrepresentable conditions to hold for all
possible signs, we need the L; norms of the regression coefficients to be smaller than 1, i.e.,

SN —1$N
(Xas ) Bgs ave| < 1.
That is, the total amount of a false predictor represented by the true predictors is not to reach 1,

which explains the name of “irrepresentable condition.”

Zhao & Yu|(2006) demonstrate that the irrepresentable condition is almost a necessary and sufficient
condition for the consistency of Lasso. This “almost” equivalence is established by the following
two theorems, which are Theorems 1 and 2 of Zhao & Yu|(2006):

Theorem 2 (Theorem 1 of [Zhao & Yul (2000)). The feature selection in Equation is strongly
sign consistent if the strong irrepresentable condition holds.

Theorem 3 (Theorem 2 of[Zhao & Yu|(20006)). The feature selection in Equation (3)) is general sign
consistent only if there exists n such that weak irrepresentable condition holds for N > n.

Theorems [2]and 3] can be summarized as:

strong irrepresentable condition = strong sign consistency

4

weak irrepresentable condition < general sign consistency

Therefore, [Zhao & Yu| (2006) documented that the irrepresentable condition is “almost necessary
and sufficient” for sign consistency.

D TECHNICAL DETAILS AND EXAMPLES FOR THE CALCULATION OF
CORRELATION MATRICES

This appendix provides details and examples for calculating the correlation structures of signatures.
Appendices and discuss the Brownian motion and the OU process, respectively.
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D.1 BROWNIAN MOTION

It6 signature. Propositions in the main paper give explicit formulas for calculating the corre-
lation structure of Itd signatures for Brownian motions. The “recursive order” mentioned in Propo-
sition2]is defined as follows.

Definition A.5 (Recursive Order). Consider a d-dimensional process X. We order the indices of all
of its 1st order signatures as:
1 2 - d

Then, if all k-th order signatures are ordered as:
L T2 s Tk,
we define the orders of all (k + 1)-th order signatures as:

ri, 1 ro, 1 oo g, 1,2 19,20 e Tgr, 2 e ri,d ro,d - Tk, d.

For example, for a d = 3 dimensional process, the recursive order of its signatures is:

e Istorder: 1 2 3

e 2ndorder: 1,1 2,1 3,1 1,2 2,2 3,2 1,3 2,3 3,3

* 3rdorder: 1,1,1 2,1,1 3,1,1 1,2,1 2,2,1 3,2,1 1,3,1 23,1 3,3,1
1,1,2 2,1,2 3,1,2 1,2,2 2,2,2 3,2,2 1,3,2 2,3,2 3,3,2
1,1,3 2,1,3 3,1,3 1,23 2,2,3 3,2,3 1,3,3 2,3,3 3,3,3

) 9 ) ) ) ) ) )

To provide intuition for Propositions [TH2] in the main paper, the following two examples show the
correlation structures of Itd signatures for 2-dimensional Brownian motions with inter-dimensional
correlations p = 0.6 and p = 0, respectively.

Example A.l. Consider a 2-dimensional Brownian motion given by Equation (6) with inter-
dimensional correlation p = 0.6. Figure [A.2] shows the correlation matrix of its 1t6 signatures
with orders truncated to 4 calculated using Proposition[I} The figure illustrates Proposition [2}—the
correlation matrix has a block diagonal structure, and each block of the matrix is the Kronecker

product of the inter-dimensional correlation matrix <016 016).
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Figure A.2: Correlation matrix of Itd signatures with orders truncated to 4 for a 2-dimensional
Brownian motion with inter-dimensional correlation p = 0.6.
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Example A.2. Consider a 2-dimensional Brownian motion given by Equation (6) with inter-
dimensional correlation p = 0. Figure[A.3|shows the correlation matrix of its 1t0 signatures with
orders truncated to 4 calculated using Proposition[I} When p = 0, the block diagonal correlation
matrix reduces to an identity matrix, indicating that all of its Ité signatures are mutually uncorre-
lated.
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Figure A.3: Correlation matrix of Itd signatures with orders truncated to 4 for a 2-dimensional
Brownian motion with inter-dimensional correlation p = 0.

Stratonovich signature. Propositions 3H4] in the main paper provide formulas for calculat-
ing the correlation structure of Stratonovich signatures for Brownian motions. The follow-

ing proposition gives recursive formulas for calculating E {S(X)il"“’iz"’SS(X){l""’j"’”"s} and

E S(X)il""’iz"’l’SS(X)zl""’j%”’l’S} , which extends Propositionin the main paper.

Proposition A.1. Ler X be a d-dimensional Brownian motion given by Equation (6). For any
Lt>0and m,n=1,2,..., define fo, om(l,t) :=E {S(X);l"”’i2"’SS(X){1""’jQ’"’S}, we have:

1 t
fon2m (1) = gan2m (L, 1) + §Pj2m71j2m0j2m710j2m/ fan2m—2(1, s)ds, (A1)
0

INt
92n,2m (1) = Pinyin Tigy O fan—1,2m—1(s, s)ds
0

1

l
+EpiZn—liZHOiZn—lUiZn/ 9271—2,2m(8’t)d87 (A.2)
0

with initial conditions

f0,0(lvt) = 17 (A3)
90,2m(l,t) = 0. (A.4)
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In addition, define fo,—1.9m-1(1,t) :=E {S(X)fl"""iQ"‘l’SS(X){l"”’jQ’“‘l’S}, we have:

1 t
f2n—1,2m—1(la t) = an—l,Zm—l(la t) + 5 Pi2m—2j2m-19G2m—20jom—1 / f2n—1,2m—3(la 5)d57
0

2
(A.5)
INt
anfl,mel(la t) = pignfljszlo'iznflo-]ém—l f2n72,2m72(57 S)ds
0
1 l
+ ipi2n72i2nflo’i2n720-i2n71/ an*3,2m*1(S7t>dS’ (A6)
0
with initial conditions
f171(l,t) = Pi1j1041 054, (Z/\t), (A7)
1 (l /\t)m_l 2m—1 m—1
91,2m—1(l,t) = piljzm,lﬁmail H Ojp H Piok— 125 - (A.8)
’ k=1 k=1

Here, x N\ y represents the smaller value between x and y.

The following two examples show the correlation structures of Stratonovich signatures for 2-
dimensional Brownian motions with inter-dimensional correlations p = 0.6 and p = 0, respectively,
calculated using Propositions [3H4]in the main paper and Proposition [AT]

Example A.3. Consider a 2-dimensional Brownian motion given by Equation (6) with inter-
dimensional correlation p = 0.6. Figure[A.4|shows the correlation matrix of its Stratonovich signa-
tures with orders truncated to 4 calculated using Propositions[3land[A 1] The figure illustrates that
the correlation matrix has an odd—even alternating structure.
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Figure A.4: Correlation matrix of Stratonovich signatures with orders truncated to 4 for a 2-
dimensional Brownian motion with inter-dimensional correlation p = 0.6.

Example A.4. Consider a 2-dimensional Brownian motion given by Equation (6) with inter-
dimensional correlation p = 0. Figure [A.3] shows the correlation matrix of its Stratonovich sig-
natures with orders truncated to 4 calculated using Propositions[Bland[A.1} The figure demonstrates
that the correlation matrix has an odd—even alternating structure, even though different dimensions
of the Brownian motion are mutually independent (p = 0). This is different from the result for Ito
signatures shown in Example[A:2] where all It signatures are mutually uncorrelated.

In this case, suppose that one includes all Stratonovich signatures of orders up to K = 4 in the Lasso
regression given by Equation (B), and the true model given by Equation (3) has beta coefficients
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Figure A.5: Correlation matrix of Stratonovich signatures with orders truncated to 4 for a 2-
dimensional Brownian motion with inter-dimensional correlation p = 0.

Bo=0,81>0082>0 811>0 B12>0 Bo1 >0 Bao <0, and By i,is = Biiaizis = 0.
Then, by Proposition 3]

Shee a- (254 4-) " tsign(B4.) = (0,0.77,0.5,0,0.5,0.5,0,0.5,0.77,1.01,0.73,0.47, 0,
0.47,0,0.58,0.73,0.73, —0.58,0,0.47,0,0.47,0.73, —1.01),
which does not satisfy the irrepresentable condition defined in Definition[3|because 1.01 > 1.

D.2 OU PROCESS

Deriving explicit formulas for calculating the exact correlation between signatures of OU processes
(both Itd and Stratonovich) is complicated. Here we provide an example to show the general ap-
proach for calculating the correlation. The proof of this example is given in Appendix Kl and one
can use a similar routine to compute the correlation for other setups of OU processes.

Example A.5. Consider a 1-dimensional OU process Xy = Y; with a mean reversion speed k > 0:

dY; = —kY;dt +dW,, Y, =0. (A9)
The correlation coefficients between its O-th order and 2nd order signatures are
E[S(X)¥S(X)E"] KT — e 2T 4 1
\/E [S(X)%I} 2 E [S(X);’LI} 2 VAT e 26T 4 3¢=4rT _ Ge=28T — ART + 3 + 4k2T2’
E[SXF°sXi]

2 2 3
VE[s0x0] B [s003
for 1t6 and Stratonovich signatures, respectively. The proof is provided in Appendix|[K]

Figure shows the absolute values of correlation coefficients between the 0-th order and 2nd
order signatures calculated using the formulas above under different values of k. Notably, the
correlation for Ito signatures rises with k, while the correlation for Stratonovich signatures remains

V3
Jfixed at 3>

We further perform simulations to estimate the correlation coefficients for higher-order signatures
of the OU process. We generate 10,000 sample paths of the OU process using the methods discussed
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Figure A.6: Absolute values of correlation coefficients between signatures of the 1-dimensional
OU process. Solid lines correspond to Itd signatures and dashed lines correspond to Stratonovich
signatures.

in Appendix |F| For each path, we calculate the corresponding signatures and then estimate the
sample correlation matrix based on the 10,000 simulated samples. Figure[A.6b|shows the simulation
results for the absolute values of correlation coefficients between the first four order signatures
under different values of k. Consistent with the observation in Figure the correlation for Ito
signatures rises with k, while the correlation for Stratonovich signatures remains relatively stable.
Notably, the correlations for Ito signatures are zero when k. = 0, which reduces to a Brownian
motion. In addition, when k is sufficiently large, the absolute values of correlation coefficients for
It6 signatures exceed those for Stratonovich signatures.

Recall that the irrepresentable condition, as defined in Definition [3] illustrates that a higher correla-
tion generally leads to poorer consistency. Therefore, based on Example[A.5] we can expect that the
Lasso is more consistent when using It6 signatures for small values of x (weaker mean reversion),
and more consistent when using Stratonovich signatures for large values of « (stronger mean rever-
sion). This provides a theoretical explanation for our observations in Section [4.2]of the main paper:
When processes are sufficiently rough or mean reverting (El Euch et al.| 2018} |Gatheral et al.,|2018),
using Lasso with Stratonovich signatures will likely lead to higher statistical consistency compared
to Ito signatures.

E IRREPRESENTABLE CONDITION FOR ITO SIGNATURES OF BROWNIAN
MOTION WITH EQUAL INTER-DIMENSIONAL CORRELATION

In this appendix, we investigate the irrepresentable condition for Itd signatures of a multi-
dimensional Brownian motion with equal inter-dimensional correlation. This analysis not only
provides further insights into the irrepresentable condition but also demonstrates the tightness of
the sufficient condition presented in Proposition [/|in our main paper.

The following proposition characterizes whether the irrepresentable condition holds under different
values of inter-dimensional correlation for the Brownian motion when using It6 signatures. For
mathematical simplicity, we assume that only the first order signatures are included in the regression
model.

Proposition A.2. For a multi-dimensional Brownian motion given by Equation (6) with equal inter-
dimensional correlation p = p;;, assume that only its first order signatures are included in (3), and
all true beta coefficients are positive. Then, the irrepresentable condition for the correlation matrix

of Ité signatures holds if p € (72#%, 1), and does not hold if p € (fﬁ, 72##}.
1 1 1

Remark A.1. Propositiononly discusses the results for p € (fﬁ, 1) because, if p < —ﬁ,
1 1
the inter-dimensional correlation matrix for the Brownian motion is not positive definite.

Proposition [A.2] provides insights into the sufficient condition given by Proposition [7] In particu-

lar, Proposition [A-2] demonstrates that the sufficient condition (I2) is tight under the equal inter-
dimensional correlation setup for p < 0. Meanwhile, it also reveals that, for p > 0, the irrep-
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resentable condition always holds but may not satisfy (IZ). In other words, in this equal inter-
dimensional correlation setup, (12) is tight when p < 0, and is loose when p > 0.

F DETAILS FOR SIMULATIONS

This appendix provides additional technical details, computational cost, and robustness checks for
the simulations conducted in this paper.

F.1 MORE TECHNICAL DETAILS

Simulation of processes. We simulate the i-th dimension of the Brownian motion, Wf, and OU
process, Y,', by discretizing the stochastic differential equations of the processes using the Euler—
Maruyama method:

» Brownian motion: Wfk = Wtik + VAtel, W =0,
 OU process: Y}

b =Y — m Y AL+ VAL, Y] = 0.
Here,0 =ty <t; < -+ <ty =T, tp41 —tx, = At = T/N for any k, and s}; are randomly drawn
from the standard normal distribution. The number of steps is set to N = 100.

The ¢-th dimension of the random walk and AR(1) model, both denoted by Z ¢ are simulated using
the following formulas:

e Random walk: Z?

tht1

* AR(1) model: Z}

= Ztik + efc, Zé =0
= (;SiZtik +eb, Zi=0.

k+1

Here, 0 = tg < t; < -+ <ty =T, tg41 — tr = At = T/N for any k, e}; are randomly drawn
from the following distribution:

Pel = +1) = P(el, = —1) = 0.5,
and £}, are randomly drawn from the standard normal distribution. The number of steps is set to
N = 100.

After simulating each dimension of the processes, we simulate the inter-dimensional correlation
between different dimensions of the processes using the Cholesky decomposition. Specifically, we
set the inter-dimensional correlation matrix I'T'T based on the setups described in the main paper
and calculate T" using the Cholesky decomposition. Finally, we generate X using Equations (6) or

(L1).

In all of our simulations, we set the length of the processes to 7" = 1, and the initial values of the
processes to zero. These choices have no impact on the results because the signatures of a path X
are invariant under a time reparametrization and a shift of the starting point of X, see, for example,
Chevyrev & Kormilitzin| (2016)).

Calculation of integrals. The calculation of Itd and Stratonovich signatures requires the calcula-
tion of Itd and Stratonovich integrals. By definition, these integrals are computed using the following
schemes:

e 1t0 integral: fOT AydBy ~ kN:_Ol Ay, (B, — Bt,)s

* Stratonovich integral: fOT AiodB; = i\:ol 1Ay, + Avy))(Biyyy — Biy).

Here, weset 0 = tg <t < --- <ty =T and ty41 — t, = At = T/N for any k.

F.2 COMPUTATIONAL DETAILS

* The simulations are implemented using Python 3.7.
* The simulations are run on a laptop with an Intel(R) Core(TM) i17-9750H CPU @ 2.60GHz.
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* The random seed is set to 0 for reproducibility.

* The Lasso regressions are performed using the sklearn.linear model.lars_path
package.

* Each individual experiment, including generating 100 paths, calculating their signatures,
and performing the Lasso regression, can be completed within one second.

F.3 ROBUSTNESS CHECKS

To show the robustness of our simulations shown in Figures [T] and 2] in Section [] of the main pa-
per, we present Figures and [A.8] which include confidence intervals (shaded regions) for the
estimated consistency rates of the Brownian motion/random walk and OU process/AR(1) model,
respectively.

In Figures and [A-8] we estimate the consistency rate by repeating the procedure described in
Section 4] 100 times, and this process is repeated 30 times to obtain the confidence interval for the
estimation. Thus, these confidence intervals are based on 30 estimations of the consistency rate,
with each estimation calculated using 100 experiments.
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(a) Brownian motion. (b) Random walk.

Figure A.7: Consistency rates for the Brownian motion and the random walk with different values
of inter-dimensional correlation, p, and different numbers of true predictors, ¢q. Solid lines corre-
spond to Itd signatures and dashed lines correspond to Stratonovich signatures. Shaded regions are
confidence intervals of the experiments.
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(a) OU process. (b) AR(1) model.

Figure A.8: Consistency rates for the OU process and the AR(1) model with different parameters (x
and 1 — ¢) and different numbers of true predictors, g. Solid lines correspond to It6 signatures and
dashed lines correspond to Stratonovich signatures. Shaded regions are confidence intervals of the
experiments.

We observe that the confidence intervals of the consistency rates shown in Figures[A.7] and [A-8] are
narrow. Moreover, the observations made in Figures[T|and 2] are consistent with the results presented
here, further confirming the robustness of our findings.
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G EXTENSIONS OF THE DEFINITION OF CONSISTENCY

As remarked in Section [5] of the main paper, the sign consistency may be too restrictive and can
be relaxed in the context of signatures. This appendix provides numerical experiments that explore
several extensions of consistency measures for signatures.

G.1 PRECISION, RECALL, AND F1-SCORE

One possible approach for extending the definition of consistency is to use precision, recall, and the
F1-score to evaluate the performance of the Lasso regression in selecting true predictors.

In particular, for a given tuning parameter X in the Lasso regression, Equation (&), let A()\) denote
the set of selected predictors based on the Lasso:

K
A<)‘) = U{(il, s 7ik) : Nil lk(/\) 7é 0}7
k=0

where Bhu () are beta coefficients estimated using Equation (3. The true predictor set, A*, is
defined in Equation (4). We can calculate the true positive (TP), false positive (FP), true negative
(TN), and false negative (TN) counts as follows:

TP(\) = #A(A\)NA*, FP(\) = #A(A\)NA*, TN(\) = #A(N)°N A", EN(\) = #A(\)°N A,

where A*¢ and A())¢ represent the complements of A* and A()), respectively. The precision,
recall, and F1-score can then be defined as:

.. TP())
precision(\) = TP + FPOY)’
TP
recall()\) = m,

2

Fl- = '
score() 1/recall(\) + 1/precision(\)

We can then examine the maximum values of precision, recall, and F1-score as we vary the tuning
parameter A in the Lasso. These maximum values reflect the best performance in terms of feature
selection by the Lasso.

To assess these measures of consistency, we conducted simulations similar to those in Section @]
for the Brownian motion. Figure M shows the maximum values of precision, recall, and F1-score
for the Brownian motion with different inter-dimensional correlation values (p) and numbers of true
predictors (g), averaged over 1,000 experiments. The results demonstrate that, similar to the findings
in Figure[I] the maximum precision (Figure and Fl-score (Figure reach their highest
values when p = 0, and decrease as the dimensions of the Brownian motion become more correlated.
It is also observed that the results for Itd signatures consistently outperform those for Stratonovich
signatures. In addition, compared to Figure |1} these alternative measures of consistency exhibit a
less pronounced decrease in performance as the absolute value of p increases.

It is worth noting that the maximum recall rate (Figure [A.9b) remains close to 1 under different
parameters. This occurs because none of the predictors are selected by the Lasso when the tuning
parameter \ is extremely large. As a result, FN(\) is zero, and recall(\) is equal to 1. Consequently,
the maximum recall rate is not an appropriate measure of consistency in the context of signatures
when using the Lasso.

G.2 OUT-OF-SAMPLE R?

The out-of-sample R? is a commonly used measure of model performance in machine learning. It
generalizes the notion of consistency as it considers the performance of the model on out-of-sample
data, rather than solely focusing on the selection of true predictors by the Lasso. This aligns well
with practical applications. Furthermore, it is consistent with the concept of universal nonlinearity
in signatures, as described by Equation (2)). Universal nonlinearity suggests that the true model can
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Figure A.9: Maximum values of precision, recall, and F1-score for the Brownian motion with dif-
ferent values of inter-dimensional correlation, p, and different numbers of true predictors, q. Solid
lines correspond to It signatures and dashed lines correspond to Stratonovich signatures.

be approximated by a linear combination of signatures, without requiring the exact selection of true
predictors by the Lasso regression.

We conduct simulations to study the out-of-sample R? in the context of signatures using Lasso.
Consider a two-dimensional (d = 2) Brownian motion with inter-dimensional correlation p; assume
that there are ¢ = # A* true predictors in the true model (3), and all of these predictors are signatures
of orders no greater than K = 4. Now, first randomly choose ¢ true predictors from all % =31
signatures; next randomly set each beta coefficient of these true predictors from the standard normal
distribution; next generate 200 samples from this true model with error term ¢,, drawn from a normal
distribution with mean zero and standard error 0.0001. We divide the 200 samples into a training
set and a test set, with 100 samples assigned to each. Then, we run a Lasso regression given by
Equation (B) to select predictors based on the training set. The tuning parameter \ is chosen using
5-fold cross-validation. Finally, we calculate the out-of-sample R? using the chosen \ on the test
set. We repeat the above procedure by 1,000 times and calculate the average out-of-sample R2.

Figure shows the out-of-sample R? for different values of inter-dimensional correlation, p, and
different numbers of true predictors, ¢q. We can find that, first, Lasso exhibits lower out-of-sample R?
when the absolute value of p is small, i.e., when the inter-dimensional correlations of the Brownian
motion are weak. Second, as the number of true predictors ¢ increases, the out-of-sample R? in-
creases. Finally, It signatures have lower out-of-sample R? than those for Stratonovich signatures,
holding other variables constant (p and q).

All these findings are consistent with our analysis of sign consistency in the main paper. A higher
consistency rate corresponds to a higher precision, a higher Fl-score, and a lower out-of-sample
R?. This consistency across different metrics reinforces the applicability of our theoretical results
when using alternative measures to evaluate the performance of Lasso in the context of signatures.
It confirms that the theoretical insights derived from sign consistency extend to other evaluation
metrics, demonstrating the robustness and broad applicability of our findings.
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Figure A.10: Average out-of-sample R? for the Brownian motion with different values of inter-
dimensional correlation, p, and different numbers of true predictors, ¢. Solid lines correspond to Itd
signatures and dashed lines correspond to Stratonovich signatures.

H TIME AUGMENTATION

Time augmentation is a widely used technique in signature-based analysis, which involves adding a
time dimension ¢ to the original time series, X; (Chevyrev & Kormilitzin, |[2016;|Lyons & McLeod),
2022)). In this section, we consider the time-augmented Brownian motion defined as follows:

Definition A.6 (Time-augmented Brownian motion). X is a (d + 1)-dimensional time-augmented
Brownian motion if it can be expressed as:

X, = (X)) = (6, X}, X2,..., x3) ", (A.10)
where X; = (X}, X2,..., X1) T is a d-dimensional Brownian motion given by Equation (6) in the
main paper. For notational simplicity, let X° = t, then

5 T
Xt:(ngthaXtQaaXtd) :

Now we discuss the correlation structure of signatures and the consistency of signatures using Lasso
for the time-augmented Brownian motion.

H.1 CORRELATION STRUCTURE OF SIGNATURES FOR TIME-AUGMENTED BROWNIAN
MOTION

The following proposition shows the moments of It6 signatures for the time-augmented Brownian
motion. Note that an index of O corresponds to the time dimension, X ? =t.

Proposition A.3. Let X be a (d+ 1)-dimensional time-augmented Brownian motion given by Equa-
tion (AI0). Foranyl,t > 0and m,n =1,2,..., fum(l,t) :=E [S(X)EIZ"IS(X)?J’"I}
can be calculated recursively by:

n—1,m—1\5,7)dTds, Jip =U,Jm =Y,
Jo Iy fn-tm-1(s,7)drd i =0, jm =0
Fam(t 1) = § Jg Frmaon (5,1 Fin = 0.Jm 20

7 fo fn,mfl(lv s)ds, ifin 7é 0,Jm =0,

Int e .
PingmCinTim fO fnfl,mfl(&s)dsv lfln 7é Oajm 7é 0,
with initial conditions

t’!IL . . . y
o — == =0
= dm = Jm =5
fom(l,1) {0’ otherwise,
A S J
o =g =-o=4 =0
Lo(l,t) =< ifiy =iz in ’
fro(l:1) {07 otherwise.

The following proposition shows the moments of Stratonovich signatures for the time-augmented
Brownian motion.
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Proposition A.4. Let X be a (d+ 1)-dimensional time-augmented Brownian motion given by Equa-
tion (A10). Forany l,t > 0and m,n =1,2,..., fum(l,t) :=E {S(X)“’ Z"’SS( )]1’ ’J’"’S}
can be calculated recursively by:

fn,m(lvt) =
S LS et men (s, 7)d7ds, ifin=0,jm =0,
Jo Fotm(s,t)ds, fin = 0,jm #0,
Pivm Tin O jm W Jn—1,m-1(s,5)ds, ifin #0,0m #0,in_1 =0, jm—1 =0,
Pivim Tin T fOAt fn—1,m—-1(s,s)ds
+ i in i 1 Tin [ Gn2.m(s,t)ds, ifin %0, jm # 0,ip_1# 0, jm_1 =0,

1
Pirjom Tin O fo/\ fr—1,m—1(s,s)ds
1
+ 5Pin 1inTin 1 Tin Jo Gn—2,m(s,1)ds
t ~
+ %pjm—ljmo.jm—lo.jm fO gm—Q,n(Sa l)dS

1
+ 2Pin i1 Tin Pim—15m Thm—1TGm

o Y fazmea(s, T)dTds, ifin # 0, jm # Oyin_1 # 0, jm_1 #0,

gn,m(lat) =
l o
fO gnfl,m(svt)dsv len - 07
INt l p -
Pininin O Jo " Frmtm—1(s,8)ds + 3pi, 15,00, 100, [y Gnzam(s,t)ds, ifin #0,

gm,n (t, l) =

f() gm—l,n(&l)dsv lf.]m = Oa
INt t ~ oy .
Piim TinTim Jo' Frm1.m—1(5,8)ds + 305, 15O 1T Jo Gm—2,n(s,0)ds,  if jm # 0,

with initial conditions

Fooll,t) =1,
S fomei (L $)ds, if m =0,
“”lt_{o i jm 0,
ffn 105t)d ifin, =0,

Gon(l,t) = {? ifin #0.

The following example shows the correlation structures of Itd and Stratonovich signatures for a
(1+1)-dimensional time-augmented Brownian motion X.

Example A.6. Consider a (1+1)-dimensional time-augmented Brownian motion X Figures
and show the correlation structures of Ito and Stratonovich signatures of X respectively, cal-
culated through simulations. In particular, we first simulate 10,000 paths of X, then calculate the
signatures of each path, and finally calculate the sample correlation matrix of the signatures.

From the figures, we can observe that the correlation matrix of the time-augmented Brownian motion
does not exhibit the same special structures (block diagonal or odd—even alternating) we observe in
the main paper. In addition, the correlation between Stratonovich signatures is generally stronger
than that between Ito signatures.

By comparing Figures[A.T1|and[A. 12| with Figures[A.3|and[A.3|in the main paper, we can find that
the time augmentation generally increases the correlation between signatures. Therefore, we expect
that the time augmentation will lead to a lower consistency rate for Lasso.

H.2 CONSISTENCY OF SIGNATURES FOR TIME-AUGMENTED BROWNIAN MOTION

We conduct simulations to study the consistency of signatures using Lasso for the time-augmented
Brownian motion.
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Figure A.11: Correlation matrix of Itd signatures with orders truncated to 4 for a (1+1)-dimensional
time-augmented Brownian motion X.
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Figure A.12: Correlation matrix of Stratonovich signatures with orders truncated to 4 for a (1+1)-
dimensional time-augmented Brownian motion X.
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Consider a (2+1)-dimensional time-augmented Brownian motion X, which is the time-augmented
version of a 2-dimensional Brownian motion X. The inter-dimensional correlation of X is p. We
perform the same experiment as conducted in Section {4.1|for X.

Figure [A.T3] shows the consistency rates for different values of inter-dimensional correlation, p,
and different numbers of true predictors, q. The observations are similar to the results for Brownian

motion without time augmentation (Figure
when there exists time augmentation (Figure
(Figure [Ta). This is consistent with Example

. In addition, the consistency rates are generally lower
compared to the case without time augmentation
because time augmentation tends to increase the

correlation between signatures, which results in a lower consistency rate.
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Figure A.13: Consistency rates for the time-augmented Brownian motion with different values of
inter-dimensional correlation, p, and different numbers of true predictors, q. Solid lines correspond
to Itd signatures and dashed lines correspond to Stratonovich signatures.

In summary, our simulation shows that time augmentation lowers the consistency rate of Lasso.

I IMPACT OF THE DIMENSION OF THE PROCESS AND THE NUMBER OF
SAMPLES

All simulations in our main paper consider the case of d = 2 (dimension of the process) and N =
100 (number of samples) to confirm the theoretical results. The choice of d = 2 is consistent with
the simulation setup commonly used in the literature on signatures; see, for example, [Chevyrev &
Kormilitzin| (2016)). In this appendix, we examine how the consistency of Lasso varies with the
dimension of the process d and the number of samples V.

Figure shows how the consistency of Lasso varies with d. Figure shows the results for
the Brownian motion, and Figure [A-T4b|for the OU process with k = 2. We set the number of true
predictors to be three. Other simulation setups remain the same as in the main paper.
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d d

(a) Brownian motion. (b) OU process.

Figure A.14: Consistency rates for the Brownian motion and the random walk with different num-
bers of dimensions, d, and different values of inter-dimensional correlation, p. Solid lines correspond
to It6 signatures and dashed lines correspond to Stratonovich signatures.

First, for each value of d, the conclusions in our main paper remain valid (e.g., for the Brownian
motion, the consistency rate for Itd signatures is higher than Stratonovich signatures). Therefore, it
is sufficient to consider the case of d = 2 in our main paper. Second, for the Brownian motion, we
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observe that the consistency rate decreases with d. This can be attributed to the fact that the inter-
dimensional correlation of the process leads to stronger correlations between signatures. Third, for
the OU process, the consistency rate increases with d because the inter-dimensional correlation of
the process is weaker than the correlation between the increments of the OU process itself.

Figure [A.T3] shows the relationship between the consistency rate and the number of samples. In
general, we find that the consistency rate increases as the number of samples increases.
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Figure A.15: Consistency rates for the Brownian motion and the OU process with different numbers
of samples, N, and different values of inter-dimensional correlation, p. Solid lines correspond to Itd
signatures and dashed lines correspond to Stratonovich signatures.

J THE ARIMA PROCESS

This appendix examines the consistency of signatures for a more complex model—the
ARIMA(p, I, g) model, where p is the lag of AR, I is the degree of differencing, and ¢ is the lag of
MA.

Figure [A-T6] shows how the consistency rate varies with p, ¢, and I. We find that the consistency
rate does not exhibit any apparent dependence on p and ¢, but does highly rely on I. Specifically,
the consistency rate generally decreases as I increases due to the stronger correlation between the
increments of the ARIMA processes introduced by I.
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(a) Consistency rates for different p. (b) Consistency rates for different q.

Figure A.16: Consistency rates for the ARIMA(p, I, q) with different lags of AR, p, lags of MA, g,
and degrees of differencing, /. Solid lines correspond to Itd signatures and dashed lines correspond
to Stratonovich signatures.

K PROOFS
This appendix provides the proofs of all theoretical results in this paper.

Proof of Proposition[l] For the expectation, we have

t
E {S(X)?""”"’I} —E [/0 S(X)irin-1dXin| =0 (A.11)
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because the expectation of an Itd integral is zero.

Next we prove E {S( Yo ’1”’IS(X){1""’jT”’I] = 0 for m # n by induction. Without loss of
generality, we assume that m > n. When n = 1, for any m > 1, we have

L [S(X)?’IS(X)?’“”’"“I} =E K/O dX;1> (/O S(X)g}’“"]mlngmﬂ

t
= / E [S(X)gl’”"jmfl’l] pilijilemdS = 0,
0

where the second equality uses the Itd isometry and the third equality uses Equation (AT). Now
assume that for m > n, we have E [S(X)il’“"i”’IS(X){‘"“’jm’l} = 0. Then,

B [S(X)j e s @i e ]

t t
—F |:</ S(X);lv'“alnvIdX;n+l) (/ S(x)g17~--,jnL,IngnL+1):|
0 0
:/ E {S(X);l’mﬂk)ls(x)gl’MJWI} Pini1jmi1 Tin10jmi1ds = 0.
0

This proves E [S(X)il""’i"’IS(X){l"“’jm’I] =0.

We finally prove E [S( Yirinod g ) ’J"“I} = U TIrey Pinju0in0j, by induction. When
n = 1, we have
E (s s(x)7]

t t b t
=E (/ dXh) (/ ngl> :/ Pirj104,05,d8 = tp;,5, 04,05,
0 0 0

Then, assume that E [S(X)“’ i lg (X )Jl’“"j"’l} = LTIy Pirin0iy - We have

E [S(X)?,...,1'"+1,IS(X)zl,...,jnH,I'

k ’ t
:E[(/ S(X)gl,...,z-n,IdX;m> (/ S(X)gl,...amdegm)}
0 0

t
:/ E I:S(X)Z;l""’7'7“IS(X)(J§1"”’J”’I] pi7z+ljn+1o-7;n+lo—j'n,+lds
0

tls gl ntl
:/0 p) kl;[l Pikixir ik | Pinirini1Oing1 Tjninds = mE) kl;[l Pirjr Ti Ty
Therefore, E [S(X)“’ il g (X)) ’J“’I} = U T1r_1 Pirju0i0j,.. This completes the proof.
O
Proof of Proposition[2] By Proposition[T] for any n, we have

B[S0 5(x)f i |

%’Hz—l Pirjr Tir T o ﬁ o
. ) _ ) o tkIk
\/E (s E s \/ [Tizi i 1l oieoi k=1

implying that




5

This proves the Kronecker product structure given by Equation (8).

Proposition[T]also implies that, for any m # n,

=0.

\/E [S(Xﬁ““’“”rE [S(X)g‘h---u‘wr

This proves that Itd signatures with different orders are uncorrelated and, therefore, the correlation
matrix is block diagonal. This completes the proof. O

Proof of Proposition[5] We omit the proof of Equations
E[s)pnS] =0

and , ' , '
E I:S(X)ila---vz2nass(x)il7-“7.72m—17s:| -0
because they can be proven using a similar approach to the proof Proposition[5} Equation

2n

i15emyizn,S
E [S(X)t : } = on n' H Pigk iz H Ty,
is a corollary of Proposition[A.T] O
Proof of Proposition ] This is a direct corollary of Proposition 3] O

Proof of Proposition|5] We only need to prove that, for an odd number m and an even number n,
we have

E [S(X)p i S(X) ] =0

for any 41, ...,%my and j1,. .., J, taking values in {1,2,...,d}. Here the signatures can be defined
in the sense of either It6 or Stratonovich.

Consider the reflected OU process, Xt = —X;. By definition, Xt is also an OU process with
the same mean reversion parameter. Therefore, the signatures of X; and X; should have the same
distribution. In particular, we have

]E S(X)lh Slm S( )J17 1J71:| — E |:S(X)117 757715( )]17 <Jn . (A.12)

Now we consider the definition of the signatures:

Uyeesbm i1 im
S(X)gtrt —/ dX)---dXpm,
0<t1 <<ty <t

where the integral can be defined in the sense of either 1t6 or Stratonovich. We therefore have
S(X)zl ..... im _ S(*X)il ..... im / d(ithl) .. d(*Xz;”)
0<ty <<ty <t

= (fl)m/ dx; ~~de;” = (=1)™§(X)irim
0<ty <<t <t

Similarly, we have 4 4 ' 4
S(X)_Zlv~--7jﬂ, — (_l)nS(X)glr"ujn.
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Therefore,
B[S S| = (—1)" B [S(X)p ot S(X)f
= —E [t s(X)fn]
and combining this with Equation (A:12) leads to the result. O

Proof of Proposition[6] This result holds because of Proposition [2]and [Zhao & Yu| (2006| Corollary
5). O

Proof of Proposition[7} This result holds because of Proposition [2} [Zhao & Yu| (2006} Corollary 2),
and|Zhao & Yu|(2006| Corollary 5). O

Proof of Proposition |§| This result holds because of Proposition E| and Zhao & Yu| (2006, Corollary
5). O

Proof of Proposition[A.1] By the relationship between the Stratonovich integral and the Itd integral,
we have

SRS = [ o dxe
0

t
. . ; 1 . . .
:/ S(X)ila--<7]nl—17Sngm 4 3 [S(X)]la--w]m—hS’ij]
0

t )

where [A, B]; represents the quadratic covariation between processes A and B from time O to ¢.
Furthermore, by properties of the quadratic covariation,

t
[S(X)jlr-wjmfl»S’ij]t — / S(X)‘glf-~v7jmf27sd [ijflejm]S
0

t
— . . ) . J1yeesdm—2,5
_pjmfljmojmflo-]m/ S(X)4 i ds.
0
Therefore,

t t
SO =[SO SAXI S0, [ SEOL S
0 0

Forany[,t > 0and m,n = 0,1, ..., define

Fan(1,8) 1= B[S S 5(X)fams]

t
o (18) = B [ SO0 [ 503
0
Then, by Fubini’s theorem,
fam(,t) =E [S(X)fl"“’i"’SS(X){l"“’j’"’S]
, ) t ) ) _ 1 t ) .
=i SO0y ([ SOOI X 4 G g0 [ SOOI
0 0
1 o t ) )
:gn,m(l7t) + §pj7nflj'mo-j7nflU.j7rLIE |:S(X);1,.“7/Ln7s/ S(X)‘;17...,]m_275d8:|
0
1 t ) g , )
=gn,m(l,1) + §ij71jm0jm710jm/0 E {S(X)?’“'ﬂ"’ S(X)?"“’Jm”’s] ds
1 t
:gﬂ,m(l7t) =+ ipjm,—ljmrgjm,—lo-jnz / f"ym—Q(la S)ds
0
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This proves Equations (A1) and (A.3). In addition, by It6 isometry and Fubini’s theorem,

. . t . . .
(1) = B [ SO0} [ S0 morSaxe|
0

l l
o 4 1 o
—E[( [ sEoptSax 4 Spi i, | S(X)@h-‘-m’sds)
0 0

t
. / S(X).']S‘lv"vjnL17Sng'rn‘|
0

l t
=E V S(X)?""’infl’st“/ S(X)dr ’jmhsdxjm]
0

INE
01010040 / B [S(X)ie IS (X)ein o] ds
0

1 ! S t o ,

+ ipin_linain_lgin/ E [S(X)?,.-.,lnz,s/ S(x){},...,gm1,SdXim} ds
0 0

IAt l

:pinjnzo-ino-jnz fn—l,m—l(S; S)ds +
0

This proves Equations (A-2) and (A.6).

Now we prove the initial conditions. First, by the definition of 0-th order signatures, foo(l,t) =
E[S(X)?S(X)?] = 1, which proves Equation (A.3). Second,

1
ipinflino-inflo-in / gn_27m(8,t)d3.
0

t
an(1.0) =B | [ SO tnoSaxin] o
0

because the expectation of an Itd integral is zero, which proves Equation (A4). Third,

l t
/1odxg’l/ lodXJ
0 0

=E |:X121thl} = Pi15104, 05, (l At)?

f1,1(l,t) =K [S(X);lyss(x){lys} )

which proves Equation (A.7). Fourth, by It6 isometry,

[ : t . . .
D110 =B [ ST [ s Saxgme
0

l
=E /1odX11/ S J1, SJ2m— Q,SdXhm ;|
=F / X“/ S(X 11, wj2m— 27stj2m 11

l/\t
= / E [S(X)gh.--,]szz,s] piljmelo'ileQm—lds
0
INt

= Pi1jem-19i10 jom—1 fO,Qm*Q(S’ S)dS
0

In addition, by using Equation (A1) recursively, we can obtain that

2m—2

fo2m—2(s,8) = om— 1 H Pjak—17a H Ojr-
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Therefore,
2m—1

1 (l AL)™
gl,2m71(lvt) = Pirjom—1 5m_1 om—1 011 H Oji H Pjak—1jak >
k=1
which proves Equation (A-8)). This completes the proof. O

Proof of Proposition|A.3] When i,, = 0 and j,,, = 0, by Fubini’s theorem,

! t
/S(X)il’ ’in*l’lds/ S(X)z—l}“.’ij’IdT‘|
0

l t
/ / ..... e 1,IS(X){_1 """ jml’Ide$‘| :/ f?L—l,m—l(SvT)deS'
0 Jo

When ¢,, = 0 and j,, # 0, by Fubini’s theorem,

fnm(l t l/ S 7,1, ip— l,IdS S( )]17 SJms I‘|

1 o 1
=F |:/ S(X)il,“.,in1,IS(X)11,...7]7”JdS‘| = / fn71$m(37t)d3
0 0

When i,, # 0 and j,, = 0, we can similarly obtain

t
fn,m(lyt) = / fn,mfl(l,s)ds.
0
When i, # 0 and j,, # 0, by Itd isometry,

fam(t)=E

=E

fn m(l t / S 217 Sin— 1’IdX“L / S J17 SJm— 1,IdXJm]
Int o o ‘
:/ E |:S(X)7él;~-~7'Ln—1;IS(X).;lxn-J'm—l:I] Pinin Cin 0, ds
0
INt ot
= PininTinTim / / Jn—1m-1(s, s)ds.
0 0
The initial conditions can be easily verified using Proposition[I} This completes the proof. [

Proof of Proposition We omit the proof because one can easily use approaches similar to the
proofs of Propositions [3|and [A-3] to obtain the result by letting

fn,nL(lat) =K »S(X)zl’ ’Z"’SS( )le 1.777L78:| 7

i . . t ~ . . .
gn,m(l,t) — K S(X);l ..... zn,S/ S(X)‘ztl,.n’]vnl;SdXivn:| )
0

[ . . l ~ . . .
Gt )= B | SCR S [ s<X>;1~--MSdX;ﬂ].
0

O
Proof of Example[A.3] The solution to stochastic differential equation (A.9) can be explicitly ex-
pressed as
t
Y, = / e Ft=9dw,, t >0,
0

where W, is a standard Brownian motion. Therefore, by Itd isometry, Y; is a Gaussian random
variable with mean O and variance

t 2 t _ o2kt
Var(V;) =E [Y?] =E {/ e“(ts)dWS] = / [Q*H(tﬂ)r ds — L.
0 0

2K
Now we calculate the correlation coefficient for its Itd and Stratonovich signatures, respectively.
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Itd signatures. By the definition of signatures and Equation (A29), we have

T T T T
E [S(X)%I’I} =E /0 Y,dY;| = —kE /0 Y2dt| +E /0 Y, dw, | = 75/0 E [Y2] dt
T —2Kt —2rT
1—e T 1-—e
=- ——dt=—5 + ——F~—. A.13
”/0 P T (A.13)

For the second moment, by It6 isometry, we have

T
/YtdYt —m/ Y2dt+/ Ytth
=K / / E [Y7?Y?] dtds — 2kE / Y2Adt / Y, dW;
0 0
(

E {S(X);’l’lr —E

T
+/ E[v;’] dt
0

=:(a) — (b) + (¢).
It is easy to calculate Term (c):
T T —2kt e—2rT
1—e T -1
= E [Y?] dt = —dt = _ A.14
© /0 [ t] /0 2K 2K + 4K2 ( )

To derive Term (a), we need to calculate E [YEYSQ]. Assume that s < t and denote M, =
f(f e"dW,,, we have Y; = e~ "* M,, and therefore

E I:Y;QYSQ:I _ —2;@(t+a)E [M2M2] e—25(t+5)]E [(Mt _ Ms =+ Ms)QMf}
) (5 (0 — MM + 28 [(M; — MoM] + E [M].

t . . . . .
Because M; — My = fs e"dW, is a Gaussian random variable with mean O and variance

t 2kt 2K s
9 ert — ¢
= [em“} du = _
s 2K

Var(M; — M) =E [(M, — M,)*] =E Ut emdwu} 2

and M; has independent increments, we further have

E [Y2Y2] = e 2500 [E [(M, — M,)?| E [M2] + 2E [M; — M,]E [M?] + E [M?]]

e?mﬁ _ e?ms e?ms -1 2&5 -1
. 0+3
2K 2K o < )

1 + 2672/{t+2/{5 _ 672/{5 _ 5672/% + 3672/%72/{5
B 42

when s < ¢. One can similarly write the corresponding formula for the case of s > ¢ and therefore

obtain that
(a) = K2 / / E [Y2Y?] dtds

( T 10Te 26T 3e—4nT 9 362”)
=1 +

_ 672n(t+s)

724 -
* + 2K 4K2 4K2 2K2

For Term (b), note that

2xkE ds

)

T
Yf / Yf de
0

T T T
/det/ Y, dW, :2,{/ E
0 0 0

we therefore need to calculate f(s) ;= E [YSQ fOT Ytth} for s < T. To do this, by 1td’s Lemma,
we have

dY? = 2Y,dY, +d[Y,Y], = —2kY.2ds + 2Y,dW, + ds,
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which implies that

S

S S E
V2= —2!%/ Y2du + 2/ Y, dW, + / du.
0 0 0
Therefore, for s < T', with the help of 1t6 isometry and Equation (A.14)), we have

T
fs) =B |v2 [ viaw,
0

s s s T
(25/ Y,fdu+2/ YuquJr/ du>/ Y, dW;
0 0 0 0

s T s
:_2;-;/ E(Yf Ytth> du+2/ E [Y7?]dt+0
0 0

0

=E

s s e"s ]
and taking derivatives of both sides leads to
df 1 672/13
- —_9 - )
ds wfs) + K K

By solving this ordinary differential equation with respect to f with initial condition f(0) = 0, we
obtain that

1 36—2;'15 6—2&9
Fs) = 2k2  x 2K2
Therefore,
T —2rkT —2rT
T Te e -1
(b):2/£/ fls)ds=—+ + 5
0 K K K
Finally, we obtain that
2 Te—2nT 36—4,‘€T 36—2f<,T T 3 T2
]E{SX 1,1,1} _ A _ _ - 4+ — 4+ (A.15
(X)r @=b)+(©=—r—+ 52 §27 an Tiem2 T A

Therefore, for Itd signature, we have

E[sX)§ s3] E[s(X)5"]

2 2 2
VE[soor] e [scop ] (e [soop]
B 25T — e~ 2"T 11
VAT e 26T 38T — Ge=2T — 4RT + 3 + 4k2T2’
where we use the fact that the O-th order signature is defined as 1.

Stratonovich signatures. The Stratonovich integral and the It0 integral are related by

t t
/ A, odB, — / AdB, + L[4, B),.
0 0 2

Therefore, for Stratonovich signatures, we have

T T 1 T
S(X)%8 :/0 lodY;, = /0 1dY; + 5 [1,Y]r :/0 1dY; = S(X)4 = vz,

and

T T T
1 T
S(X)5tS = / S(X)%5 0dy; = / Y;0dY; = / Y, + S [Y, Y] = SX)pt + oL
0 0 0
where we use the fact that [1,Y]r = 0 and [Y,Y]|r = T. Now we can use our results for the Ito
signatures, Equations (A-13) and (A.T3), to obtain that

B [s00k'] =B [soopt] + L= 1
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and

1,1,5]2 g T
E[$X)p°] = [S(X)T” +2}
2 T2 3(1 — —2KkT\2
—E [S(X)lT’u] +TE [S(X)lT’l’I] + o= - ) 1(;2 )
Therefore, for the Stratonovich signature, we have
E[sx)5 sl 5
512 1512 37
\/IE: [S(X)g } E [S(X);l ]
This completes the proof. O

Proof of Proposition[A.2] Leta = #A7 and b = #A3°. Under the equal inter-dimensional correla-
tion assumption, we have X 4- 4« = (1 — p)I, + pla1], where I, is an a x a identity matrix and
1, is an a-dimensional all-one vector. In addition, ¥ g«c g4~ = plbl(j, where 1, is a b-dimensional
all-one vector. Using the Sherman—Morrison formula, we have
1 P
il = I, — 1,1].
AT (A=p)(1+(a—1)p) T

Therefore, because all true beta coefficients are positive, we have

_ . ap
EA*C,A*EA},A*Slgn(ﬁA*) - mla-
Hence, the irrepresentable condition
_ . a
EA*C,A*EA;A*SIgn(IBA*) = 1—‘,—(6(|/p—|1)p1a < ]-a

holds if and only if % < 1. One can easily verify that this holds if p € (— 2#%, 1), and does
1

not hold if p € (— 5+ L

A _2#7]' This completes the proof. O
1 1

37



	Introduction
	The framework
	Review of signatures and their properties
	Feature selection using Lasso with signatures
	Consistency and the irrepresentable condition of Lasso

	Correlation structure of signatures
	Correlation structure for multi-dimensional Brownian motion
	Itô signatures for Brownian motion
	Stratonovich signatures for Brownian motion

	Correlation structure for multi-dimensional OU process

	Consistency of signatures using Lasso
	Consistency of signatures for Brownian motion and random walk
	Consistency of signatures for OU processes and AR processes

	Discussion
	Conclusion
	Geometric interpretation of signatures
	Technical details for universal nonlinearity of signatures
	Technical details for the irrepresentable condition and sign consistency
	Technical details and examples for the calculation of correlation matrices
	Brownian motion
	OU process

	Irrepresentable condition for Itô Signatures of Brownian motion with equal inter-dimensional correlation
	Details for simulations
	More technical details
	Computational details
	Robustness checks

	Extensions of the definition of consistency
	Precision, recall, and F1-score
	Out-of-sample R²

	Time augmentation
	Correlation structure of signatures for time-augmented Brownian motion
	Consistency of signatures for time-augmented Brownian motion

	Impact of the dimension of the process and the number of samples
	The ARIMA process
	Proofs

