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ABSTRACT

The growing adoption of spectrum-aware matrix-valued optimizers such as Muon
and Shampoo in deep learning motivates a systematic study of their generalization
properties and, in particular, when they might outperform competitive algorithms.
We approach this question by introducing appropriate simplifying abstractions as
follows: First, we use imbalanced data as a testbed. Second, we study the canonical
form of such optimizers, which is Spectral Gradient Descent (SpecGD)—each
update step is UVT where UX VT is the truncated SVD of the gradient. Third,
within this framework we identify a canonical setting for which we precisely
quantify when SpecGD outperforms vanilla Euclidean GD. For a Gaussian mixture
data model and both linear and bilinear models, we show that unlike GD, which
prioritizes learning dominant principal components of the data first, SpecGD learns
all principal components of the data at equal rates. We demonstrate how this
translates to a growing gap in balanced accuracy favoring SpecGD early in training
and further show that the gap remains consistent even when the GD counterpart
uses adaptive step-sizes via normalization. By extending the analysis to deep
linear models, we show that depth amplifies these effects. We empirically verify
our theoretical findings on a variety of imbalanced datasets. Our experiments
compare practical variants of spectral methods, like Muon and Shampoo, against
their Euclidean counterparts and Adam. The results validate our findings that these
spectral optimizers achieve superior generalization by promoting a more balanced
learning of the data’s underlying components.

1 INTRODUCTION

Spectrum-aware optimizers such as Shampoo (Gupta et al., 2018), Muon (Pethick et al., 2025; Jordan
et al., 2024) have recently gained significant traction in the deep learning community, delivering
substantial training speedups for deep classifiers (Jordan et al., 2024) and transformer language
models (Vyas et al., 2025; Liu et al., 2025) compared to standard methods like SGD (Robbins and
Monro, 1951) with momentum or even Adam (Kingma and Ba, 2014). The key distinction lies in
how these methods treat neural network parameters: while SGD and Adam operate entry-wise on
vectorized parameters, Shampoo and Muon work directly with matrix-valued parameters (e.g., weight
matrices and attention matrices) at the layer level (Carlson et al., 2015; Large et al., 2024). This
matrix-level approach intuitively enables optimization trajectories that entry-wise methods cannot
achieve. Despite their empirical success, a fundamental question remains unanswered: when do
spectrum-aware optimizers generalize better than standard methods?

The challenge is substantial. Even well-established optimizers like Adam, despite more than a decade
of practical dominance, remain less well understood than SGD, whose Euclidean GD trajectory is
well-characterized both statistically and algorithmically. Recent theoretical progress has begun to
illuminate these methods through the lens of implicit bias. For instance, while the implicit bias of
GD toward ¢5-norm max-margin classifiers is well-established (Soudry et al., 2018; Ji and Telgarsky,
2018), recent work proved that Adam converges toward ¢,-norm max-margin classifiers in linear
settings (Zhang et al., 2024; Xie and Li, 2024). Conceptually, this difference can be understood by
noting that Adam reduces to SignGD when momentum and preconditioning histories are ignored (i.e.,
[ parameters set to zero). This reduction has often been leveraged before to study Adam’s properties,
since SignGD is simpler to analyze, e.g., Kunstner et al. (2024); Vasudeva et al. (2025).

A similar reduction exists for spectrum-aware optimizers: Shampoo and Muon without accumulations
and with exact matrix operations reduce to Spectral Gradient Descent (SpecGD) (Pethick et al.,
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Figure 1: (Left) Test accuracy for training an MLP on Colored-MNIST with a 99% digit—colour
correlation using NMD, Signum, and Muon (see text for details). All optimizers achieve near-
perfect accuracy on majority groups (same digit—colour labels), but Muon outperforms the others on
minority groups (opposite digit—colour labels), especially early in training. (Middle) Eigenvalues
and eigenvectors of the empirical moment matrices for all training images show that the dominant
spectral components correspond to colour. (Right) Reconstructions of sample images reveal that
digit-shape information lies in less dominant components. This suggests that Muon’s spectral design
promotes balanced learning of these components, leading to superior generalization.

2025; Bernstein and Newhouse, 2024), where each update step is UV, with UX VT denoting the
truncated SVD of the gradient (see Sec. 3 for details). Thus, just as SignGD serves as the canonical
form for understanding Adam, SpecGD serves as a canonical form for understanding Shampoo and
Muon. Moreover, both SignGD and SpecGD are instances of normalized steepest descent with
respect to £, and spectral norms, respectively (Bernstein, 2009; Carlson et al., 2015; Pethick et al.,
2025).

Recently, Fan et al. (2025); Tsilivis et al. (2024) charac- B o
terized SpecGD’s optimization bias in linear multi-class o3
and homogeneous binary classification, showing that it £
drives weights toward a max-margin classifier with re-
spect to the spectral norm. However, these results have
two limitations. First, they only describe the algorithm’s
behavior in the terminal phase of training, which may not
reflect practical deep learning scenarios that often employ
early stopping. Second, and more importantly, implicit
bias results provide no direct guarantees about general-
ization performance—the ultimate objective in machine
learning. For instance, even in linear settings, the mini-
mum spectral norm solution may not be unique. Recent
work has also studied Muon and Shampoo, but primarily
from the perspective of optimization properties (Pethick
et al., 2025; Morwani et al., 2024; Vyas et al., 2025; Li
and Hong, 2025; Chang et al., 2025; Chen et al., 2025) or
scalability (Liu et al., 2025; Boreiko et al., 2025), leaving
their generalization behavior and underlying mechanisms
comparatively underexplored.
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Figure 2: Dynamics of the iterates (top)
and loss (bottom) for GD, NGD, and
SpecGD on a linear model with class im-
balance (priors p; > pa > p3). SpecGD
learns all spectral components at the same
rate, whereas (N)GD prioritizes more

Motivated by the apparent lack of understanding of the
generalization properties of SpecGD, we ask: Can we
identify concrete settings where SpecGD generalizes

dominant components. Although all con-
verge to the same solution, SpecGD sig-
nificantly outperforms in worst-class and

class-balanced loss early-on in training.
See Sec. 3.2 for a precise characterization
of SpecGD dynamics and a proof of its
superiority over (N)GD.

better than standard (Euclidean) GD?

Imbalanced Data as Playground. We introduce imbal-
anced data as a testbed for studying SpecGD’s potential
generalization advantages. Fig. 1 provides a concrete
demonstration: we train an MLP on Colored-MNIST (Arjovsky et al., 2020; Pezeshki et al., 2021)
under severe group imbalance, where each digit appears in its majority color 99% of the time during
training, creating a strong spurious digit-color correlation (see App. D.1 for details). At test time,
we evaluate on majority and minority groups with same and opposite digit-color associations, re-
spectively. The results are revealing: whereas Muon improves on both groups early in training, its
Frobenius and max norm counterparts, namely normalized momentum descent (NMD) and Signum
(Bernstein et al., 2018), respectively, take much longer to improve on the minority group. We observe



Under review as a conference paper at ICLR 2026

a similar effect on the CIFAR dataset (Krizhevsky et al., 2009) with class imbalance (see Sec. 2 for
details).

Theoretical Comparison in Class-imbalanced Data. To demystify this behavior and analyze the
implicit regularization of different update rules, we analyze in detail a linear model trained with
squared-loss under class imbalance. We derive closed-form expressions for the training trajectories
of (Euclidean) GD and SpecGD, and use them to show that, with early stopping, SpecGD achieves a
lower worst-class and class-balanced risk than GD, whereas both approach the same risk asymptoti-
cally in time. We also show that introducing adaptive step-size in GD via normalization does not
equalize the gap: SpecGD outperforms normalized GD (NGD) as well. This is illustrated in Fig. 2.

Extending to deep networks, we derive the closed-form training trajectory for SpecGD with L > 1
layers. Our findings reveal two key effects of depth: 1) it accelerates the learning of all spectral
components, and ii) it narrows the time gap between the saturation points of different components.

Experimental Results. We empirically validate our theoretical insights through experiments on
datasets with class or group imbalance. We demonstrate that practical variants of SpecGD, such
as Muon and Shampoo, achieve superior generalization over SGD by promoting a more balanced
learning of the spectral components of the data. While our theory focuses on uncovering the
distinct learning mechanisms of SpecGD and GD, our experiments also include Adam to provide a
comprehensive benchmark against a commonly-used baseline.

2 RESULTS ON CIFAR wiTH STEP-IMBALANCE

In this section, we conduct a preliminary exper- — NMD Signum  —— Muon

iment to investigate whether Muon’s superior- 10 408

ity observed in the group-imbalanced setting in < <

Fig. 1 also persists under class imbalance. We £ %® £04

consider step-imbalanced CIFAR-10 and CIFAR- fo.2 Zoo

100 (Krizhevsky et al., 2009) with imbalance ratio ;d' 0.8 ;d' 0.4

20 (majorities contain 20x more samples than 2., 202

minorities). We train ResNet-18/50 on CIFAR- 2 g ,,/ﬁ

10/100 with three optimizers: NMD, Signum, and =00 10° w200 10° 102
Epochs Epochs

Muon (see App. D.2 for details and additional re-
sults with lower imbalance ratios). As shown in (a) CIFAR-10 (b) CIFAR-100
Fig. 3, Muon achieves superior minority-class per- ) o
formance compared to NMD and Signum. While Figure 3: Test accuracy dynamics for training
all optimizers achieve similar majority-class ac- ResNet-based models on (a) CIFAR-10, and (b)

curacy, Muon more effectively reduces the perfor- CIEAR-l()O, bOth .with STEP .imbalfcmce (20:1
mance gap between minority and majority classes, Majority-to-minority class' rgtlo) using NMD,
particularly early on in training. This result fur- Signum, and Muon. All optimizers achieve com-
ther suggests that spectral methods may offer ad- parable accuracy on majority clgsses, but Muon
vantages in imbalanced settings, motivating our outperforms the others on ml{lofltY'ClaSS perfor-
subsequent theoretical investigation into the mech- Mance, especially early in training.

anisms underlying this behavior.

3 LINEAR MODEL ON CLASS-IMBALANCED DATA

Notation. We denote matrices, vectors and scalars by A, a, and a, respectively. We denote the
(i, j)-th entry of matrix A as A[i,j]. Let ||| 7, |||lmax. and [|-||2 denote the Frobenius, max and
spectral norms, respectively, where || A||max := max; ;j A[i, j]. Let ||al|2 denote the {5 norm of a.
1 [-] denotes the indicator function, e.g., 1 [a > b] = 1 if @ > b and 0 otherwise. For matrices A, B,
the inner product (A, B) = tr(ABT).

Let W € RE>* denote the weight matrix of a linear model, and £(W) denote the loss. Let W; and
V, := VL(W,) denote the iterate and gradient at time ¢, respectively. Normalized steepest-descent
(NSD) updates with respect to norm ||-||, with step-size > 0, are (Boyd and Vandenberghe, 2009):

Wit = Wi —nA,, where A; 1= argmax| o<1 (Vi, A). 1)
As discussed in Sec. 1, NGD, SignGD and SpecGD are instances of normalized steepest descent

Eq. (1) with respect to Frobenius, max and spectral norm, respectively. Normalized momentum
descent (NMD) updates are defined similarly as Eq. (1) but use momentum M; = SM,;_1+(1—-3)V,
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Norm NSD update At = argmaqu”Sl <Vt, A> NMD update At = argmaxHAHSl <Mt, A>

A= -V A, = M,
Il NGD: A, = g NMD: A+ = 1z, 7
|I[lc«  SignGD: A; = sign(V;) Signum: A; = sign(M;)
[-l2 SpecGD: A; = U;V," Muon: A; = U, V,"

Table 1: Normalized steepest descent (NSD) and normalized momentum descent (NMD) updates for
different norms. Here, V; denotes the gradient, M; = SM;_1 + (1 — )V, denotes the momentum

term, and V;, = U, X,V " and M, = ﬁtitf/T denote their SVDs. Setting 5 = 0 in the NMD
updates yields the corresponding NSD updates.

in place of V;. Table 1 summarizes the updates for NSD and NMD for the three norms. Note that
Muon with exact matrix operations is NMD with spectral norm, and reduces to SpecGD when 3 = 0.
Also see App. A, where we discuss how Shampoo and Adam without accumulations reduce to
SpecGD and SignGD, respectively.

Data Model. Lety € {1,...,k} denote the class labels, and let the corresponding one-hot labels
be denoted as y € {e.}*_,, where e, is the c-th standard basis vector in R*. Class probabilities

are given by p. := Pr(y = ¢) such that Z’;l pe = 1. Each class ¢ has an associated mean vector

e € RY, and samples for class c are generated as isotropic Gaussians with mean p... Finally, we
assume that the means . are orthogonal. Put together, the data model we study is such that:

Pr(y=c) =p. c€[k], =z|y N./\/'(uy,aglld), and pq L ... L g, |lpell = p.  (DM)

Define minority class index m := arg min.c[x) p. With class prior p,,, and majority class index

2
M :=arg max ¢ p. with class prior py;. Let SNR:= g—Q denote the signal-to-noise ratio (SNR).

3.1 EXPERIMENTAL RESULTS

For the experiments, we con- —— NGD  —— SignGD  —— SpecGD
sider a heavy-tailed class- 0 100
imbalanced setting by choos-
ing p. o< 1, and we sample
each p. independently from .
a zero-mean isotropic Gaus- 10° 10°
Sian diStributiOH and normal- Iterations lterations Iterations
ize it. We use 20 classes,
100 samples, d = 200 and
o, = 0.1. We initialize
the weight matrix Wy by
sampling each entry indepen-
dently from N(0, é) We use learning rates 0.025, 0.005 and 5 x 10~* for NGD, SignGD and
SpecGD, respectively. These choices are made such that train loss curves of the algorithms are
comparable. The training is stopped when the norm of the gradient for SpecGD falls below 1075, as
small gradients can introduce numerical imprecision in the SVD computation.

50
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>
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Figure 4: Results for a linear model trained with NGD, SignGD and
SpecGD on heavy-tailed class-imbalance data using cross-entropy
loss. Early-stopped SpecGD attains higher class-balanced and worst-
class accuracy compared to other update rules or stopping points.

Fig. 4 shows results of training a linear model in this setting using NGD/SignGD/SpecGD to minimize
cross-entropy loss. We observe that for all three update rules, as train loss approaches 0, the iterates
W, converge to a solution that maximizes the margin defined with respect to the corresponding
norm (Fan et al., 2025). However, comparing test performance, early-stopped SpecGD attains higher
class-balanced and worst-class test accuracies compared to NGD or SignGD at any stopping point.

3.2 THEORETICAL ANALYSIS

In this section, we analyze and compare the dynamics of GD and SpecGD. For tractability, we consider
squared-loss, and population setting. Specifically, let L(W) = %EHZ/ — Wz||3, where the expectation

is over the joint distribution of @, y in (say) (DM). In addition, define L.(W)=3E,—.[ly — Wz|3
to be the class-conditional loss for class c € [k] and let Ly (W) =1 > cek) £c(W) be the balanced

4
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loss. Define the population moment matrices X4 :=E[zx | and Ey, :=E[y x "]. Our analysis
holds when the (full) SVDs of these moment matrices are jointly diagonalizable.

Condition 1 (Joint Diagonalizability). There exist orthonormal matrices U € RF** V ¢ R4*4,
and matrices Syz € RFxd S . € R*4 with non-zero entries only along their main diagonals*
(s7°> 85" > 57" > 0and s5* > s5*--- > s3* > 0, respectively), such that, 3y = USymVT
and gy = V Sy V7.

Under this condition applied to the empirical moment matrices, Saxe et al. (2013); Gidel et al. (2019)
derive closed-form training dynamics of two-layer linear networks. Here, we instead apply this
condition on population statistics making it possible to study test statistics. In the lemma below, we
show that our data model (DM) satisfies this condition. See App. B.1 for the proof.

Lemma 3.1. The population moment matrices of data model (DM) satisfy Condition 1, with s¥* =
upe for ¢ € k], s¥* = p’p. + 02 for 1 < c <k, and s** = o2 fork < ¢ < d.

This result shows that the data model Eq. (DM) is one such setting where Condition 1 strictly holds.
Notably, in Gidel et al. (2019), the authors validate whether a weaker version of this condition is
satisfied for some datasets used in practice. Specifically, they check whether there exist orthonormal
matrices U, V' such that the empirical moment matrices are jointly diagonalizable as UX,,, V' " and
V(Z4e + B)V'T, respectively, where || B|| is much smaller than || 24| They find that on datasets
like MNIST, CIFAR, etc., the ratio is indeed small (see Table 1 in Gidel et al. (2019)), so this can be
considered as a reasonable condition. We consider Condition 1, where || B|| = 0, mainly to make the
analysis more tractable. See App. C for further discussion, and experimental results that examine the
effect of relaxing this condition.

Evolution of W;. 'We compare the evolution of the weight matrix W, for GD and SpecGD over
iterations ¢. For each iteration ¢, define Wy := U TW,V and recall that W|c, ¢| denotes the ¢
main-diagonal entry of W, for ¢ € [k].

Under Condition 1, Saxe et al. (2013) (see also App. B.2) shows that when initialized at zero and run
with sufficiently small step size 7 < min ¢ (s¥*)~L, GD iterates W are such that W, is diagonal
at each iteration with diagonal entries evolving as (and approximation becoming accurate for gradient
flow (GF) n—0):

Wile, c] = s¥* R L NP (1 — e‘"sixt> ) )

sE* sE*
The following result characterizes the dynamics of W, for SpecGD. See App. B.2 for the proof.
Proposition 1. Assume zero initialization Wy = 0 and Condition 1 holds. Then, for SpecGD with
step size 77 < MiN ¢ y] % at each iteration, Wy, = UW V' | where W is zero except its main

diagonal along which the entries evolve as follows for ¢ € [k]:

Wile.d =ntt[t< 2]+ Eae> 2]

XX XX XX
nse Se nse

Comparing the above two displays, which contrast GD’s and SpecGD’s iterate evolution, shows the
following. Although both methods asymptotically converge to the same solution, their trajectories
differ significantly. GD learns component c at a rate proportional to sX*, meaning more dominant
spectral components are learned faster. In contrast, SpecGD learns all components at the same rate
until each individual value saturates and converges to its terminal value. This difference is also
demonstrated in Fig. 2 (top), which tracks W[c, ¢] for GD and SpecGD in a class-imbalanced setting
(data model (DM)) withn = 0.01,d=k =3, u =1, ag = 0.125, and pq, p2, p3 set as 0.5,0.3,0.2,
respectively.

In App. C, we compare the dynamics of GD and SpecGD derived under Condition 1 to a more general
setting using the same data model but with finite samples and random initialization, and show that the
theoretically derived dynamics closely match those observed empirically (see Fig. 11). Additionally,
in App. C, we also compare the dynamics of Muon (with 5 = 0.9) to those of SpecGD, both when
Condition 1 holds (see Fig. 10) and in the finite sample setting (see Fig. 12). In both cases, we find
that similar to SpecGD, Muon promotes learning different spectral components at the same rate.

“With slight abuse of terminology, we will refer to rectangular matrices having non-zero entries only on their
main diagonals simply as ‘diagonal’ hereon.
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Generalization of SpecGD vs. (N)GD. We now show that this property of SpecGD to learn
concepts at equal rate translates to superior generalization compared to GD in an imbalanced setting
where least-significant spectral components of the moment matrices are associated to minority classes.
Concretely, under data model (DM), the k first eigenvectors of 3, align with the class-mean vectors,
ordered in decreasing class prior probability (see proof of Lemma 3.1). Intuitively, then, learning
spectral components earlier during training should translate to generalization gains. Indeed, in Fig. 2
(bottom), we observe that SpecGD attains lower minority-class and class-balanced loss compared
to GD. The following theorem formalizes this intuition. We use continuous-time versions of GD
and SpecGD here, i.e., gradient flow (GF) and spectral GF (SpecGF). The dynamics for GF are
characterized by the approximation in Eq. (2), while the SpecGF dynamics follow Proposition 1, both
with 7 = 1 (see App. B.2 for details). We use W (t) and W (t) to denote the continuous-time iterates
and the corresponding singular value matrix, respectively.

Theorem 1 (Simplified). Assume data model (DM) and zero initialization. Let t* = Sm pe the first

S5
time SpecGF fits the minority class m. Further, assume that p > 1,k > 3u, and p,, < m.
Then, for every t € (0,t*], SpecGF outperforms GF with minority-class and balanced loss gaps
between the algorithms growing linearly with time as follows:
S
LoF(t) = L32e(t) > /4, Loa(t) — Lony (8) > pt/2.

For clarity, we state the above theorem under some simplifications on the condition on minority class
prior p,,,. See App. B.3 for the complete version and the proof.

Next, we investigate whether these gains of SpecGD arise because it uses normalized updates while
GD does not. To account for this difference, we compare SpecGD with NGD, the normalized version
of GD. We first simulate the dynamics of NGD in the setting of Fig. 2, and find that although NGD
converges much faster than GD, its iterates W, follow the same trajectory as GD (Fig. 2 (top)). Note
that at the end of training, all three optimizers eventually converge to the same solution. However,
importantly, we find that early on in training, SpecGD still outperforms NGD in terms of both
minority-class and class-balanced loss (Fig. 2 (bottom)). We formalize and prove this observation in
the theorem below. See App. B.4 for the complete version and the proof.

Theorem 2 (Simplified). Assume data model (DM), zero initialization, and gradient flow algorithms

NGF and SpecGF. Further, assume that p,, < m, and k > ngp . Then, for every t € (0,t*],

SpecGF outperforms NGF with minority-class and balanced loss gaps between the algorithms
growing linearly with time as follows:

LNSF(t) — £30e(t) > pt/2, LN (1) — LI (8) > pt /2.

m

Proof Sketch. We now provide a brief proof sketch for Theorem 1 highlighting the key ideas.
From Proposition 1, since every SpecGF iterate W () remains in the same basis U, V, i.e., W (t) =
UW (t)V, the singular values in W (¢) are the key quantities of interest for bounding the loss.
Concretely, for any class ¢ € [k], we can relate its loss to the ¢ singular value W (t)[c, ] =: a.(t):

K
Lot)=1 ((1 — pao(t)? + o2 K og(t)) : 3)
For any given #, the class-balanced loss gap is ALy (t) :== S, LSP(t) — LFP(t).
In order to bound this gap, we start by computing its derivative
ALvar(t) = —5 2. (1 = palF (1) palF (1) + 07 3, afF (1)ad¥ (1)
+ 1 (1= el (6) pa™ (1) — 0% 30, 0™ (1) de* (¢).

Next, from the expression of aS¥(t) in Eq. (2) and &SF(t) = up,e~*mt, we use aSF (t)aSF(t) > 0,

and &.SF (£) < yupym. Combining with a5f () from Proposition 1 and ¢sb*°(¢) =1 for t < ¢*, we have:

ALpa(t) = —Lp? + (1 — pt)p — o2kt

Next, we use t < t* = au,, and using the assumption on p,, in the definition of «,,, we get
ALy (t) > p/2. This is then integrated over ¢ to obtain the final result.
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Figure 5: Comparison of the dynamics of the squared norm of singular value matrix of the iterates,
and the individual singular values, for GD and SpecGD across linear (L = 1) and bilinear (L = 2)
models for class-imbalanced data (priors p; > p2 > p3). In both cases, GD learns more dominant
spectral components first, whereas SpecGD learns all components at the same rate. The gap between
saturation of different components for SpecGD decreases as model depth increases from 1 to 2, as
proved in Proposition 2.

The proof of Theorem 2 is based on a similar idea. The key distinction is that we don’t have the
precise dynamics of NGD(F) iterates. Specifically, the NGF update for ¢ € [k] is written as

AN (1) = %5, where ro(t) = s¥* — 5o () and R(t) := \/ 30, r2(2).

c=1"'c

Then, we have that 0 < r.(t) < s¥*, and using this with R(t) > max, r.(t) gives aY6F(¢) < 1, and
hence aNF(t) < t. Using these we lower bound AL/ (t) and AL} (t), and integrate over t.

3.3 EFFECT OF DEPTH

To investigate how increasing model depth L affects SpecGD dynamics, consider deep linear model
W .= Hf;ol WL=1=0 with total loss L(W, ... WI=1) = lE|y — HzL 01 Wl—1=ig|2.

Bilinear Model. We begin with the case L. = 2, which is particularly instructive due to its
connection to the Unconstrained Features Model (UFM). The UFM is widely used to study the
geometry of learned representations in deep and nonlinear networks under finite-sample regimes
(Yang et al., 2018; Mixon et al., 2020). It serves as a proxy for architectures with sufficient capacity
to freely optimize both the feature representation (W %x) and the classification head (W'). The
bilinear model recovers this framework when the input features « are orthogonal, making it a natural
setting for analyzing the interplay between feature learning and classifier dynamics.

The following result characterizes the SpecGD dynamics of W; = W W),

Proposition 2 (Slmphﬁed) Suppose Condition 1 holds. Let the weights be initialized as W0 =

e Q4 04—, )V and W} = e OU[I}, 04,_]QT, where Q € R js an orthonormal
matrix, k < dy < d, and § > 0 is a constant. Then, for SpecGD with, at each iteration, W} :=
QWSVT, wl= UW;QT, where WS, th are zero except their main diagonal along which, in
the limit 6 — oo, they evolve as follows for ¢ € [k]:

Wike.d=Wilecc =t e < 33/2E] + [ E1 o> 3]

For clarity, we consider § — oo in the above proposition to state the SpecGD dynamics. See App. B.5
for the complete version (for any § > 0) and the proof.

We ﬁnd that in contrast to the linear model where SpecGD learns the ¢ component in time

717,/ (for large &). This is quite

t. = ﬁ =, for the bilinear model, it saturates in time t.

different from the effect of i increasing model depth on the dynam1cs of GD. As discussed in Saxe
et al. (2013); Gidel et al. (2019), for GD, the time to reach e-close to the optimal (for the ¢
component) is ¢, = ln(}n(;lxx) ~ ln;;x/:)

n(l/e— n(s*ed /s¥*— n
In(1/ 1)+;n£y§ /s7-1) ~ 1 (17]/ (for small € and large §) for a bilinear model. To make the

comparison more concrete, recall from Lemma 3.1 that for our class-imbalanced setting with data

(for small 7)) for a linear model, compared to ¢, ~
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model (DM), when pp = 1, s5* = p.+ SNR~! and 5¥* = p.. The GD dynamics for linear vs. bilinear
model depend on the SNR: when SNR is high, we observe the stage-wise learning dynamics in both
cases, i.e., spectral components are learned in descending order of class priors. However, when SNR
is low, these stage-wise dynamics may not be apparent for the linear model as . o m ~ SNR.

1/L
In contrast, for SpecGD, t. (1#) , where L € {1,2}. This means the dynamics

are qualitatively similar for both models; however, the gap between saturation times on different
components is smaller for the deeper bilinear model.

We illustrate these differences between GD and SpecGD and the effect of increasing model depth in
Fig. 5, where similar to Fig. 2, we consider a class-imbalanced setting with n = 0.05, d = k = 3,
pw=1,02=0.125, and p1, p2, p3 set as 0.55, 0.3, 0.15, respectively. We set ¢ = 0.05, 5 = 10.

Next, we investigate whether for SpecGD, the gap between saturation on different components
becomes smaller as model depth is increased further.

Deep Linear Model. We next consider deeper models with L > 2. The dynamics of W, =
Hf;ol WtL 17 for SpecGD can be characterized in a similar way as Proposition 2. Specifically,

{Wi }ZL:_Ol defined analogously remain diagonal with entries ¢ € [k], in the limit 6 — oo, evolving as:

1 1
EORIEHORE

See App. B.6 for a formal statement and the proof. We can
quantify the gap between saturation of the minority vs. majority .

tmax —tmi 81" /s /L o N |
component as AT := fmax—tmin — [ 21771 —1. For the 10

tmin S};;X/S)];X )
class-imbalanced setting in Eq. (DM), using Lemma 3.1, AT = g
1/L £
( SNR41/pm, ) -1 025

SNR+1/pm o 10' 10°
Epoch

1
Wle.d = nt1 [t < %()L

NGD-2L  —— NGD-4L SpecGD-2L  —— SpecGD-4L

We find that as L increases, the gap between the saturation
of the different components becomes smaller. We empirically
validate this result for SpecGD in Fig. 6 by comparing the test
accuracy dynamics of 2-layer and 4-layer MLPs on the Colored- vs. 4-layer MLP on the Colored-
MNIST dataset. A similar trend is observed for NGD, where MNIST dataset.

depth speeds up learning of the minority component. This is an interesting empirical parallel, given
that precise theoretical dynamics for GD have primarily been characterized for depth L = 2 (Gidel
et al., 2019; Saxe et al., 2013).

Figure 6: Test accuracy dynamics
of NGD and SpecGD for a 2-layer

4 EXPERIMENTAL RESULTS

In this section, we present experimental results on datasets with group and class imbalance, comparing
the performance of Muon to SGD. Our analysis is guided by the spectral perspective developed in
Sec. 3.2. For class imbalance, recall that spectral components correspond to class priors. We extend
this analogy to group imbalance, where inputs contain both core and spurious features, and groups are
defined by different core-spurious feature combinations. As seen in our motivating Colored-MNIST
example (Fig. 1), spurious features (e.g., color) act as the dominant spectral component, while core
features (e.g., digit shape) are less dominant (see also (Ng et al., 2024), which demonstrates this for
some other datasets with spurious correlations). Our experiments show that Muon promotes a more
balanced learning of different spectral components, thereby improving generalization relative to SGD.
Finally, while our theory focused on the dynamics of SpecGD versus (N)GD, our empirical study
also includes Adam, offering a broader comparison with a widely used adaptive optimizer.

Group Imbalance Datasets. Here, we consider three widely used datasets with group imbalance.

Dominoes Dataset. We consider the MNIST-CIFAR dataset from the Dominoes benchmark (Shah
et al., 2020; Pagliardini et al., 2022), where each image is generated by stacking an MNIST digit
from class {0, 1} on the top with a CIFAR-10 image from class {automobile, truck} on the bottom.
The MNIST part is spuriously correlated with the label 95% of the time, while the CIFAR part is
100% predictive of the label. Example images are shown in Fig. 7 (left).
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—— SGD Adam  —— Shampoo
S

We train a ResNet-34 model using i
SGD, Adam, Shampoo, and Muon
and compare their generalization us-
ing two metrics on the test set: the

worst-group accuracy and the decoded ; : . | 1W

worst-group accuracy (see App. D.3 Train Epochs (x50) Train Epochs (50)

for detaﬂs). The latter is obtalged Figure 7: Example images from the MNIST-CIFAR dataset
by freezing the learned representation (1ofy) and comparison of worst-group test accuracy (middle)
of the trained model, re-training only 4 worst-group decoded test accuracy (right) dynamics of
the ﬁ?‘al linear layer with IOgISUC, e~ SGD, Adam, Shampoo and Muon (see text for discussion).
gression on a group-balanced valida- v, Jearns core features faster and has superior worst-

tion set, and then evaluatu}g its perfor- group performance while SGD relies on spurious features.
mance on the test set. This measures

the extent to which the model has learned the core feature information in its representations. From
Fig. 7, we see that Muon consistently outperforms SGD across both metrics throughout training.
Compared to Adam, Muon shows greater gains early in training, eventually attaining a similar perfor-
mance. Muon, as well as Shampoo and Adam, achieve much higher decoded accuracy than SGD,
which suggests that they successfully learn the core features (which correspond to less dominant
spectral components), whereas SGD struggles to do so.
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Subgroup Robustness Benchmarks. Next, we consider two benchmark subgroup robustness datasets:
MultiNLI (Williams et al., 2018) and CelebA (Liu et al., 2015). MultiNLI consists of sentence
pairs, where the task is to classify the relationship of the second sentence to the first as entailment,
neutral, or contradiction. The spurious feature is the presence of negation words, which often indicate
contradiction. CelebA contains images of celebrity faces, with the task of predicting whether the hair
color is blonde/not blonde, and the celebrity’s gender (male/female) serves as the spurious attribute.
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Figure 8: Comparison of the worst-group and average test accuracy over the number of fine-tuning
(FT) epoch budget (see text for details) for different optimizers on the (left) MultiNLI and (right)
CelebA datasets. The average test accuracy is comparable across all optimizers. For the worst-group
accuracy, spectrum-aware optimizers (Muon and Shampoo) consistently outperform SGD. However,
as compared to Adam, for MultiNLI, Muon is slightly worse, while for CelebA, its performance
becomes comparable for more FT epochs.

We fine-tune a pretrained BERT bert-base-uncased model (Devlin et al., 2019) on the
MultiNLI dataset, and an ImageNet-pretrained ResNet-50 model on CelebA, using different optimiz-
ers and evaluate the average (group-balanced) test accuracy and the worst-group accuracy over the
number of finetuning epochs. To ensure our comparisons are robust, we conduct extensive hyper-
parameter sweeps for all optimizers (see App. D.4 for details). We select the best hyperparameter
configuration for any given optimizer and number of fine-tuning epochs, 7', based on the highest
average worst-group accuracy achieved on the validation set, averaged across multiple initialization
seeds, at any point up to 7" epochs. We then report the performance for the optimal configuration
for different FT epochs. From Fig. 8, we see that Muon outperforms SGD on both datasets. On
MultiNLI, Adam attains better performance than Muon/Shampoo whereas on CelebA, its perfor-
mance is comparable to Muon. These experiments show that Muon promotes more balanced learning
of spectral components than SGD, thereby improving generalization.

Class-imbalanced Datasets. Here, we extend our investigation of class imbalance to language
modeling. While our previous experiments and theory focused on one-hot classification, we now
shift our comparison of optimizers to a next-token prediction (NTP) task. This task presents a natural
imbalance over the distribution of tokens, as word frequencies follow a long-tail distribution described
by Zipf’s law (Piantadosi, 2014).
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TinyStories Dataset. To examine how dif- _iDMwmy o M:om:luon
ferent optimizers compare on rare token Top-1 Accuracy . Top-5 Accuracy
learning, we train small Transformer mod- ¢ 06
els on the TinyStories (Eldan and Li, 2023)  os 05
corpus and compare the performance of o g“//‘,v/
Muon, SGD, and Adam. We group tokens ~ £° C/\m g03
into "frequent" and "rare" categories based ‘J___/_,_/ ” A
on their corpus statistics and evaluate the e ] 00 ety

10° 10* 10? 100 10! 10?
token-level accuracy for each group sepa- Epochs Epochs

rately on a held-out test set. Complete train-
ing details are available in App. D.5. The
performance on rare and frequent tokens
is reported in Fig. 9. Consistent with our
findings in the one-hot class-imbalanced
classification, we observe that Muon gener-
alizes faster on both the majority (frequent)
and minority (rare) components compared to SGD, and in this case, even compared to Adam.

Figure 9: Performance comparison of SGD, Adam, and
Muon on frequent (majority) vs. rare (minority) tokens,
evaluated by Top-1 and Top-5 accuracy on a validation
set of TinyStories. The results demonstrate that Muon
achieves faster generalization on both frequent and rare
tokens compared to SGD and Adam.

Attribute-Organism Classification. To extend our findings from statistical imbalance to a setting
with explicit conceptual structure, we conduct a toy experiment on hierarchical concept learning
(Zhao and Thrampoulidis, 2025). In this task, a model must classify organisms (e.g., "dog") based on
their attributes, which are shared at different levels of a taxonomic tree (e.g., "needs oxygen" for all
animals). We observe distinct learning dynamics: GD learns the coarse, high-level categories (plant
vs. animal) first, while Muon exhibits a more balanced learning progression across both coarse and
fine-grained concepts (see App. D.6 for details)

5 DISCUSSION AND OUTLOOK

Our work investigates how the spectral design of optimizers like Muon and Shampoo yields general-
ization benefits, using imbalanced data as a testbed. The core mechanism we identify is that their
canonical form, SpecGD, implicitly learns all principal components of the data at an equal rate, in
stark contrast to GD.

A crucial test of this insight is how its practical variants, Muon and Shampoo, perform against strong,
widely-used baselines like Adam. In our experiments in Sec. 4, we find that Adam’s generalization
performance is only slightly worse—or sometimes even better—than that of Muon and Shampoo. This
is consistent with recent large-scale benchmarks for LLM pretraining, which show that well-tuned
Adam variants remain highly competitive (Wen et al., 2025; Semenov et al., 2025). Previous work has
used different perspectives to explain Adam’s superiority over (S)GD: i) Kunstner et al. (2024) show
how heavy-tailed class-imbalanced settings lead to gains for Adam by focusing on their optimization
dynamics; ii) Vasudeva et al. (2025) show that Adam promotes richer feature learning than SGD in
neural networks, which can lead to better generalization in group-imbalanced settings. Together, these
works underscore Adam’s advantages in imbalanced regimes, albeit through different mechanisms.
Our motivation for using this testbed stems from recognizing that spectral components of imbalanced
data directly correspond to majority and minority classes or groups, and our analysis reveals that
SpecGD achieves its gains through a fundamentally different and interpretable mechanism—balanced
learning of principal components.

A natural question is how the implicit balancing effect of spectral methods compares to explicitly
designed techniques like loss re-weighting (Byrd and Lipton, 2019; Cao et al., 2019; Sagawa et al.,
2019; Menon et al., 2020; Liu et al., 2021). In App. D.8, we show that while weighted cross-entropy
(WCE) effectively encourages balanced learning of spectral components on NMD, Muon provides
a similar, though weaker, effect "for free" without requiring explicit group priors. This suggests
spectral methods could be useful when such information is unavailable for re-weighting.

Our work provides a framework to understand the generalization of spectrum-aware optimizers
within a controlled setting using population statistics and squared loss. A natural next step is to
build upon this foundation by extending the analysis to more complex regimes using finite samples
and cross-entropy (CE) loss. To bridge this gap, we conduct an initial empirical analysis of rate of
learning spectral components for nonlinear models trained with CE loss, by tracking singular values
of the logit matrices during training (see App. D.10 for details). We outline future directions and their
associated challenges in App. E.
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A OPTIMIZERS
In this section, we list the update rules for all the optimizers considered in the paper for completeness.

We start with the update rules of NGD, SignGD, and SpecGD, then list their momentum versions
(NMD, Signum, and Muon), and then write the updates for Shampoo and Adam.

Using the notation introduced in Sec. 3, updates are of the form

Wt+1 = Wt - ’I’]At, where At = argmaxHAHSl <Vt, A> (4)
NGD update. For NGD, the arg max in Eq. (4) uses ||-||r, and we get A; = HVV”L
t||F

SignGD update. For signGD, the arg max in Eq. (4) uses |||, and we get A; = sign(V;),
where sign(z) := 77 and sign(0) = 0, applied element-wise on the matrix V.

14
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SpecGD update. For SpecGD, the arg max in Eq. (4) uses the spectral norm. Let the truncated
SVD of V, be UtEtWT, where U; and V; are orthonormal matrices and 3, is a diagonal matrix
with positive diagonal entries. Using this, we have A; = U, V,'.

For NMD, Signum, and Muon (with exact matrix operations), the updates mirror NGD, SignGD, and
SpecGD, respectively, except that they use the momentum term M; = SM;_; + (1 — 3)V, in place
of the raw gradient.

Shampoo update. For Shampoo, first define the preconditioning matrices

Li =L 1+ (1—B2)V,V] and Ry =R 1+ (1—B2)V] Vi,
where the parameter 32 denotes the preconditioning accumulation parameter, and the momentum ma-
trix M = 1 M;_1+(1— 1) V;. Using these preconditioners, the update is A, = L, 1/4MtR 14,

It is easy to see that Shampoo with exact matrix operations reduces to SpecGD when we set
81 = B2 = 0 as follows. Let the SVD of Vt be UtEtVtT. Then, since 52 = 0, the precon-
ditioners are L; = U;X2U," and R; = V;X2V,". Using these, since 3; = 0, the update is

A, =US; A (UTU)S(V,T VS, Y2V,T = UV, which is same as the SpecGD update.

Adam update. For Adam, let M, = My - gt“ (ﬁlMt +(1- ﬁl)Vt) denote the bias-

1—-pitt

corrected first-moment estimate, and Z; = 1Z’5Bﬁ1 =1 ﬁtﬂ (62 Zi+(1—-52)V; © Vt> denote the
— M2

bias-corrected second (raw) moment estimate, where ® denotes the Hadamard product, and 31, 82
denote the momentum parameters.

Then, the update is A; = (Z; + €117 )°~ /2 & M, where (-)° denotes the Hadamard power, ¢ > 0
is the numerical precision parameter, and 1 denotes the all-ones vector. It is easy to see that Adam
reduces to SignGD when we set 81 = 2 = € = 0.

B PROOFS

B.1 PROOF OF LEMMA 3.1
The covariance matrix is
S, = E[zz"] =E, . [(uy +&)(py + E)T]
=Ey[pym, | +Eylpy)Ec[eT] + Ecle]Ey[p, ]| + Elee”]| =2, + o214,

=3,

since € and y are independent and E[e] = 0. Further,
=Y petep] = MPMT, M :=[fi fiz - fu] € R™N, P =2 diag(pr,....pr)-

Then, we can write ¥, = V.S,V |, where

Spe = diag(p’p1 +02,..., 1Ppp +02,02,...,02), (5)
N——
d—k times
V=[MV.] =, 0k Vk,..-,va) €RPY o bl L{pedh ).
Here, we used the assumption on orthonormality of the means.

The cross-covariance is

k
2Jya: ::E[wa] :chyc y_C Zﬂpcecﬂc-
c=1
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We can write Xy = U Sy, VT, where

U=1I, Sy =|[pndiag(pr,...,pr) Oq—z]. (6)
Note that Sy, is a k x d matrix, where class priors p;, i € [k] denote entries along the main diagonal
with zeros in the rest of the entries. For brevity, we will denote this as Sy, = pdiag(pi, ..., Pk)kxd

from here on.

B.2 PROOF OF PROPOSITION 1

For completeness, we start by deriving the discrete-time evolution for GD.
We can write the gradient as
VLW,)=-E[(y—Wz)z"]| = -USyaV' + W,V S,V .
For GD, we have
Wi = W, —nVLIWY)
=W, + U8y V' — WiV SV = Wi (I =V SpeV') + nUSya V'

t
=Wo(I-0VSaxV) + 3 nUSye(I —1S00) V.
7=0

Since Wy = 0, this gives

t
Wi =U W1V =0Syz > (I —nSza)’.
7=0
Assuming n < %, we get

t t
Weliyi] =nsi* Y (1 —ns)" = s o)
7=0

For sufficiently small 7, this gives the approximation

— s¥x P

Wt+1[i, Z] ~ & (]. —e % (t+1)>.

ol
For SpecGD, note that the gradient can be written in terms of W as
V= VLW,) = -USy V' + WiV8, V' =U(SpeW; — Syz)V .
Starting at W, = 0 & W, = 0 gives Vg = ~U S,V .
1 i=je€lk]
0 i#j
columns of V. Proceeding this way, we arrive at the following update rule for all ¢,
Wi =W, +n Z uﬂ);r

Wy [i,4] s7% <s¥*

Thus, W7 = nUVkT = Wili,j] = n{ . Here, V}, € R¥<k denotes the first k

This gives
Wt+1 = Wt +n Z eie;r.

it Weli,i] i <s¥™

Since Wy = 0, we conclude with the desired:

Wolisil =n(t+ D)1 [(¢+1) < x| + 21 +1) > 2]

For the continuous time versions, aka gradient flow (GF) and spectral gradient flow (specGF), the
steps are very similar:

16
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Gradient Flow (GF). We first state the GF equation

d
Ly (1) = —vL(w(0),
Using this, we can write the evolution of W (t) := U "W (t)V as
d _ _
dtW( ) =—-W(t)Szz + Syz, W(0) =0,

= W) =8 '(I-e"5")S,,,

or entrywise

Spectral Gradient Flow (SpecGF). We first state SpecGF equation

d
dt

where the gradient has SVD VL(W (t)) = U(¢
SpecGD, we can show that U (t) = U, V(t) =V, a

—W(t)=-UnV(H)',

)z

)X(t)T. Following the same steps as for
nd W (¢) evolves as

@i, }XX<SyX
B[,

with solution

B.3 PROOF OF THEOREM 1

We first state the full version of Theorem | below followed by its proof.

Theorem 3. Assume data model (DM) and zero initialization. Let t* = :i"z be the first time SpecGF

m. Then for every t € (0,t*],
£Spec

SpecGF outperforms GF with a growing minority-class loss gap LSF (t) — L33 (t) > ut/4. Moreover,

ifpm < M\fﬁ%’ then the gap in the balanced loss also grows as LF (t) — /.:Spec( t) > ut/2.

fits the minority class m. Further assume | > 1 and p,, <

Proof. The population loss for class c using iterate W is written as
L(t):= E|ly - Wiz|) = 1E[1 -2y Wiz + 2" W, W, z].
= 11— 2e] Wy pe + | Wi pc|fs + 02 |Wi|2]
I+ 302 W2

= illec—UW VT u|, + 302 [UW, VT3

= %Hec - WtIJ'c

I>
= lec — ecWile,clull; + 02 W3

Define av.(t) := W[c, c]. Then the per-class loss in terms of the singular values of W} is written as

L.(t)= %(1 — pee(t)? + 10 Za @)

Using Prop. 1 and Lem. 3.1, shows that the singular values of WS (£) and W, P**°F evolve as

aSF(t) := WGF(t)[c, o = ac (1 — exp ( pc“t)) ) (8)

oS (1) = WU )[e, e = 1]t < ad + acl [t > a, )

17
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where o, := gxx _ denotes the ratio of the singular values for class ¢, and using Eqs. (5) and (6) from
the proof of Lem. 3.1, e = %'

The time derivatives of aSF(¢) and o™ (¢) for t < t* are given by

. d GF t 2 ) 2 . d S.pcc t
aGF(t) = 25l = pouem(itrantt Smee(p) = S0

Define the gaps
Ace(t) = o (1)—aSF(t) >0,  Ade(t) = a5P(t)—aSF () = 1—pepe atrerdt (10)

Note that Ac.(t) is increasing in t.

Minority—class loss gap. For a fixed ¢, consider the minority loss gap
AL, (1) := LOP(t) — L£5P(2). (11)
Using the per-class loss from Eq. (7) and differentiating,

)= —n (1= pa§F (@) a8 W) — (1= pa=(0) a3(1)]

Term-1(®)
[ a§f@mafe) — > aPena )], (12)
J J
Term-2(¥)

Term-1 (®). Add-subtract (1 — 2 aSF(£))&sr* (¢) to Term-1, and we have

P = (1—uam(t)) o) = (1= padke(t))apre(t)
= — (1= pafh () A (t) + 1 Aap (1) GF(1). (13)

‘We know that .

Aa(t)= | Ada(r)dr <tAd& (increasing integrand).

S—

Substituting in Eq. (13), we get
P - (1 — uaSF(t) — tadree(t ))Adm(t)

- (1 — Oy — t)Aozm( )

— (1= 2p ) Aduy (). (14)

The second and third inequalities assume that A, (¢) > 0, which holds true under p,,, < 1/2u,
which is true as we assume p > 1. The third inequality also uses the fact that ¢ < t* = qy,.

IN N IA

Pe

Term-2 (V) Before any as ¢ saturates,

Spec . S
ajpecajpec _ k‘t,

which gives for all t < ¢* that

U > —ka,,. (15)
Aﬁ.m,( t) > p(l— QNO‘M)AO‘TH( ) — Ufckam
> 41— 2am) (1 i) — o2kt
> &, (16)
Here, we first use p,, 0 < 1/2 as u > 1 and p,,, < 1/2 as it is miniorty class. Next, we use the
definition of av,, = % and the assumption p,, < m. Since AL,,(0) = 0, integrating

over (0, t] gives the final bound.
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Class—balanced loss gap. For a fixed ¢, the class-balanced loss gap is

ALpa(t) =Y LP(t) — LF(2) (17)

c

Using the per-class-loss from Eq. (7) and differentiating,
Blpa(t) = =3 31— o a0 +02 3 o (1)

Spec Spec 2 Spec Spec
k E () E o (t)

> Z /JCVGF k Z Spec ) Spec 2 Z aSpec Spec t)
> =3y 4 (1= pt)p — Uﬁkt
S L e 2 o

The first inequality follows by using aSF (¢)aSF(¢) > 0. For the second inequality, we use aS¥(¢) >

(1P, and substitute the expressions for 2P (¢ “(t) and G5P°(¢). In the last step, we use ¢ < ,, and the
definition of SNR.

As we assume p,,, < leﬂﬂw, we have that

ALpar(t) > p— $4° — pps2aths
=
Integrating this over (0, t], we get ALpq () > ut/2 for t < t*. O

B.4 PROOF OF THEOREM 2

We first state the full version of Theorem 2 followed by its proof.

Theorem 4. Assume data model (DM), zero initialization, and gradient ﬂow algorithms NGF
2 o (P SNRH1)2

(1— pm(SNR+2k))’pm SNR+2k
€ (0,t*], SpecGF outperforms NGF with a growing minority-class loss gap LNSF (t) — L(t) >

ut/2. Moreover, if pyr — pm > #%, then the gap in the balanced loss also grows as

LNCF(t) — LP55(t) > pit /2.

and SpecGF. Further, assume that pyr — Py > Then, for every

Proof. The continuous time update of ae™*(¢) for t < t* = o, is given by

APy =1, o) =t

? 7

In the continuous time limit, the NGF update can be written as

We have 0 < r;(t) < s7* = pup;, R(t) > max;r;(t), which gives ¢NF(t) < 1 and hence
aNOF(t) <t <t* = Q. Using this, we get R(t) > si; — sijaum,. Using Lemma 3.1, we have

2+ m
R(t) > pmp— ;ZM:: +Z2 Pmi = KO gppl\i _:igz
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Using Eq. (7), we can write the minority class loss gap as

AL, (t) := LGP (1) — £5ec(t)

= AL () = (1 = pay () uaF (1) + o7 ZaNGF ANOF (1)
+ (1 Maspec (t)) Spec o2 Z aSpec Spec )

> — el (1— pt)p— o2kt

Z/,[,—Oém(ll?"'ka-) %’u

Since we assume that

_ 2Pm (Prm SNR+1)* 1
PM — Pm 2 1—pm(SNR+T2K) > Pm < SNRToR’

we have
5 02pm (Pmp?+02) (02 —pm (> +2ko?)
A,Cm(t) > N—am(1+k05) — 202 pm (émﬂszU%)z )M

_ pmp(pPHke?)  (oi4pmn®—2pm (4 +ko?))
=H P p?+02 2(pmp2+o2) H

= /2.

Using this, we get LN (£) — £32°°(t) > pt /2 for 0 < t < t*.

Similarly, for class-balanced loss, we have that

ALpa(t) = LNP(t) — £33 (t)

ALpa(t) = =3 > (1= pag® (1)) péd ™ (¢ +U2ZaNGF AN (¢)

+ % Z(l _ ’uagpec( ) Spec 2 Z aSpec Spec )
C

> — 1Y Hgnt (L= pt)p— ozt

(&

m i+
Zu—am(u%rk(’f:)*%”’

where we use Y 7.(t) < ud_.pe = p. Since we assume that

2(Ppm SNRH1)2 1
DM — Pm 2 Fi-pmGNrtzR)):  Pm < swmy2k:

we have
; 2 (02(1—2kpm)—pmp® ) (Pmp’+0o2

Alnt(t) > 1 — (4 + ko?) — T AE0=2k0m)=pni) s o)

20‘% <p7nH2+U,2;>

=u (1 _ P (13 +ko2) 202 (1kp7H)(Pm/L2+ai))

pmMQ"FUE 2(pmﬂ2+0'3.)
= p/2.

Using this, we get LNCP(£) — LIP°(t) > put /2 for 0 < t < t*.

20

% ((1 NGF +U2 Z NGF (1 _ NaSpec ))2 +0'i Z(aipec(t))2)>

ﬁZ(l _ MaI;IGF 2 —|—O’2 Z NGF <2k Z 1 _ Maspec ))2 +0325 Z(agpec<t))2)
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B.5 PROOF OF PROPOSITION 2

We first state the full version of Proposition 2 followed by its proof.

Proposition 3. Suppose Condition 1 holds.  Let the weights be initialized as W§ =
e Q4 04—,V and W = e °U[I}, 04,_]QT, where Q € R >N js an orthonormal ma-

trix, k < dy < d, and § > 0 is a constant. Then, for SpecGD, at each iteration, W} := QWt v,
—1 =0 =1 . o . .
W} =UW,Q", where W, , W, are zero except their main diagonal along which the entries

evolve as follows for i € [k]:
+4/31 lt> ' ( _e_éﬂ .

Proof. Here, we assume that d > d; > k." We can write the gradients as
Vwo LWL W) = —(WHTE[(y - WiW/iz)a | = ~(W/)) Zyp + (W) W W'E,,
le‘C(Wtoa th) =-E [(y o Wt Wtoaz)w (Wto) ] = _Eyw(WtO)T + thwt()zm(WtO)T

7

Woli,i) = Wii,i = (nt+e %) 1 lt <1 < —e—é)

Let WS = Q "WV and W} = U"W_}Q. Define W, = W:W? Then, we can write
Vo LW, W) = QW) SyoVT + QW) W.SeuV 7,
leﬁ(Wt le) = _USyw( )TQT + UWtSzw( )TQT

This follows by writing W = QWtVT, W}l = UWtQT and substituting in the gradient
expressions.
We now simplify the gradients at the first iteration. Note that we have
=0 _ =1 _
Wy=e 5[Id10d*d1]7 Wy=e 5[Ik Od1*k]7
Wo = 6725[1% Od—k]-
Using these, we can get gradients at first step as
VWU'C(W(?v W(Jl) = _e_éQ[Ik Odl—k]T(Sya: - 6_26 [Ik Od—k]Sa:m)VT7
Vw1 LW, W) = —e°U(Sya — ¢ 2°[T1, 04—1)Saa) Ir 04—a,] Q.
Then, for sufficiently small initialization, the iterates after one step of SpecGD are written as
WP =e°QI, 044,V +1Q[Ix 04, 4] (V[T 04-4] "),
W =e U}, 00,—4]Q" +nU(Q[Ix 04,—1]")".

. . =0 =1 — L . .
Using this iterate after step 1, we can see that W, W, W remain diagonal. Using the gradient
expressions, we see that the update at step 1 remains in the same basis. This implies the update

remains in the same basis. Proceeding similarly, we can see that with the given initialization, W,
=1 N 70 57 72 :
and W, remain diagonal, and the updates for W, and W, using SpecGD can be written as

0 =0 T Ik Od—k
Wia=W,+n Z €i€; {Odlk Odk] )
it Woli,i] s55<s)*

Wi =W, +1 > eief [T 04, ).

it Wli,i] s¥5<s?™
sy 1 sy -5
=L|t> - H—e
+y/% >1(4/%
O

"The proof works for other cases as well and we just use this one for the purpose of illustrating the technique.

Simplifying, we get

i

Wili,i] = W, [i,i] = (nt + %) 1 [t <; ( L —e—5>
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B.6 SPECGD DYNAMICS FOR DEEP LINEAR MODEL

The following result characterizes the dynamics of SpecGD for a deep L-layer linear model (L > 2).
Proposition 4. Assume k = d, L > 2, and suppose Ass. 1 holds. Let weights be initialized as

W) =e VT, Wi=e7QQ), Wi '=e7UQ] 4,

where {Ql}lL;ll are orthonormal matrices and § > 0 is a constant. Then, for SpecGD, at each

=0 —1 —L—1 —
iteration, W0 := QW, V', W} .= Q. .,\W,Q/, Wr™ = UW, Q] _,, where W, for
l € [L] is zero except its main diagonal along which entries evolve as follows for i € [k]:

0 B s\UL i\ 1/L g\ /L
Wil = eyt o< 3 ()=o) |+ () T 2 ()7 )|
Further, the gap between saturation of the minority vs. majority component is AT := %:
yx; xx\ 1/L
(51 /s ) -1
sy /8% .

Proof. We have that W' = (Q1)TWOV, W' = (Qi4) W!Q and W'~ =UTWEL1Q,_,,
where ! € {1,..., L — 2}. Also define
L-1 L—1 -1
W = H WL_l_i, W>l — H (Wi)T, W<l — H(Wi)T
i=0 i=l+1 i=0
Then, we can write the gradients as
Vi LW, .. W = - WPE[(y — W)z T | W = - WIS, W+ WP W, B, W
Note that through change of basis, we can write
L1 L-1 _
w=Ul[w" v, wl=qu [ W)TUT, w= VH el
i=0 i=l+1

and consequently, for 1 <! < L — 2,
L—1 i -1
Vw LW, ... . W) =-Qua [[ W < H W, m) [Two'el.
i=l+1 i=0

We can see that W0 is diagonal at initialization. Then, if for j € [d], s7" > HZ 0 WO [7, j]s3*, the
SpecGD update is

Wi = Wi+1Qi1Q; .
Proceeding similarly, for any [ € [L — 1], we can write the SpecGD updates at any ¢ > 0 as
WtJrl Wt—&-n Z ejejT.
ST Wolid)sy <sy

Simplifying, we get
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C ADDITIONAL RESULTS IN THE LINEAR SETTING

In this section, we present some additional experimental results for the synthetic setting with class
imbalance considered in Sec. 3, where we use a linear model and MSE loss. We consider the same
setting and parameter values as in Fig. 2, unless stated otherwise.

In Fig. 10, we compare the dynamics of SignGD, Adam (with 3; = 0.9, 82 = 0.999) and Muon
(with g = 0.9) with GD, NGD and SpecGD. We find (from the rightmost plot) that in contrast to
(N)GD and SpecGD iterates that remain in the uvT eigenbasis (defined as in Condition 1), SignGD
and Adam iterates take some time to align to that basis. We also find that SignGD and Adam learn the
spectral components in a more balanced way compared to (N)GD, and get slightly better worst-class
loss early on in training. However, since SpecGD learns the spectral components at an equal rate, it
attains the best worst-class and class-balanced loss early on. Notably, the dynamics of Muon closely
follow those of SpecGD. All optimizers eventually lead to convergence to the same solution.

=== GD === NGD == SignGD === SpecGD Adam === Muon
— W[1,1] == W[2,2] ==+ W[3,3] —— Worstclass == Class-balanced Residual of Projected Iterates
1. - g 04
= —— SignGD
[=2]
i —— Adam
-
S 021
=3
©
g
I
: . . . . —1 =200 . .
10° 10’ 10° 10° 10° 10’ 10° 10° 10° 10’ 10° 10°
Time (t) Time (t) Time (t)

Figure 10: Dynamics of the iterates (left) and loss (middle) for GD, NGD, SignGD, SpecGD, Adam
and Muon on a linear model with class imbalance (priors p; > ps > p3). SpecGD and Muon learn
all spectral components at the same rate, whereas (N)GD prioritizes more dominant components.
SignGD and Adam also seem to learn the spectral components at the same rate; however, their
iterates take time to align to the UV T eigenbasis (as seen from the residual of projected iterates
(right)). Although all converge to the same solution, SpecGD and Muon significantly outperform in
worst-class and class-balanced loss early on in training.

we= GD-Theory === SpecGD-Theory GD-Expt SpecGD-Expt
—_—W[1,1] == W[2,2] e+ W[3,3] —— Worst-class == Class-balanced Theory-Expt Gap
1.0 - 0.10
o
= 005
s
=
3 0.00 0 1 2
10 10 10 10 10
Time (t) Time (t) Time (t)

Figure 11: Comparison of the dynamics of iterates (left) and loss (middle) for GD and SpecGD
on a linear model with class imbalance (priors p; > p2 > p3) in the population limit with zero
initialization (theory) and in the finite sample setting with random initialization (expt), and norm
of the theoretical/experimental difference between the iterates (right). We find that the dynamics
characterizes by the theory closely match the experimental behaviour.

In Fig. 11, we compare the dynamics of GD and SpecGD under the theoretical setting (population limit
and zero initialization) vs. the experimental setting (using 2000 samples with zero-mean Gaussian
initialization with variance 10~2). We use a learning rate of 0.02 in this case. For comparing the
iterates, we project them onto the UV T eigenbasis from the population setting. We observe that the
iterate and loss dynamics from theory closely predict the behaviour seen in the experimental setting.

In Fig. 12, we consider the same theoretical and experimental setting as in Fig. 11, and compare the
dynamics of SpecGD in both cases to the dynamics of Muon (with 8 = 0.9) in the experimental
setting. We use a learning rate of 0.005 in this case. We observe that the iterate and loss dynamics for
Muon closely follow those predicted theoretically for SpecGD.
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=== SpecGD-Theory SpecGD-Expt = Muon-Expt
—_— W[1,1] == W[2,2] ---+ W[3,3] — Worstcl == Class-balanced
1.

Theory-Expt Gap

Time (t) Time (t) Time (t)

Figure 12: Comparison of the dynamics of iterates (left) and loss (middle) for SpecGD (both in
the population limit with zero initialization (theory) and in the finite sample setting with random
initialization (expt)) and Muon (expt) on a linear model with class imbalance (priors p; > p2 > p3),
and norm of the difference between the iterates (SpecGD-theory vs SpecGD/Muon expt) (right). We
find that the dynamics characterizes by the theory closely match the experimental behaviour.

In the next experiment, we examine the  GD(B=) —— SpeccD (B=0) e (jali=e) SpecaD (18] =)
effect of relaxing Condition 1 on the dy- — WL == W22) e W33)
namics of GD and SpecGD iterates. Specif-
ically, in the relaxed version, the joint diag- =
onalization holds with Sy, + B, instead 7
of just a diagonal matrix S, such that A
| B|| < e. We note that while Condition 1 7= N s 000 - e s
is satisfied for our data model (DM) in Time (t) Time (t)

the population limit, only the relaxed ver-
sion holds in the finite sample setting. For Figure 13: Comparison of the dynamics of iterates (left)

instance, under the setting considered in for GD and SpCCGD on a linear model with class imbal-
Fig. 11, | B|| =~ 0.013. In Fig. 13, we com- ance (priors p; > p2 > p3) when B = 0 (Condition 1
pare the dynamics of iterates in the finite holds) vs. when | B|| = ¢ (Condition 1 relaxed), and
sample setting (|| B|| = ¢) to a baseline, norm of the difference between the iterates (right). We
where we use the UV " eigenbasis from find that the dynamics in the latter setting closely match
this setting but set B = 0. We find that the those under Condition 1.

iterates in the two settings closely follow each other.

D ADDITIONAL RESULTS AND DETAILS OF EXPERIMENTAL SETTINGS

This section presents the details of experimental settings for our experiments with the Colored-MNIST
dataset and those in Sec. 2 and Sec. 4, as well as additional results.

For our experiments with Shampoo, we rely on the distributed-shampoo reference im-
plementation of Shi et al. (2023) and use matrix inverse stabilization parameter ¢ = 107,
precondition_frequency = 5, max_preconditioner_dim = 8192, unless stated oth-
erwise. To stabilize training, we also use SGDGraftingConfigor AdamGraftingConfig for
the update grafting. Here, 31 governs the exponential moving average of the raw gradients, while (35
governs the accumulation in the matrix preconditioners (see App. A). Further, ¢ is a small diagonal
‘jitter’ that stabilises the matrix inverse, and SGD/Adam grafting simply rescales the Shampoo update
so its overall magnitude matches that of a plain SGD/Adam step (with default 8 parameters).

For our experiments with Muon, we use the implementation from Jordan et al. (2024). Here,
represents the momentum parameter, and we perform one Newton-Schulz iteration in each step. By
default, the Adam optimizer is used to update all vector parameters. For hyperparameter tuning, we
set 31 for Adam to be the same as 3 for Muon. We use the default value of 55 for Adam with training
with Muon.

For our experiments with Adam and SGD, we use the standard implementations from the PyTorch
library Paszke et al. (2019). For SGD S refers to the momentum parameter whereas for Adam [;
refers to momentum and (35 is the exponential moving average parameter (see App. A).

Following recent works (Srec¢kovic et al., 2025; Marek et al., 2025), which show that the performance
gap between SGD and adaptive optimizers like Adam is larger for larger batch sizes, we use larger
batch sizes in our experiments.
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D.1 COLORED-MNIST

Dataset. In Sec. 1, we consider a variant of the Colored-MNIST dataset, a benchmark used commonly
in the literature on spurious correlations (Arjovsky et al., 2020; Pezeshki et al., 2021). The task is
to classify each digit as either < 5 or > 5. The digits in each class are injected with a background
color (red or green) that is correlated with the label and acts as a spurious feature. In our setting, the
spurious correlation in the train set is 99%.

Model Architecture and Training. We train a four-layer ReLU MLP with hidden layer dimensions
512, 128, and 32, using inputs from the standard Coloured-MNIST dataset. Each image is 28 x 28
with 3 channels (RGB). Training is performed for 500 epochs in the full-batch setting. We don’t
use weight decay or a learning rate scheduler in this setting. We use preconditioner frequency 1 for
Shampoo.

Results. Fig. 14 shows the set of hyperparameters we tried for different optimizers and effect on
majority- and minority-group test accuracy. All results are averaged over five independent runs. We
select the best hyperparameter setting based on the best average group-balanced accuracy at the end
of training.

Building on our initial comparison of optimizers from the Frobenius, /.., and spectral norm families
in Fig. 1, we present a broader comparison that includes additional optimizers in Fig. 15.

NMD Signum Muon

» p05 — pros 3 Ry —— 50— pr05 — §09
Minority Group Majority Group o Minority Group Majority Group , Minority Group o, Majority Group

Test Accuracy

n n n n n
Adam f, = 107 Adam f, = 0.5 Adam f, = 0.999
B0 —— 05 —— pir0g B0 —— 105 —— pir0g B0 —— 105 —— 209
; Minority Group o Majority Group ; Minority Group o Majority Group o Minority Group o Majority Group
zos 08 08 zos 08
8o 8 o
< b
o4 o. 4 04 2o, o.
02 02 02 02 02 02 .
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Figure 14: Hyperparameter sweeps for different optimizers on the Colored-MNIST dataset, showing
the majority- and minority-group test accuracies at the end of training.

D.2 CIFAR-10/100 wiTH CLASS IMBALANCE

Dataset and Preprocessing. We construct class-imbalanced versions of CIFAR-10 and CIFAR-
100 (Krizhevsky et al., 2009) using step imbalance with ratio R = 20. For CIFAR-10, we sample
half the classes (5) to be majority classes containing 20x more samples (5000) than the rest of the
(minority) classes (250). The same procedure is applied to CIFAR-100 using all 100 classes.

We apply standard data augmentation including random horizontal flips, random crops, and normal-
ization using dataset-specific channel means and standard deviations. The datasets are split into
training and test sets following the original CIFAR splits.

Model Architecture and Training. We train ResNet-18 on CIFAR-10 and ResNet-50 on CIFAR-100
following standard architectures (He et al., 2016). All models use random initialization.

Training is conducted with batch size 2048 for 200 epochs. We compare four optimizers representing
different norm-based approaches, namely NMD, Signum and Adam, and Muon. We use weight
decay 0 for all optimizers. All optimizers use cosine learning rate scheduler. We select the learning
rate and momentum by a grid search (see Fig 16, Fig 17). The hyperparameters with the highest
minority-class accuracy are used to report the final results. We use the following learning rate (1) and
momentum (3 or 1) configurations:
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Figure 15: Comparison of optimizer test accuracy on the Colored-MNIST dataset. The top and bottom
panels show performance on the majority and minority groups, respectively. We compare several
families of optimizers, starting with Normalized Steepest Descent methods—NGD, SignGD, and
SpecGD—which normalize the gradient using the Frobenius, /., and spectral norms, respectively.
We then show their corresponding Normalized Mometum Descent variants: NMD, Signum, and Muon.
Finally, we compare other adaptive methods, contrasting Adam (element-wise preconditioning) with
Shampoo (full-matrix preconditioning), along with their non-momentum analogs, RMSProp and
vShampoo, to isolate the effect of preconditioning. We observe that Muon and SpecGD significantly
outperform their Frobenius (NMD, NGD) and ¢, (SignGD, Signum) counterparts in terms of test
accuracy on minority groups. However, we do not observe a discernible performance gap when
comparing Shampoo with Adam or vShampoo with RMSProp.
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Figure 16: Hyperparameter sweeps for different optimizers on the CIFAR-10 dataset, showing
minority-class test accuracies at the end of training.
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Figure 17: Hyperparameter sweeps for different optimizers on the CIFAR-100 dataset, showing
minority-class test accuracies at the end of training.

CIFAR-10: NMD ( = 0.1, 8 = 0.95), Signum ( = 0.001, 8 = 0.95), Adam ( = 0.001,
1 = 0.9), Muon (1 = 0.1, 8 = 0.9).

CIFAR-100: NMD (n = 0.1, 8 = 0.9), Signum (n = 0.001, 8 = 0.9), Adam (n = 0.001, 5, = 0.9),
Muon (n = 0.1, 8 = 0.95).

Results. As shown in Fig. 18 (CIFAR-10) and Fig. 19 (CIFAR-100), Muon consistently outperforms
other optimizers on both majority- and minority-class accuracies for both experiments, with the
performance advantage being most pronounced during the early stages of training.
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Figure 18: Comparison of training loss, and minority- and majority-class test accuracies when training
a ResNet-18 model on CIFAR-10 using different optimizers. Muon achieves superior minority-class
test accuracy while maintaining competitive majority-class performance, especially early on in
training.
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Figure 19: Comparison of training loss, and minority- and majority-class test accuracies when
training a ResNet-50 model on CIFAR-100 using different optimizers. Muon achieves superior
minority-class test accuracy while maintaining competitive majority-class performance, especially
early on in training.

—— NMD  —— Signum —— Muon Adam
—— Majority === Minority

Accuracy

107 10° 100 10 107 10° 10! 10 - 100 10 107 10° 100 10

Epochs Epochs Epochs Epochs

Figure 20: Test accuracy dynamics on CIFAR-10 with ResNet-18 across varying imbalance ratios
R. Muon consistently outperforms other optimizers on minority classes, with the performance gap
becoming more pronounced as R increases.

—— NMD —— Signum —— Muon Adam
—— Majority === Minority

R=10

Accuracy

10!

Epochs

Figure 21: Test accuracy dynamics on CIFAR-100 with ResNet-50 across varying imbalance ratios
R. In contrast to the behaviour on CIFAR-10, we find that in this setting Muon maintains superior or
comparable performance across all imbalance levels.
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D.2.1 EFFECT OF CLASS IMBALANCE RATIO

To investigate how the severity of class imbalance affects the relative performance of different
optimizers, we conduct experiments varying the imbalance ratio R € {1, 5, 10,20} on both CIFAR-
10 and CIFAR-100.

Experimental Setup. We use the same step-imbalanced construction as in Sec. 2, but vary the
imbalance ratio R, which denotes the majority-to-minority sample ratio. R = 1 corresponds to a
balanced dataset, while higher values indicate progressively more severe imbalance. For CIFAR-10,
we train ResNet-18, and for CIFAR-100, we train ResNet-50, following the same data augmentation
and preprocessing pipeline described in App. D.2.

We use the optimal hyperparameters identified in our R = 20 experiments (App. D.2) for each
optimizer across all imbalance ratios to ensure fair comparison. All models are trained for 200 epochs
with batch size 2048 and cosine learning rate scheduling.

Results. Figures 20 and 21 show test accuracy dynamics across varying imbalance ratios. On CIFAR-
10, Muon’s advantage grows with imbalance severity. This gap is particularly pronounced early
in training: while all optimizers perform similarly on balanced data (R = 1), at R = 20 Muon
achieves about 20% minority-class accuracy compared to < 10% for NMD and Signum at the end of
epoch 1. On CIFAR-100, the effect of changing R is less pronounced and Muon maintains the best
performance across all settings.

D.2.2 FINE-TUNING FROM IMAGENET PRETRAINING

In this section, we investigate whether the observations for (pre)training the model from random
initialization are consistent with the case where we fine-tune an ImageNet-pretrained model.

Experimental Setup. We fine-tune a ResNet-18 model initialized with ImageNet-trained weights
(IMAGENET1K_V1) on CIFAR-10 with step imbalance (R = 20). While retaining the pretrained
weights, we modify three components for CIFAR-10: the first convolutional layer is replaced with a
new layer adapted for 32 x 32 inputs (kernel size 3, stride 1, padding 1), the maxpooling layer is
removed (replaced with identity), and the final fully connected layer is replaced for 10-class output.
All layers remain trainable during fine-tuning. Models are fine-tuned for 200 epochs with batch size
2048 and cosine learning rate scheduling.

Following the protocol specified earlier, the hyperparameters used to report the final results are
selected based on the best minority-class accuracy. We compare NMD (n = 1072, 8 = 0.99),
Signum (n = 1074, 3 = 0.9), Adam (n = 1073, 8; = 0.9, B2 = 0.999), and Muon (n = 1072,
B = 0.9). All optimizers use zero weight decay.

Results. As shown in Fig. 22, when fine-tuning from ImageNet initialization, the optimizer dynamics
differ from training from scratch (Fig. 18). Adam, Muon, and Signum achieve comparable training
loss and majority-class accuracy, while NMD exhibits slower convergence. For minority-class
accuracy, Adam demonstrates the best performance, followed by Muon and Signum, while NMD
struggles to learn minority classes quickly.
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Figure 22: Fine-tuning ImageNet-pretrained ResNet-18 on imbalanced CIFAR-10 (R = 20). While
all optimizers except NMD achieve similar majority-class accuracy, Adam demonstrates superior
minority-class performance, followed by Muon and Signum. NMD shows significantly delayed
learning on both majority and minority classes.
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D.3 MNIST-CIFAR DATASET

We train the model for 500 epochs or until convergence (loss reaches 0.01). We use a batch size of
2048 and a cosine annealing learning rate scheduler. We use a fixed weight decay of 10~°.

For SGD and Muon, we test learning rates 0.01, 0.1, and momentum values 10728,0.5,0.9. For
Adam and Shampoo, we test learning rates 10~4,1072, ; values 107%,0.5,0.9 and 3 values
1078,0.5,0.999. The results are averaged over three independent runs. The results are reported
for the best hyperparameter setting for each optimizer, selected based on the best seed-averaged
worst-group accuracy on the validation set.

D.4 SUBGROUP ROBUSTNESS BENCHMARKS

For MultiNLI, we use a batch size of 512 and the results are averaged over four independent runs.
For CelebA, we use a batch size of 1024 and the results are averaged over five independent runs.

To ensure our comparisons are robust, we conduct extensive hyperparameter sweeps for all optimizers,
as shown for the MultiNLI dataset in Fig. 23 and CelebA in Fig. 24. This selection protocol confirms
that the consistent superior performance of spectral optimizers like Muon and Shampoo over SGD is
not an artifact of a specific hyperparameter choice.
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Figure 23: Hyperparameter sweep for different optimizers on the MultiNLI dataset, showing worst-
group test accuracy at the last fine-tuning epoch. The sweep varies the momentum parameters (3
for SGD/Muon, (1, B2 for Adam/Shampoo), learning rate (), and weight decay (). The results
indicate that the best performance is not necessarily obtained at the default momentum values for
SGD (8 = 0.9) or Adam (51 = 0.9, B2 = 0.99). For Muon, a higher $ is generally better for each
learning rate, although performance tends to fall for 3 > 0.9, except in the case of small learning
rates like 7 = 1075, 10~* where performance remains high. The performance of Shampoo is highly
stable across different 31 and 32 values for any learning rate 7, in sharp contrast to Adam.
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Figure 24: Hyperparameter sweep for different optimizers on the CelebA dataset, showing worst-
group test accuracy at the last fine-tuning epoch. The sweep varies the momentum parameters (5 for
SGD/Muon, 1, B2 for Adam/Shampoo), learning rate (1), and weight decay ().
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D.5 TINYSTORIES

Dataset and Preprocessing. We use a subset of the TinyStories corpus (Eldan and Li, 2023), randomly
sampling 500 stories from the full dataset as training set. The selected stories are tokenized using
SentencePiece (Kudo and Richardson, 2018) with unigram tokenization and vocabulary size 2000.
We sampled another 50 stories as validation set.

We define token frequency buckets based on corpus statistics computed over the training set. Tokens
are categorized as: (1) “rare” tokens: frequency < 50th percentile, (2) “frequent” tokens: frequency
> 80th percentile. See Fig. 26 (left) for a demonstration of token frequency distribution.

Evaluation Metrics. We evaluate models on the validation set every epoch using cross-entropy loss
on both training and validation sets, and top-1/top-5 accuracy on the validation set.

Model Architecture and Training. We train 4-layer Transformer models with the following specifica-
tions: maximum sequence length 64, 4 heads, embedding dimension 256, feed-forward dimension
512, and dropout rate 0.1. The token embeddings and unembeddings are tied. All weights are
initialized randomly.

Training is conducted with batch size 32 for 100 epochs using three optimizers: SGD (n = 0.1,
B = 0.9, weight decay 10~%), Adam ( = 0.001, 8; = 0.9, B2 = 0.999, weight decay 10~%), and
Muon (n = 0.1, 8 = 0.95, no weight decay). Learning rates and momentum values are selected via
grid search based on the lowest validation loss (see Fig. 25).

Results. As shown in Fig. 26 (right), Muon and Adam converge faster than SGD, with Muon showing
rapid loss reduction around epoch 10. Critically, SGD exhibits a large gap between majority and
minority token performance, while Muon significantly reduces this gap, achieving more balanced
learning across token frequencies. Also see Fig. 9 which compares the validation set accuracy, where
the effect is more pronounced.
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Figure 25: Effect of using different learning rates and momentum on the final validation loss of
different optimizers on TinyStories.
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Figure 26: Left: Token frequency distribution in training set. The x-axis shows token rank ordered
by frequency (most to least frequent), and the y-axis shows log frequency. Tokens at or below the
50th percentile (left of dashed line) are classified as rare tokens, while tokens at or above the 80th
percentile (right of solid line) are classified as frequent tokens. Right: Comparison of train and
validation loss dynamics of various optimizers on TinyStories. Solid lines: frequent tokens (> 80th
percentile), dashed lines: rare tokens (< 50th percentile). Muon leads to reduced performance gap
between frequent and rare tokens on the train set compared to SGD and Adam.
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D.6 ATTRIBUTE-ORGANISM CLASSIFICATION

We consider structured attribute prediction using an organism dataset to study hierarchical concept
learning and the effect of using different optimizers.

Dataset and Task. The dataset contains 12 organisms across hierarchical categories: plants (apple,
orange, rose, tulip), animals (dog, wolf, cat, tiger, sparrow, eagle, salmon, trout), mammals (dog,
wollf, cat, tiger), and other animals. Each organism has 13 attributes with taxonomic structure: plant
attributes (“uses sunlight for food,” “grows roots”), general animal attributes (“needs oxygen,” “can
move around’’), mammal attributes (“stays warm-blooded”), etc. The conditional probability matrix,
given attribute and predict subject, is shown in Fig. 27. This creates a hierarchical classification
challenge where the model must learn both individual attribute predictions and the underlying

taxonomic relationships.

Model Architecture and Training. We use a bilinear model with logits = W!W?°, where W0 ¢ R4x™
and W' € RFX4 with n = 12 (number of organisms), k = 13 (number of attributes), and d = 128
hidden dimensions. GD uses learning rate = 0.001 and Muon uses learning rate 0.01, with Muon
using momentum 3 = 0.9.

Results. Fig. 27 shows confusion matrices tracking category classification for GD and Muon. The
categories are organized from coarse to fine in these matrices. Each entry indicates the number
of examples in the row category being classified in the column category. The results reveal a key
difference in learning dynamics: GD learns the coarse categories (Animals and Plants) much faster
than fine-grained categories, showing strong diagonal entries for these broad classes early in training.
In contrast, Muon learns all hierarchical levels at similar rates, achieving more balanced progress
across both coarse and fine categories. This differential learning behavior directly supports our
theoretical finding that spectrum-aware optimizers like Muon learn principal components at equal
rates, while GD prioritizes learning dominant patterns first.
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Figure 27: Confusion matrix evolution on attribute classification for GD and Muon. Categories
are organized from coarse (top-left) to fine (bottom-right). Each cell value indicates the number
of attributes with true category (row) classified as predicted category (column). A diagonal matrix
indicates perfect classification. GD learns coarse categories first (evident at step 20), while Muon
learns all hierarchical levels at similar rates (step 70). Both optimizers achieve perfect classification
by step 120.

D.7 MIXTURE OF TINYSTORIES AND ADD-k

In this section, we investigate whether our findings on imbalanced learning extend to the level of
knowledge acquisition and skill learning. We introduce a domain-imbalanced setting by constructing a
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composite dataset where the majority component consists of natural language narratives (TinyStories),
while the minority component requires learning a structured mathematical skill.

Dataset and Task. We train on a mixture of the TinyStories dataset (majority) and a mathematical task
(minority), specifically add-k. For TinyStories, we follow the same train/test process as in App. D.5.
For add-k, an example sequence is of the form “Q: x1, A: y1, Q: x2, A: Y2, Q: x3, A: y3”, where
y; = x; + k. We consider two-digit natural numbers for both the inputs x; and the offsets k, where
k is drawn from a fixed set of values during both training and evaluation. We train using the next
token prediction objective and evaluate the exact match accuracy to predict the last y3, given the rest
of the sequence.

Model Architecture and Training. We use the same Transformer architecture as in our TinyStories
experiments (see App. D.5 for details). We train on a composite dataset of 20, 000 samples. This
includes 18,000 TinyStories samples (majority, with 0.9 fraction) and 2,000 add-k arithmetic
sequences (minority, with 0.1 fraction). We evaluate on 500 held-out samples for each domain. We
train for 200 epochs with a batch size of 256 and compare three optimizers. SGD uses 7 = 5 x 1072,
momentum 0.95, and weight decay 10~%. For Adam, we set n= 1073, 51 =0.9, 82 = 0.999, and
weight decay 10~%. For Muon, we set 7 = 102 and momentum 0.95.

Results. We compare the top-1 and top-5 accuracies on TinyStories and the exact match accuracies
on add-k for SGD, Adam, and Muon in Fig. 28. We observe that for Muon, the accuracies on both
datasets increase at a more similar rate compared to SGD, and it generalizes better on the minority
add-k task. Adam, on the other hand, achieves performance comparable to Muon, similar to some of
our results on subgroup robustness datasets in Sec. 4.
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Figure 28: Comparison of SGD, Adam and Muon when training a transformer on a mixture of
TinyStories (majority) and add-k (minority) datasets: train loss (left), top-1 and top-5 test accuracies
on TinyStories (middle) and exact match test accuracy on add-k (right). Muon promotes more
balanced learning compared to SGD while performing comparably to Adam.
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Figure 29: Effect of training with
weighted cross-entropy (WCE) on
Colored-MNIST using NMD and
Muon. For NMD, using wCE causes
majority- and minority-group test accu-
racies to rise at the same rate, outper-
forming Muon early in training; Muon
with wCE further amplifies this effect.

Figure 30: Comparison of GD, Adam, Shampoo and Muon
when training a CNN on the Barcoded MNIST dataset from
Kunstner et al. (2024), a variant of MNIST with heavy-
tailed class imbalance. GD only drives the loss on majority
classes towards 0 and makes little progress on the minority
classes. In contrast, Adam, Shampoo and Muon drive the
loss on both majority and minority classes towards 0.
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D.8 EFFECT OF LOSS RE-WEIGHTING

In Fig. 29, we compare training with weighted cross-entropy (wCE) loss on the Colored-MNIST
dataset (same setting as Fig. 1) using NMD and Muon. We find that for NMD with wCE, the majority-
and minority-group accuracies rise at the same rate, and it outperforms Muon (with CE) very early
in training, while using Muon with wCE further amplifies this effect. Since Muon with CE already
exhibits a weaker form of this effect ‘for free’, it may still be useful in settings where explicit group
information for loss re-weighting is unavailable.

D.9 MNIST wiTH HEAVY-TAILED CLASS IMBALANCE

Dataset. In this section, we consider the Barcoded MNIST dataset, which is a variant of MNIST with
heavy-tailed class imbalance introduced in Kunstner et al. (2024). Barcoded MNIST contains two
types of classes: 10 classes with 5000 samples each from the original MNIST dataset (majority), and
10 x 210 additional classes with 5 samples each (minority). The images in the minority classes are
generated by taking images from the original MNIST dataset, and encoding a 10-bit barcode into the
top left corner of the images, for each of the 10 original classes.

Model Architecture and Training. Following Kunstner et al. (2024), we train a 2-layer CNN on this
dataset in the full-batch setting. In Fig. 30, we compare the total train loss as well as train loss on
the majority and minority classes (each comprising about ~ 50% of the total samples) for the four
optimizers: GD with momentum, Adam, Shampoo and Muon (we use learning rates 0.005,
10—4, 1074, and 0.005, respectively). We use default momentum parameter values for all optimizers.
For Shampoo, we use AdamGraftingConfig, and set the stabilization parameter to 105,

Results. Consistent with the results in Kunstner et al. (2024), we observe while that GD only
minimizes the loss on the majority classes, and makes negligible progress on the minority classes,
Adam minimizes loss on both majority and minority classes. In addition, we find that training with
Muon or Shampoo leads to a similar behaviour as Adam: they also minimizes the loss on both
majority and minority classes, in contrast to GD.

D.10 SPECTRAL ANALYSIS FOR NON-LINEAR MODELS

In this section, we extend our analysis on the rate of learning of different spectral components beyond
linear models. Specifically, we consider two settings with step imbalance (k/2 majority and k/2
minority classes) trained using cross-entropy (CE) loss: i) one-hidden-layer MLP (with fixed outer
layer, as used in Fig. 1) trained on the data model (DM) with an imbalance ratio of 10, and ii) a
ResNet-18 trained on CIFAR-10 with an imbalance ratio of 20 (same setting as App. D.2 for Fig. 3).
In both settings, we track the singular values of the k£ x n logit matrix using all n train samples across
the k classes as training progresses. Specifically, we quantify the extent of balanced learning by

measuring the KL divergence between the uniform probability vector %1 and the vector of normalized

singular values dit%g)*) over training time, where X, is the singular value matrix at time ¢.

Training Loss Minority Accuracy Majority Accuracy Balanced Learning Measure
— NGD 1001 — NeD

— NGD
—— SignGD
—— SpecGD

—— SignGD —— SignGD
—— SpecGD —— SpecGD

Figure 31: Comparison of NGD, SignGD, and SpecGD on a one-hidden ReLU MLP on Gaussian
mixture data generated using the data model Eq. (DM). From left to right: train loss, minority- and
majority-class test accuracies, and KL divergence between the normalized all-ones vector and the
vector with normalized singular values of the logit matrix over time. SpecGD maintains a consistently
low KL divergence throughout training. In contrast, NGD and SignGD exhibit an increase in this
metric, indicating a period of spectral imbalance.

Gaussian Mixture Setting. We consider n = 1000,d = 200. Similar to Fig. 4, we compare
optimizers NGD, SignGD and SpecGD in this case, with learning rates 8 x 1072,8 x 1074, and
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2 x 1072, respectively. We use the full batch for training, and use a held out set of 2000 test
samples for reporting test accuracies. The results are reported after averaging over 5 independent
seeds for initialization and data selection. As shown in Fig. 31, for NGD and SignGD, the KL
divergence-based metric initially increases as training progresses, indicating more imbalanced singular
values, and becomes smaller in later stages of training, as both majority and minority classes are
learned. In contrast, SpecGD maintains a consistently lower value for this metric throughout
training, demonstrating that its normalized singular values remain closer to uniform and that spectral
components are learned at a more balanced rate. These findings are supported by the corresponding
majority and minority class accuracies.

CIFAR-10 with Class Imbalance. We repeat the T NMP T Signum = Muon
experiment described above on the imbalanced
CIFAR-10 dataset (same setting as App. D.2 for
Fig. 3). In Fig. 32, we observe that Muon similarly
demonstrates a more balanced learning of the spectral
components. This is supported by the dynamics of
majority and minority class accuracies (see Fig. 3).

2
1
0.6
0.4

KL(uniform || normalized o)

107t 10° 10* 10?
Epochs

E LIMITATIONS AND OPEN QUESTIONS Figure 32: Comparison of NMD, Signum,
and Muon on imbalanced CIFAR-10 show-

ing the KL divergence between the uniform
probability vector and the vector of normal-
ized singular values of the logit matrix. Muon
maintains a lower KL divergence throughout
training compared to NMD and Signum indi-
cating more balanced learning of the spectral
components.

Our theoretical results are derived in a population
setting with squared loss, and extending them to the
more practical finite-sample regime is a key direction.
In this setting, where many interpolating solutions
may exist, can we characterize the implicit bias of
SpecGD and establish formal generalization guaran-
tees analogous to those in our population-level analy-
sis? Another crucial extension is to move beyond squared loss to analyze commonly used losses like
cross-entropy. A primary challenge here is that our key technical assumption of joint diagonalizability
may no longer hold, requiring new analytical tools. Answering these questions would provide a more
complete picture of why spectrum-aware optimizers succeed in modern deep learning.
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