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Abstract

Neural networks with wide layers have attracted significant attention due to their
equivalence to Gaussian processes, enabling perfect fitting of training data while
maintaining generalization performance, known as benign overfitting. However,
existing results mainly focus on shallow or finite-depth networks, necessitating a
comprehensive analysis of wide neural networks with infinite-depth layers, such as
neural ordinary differential equations (ODEs) and deep equilibrium models (DEQs).
In this paper, we specifically investigate the deep equilibrium model (DEQ), an
infinite-depth neural network with shared weight matrices across layers. Our
analysis reveals that as the width of DEQ layers approaches infinity, it converges
to a Gaussian process, establishing what is known as the Neural Network and
Gaussian Process (NNGP) correspondence. Remarkably, this convergence holds
even when the limits of depth and width are interchanged, which is not observed
in typical infinite-depth Multilayer Perceptron (MLP) networks. Furthermore, we
demonstrate that the associated Gaussian vector remains non-degenerate for any
pairwise distinct input data, ensuring a strictly positive smallest eigenvalue of
the corresponding kernel matrix using the NNGP kernel. These findings serve as
fundamental elements for studying the training and generalization of DEQs, laying
the groundwork for future research in this area.

1 Introduction

Neural networks with wide layers have recently received significant attention due to their intriguing
equivalence to Gaussian processes, known as the Neural Network and Gaussian Process (NNGP)
correspondence. It has been established that two-layer fully-connected networks tend towards
Gaussian processes as the width of the layers approaches infinity [29] 25]]. This equivalence has also
been theoretically demonstrated in various neural network architectures, including deep feed-forward
networks [28]], convolutional neural networks [33, [16], recurrent networks [39]], and residual neural
networks [35]. This equivalence not only sheds light on the training dynamics of these networks
but also highlights their generalization performance, especially when the corresponding covariance
matrix is strictly positive definite. These discoveries have paved the way for overparameterized neural
networks to achieve perfect fit on training data [[11}, |31} 3], while maintaining low generalization error
on unseen data [4} 30} 2]], a phenomenon known as benign overfitting [[7, 8}, 27].
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In recent years, the emergence of infinite-depth neural network architectures, such as neural ordinary
differential equations (ODEs) [9] and deep equilibrium models (DEQs) [6], has demonstrated
their potential to capture complex dynamic behaviors and achieve superior modeling capabilities
[24. 134, 22| |6]]. However, the analysis of these architectures in the context of wide neural networks
with infinite-depth layers remains largely unexplored. Understanding the convergence properties
and relationship to Gaussian processes of these networks is crucial to unravel their underlying
mechanisms and unlock their full potential. While some limited studies have investigated the
convergence properties of neural ODEs or ResNet architectures [21], such as demonstrating the
convergence to a diffusion process in the infinite-depth limit for a specific ResNet architecture [35]
and introducing scaling to allow the interchange of the two limits [20], to the best of our knowledge,
there is no existing work studying the commutative limits of DEQs.

In this paper, we focus on analyzing the deep equilibrium model (DEQ), an infinite-depth neural
network architecture with shared weight matrices across layers. Our objective is to comprehensively
analyze the properties of DEQs in the context of wide neural networks and investigate their conver-
gence behavior as the width of the layers tends to infinity. We establish that as the width approaches
infinity, DEQ tends to a Gaussian process. Furthermore, under appropriate scaling of the weight
matrices, the limits of depth and width commute, enhancing our understanding of the convergence
properties of DEQs. Additionally, we demonstrate that the resulting covariance function is strictly
positive definite for any distinct input data, provided that the activation function is non-polynomial.

2 Related Works

Implicit neural networks [12], such as deep equilibrium models (DEQs), have gained significant
attention in the research community over the past decade. Recent studies have shown that implicit
neural network architecture encompasses a broader class of models, making it a versatile framework
that includes feed-forward neural networks, convolutional neural networks, residual networks, and
recurrent neural networks [[12} [6]. Moreover, DEQs have been recognized for their competitive
performance compared to standard deep neural networks, offering the advantage of achieving compa-
rable results while demanding much fewer computational and memory resources, especially due to
the utilization of shared weights [6]. Despite the practical success of DEQs in various real-world
applications, our theoretical understanding of DEQs remains limited.

On the other hand, numerous studies [29, 25 128} 133}, [16, 139, 135] have made observations that
finite-depth neural networks with random initialization tend to exhibit behavior similar to Gaussian
processes as the width approaches infinity, known as NNGP correspondence. This correspondence has
led to investigations into the global convergence properties of gradient-based optimization methods.
The work of [23] established that the trajectory of the gradient-based method can be characterized
by the spectral property of a kernel matrix that is computed by the so-called neural tangent kernel
(NTK). Consequently, if the limiting covariance function or NNGP kernel ¥ can be shown to be
strictly positive definite under mild conditions, simple first-order methods such as stochastic gradient
descent can be proven to converge to a global minimum at a linear rate, provided the neural networks
are sufficiently overparameterized [[11} 1340} 132, 15,131} [15} [13]]. Furthermore, this equivalence offers
valuable insights into the generalization performance of neural networks on unseen data. It suggests
that wide neural networks can be viewed as kernel methods, and the Rademacher complexity of these
networks can be easily computed if the parameter values remain bounded during training. As a result,
a line of current research [4[30} 2| [7, 8, [2'7, [14]] has demonstrated that gradient-based methods can
train neural networks of various architectures to achieve arbitrarily small generalization error, given
that the neural networks are sufficiently overparameterized.

Unfortunately, the existing results in the literature primarily focus on finite-depth neural networks,
and there has been relatively limited research investigating the training and generalization properties
of infinite-depth neural networks. One key challenge arises when the limits of depth and width do not
commute, leading to distinct behaviors depending on whether the depth or width is relatively larger.
For instance, [35]] demonstrates that a ResNet with bounded width tends to exhibit a diffusion process,
while [20] observes heavy-tail distributions in standard MLPs when the depth is relatively larger than
the width. These unstable behaviors give rise to a loss of expressivity in large-depth neural networks,
specifically in terms of perfect correlation among network outputs for different inputs, as highlighted
by studies such as [36, 37, [19]. This raises significant issue, as it indicates the networks loss the
covariance structure from the inputs as growth of depth. In the case of ResNets, a proposed solution



to mitigate this problem involves employing a carefully chosen scaling on the residual branches
[20, 18], resulting in commutative limits of depth and width. However, to the best of our knowledge,
there is currently no research exploring the interplay between the limits of depth and width for DEQs,
which represent another class of infinite-depth neural networks with shared weights.

3 Preliminary and Overview of Results

In this paper, we consider a simple deep equilibrium model fy(x) defined as follows:

fo(z) =VTh*(z). (1)

Here, h°(z) = 0, and h*(z) represents the limit of the transition defined by:
Rt (z) = p(WTh Y (z) + UTx), 2)
h(z) = Zli}rgo h(z), 3)

where ¢(+) is an activation function. The parameters are defined as U € R™»*" W € R™*", and
V € R"*"eut The following equilibrium equality arises from the fact that h*(x) is a fixed point of
the equation 2):

h*(z) = p(WTh*(z) + UT2). 4)
To initialize the parameters 0 =: vec (U, W, V'), we use random initialization as follows:
. 2 " 2 . 2
Ui; lng<07 0u>7 Wijn'\c’l./\/<0, 0“’>7 Vij 1fl\(j/\/'<0,0”>, 3)
Nin n n

where o0, 0, 0, > 0 are fixed variance parameters.

To ensure the well-definedness of the neural network parameterized by (I)), we establish sufficient
conditions for the existence of the unique limit 2* by leveraging fundamental results from random
matrix theory applied to random square matrices A € R"*™:

[ Allop
lim =2 almost surely (a.s.),
Vn

n— o0 n

where || A|,, denotes the operator norm of A.

Proposition 3.1 (Informal Version of Lemmal[F.I). There exists an absolute small constant o, > 0
such that h*(x) is uniquely determined almost surely for all x.

While similar results have been obtained in [15] using non-asymptotic analysis, our contribution lies
in the asymptotic analysis, which is essential for studying the behaviors of DEQ under the limit of
width approaching infinity. This asymptotic perspective allows us to investigate the convergence
properties and relationship between the limits of depth and width. We refer readers to Section [ and
Theorem 4.4 where we leverage this result to demonstrate the limits of depth and width commutes.

After ensuring the well-definedness of h* (z), the next aspect of interest is understanding the behavior
of the neural network fy as a random function at the initialization. Previous studies [28}[33}[16}[39.[35]
have demonstrated that finite-depth neural networks behave as Gaussian processes when their width
n is sufficiently large. This raises the following question:

Q1: Do wide neural networks still exhibit Gaussian process behavior when they
have infinite-depth, particularly with shared weights?

Unfortunately, the answer is generally No. The challenge arises when the limits of depth and width
do not commute. Several studies have observed that switching the convergence sequence of depth
and width leads to different limiting behaviors. While wide neural networks behave as Gaussian
processes, [26L 20] have observed heavy-tail distributions when the depth becomes relatively larger
than the width. However, in the case of DEQs, we demonstrate that such deviations from Gaussian
process behavior do not occur, since the infinite width limit and infinite depth limit do commute for
DEQs given by (Z). This crucial property is established through a meticulous analysis, focusing on
fine-grained analysis to accurately determine the convergence rates of the two limits. Our findings
affirm the stability and consistent Gaussian process behavior exhibited by DEQs, reinforcing their
unique characteristics in comparison to other wide neural networks with infinite-depth layers.



Theorem 3.1 (Informal Version of Theorem [{4.4). Under the limit of width n — oo, the neural
network fo defined on (1)) tends to a centered Gaussian process with a covariance function ¥*.

Once we have confirm width DEQs acts as Gaussian process, given a set of inputs, the corresponding
multidimensional Gaussian random vectors are of interest, especially the nondegeneracy of the
covariance matrix. This raises the following question:

2: Is the covariance function X* strictly positive definite?
yp

If the covariance function X* of the Gaussian process associated with the DEQ is strictly positive
definite, it implies that the corresponding covariance matrix is nondegenerate and has a strictly
positive least eigenvalue. This property is crucial in various classical statistical analyses, including
inference, prediction, and parameter estimation. Furthermore, the strict positive definiteness of >*
has implications for the global convergence of gradient-based optimization methods used in training
neural networks. In the context of wide neural networks, these networks can be viewed as kernel
methods under gradient descent, utilizing the NTK [23]]. By making appropriate assumptions on the
activation function ¢, we establish that the covariance function >* of DEQs is indeed strictly positive
definite, meaning that the corresponding covariance matrix ' * has strictly positive least eigenvalue
when the inputs are distinct.

Theorem 3.2 (Informal Version of Theorem |.5). If the activation function ¢ is nonlinear but
non-polynomial, then the covariance function ¥* is strictly positive definite.

These findings expand the existing literature on the convergence properties of infinite-depth neural
networks and pave the way for further investigations into the training and generalization of DEQs.

4 Main Results

To study the DEQ, we introduce the concept of finite-depth neural networks, denoted as f# (z) =

VThE=1(x), where h*(z) represents the post-activation values. The definition of h¢(x) for £ € [L—1]
is as follows:

gl (@) =U"z, h'(z) = ¢(g'(x)),

g (x) = WTh1 i) = ¢(g'(x) + g'(x)), ford =2,3,..., L — 1.
Remark 4.1. We assume U, W, and V' are randomly initialized according to (). The post-activation
values h' differ slightly from those in classical Multilayer Perceptron (MLP) models due to the

inclusion of input injection. It is worth mentioning that feL is equivalent to the DEQ fg when we let
L — oo, provided that the limit exists.

(6)

4.1 f} asa Gaussian Process

The finite-depth neural network fZ can be expressed as a Tensor Program, which is a computational
algorithm introduced in [39] for implementing neural networks. In their work, [39] provides examples
of various neural network architectures represented as tensor programs. They also establish that all
G-var (or pre-activation vectors in our case) in a tensor program tend to Gaussian random variables
as the width n approaches infinity [39, Theorem 5.4]. Building upon this result, we can employ a
similar argument to demonstrate that the neural network feL defined by (6 converges to a Gaussian
process, with the covariance function computed recursively, under the assumption of a controllable
activation function.

Definition 4.1. A real-valued function ¢ : R¥ — R is called controllable if there exists some
absolute constants C, ¢ > 0 such that |¢(z)| < CecXinlail,

It is important to note that controllable functions are not necessarily smooth, although smooth
functions can be easily shown to be controllable. Moreover, controllable functions, as defined in [39,
Definition 5.3], can grow faster than exponential but remain L' and L2-integrable with respect to
the Gaussian measure. However, the simplified definition presented here encompasses almost most
functions encountered in practice.

Considering the activation function ¢ as controllable and conditioned on previous layers, we observe
that the pre-activation gﬁ(x) behaves like independent and identically distributed (i.i.d.) Gaussian



random variables. Through induction, both the conditioned and unconditioned distributions of g (x)
converge to the same Gaussian random variable z*(z) as the limit approaches infinity. This result is
proven in Appendix

Theorem 4.1. For a finite-depth neural network feL defined in (6), as the width n — oo, the output
functions f(,L’k for k € [1,nyy:] tends to centered Gaussian processes in distribution with covariance
function $F defined recursively as follows: for all ¢ € [2, L — 1]

Yz, 2") = o2 (x,2) (7
2 (x,2') = o Ep(2' (2))p(2 (2)) (8)
S (@, 2") = 02 (2 (2) + 2' (1)) (2 (') + 2 ('), )
where
zzgx; El((fz)r,x) ZZ(O | El(a(:), x') 22(0 )
B B I i v e e e ) e (10)
2 (2") 0 Y2, x) 0 Y(2', z")

Furthermore, we derive a compact form of the covariance function ¥ in Corollary by using the
fact 2! and z* are independent, which is proven in Appendix

Corollary 4.2. The covariance function X in Theorem is rewritten as follows: V0 € [1, L — 1]
Yz, 2") = 0% (z,2") /nin, (11)
S (@) = oL Eg(u’(2)d(u(2)), (12)

where (u*(z),u’ (")) follows a centered bivariate Gaussian distribution with covariance

¢ . 3 (z,2'), =1
Cov(u'(x),w(z)) = {Ze(:r,a:’) +X(z,2"), C€[2,L—1] (13)
Remark 4.2. It is worth noting that the same Gaussian process or covariance function X% is obtained
regardless of whether the same weight matrix W' is shared among layers. Additionally, there is no
dependence across layers in the limit if different weight matrices are used. That is, if W* # WF, then
Cov(2(z), 2 (2")) = 0. These observation align with studies of recurrent neural networks [[I} 139,
where the same weight matrix W is applied in each layer.

4.2 On the Strictly Positive Definiteness of

To clarify the mathematical context, we provide a precise definition of the strict positive definiteness
of a kernel function:

Definition 4.2. A kernel function k : X X X — R is said to be strictly positive definite if, for any
finite set of pairwise distinct points x1, T2, ..., z, € X, the matrix K = [k(x;,x;)|}';_ is strictly
positive definite. In other words, for any non-zero vector ¢ € R™, we have ¢T K¢ > 0.

Recent works [[11} 31} 38} 3] have studied the convergence of (stochastic) gradient descent to global
minima when training neural networks. It has been shown that the covariance function or NNGP
kernel ©% being strictly positive definite guarantees convergence. In the case where the data set
is supported on a sphere, we can establish the strict positive definiteness of X% using Gaussian
integration techniques and the existence of strictly positive definiteness of priors. The following
theorem (Theorem [A.3)) is proven in Appendix [D]

Theorem 4.3. For a non-polynomial Lipschitz nonlinear ¢, for any input dimension ny, the restriction
of the limiting covariance function X to the unit sphere S*~' = {z : ||x|| = 1}, is strictly positive
definite for 2 < L < oo.

This theorem establishes that the limiting covariance function -7 of finite-depth neural network f

is strictly positive definite when restricted to the unit sphere S™ !, provided that a non-polynomial
activation function is used.



4.3 fy as a Gaussian Process

In this subsection, we explore the convergence behavior of the infinite-depth neural network fy to
a Gaussian process as the width n tends to infinity. Since we have two limits involved, namely the
depth and the width, it can be considered as a double sequence. Therefore, it is essential to review the
definitions of convergence in double sequences.

Definition 4.3. Let {a,, »} be a double sequence, then it has two types of iterated limits

lim lm @, = lim <1im am,n), (14)
m—00 n—00 m—00 \n—o0
lim lim ap, = lim (hm am) (15)
n—00 M—>00 n—00 \Mm—»00 ’
The double limit of {a,, ..} is denoted by
L:= lim apy, (16)
m,n—o00

which means that for all € > 0, there exists N (¢) € N s.t. m,n > N(e) implies |apn — L| < e

In Subsection we have previously shown that feL converges to a centered Gaussian process with
a covariance function XX, which is recursively defined. However, it is important to note that this
convergence does not necessarily imply that the infinite-depth neural network fy also converges to
a Gaussian process, as the order in which the limits are taken can affect the result. Recent studies,
such as [28 [20], have demonstrated that the convergence behavior of neural networks depends on the
order in which the width and depth limits are taken. Specifically, when the width tends to infinity
first, followed by the depth, a standard multi-layer perceptron (MLP) converges weakly to a Gaussian
process. However, if the depth tends to infinity first, followed by the width, a heavy-tail distribution
emerges. Additionally, when both the depth and width tend to infinity at a fixed ratio, a log-normal
distribution is observed for Residual neural networks. Hence, the two limits are not necessarily
equivalent unless they commute.

When studying the convergence behaviors of DEQs, it is more crucial to focus on the infinite-depth-
then-width limit, as DEQs are defined as infinite-depth neural networks. Therefore, to establish the
Gaussian process nature of DEQs, it is important to show that the infinite-depth-then-width limit is
equal to the infinite-width-then-depth limit. Fortunately, we can demonstrate that these two limits
commute and are equal to the double limit, as the convergence of the depth is much faster than the
width, as proven in Appendix [F

Lemma 4.1. Choose o, > 0 small such that v = 2v/20,, < 1. Then for every x,z’ € S™»~1,
lim lim + (h*(z),h"(z')) and lim lim * (h*(x), h*(a')) exist and equal to ¥*(z, ') a.s., ie.,
{—oon—oo ™ n—o0 f—oo "

Y (z,2') ;= lim lim A,,= lim lim A,,= lim A, (17)
£—00 Nn—00 ’ n—00 {—00 ’ £,n—00 ’

where A,y = L (hf(z), h*(2")).
Proof. Proof is provided in Appendix [F] O

Lemma {4.1| confirms the two iterated limits of the empirical covariance + (h,(z), hf,(z')) of the
pre-activation g exist and equal to the double limit $* (, 2’) for any x, 2’ € S™»~1. Consequently,
it establishes the commutation of the two limits, implying that the limit-depth-then-width and limit-
width-then-depth have the same limit. Building upon this result, we can state Theorem 4.4} which
asserts that as the width n of the infinite-depth neural network fy tends to infinity, the output functions
fo 1 converge to independent and identically distributed (i.i.d.) centered Gaussian processes with the
covariance function ¥*(z, z’). The detailed proofs can be found in Appendix

Theorem 4.4. Choose o,, > 0 small such that v = 2v/20,, < 1. For infinite-depth neural network
fo defined on (1), as width n — oo, the output functions fg i tend to ii.d. centered Gaussian
processes with covariance function ¥* defined by

Y (z,2') = lim Xf(z,2), (18)

{— 00

where ¢ are defined in Theorem



4.4 The Strict Positive Definiteness of >*

We conclude this section by establishing the strictly positive definiteness of the limiting covariance
function X*. Notably, the proof techniques used in Theorem are not applicable here, as the strict
positive definiteness of X% may diminish as L approaches infinity.

Instead, we leverage the inherent properties of .* itself and Hermitian expansion of the dual activation

QAS of ¢ [10]. To explore the essential properties of >.*, we perform a fine analysis on the pointwise
convergence of the covariance function ©:¥ for each pair of inputs (z, z').

2
Lemma 4.2. Choose o, > 0 small for which 8 := Z#E|z|?|2? — 1| < 1, where z is standard
Gaussian random variable. Then for all x,x' € S™»~1, the function ©.¢ satisfies

1. Yz, 2) = X2, 2"),
2. Yz, x) < (1+1/8)%2%(z, ).
Consequently, ¥*(z,2") = limy_, oo X¢(x, ') is well-defined and satisfies for all x,x' € S™in~!

0< Xz, z) =X*(2',2") < .

Lemmal4.2] proven in Appendix [E] ensures the well-definedness of the limiting covariance function
¥* for all z, 2 € S™»~! by choosing a small o, > 0. The lemma also guarantees that ¥*(z, ) and
¥*(2', ") are strictly positive, equal, and finite for all 2, 2" € S®»~1. These findings are crucial for
demonstrating the strict positive definiteness of 2*. Specifically, by leveraging these properties of
>*, we can derive its Hermitian expansion of the limiting kernel 3*.

By utilizing [23| Theorem 3], we establish in Theorem [4.3] as proven in Appendix [H] that X* is
strictly positive definite if ¢ is non-polynomial. It is important to note that our analysis can be
extended to analyze the covariance or kernel functions induced by neural networks, particularly those
that are defined as limits or induced by infinite-depth neural networks. This is because the analysis
does not rely on the existence of the positive definiteness of priors. Instead, we examine the intrinsic
properties of 2*, which remain independent of the properties of the activation function ¢.

Theorem 4.5. For a non-polynomial Lipschitz nonlinear ¢, for any input dimension ng, the restriction
of the limiting covariance ¥* to the unit sphere S™~! = {x : ||z|| = 1}, is strictly positive definite.

5 Experimental Results

In this section, we present a series of numerical experiments to validate the theoretical results we
have established. Our experiments aim to verify the well-posedness of the fixed point of the transition
equation (Z). We also investigate whether the DEQ behaves as a Gaussian process when the width is
sufficiently large, as stated in our main result, Theorem@ Additionally, we examine the strictly
positive definiteness of the limiting covariance function X*, as established in Theorem {.5] by
computing the smallest eigenvalue of the associated covariance matrix K *. These experiments serve
to empirically support our theoretical findings.

5.1 Convergence to the fixed point

Proposition [3.1] guarantees the existence of a unique fixed point for the DEQ. To verify this, we
conducted simulations using neural networks with the transition equation (2). We plotted the relative
error between A’ and R in Figure As shown in the figure, we observed that the iterations required
for convergence to the fixed point were approximately 25 for various widths. This observation aligns
with our theoretical findings in Lemma [FI] where the random initialization () scales the weight
matrix W such that |[W ||, = O(0w).

5.2 The Gaussian behavior

Theorem predicts that the outputs of DEQ tends to follow a Gaussian process as the width
approaches infinity. To demonstrate this, we consider a specific DEQ with n;, = 10 and n,,; = 10,
activated by tanh. We analyze the output distributions of 10,000 neural networks. An important
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Figure 1: Convergence to the fixed point (left); distribution of the first neuron of the output for
10, 000 neural networks, KS statistics, p-value (middle); joint distributions for the first neuron for
three outputs for 10, 000 neuron networks, with orange curve denotes the Gaussian distribution (right)

Covariance matrix (neural network) X X X
Covariance matrix (Gaussian process)
0

0 2 4 6 8 0 2 4 6 8

Figure 2: Joint distributions for the first neuron for two different inputs over 10, 000 neural networks
(left); Covariance matrix obtained by a neural network (middle); Covariance matrix obtained by
Gaussian process (right)

implication of Theorem [#.4]is that the output forms an independent identical Gaussian distribution.
To visualize this, we plot a pairplot in Figure [I] illustrating the randomly selected three outputs,
confirming the validity of this implication.

Next, we generate histograms of the 10,000 neural networks to approximate the distribution of the
first neuron in the output layer. In the third plot of Figure[I} we present the histogram for a width
of 1000. Remarkably, the output distribution exhibits a strong adherence to the Gaussian model, as
evidenced by a Kolmogorov-Smirnov (KS) statistic of 0.0056 and a corresponding p-value of 0.9136.
Furthermore, in Figure[3)in the supplementary material, we provide histograms for widths of 10, 50,
100, 500, and 1000. As the width increases, the output distribution progressively converges towards a
Gaussian distribution. This is evident from the decreasing KS statistics and the increasing p-values as
the width extends from 10 to 1000.

Based on Theorem [#.4] the outputs of the neural network exhibit a behavior reminiscent of a joint
Gaussian distribution for different inputs = and 2. To illustrate this, we plot the first output of the
10,000 neural networks for two distinct inputs as the first plot in Figure 2] Notably, the predicted
limiting Gaussian level curves, derived from the limiting kernel function stated in Lemma 4.2}
perfectly match the results of the simulations when the width is set to 1000.

5.3 Convergence of the kernel

According to Theorem .4} the DEQs tends to a Gaussian process with a covariance function
¥ = limy_,oo X¢. Given N distinct inputs {z;}Y,, as stated in Theorem the limiting covariance
matrix K* can be computed recursively, i.e., K fj = Y2,z i)- By Lemma each element K fj
can be approximated by £ (h*(x;), h*(z;)). We conduct a series of numerical experiments to visually

n

assess this convergence

First of all, we examine the convergence in width. We fix a large depth £ and vary the widths by 2213,

We draw the errors between limiting covariance matrix /* and finite-width empirical estimate K’ in
the first two plots of Figure The relative errors | K! — K*||r/||K*||r consistently decreases as
the growth of the width, and a convergence rate of order n~! is observed.
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Next, we examine the convergence in depth by fixing a large width. The results are shown in the third
and fourth plots of Figure [3] From these plots, we can observe that the error converges rapidly as the
depth of the network increases, illustrating an exponential convergence rate.

5.4 The positive definiteness of the kernel

Theorem establishes that the NNGP kernel is strictly positive. As discussed earlier, the kernel
matrix K" can be computed recursively, as stated in Theorem or Corollary We refer to
this computation as the theoretical approach. Alternatively, it can be calculated as the covariance
through simulation, which we denote as simulation approach. We employ both methods to compute
the smallest eigenvalue of the kernel matrix K ”. The results are summarized in Figure It is evident
from the figure that the smallest eigenvalues increase with increasing depths and become stable once
the kernel is well approximated. Furthermore, the smallest eigenvalue increases with higher values of
Ow-

5.5 Test Performance

To complement the theoretical analysis, we conducted numerical experiments demonstrating the
NNGP correspondence for DEQs on real datasets with varying widths. A visual representation of
these findings is available in Figure [ Intriguingly, our observations consistently reveal that the
NNGP continually outperforms trained finite-width DEQs. Moreover, a compelling trend emerges:
as network width increases, the performance of DEQs converges more closely to NNGP performance.
Notably, this phenomenon mirrors observations made in the context of standard feedforward neural
networks [25] 28]]. These experiments stand as practical evidence, effectively shedding light on the
behavior of DEQs across different network sizes. The insights gleaned from these experiments have
been thoughtfully integrated into our paper to enhance its comprehensiveness and practical relevance.

6 Conclusion and Future Work

This paper establishes that DEQs (Deep Equilibrium Models) can be characterized as Gaussian
processes with a strict positive definite covariance function 3* in the limit of the width of the network
approaching infinity. This finding contributes to the understanding of the convergence properties
of infinite-depth neural networks, demonstrating that when and how the depth and width limits
commute. An important direction for future research is to leverage the results presented in this paper
to investigate the training and generalization performance of DEQs. While the results obtained in this
paper hold for commonly used activation functions, it would be interesting to explore more complex
transition functions in future work.
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A Useful Mathematical Results

Theorem A.1. Let A be m x m random matrix whose entries A;; are independent identically
distributed standard Gaussian random variables. Then, there exists absolute constant ¢, C' > 0 such
that

|Allop < C/m,  with probability at least 1 — 2e~ . (19)

Theorem A.2 (Strong Bai-Yin theorem). Let A be m X m random matrix whose entries A;; are
independent identically distributed standard Gaussian random variables. Then

lim | Allop/v/m = V2,  almost surely. (20)

Theorem A.3 (Kolmogorov’s SLLN for i.i.d.). Let {X,} be sequence of i.i.d. random variables and
Sp =iy X;. Then % Y EX, ifand only if E|X1| < co.

Lemma A.1 (Almost surely convergence). Some important properties of almost surely convergence.

a.s.

1 If X, 3 X, then g(X,,) “3 g(X) for all continuous function g.
2. If X, S XandY, “3Y, then X,)Y;, “3 XY

3. I X, S Xand Y, “3Y, then aX,, +bY, “3 aX +bY.

Lemma A.2 (Gaussian smoothing). Let f, g be a real-valued function. Define function F(o) :=
E. N (o) f(2) and G(pn) = E.nr(u,02)9(2) for o > 0. Suppose f(x),g(v) € 0(6’12), then

F'(0) = %EZNN(OJ) [fu+o2)(z> = 1)]

1
G'(p) = ;EZNN(OJ) [9(p + 02)2]

Proof. Note that F'(0) = E.._ar(0,1)f (1 + 02), then

d > 1 2
e 24z

> 1
/
= +0z)z2——
| oo
> — 1 u—p)?
:/ f/(u) (U M) ei( 202) du, u = M+UZ
—00

o oV 2T

= / i) {(“ ;2“)2 - 1] L5 g

ovV2T
1

V21
:éEZNN(O,l) [f(p+ 0z)(2* — 1)]

2
—Z2
e 2dz

:% /:)O fp+o2) [22 — 1]
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Similarly, we have

oo 2

Tl >
1 7005 22

== /_OO (L+o02)z \/7 T dz
1

:;Ezw\f(m ylg(p +02)2]
O

Lemma A.3 (Gaussian conditioning). Given G € R"*™ and H € R™"*™, let W € R™*™ to follow
matrix Gaussian distribution, i.e., W ~ MN(0,01,,01,) for some o > 0, suppose G = W H has
feasible solutions. Then the conditional distribution of W given on G = W H is

Wlg=wu ~ MN(GH', I,,,o*1IIT7T).

where T1 = I,, — HH' is the orthogonal projection onto the null(HT).

Proof. First, we consider the optimization problem
.1
min §||W||§;, st. G=WH.
The Lagrange function is given by
1
LW,V) = S[WlG + (V.G — WH).

The KKT condition implies Vi L(W,V) = W — VHT = 0 and further W = VH?”. Since
G=WH,wehave V =G(HTH)" andso W* = G(HTH)'HT = GH'.

Then let IT = I,, — HH' be the orthogonal projection onto the null( ™). Thus, the conditional
distribution of W given G = W H is

Wla—wn = GH' + WIIT = MN(GH', I,,, 0?1117,
O

Lemma A.4 (Conditional distribution). Let X ~ MN (M,U, V). Partition X, M, and V such that

|1 X _ | M _ U1 Ure
X = |:X2:| M= [Mz} o |:U21 Uzz}

where X1 € R™*P, Then

X| ~ MN (M, U1, V)
Xo|X1 ~ MN (Ms + Un U (X1 — Ma),Usy — Us1 Uy ' Ui, V).

Note, if Uyy = 0, then Xo| X1 ~ MN (Mz, Usz, V) indicates X2 and X, are independent.

Lemma A.5. Let o be a L-Lipschitz continuous function. Then o is also a controllable function. In
addition, ¢(x,y) := o(x)o(y) is also a controllable function.
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Proof. WOLG, we can assume L = 1. As o is Lipschitz continuous on its region, there must exists
some xq such that o(xg) = ¢. Then we have

lo(2)] < |o(x) — o(@o)| + |¢| < |2 — o] + |¢| < el o=wol < glel ™ wolglel ™Ml — ¢ (Calel,
Similarly, we have

lo(z, )| = |o(z)] |o(y)] < CreC2U=l+uh),

Lemma A.6. Let f be a controllable function. Then for all i € R and o > 0, we have

E.n (o) | F(2)] < 20,20+ CE0°/2,

Proof. Note that
Eon(uo2) [f(2)] =Eonnon) [f (02 + )
S]EZNN(O 1)01602(U|z|+‘/1«‘)

:01602‘MEZNN(O,I)ECZU‘Z‘

> 1 >
:Clem/ (Caolzl L =222,
—oc Ver

0 oo
1 2 1 ,
=C 6“‘“ |:/ e*Czaziefz /2dz+/ 6C20276*Z /de]
' —oo m 0 \/%

c3o? 1 c2o2

0 o0
1 1 2 1 2
=Cqelvl [/ e 3(x o)+ g o3 (z=Ca0)’+=2 1
e V2T =

§2C’1602‘“‘+C§"2/2

O
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B Proof of Theorem [4.1]

In this Appendix, we show the preactivation gi acts like Gaussian random variable. As a consequence,
the finite-depth neural network f1- tends to a Gaussian process as width n — oco.

Lemma B.1. Suppose the activation function ¢ is nonlinear Lipschitz continuous function. For input
z, let g, --- | g* be the resulting pre-activations for £ € [L]. Then for any { € [L] and for any
controllable function ® : RY = R, we have as m — oo

RN
EZ(P(‘C]%,,gﬁ)—>E|:(I)(Zl,,Z€)], (21)
k=1

where (2%, 27) ~ N(0, %) and the covariance matrix ¥ € R?>*? are computed recursively as follows

Y(zt, 2Y) = 81402 |22 /nin, Vi > 1, (22)

N(2% 29) = o2 Ep(u'Hp(u/ 1), Vi > 2. (23)
where u! = 21 and u® = 2* + 2! with covariance

S(ut,ut) = o2||2)|* /1, Vi > 1, (24)

Y(u,ul) = (24 27) + (2, 21, Vi > 2. (25)

If, in addition, Wt and W9 are independent, then
N(24 ) =0, Vi#j. (26)

Lemma B.2. /39 Theorem 5.4] For any NETSOR program whose weight matrices are random
initiated as (3) and all activation functions are controllable. If g*,- - - .g* are any G-vars (i.e.,
pre-activation in our case), then for any controllable function ® : R — R, we have

n

1

=2 0k 00) T B (), @7)
k=1

where z := (21, --- , 2*) and p and > can computed by [39, Definition 5.2].

Intuitively, these two Lemmas indicate that (g;,- - ,gr) acts like a multidimensional Gaussian
vector whose covariance can be computed recursively. Lemma[B.T]is a special case of Lemma[B.2]
as Lemma requires each pre-activation g* encoded same input x, while Lemma does not
make such assumption. In fact, the proof techniques are identical, i.e., uses Gaussian conditions and
smoothing inductively on previous results. To make the paper self-contained, here we provide a proof
for Lemma [B-I] where we simplify the proof of [39, Theorem 5.4] in the following subsections by
removing so-called core set.

B.1 Proof of Theorem .1 by Using Master Theorem B.1]or [B.2]

Based on Lemma [B.T]or we can immediately obtain the desired result.

For simplicity, we assume o, = 1. We prove the desired result by induction. For L = 1, we have
fE(@) = ¢'(x) = We and

3 4(@) = gh() = (wp, ) "= N(O, [[2]| /).
Then we have
Sz, a') = cov(f&k(x),f&k(x')) = (z, ) := B (x,2).

For L = 2, we have f}(x) = ¢*(x) = W2h!(z). By condition on g', we have

71(@) = gi(@) = (w}, b (@) = N0, |n} ()7 /n).
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Then

where

(! (2),2' (@") ~ N (0> {2211((5?) 2211((;“;))})

Now, we assume the results holds for L. Then we show the result for f, L+1(2). In this case, we have

L1 (2) = g"*'(z). By condition on the values g”, we have the output fL'*'1

Gaussian random variables, i.e.,

S @) = g (@) = (wf T RE @) N, [RE ()12 /n).

are i.i.d.centered

Then we have
EL-H( ) COV( L+1(m>7 HI:Zrl(wl))
=<hL hE(a)) /n
:meJZ 2) + g (2))d(gf (') + g ("))

‘L?IM(Z () + 2 (2))d (2" (') + 2 (2))

=2z o).
where
2 (x) Yz, ) 0 Sz, ) 0
2 () ~Nlo 0 »h(z, ) 0 >z, ")
zl( " "B 2) 0 Y2, 2) 0
2L (2") 0 yh(2', z) 0 (2’ 2")

Here the covariance is deterministic and independent of g”. Consequently, the conditioned and
unconditioned distributions of fGL,jl are equal in the limit: they are i.i.d.centered Gaussian random
variables with covariance X211
B.2  Proof of Lemma[B.1t the basic case / = 1
WLOG, we can assume oy, = 1. We prove by induction. When ¢ = 1, we have
gl = Wll'

so that

1 iid. 2

g~ N, [|z]*/nin).

Given a controllable function ®, the random variables X;, = ®(g}) are still i.i.d.. It follows from
Lemma [A.6] that

E1X1| = Esonvo, ol [(2)] < Cre®I < oo,
Then the desired result is obtained by following Theorem[A.3]the classical Kolmogorov’s SLLN for

1.9.d. random variables.
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B.3 Proof of Lemma general case for independent matrices W £ W*
Suppose the desired result hold for ¢, then we show the result also hold for £ + 1. In addition, we
assume the weight matrices 1W* are independent to each other. Thus, the weight matrix W*+! are
not used in previous layers. For brevity, we denote W := W**+! and so we have expression

gt = Wit
Here the randomness of g‘*! comes from both T and h¢. As W is not used before, W and h’ are

independent. Let I3 be the o-algebra spanned by all previous g', g2, - - - , g°. Then the conditional
distribution of g**! on B is given by

9B ~ N (O, [IR°]1* /ndn),
or equivalently
iid
gi T 1B R N (O, 112 /m). (28)

By using the inductive hypothesis, we have
2 £)2 1 ¢ ¢ 12 a-5. £ 112 41 41 2
o= WP == > Jolgi + gi)* “FE[o(" +2)] =D=M =0% @9)
k=1

where we use the fact ®(z,y) := ¢(x + y) is controllable, i.e.,

|@(z,y)| = [p(x +y)| < |z +y| < el

By using triangle inequality, we have

1 n
ﬁ Z@(gi, e ag£+1) —-E [(I)(Zl7 e 7ZZ+1)] < |A7L| + |Bn| + |CTL| )
k=1

where
A, = %Zn: O(gh, - g - %zn:EZNN(o,ag@(gi, Gk ?) (30)
=1 k=1
B, — %iEzw(w%ﬂ’(gi’ gz — %iEZNN(O,ﬁ)@(g;,... gbs) G
k=1 k=1
Cp = iiq’(géw' gk 2) —E[0( o 2] (32)

A, converges to 0 almost surely

Define random variables Z, := ®(g},--- , gf,gi ") — E. n(0,02)®(gt: -+ g5 2). By equation

(]hﬂ), we have g£+1 |B N (0,02), we can easily show X}, are centered and uncorrelated. Observe
that
EZy =EgEge+115Zk
=EgEyer5 [2(gh: > 9k 96T ") = Bonn0,02)P(gh: 5 Ghr 2)]
=Ep [Egerp®(ghs - 90 05 ) — Bann0,02)®(gh: -+ 1 1r 2)]
=E5 [En0,02)P(Ghs 2 900 2) — Bann0,02)@(Ghs -+ 5 s 2)]
=Eg[0] = 0.
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Similarly, we obtain EZ). Zy, = i E | Zy \2. Moreover, we can upper bound E [Z}, |l”>’]2 as follows
E [Zk|B]2 :Eg£+1|l3 ‘(I)(gliv e 7g£a g]l;+1) - EZNN(O,(T%)é(g]]C-’ e ag]t;v Z)

2
§8]Ez~./\/(0,<7%) |(I)(gli7 T agll;v Z)| ) (CL)

| 2

Y] 2
ZS]EZNN(O,I) |CI)(g]}:7 9k UTLZ)’
£ i
SSEZNN(O,1)01€202(E"=1 l9kI+on12D) @ is controllable
£ i

:8016202 izt lgklEgNN(071)€2020n‘Z‘

<8 e2C2 i 19kl 20307
where (a) is due to maximal and Jensen’s inequality.

Since €2C2 Xi=119k| is controllable and o,, “3" o, it follows from the inductive hypothesis that

1 & 1 & ;
n ZE [Zi|B)* < 8C1 - ( Z ¢2C2 Xins ngl) 20370 5 80y Ee?C2 izl . (20303
n n
k=1 k=1

As the RHS is a deterministic constant, we have

n

1
- > E[Z|B” € o(n”), Vp>0.
k=1

or equivalently, 1 3" | E[Z;|B]? < n for large enough n.
Now, we will first show A,,> “3 0. For any € > 0, we have for large enough n
P(|A,2] > €) <e ?nE|A,:[*

’ﬂ2
= 2n* Z E[Zi Zi/]
kk'=1

TL2
="' E|Z/?
k=1

2
1 n
_ -2 -2 Z 2

= 2n"%Ep [nQ"}

<e 2p T2,
Furthermore, we obtain
o0 oo
ZP(|An2| >e) < 2672n72+2p < 00,
n=1 n=1
provided we choose 0 < p < 1/2. Thus, it follows from Borel-Cantelli lemma that A,,> “3 0.

Now for each n, we define k,, := sup{k € N : k2 < n}, then we have k2 < n < (k, + 1)2. Note
that

n k2 n
1 Z 1 Z" 1 Z
n i=1 n =1 n

i=k2+1

We will show the two terms goes 0 a.s.. As we just proved, the first term goes to 0 a.s., since

ka k2
%ZZZ- < kizZZi 2.
=1 n =1
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For the second term, let T, := £ > |, | Z;, then for n large enough

P(|T,| > €) <e¢ 2n Z]EZ2

i=k2+1

<e’k,* Y EZ}

i=k2+1

<e 2kt (n—k2) % > EZ

n =k i=k2+1
<e 2kt (n—k2)'T
<Ce 2kt 2k, + 1)
§C€72]€;3+p
where C is some fixed constant. Then we have
S B(Ti| 2 o) Z Ok *t0
n=1
< Z Ce?(Vvn—1)73+
<ZC€ — 1) 120 ZZTF(?’F/
n=4

provided we choose 0 < p < 1. Therefore, by choosing 0 < p < 1/2, it follows from Borel-Cantelli
lemma that 7}, “3 0 and further A4,, “3 0.

B,, converges to 0 almost surely

a.s.

First of all, we will show ¢ > 0 by which we can use Gaussian smoothing to show B,, = 0.

Lemma B.3. For ¢ > 1, if (2%, 2) > 0, then X(21, 2+1) > 0.

Proof. We prove by contradiction. Assume Y (z¢*1, 2¢*1) = 0. Then we have
0= 3", 21 = Eg(2' + ') = Eg(u')?,

where u’ ~ N(0,2(2%, 2%) + ||| /nm) It implies ¢(2) = 0 almost surely, but it contradicts ¢ is

non-constant function since ¥(z¢, 2¢) + ||z||2/nin > 0. O

It follows from Lemmathat o > 0. Then o, % &, we have on > /2 > 0 eventually, almost
surely. To use Gaussian smoothing, we define following functions

fk)(x) = (I)(glia T ag£7x)a F]f(U) = EZNN(O,JQ)fk(Z)'

20



By using Gaussian smoothing, we have for large enough n

n

|B,| S%Z|Fk(an) — Fi(0)]
k=1

1 n On
SEZ/ |Fy.(t)| dt, assume o < o,
k=177
I~ [T
<> [ B [ - D]ty (@)
k=177
Sl Z/ h tilEzN/\/(oJ)OleCz i |g};|+Czt|z|+tdt7 (b)
nk:l g
1 i On £ i 2
<= =10, €2 Zizn g+ Cat™ /24t 3y

=G (i > e X "”’v') (aon) — (o))
k=1

where (a) is by Lemma[A.2]and Jensen’s inequality, (b) is because f, is controllable since @ is, (c) is
by Lemma and a(t) is the anti-derivative of the function ¢(t) = t~1Cye%2t"/2t Here, é(t) is

continuous, so that a(t) is well-defined and continuous. Since e“2 i lgkl i controllable, it follows
from result for the basic case that

Zi

1 & ¢ i ¢
Co S0 1gt| a8, Co S
- E eC2 Li=119x| —>EZ~N(072‘Q1)6 221
k=1

a.s.

Since o, 2% o and ais continuous, it follows from Lemma that a(0,) =3 a(o) and further
‘B | <Cl lzn:ec2 5:1 ‘gi‘ (O((O' )_(X(O')) go
h " "

C,, converges to 0 almost surely

Define function ®(z!, - - , 2¢) := E.n0,1)®(zh, -+, 2%, 02). Since @ is controllable, d is also a

controllable function. Then it follows from the inductive hypothesis that

1 n n
EZEZNN(O,Uﬂq)(gI}:a'” 79%;2) = Z]Ezw./\/'(o,l)q)(glif" 79270-2:)
k=1 k=1

Il
S|
[

>
—~
)
ke
o
TS
~

a.s

Thus, C,, = 0.

B.4 Proof of Lemma [B.I: general case for shared matrices

Now in this section, we prove the desired result when the weight matrices are shared, i.e., wt=w.
Assume the result holds for ¢, then we will show the desired result still holds for ¢ 4+ 1. Note that

gt =wht.
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As W is used before, we have
g =Wh"t Viell.
Then define
G=1[¢g" ¢* - g 1eRY, H:=[" n ... K er™ (33)

Then we have G = W H. Let B be the o-algebra spanned by all previous g*, g2, - - - , g*. To obtain
the conditional distribution of ge+1 on 3, we first compute the conditional distribution of W on B. It
follows from Lemma[A_3] that

W|B =G (H"H) BT + Wi}
~MN (GHTH)'HT, I,,, Iz} /n)
where IT = I,, — H H' is the orthogonal projection onto null(H ), respectively. Therefore, we obtain
g B~ N (G (HTH) BT R |7 )
or equivalently
girt|p et (Gk (HTH)" HTht |7 )2 /n) ,
where G, € R is the k-th row of G.

Since the activation function ¢ is controllable by LemmalA.5} it follows from the inductive hypothesis
that

(W) () /n = " 6(gi + gb)lg] + gh) =5 Bo(=' +2)p(=d + 1) = S, M) Vi
k=1

Then we have as n — oo
HTH/n % 22, 7%
HTh Jn 2255 53( 25, 240

where Z¢ = [2! --- 2f]T € R¥*!. Since (pseudo-)inverse is continuous function, we further obtain
v = (HTH) BT Rt = (HTH/n) H Rt n 255 (28, 201520, 2470 = 0. (34)

By using the equality HH' = H(HTH)"HT, we have
1
[T R )2 == (h*)T (I, — HH')? b

(W7 (I, — HH') h*

=3 =3

=—(HTR" — (n)TH/n) (HTH/n)" (HTh*/n)

LIS Y (2 2528, 20T (20 Y.

3

By using triangular inequality, we have

1 n
ﬁ Z‘b(gli? o 7g£7.g£+1) —-E [(I)(Zl, s ,,ZZ+1)] < |An| + ‘Bn| + ‘Cn| + ‘Dn|’
k=1
where
1 — 1
An = > gk g0 - o D BN (i) @Gk 5 01 2) (35)
k=1 k=1
1 & 1 <&
Bn = n ZEwN(uk,maa)‘I’(gi’ G 2) — o ZEZNN(%“,Uz)@(g,i, g6 2)  (36)
k=1 k=1

1 — 1
C, = -~ ZEZNN(/Lk,ng)(I)(g]ia . ,gi, z) — - ZEzNN(/Lk,O'z)@(gliy . ,gﬁ,z) (37)

k=1 k=1
1 - 4 l
D, = E I;EZNN([Lk,Ug)é(g;H T 7gk7z) —E [@(217 T, R +1)] (38)
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where

pen = Go(HTH)Y H hy = G, (39)

r=GEX(Z5, 255 (25, ) = G, (40)
on = [0 R°|? (41)
o2 — E(ZZJrl’ZHl) _ E(z”l,ZZ)E(ZZ, ZZ)TE(ZZ,Z£+1). (42)

B.4.1 A, converges to 0 almost surely

Define random variables Z, = ®(gt,  + , 95, 91" ") — (gm0 (95 + 195, 2). As Xi|B

are independent, we can easily show X}, are centered and uncorrelated. By using Jensen’s inequality,
Z%|B can be upper bounded as follows

E [Z21B] < 8Eeonue o2y |0k, 0. 2)|” < 8C1e20 Eialobl e2Calnnnl2Cot 43)

As v, “3 v by equation (34)), we have ||v,|| < 1+ ||v||, eventually, almost surely. Thus, for large
enough n, we have

14

Z Un, zgk

=1

k| = |GLETH) (HT )| =

4
< (ol +1)> gk (44)
=1

where we also use the Cauchy-Schwartz inequality and square root inequality. It follows from
equation (@3) that

4

[ZHB] < 8Cie (2C2+|v||4+1) S5 02 _ q)<gi’ . ’g£> . eZC‘gai7

where &(z!, -+, 2%) 1= 8Ce(2C2FIWII+1) i 2l js clearly a controllable function. Tt follows from
inductive hypothesis and some basic properties of almost surely convergence in Lemma[A_T]that

n

1 N
ZE Zk‘B Z(I) gka 9 C2 2 2) E |:(I)(Zlv ’ZZ):| ' 620502'
nk:l

As RHS is a deterministic constant, we have 2 > | E [X?|B] € o(n”) for all p > 0. Then by
using the same argument provided in Section we have 4,, 3 0.

B,, converges to 0 almost surely
Ifo >0

In this subsection, we assume ¢ > 0. In addition, since o,, % &, we have on > 0/2 > 0 almost
surely for large enough n.

We can obtain the desired result B,, “3" 0 by applying the same argument in Section to functions
fir and F}, redefined as follows

fk(ﬂj) = q)(gli? T vgﬁvx)a Fk(g) = EzNN(Nk,n,a2)fk(Z)'
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By using Gaussian smoothing, for large enough n, we have

1
|Bn| SE Z |Fk(0'n) - Fk(”)'
k=1

n

< / (EL(t)|dt, assume o < oy,
1 g

S

k=

<

SRS
M=

/ T B w00 | fr (e + t2)(82 = 1)] dt,  (a)
k

1

(Catllvll+1) iy okl +Catlzl+t gy (p)

SRS
NIE

k

<
1
<

t—1016<c2+nvu+1> =1 gkt 24t gy ()

/ t ' E.n0,1)Cre

SR
FM:

= (1 e(Catllvll+1) 325, g)‘;) (a(oy) — a(0)),

n

where (a) is by Lemma- ) is because f}, is controllable since @ is, (c) is by Lemmal[A.6and
equation (@), and «(t) is the anti-derivative of the function ¢(t) = t~1Cye%2t"/2t Here, (t) is

continuous, so that «(t) is well-defined and continuous. Since ¢ 31 194! is controllable for any
constant C, it follows from the inductive hypothesis that

1 3 @t S Iail 22 [e<cz+nv||+1>zf:1\ziq < oo,
n

a.s

Since o, “3' o and « is continuous, it follows from Lemma that a(o,,) = «(o) and further

1 — ¢
IBn| < Ci <n Z o(Catllvll+1) 4, ok

k=1

) (a(on) — alo)) £ 0.

Ifo=0

In this subsection, we consider when ¢ = 0. Note that the argument in the case o > 0 also holds if
o = 0and o,, # 0 (infinitely often), because the derivatives F} (t) are well-defined if either & > 0 or
oy > 0. Thus, we only need to analyze the case where 0 = 0 and o,, = 0 eventually.

For o = 0, we have $(2+1, 241) = 52441, 29)5(24, 2)T2(Z¢, 2**1). By LemmalA.4] we
have

A =2 20525 20 2 =0z, as.

For controllable ®, we can show the function ® : (gi,---,g%) — ®(gh, -, g%, G4vy,) is also
controllable as follows

(I)(gkv' : ,gk ’ *‘(I) gka"' 7gk7Gkvn)|
<01602 Zi:l |9k|+02|2i:1 Un,igu
<Oy e2C2tlvi+1) i \g;il’

where the second inequality follows from equation (34). By using the inductive hypothesis, we obtain

1 n
ﬁz@(glza”' 79£7Gﬁvn) = (I)(g]i,"‘ ’gll;)
=1

1
"=
R |21 ,zz)}

[@(zl, v, 2 vZZ)}

(@21, 2. (45)
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Moreover, as we assume o,, = 0 for all large enough n, we obtain gk+1 B =G & Un almost surely.
Then for large enough n, we obtain

1< 1<
E ZEZNN(,U«}@J“O'2 Gk7 Z (I) gk:7 U 7gia ,ukn) = E Z (P(gli7 e ugﬁa G;;Un) (46)
_1 —

Combining A,, “$' 0 with equations @3) and (@6) yields B,, “3 0.

B.4.2 (), converges to 0 almost surely

As discussed in Section[B.4.1] we can assume o > 0. By using Gaussian smoothing again, we can
.1 a.s. . a.s. .
easiliy show C,, = 0 since py ,, — px. Define functions

fk( ) (glm' . agll;ax)a Fk(:u) = EZNN(M,U2)fk(Z)'
It follows from Lemma[A.2] that

1 n
|Cnl < - Z | Fr(pren) — Fre(p)]

\ /\

Hi,n
— Z/ |Fy.(t)|dt, assume pp < pgn

Hik,n 1
< fz / E.no [t +02)] 2] dt

| /\

rm 1 Co 3i_y|gi|+Cat+(Cao+1)|2]
- Z By Cre® i dt

IN

gole(02”+”2” Ze“ ol Blukm) — B,

where 3(p) is the anti-derivative of the function B(t) = 2!, Here 3 is well-defined and continuous

since /3 is continuous. As b =3 g, it follows from inductive hypothesis and Lemma that
a.s.

Cc, = 0.

D,, converges to 0 almost surely

In this section, we can show D,, 20 straightforward from the induction. Define functions

é(zlf" ’Zz) = EZNN(U,I) (I>(Zl7"' ,ZZ,Z’UZ‘ZZ‘ +0-Z)

Here & is controllable as & is. By applying the inductive hypothesis on d, we obtain

1
D, = E ZEZNN(uk,Jz)q)(glia T 7g£a Z) -E [(I)(Zl, T ,Z€+1)]
k=1

1 n
= ﬁ ZEZNN(OJ)@(Q%? o 7g£,/~”k + CTZ) - Ezl,m 7zf}Ezz+1|zl,w ,ZZCD(Zlv to 7Z€+1)
k=1

1
- E ZEZNN(OJ)(I)(QI}:’ T 7g£~7ﬂk + UZ) - ]Ezl,--- ,szsz(O,l)q)(Zlv T 702)

i) - Ezl,---,zl(i)(zl7 o ,Zﬁ)

Il
S~
x> bl
M= I

K>

a.s.

=0,

where we use the fact yy, = Gtv = Zle Vi gL
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C Proof of Corollary4.2|

Define Gaussian random variables u(x) that is encoded by input z as follows for all £ = [2, L — 1]
ut(z) =2 () 47)
uf(z) =2 (z) + 21 (z). (48)
Then we can easily compute the corresponding covariance as follows for ¢ > 2
cov(u*(z),u' (z") =cov(z'(x), 2! (z))
=3 (z,2")
cov(ul (), u’ (z')) =cov(z*(z) + 2*(z), 2 (') + 2% ("))
=cov(2(z), 24 (2)) + cov(z!(x), 21 (2))

=xf(z,2') + Bl (x, 2)

D Proof of Theorem

This section is deducted to prove the strict positive definiteness of X*. We will prove it by using the
notion of dual activation and Hermitian expansion.

Letz ~ AN(0,1) and f : R — R. Then we can define an inner product
<.f7 g> = EINN(O,l)f(‘r)g(I)
Thus, we define a Hilbert space of functions #, thatis, f € H if and only if

1£1? = Eernrony | £ (@) < 0.

Next, consider the function sequence 1, z, 22, - - -. Clearly, they are independent. Then apply Gram-
Schmidt process to the function sequence w.r.t. the inner product we defined before, and we obtain
{hy} the (normalized) Hermite polynomial that is an orthonormal basis to the Hilbert space H.

Now, we are ready to introduce dual activation. The dual activation qAS : [-1,1] — R of an activation
¢ : R — Ris defined by

6(p) = E(x,yyon, $(X)o(Y). (49)

where N, » 1s multidimensional Gaussian distribution with mean 0 and covariance matrix {p ﬂ .

Then the dual kernel £ is given by
ko(a,') == o((w,a')).

If a function ¢ € H, we not only can obtain an expansion by using the orthonormal basis of Hermitian

polynomials but also an expansion to the dual activation ¢ by using the same Hermitian coefficients.
As a consequence, the corresponding dual kernel k4 can be shown to be strict positive definite by
using the Hermitian expansion.

Lemma D.1. [/0, Lemma 12] If ¢ € H, then

$(x) = anhn(z), (50)
n=0

dp) = anp™ (51)
n=0

where a,, :== (hy,, ¢) is the Hermite coefficients, and the above is Hermitian expansion.
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Theorem D.1. [23] Theorem 3][I7 Theorem 1] For a function f : [-1,1] — R with f =
oo o buh, the kernel Ky : S™~1 x S™0~1 — R defined by

Ky(z,2") = f(z"a")

is strictly positive define for any ng > 1 if and only if the coefficients b,, > 0 for infinitely many even
and odd integer n.

Now we are ready to prove the kernel or covariance function X% is strictly positive definite by using
Gaussian measure techniques on the existence of positive definiteness.

Lemma D.2. Suppose ¢ is non-polynomial Lipschitz continuous. If $¢ is strictly positive, then ¥4+
is also strictly positive definite.

Proof. Assume the contrary. Then there exists a finite distinct collection {z; }?_; and some constants
{¢;} such that

n n 2
0= Z CiCjZ£+1(.’L‘i,.’L‘j) =K lz clqb(ul)] .
i=1

ij=1

This indicates Y, , ¢;¢(u;) = 0 almost surely. Note that we have the random variables (u;, u;)
follows Gaussian distribution given by

(ui, uy) ~ N(0, A (24, 7).

WLOG, we can assume ¢; # 0. Then for some ¢(u1) # 0, we choose u; = - -+ = u,, = us. Then
cd(ur) + (ca+ - +cn)o(ur) =0,
indicates ¢; = —(ca + -+ - + ¢, ). Then for any u # u’, we have

c1(u) + (—c1)p(u') =0
This implies ¢(u) = ¢(u’), but it contradicts ¢ is non-constant.
O

Lemma D.3. Suppose ¢ is non-polynomial Lipschitz continuous. Then ¥.2 is strictly positive definite.

Proof. For ¢ = 2, we have

$2(2,2") = 03B (4 0) N (0,41 (2,07) [D(W)D(V)]

where

Then we have

where p(z) := ¢(xoy,).

Clearly, p is Lipschitz continuous since ¢ is. Let the expansion of  in Hermite polynomials {h,, }°
to be given as = >~ anh,,. Then we can write fi as fi(p) = >~ a?p™. Then we have

(oo}
Y23 (z,2') = o2 p(aTa’) = o Z a? (T2
n=0

Since ¢ is assumed non-polynomials, p is also non-polynomial, and so there are infinitely many
number of nonzero a,, in the expansion. Thus, b, := afl > 0 for infinitely many even and odd
numbers. Since o2 > 0, we have Y2 is strictly positive definite. O

Then we obtain X7 is strict positive definite by combining Lemma and
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E Proof of Lemma

This section we show the limiting covariance function ¥* is well defined. As each X% satisfies Cauchy-
Schwartz inequality, it suffices to show ¥*(x, x) is well defined, which is given in Lemmal E.

Lemma E.1. Choose o,, > 0 small for which § = J—;E|z|2|zz — 1] < 1, where z is standard
Gaussian random variable. Then we have for every x € S"»~L and ¢ € [2, L]

|Ee+1(x,x) - Ee(w,x)’ <p }Ee(x,m) - Eefl(:r,x)| . (52)

Therefore, ¥*(z, x) := limy_, o, 2 (v, x) exists uniquely and
0<Y*(z,2) < (1+1/8)%%(z,z). (53)
Proof. Fix z and we denote 02 := %(z,z) to simplify the notation. Define function ®(o) :=

Eun(0,02) (1)

2 2 2 24142 £\2
Op+1 — 0g =0y (Euf+1~N(o,o§+of)¢(U * )° = EuZNN(o,a,?_lJra%)(b(u ) )

o (o (y ) - ()

Voitel 4
<o? ZE, |tz|? |2* —1]dt
0.2 +0.2 t
£—1 1
of+o?
=02E. |2|* |z* - 1 tdt
of_ytoi
2
_Jngz|z| |22 1| 5 9
= D) ’ ¢ 0y

=B lof —oi

)

) |z|2|

2_
— & 1|. As we choose o, small such that 3 < 1, then the mapping

where § :=
2 2
Op4+1 = EuNN(O,U?-&-Uf) [¢)(u) }
is a contraction. Thus, it has unique fixed point o, such that
2 2
0y = E.n(0,02402)B(u)". (54)
In addition, let 77 = 07 + 0% and 7¥ = 0%, then we have
2 20 _ [2 2 2 2 | _ 2 2
o — 1o | = |0t — 0f| < Blot — ol | =B — 1.
Then we repeat this inequality for ¢ times and obtain
2 2 —112 2
|7'e+1_7'e|§5 |7'2—7'1|~
As LHS is al?_H — O'g and RHS is a%, we obtain
2 2 -1 _2
|of41 —of| < B o
Thus, we have
’ ’

2 2 2 2 s—1_2 2
Or41 _02’ < Z|Us+l _Us’ < Zﬁg 0y < 03,
s=2 s=2
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Therefore, we obtain

1
a§<<1+6>og<oo, Ve > 2.

Now, suppose 0. = 0, then we have equation
0 =02

:EuNN(OJE +o?) ¢(u)2

=Eyon(0,02)0 (1)

=Eun(o,1)$(u)?
where we use the fact 02 = 1. The equation above implies ¢(u) = 0 almost surely, which is
impossible since u follows standard Gaussian and ¢ is nonconstant. O

El X*(z,x) =X*(«/,2')
In this subsection, we will first show %¢(x, 2) = X¢(2’, 2) for all «, 2’. The desired result is obtained
by letting £ — oc.

Given z; and x;, let Afj =N (x4, acj). We prove by induction. For the basic case, we have
2 2 2
A =E|o(z]2)|" =E |J(u})’ =E |a(u})| = A;j,
where we use the fact u; & N(0,1) due to ||z;||* = 1.

Assume the result holds for £ — 1. Then we will show the result for £. Note that
0—1\ _ 40—-1 1 o401 1 _ -1
Var(u; ") = A;; " +A; = Aj; + A= Var(uj ),

where the last equality holds follow from the inductive hypothesis. As each uffl is a centered
Gaussian random variable, equal variance implies equal distribution. Then we obtain

¢ IENE INE ¢
A = By yo,atr oy o@D = By o atryan ) lo ()| = Af.

Then let £ — oo and we obtain the desired result.

F Proof of Lemma 4.1]

By choosing small o, it follows from Theorem that the transition 2] becomes a contraction
mapping so that we obtain the following results.

Lemma F.1. Choose o, > 0 small for which v := 2+/20.,, < 1. Then for every x € S™»~' and for
any k > £, we have

(] — Akt
) - @) < LU= @), e 55)

Consequently, the equilibrium point h*(x) is uniquely determined a.s. Additionally, we have

L
Ih(@)]| < =2 ||kt ()] a.s.

To simplify the notation, let us denote

Apy = —(h'(z),h (")) (56)

1
n
By using Lemma [F.1| we can show z1;10({)10 A, ¢ = B, in uniformly n. Then the desired result is
obtained by using similar argument from Moore-Osgood theorem for interchanging limits.

Lemma F.2. Foranyn € Nand k > ¢, we have |A,, o — A, 1| < 2(1 — ) 7245
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By using Lemma|[F2] we can show the two iterated limits exist and equal to the double limit.
Let € > 0, then there exists L(¢) € N such that 2(1 — )~ 2y% <e. Thus, k > ¢ > L(¢) implies

|An,l - An,k| <e
Then let n — oo, it follows from Theoremthat Ape “S B2, 2") := X" and so
=6 -TF <.

Therefore, {3} is a Cauchy sequence that must converge to a unique limit * := ¥* (=, z’) because
of the completeness of R. Furthermore, let k¥ — co. we obtain

|Tf-2 <e
Since have hf(z) — h*(x) as £ — oo, there exits N (e, L) € N such that n > Ny(e, L) implies
|AnL — Hyn| <e,
where H,, := L (h*(z), h*(z')). Combines everything together, n > N implies
|H, — S| < [Hp — App| + [Anr — 25| + |2F = 7] < 36

Therefore, hm H, = ¥* = hm Y*. Additionally, by taking M := max{L, N}, we can see that
the limit Z* equal to the double hmlt lim A, .

£,n—o00

F.1 Proof of Lemmal[E1l
It follows from Theorem that ﬁ W]l < 2v/20,, a.s. Then we can choose a small o, for which
v 1= 2v/20,, < 1. Then for any £ > 0, the Lipschitz continuity of ¢ implies

1
I =) = o

1
<——|\Wht —wWht?
—\/EHW Wh™ |

(Wht +g") — p(Wh™ + g1

1
< |W h[ o h671
<T7n W |
<H|[hf = .
Thus, we repeat this argument ¢ times and obtain

IR = REL < A (IR = RO = AR

From here, for any k£ > ¢ > 0, we have

s _ps 71 -9
In* = R¥|| < Z |h* = | < Zv InH] < #Ilhlll (57)
s={ s={

Thus, it follows from the completeness of R™ that the unique h*(z) exists. Additionally, let & — oo,
then we have

A
|n* — ¥ S thll
Let ¢ = 0, then we obtain

T —— IIhlll
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F.2 Proof of Lemmal[E2]

WLOG, we can assume k > ¢. To simplify the notation, we further denote hf = pt (z) and
h§ = h*(z'). Then we have

1 1
|Apy — Ap g = - (ht,h) — - (hy¥, hk
< (BB = (EEY 4 |G, B b )|
1

1
¢ ¢ 3k ¢ gk k
SEHhZ” || = hill + EHhZ = hi'll - [R5 ]

It follows from Lemmathat |R¢| < 11%"@||h1H and ||h¢ — h*|| < 2= ||h}||. Based on Theo-
i ~ 7o J J T— 17
rem[A.2] we have
hll = Uz, < ||Uz;|| < C@
[hi | = ll¢(Uzi)|| < ||Uzi < Va
where C' is some absolute fixed constant. WLOG, we can assume we choose o,, = \/8/ C. As
||z;|| = 1, we obtain

oullzil],

IR} < V/n, as. (58)
Then we have
2 1-19f vt 2
Ao — Al < = . =
[ Ane n,k|_n 1_7\/77 1_7\/75 (1_7)27

G Proof of Theorem 4.4

By condition on the values of h*, the outputs
Jo (@) = (vi, h*)
are i.i.d.centered Gaussian random variables with covariance
S(z,2') = (h*(z), h* () /n.
It follows from Lemma[4.]] that
S(x,a’) S5 (x, 2).

Specifically, the covariance ¥* is deterministic and hence independent to h*. Consequently, the
conditioned and unconditioned distributions of fp ;. are equal in the limit of n — oo: they are
i.i.d.centered Gaussian random variables with covariance ¥*.

H Proof of Theorem

Equipped with the notion of dual activation and Theorem [D.1] we are ready to prove Theorem [4.3]
i.e., X" is strictly positive definite.

By LemmalE.1] we have £*(z,2) = £*(2/,2') := cand 0 < ¢ < oo for all z, 2. Then we have
2 (2,2") = Eu(a) u(e)~ar(0,4) [0(w(@))d(u(z"))]

where

o S*(z,x) + X2, x)  E*(x,2)) + X (x,2)| c+1 X (x, ') + (z,2)
T ) + 2N, x) B (a, ) + XM 2| T |2 (w,2) + (x,2) c+1

By changing variable with u(z) = v/c + 1z(z), we obtain

¥ (xz,2") 4 {x,2")
c+1 ’

£ (2,2') = E[u(=(0))u(=())] = (
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where [ : [—1,1] — R is dual activation of activation function u(z) := ¢(v/c + 12).

Let u = Y, anhy, be the Hermite expansion, then we obtain /i as
o0
ilp) =D anp"™.
n=0
Therefore, 3* has the expression

S (z,2") = i a2 (2*(1;, fzifl (z, x’>>”

n=0

Since ¢ is non-polynomial, so is p, and hence, there is an infinite number of nonzero a,,’s. By
Theorem [D.T] we can conclude that X* is strictly positive definite and complete the proof.
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I Additional Experimental Results
Code is made at https://github.com/deqg/deq.git.

Distribution of the output distribution
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Figure 5: Histplot of the distribution of hL for five neural networks with widths 10, 50,
100, 500, 1000 (left to right); KS statistics: 0.0154,0.0080,0.0054,0.0065,0.0068, pvalue:
0.0173,0.5395, 0.9331,0.7924, 0.7446.

Results for different activation function relu

relative error

0 25 50 75 100 " EER R
number of iterations -2.50.0 2.5 -2.50.0 25 -2.50.0 2.5
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Figure 6: Plot of Figure [T] with activation function relu

8

Figure 7: Plot of Figure 2] with activation function relu
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Figure 8: Plot of Figure 3] with activation function relu
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Figure 9: Plot of Figure ] with activation function relu
1.25 A 1.25 A i I 1.25
A A , A
1.00 \ 1.00 £ 1.00 \ 1.00 |
> J > o > \ » \
£0.75 I 2075 £0.75 £ \ £0.75: /
g g : L g
8050 / 8os0 / Sos0 ) \ Sos0- / \\
0.25 0.25 0.25 £ 0.257
0.00 > 0.0 - 0.00 A \ 0.00 = -
: b 0 1 : e 0 1 : =i 0 1 : =1 0 1
1 1 1 1
Figure 10: Plot of Figure [5| with activation function relu; KS statistics:

0.1217,0.0137,0.0127,0.0070, 0.0056, pvalue: 1.88 x 107129 0.0456,0.0774,0.7138,0.9057.
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