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Abstract

Causal graph discovery and causal effect estimation are two fundamental tasks
in causal inference. While many methods have been developed for each task
individually, statistical challenges arise when applying these methods jointly:
estimating causal effects after running causal discovery algorithms on the same data
leads to “double dipping,” invalidating coverage guarantees of classical confidence
intervals. To this end, we develop tools for valid post-causal-discovery inference.
One key contribution is a randomized version of the greedy equivalence search
(GES) algorithm, which permits a valid, distribution-free correction of classical
confidence intervals. We show that a naive combination of causal discovery and
subsequent inference algorithms typically leads to highly inflated miscoverage
rates; at the same time, our noisy GES method provides reliable coverage control
while achieving more accurate causal graph recovery than data splitting.

1 Introduction

Causal discovery and causal estimation are fundamental tasks in causal reasoning and decision-
making. Causal discovery aims to identify the underlying structure of the causal problem, often in
the form of a graphical representation which makes explicit which variables causally influence which
other variables, while causal estimation aims to quantify the magnitude of the effect of one variable
on another. These two goals frequently go hand in hand: computing valid causal effects requires
adjustments that rely on either assuming or discovering the underlying graphical structure.

Methodologies for causal discovery and causal estimation have mostly been developed separately, and
the statistical challenges that arise when solving these problems jointly have largely been overlooked.
Indeed, a naive combination of causal discovery and standard methods for computing causal effects
suffers from “double dipping”: classical confidence intervals, such as those used for linear regression
coefficients, need no longer cover the target estimand if the causal structure is not fixed a priori but
is estimated on the same data used to compute the intervals. The key underlying problem is that
asserting the existence of a causal relationship biases the estimated effect size toward significance.

More formally, suppose we are given a fixed causal graph G. Let 8¢ denote a causal parame-
ter of interest within GG, which will typically correspond to an effect of one variable on another.
Standard statistical methods take a data set D and produce a confidence interval Cl(a; D) such
that P{S¢c ¢ Clg(o; D)} < a, where a € (0,1) is a pre-specified error level. However, if we
estimate the causal graph G from D, this guarantee breaks down; that is, there is no guarantee that
]P’{ﬁé ¢ Cla(a; D)} < «. This issue arises due to the coupling between the estimand 35 and the

data used for inference, since G implicitly depends on D.
To address this failure of naive inference, we develop tools for valid statistical inference after causal
discovery. We build on concepts introduced in the literature on adaptive data analysis [Dwork et al.,

2015a,b] and develop causal discovery algorithms that allow computing downstream confidence
intervals with rigorous coverage guarantees. Our key observation is that randomizing causal discovery
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mitigates the bias due to data reuse. In particular, we show that, for a level @ < « depending on

the level of randomization, naive intervals satisfy IP’{ Ba & Cla(a; D)} < «a, where G is a causal
structure estimated via a noisy causal discovery algorithm.

Randomization leads to a quantifiable tradeoff between the quality of the discovered structure and
the statistical power of downstream inferences: higher levels of randomization imply lower structure
quality, but at the same time allow tighter confidence intervals; that is, & is not much smaller than the
target error level a. Moreover, we show empirically that the proposed randomization schemes are not
vacuous: classical confidence intervals for causal effects indeed vastly undercover the target causal
effect when computed after running standard, noiseless discovery algorithms.

A key contribution of our work is NOISY-GES, a noisy version of the classical greedy equivalence
search (GES) [Chickering, 2002]. We show that NOISY-GES inherits consistency of usual GES, but at
the same time enables a valid correction of classical confidence intervals in the learned graph.

2 Problem Formulation and Preliminaries

Causal Graphs. We consider the problem of performing inference based on a causal graph. A causal
graph is a directed acyclic graph (DAG) G = (V, E), where V = (X1, ..., Xy) is the set of vertices
and FE is the set of edges. We denote by PajG C [d] the set of parents of node X in graph G. In
addition to capturing conditional independence relationships, a causal graph represents the causal
relations in the data: the existence of an edge from X; to X; implies a possible causal effect from
X; to X;. Our theory also applies to methods that return an equivalence class of DAGs, namely a
completed partially directed acyclic graph (CPDAG). We will use the notation G, as well as the
term “causal graph,” to refer to both DAGs and CPDAGS, given that our tools are largely agnostic to
whether the causal discovery criterion is applied to a set of possible DAGs or CPDAGS.

Targets of Inference in Causal Graphs. Suppose that the analyst works with a causal graph G and
decides on a specific causal estimator to compute the effect of X; on X; within this graph. We will

use ﬂg ~9) to denote the large-sample limit of this estimator, and that will be our target of inference
in graph G. Analogously, when G is discovered from data, our target will be Bgﬁj ),

It is natural ask whether inference—and specifically its resulting target—is meaningful if the discov-
ered graph is not the exact generating truth, since then ﬂg_n ) may not coincide with the “true” causal
effect. The perspective we build upon is that different models provide different approximations to
the truth, some better than others, and should not be thought of as true data-generating processes
[Berk et al., 2013, Buja et al., 2019a,b]. Indeed, a causal graph is rarely a perfect representation of
the truth, but it can nevertheless serve as a useful working model. For instance, given the complexity
of any real-world system, some relevant factors will almost inevitably be missing from the graph
used in the analysis. This is true when the graph is estimated algorithmically, but even when it is
provided by a domain expert. Whether or not the graph is correct, there is a well-defined underlying
population-level quantity that the estimator approximates. Naturally, if the discovered graph G is
correct, then Bg_”) will be equivalent to the true causal effect. The goal of our confidence interval

constructions is to appropriately measure the estimator’s fluctuations around the target.

Statistical Validity. To perform a causal analysis, we work with a finite data set D = {X (k) o=

{(ka), cee X((ik))}};:l of n 1.i.d. measurements from a distribution P, where X](-k) denotes the j-th
variable in data point k. With only finite data, valid inference is ensured by constructing confidence
intervals around an estimator, often by relying on the estimator’s (asymptotic) normality. See Imbens
[2004] for an overview of standard confidence interval constructions. We study settings in which the
causal graph G is not given a priori but is learned from D via causal discovery algorithms. Denote

by G the graph over X1, ..., X, obtained in a data-driven way. Our main technical result can be
summarized as follows: whenever we have a way of constructing valid confidence intervals for a
causal quantity of interest when the causal graph G is fixed, we can adapt the respective method to

produce valid confidence intervals when the causal graph G is learned from data.

What makes inferring the targets Bg_)j ) statistically challenging is the fact that we are using the

data twice: once to estimate the causal structure G and another time to compute a causal estimate
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B\gﬁj ). This double-dipping phenomenon creates a bias: Bgﬁj ) can be far further from ﬁgﬂj ) than
predicted by classical statistical theory. To correct this bias, we rely on quantifying the error increase
of “naive” confidence intervals due to double dipping. In particular, consider a family of confidence

intervals Clgﬁj ) (; D) that satisfies

P{3(i,5) € Za : 577 ¢ CLE (s D) | < o M

for all G and a € (0,1). Importantly, note that, since G is fixed, the target estimand is trivially
independent of the data D. The guarantee (1) does not hold when G is estimated from D. Throughout
the paper we will use CIg_)j )(a) = Clg_}j ) (c; D) to denote “standard” intervals, which, if D is
independent of @, satisfy the high-probability guarantee of Eq. (1).

Correcting Inferences via Max-Information. We show that naive intervals at a corrected level
& < « have error at most o. This construction is intrinsically tied to the degree of dependence

between the data D and the learned graph G, as formalized via max-information.
Definition 1 (Max-information [Dwork et al., 2015a]). Given v € (0, 1), the v-approximate max-
information between D and G is I7,(G; D) := maxo log(]P’{(CAv', D) e (9} - 'y)/IP’{(é, D) e (’)},

where D is an i.i.d. copy of D and O is maximized over all measurable sets.

A bound on I (G; D) provides a way of bounding the probability of miscoverage when G is
estimated from D, as long as we can control the same notion of error in fixed graphs G. One approach
for bounding max-information extensively studied in the literature on adaptive data analysis is to
make the causal discovery procedure differentially private [Dwork et al., 2006]. Roughly speaking,
differential privacy requires that the output of a statistical analysis be randomized in a way that makes
it insensitive to the replacement of a single data point.

Definition 2 (Differential privacy [Dwork et al., 2006]). A randomized algorithm A is e-differentially
private for some € > 0 if for any two fixed data sets D and D' differing in at most one entry and any
measurable set O, we have P{A(D) € O} < e P{A(D’) € O}, where the probabilities are taken
over the randomness of the algorithm.

To translate privacy into max-information, we apply the following key result.

Proposition 1 (Dwork et al. [2015a]). Suppose that algorithm A is e-differentially private, and fix

any v € (0,1). Then, we have I1 (A(D); D) < %€* + ey/nlog(2/7)/2.

Putting everything together, we see that it suffices to perform causal discovery in a differentially
private manner in order to perform valid statistical inference downstream. We thus reduce the problem
of valid inference after causal discovery to one of developing algorithms for private causal discovery.

3 Noisy Causal Discovery

Exact Search. Our first step is to study a simple setting in which the set of candidate graphs is small
enough that we can exhaustively enumerate and individually score all of them. The following section
extends our theory to the more realistic setting of large numbers of candidate graphs.

Suppose we have a candidate set G of causal graphs that captures our uncertainty about which
data-generating model to choose. To select a graph from G, we specify a score function, S(G, D),
which takes as input a graph G and data set D, and we select the graph with the maximum score,
G, = arg maxgcg S(G, D). The score function S(G, D) is typically formulated as some measure
of compatibility between G and the relationships suggested by the data D, such as the Bayesian

information criterion (BIC). Note that G « depends on the data D and is thus random.

To enable valid inference after graph selection, we rely on a randomized selection rule. Under this
rule, a simple correction to the target error level « suffices for rigorous downstream inference. The key
step in designing the randomized graph selection is to compute the maximum score in the uncertainty
set G in a differentially private manner. To accomplish this, one needs to consider the sensitivity of
the score. The amount of necessary randomization is directly proportional to the sensitivity.
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Algorithm 1 Noisy causal discovery

input : data set D, set (z\f graphs G, privacy parameter ¢, score function S with sensitivity 7
output: causal graph G

For all G € G, sample {¢ r Lap (2{)

Set G + arg maxgeg S(G, D) + a

Return G

Definition 3 (Score sensitivity). A score function S(G, D) is T-sensitive if for any graph G € G and
any two fixed data sets D and D' differing in at most one entry, we have |S(G,D) — S(G,D’)| < 7.

Roughly speaking, score sensitivity bounds the influence that any single data point can have on the
choice of the best-scoring graph within the uncertainty set. We present our noisy causal discovery
algorithm formally in Algorithm 1, and state its privacy guarantee in the following proposition.

Proposition 2. Noisy causal graph discovery (Algorithm 1) is e-differentially private.

Combined with Proposition 1, Proposition 2 implies a correction in the form of a discounted error
level for confidence interval construction that ensures valid inference on effects estimated from G.

Theorem 1. Suppose G is selected via Algorithm 1 and fix v € (0,«). Then, we have

]P’{H(z J) €Ly B(lﬁj ﬁCl(lﬁj( )}<af0ra— a — ) exp{—ne?/2 — e /nlog(2/v)/2}.

Greedy Search. To enable valid statistical inference after causal discovery via GES [Chickering,
2002], we next develop a private variant of GES that relies on randomization. The GES algorithm
requires the existence of a local score; that is, we can write the score of a graph as a sum of “subscores”
obtained by regressing each variable X; on its parents in G: S(G,D) = ZZ L 8(X;, Pad D).
Standard scoring criteria, such as the Bayesian information criterion, satisfy this condition. As before
we define an appropriate notion of sensitivity.

Definition 4 (Local score sensitivity). A local score function s is T-sensitive if Vi € [d], I C [d] and
any two data sets D and D' that differ in a single entry, we have |s(X;, X1, D) — s(X;, X1,D")| < 7.

Below we formally state the NOISY-GES algorithm along with its privacy guarantees. We stress that
this procedure is equally valid for greedy search over CPDAGs and greedy search over DAGs. We use
the notation AS™ (e, G, D) := S(GUe, D)—S(G, D) and AS~ (e, G, D) := S(G\e,D)—S(G, D).

Proposition 3. Noisy GES (Algorithm 2) is (2€thresh + 2Emax€score)-differentially private.

With Proposition 3 in hand, we can now ensure valid statistical inference after causal discovery. We
state an analogue of Theorem 1 for NOISY-GES which shows how to discount the target miscoverage
level in order to preserve validity after graph discovery via greedy search.

Theorem 2. Suppose that G is selected via Algorithm 2 and fix v € (0,«).
Then, we have P{ﬂ(i,j)eIézggﬁj)gCIg%j)(&)} < a, for & = (o —

7) exp (_Qn(ethresh + lalrnaxfscore)2 - (ethresh + Emaxescore) 2n 10g(1/7))-

Consistency of NOISY-GES. Additionally, we show that NOISY-GES inherits consistency of the
standard GES algorithm. In other words, employing randomization for valid downstream inference

Algorithm 2 Noisy greedy equivalence search

input :data D, max. number of edges E'yax, score S with local sensitivity 7, parameters €;core, Ethresh
output: causal graph G

Initialize G to be an empty graph

Run forward pass G GreedyPass(G D, Emax, S, T, €scores €threshs +)

Run backward pass G GreedyPass(G, D, Emax, S, T, €scores €threshs —)

Return G
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Algorithm 3 GreedyPass

input : initial graph CAT‘O, data D, max. number of edges Ey.x, score S with local sensitivity 7,
parameters €score; Ethresh, Pass indicator sgn € {+, —}

output: estimated causal graph G

Initialize G + @0 and sample noisy threshold v ~ Lap (eﬁT\ ‘h)

fort =1,2,..., Fhax do

Construct set 77" of valid (sgn)-operators

For all e € £79", compute AS59" (e, G , D) and sample &; . S "Lap (E )

Setej = argmax,¢ g AS9" (e, G, D)+ &1
if A5 (¢;, G, D) 4 n; > v where n, ~ Lap (

‘ Apply operator e} to G
else

| break
end

) then

€thresh

end
Return G

incurs a negligible cost in large samples under suitable conditions. As for standard GES, the key
condition for consistency is that an increase in score corresponds to an actual increase in the graph’s
ability to capture the underlying structure, formalized via local consistency [Chickering, 2002].

We make a minor assumption that P comes from an exponential family and that there exists a DAG
G.(P) that is a perfect map of P, meaning that every independence constraint in P is implied by the
structure G (P) and every independence implied by the structure G, (P) holds in P. If there exists a
perfect map of P, we say that P is DAG-perfect.

Proposition 4 (Consistency of NOISY-GES). Denote by éGES the output of standard GES on D.
Moreover, suppose that the local score function is T-sensitive. Assume —— = o(1), and =

6thre<h

o(1). Further, assume that for all DAGs G and for all edges e, AS°9" (e, G D) —p As>%. and that
Asng” # As7¢ ' unless e = e and G = G, for sgn € {+,—}. Then, if Epax > |E GGES),
limy, oo P {G = GGES} = 1. If, in addition, P is DAG-perfect, and the scoring criterion is locally

consistent, we have lim,,_, P{é =G, (73)} = 1, where G is a perfect map of P.

4 Empirical Studies

We compare the standard, non-noisy GES method with our noisy GES (Algorithm 2). We focus
on multivariate Gaussian observations normalized to have unit variance. The most commonly used
scoring criterion for GES is the Bayesian information criterion (BIC). It satisfies the conditions
required to guarantee consistency of GES, but has unbounded sensitivity in general. To justify the
conditions in Proposition 4, we we use clipping to guarantee a bounded local score sensitivity.

Definition 5 (Clipped BIC). The local clipped BIC score with clipping parameter C'is defined as
k k)2 ‘P G‘
SBIC(X Xpa(' D) = —mln—Zmln{ - Z 95X§ )) ,C} — logn. (2)
sePajG

Proposition 5 (Clipped BIC properties). The clipped BIC score (2) satisfies: (i) %-sensitivity of the
local score ngc; and (ii) local consistency, assuming C' = w (1).

The two properties in Proposition 5 imply that the clipped BIC score can simultaneously achieve
local con51stency and 7-local sens1t1v1ty for any 7 = w( ) Therefore to satisfy the conditions of
T — = o(1)—we can use

ore ’ €thresh

any €gcores Ethresh = w(%) and achieve consistency by calibrating C' appropriately.
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Figure 1. Probability of error for varying n (x-axis) and d (y-axis) in empty (top) and sparse random
(bottom) graphs. Intervals are constructed with target error probability equal to 0.05. We observe that
the probability of error significantly exceeds the target when the number of variables go beyond 10,
even in large sample regimes.

Empty DAG Sparse Random DAG
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Figure 2. Comparison of NOISY-GES and data splitting in terms of structural Hamming distance to
true graph for varying n (x-axis) and d (y-axis). Left panel is the empty DAG setting; right panel is the
sparse random DAG setting.

Validity Experiments. We quantify the severity of uncorrected inference after causal discovery by
evaluating the probability of miscoverage of an effect of interest. In particular, we use the same data

to both estimate the causal graph G via GES and to compute a point estimate of the effect B (i=J ),
and then we use a standard t-interval around the point estimate to produce a confidence region for the
effect ,Bg_” ). We investigate two models for generating the true underlying graph: 1) an empty graph

and 2) a sparse random graph. In either case, we first run GES to estimate a graph G. Then, we select

an edge e = X; — X uniformly over all edges in G and compute a 95% confidence interval. We
repeat this procedure 1000 times to estimate the probability of miscoverage of the population-level

estimate Bgﬁj ) (which in the empty graph case is simply zero). In Figure 1 we plot the probability
of error for varying sample size n and number of variables d.

Graph Recovery. In Figure 2 we compare GES and data splitting in terms of the structural Hamming
distance (SHD) of their output to the true underlying graph. To implement a fair comparison between
the two approaches, for a given max-information bound of NOISY-GES, we derive a splitting fraction
p that makes the resulting confidence intervals of the same size (see Appendix). The blue entries
correspond to NOISY-GES incurring lower SHD error and the red entries correspond to data splitting
incurring lower SHD error, with the shade indicating the size of the difference. As we increase the
number of variables, our algorithm consistently outperforms data splitting. Data splitting outperforms
NOISY-GES in the lowest-dimensional setting (d = 5), which, as shown in Figure 1, coincides with
the settings where inference after causal discovery is itself less problematic.
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A Technical Lemmas

Lemma 1. Ler {X;}? | bea sequence of i.i.d. random variables and {C), },, a sequence of clipping
thresholds such that C,, — oco. Then, 237" | min{X;,C,} —, EX;.

Proof. For any € > 0, by Chebyshev’s inequality we have

A ne2 ~ ne?’
1=1

1~ . -
P{‘anm{X“Cn} —Emin{X;,Cy}| >

6} < Var(min{XhC’n}) EX?

which tends to 0 as n —> oo. Moreover, Emin{X;,C;,,} — EX; by dominated convergence, hence
we can conclude that 2 3" | min{X;,C,,} =, EX;. O

Lemma 2 (Closure under post-processing [Dwork et al., 2006]). Let A(-) be an e-differentially private
algorithm and let B be an arbitrary, possibly randomized map. Then, B o A(-) is e-differentially
private.

Lemma 3 (Adaptive composition [Dwork et al., 2006]). For t € [k], let Ai(-,a1,a2,...,a1-1)
be e;-differentially private for all fixed a1, . ..,at—1. Then, the algorithm Acomp Which executes
Ai, ..., Ay in sequence and outputs a1 = A1(D),a2 = A2(D,a1),...,ar = Ap(D,a1,...,a5-1)
is (Zle €¢)-differentially private.

B Greedy Equivalence Search: Background

In this section we provide the details behind the greedy pass subroutine (Algorithm 3) that is used in
GES. In particular, we review the definitions of valid (sgn)-operators that appear in [Chickering,
2002], clarify what it means to apply a given operator to the current CPDAG, and explain how the
score gains ASS9" (e, G , D) are computed. As before, we use G to denote the CPDAG maintained
by GES.

Before we define (sgn)-operators, we briefly review some graph-theoretic preliminaries. We say

two nodes X, X are neighbors in a CPDAG Gif they are connected by an undirected edge, and
adjacent if they are connected by any edge (directed or undirected). We also call a path from X, to
X, in a CPDAG semi-directed if each edge along it is either undirected or directed away from X,.
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Definition 6. For non-adjacent X, and Xy in é, and a subset T of X3’s neighbors that are not

adjacent to X,, the Insert(X,, Xy, T) operator is defined as the procedure that modifies G by
inserting edge X, — Xy and for each T € T, converting T — Xy, to T — Xp.

Definition 7. For X, and X, in G connected as Xy — Xpor Xy, — Xy, and a subset T of Xp'’s
neighbors that are adjacent to X, the Delete(X,, Xy, T) operator is defined as the procedure that

modifies G by deleting the edge between X, and X, and for each T' € 'T, converting Xy, — T to
Xp—=>Tand X, —Tto X, —T.

We use “(+)-operator” (resp. “(—)-operator”) as a shorthand for the Insert operator (resp. the Delete
operator).

Now that we have a definition of (sgn)-operators, we need to define which operators are valid to
apply to the current graph. For example, if we were greedily updating only a single DAG and not
a CPDAG, we would only consider edge additions that maintain the DAG structure. We define
an analogous form of validity for CPDAGs, which requires a bit more care. Let NA x, x, be the
neighbors of X, that are adjacent to X,.

Definition 8. We say that Insert(X,, Xy, T) is valid if NA x, x, U T is a cliqgue and every semi-
directed path from Xy, to X, contains a node in NA x, x, UT.

Definition 9. We say that Delete(X,, Xy, T) is valid if NA x, x, \ T is a clique.

For a valid (sgn)-operator, Chickering also defines how to properly score the gain due to
applying it. In particular, the score gain due to executing Insert(X,, X3, T) is defined as
AS+((Xa7Xb,T),CA¥, D) = (X4, NAyx, x, UTUPax, UX,,D) — s(X,NAx, x, UTU
Pay, U X,, D).

This expression is essentially an application of the formula decomposition of the score gain for a
specific DAG G consistent with the CPDAG G and edge e = (X, — Xp). Similarly, the score gain
due to executing Delete(X,, Xp, T) is defined as AS™((X,, Xy, T), G, D) = s(X,, {NAx, x. \
T} U {Paxb \Xa},D) — S(Xb, {NAXb,Xa \T} U Paxb,D).

Having laid out this preamble, we can now state more precisely the greedy pass subroutine (Algo-
rithm 3) of noisy GES.

Algorithm 4 GreedyPass

input : initial graph @0, data set D, maximum number of edges F,,x, score S with local score
sensitivity 7, privacy parameters €score, €thresh, pass indicator sgn € {4, —}
output: estimated causal graph G
Initialize G < Gy
Sample noisy threshold v ~ Lap (6;7 - )
fort=1,2,..., Enax do
if sgn = + then
| Construct set &' of all valid Insert(X,, X, T) operators (Def. 8)
else if sgn = — then
| Construct set & of all valid Delete(X,, X}, T) operators (Def. 9)
end
For all e € £;°", compute AS59" (e, @,D) and sample §; . i Lap (ei:e)
Setej = argmaxe g AS9" (e, G,D) + e

Sample 7; ~ Lap ( 87 )

€thresh
it ASs9(e;, G, D) + 1, > v then
‘ Apply operator e} to G
else
| break
end

end
Return G




317

318

320
321

322

323

324

325

326

327
328
329
330

C Noisy Causal Graph Discovery: Proofs

C.1 Proof of Proposition 2

The proposition is an application of the privacy guarantees of the Report Noisy Max mechanism in
differential privacy (see, for example, Chapter 3.3 in the book [Dwork and Roth, 2014]). In addition,
the privacy analysis of Algorithm 2 strictly subsumes the privacy analysis of Algorithm 1.

C.2 Proof of Theorem 1

By Proposition 1, we can bound the max-information between G and D:

78.(G;D) < gé + ey/nlog(2/B)/2.

The definition of max-information, in turn, implies that

P{3(i,j) € Te: 857 ¢ CIG (@), G = G
< exp (T2(GD)) P{3(i,j) € T : 8L & C1G77(@:D),G = G}
< exp (262 + e\/nlog(2/ﬁ)/2) &

= Q.

Marginalizing over all graphs G yields the final theorem statement.

D Noisy Greedy Equivalence Search: Proofs

D.1 Proof of Proposition 3

As mentioned earlier, the proof relies on the analysis of two differentially private mechanisms: Report
Noisy Max and AboveThreshold [Dwork and Roth, 2014]. To facilitate the proof, in Algorithm 5 we
provide an equivalent reformulation of Algorithm 3 that allows decoupling the analyses of these two
mechanisms.

Algorithm 5 Decoupled GreedyPass

input : initial graph @0, data set D, maximum number of edges F,,x, score S with local score
sensitivity 7, privacy parameters €score, Ethresh, pass indicator sgn € {+, —}
output: estimated causal graph G
Initialize G + Go
Get potential operators £ ProposeOperators(@ v D, Emax, S, T, €scores SgN)
Get selected operator subset £* <+ SelectOperators(@ ,D, S, T, €thresh, S9N, E)
fort=1,...,|E% do
‘ Apply ef to G
end
Return @

10
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Algorithm 6 ProposeOperators

input : initial graph éo, data set D, maximum number of edges Fi,.x, score S with local score
sensitivity 7, privacy parameter €score, pass indicator sgn € {+, —}
output: proposed set of operators £
Initialize G + Go
Initialize £ < @
fort =1,2,..., Fhax do
Construct set £;®" of valid (sgn)-operators

Forall e € ", compute AS*" (e, G, D) and sample & . "X Lap ( AT )

€score

Set e = arg max,gssn AS®" (e, G, D) +&te
Add operator e; to £
Apply operator e; to G

end

Return £ = (ey,...,eq,.. )

Algorithm 7 SelectOperators

input :initial graph CAY'O, data set D, score S with local score sensitivity 7, privacy parameter €qpy esh,
pass indicator sgn € {+, —}, set of proposed operators £
output: set of operators £*

Sample noisy threshold v ~ Lap ( AT )

€thresh
Initialize £* + @
Initialize G < Gy
fort =1,2,...,|€| do

Sample 1, ~ Lap (877)

€thresh

if AS®8" (e, G, D) + n; > v then
Add e} to &*

Apply e to G

else
| break
end

end
Return £* = (e, €3,...)

We argue that the two subroutines composed in the greedy pass, namely ProposeOperators (Algo-
rithm 6) and SelectOperators (Algorithm 7), are differentially private. By the closure of differential

privacy under post-processing (Lemma 2), this will imply that Algorithm 5, which returns G, is also
differentially private, since Gis merely a post-processing of the selected operators £*.

The privacy guarantee of Algorithm 6 is implied by the usual privacy guarantee of Report Noisy
Max and composition of differential privacy. Note that the construction of the set £;" at every time
step is only a function of the current graph G and not of the data, i.e. it is independent of the data
conditioned on G. Formally, the key component is the following lemma:

Lemma 4. For any t € [Enax|, selecting e; is escore-differentially private; that is, for any operator
eo € 7", it holds that

]P’{arg max AS°9" (e, @,D) + &6 =€

ceE:

(A?} < GESCUTSIP’{arg max AS°9" (e, CA;, D)+ & =€

cCE

for any current graph G and any two neighboring data sets D, D’.

Proof. Denote 7 = A8 (¢, G, D) and rl = AS™" (¢, G, D). Fora fixed eo € £, define
E;GU = mln{g “Teg +£ > Ter + ft,e/ ve' 7£ 60}.

11



as0  For fixed {&; ¢ }er£e,. We have that eg will be the selected operator on D if and only if & o, > &t o
s41  Further, by the bounded sensitivity of the local scores, we have that for all ¢’ # eg:
Teo + f{:k,eo > rer + &t e
= 7’20 + 2T+€t*,eo >l — 2T 4 & er
=1y + AT+ &) > e + e
as2  Therefore, as long as §; ¢, > 47 + & ., the selection on D will be e as well. Using the form of the

343 density of & ., ~ Lap < ) we have that:

@} 2 P{ft,eo Z 4T + 5:,60}
Z e_escore]P){gt’eU 2 6;’60}

= P{arg maxre + gt,e =€ | {gt,e’}e’yﬁeo
e

]P’{arg max 7, 4 e = €o | {&ter fereo
e

d

(A?} < eESCUTCIP’{arg max AS%9" (e, é, D) +&e =€

ecE5o

By taking iterated expectations, overall we have

]P’{arg max AS° (e, G, D) + &.. = eg

ecg™

é }
a4 for all neighboring data sets D, D’, ensuring the desired privacy. [

a45 This directly implies the following result:
a6 Lemma S (Privacy of ProposeOperators). Algorithm 6 is Ey,ax€score-differentially private.

347 Proof. The result follows directly from Lemma 4, by applying the adaptive composition rule for
a4g differential privacy (Lemma 3) over El .« Steps. O

349 Now we isolate the second component of the greedy pass: checking if the operator’s contribution is
350 positive. To analyze this component independently of the selection of potential operators, we consider
351 Algorithm 7 which receives a set of proposed operators £ and outputs only the first £} . < Fyay of

max —
352 them which pass the noisy threshold test. Note that £ . is random and data-dependent.

353 In what follows we use £*(D) and £*(D’) to denote the output of Algorithm 7 on two neighboring
354 data sets D, D’.

Lemma 6 (Privacy of SelectOperators). For any input set of proposed edges € = (e1,...,ep,..)
Algorithm 7 is €gnresh-differentially private; that is, for any 1 < k < Fnpax + 1:

P{E*(D) = (ej)j<k} < e“="P{E*(D') = (e;) <k}
355 given any two neighboring data sets D, D’.

Proof. Fix 1 < k < Ep,ax + 1 and consider (eq, ..., ex). Let Gy, ..., Gy be the graphs resulting

from the application of operators e; in sequence, starting from the initial graph CA}’O. Define r; =
AS®8"(e;,Gy—1,D) and r; = AS®8"(e;, G¢—1,D’). Condition on 7ny,...,n,—1 and define the
following quantity that captures the minimal value of the noisy score gain up to time k — 1:

D) = min{r; +n;},
9(D) = min{r; +n;}

and analogously for D':
9(D’) = min{r; +n;}.
1<

ss6 Using these quantities we can directly express the probability of outputting exactly the first k — 1
357 proposed operators, i.e. breaking at the k-th step of the algorithm:

PIE"(D) = (e5)irh =PIV € (i + 11, 9(D)])
[ [ mamtwniv e x + .o

12



With the change of variables ¢’ = ¢ — g(D) + g(D’) + 1 — r},, w' = w + g(D') — g(D), we have

1w € (rv+q,9(D)]} = 1{w'+9(D)—g(D') € (¢'+9(D)—g(D')+rt, 9(D)]} = H{w' € (r,+¢, 9(D")]}

358 and thus
P{E"(D (ej)j<k}

/ / Do (@ + 9(D) — 9(D') — 1 + 1 )pu (W' — g(D') + g(D)L{w' € (r + ¢', g(D')]}dg'du.

Observe that r; is 27-sensitive since the local scores are T-sensitive, and hence g(D) is 27-sensitive
as well. This implies that |¢' — ¢| < 47, |w’ — w| < 27, so by the form of the Laplace density we
have

P (@ +9(D) = g(D') =i+ 1) < eren/2p, (), pu(w' —g(D')+g(D)) < eorresn/2p,, (w).

359 Putting everything together, we have:

F{ETD) = e“<’f}</ / e 2 ()py (e o2 1! € (ry + ¢, g(D')]}da'du’
— eethxeshp{g ) (ej)]<k)}

se0 which is the desired guarantee. O

ss1  Finally, we combine the guarantees of Lemma 4 and Lemma 6 to infer the privacy parameter of
ss2  Decoupled GreedyPass (Algorithm 5), which is equivalent to GreedyPass from Algorithm 2. The
363 following statement follows from a direct application of privacy composition (i.e., Lemma 3).

se4 Lemma 7 (Privacy of Decoupled GreedyPass). Algorithm 5 is €ihresh + Fmax€score-differentially
365 private.

ses Proof of Proposition 3. Since the GES algorithm (Algorithm 2) consists of two executions of Greedy-
367 Pass, which is equivalent to the Decoupled GreedyPass, we can apply Lemma 7 and Lemma 3 to
ses conclude that GES is (2€hresh + 2Emax€score )-differentially private. O

sss D.2  Proof of Proposition 4

s7o  We show that, in the large sample limit, private GES behaves identically to the standard GES
371 method. Denote by e, €3, ... the insertion operators selected by non-private GES in the forward
a7z greedy pass and by @t the CPDAG constructed at the end of step ¢ of the forward pass. Further, let
73 Gap = ming mineer AST(ef, Gy_1,D) — AST(e,Gy_1,D). In words, Gap is the gap in score
374 improvement between the optimal edge at time ¢ and the second best edge at time ¢, minimized over

a7s  all steps t. Notice that by the existence of distinct As>%~, we know that lim,, ., Gap > 0. Moreover,

76 L, T = o(1) implies that the noise level vanishes asymptotically. Putting all of this together
377 implies that the limiting probability that noisy GES selects €7, €3, . .. is one. By a similar argument
a7e  we conclude that noisy GES halts the forward phase at the same step as the non-noisy GES, and thus
379 we have shown that the output of the forward pass of noisy GES is asymptotically the same as that
380 of non-noisy GES. By an analogous argument it follows that the outputs of the backward pass are
381 identical, which completes the proof of the first claim. The second claim follows directly by putting
ss2 together the first claim and the classical consistency result for GES [Chickering, 2002].

T T

ss3 D.3 Proof of Proposition 5

384

c
o2

85 D ={X®}2_ and D’ = {X (¥)}7_ denote two data sets that differ in one entry, and without loss
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of generality assume they differ in the first entry. Let 7 index an arbitrary variable and denote
2

Op = argeminLj(H,D) = argmln Zmln XJ(-k) — Z 0. X8 | Cb,
scPa§

n

1 / ’
Opr = arg min L;(0,D’) := argmln— min Xj(k) — Z HSXS(k) ,C

k=1 sEPaf

We argue that | L;(6p, D) — L;(0p/,D’)| < ;(0,D)—L;(0,D')| <
the corresponding sums only differ in one entry. Combining this fact with the optlmahty condltlon
for 6p, we get

C
Lj(e’D7D) S Lj(aD’,D) S Lj(oD/, )4’?
Analogously we obtain that L;(0p/, D) < L;(6p,D) + which completes the proof of the first

claim.

’I’LO’2 ’

The proof of local consistency directly relies on local consistency of the standard BIC score, in
combination with Lemma 1. In particular, Lemma 1 implies that

2 2

1 . (k) (k) 1 (1) (1)
Wme XM= > 0. O = SE XY - > 0.x( ,
= sEPaf sGPaJG

since C' = w(1). In other words, the asymptotic behavior of the clipped BIC score is identical to the
usual BIC score, whenever the clipping threshold diverges.

Therefore, for any G and candidate edge X; — X such that X; f X;|Xp,c we have
J
lim s$c(X;,Pad U X;, D) = lim spic(X;, Pa U X;, D)
n—oo J7 J v n—oo 77 J v
> lim spic(X;,Paf’, D)
= hm SBIC(X Pa , D),
n—

where the second step follows by local consistency of the standard BIC score, and the first and final
steps follow by the condition that C' = w(1). This proves the first condition of Definition ??.

The proof of the second condition follows analogously; suppose X; L X;|Xp,c, then
lim_ sgic(X;,Pal UX;, D) = lim_spic(X;, Pal U X;, D)
< lim_spic(X;, Pal, D)
= hm s510(X;, Pa , D),

which completes the proof.
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