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Abstract

Bridging the sim-to-real gap requires reinforcement learning policies that achieve
not only high rewards but also safety and robustness under distribution shifts. Yet
the high-dimensionality of the state-action space makes learning sample-inefficient.
To this end, we study robust constrained linear Markov decision processes (Lin-
RCMDPs) in the offline setting, where an agent seeks to maximize expected return
while satisfying safety constraints against the worst-case dynamics drawn from
an ambiguity set defined by a total-variation ball. We propose a sample-efficient,
model-based primal-dual algorithm CROP-VI that integrates robust planning with
rectified Lagrangian updates to ensure constraint feasibility across all transitions in
the ambiguity set. Specifically, we introduce pessimism into the reward function to
prevent over-estimation, and apply asymmetric optimism to constraint to balance
exploration-exploitation trade-off. Under mild data-coverage assumptions, we
establish the first instance-dependent sub-optimality bound of CROP-VI for Lin-
RCMDPs, where the learned policy is not only feasible with respect to the worst-
case model but achieves near-optimal robust return. We further establish the
sample-complexity bound of CROP-VI under partial or full feature coverage data,
and extend the analysis beyond the linear MDP idealization to a misspecified
regime, showing performance degrades gracefully with approximation error.

1 Introduction

Reinforcement learning (RL) seeks policies that maximize the expected cumulative reward through
interactions with the environment [1]]. In many high-stakes domains—autonomous driving [2H5]],
healthcare [[6-8]], wireless security [9H11]], and robotics [[12H14], agents must also obey resources
and safety constraints. Examples include avoiding collision for robots [[15} [16]], cost budgets in
medical decision making [17, 18], and adhering to regulatory limits in finance [[19]]. Constrained
Markov Decision Processes (CMDPs) address such requirements by optimizing utility while ensuring
policy-level constraint satisfaction [20-26].

* Equal contribution.

2nd Workshop on Aligning Reinforcement Learning Experimentalists and Theorists (ARLET 2025).



State Representation Blanchet et al. [36] | Wang et al. [40] | Ghosh [25] | This Work
unconstraint S x A-rectangular (Tabular) v v v v
d-rectangular (Linear) v v X v
. S x A-rectangular (Tabular) X X V! v
constraint -
d-rectangular (Linear) X X X v

Table 1: Comparison with the most relevant works in robust RL. v'indicates that the work is capable
of addressing the model with robust partial coverage data, v'! signifies that the work requires full
coverage data to solve the model, and X denotes that the work is not applicable to the model. Light
green highlights the models that are either introduced or proven to be tractable in this work.

Many CMDP algorithms learn constraints and rewards through online interaction [27-29]]. However,
online data collection can be expensive, slow, or unsafe in real-world systems. This motivates offline
learning, where a policy is learned solely from logged experience. Offline RL without constraints
has seen substantial progress in both practice and theory [30-H36], yet a standard assumption persists:
the deployment environment matches the training one. In practice, even a mild distribution shift can
severely degrade performance. Thus, there is an urgent need for robust policies that remain effective
and safe under environmental uncertainty.

Distributionally robust constrained RL tackles this challenge by optimizing the worst-case perfor-
mance over an uncertainty set inferred from historical data [21} 25} 37]], Existing results, however,
largely restrict attention (i) online interaction [21}25/37]] or (ii) offline data with tabular settings where
sample complexity scales with the size of the state-action space [25]], rendering them impractical for
high-dimensional problems. This raises a central question:

Can we design a provably sample-efficient offline RL method with linear function
approximation that is both distributionally robust and safe?

1.1 Contribution

We answer this question affirmatively by studying finite-horizon distributionally robust constrained
linear MDPs (Lin-RCMDPs). Our uncertainty sets are grounded in practice [38] and recent theory
[39, 40]. Concretely:

* Safe and robust algorithm design. We propose CROP-VI, a safe and distributionally robust
variant of offline least-squares value iteration for MDPs that admit linear representation and satisfy
safety constraints. We carefully design a data-driven robust penalty to mitigate the scarcity and
covariate shift of offline data, and we optimistically incorporate this penalty into the constraint to
balance the exploration-exploitation trade-off.

* Theoretical guarantees of sample efficiency. Under the partial feature coverage assumption
of offline data, CROP-VI returns an e-optimal robust policy whose constraint violation is at

most € provided the sample size satisfies O(C%, d*H*/e?) (cf. Corollary EI), where C% , is
a clipped concentrability coefficient that captures the degree of partial coverage, d is the feature
dimension, and H the horizon. Under full feature coverage, the sample complexity improves to
O(dH*k~1e2) (cf. Corollary , where £ > 0 quantifies coverage quality, matching the best

known for the unconstrained robust counterpart ([40]], Corollary 2).

* Robustness to model misspecification. We extend the analysis beyond exact linearity and prove
that CROP-VT retains robust performance and safety guarantees when transition is only approxi-
mately linear (e.g., from soft state aggregation), quantifying the degradation due to misspecification.

A comprehensive comparison with relevant works is presented in Table[T}

1.2 Related works

Constrained tabular and linear MDPs. Primal-dual algorithms are a central tool for CMDPs, with
tight performance guarantees established [41} 21, 22} [37]. These methods leverage strong duality
to prove convergence to the optimality. In the tabular settings, early analyses provided rigorous
convergence and sample-complexity bounds [42, 20} 43H47]]. Subsequent work extended these
ideas to structured models such as linear-kernel MDPs [48]] (see [21] for distinctions from linear



MDPs). Recent studies have begun to address linear MDPs directly [49] 37, [21]], but typically without
robustness: policies that are safe in expectation can violate constraints under misspecified dynamics.
Robust CMDPs are fundamentally more challenging because the worst-case transition kernel is policy
dependent, making the feasible occupancy-measure set nonconvex and thwarting standard analyses.

Distributionally robust RL with linear MDPs. Robust linear MDPs (Lin-RMDPs) have recently
drawn significant attention [36, 50, |40]]. Early progress in the offline learning under total variation
(TV) uncertainty balls established the first sample complexity guarantees [36], with [40] sharpening
the dependence on the feature dimension d to match standard offline linear MDPs [33/51]]. Beyond
TV distance, robustness has also been studied under Kullback-Leibler (KL) divergence [0, 36]]. In
the online setting, [52] achieved near-optimal regret under additional structure on the uncertainty set,
while [S3]] analyzed offline learning with the well-explored data coverage assumption. Complementary
lines of work consider richer function classes beyond linear models [54}1535].

Distributionally robust RL with constraints. Early algorithms for RCMDPs adopted a primal-
dual framework [56, 124} 23]]. The schemes in [56, [24]] alternate between computing the worst-case
return over a prescribed uncertainty set and improving the policy via standard updates (e.g., policy
gradients). [23]] proposed a robust primal-dual method and showed that strong duality can fail even
under Slater’s condition, precluding traditional sample-complexity guarantees for these heuristics.
More recently, [26] introduced a trust-region update that preserves feasibility and performance across
iterations, though convergence to a near-optimal policy remains open. In the tabular case, [25] gave
the first finite-sample bounds, and [57]] developed a policy-gradient approach based on an epigraph
reformulation of the RCMDP objective.

Notation. For any finite set S, let A(S) denote its probability simplex. For integers H, d > 1, write
[H] £ {1,...,H} and [d] £ {1,...,d}. Let e; be the i-th standard basis vector (of appropriate
dimension), and let I; denote the d x d identity matrix. For z,y € RY, ||z||2 and ||=||; denote the
l5- and ¢1-norms, and (z,y) is the Euclidean inner product. For any positive semidefinite matrix

A € R4 define |z]|4 £ V2T Az. For aset D, |D| denotes its cardinality. We write min{a, b}, £
max{min{a, b}, 0}. We use O(+) for orderwise scaling and O(-) to suppress logarithmic factors.

2 Problem Setup

In this section, we introduce the formulation of distributionally robust constrained Markov Decision
Processes (RCMDPs), along with the corresponding learning objective and assumptions regarding the
model and batch data. To begin with, we consider standard constrained MDPs (CMPDs) as follows.
CMDPs: standard constrained MDPs. Consider a standard constrained MDP, denoted by M =
(S, A H,P={P}1—, v ={r )i, g = {gn}_,), where S is the state space, A is the action
space, and H is the horizon length. At each step h € [H], P, : S x A — A (S) is the transition
kernel, rp, : & x A — [0, 1] is the deterministic reward function and gy, : S x A — [0, 1] is the utility

function. In addition, we denote m = {Wh}thl as the policy of the agent, where 75, : S — A (A)
is the action selection probability over the action space A at the step h. Given any policy 7 in the
CMDP, the learning objective is to solve the following optimization problem:

m;LxEs(]Ng [VTTl’P (so)} subjection to Eg ~¢ [Vgﬁp (80)} >0,

where b is some positive threshold, ( is initial state distribution, and for any state s € S and h € [H],
Kf,lbp(s) =E,p [Zih re (St,a¢) | sp = s] and VgT;ALP(s) =E,p [Zih gt (st,a¢) | sp = s} are
value functions for the reward function r and utility function g, respectively.

Linear function approximation. To handle the potentially massive state space, we impose the
following linear model assumption, which is commonly used in the previous literature [49, 21} 37, 40].
Assumption 1 (Linear CMDPs). A finite-horizon CMDP M = (S, A, H, P,r, g) is a linear CMDP if
given a known feature map ¢ : S x A — R%, there exist d unknown measures uﬁ = (uil, e ,uid)
over the state space S and two unknown vectors 0,.p,,0,, € R at each step h such that for
V(h,s,a,8') € [H| xS x AXS,

Th (S7a> = <¢ (S’a)’er7h>’ gh<57a) = <¢(S’a)’eg,h>7 Py (5/ | Sva) = <¢ (Sva)nuf (S/)>



Without loss of generality, we assume that ||¢ (s,a)||y < 1 and ¢; (s,a) > 0 for any (s,a,i) €
S x A x [d], and max { [ ||ut (s)Hst, 10r 1l 5 109,015} < Vd forall h € [H].

Lin-RCMDPs: distributionally robust linear CMDPs. To handle the uncertainty of environments,
we consider distributionally robust linear CMDPs (Lin-RCMDPs), where the transition kernel can
be an arbitrary one within an uncertainty set around the nominal kernel [21]]. Formally, we denote
itby Myob = (S, A, H,P* (P°) ,r,g), where P° represents a nominal transition kernel and then
PP (PO) represents the uncertainty set (a ball) around the nominal P° with some uncertainty level
p > 0. We assume that the uncertainty set satisfies the following d-rectangularity assumption [S8|140].

Assumption 2 (d-rectangularity of the uncertainty set). In Lin-RCMDPs, the uncertainty set PP (PO)
is d-rectangular, i.e., jif, ; € A(S) for any (h,i) € [H] x [d] and

PP (P°) = @m1,5,4P" (Poa) . with PP (Py,,) = {(¢(s.a), pun () : i €U (15) } .

0 o

where p =y, for simplicity, UP(up) = @qU (1 ;). UP (1 ;) = {pni = Drv(p, pp ;) <
p and “%i € A(S)}, ®yq) (resp. ®(,s,.4) denotes Cartesian products over [d] (resp. [H], S, and A)
and p is the uncertainty level. Here, Dy (fin,i, ﬂ%,i) = %Hﬂhz - u?m.Hl represent the total variation
(TV) distance between two probability measures.

Note that when the uncertainty radius p = 0, Lin-RCMDPs reduce to the standard linear CMDPs
satisfying Assumption [I} To further robustify the learned policy when p > 0, we are interested
in the worst-case performance induced by all possible transition kernels over the uncertainty set,
characterized by robust value function (resp. robust Q function) for the reward r and utility g,
respectively. For simplicity, we interchangeably denote that for j = r, g,

V(h,s,a) € [H] x § x A: ViP(s) = VIP(s), QT (s,a) =

. ,P
Pe?lanEPO) I @in (5.

in ;2
pepr(po) “Ih

Additionally, we denote 7* = {77 }Z | as a deterministic optimal robust policy [59] that maximizes
the robust value function for reward r while satisfying the constraint for utility g simultaneously, i.e.,
7;;(s) = argmax V3" (s) and V,;’(s) > b for any (s, h) € S x [H]. The resulting optimal robust
value/utility function and optimal robust Q-function are defined as:

Vi(S) = VI () = max V(). veln xS,
H
V;:}:J(S) = VgT,rh,p(S) = PG%I}EPO)EF*7P th (St7 at) | Shp =581, Ve [H] X Sa

t=h
and for any (h, s,a) € [H] x § x A,

Qri(s,a) 1= Q7" (s,0) = max QT (s,a),  Qgip(s,a) = Qg (s,a) = Qg ;" (s, 7(s)).

In addition, conditioned on some initial state distribution ¢, we define the induced occupancy
distribution w.r.t. any policy 7 and transition kernel P as follows: for any (h, s,a) € [H] X § x A,

dZ’P(s) = dZ’P(s;C) =P(sp, =s| ¢ m, P), dZ’P(S,a) = dZ’P(s)Wh(a | 5). (1)

Similar to (), we also denote the occupancy distribution associated with the optimal robust policy
m* and some transition kernel P by

V(h,s,a) € [H x Sx A: dpF(s):= dz*’P(s;C), dpf(s,a) = dZ*’P(S)WZ(a | 5).

Robust linear Bellman operator and optimality equations. A key component of Lin-RCMDPs
is the extension of the Bellman optimality principle for both reward and utility functions, captured by
the following robust Bellman consistency equation (or equivalently, the robust Bellman optimality
equation for *): for j = r, g,

V(h,s,a) € [H] x S x A: Q;’[L)(s,a) = Bf’thT’r;L’il(s,a), ‘/jir};p(s) = Eamr(-]s) [Q;f(s,a)]



where the robust Bellman operator and transition operator for any function f : S — R are defined by

[ij,hf](sva) = Jjn(s,a) + [IP’Zf](s,aL (2)
Piflsa) = inf [ (ol e (5)as

Note that under Assumption [2] the robust Bellman operator inherits the linearity of the Bellman
operator in standard linear MDPs [42 Proposition 2.3], as shown in the following lemma.

Lemma 1 (Linearity of robust Bellman operators). [Lemma 1 in [40]] Suppose that the finite-
horizon Lin-RCMDPs satisfies Assumption|l|and|2| There exist weights w;’ = {wé’ h}thl, where
why, =050 +1nf o0y [s 1n(s") f(s)ds' for any h € [H], such that BY , f (s, a) is linear with
respect to the feature map ¢, i.e., BY ; f(s,a) = (#(s,a),w] ) for j = r,g.

Offline data. Consider a batch dataset D = { (s;, ay, T, 95, 5, +1) consisting of K

}}LE[H],TG[K]
i.i.d. trajectories generated by executing some (mixed) behavior policy 7P = {w};}hH:l in interaction
with a nominal linear MDP M = (S JAH, PO, g). Note that D contains K H transition-reward
sample tuples, where each sample tuple (327 ay,, vy, 9h, S, +1) represents that the agent took the
action a], in state s, received the reward r} = r, (s}, a}) and the utility g] = g5, (s}, a},), and then
transitioned to the next state s}, ~ Py (- | s, = s},,a, = aj,). We further define the slice of data
at step h as

DO — {(327(12,7';792,s;TLJrl)}Te[K] .

For simplicity, we abuse the notation 7 € D?L to denote (s,TL, aj, 7,97, 57, +1) € Dg. In addition, we

define the occupancy distribution induced by the behavior policy 7® and the nominal transition kernel
PY at each step h, conditioned on the initial state distribution (, as:

b Wb,PO b 7rb ,PO
dy (s) :=dj, (s;¢) and dj (s,a):=d} (s,a;¢), Y(h,s,a) € [H] xS x A.
Learning goal. Given the batch dataset D and an initial state distribution ¢, the Lin-RCMDP M.},

seeks to solve the following problem:

max Eg ¢ [V:l”’ (s0)] subjection to Eg, ¢ [Vgirip (s0)] = . 3)
Our goal is to learn an e-optimal and e-level constrained robust policy 7 satisfies

Sub — Opt (7; ¢, P?) =V, (¢) — V;i3” (¢) < ¢, Violation (7;¢,P*) = b~V (¢) < e,
“4)

with as few samples as possible, where e represents the targeted accuracy, and

V(O = B e[V (s1)], V(O = Bonc[Vi"(s1)], j € {r,9).

3 CROP-VI: Constrained Robust Optimistic-Pessimistic Value Iteration

In this section, we introduce a novel model-based offline algorithm—Constrained Robust Optimistic-
Pessimistic Value Iteration (CROP-VI) for Lin-RCMDPs. We first consider a rectified form of problem
(3) using the dual variable. Then, we construct an empirical Bellman operator for Lin-RCMDPs.

3.1 Rectified dual form

As highlighted by [25]], the traditional primal-dual method developed for non-robust CMDPs does not
directly extend to the robust CMDPs, since the robust state-action occupancy measure is not convex
and strong duality does not hold. A feasible solution is to transform the original problem (3)) into the
following rectified dual form:

max V¥ ()= 8 (b= Vi Q). ®

where 3 > 0 is the penalty coefficient and (x) , = max {z,0}. The equivalence between the rectified
formulation (3] and the original problem (3) is established in the following lemma.
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Algorithm 1: CROP-VI: Constrained Robust Optimistic-Pessimistic Value Iteration

Input: Dataset D, feature map ¢(s, a) for all (s,a) € S x A, performance tolerance e,
parameters 5 = H /e, Ao, Y0 > 0;

Construct a temporally independent dataset D° = Two-fold-subsampling(D) (Algorithm .

Initialization: V,. g11(-) =0, Vg g11(-) =0

for stepsh=H,H —1,...,1do

Ap = ETGDE{ o(s7,a7)p(sh,al) T + Nola; // sample covariance matrix

~

er,h = A}Tl (ZT€D2 (;5(827 CL;;)T;;);
Oy = A} (ZTEDO o(s7.. a7)gF,):

for feature i = 1 ,d do
‘ Update 7 yh " and U z/h  via (8).

end

@f;‘L/ = ar,h + 9,@"/", @5;‘,/ = é\g n+ A}[:’V ;

Qrn() = ¢(~,~)Tfﬁp v. —Th(s,a); // Pessimistic reward Q-function

Qy»ﬁ(, ) n{QTh H h+1}

Qon() =o(, ) @ Ap B+ Th(s, a); // Optimistic constraint Q-function

Qgn(--) = mln{Qgh ), H — h+1}

7p (1) = arg max,ec 4 th( a) — B(b — Qg n(-,a))4; // Rectified optimization
() = Qrn(F () Vi) = Qe 7 ()

end

Output: V, :={ h hHﬁl,V —{ a.h hH+11’7T = {Tnhies

Lemma 2 (Lemma 1 in [25]). For any € > 0, choosing 8 = H /¢ ensures that the optimal solution 7
of (B) has constraint shortfall at most €, i.e., b — V’T (¢) < e. Moreover, if there is an e-separation

between feasible and infeasible policies, i.e., every znfeaSLble T satisfies V P(¢) — b < ¢, then the
optimal solution 7 of (3) and () coincide.

It is readily seen that the cumulative penalty paid for violating the constraint at any step is upper-
bounded by H. According to Lemma scaling by 5 = H /e makes any violation greater than e

strictly suboptimal relative to a feasible alternative. As 3 — oo, the optimal solution of (3) converges
to that of the original problem (3).

3.2 Empirical robust Bellman operator and strong duality

For j € {r, g} and step h € [H], the robust Bellman operator given in (2) admits the dual form (by
linearity and strong duality; cf. [59, (39, 401):

(B, V;)(s,a) = (d(s,a), 05 +vp ),

where z/h’vj = [I/ZY , VZ’V R u,’:’ 91T € R? and its i-th coordinate is defined by
P,V . /
v, = max E...o [Vila(s)—p(a—min|V;],(s , (6)
= (B Vla()—p(o minVa(s)

with [V}]4(s) = min{V;(s), a}. Since we do not have direct access to the nominal linear MDP M°
(i.e., 0 5, and 1Y), we cannot perform value iteration directly with the above Bellman operator. To
address this, we estimate 0] n€Rand v p "4 € R? using the batch dataset D) containing all the

samples at h-th step in D°. To ensure numerlcal stability, we use ridge regression instead of directly
minimizing empirical mean squared errors. Specifically, for any value function V; : S — [0, H] and



/\P J

time step h € [H], the estimator 97 1 and the i-th coordinate of v;’ "7 are defined as:

0, = arg min > (6(s,a7)" — 37"+ Xollb; 13 A;l( > ¢(s;,a;)j;), (7)
GDO TGDO

oy = max oy (a) — plo— minVjla(s)}, Vi€ [d, je{rg}, ®

a€[ming V;(s),maxs Vj(s)]
where Ao > 0 is the regularization coefficient,

An =Y (s ap)é(sh, ap) T+ Mol o)

T€DY
is the cumulative sample covariance matrix, and 17}‘:11.(&) is the é-th coordinate of 17,‘1/" () defined by

_V; . T 2
7’ (@) =arg min, (6(shah) Tv=[Vila(sisn)) +Xollvlz =051 (D 6 ap)[Vila(shia))-
TGD?L TGDO

Leveraging the linearity of the robust Bellman operator shown in Lemma [I] we construct the empirical
robust Bellman operator B, to approximate B/ : for any function V; : S — [0, H],

(B, Vi) (s.a) = 6(s.a)" (Bj + D7), V(s,a,h) €Sx Ax[H], je{r.g}. (10)

3.3 CROP-VI: constrained robust optimistic-pessimistic value iteration

To compute the empirical Bellman equation (I0) recursively over each horizon h € [H], we propose
constrained robust optimistic-pessimistic value iteration (CROP-VI), summarized in Algorithm 1]

Algorithm begins by constructing a subsampled dataset D° from the original batch D using the
Two-fold-subsampling (Algorithm 2)), following [60] to mitigate statistical dependencies across
time steps. Further details on Two-fold- subsampling and its guarantees are provided in Section

2l Given Dy and the terminal conditions VT () = V_,L m+1(-) = 0, each iteration of CROP-VI
at step h proceeds in two phases:

* Robust Bellman construction. Conditioned on the fixed XA/J rt1(d € {r,g}) from the previous
iteration (line 4-9 in Algorithm|I)), we build the empirical robust Bellman operators via (7)-(T0).

* Q-functions update. Using the robust Bellman operators, we then estimate the pessimistic reward
Q-function and optimistic constraint Q-function as follows: for all (s,a) € S x A,

Qri(s.a) = (BL, Vons)(s,0) — Th(s,a), Qqu(s,a) = (B, Vons1)(s,a) +Tu(s,a)

where T, : S x A — R is a state-action-dependent penalty/bonus term defined as T'y,(s,a) =
Yo Z?Zl lpi(s,a)L;]| a1t With o > 0 controlling the regularization strength.

Design rationale. In offline RL, the principle of pessimism is routinely invoked to compensate for
the limited coverage inherent in batch data [33} 161,162, 140]]. Applying pessimism to both the reward
and the constraints guarantees safety, but often at the cost of excessive conservatism. To strike a
better balance, we adopt an asymmetric strategy: we remain pessimistic with respect to the reward
function to prevent over-estimation, while we take an optimistic stance toward the constraint value.
Th1s optimism encourages exploratory behavior yet still enforces feasibility, as the update ensures
V > b. Although V > b does not imply V* > b, our analysis guarantees that |V V*\ < € with
h1gh probability, thereby tightly bounding the gap between the estimated and true constralnt values.

4 Theoretical Guarantees

In this section, we establish a high-probability sub-optimality bound for the policy generated by
CROP-VI and the guarantee of sample complexity under partial and full feature coverage. We further
extend the analysis to accommodate model misspecification.



4.1 Main results

Theorem 1. Fix § = H/e and consider any 6 € (0,1). Suppose Assumptions andhold. Set
Ao =1, y0 = 6+/d&gH in Algorithm where &g = log(9H K /§) . Then, with probability at least
1 — 4, the policy T generated by Algorithm![l|satisfies
N H d
Sub-Opt(7; ¢, P?) < O(VaH B, 61(s, @) Lil| 1 |, Violation(7;¢, P*) < .
ub-Opt (75 ¢, P*) < O(Vd )hz::l 2 p Pt P 193 (sny an)Lill 51 |, Violation(7; ¢, P7) < e

(1)

Theorem|[I|demonstrates that our method achieves e-level constraint violation, while providing an
instance-dependent sub-optimality bound without requiring any data coverage assumption. Notably,
the sub-optimality bound is independent of the dimensionality of the state space, depending instead
on the feature space dimension. The bound is governed by the confidence parameter § and a
general complexity term reflecting how effectively the offline dataset covers the feature space. This
result highlights that the sub-optimality is fundamentally determined by the quality of offline data,
encapsulated by the expected feature exploration. Building on this foundation, we further analyze the
sample complexity required to achieve an e-optimality and e-violation optimal policy under varying
data coverage conditions. The proof is postponed to Appendix

4.2 The case of partial feature coverage

We first consider the scenario of partial feature coverage (a.k.a. sufficient feature coverage), where
the behavior policy is only required to cover all feature dimensions visited by the optimal robust
policy. Formally, we consider the following clipped single-policy concentrability condition, which
is used in [40] for Lin-RMDPs. This condition quantifies the worst-case discrepancy between the
occupancy measure induced by the optimal robust policy 7* under any kernel P € P?(P°) and that
of the behavior policy ° under the nominal kernel P° for every feature i € [d].

Assumption 3 (Robust single-policy clipped concentrability). The dataset D, collected by the
behavior policy P, satisfies

ul (min{Ed*,p(b?(s, a),1/d} - ]li,i) u o,
h g ro ,
uT (Egplé(s,0)(5,0) 7)) w d

for some finite quantity C? € [1,00). In addition, we follow the convention 0/0 = 0.

[0}

V(i,h, P) € [d] x [H] x P* (P°),

The quantity C: | is a clipped concentrability constant that measures the relative feature coverage of
the batch data compared to an ideal dataset generated by 7*. A smaller C, implies better alignment
with 7*, (i.e., higher data quality), while a larger C},} indicates worse data quality. Importantly,
CROP-VI does not require prior knowledge of C}, during implementation; it suffices to assume
Cp,, < 00, ensuring that 7P sufficiently explores every feature dimension that 7* visits.

Under Assumption [3] we establish the following sample complexity guarantee for achieving an

e-optimal and e-constrainted robust policy.
Corollary 1 (Partial feature coverage). Suppose Assumptions[l|[2]and[3|hold. Consider any 6 € (0,1)
and the same hyperparameter settings as in Theorem Letd®; = miny, s .{d}(s,a): d}(s,a) >

0}. Then, with probability exceeding 1 — 0, the policy T returned by Algorithm|l|achieves

Sub-Opt(7; ¢, P?) < O (d2/3H2 \/0;0b log(12H K /8) /K)

provided that K > colog(K H/5)/dP .. for some sufficiently large universal constant ¢y > 0. In

min

other words, the learned e-constrained policy T is e-optimal if the total number of sample trajectories
satisfies K > O (C;‘obd2H4/e2>.

Corollary I]is a direct consequence of Theorem[I]and establishes a sub-optimality bound that scales
with the feature dimension d and the horizon length H. This bound is comparable to those achieved
in prior work on standard linear MDPs [33] and unconstrained distributionally robust linear MDPs
[40]. Moreover, CROP-VI guarantees constraint satisfaction. The proof is deferred to Appendix



4.3 The case of full feature coverage

We next introduce the following full feature coverage assumption, which is commonly employed in
the analysis of offline linear MDPs [33} |51} 134} 150], and requires the behavior policy to uniformly
cover the feature space.

Assumption 4 (Full data coverage). We assume k = hm[m])\mm (Egp [0(s, @) (s, a)']) > 0.
€[H

Compared to Assumption 3] Assumption 4] necessitates the behavior policy to be more exploratory to
reach every feature dimension, which is a stronger assumption requiring full coverage of all feature
dimensions. The following corollary provides the sample complexity guarantee of CROP-VI under
the full feature coverage.

Corollary 2 (Full feature coverage). Suppose Assumptions|]| I 2|landH|hold. Consider any é € (0,1)
and the same hyperparameter settings as in Theoreml|l| Let dnnn = miny, s o {d}(s,a) : d(s,a) >
0}. Then, with probability at least 1 — §, the e-constrained policy T returned by Algorithm|l|achieves

Sub-Opt(7; ¢, P?) < O (HQ\/d 10g(15HK/6)1f1K*1)) ,

provided that K > max{cglog(2Hd/§)/k?, cg log(KH/é)/dmm} for some sufficiently large uni-
versal constant cy. In other words, the leamed e-constrained policy T is e-optimal if the total number

of sample trajectories satisfies K > O (dH 4t ’2>

Corollary [2)is a direct consequence of Theorem[I] The resulting sample complexity matches the
known bounds for standard linear MDPs without robustness and constraint [34, 35]], as well as
for those without constraint [40], while additionally ensuring constraint satisfaction. The proof is
postponed to Appendix [B.5]

4.4 Extension

We notice that the soft state-aggregation assumption in Assumption|l|may be overly restrictive in
practice. To this end, we relax this assumption by allowing the true transition kernel dynamics to
deviate slightly from the state-aggregation transition, as follows.

Assumption 5 (Model misspecification in transition model). For each h € [H], there exists a kernel
P € Span{¢(s,a)} and a deviation coefficient 1 > 0 such that, for all (s, a), the true transition
kernel P (-|s, a) satisfies || P (+|s,a) — PY(:|s,a)||1 < v. Here, Span{(s, a)} denotes the set of all
linear combinations of the feature vector ¢(s, a). We continue to assume, without loss of generality,
that the reward/utility functions satisfy rp,, gn € Span{é(s, a)} for all h € [H].

Assumption [3]is also considered in [58]]. Next, we present the following two corollaries that quantify
the impact of model misspecification for both partial and full feature dimension.

Corollary 3 (Partial feature coverage). Suppose Assumptions|[I]| 2} [3|and B hold. Consider any
§ € (0,1/4) and the same hyperparameter settings as in Theorem|l| Let d; = miny, s ,{d% (s, a) :

d‘fb(s, a) > 0}. Then, with probability exceeding 1 — 46, the e-level constrained policy T returned by
Algorithm[I|achieves

st Ot ¢, ) < 1611 T (10 (P11 4 ) o U200

provided that K > colog(K H/6)/dP
Corollary 4 (Full feature coverage). Suppose Assumptions [I} 2| [3] and [5] hold. Consider any
§ € (0,1/5) and the same hyperparameter settings as in Theorem|l| Let d°, = miny, s o{d2 (s, a) :

d‘fl(s, a) > 0}. Then, with probability at least 1 — 50, the e-level canstramedpoltcy T returned by
Algorithm[Il|achieves

- 16V dH? 3HK H(H - 1)y

- - Py < —— - -~ @@/
Sub-Opt(7; (, P*) < N <610g ( 3 > +1/)) + 5 ,

provided that K > max{colog(2Hd/5)/k?, colog(KH/8)/d

versal constant c.

min Jor some sufficiently large universal constant cy > 0.

mm} for some sufficiently large uni-



Corollaries [3|and ] quantify the impact of model misspecification: when the soft-state aggregation
model deviates from the true one by at most ¢ in total variation, the sub-optimality of the learned

policy degrades by an additive factor of O(¢H? - (d/CY,, /K + 1)) under partial feature coverage,
and O(yH? - (Vdk—1K~1 + 1)) under full feature coverage.

5 Conclusion

In this paper, we investigate the sample complexity for distributional robust constraint offline RL
with linear representations, where the uncertainty sets are characterized by TV distance. To this
end, we develop a distributionally robust variant of constraint optimistic-pessimistic least-squares
value iteration, called CROP-VI. We establish the sub-optimality bound and the constraint violation
bound for Lin-RCMDPs under various offline data assumptions. We further extend our analysis to
accommodate transition model misspecification. In the future, an important direction is to explore
alternative uncertainty sets [62] and to establish the lower bound across the full range of the uncertainty
levels.
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A Technical Lemmas

Lemma 3 (Hoeffding-type inequality for self-normalized process [63]]). Let {n;}2, be a real-valued

stochastic process and let { F;}52, be a filtration such that 1 is Fi-measurable. Let {x.}3°, be an

R<-valued stochastic process where x4 is Fy_1 measurable and vy < L. Let Ay = A4+ 22:1 xsx:.

Assume that conditioned on Fy_1, 1, is mean-zero and R-sub-Gaussian. Then, for any § > 0, with
probability at least 1 — 0, for all t > 0, we have

t
1D wensllyr < Ry/dlog(1+tL/) + 2log(1/6).

s=1
Lemma 4 (Lemma 5.1 in [33]]). Under the condition that with probability at least 1 — 0, the penalty
function Ty, : S x A — R in Algorithm[I]|and satisfying
(B, Vins1)(s,a) — (B, Vens1)(s,0)| < Th(s,a), V(s,a,h) € Sx Ax[H],  (12)
we have
0 <up(s,a) <2T(s,a), V(s,a,h) €S x Ax[H].

Lemma 5 (Lemma 7 in [40]). For any positive semi-definite matrix A € R**¢ and any constant

c > 0, we have
d

s
Tr (A(I +cA)™Y) < —
T (AU +cA) )*;14—0/\1‘7

where {\;}4_, are the eigenvalues of A and Tr(-) denotes the trace of the given matrix.
Lemma 6 (Lemma H.5 in [64])). Let ¢ : Sx A — R% be a bounded function such that || (s, a)|l2 < C
forall (s,a) €S x A. Forany K > 0and \ > 0, define Gx = 25:1 b (sk,ap) (s, ar) " + Mg
where (sy, ay,) are i.i.d. samples from some distribution v over S x A. Let G = E,[¢(s,a)¢(s,a)T].

Then for any ¢ € (0,1), if K satisfies that

K > max{5120%)|G1||2 log(2d/8), 4| G|}
Then with probability at least 1 — 6, it holds simultaneously for all v € R? that

Lemma 7 (Lemma 6 in [40]). For any function f1 : C CR — Rand fs : C CR — R, we have

max f1(a) — max fa(a) < max (fi(a) - f2(a)) .

B Analysis for CROP-VI: Algorithm 1]

B.1 Proof of Lemmalf2]

Proof. We prove this by contradiction. Assume the claim is false. Let 7* be the optimal policy for
the original problem (3). Feasibility of 7* implies (b — V", ** ({))+ = 0, hence

VIO = (b= V" (©), 20, (13)

as ry, (s,a) € [0,1]. For any policy m7—in particular the optimizer 7 of the rectified problem (G)—we
have

Vil =Ab=-Voi" (Q), <H=-A0-V¥(0) (14)

L
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Algorithm 2: Two-fold-subsampling

Input: Batch dataset D; . ‘

Split Data: Split D into two haves D™*'™ and D*"*, where |[D™*"| = |D*"*| = N}, /2. Denote
Nmain(g) (resp. N (s)) as the number of sample transitions from state s at step i in D™ain
(resp. D™);

Construct the high-probability lower bound N*™(s) by D2"*: For each s € S and
1 < h < H, compute

. KH
N}gnm(s) _ max{N,?“x(s) _ 10\/N2ux(5) log 5 O} (15)

Construct the almost temporally statistically independent D'"'™: Let D}{‘ain(s) denote the
dataset containing all transition-reward sample tuples at the current state s and step i from
Dmain_ For any (s, h) € S x [H], subsample min{ N{"™ (s), N?i"(s)} transition-reward
sample tuples randomly from D@ (s), denoted as D™ainsub;

Output: DV = pmainsub,

By the contradictory assumption, (b — Vg?fip (¢)) > e. Substituting into (T4) with A = H /e yields

VP Q=A (b= () < H—(H[)e=0,

which contradicts the lower bound (T3). Therefore, the optimal policy of (3)) violates the constraint
by at most e. Moreover, any infeasible policy must satisfy b — V;’rip () < e, so only the feasible
policies of the original robust CMDP (3] can be the optimal solution of (3). Hence,

VI A (b)) S -a (o)

where we have used the fact that (b — Vg”I Y, =0,and (b— Vji” )4+ = 0. Thus, the optimal solution
of (3) is also optimal in (3). O

B.2 Two-fold subsampling method

To mitigate the temporal dependency in the batch dataset D, we adopt the two-fold subsampling idea
of [60]. The key idea is to utilize half of the data to establish a valid lower bound of the number of
samples, which is employed to achieve the statistical independence in the remaining half of the dataset.
The detailed implementation of the two-fold subsampling can be summarized in the Algorithm [2}
Recall that we assume the sample trajectories in D are generated independently. Then, the following
lemma, adapted from Lemma 9 in [40]—itself a slight modification of Lemma 3 and Lemma 7 in
[60]—establishes that (T3) is a valid lower bound of Nj*#"(s) for any s € S and h € [H].

Lemma 8 (Lemma 9 in [40]). With probability at least 1 — 20, if Ni"™ (s) satisfies (I3)) for every
s € Sand h € [H), then D° := D™ contains temporally statistically independent samples
and the following bound holds simultaneously, i.e.,

Ny™(s) < Np(s),  V(s,h) € S x [H].

In addition, with probability at least 1 — 30, the following lower bound also holds, i.e.,

b
NiTm (s a) > w - 5\/Kd§’l(s,a) log(¥), V(s,a,h) € S x Ax [H].

B.3 Proof of Theorem [l

We primarily focus on the model misspecification setting. Notably, when the model misspecification
parameter 1) = 0, we can recover the results in Theorem|I]
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Notations. Before presenting the proof of Theorem |l| we introduce several notations for clarity.
We define the model evaluation error at the step h of CROP-VI as

Lr,h(sv a) = B?ﬁﬂ,h—i—l(sa a) - @T,h(57a)a V(h, S, a) S [H] X S x A (16)

In addition, we denote the estimated weight of the transition kernel at the h-th step by

V(s,h) € Sx [H]: fin(s) = A" | D (sh,a7)L(shyr = s) | € R, (17)
TeD)
where IL( ) is the indicator function. Accordingly, it holds that V}Y () =

fs (s Vh+1r( Nads’ € RY  We denote the set of all the possible state occupancy
distributions associated with the optimal policy 7* and any P € P?(P°) as

= { e peren} = {[emen] e, av

se

for any time step h € [H].

B.3.1 Proof sketch for Theorem

We first claim that Theorem [T| holds as long as the following theorem can be established.

Theorem 2. Consider 6 € (0,1). Suppose that the dataset Dy in Algorithm contains N, < K
transition-reward sample tuples at every h € [H|. Assume that conditional on { Ny, }ne(m), all the

sample tuples in D2 are statistically independent. Suppose that Assumption and |5\ hold. In
CROP-VI, we set

Mo =1, 70 =6\déoH 4+ VdpH, where& =log(3HK/S). (19)

Here, 0 € (0,1) is the confidence parameter and K is the upper bound of N}, for any h € [H]. Then,
{7n Y| generated by Algorithm with the probability at least 1 — 6, satisfies

HH-1)y

Sub-Opt(7; ¢, P?) < O(VdH max{1,}) ZZ ma B [Hqiy(sh,ah)l Iyt |+

1h

As the construction in Algorithm {N}¥™ ()} ses,nem) is computed using D that is independent
of DY. From Lemma Nirim(s) is a valid sampling number for any s € S and h € [H] such
that |[Dj)| = > .o N t“m(s) < K, and D can be treated as containing temporally statistically

1ndependent samples with probability exceedmg 1 — 26. Therefore, by invoking Theorem [2] with
Ny, := |DY|, we have

H(H - 1)y

H d
Sub-Opt(7; ¢, P*) < O(VAH -max{1,0}) >3~ max Eay [[0u(snsan)Lilly 1| + =5,

~— d; €D;,
h=11i=1

with probability exceeding 1 — 34.

B.3.2 Proof of Theorem2]

The sub-optimality bound. The argument unfolds in three steps.

Step 1: establishing the pessimistic property of the reward function and the optimistic property
of the utility function. We first substantiate the pessimism of the reward function, which heavily
depends on the following lemmas.

Lemma 9 (Adapted from Lemma 10 in [40]). Suppose all the assumptions in Theorem 2| hold and
follow all the parameters setting in (19). Then for any (s,a,h) € S X A x [H], with probability at

least 1 — 0, the value/utility function {Vj,h}hH:l for 7 =1, g generated by CROP-VI satisfies

d

(B, Vina1)(s:0) = (B, Vinar)(s,)] < Tals,a) == 70 > [|6s(s,a)Lill y -1+ (H = h)3p. (20)
i=1
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In the following, we will show that the following relations hold:

~

th(s a)>Qr ’p(s a) > th(s a) and V:;Lp(s) > Vf,;p(s) > Vin(s), 20D

for all (s,a,h) € S x A x [H], if the condition (20) holds. It implies that Q,., (s, a) and V;. ,(s)
is the pessimistic estimates of Q(s,a) and V;”(s) for any s € S, respectively. Notice that if
QT P(s,a) > Qr n(s,a) forall (s,a) € S x A, one simultaneously has the following relation:

~

VP (s) = QUL (s, 7n(5)) = Qrn(s, Fn(s)) = Ven(s),  V(s,h) € S x [H].
Therefore, we shall verify that
th(s a) > th(s a), V(s,a) €S x A, (22)

by induction, and V:,?;lp (s) > Vr, 1 (s) will spontaneously hold for s € S.

* At step h = H + 1: From the initialization step in Algorlthml we have QT He1(s,a) =
QTVH_H(S, a) = 0, for any (s,a) € S x A, and (22) holds.
a). From (ZI)), we have

e For any step h < H: Suppose Qi’,’jﬂ(s,a) > @nhﬂ ,
n(sia) 2 0 = Qrils,a),

Vfﬁil(s) > XA/T,hH(s). Therefore, if @T’h(s,a) =0,Q
for any (s,a) € S x A. Otherwise,

(s

Qrnl(s,a) < (BY,Vini1)(s,a) — Tu(s, a)
= (B, Vens1)(s,0) + (B2, Vrny1)(5,0) — (BL, Viong1)(s,0) — Da(s, a)
< (B, Ving1)(5,0) + (B2, Vinsa)(s,a) — (B, Vi) (s,a)| — Ti(s, a)
< (B, Vrnr1)(s,a) + Th(s,a) — Th(s, a)
< (B, Veni1)(s,0)
< (B, V351 (s,0) = Q1 (5,0),

where the first inequality is from the definition of QT n(s,a) (cf. Line 14 in Algorlthm ',
and third inequality is based on the condition (20).

Combining these two cases, for any h € [H + 1], we could verify the pessimistic property, i.e. the
equation (Z1).

Next, we establish the optimism of the utility function, leveraging Lemma[9] Building on this result,
we will demonstrate that the following relations hold:

Q)% (s,0) < Qgn(s,a) and VIiP(s) < Vyn(s), V(s,a,h) € Sx Ax[H], (23)

if the condition (Z0) holds. It implies that Qg,h(s, a) and 17g,h( ) is the optimistic estimates of
Q1 (s,a) and V,';7(s) for any s € S, respectively. Notice that if Qg’ (s,a) < Qg r(s,a) for all
(s,a) € S x A, one simultaneously has the following relation:

Vil (s) = Qg (s, 7n(s)) < Qgn(s,Fu(s)) = Vau(s), V(s h) € 8 x [H].
Therefore, we shall verify that

Qjﬁ(&a) < Qun(s,a), Y(s,a) €S x A, (24)

~

by induction, and Vqﬁ,’lp (s) < V4.1 (s) will spontaneously hold for s € S.

* At step h = H + 1: From the initialization step in Algorlthml we have Q7 g (s,a) =
Qg.111(s,a) = 0, for any (s, a) € S x A, and (24) holds.
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 For any step h < H: Suppose Qj’ﬁﬂ(s,a) < @g’h+1(87a). From (23), we have
VP (s) < Vyhs1(s). Therefore, if Q, (s, a) = H —h+1, Q;’fb(s,a) <H-h+1=

" g:h+1
Qg n(s,a), for any (s,a) € S x A. Otherwise,
Qi (s,a) = (B, Vil.,)(s,a)
< (B, V 11)(s,a)
< (BY ,Vont1)(s,0) + (BY Vo ni1)(s,a) — (B, Vi) (s, a)
< (B2, Vys1)(5,0) + (B, Vy a1 (5,0) — (B, Vyns1) (5, )]
< (B} .V, Vont1)(s,a) + Tn(s,a) = Qqn(s, a),

where the first inequality is from the definition of Qg n(s,a) (cf. Line 15 in Algorlthm'
and third inequality is based on the condition (20).

Combining these two cases, for any h € [H + 1], we could verify the optimistic property, i.e. the

equation (23).
Step 2: bounding the suboptimality gap. Notice that for any h € [H] and any s € S,

VA2(s) = VP (s) = Vil (s) = VI P (s) + VTP (s) — VP (s) + Vi (s) — Vi (s).

rh

T T> T3
We first control 7;. For any s € S,
VI (s) = VI (5) = Qi (5,7 (5)) = QFp (5,7 (5)) - (25)

From the definition of the model evaluation error (i.e., equation (I6)) and the robust Bellman
optimality equation, we have

Qrn(s,a) = (B, Vrni1)(s,a) — trn(s,a), V(s,a) € S x A,
Qs a) = (BL V.5l )(s,a) V(s,a) € S x A,

which leads to

Q1 (5,77 (5) = Qo (s, (5)

* i’ * * (26)
(IF’PVT*hP+1)(577rh(3)) — (P Vehg1)(s,77(8)) + trn(s, 7 (s)), VseS.
Denote
P;Lni Xh ()= arg min /P(S/)‘/}r7h+1(5/)d3/.
POEPHPY, () )S
Therefore, (26) becomes
Qi (s,m(8)) — Qrn(s, mh(s))
(27

< /s P;Lnj Xh(s)(s') (V:th( " — Vr7h+1(s’)> ds’' + trn(s,75(8)), V(s,a) €S x A.
Substituting (27) into (28)), one has
Vi (s) = Vil (s) < / Bt () (Vi () = Vean () ds” + (s, 77.(5)).
For any h € [H], define ﬁﬁ“sf :S§—Sandi;, €S — Rby
h,s,m

P (s) = P‘“fv<s)() and and .7 (s) == trn(s,77(s)), Vs€S.

18



By telescoping sum, we finally obtain that for any s € S,

*,p
‘/r h ( ) ]]-€7 ‘/T h r h
H t—1
inf * P pinf *
HP T‘H—‘rl TH+1) + E HP] Lr,t(s)
t=h \j=h
H t—1
_ E pinf *
- H Pj Lr,t(s)
t=h \j=h

where the equality is from V"7, | (s) = IA/T,HH( ) =0and (Ht ! me) (s) = 1,.

‘We now bound the term 75 which we describe next.

T, = Qoo 73(5)) ~ Qrn(s.70()
< Qun(ovi (o) = A (5= Qualsm*(6) | @nlo 7o) = A (b= Qualsr*(o0) |

+

<A (b= Qo 6)), — A (- Qyals. 7))

< Qs 7(5) = A (b= Qun(s,7())) [@,hmh(s)) “ (b= Quals ()

N .

+
Then, we bound the term 73. We have
VI (5) = VI (5) = Qrn (5,7 (5)) = Qun (5,7 () <0, Vs €, (28)
where the inequality follows from the pessimistic property of Qf’,’; (s,a).
Step 3: finishing up. For any dj, € D, denote
t—1
ne=di | [T P | epr.
j=h
The sub-optimality gap defined in (@) satisfies
- (H — Hy
Sub-Opt (7 ¢, P?) < Egy e V1 (51) — Egi e Vit (51) Z simds, )+

Forany h € [H], weletI'} : S — R satisfy
Iy (s) =Th(s,mr(s)), VseS.
Combining Lemma ] together with Lemma 9] will lead to

(H-1DHY

H
Sub-Opt(7; ¢, P*) < 2 ZEshNd;:hFZ(Sh) + )

h=1
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Note that I}, (s) = 7o Zle ||¢i(s,7r;(s))]li||j\;1 for any (s, h) € S x [H]. Following the definition
(I8), we have d3.;, € Dj; and correspondingly,

H

_ . H-1)H
Sub-Opt(7: €, P7) <23 oy sy, T (s1) + 0 Y
h=1
d
H— 1) Hi
< QWOZdzneag (snoan)~dy, [Z 6i(sn, an)Lill x| + %
h :
(H—-1)Hy
< Q%ZZ o, Ear [llq%(sh,ah)IL ;- } Tt

hlzl"

with probability exceeding 1 — 4.

Violation bound. Now, we show the violation bound. We prove this by contradiction. Suppose that
the statement is not true. Consider 7* the optimal solution for the original problem (3). Since this is

feasible, then (b — Vo (g)) = 0, then
’ +

VIO =M b=V (©), 20, (29)

as ry, (s,a) € [0,1]. For any 7 (including the optimal policy 7) of (3], we have
VPO =Ab=Vai" (Q), <H-A0-V¥ (), - (30)

For the optimal policy 7, we have (b — Vj’rip (€)) > € (by contradiction). Hence, by (30), we have

VIP Q= A (b= Vi (), < H— (H[e)e =
However, it contradicts (29) as 7* can achieve a better value for the objective in (3).

B.3.3 Proof of Lemmal9

To control |(I§§’h\7j,h+1)(s,a) (Bphf/] h+1)(s,a)| forany (s,a,h) € Sx Ax [H]and j € {r, g},
we first show the following lemma, where the proof can be found in Appendix [B.3.4]
Lemma 10 (Adapted from Lemma 11 in [40]). Suppose Assumption[l} 2|and[3|hold. Then, for any

s,a,h) € S x A x [H], the estimated value/utility function V; ;1 (j = r, g) generated by CROP-VI
Jrht
satisfies

|(B§,hvj,h+1)(sa a)— (B;hvj,hﬂ)(& a)|

d
< (VodH + Vg ) 3 llé3(s, )il .+ + (H = h)¢
=1

+ .~ max | Z o(sh» ap)ep (a, V Jht1 HA IZ”@ (s,a)1; ”A 1,
a€[min, Vjpi1(s)maxs Vint1(s)] - Z5o
h
Ta,n
(3D
where €} (o, V;) = [ P (s'|sF, ah)[V la(s)ds" — [Vj]a(sh 1) for any value/utility function Vj
S — [0, H], « € [min, Vj(s) max, V;(s)] and T € D).

We observe that the second term (i.e., T} ) in (31) will become dominating, as long as Ao and v are
sufficiently small. In the following analysis, we will control Ty ;, via uniform concentration and the
concentration of the self-normalized process.

Notice that o and ‘A/j h+1 are coupled with each other, which makes controlling 77 ;, intractable. To
this end, we propose the minimal ey-covering set for a. Since V; p41(s) € [0, H] for any s € S, we
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construct A (eg, H) as the minimal ey-cover of the [0, H] whose size satisfies |A (eg, H)| < % In
other words, for any o € [0, H], there exists af € N (eg, H), we have

lo — af| < €.

Then we can rewrite T}, as

TP = _omax I3 s an) (ehles Vi) — e, i) + eh(al, Vian) ) 12
a€[ming Vj py1(s),maxs Vj ny1(s)] repo h
h
< s 20 Y 06Ta) (0 Tynen) = 0 Tinen)) [0 21 Y 06T al)et 0!, Fnan)
’ TGD?L TED(}JL
<8GK/ho+2] D o(sap)e ol Vinen)l3 s (32)
TeD) '
Ts5,n

for some af € N(eg, H), where the proof of the last inequality is postponed to Appendix m
Alternatively,

Tsn < sup | D> é(sq,ap)eq(a, Vingn)|5-1- (33)
€N (eo,H) TED? h

Noted that the samples in D are temporally statistically independent, i.e., ‘7] n+1 1 independent of
DY, or to say, fin. Therefore, we can directly control T} ;, via the following lemma.

Lemma 11 (Concentration of self-normalized process, adapted from Lemma 12 in [40]). Let
Vi + & = [0, H] be any fixed vector that is independent of i, and o € [0, H] be a fixed constant.
For any fixed h € [H] and any 6 € (0, 1), we have

Po () o(sh,an)er(a, Vi)|[§ v > H? (2-1og(1/0) +d -log(1 + Np/Xo)) | < 6.

reDy

The proof of Lemmal|IT]is postponed to Appendix Then applying Lemma|[TT]and the union
bound over N (e, H), we have

Po| b 3 o(sh (o Vi)l 2 B Glog(HIN (eo, H)I/8) + dlog(1 + N/ )
aeN (eg,H 0 '
TED),

<d/H,
for any fixed h € [H]. According to [65]], one has |N (eg, H)| < % Taking the union bound for

any h € [H], we arrive at
=~ 3H? K
sup (s, ap)er (o, Vin 2 | <2H?log(——) + H?dlog(1 + —),
ol 3 e e Tl =) 1+3) 6y
h
with probability exceeding 1 — &, where we utilize N;, < K for every h € [H| on the right-hand side.

Combining (32), (33) and (34), we have
2

3H K
T7 ), < 8egK? /Ao +4H? log(—) + 2H*dlog(1 + —),

€00 Ao
with probability at least 1 — J. Let g = H/K and Ao = 1. Then,
HK
T;, <8H”+4H> log(gT) +2H?dlog(1+ K) < 8H? 4+ 4H?log(3HK/5) + 2dH? log(2K).

Let & = log(3HK/d) > 1. Note that log(2K) < log(3HK/§) = &y. Then, we have
T3, < 8H? 4+ 4H>& + 2dH?¢, < 16dH>&.
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Therefore, with probability exceeding 1 — §, one has

(B 1, Vins1)(s,a) = (BS ,Vine1)(s, a)

d
< (VAH + 4/d&H + VAvH ) 3 [64(5. )| + (H = by

d
<70 Z ||¢i(3h,ah)HA;1 + (H — h)yp =T'p(s,a),

i=1
where 7o = 6v/dH (& + 1) and the above inequality satisfies (T2).

B.3.4 Proof of Lemma[I(]
Proof. From the DRO Bellman optimality equation, we denote
(B Vi) (5,0)

=jn(s,a) + inf E 1s.a) Vi s
Jn(s,a) P €PP (P, ) Ppi1(¢]s, )[ J,h+1( )

~

=jn(s,a) + inf Es V; s
jh( ) ﬁh+1€7’"(ﬁf(3+1) P}L+1("S7a)[ J7h+1( )]
+ inf E ls.a vV, s')] — inf Es Vi s
(P}L+1EP‘J(PS+1) Ph+1( ‘ s )[ ]7h+1( )] ]S;L+IE’PP(15}?+1) Ph,+1(‘|8,a)[ ]7h+1( )])
:¢(57 a)Tejyh
d A~ A~
+ Z ¢i(s,a) o max / M?L,i(sl)[‘/}7h+l]a(s/)dsl = pla— mi,ﬂ[Vj,hH]a(S/))
Py a€[ming Vj pi1(s),maxs Vj ni1(s)] JS *

+ (H — h)¢.
Combined with the empirical Bellman operator in our algorithm,
~ ~ -~ -~ —~ ,‘7' ,‘7'
(BY ,Vint1)(s,a) — (B, Vini1)(s,a) = ¢(s,a) T (050 — 05.0) + 6(s,0) (@) =) + (H — h)y.

Step 1: We analyze the error in the reward estimation, i.e., ¢(s, a) " (0, — 0;1)-

~

o(s, a)T(Gj,h —0;n) = o(s, a)TA;IAth,h — (s, a)TAgl[

] =

¢(sh, ap)jn(sy, ap)]

3
Il
-

] =

= ¢(s,a) A ARO;n — d(s,0) AT (sh,ah)d(sh,af) 0]

Il
-

= ¢(s,a) " A, AR — d(s,a) TAL (A — o)
= >\0¢(570)TA;19j,h
< Noll6snll 1605, a)ll 5

< mnﬁi’(&aﬂ‘/\;l
d
< Vdro Y éi(s, )il 1,
i=1

where the last inequality is from

1051lla 1 = /07 WAL 05 < IAL 2110511 < v/ N,

by using the fact that || A, ]| < Ap'.
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Step 2: We turn to the estimation error from the transition model, i.e., i/\h’vj — z/g’vj. We define two

auxiliary functions:

Gni(ej) = / fini () [Ving1la(s))ds’ — pla — min[V; pi1la(s')),
S S

and
ah059) = [Tl = ple = minfT ] ().

Then

~p, v
Z@sa Vﬁl y,’z’ij)

i€[d]

@ 7V V;
<3 ot - )

= Z bi(s,a) max |Gni(a 5) = gi.i(as §)]

a€[ming V; h11(s),maxs Vj ni1(s)]

< Z ¢i(s,a) max (Fini(s") = 15(5") [Vinsla(s')ds’

a€[ming vj,h+1 (s),maxg \7j,;,+1(s)]

615, a) /S (i () = 10.4(5) Dyns1la(s)ds’

= E max

—~ —~ b
[ a€lming Vj py1(s),maxs Vj pi1(s)]

S

where the first inequality is due to (6), (8) as well as Lemma[7] and the last inequality is based on
¢i(s,a) > 0forany (s,a) € S x A from Assumption[I] Moreover,

/5 19 () [V o (5))ds' — /S A (5) [V o (s))ds’

- /5 1 (N insilals)ds — 1787 [ S 6T, ap) Vinsalalsins)

0
TED,

— |17 at [ A /8 )Py nrla(s)ds' — 3 655 6D Pinsalalsias)
TGD%

0]
L €D,

T€DY

S| X st ([ (BR1shah) = PR 187 aD)) T enla(s)a

0
TED),

={17 A" | o /S S () Vins1)a(s)ds + Y é(sh, ap)eh (e, Vinga) || + [HLT ALY D o(sh, )

TeDY TeDy

where the first equality is from (T7), the third one is due to (9) and we let

(0, Vj) = /S BY(s'|sF ) [Vila(8)S" — [Vi]a(551),
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forany V; : § — [0, H] and o € [ming Vj(s), max, V;(s)]. Then, we have

$i(s,0) - (fini — 1) Vinsila

s 1A (o [ Tl + 3 0lefal)eh . Vo) +0H 3 olsoah))|

TEDY TeDY

<

<los(s, )il (o] [ I Tnialaas |+ 3 dteTanee s,
s h reD? "
(1)

 llén(s, ) Lill o (WHIY oGk i)y ) (35)

0
T€D),

(ii)

where the last inequality holds due to the Cauchy-Schwarz inequality. Moreover, the term (i) in
(33) can be further simplified to

(1) < AollAg 12 /SMQ(S’)[‘A/J;thl]a(S')dS'II < VAo,

since |Vj11(s)| < H forany s € S and A, ]| < 1/Xo. And the term (ii) in (33) can be further
simplified to

(i) =9H [ > é(sh.af)TAT > (s].af),

reDY TeDY
=oH |[Te(A Y o(sh.a) Y (sh,ap)T)
TeD) TeD)

— pH\Tr (A (An — ML)

S ¢H \/ Tr(A}ZlAh)

= VdyH.

Then we have

d
<(ViH+  max Y elshap)ee V) lao VA | S lléi(s a) Ly

a€[ming Vj p41(s),maxs Vj ny1(s)] —
7 7 TeD) 1=1

for any (s,a,h) € S x A x [H].

B.3.5 Proof of (32)

Since €], (o, V;) is 2-Lipschitz with respect to « for any V; : S — [0, H], i.e.

(0, V) — eh(al, V)] <2l — of| < 2.
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Therefore, for any « € [0, H], one has
2

Z ¢(S}TL,G,;) (67];(@7‘/}') - GZ(O‘Ta VJ))

T7€D? 1
h Ay

= Y st AT (s a) [(eh(en Vy) = €0l 1)) (6 (00 V) — €5 (e V)|
7',‘1"62)?1

< 3T bsnan) AT (s af)) -4
T,T’ED%

<4e2NE /o,

where the last inequality is based on ||¢(s, a)|| < 1 and Apin(Ar) > Ag for any (s,a,h) € S x A X
[H] such that

> d(sh.an) A 6T e ) = D lé(shai)llz - 6(sT L ai )z - 1AM < NE /o
T,T’ED?L T,T/€D2
Thus,

arer%g)l(ﬂl] [ Z (ZS(S;;? CLZ) (62(0‘7 ‘/}J}h-i-l) - GE(O‘Tv ‘/}17/1+1)) Hi;l < 463NI§/)‘0 < 463K2/)‘05
’ 7'E'D]0L

due to the fact N}, < K for any h € [H], which completes the proof of (32).

B.3.6 Proof of Lemma[I1]
For any fixed h € [H] and 7 € DY, we define the o-algebra

1)A|Np, . .
Fnr = o({(sh, af) }HDNN Gk sk 3T ), G € {r g}

As shown in Jin et al. [33, Lemma B.2], for any 7 € DY, we have ¢(3[L7 a}) is Fp, r—1-measurable
and €] (o, Vj) is Fp,r—1-measurable. Hence {€},(cv, Vj)}-epo is stochastic process adapted to the

filtration {7}, - },cpo . Then, we have
T T T T T)AN, . T—
oy 610,V = [ PGS aD)Vika ~ Bog [Vl af 20 sk

- LPS(S’ISE,GE)[W]a —Epg [[Vi(sh1)la] = 0.

Note that €], (a, V;) = [5 PP(s'|s7, a})[Vjla — [V;(s]11)]a for any V; € [0, H]® and a € [0, H].
Then, we have
lep e, Vi)l < H.

Hence, for the fixed h € [H] and all 7 € [H], the random variable €} (v, V;) is mean-zero and
H-sub-Gaussian conditioning on F}, ,_1. Then, we invoke the Lemma [3| with n, = €] (a, V) and
x; = ¢(s},,aj,). Forany § > 0, we have

det(A}/?)

T T\ ,T 2 2
Po (> P(shs ap)ep (@ Vi)l > 2H log(W

TeD)

)| <.

Together with the facts that det(A}/%) = (Ao + Nj,)¥/2 and det(AI4)'/% = A%?, we can conclude
the proof of Lemma [TT]

B.4 Proof of Corollary/[l]

Before continuing, we introduce some additional notations that will be used in the following analysis.
For any (h,i) € [H] x [d], define @ ;, : S — R**% and b} ; : S — R by

7.a(8) = (@ils, w7 () Li) (@ (s, 75 (5)) Li) T € R,
hi(8) = (0i(s,mh(5))L0) T AL (i (s, 7 (5)) L)
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With these notations in hand and recalling (TT) in Theorem T} one has

V() - <2’YOZZ sup Egvaz 1/0f ;(5)
7 h=1i=1 % EDP;
H d
< 270 sup Esva; b
H
:2702 sup Z Esvay b3 ;(s), (36)
h=1%€Pi =1

where the second inequality is due to the Jensen’s inequality and concavity.

In the following, we will control the key term Zgzl Esvdz by, ;(s) for any dj € Dj. Before
continuing, we first denote
CP = {(s,a) : d}(s,a) > 0}.

Considering any (s, a) s.t. d3 (s, a) > 0 and from Lemma the following lower bound holds with
probability at least 1 — 34, i.e.,

b b
Ni(s,a) > Kal50) 5\/ Kdy(s,a)log( 22 ) > Khl5 ) 37)
8 5 16
as long as
log(KH/5) _ log(KH/S)
K> > 38
ST g, T G .

for some sufficiently large co and db;, = miny, 5 . {d} (s, a) : d?(s,a) > 0}. Therefore,

min

Z Nh(sv a)¢(8, a)d)(‘s?a)—r + Id

(s,a)ecy
Kdb(s,a) T
= Z Td’(saa)d)(saa) +Id
(9 a)eCy

= 16Edb [6(s, a)¢(s,a) "] + Ia.

From Assumption 3]
d-min{E, *,quz(s, a),1/d}

Ed? [¢(Sa a)¢(8a a)T] = Per’jr)lg();o) = ]li,i7 Vi e [d}
rob
Thus, for any ¢ € [d],
Kd - min{Eq: 7 (s, 75 (s)), 1/d}
Ap = Iq+ 16C* h 1.

rob

Here, 1; ; represents a matrix with the (7, j)-th coordinate as 1 and all other elements as 0. Conse-
quently,

Esnd; by i(5) = Esnay Tr(®7 ()AL 1) = Tr(Esna; 5 (5)A5 1)
Ea; ¢ (s, (5))
- 1+Kd min{Eq: ¢7 (s, 7} (s)),1/d}/16Cy,)

where the second equality is because the trace is a linear mapping and the last inequality holds by
Lemma We further define &, jarger = {7 : Es, a)~d;, #?(s,a) > %} Due to Assumption , we first
claim that

(39)

|5h,larger| < \/gv (40)

where the proof can be found at the end of this subsection.

By utilizing Assumption 3] we discuss the following three cases.
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* HE(sa)nar ?2(s,a) = 0 (i & Ep jarger)s it is easily observed that (39) can be controlled by
(d},, by, ;) < 0.
* 10 < E(sa)na; 97(5,0) < % (i & En targer)-We have

& < 16C;, - Ea; 63(s,m3(s) _ 160,
= Kd-Eqg: ¢2(s, mi(5)) Kd

* If i € Entargers 1€, 5 < Bg ayaas 07 (s,a) < 1, we have

rob ]Ed*(z) (S 7Th(s)) 16 rob

16C
<
9 < i < o,

where the last inequality holds due to ¢? (s, 75 (s)) < 1.

Summing up the above three cases and {0), we have

Z \/ Swd* h1 Z \/ SNd bhz Z \/ SNd* hz

legh larger 1¢5h larger
*

16Cx,
K

[ d
<38 V C:0b ?
Together with (36) and setting o = 6+/dH \/log(3HK/§), one obtains

16Cx,
Kd

< |£h,|arger| + |d - 6h,|arger|

VIO = V(¢ <2’YOZ sup Z B b, ;(5)
d*eD;” 1

< 96dH?\/C%, /K+/log(3HK/5),

with probability at least 1 — 44, as long as K > colog(ﬁiH/é) for some universal constant cg.

Proof of @0). Let &) jarger = {i : E(s,a)~dz #i(s,a) > ﬁ}

e We first show that |E~h,|arge,| should be no larger than Vid by contradiction. Suppose
|Eh larger| > V/d. Then, there are more than v/d coordinates of E(sya)wd;qb(s, a) € RY

that is larger than 1/+/d. In other words,
Z E(s,a)f\/d;(bi(sva) > 1,
iegh,\arger

which is equivalent to

max ||¢(57 Q)Hl > ]E(s,a)fvd,*l ||¢(57 Q)Hl 2 ]E(s,a)rvd;‘l E ¢i(5v a) > 1,
(s,a)eSx.A cE
(2 h,larger

where the last inequality is from the linearity of the expectation mapping. It contradicts to
our Assumption 2] which implies ||¢(s,a)||1 = 1 forany (s,a) € S x A x [H].
e Then, we show that E:'Marge, C & larger: For every element ¢ € gh,k,,ge,, we have
1
< (E(s,a)maz #i(5,a))? < E(s.aymaz 07 (s, a),

where the second inequality is due to the Jensen’s inequality. Thus, tharge, C & larger-

Combining these two arguments, we show that |Ej, jarger| > V.
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B.5 Proof of Corollary[2|

We first establish the following lemma to control the sub-optimality, under the full feature coverage.

Lemma 12. Consider 6 € (0,1). Suppose Assumptlonl Assumpttonland all conditions in Lemma
@hold For any h € [H], if N, > max{512log(2Hd/J) /x>, 4/k}, we have

d
2
; |‘¢l(3,a)]ll||A;1 S \/ﬁ7 V(S,a) S S x A7

with probability exceeding 1 — 6.

Proof. From Lemma |6 and Assumption[d} one has

2¢;(s,a) )
lo:(s @) Lillar < s Vliss,a) € [d] x S x A
as long as Nj, > max{512log(2Hd/§)/k?,4/k}. In addition,
d d
1= [ P ls.ais' = [ olsa) (1S = Y aits,) [ ()8 = Y a0,
s s i=1 s i=1

where the last equality is implied by Assumption[2] Therefore,

d

2¢;(s,a) 2
ZHQSZ(S a IL ”A‘ Z m \/m

=1

O

From (37), we have N}, > £ with probability exceeding 1 — 34, as long as K obeys (38). Together
will Lemma 12} with probability exceeding 1 — 44, one has

8
AGE) ]17, -1 S 7’v 9 7h S S A H 5
;H(Z) (8 a) ||Ah \/m (S a ) X X[ }

as long as K > max{cg log(2Hd/§)/K?, colog(K H/5)/dP .} for some sufficiently large universal
constant cg. It follows Theorem[T] that

log(3HK/9)

Sub-Opt(7; ¢, PP) < 96V dH? ,
Kk

which completes the proof.
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