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Abstract

The dynamics of gradient-based training in neural networks often exhibit nontrivial structures;
hence, understanding them remains a central challenge in theoretical machine learning. In particular,
a concept of feature unlearning, in which a neural network progressively loses previously learned
features over long training, has gained attention. In this study, we consider the infinite-width limit
of a two-layer neural network updated with a large-batch stochastic gradient, then derive differential
equations with different time scales, revealing the mechanism and conditions for feature unlearning
to occur. Specifically, we utilize the fast-slow dynamics: while an alignment of first-layer weights
develops rapidly, the second-layer weights develop slowly. The direction of a flow on a critical
manifold, determined by the slow dynamics, decides whether feature unlearning occurs. We give
numerical validation of the result, and derive theoretical grounding and scaling laws of the feature
unlearning. Our results yield the following insights: (i) the strength of the primary nonlinear term
in data induces the feature unlearning, and (ii) an initial scale of the second-layer weights mitigates
the feature unlearning. Our analysis utilizes Tensor Programs and the singular perturbation theory.

1. Introduction

Background. Understanding the dynamics of gradient-based training in neural networks is a central
problem in modern machine learning. Beyond static characterizations such as loss landscapes or
stationary points, it has become increasingly clear that many learning phenomena are inherently
dynamical. Especially, in high-dimensional regimes, self-averaging often enables a drastic simplifi-
cation: the learning dynamics can be described by a small number of macroscopic order parameters.
Several theoretical frameworks make this reduction precise, i.e., the dynamical mean-field theory
[5, 7], the Tensor Programs [30-32, 35], and the generalized first-order method [6]. Research on the
learning dynamics of high-dimensional neural networks is rapidly advancing.

Key discoveries from analyzing dynamics include feature learning, which refers to the process
where shallow layers of neural networks learn the feature structures of data-generating models,
explaining why multi-layer structures achieve better accuracy. These were analyzed in Ba et al.
[2], Damian et al. [10], Moniri et al. [23], Yang and Hu [34], demonstrating that neural networks
trained with appropriate design can avoid the so-called lazy regime and achieve feature learning.

In contrast, feature unlearning has been proposed as an important notion related to feature
learning. Feature unlearning refers to the phenomenon where shallow layers of neural networks
forget feature structures they have previously learned, and could serve as one theory explaining the
mechanism of deep learning. Particularly, Montanari and Urbani [24] studies a neural network up-
dated by a gradient flow and identifies a pronounced separation of time scales in two-layer networks,
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Figure 1: Fast-slow dynamics of first-layer alignment (R ) and second-layer weights (a.) in time 7,
explaining the evolution of alignment and test loss. In the space of R, and a,, the R —a
space in the left panel, we find a critical manifold (green curve). Each trajectory starts
from its initial point (0, @) and, after reaching the manifold, slowly evolves along it.

together with regimes in which previously learned features are progressively forgotten. These results
suggest that feature unlearning is not a pathological effect, but rather can be understood as a generic
consequence of multiple time scales in high-dimensional training regimes. However, research on
these important concepts is still in its infancy, since the analytical framework is currently limited to
updates via gradient flow, hence its underlying mechanism remains incompletely understood.

Motivation. The purpose of this study is to investigate whether feature unlearning occurs in
a more general neural network setting, namely, updates via stochastic gradient descent (SGD) in
discrete time, and to clarify whether it also occurs there. Furthermore, it aims to reveal more
rigorously the underlying principles of time scales by which feature unlearning occurs.

Approach. We consider a neural network updated by one-pass SGD and derive a critical
equation representing its dynamics. Starting from the setup with data generated from a single-index
teacher model, we use the Tensor Programs and infinite-width limit, then derive a deterministic
continuous-time differential equation to describe macroscopic variables of a neural network.

We, then, introduce an ansatz that reveals a separation of time-scales of variables of the derived
system, casting the dynamics into a singularly perturbed problem. Although the ansatz is not assumed
a priori at the level of SGD, numerical experiments show that it provides an accurate description of
the observed dynamics. This reformulation allows us to derive a system to represent the long-time
behavior of the macroscopic variables of the neural network and to isolate the reduced dynamics.

Results and implications. Our analysis shows that feature unlearning arises as a direct con-
sequence of the reduced slow dynamics along a critical manifold induced from the derived system
in the space of macroscopic variables. Specifically, in the infinite-width limit, trajectories of the
macroscopic variables rapidly collapse onto the critical manifold and subsequently drift along it
over much longer time scales, leading to a decay of feature alignment under explicit and verifiable
conditions. We identify the structure of the reduced slow dynamics responsible for the onset of
feature unlearning and derive the associated asymptotic scaling laws, thereby providing a concrete
and quantitative dynamical mechanism for the phenomenon. Figure 1 outlines the mechanism.

1.1. Notation

Throughout the paper, || - |2 denotes the Euclidean norm. For a differentiable function f : R — R,
we write f’ and f” for its first and second derivatives, respectively. For a multivariate function,
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V denotes the gradient. A function f : R — R is said to be polynomially bounded if there exist
constants C > 0 and k > 0 such that | f(x)| < C(1+|x|¥), for all x € R. We use the standard Landau
notations O(-), o(+), and @(-) with their usual meanings. All random variables are defined on a
common probability space, and convergence in probability is denoted by p-lim.

2. Setup

We study the supervised learning problem with an online learning setup. Suppose that there exists a
random variable (y, ) € R x R¢ with a dimension d € N, which is characterized by the following
model, referred to as a teacher model, with a function f, : RY — Ras  ~ N(0,1y), and y =
fx(x) + &, where & ~ N(0, 02) is an independent noise variable with its variance o2 > 0. Here,
is a feature vector and y is a response variable. The specific form of f, will be formulated later.

We consider a two-layer neural network model as a model to be trained, referred to as a student
model. Let m € N be a width of the neural network and W = (wy,...,w,,) € R and a =
(ai,...,am)" € R™ be the first and second layer weights, respectively. Then, we study the neural
network f(-;a, W) : R — R with an input € R as f(x;a, W) = % P a;o ((w;, ) /Vd).

We train the neural network model by the online learning. In this setup, for each time ¢t € N,
we observe a set of n pairs of responses and feature vectors {(y!, x! )}, which is independent
copy of (y,x). We call the set as a batch and n as a batch size. With the batch at time ¢ € N, we
define an empirical quadratic loss as £;(a, W) = ﬁ " (yf - f(z}: a, W))Z. Then, we conduct
one-pass stochastic gradient descent (SGD) to update the parameters of the neural network model.
Specifically, with an initialization a® and W, the one-pass SGD generates sequences a', a2, ... and
W1 W?2, ... by the following recursive form:

w{+1 _ \/3 ~(+1 ~(+1 —

, W

w; = ydVoy, Li(a', W), ey

1 1

lwi il
fori=1,...,mand a’*' = a’ — yV,L,(a’, W), where y > 0 is a fixed learning rate. Here, we
added a normalization step on the first layer updates to guarantee that each w! satisfies ||w!|]y =
Vd (i = 1,...,m) throughout training. Following Montanari and Urbani [24], for theoretical
convenience, here we introduced normalizing steps on the first layer updates (1).

Our theoretical analysis relies on several conditions. First, we provide the asymptotic settings
for the batch size and the data dimension. This regime is common in theoretical analysis of neural
networks, e.g., Celentano et al. [6, 7], Dandi et al. [11].

Assumption 1 (Proportionally high-dimension regime) Both the batch size n and the feature

dimension d diverge to infinity while preserving n/d — & with some § € (0, o).

3. ODE of macroscopic variables with fast-slow dynamics
We introduce macroscopic variables to obtain a tractable and low-dimensional description of neural

networks by SGD. Fort e Nandi,j =1,...,m withi # j, we define

1
R (1) := p-lim Ewiwl{, and a!*(7) := p-lim a}.

n,d—oo n,d—oo
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R"(t) measures the teacher-student alignment between the i-th weight vector and the teacher vector
w,, and a!"(z) is a scale of the i-th element of the second layer weight.

We next convert the difference equation to an ODE with continuous time, by considering the
infinite-width limit m — oo while the learning rate 7 is fixed. In this regime, the discrete dynamics
becomes the following ODE system with continuous time 7 = yt/m € R,.

We introduce macroscopic variables R, and a., for T € R,, which are continuous-time analogy
of R"(t) and a!"(t), respectively. Further, we define coefficient functions §,7 : R — R as
S(z) = Yooy klewrerzl, and T(z) = X3, k!ciz”‘. Then, we define the following ODE:

ODE of macroscopic variables: We define an ODE with {R;, a},cr, With initialization
Ro=0andag=a > 0as

dR, 1

da,
= —dar =S(R;) —a;T(R;),
= 2a S(R) — arT(Ro)

dr 2)
=:g(Rr,az)

(1- R-zr){ZSI(RT) —a:T'(R)},

=f(Rr,ar)

This equation allows the dynamics of neural networks with online SGD to be described by a two-
variate ODE. There are already several works on representing discrete online SGD via ODE (Collins-
Woodfin et al. [8], Goldt et al. [14]). However, while previous studies derive ODE descriptions by
taking a high-dimensional limit d — oo, we obtain the ODE by first considering the joint limit
n,d — oo and subsequently taking the infinite-width limit m — oo.

We prove the equivalence between the macroscopic variables of neural networks and the ODE.
The proof in Section H mediates the difference equation using the Tensor Program [30, 33]. Also, in
Section I, we derive the same ODE by an alternative approach of analyzing the population gradient.

Proposition 1 Let RT; := R"(Imt/y]), ary; = al*(lmt/y]). Then, for any finite T > 0 and i
1,....,m, Rz, ay satisfying the ODE (2) satisfies the following asymptotic equalities lim, o RY'; =
R, and lim,,,_ a’T”’i =ds.

4. Feature unlearning as slow flow

4.1. Feature learning and critical manifold

We first define the feature learning in the sense of the dynamics of the alignment Rgs.

Definition 2 (Feature unlearning) We say that a neural network system follows the feature un-
learning, if the variable for the alignment {R:}rcr, satisfies the following: there exists a constant
¢ > 0 and finite T such that we have max.¢(,z) |R| = ¢ and lim;_,, |[R+| = 0.

In contrast, when lim,_,, | R+ | is lower bounded by a strictly positive constant, we say that the neural
network achieves feature learning. This definition of feature unlearning implies that the first-layer
of a neural network aligns to the teacher vector w, as a feature at an early stage, and then the
learned feature may be lost as training progresses. This definition conceptually follows Montanari
and Urbani [24].

Further, we formally define a manifold in the R — a space, here termed a critical manifold, to
which {Rg, aQ}TeR+ stays close in slow time.
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Definition 3 (Critical manifold) We define a critical manifold S by f(-,-) in the singularly per-
turbed system (3) as S := {(R,a) € [-1,1] xR | f(R,a) = 0}.

As illustrated in Figure 1 and subsequent numerical analysis, S becomes a continuously smooth
one-dimensional manifold. Note that R, takes a value only within [—1, 1] by the form of ODE and
the normalization of the online SGD (1), hence it is sufficient to consider R € [—1, 1].

4.2. Slow flow on the critical manifold

We analyze the the dynamics of the macroscopic variables (R, s;) in the space or R and a, i.e. an
R — a space. Numerically, we utilize the ODE (2) as a proxy of the singularly perturbed system (3),
which is a common approach for the singular perturbation theory [17] and its application to machine
learning [27, 28].

The result, illustrated in Figure 2, reveals that there are two types of dynamics. In the fast time
scale, the alignment R, evolves rapidly while a, remains effectively frozen, and trajectories are
attracted to the critical manifold S. Then, on longer time scales, the evolution is governed by a
reduced slow flow along S. Direction of the slow flow on S is determined by the link o (-) and
activationo, (-), and if there are unstable points on S, the direction changes there. Even in dynamics
on §, some trajectories exhibit that they left S and only R, evolves independently of S. In such
cases, the slow dynamics resumes upon reaching S again.

By further analysis on the longer time scale, we can observe two types of trajectories: (I) one
converges to a finite point lim, ., (R;,a;) — (R’,a’) € S, and (II) one diverges with zero
alignment, i.e. it behaves as lim; o (Rs,a;) — (0, +00). Which trajectory appears depends on
which point on the critical manifold S is reached on the fast time scale.

Consequently, the trajectory (II), which has diverging dynamics on S, exhibits feature unlearning.
Specifically, along certain branches the reduced dynamics makes |R| > 0 once and afterwards drives
R, gradually toward zero. This behavior corresponds to a progressive loss of alignment R?, and
can be naturally interpreted as feature unlearning emerging from the slow drift along the attracting
branch. We give more plots with different choice of o () and o (-) in Section L.
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Figure 2: Trajectories of the model (2) on the R — a space. The dots on the a-axis are the initial
values a. The red, yellow, pink trajectories show feature learning, and the blue trajectories
shows feature unlearning. We set ke = k =5and ¢ = (1,1,1,1,1), and also set
e = (1,1,1,1,1) deft) or ¢y = (1,-1, 1, -1, 1) (right).
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Appendix A. Key Novelty and Approach

The main contributions of this work are summarized as follows:

* From discrete SGD to macroscopic dynamics: Using the Tensor Programs framework, we
derive a closed low-dimensional representation for online SGD and obtain, in the large-width
limit, a deterministic ordinary differential equation (ODE) as a natural limit of the discrete
algorithm.

» Emergent fast-slow structure: Numerical simulations of the limiting ODE reveal a clear
separation of time scales, with fast convergence to a low-dimensional attracting set followed
by slow evolution, referred to the fast-slow decomposition, justifying a singular-perturbation
description. Based on the observation, we develop a new system for the fast-slow and its
theoretical analysis.

» Feature unlearning as slow dynamics on the manifold: Under the fast-slow structure, we show
that feature unlearning arises from the slow dynamics along the attracting critical manifold.
Additionally, the staircase dynamics of test loss is described. Using the singular perturbation
theory, we characterize the conditions for unlearning and derive its asymptotic scaling law.

Appendix B. Related works
B.1. Feature learning/unlearning in two-layer neural networks

The dynamics of feature learning in two-layer neural networks has been studied extensively in
teacher-student settings and high-dimensional regimes (Ba et al. [2], Damian et al. [10], Moniri et al.
[23], Yang and Hu [34]). The phenomenon of feature unlearning, where alignment with previously
learned features degrades over long training times, was recently identified in large two-layer neural
networks by Montanari and Urbani [24]. Using the dynamical mean-field theory, these authors
revealed a pronounced separation of time scales and showed that feature unlearning can occur even
under full-batch gradient flow in the infinite-width limit.

B.2. Tensor Programs and other theories for high-dimensional dynamics

Tensor Programs provide a constructive and algorithm-aware framework for deriving macroscopic
descriptions of wide neural networks directly from their computational graphs and update rules.
Originally developed to analyze forward-pass behavior and signal propagation in deep networks
Yang [30, 31], the framework was later extended to cover backpropagation, training dynamics, and
a more general program structures Littwin and Yang [20], Yang [32, 33], Yang and Hu [34], Yang
and Littwin [35], Yang et al. [36, 37]. Recent work has conducted the analysis of discrete gradient-
based training algorithms, yielding rigorous state-evolution results for stochastic gradient descent
and related methods Dandi et al. [11], Gerbelot et al. [13]. In contrast to the dynamical mean-
field theory, which typically postulates a closed-form dynamical description at the outset, Tensor
Programs offers a systematic procedure for deriving such descriptions from the underlying algorithm,
a perspective that is central to the present work.

Recent works have focused on the high-dimensional limit, where learning dynamics can be
characterized through a small number of macroscopic order parameters. Within this framework,
both gradient flow and stochastic gradient descent have been studied using tools from dynamical
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mean-field theory, revealing the dependence of learning behavior on initialization, width, and data
statistics (Bordelon and Pehlevan [5], Celentano et al. [7], Dandi et al. [11], Mignacco et al. [22]).
Another theory is the generalized first-order theory, which handles a general class of iterative
algorithms with first-order gradients and derives a state evolution to represent a limiting high-
dimensional dynamics of the iterative algorithms. Celentano et al. [6] developed the framework and
its efficiency, Han [15] studies its applicability to a wider class of models and data distributions, and
Han and Imaizumi [16] applied the theory to the dynamics of multi-layer neural networks.

B.3. Singular perturbation theory

The singular perturbation theory is a general theory to analyze multi-scale phenomena in dynamical
systems and have long been used in physics, chemistry, biology, and many others [12, 18, 19,
26, 28, 29]. Regarding the analysis for neural networks, Berthier et al. [3] analyzed incremental
and non-monotone learning dynamics by explicitly introducing a small parameter to utilize the
singular perturbation theory. Montanari and Urbani [24] applied the singular perturbation theory
for two-layer neural networks with gradient flow and analyzed the feature unlearning phenomenon
as described above. Nishiyama and Imaizumi [25] studied a diagonal linear neural network using
singular perturbation theory and developed a precise dynamical analysis of the network training.

Appendix C. Detailed assumptions
C.1. Teacher model

We assume that the teacher model has the form of the single-index model. In particular, we introduce
a specific form of fy:

Assumption 2 (Single-index teacher) f. : R? — R has the following form: fi(x) = ox ((wy, ) /Vd),
with an unknown link function o : R — R and a teacher vector wy ~ N (0, I;).

The assumption of a single index as the teacher model is common in feature learning (Ba et al.
[2], Moniri et al. [23]). The division by Vd in the input is necessary to maintain the variance of
(wy, ) at a constant order even when d diverges.

Next, we consider a property for the link function o, in Assumption 2. In preparation, we
define the Hermite polynomial on R. For & > 1, we define the k-th order Hermite polynomial as
Ho=1,H(x) = x, Hy(x) = x*> — 1, and generally H; (x) = (=1)¥ exp(xz/Z)kak exp(—x2/2),x € R,
which forms an orthogonal basis in the L2-space. Then, we introduce the following condition:

Assumption 3 (Degree of link function) A derivative o, of oy exists and both oy o, are all
polynomially bounded. Also, we let o« have the following Hermite expansion in L* with z ~ N (0, 1):

(o8]

o) = Y ok B0, cuk = Bl HL]
k=1 )

This assumption is commonly used in feature learning for neural networks employing single indices,
e.g., Baetal. [2], Bietti et al. [4], Cui et al. [9], Damian et al. [10], Dandi et al. [11]. Given o (-), we
define a simple vector of the coeflicients ¢ 1= (Cx 1, Cx,25 --es c*’,;*) with ky := max{k : cx r # 0}.
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C.2. Student model and training process

We introduce conditions for the neural network f'(-, ; @, W) and their algorithms that are the subjects
of training. The first concerns the activation function o : R — R:

Assumption 4 (Degree of activation) Derivatives o’ and "’ of o exist, and o,0’, 0" are all
polynomially bounded. Also, we let o has the following Hermite expansion in L* with z ~ N (0, 1):

[ee)

()= ceHi(). e = Bl (H()].

T
k:l k!

We further assume that c«,1c1 > 0 holds, and there exists some k > 2, such that ¢ xcx # 0.

Given o (), we define a simple vector of the coefficients ¢ := (cy, ¢2, ..., ) with k := max{k : ¢} #
0}.

This condition is analogous to the condition introduced for o, in Assumption 3. Such charac-
terizations of link functions are also common in recent neural network theory (Ba et al. [2], Moniri
et al. [23]). Regarding condition c4, jc; > 0, analysis is similarly possible when c, jc; is negative.
However, since symmetry yields only similar results, we avoid unnecessary redundancy in the anal-
ysis by focusing on this case. The condition c4 xcx # O for some k > 2 is formal and necessary for
the analysis to properly handle the nonlinearity of the teacher and student models.

We introduce conditions for the initial values a® and W for the SGD for online learning. Here,
we utilize the symmetric initialization:

Assumption 5 (Symmetric initialization) The initialization a® and W are set as follows:

A=a>0, w"NOI), (i=1....m).
This initialization is utilized by the seminal work Montanari and Urbani [24] for the feature unlearn-
ing, where the second layer weights are initialized as the same constant. This scheme reduces the
number of substantial order parameters and helps to obtain effective low-dimensional expressions.
It is also possible to analyze a case with a < 0; we focus on the positive a to simplify our analysis.

Appendix D. Empirical observation of multi time scale

We numerically solve the ODE (2) and study the dynamics of (R;,a.)rer, as shown in Figure 3.
Then, we observe a pronounced separation of time scales: R rapidly changes over a short initial
time interval, while a, remains nearly constant. After this fast transient, R, a, together evolve
much more slowly. This behavior is consistently observed for different conditions.

This difference in timescales can be explained by several insights. First, since R is zero at the
initial stage, the update to a, is nearly zero, so only R, is updated initially. Second, when R; is
small, we can observe that the eigenvalues of the Jacobian of the ODE concentrate on two peaks,
with the peak in the direction of updating R, having a larger scale. In this situation, R, is updated
preferentially. We will provide more quantitative discussion on this point in Section J.
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Figure 3: Multi time-scale appears in numerical simulations of (2). In the early stage of the
dynamics, R, quickly moves away from 0, while a, stays around the initial value a. We
set ke =k =5and c=(1,1,1,1,1), and also set cx = (1,-1,1, -1, 1),a = 4 (left), and
cx =(2,4,6,8,10),a = 1 (right).

Appendix E. Theoretical grounding
E.1. Fast-Slow Ansatz

Motivated by numerical observations indicating that the dynamics of (2) exhibits a pronounced
separation of time scales, we formalize this behavior by introducing two time-scales. Rather than
postulating a small parameter at the level of the vector field, we identify representative fast and slow
time-scales directly from the observed dynamics.

We introduce an ansatz for reducing (2) to a singularly perturbed system. In preparation,
we define A7(7),4s(7) € R as eigenvalues of a Jacobian V f(R-,a-) along a solution (R, a,)
with A¢(7) > A4(7), corresponding to the fast and slow dynamics. Also, vy(7) € R? denotes a
normalized eigenvector corresponding to A ¢(7).

Ansatz [Fast-slow dynamics] Given a time horizon T, the followings holds:

1. (Scale separation) Time-averaged fast/slow eigenvalues, defined as

Ap =T~ [l Ap(0)ldr and A, =T [ 2,(2)ldT,

satisfy € := Ay /Ay < 1.
2. (Direction stability) The eigenvector v ¢(7) is well aligned to eg = (1,0)7 through time, that
is, we have
T-! fOT vy(7)Terdt ~ 1.

We can rigorously show the first point on the scale separation for small values of |R|: see
Appendix J for details.
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Such an ansatz is standard in the analysis of multi-scale dynamical systems and has been widely
used across applied mathematics and theoretical physics. In the context of learning dynamics,
closely related approaches have been employed [3, 18, 24, 25].

Based on the fast-slow ansatz above, we rewrite (2) in terms of the slow time variable 7 := A7
and € > 0.

Singularly perturbed system: We define {R? ,a? }r er, by R = R; and a? :=a. as
dR'fs & & r & &
= f(RE a%)/Af = F(RE, a),
da’ 3)

T = GRS, a8 ) /A = E(RE,a),
S

€

with initial conditions Rg =0 and ag =a.

In this formulation, the variable R evolves on the fast time scale A ¢7, while a evolves on the
slow time scale Ag7. This regime differs from that considered in Berthier et al. [3], where the
second-layer weights are assumed to evolve on a faster time scale than the first-layer weights.

We view ¢ as an independent small parameter and consider limits £ — +0. Following the theory,
we define the following limiting values:

a® = lim a?,
s e—+0 °F

and RY := lim R? .
s s—+0

We derive a theoretical description of the feature learning based on the singularly perturbed
system (3). This analysis mathematically supports the observation on the feature learning in Section
4.2.

E.2. Condition of feature unlearning

We provide renewed definitions for the theoretical analysis. These definitions are adapted version of
Definition 2 and 3 to the singularly perturbed system.

Definition 4 (Feature unlearning) We say that a neural network system follows the feature un-
learning, if the variable for the alignment {Rgs }r.er, satisfies the following: there exists a constant
¢ > 0 and finite T such that we have

max |R2<|:E, and lim |R(T)<|:0.
r,e(0,7) Ty 1S

Definition 5 (Critical manifold) We define a critical manifold S by f(-,-) in the singularly per-
turbed system (3) as

S :={(R,a) € [-1,1] xR | f(R,a) = 0}.

We provide a rigorous justification of feature unlearning in Definition 2. First, we put an
assumption on the relation between the link o (-) and the activation function o (+):

Assumption 6 (Redundant degree of polynomial of activation) With ko := min{k > 2: c, xci #
0} and ki = min{k > 2; cg # 0}, one of the followings holds:

10
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(i) ko+1 > 2k,
(ii) k() +1< 2k1 and Cou,koChky < 0,

Both of these conditions refer to a situation where the student model possesses low-order nonlinear-
ities that are not present in the teacher model.

We next introduce an assumption on the initialization @ through functions which may describe
the dynamics on the critical manifold S. Here, to simplify the analysis, we consider the case with
R > 0.

Assumption 7 (Initialization on a) We define h,a : (0,1) —» R as

28" (R)

hR) = e

and a(R) := S(R)T'(R) - 28" (R)T(R).

Also, we define the following values R, = min{R € (0,1) | »’(R) = 0} and R, = min{R € (0, 1) |
a(R) = 0}, with considering min @ = 1, and also define R* = min{Ry,, R, }. Then, we assume that,
there exists some R € (0, R*) such that a = h(R) holds.

This assumption requires that the initial value a lies in a region that induces unlearning, i.e.,
divergence of the dynamics on the S. Here, A(-) is the parameterization of ags on S with respect to
R(T)?, and «/(-) is a component of the intrinsic dynamics of Rgv on S. These characterize the region
of (R,a) € S that moves toward divergence. A

More precisely, direction of the slow flow on § is determined by Assumption 7. We can observe
that the direction of the slow dynamics on & is entirely determined by the sign of a(h~!(a)).
Consequently, when 1~!(@) crosses a root of @(R) = 0 due to a change in the initial value 4, the
direction of the slow flow is reversed. In particular, since Assumption 6 guarantees that a(R) > 0
holds in a neighborhood of R = +0, feature unlearning occurs when 4~'(d) is smaller than the
smallest positive root of @(R) = 0. We can find details from the reduced ODE ((23)) in Section K.

With these assumptions, we now state the theorem for feature unlearning:

Theorem 6 (Feature unlearning) Under Assumptions 3-7, we obtain

lim R) =0, and lim a9 =oo.

Tg—>00 3 Tg—00 Ts
: o 0 _
Furthermore, we have lim, RTSaTS =cCx,1/C1.

This theorem derives a sufficient condition for feature unlearning to occur. Specifically, under
the assumptions imposed here, the divergence of ags and the vanishing of Rgs, which represents
alignment, indicate that the first layer weights lose the learned features, meaning learning occurs in
the so-called lazy regime. The third limit of R(T)S ags provides further additional information, that is,
the rate of divergence of ags is of the order 0((Rgs)‘1).

This result can be regarded as a more precise description of the conditions under which feature
unlearning occurs, as demonstrated in the Montanari and Urbani [24] under the similar setting.
Furthermore, using a similar proof, it is also possible to derive a sufficient condition under which

feature unlearning does not occur.

11



DicHoToMy OF FEATURE LEARNING AND UNLEARNING

E.3. Scaling law of feature unlearning

We derive a scaling law of the variables R(T)Y and aQY in the feature unlearning case, which shows
their convergence rate in terms of 7, — oo.

Theorem 7 (Scaling law) Under Assumptions 3-7, for each case of (i) and (ii) in Assumption 6, we
obtain the following as Ty, — oo:
(i) RO = O(zy /) and ad = O(r)/ ),

(ii) R(;S ZG(TS—I/(ko+1))’ and a° :®(Tsl/(k0+1))’

Ts

These results imply that kg and k; defined in Assumption 6 are essential in determining the speed
of convergence.

Appendix F. Simulation
F.1. Phase map of feature unlearning

We perform numerical simulations of the ODE (2) for multiple choices of activation and link function
coefficients (cg, c«.x). Based on these simulations, we also construct a phase diagram summarizing
whether unlearning occurs as a function of the coefficients and the initial value a. Figure 4 shows the
result. We see that, in this case, sign matching between the teacher/student coefficient is important
for successful feature learning.

30
I feature unleaning I feature unleaning
w20 I feature learning 1© Il feature learning
(O] ()]
s 10 =)
© ©
> 0 >
© ©
= —10 =
c c
= _50 =
-30
—4 -2 0 2 4 —4 -2 0 2 4
coefficient c. 3 coefficient c. 4

Figure 4: Phase maps for the feature unlearning by (2). We set k, = k = 5and ¢ = (1,1,1,1,1),

and alsoset cx.1 = Cx4=Cx5=1,cu0=—1(eft),orce ) =cx2=cx5=1,c43=-1
(right).

F.2. Scaling law of feature unlearning

We numerically investigate the convergence rates predicted by Theorem 7. By tracking the long-time
behavior of R, and a, in the ODE (2) , we find clear power-law regimes whose exponents agree
with the theoretical scalings. These results provide quantitative confirmation of the scaling law for
feature unlearning derived from the singular perturbation analysis. We observe that, from Figure 5,
the log-log tail slopes of R; and a, of both settings get close to the theoretical values +1/4, +1/3
respectively.

12
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F.3. Experiments with real neural networks and SGD

We report simulations of online SGD applied directly to real two-layer neural networks. Figure 6
shows the results. Across all tested configurations, we observe qualitative behaviors consistent with
fast-slow dynamics, including a gradual decay of alignment with the teacher direction, accompanied
by growth in the second-layer weights. While finite-width effects and stochastic fluctuations remain

visible, these results suggest that the fast-slow mechanism predicted by the infinite-width theory
persists, at least transiently, in realistic neural network settings.

101 ___________________ 101 __________________________
i — |R4| ﬁ — |R4|
_- 10° |ac| _. 10° |ac|
i ----- Theory g ----- Theory
107! ——0—————==== —— 101 \
10! 102 103 10t 102
time T time T
Figure 5: Numerical verification of the scaling law of Theorem 7. (Left) ky = k = 7, ¢ =
(1,1,1,1,1,1,1), ¢4 = (1,0,0,0,0,0,0.5),@ = 10. This corresponds to the case (i) of
Assumption 6; (Right) k., =k =3,¢=(1,1,1),cs = (1,-1,1),a = 5. This corresponds
to the case (ii) of Assumption 6.
Mean-field observables (PyTorch, cuda) Mean-field observables (PyTorch, cuda)
20 :: -r= Manifolds 40 :: -T= Manifolds
| e Stable point \ e Stable point
:. e Unstable point 'ul e Unstable point
20 \~— —— SGD trajectory 20 ! —— SGD trajectory
\ \
\ \
\\ \
o 0 ---g-_ — e © 0 -l __ e
-20 RN -20 RN
1 1
1 1
1 1
1 1
—40 i -40 !
1 1
1 1
-1.00 —0.75 —0.50 —=0.25 0.00 0.25 0.50 0.75 1.00 -1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
R

R

Figure 6: Numerical simulations of real neural networks up to 10* iterations for ky, = k = 3,

c=(1,1,1),cs = (1,-2,1), and learning rate v = 1 with (Left) n = d = 10*, m = 500;

(Right) n = d = 10*, m = 10°. Stable/unstable points are where the flow direction on the
manifold changes.
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Appendix G. Fast-slow flow and loss dynamics

We study the connection between the fast-slow dynamics in the R — a space described above and the
dynamics of other variables, such as the test loss. Figure 7 compares the trajectory on a trajectory
on the R — a space with the corresponding transitions of the alignment R, the second-layer scaler
ar, and the test loss.

In the initial fast dynamics where alignment R, increases from 0, a rapid improvement in R, and
a rapid decrease in loss occur. Subsequently, in the dynamics (I) where feature learning occurs, as
R increases slowly, the loss also gradually decreases. Furthermore, when the trajectory temporarily
leaves the critical manifold S and evolves rapidly, the loss also decreases rapidly. In contrast, in
the dynamics (II) for feature unlearning occurs which diverges toward R; is zero, causing R to
decrease monotonically. The loss continues to decrease but converges to a value of the lazy regime
value without performing feature learning.

20 FARR
II \\\ === S
© ! \ — 5=10.0 Alignment R
g 15 ,/' N — 3=9.0 1.00
/ \ 35— g
° 10 » /II \\ . ant.:ble ?:-' 0.75 — 5=10.0
-8 — A qc) : .
5 \ £ 0.50 _— ?= 9.0
8 5 = a=>5.0
A ) -='0.25
©
0 0.00
0.0 0.2 04 06 08 1.0 0 200 400
Alignment R time t
Second layer a¢ Loss L(T)
© 10.0
9] —_— 5L i~ 4L 5=
- — 4=9.0 " — 4=9.0
5.0 = v = _
§ a=>5.0 S 50 a=>5.0
o 25
(7]
0 200 400 0 100 200 300 400 500
time T time T

Figure 7: Simulated trajectories, alignments, second-layer weights, and losses of the model (2). We
set ky =k =5andc = (1,1,1,1,1),cs = (1,-1,1,1,1), and @ € {5,9,10}. We can
observe that the learning dynamics proceeds differently for each case.

Appendix H. Proof of Validation of ODE

H.1. Difference equation of macroscopic variables for finite-width network

We derive the difference equation representing the dynamics of the macro variables. This equation
is derived using the framework of Tensor Programs [30, 32, 35], based on the neural network and the

14
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online SGD update (1). In the following, we set by := (k+1) - (k+1)!. For sequences or functions
depending on a parameter m, we use the notation O, (-).
In preparation, we define an additional macroscopic variable of neural networks with SGDs:

1

m _ : ooy Taged L] —

Q;";(1) = p-lim dwi wi, ,je{l,2,...m}r=12,...
n,d—oo

Ql’.”j(t) corresponds to the overlap between i-th and j-th feature vectors. Note that for a case with

i=7, Q;."j () = 1 holds because of the normalization step.

Proposition 8 (Difference equation of macroscopic variable) There exists a sequence of macro-
scopic variables {R™(t), Q™ (), a™ (t) }sen such that for any i, j € {1, ...,m} we have

R™(t) = R{"(1), Q™(1) =0 (1) (i #)), a™(t)=a]"(2).

Further, for any t € N U {0}, they satisfy the following a recursive system
R™(t+1) = R™(t) + ym™" {a'"(z)(1 — R™(1)?) i by raiCra R (1)
k=0
—a"(1)*R™ (1) (1 — Q™ (1)) 2) bkciHQ’”(t)"} +Om(m™?),
Q" (1+1) = Q" (1) +ym™ {24 (R™(1)(1 - Q" (1)) gbkc*,k+1ck+lzem<r)" )
= 2a"(1)’Q" (N (1 - Q" (1)) gbkciHQ’"(nk} +Om(m™),

a"(t+1) = a" (&) + ym™! { > KewrerR™ (0 - a™(1) k!ciQm(t)k} + 0, (m7),
k=1 k=1

with initialization R™(0) = Q" (0) = 0 and a™(0) = a # 0.

The proof and derivation process is given in Section H.2. Note that Assumptions 3 and 4
guarantee the absolute convergence of the infinite series that appear in the right-hand side of (4).

We have some implications of the difference equation. First, we can reduce the number of
macroscopic variables, which consist of O,,(m?) components, that are intractable when m — oo, to
only three variables under the symmetric initialization in Assumption 5. Details will be presented
in Lemma 9 in Appendix H.2. Second, the macro variable following (4) is updated by balancing (i)
the values determined by the interaction between o, and o~ through c4 i and cg, and (ii) the values
determined solely by o through c.

H.2. Derivation and validation of the discrete system

In this section, we rigorously derive recursive equations (4), and prove Lemma 9 at the same time.
The actual derivation of the recursive dynamics is essentially based on Tensor Programs (Yang
[30, 32, 33], Yang and Hu [34]). Following their notation of Tensor Programs, for a collection

of potentially random d-dimensional vectors xbx2, ..., x* € R4, we consider real-valued random
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variables Z*', ..., Zxk such that a distribution of elements of x/ will be shown to converge to a
distribution of Z*’ as d — oo, that is, it holds that

1 d 1 k
- D), oxb) S Bly(z7, ., 2]
j=1

almost surely for every polynomially bounded ¢ : R* — R. Further, we can decompose the random
variable as Z¥' = Z*' + 7%/ , Where 7~ and Z*' has specific formulation (see Box 2 in [33]. Detailed
discussion and examples are given in [30, 33].

In the following, we proceed by induction: assuming the statement of Lemma 9 and the equation
(4) hold at the iteration ¢, we show they also hold for the iteration ¢ + 1. Then we obtain that Lemma
9 and the recursive equation (4) hold.

Preparation. As a preliminary, we introduce several functions and constants for convenience.
In Section H.2, we abbreviate notation by writing R(r), Q(t), a(t) instead of R™(¢), Q™ (t),a™(t).
First, for functions a, b,c,d : R — R that are integrable with respect to the Gaussian measure,
define

Ir(t;a,b) =Ela(z1)b(z2)], Io(t;a,b) = Ela(z3)b(z4)],
Jr(t;a,b,c) =Ela(z5)b(z6)c(z7)], Jo(t;a,b,c) = Ela(z)b(z9)c(z10)],
Kgr(t;a,b,c,d) =Ela(z11)b(z12)c(z13)d(z14))],  Ko(t;a,b,c,d) = Ela(z15)b(z16)c(z17)d(218))],

where
71(1) 1 R(1) 23(1) 1 0@
(zz<r>)~GP(°’(R<r> 1)) (u(r))NGP(”’(Q(r) 1))

z5(1) I R(r) R(1) z8(1) L 0@ 0@)
26()|~GP|O,[R(t) 1 Q()]], [z()|~GP|0,[Q() 1 Q)|

z7(1) R(t) Q) 1 z10(?) o) Q@) 1

z11(1) 1 R() R(t) R() 215(1) 1 Q@) 0@ Q)
212(0) RO 1 00 00| |z o 1 Q0 Q)
a0 | M R 00 1 ol a0 |7 %o o 1 o)
214(0) R(1) O() Q) | 21s(0) o 01 01 1

Also, we further define the following constants:
s1=E[0"(2)’], s2=E[o(2)o”(2)], s3=E[c(2)’0"(2)’], s4=E[c(2)’],

where z ~ N(0, 1). In what follows, we will derive the model (4), and prove Lemma 9 at the same
time.

Lemma 9 (Symmetricity of macroscopic variables) Under Assumption 5, we have R!'(t) =
R;?“(t), Q;”j(t) = Q?f‘j/(t), and a*(t) = a;.”(t)for any integert > 1 and i, j,i’, j’' € {1,...,m} that
satisfy i # j,i # j'.
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We proceed with our proof inductively: let the model (4) and the statement of Lemma 9 hold for the
t-th iteration, and prove the same statement for the ¢ + 1-th iteration. We first calculate

= th2 Z {ys - —Za o-((:z:s,wt>/\/_)}

1
—_ VWTZ
1 1
_ XIT{( 1l — O_(tht)atatT) @O_/(tht)} e R4,
nom
where we defined X' = (zf, . .. ,xt)T/Vd e R4, a! = (a},...,ay,)" € R™. We introduce

l = (y'a" - —a(Xfo)a’ Mo (X'W') = (b1,.... L m) € RD™
and express

G, = X’Te (G

t dxm
" Guw.m) € RE

wl,...,

About R(t): As the first step, we study the alignment term R(#) through the analysis of R; (7).
Since we have

t+1

Ri(t) =B[Z2*" 2% ],

we mainly study the term zwi™. To study this term, we recall the normalization step on the first
layer:

\/_ ~z+1 iE(+1 |

1
o+ - me - \/m @ = w! - ydG,
Using the Tensor Programs formalism [30], we obtain the form
ANV NN VAN
= (2% 452 i) BI(2% +y2 4 2], )

Then, we will study the term Z~ 4G4.i and the expectation E[(Z%i + vZ —dG, i)2].

First, we directly study the term Z~ AGy i By the variable decomposmon of the Tensor Programs,
(e.g., Box 1in [33]), each element of —dGiU’l. asymptotically follows Z~ G, -, which is decomposed
as

Z—dG m {ZXITE, i Z'XtTZt’[}’ (6)

where the variables ZX' 4. and ZX""¢vi follow Box 1 and Theorem 2.1 in [33]. About the term
7X" i ip (6), since we assume the statement of Lemma 9 holds for the iteration ¢, we obtain the
detailed form of ZX'"4.i as

Z'XtTet,i
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= 5a(n{Z""Blo, (ZX' )0 (2% 1))

» zvig[ - 40 alt) rgxwiy { *<ZX’“’*>+Z€’_%ia@xtw?)}a”@x’%]

W E[ alt) 1 zx ), (ZX“’J)]}

J#L
= 5a(n) {7 BloL(ZX "o (251 0))

+ 2 (Blon (2o (2] - U 5 Bl (2K o (25
m

J#i

- Wgiorzxruty) - gz vtz )

YOS i 25 o (X))

P ¢ -1 I3 I3
= 6a()|Z% 1e(t:0% 0 + 2% (In(1:00.0") ~ a0 L g1z 07) - W05, - W)
m
t
a( ) ZZ JIQ(t oo )}
J#I
To achieve this form, we utilize the form
- t * —~_1 1 4 oy t 15 - t t
Z&,i — ai{o_*(zx w )+Z€ _ _ZaSO_(ZX wj)}O_I(ZX wi). (7)
m =
Then, we can rewrite (6) as

mZ‘dGivsi

1 —_— tT . T
= _(ZX et’,‘ +ZX Et,,j)

1’\ T ISk
= ng bip a(NZY Ig(t; 00, 0)
w!? 77 2 7 a(t)z ’”
+7Z l{a(l)IR(t;O'*,O' ) —a(t)Ig(t;o,0") + (IQ(I;(J',U' )— s — sz)
m
)2
a() 3 2% 1o (10, a)} (8)

J#I
Second we study the expectation E[(Z¥ + yZ_dGLni)z] in (5), which includes the cross
t+1 — t
term —E[Zw mZ~ de,] and the second moments E[(Z¥i" )?] and E[(% -mZ de,i) ]. In
particular, we compute E[(Zﬁ;“)z] = lim,, g—oo ||ﬁ’+1||2/d following the relation Z% = ZWi +

v/m-mZ~ 4G.i . About the cross term, we utilize (6) and obtain

2 :
[ z%imz G
m

2
= LlaROIr(t: 0%, 07) + a) IR (504, 07) - Lo (507 07)
m
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N a(t)?

(Io(t;o,0"") — 51— 82) — a(t)? 2= Q(N)p(t; 0, 0’)}

= i—y{a(t)R(t)IR(t; 04 ')+ a(D)IR(t; 04, 0) — a(t)Ig(t; 0, 07") = a(1)*Q (D)o (1507, o")}

+ %{G(I)Z(IQ(I; o,0") =51 = $2) +a()’ QD)o (1507, OJ)}
= 2_7A(t) +0,(m™2).
m
Z—dG’

Next, we calculate the second moments E[(% m w.i)2] by utilizing the decomposition (6) as

(2 s - Bt - 2[5 = )

With the relation E[(:ZX""4.)?] = LE[(Z%)?] and the form (7), it follows
E[(Z")]

m
Syt k ~_t t ~xtant )2 Syt t
= a(0?E|{or (2 4 2 - LD N g 7X0)) Vo 7wt
m

— a(t)ZE[O_*(Zth*)20_/(’Z\thl?)2] +0_ia(t)2E[o_,(Zthlg)2]

3
- 20 S g, (ZX )0 (2K (2
J#i
2“(03 Elow (ZX )0 (ZX ™) o (ZX )2
Cl(l)4 Z Z X W’)O'(ZX Wk)o' (ZXYW ) ]
]¢1 k+#i, k:#j

a(f)4 ZE ZX W20 (ZXWN2] 4 (t) E[o(ZX"" 2o (ZX 2]
j#t

-1
Jr(t; 0, 07, 07'%)

=a(t)’Ir(t;02,0") + o 2a(r)’s, - 2a(t)3

Ir(t;04,0 - ') + a(t)4w

(t)4

B 2a(t)3

Jo(t;o,0,0"%)

-1
+a()*Z
m

= a(t)*Ir(t;0%,0"%) +a(1)s) - 2a(t) IR(t;0%,0,07%) +a() (10, 0,07)

Io(t; 02, 07%) +

1

+ —{2a(t)3JR(t; Ow, 0, 0) = 2a(1) Ir(t; 04, 0 - %)
m

~3a()to(t;0, 0,0 +a(t)Io(t; 02, 0"2)}

1
+ —2{2a(z)4JQ(t; oo, o) —a(t)t oot o) + a(z)4S3}
m
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=0,(1). )

Also, we obtain

fflLo),

- E[{a(z)zw*lR(t; ol o)+ 2% (a(t)IR(t; Te ") = a(0)2p(t; 0, ")
2 2
a(t) (Ig(t;0,0") =51 = Sz)) - ai? ZijIQ(t;G’,CT’)}Z]

J#i

a(t)z(

2
=a(t)’Ig(t; 0, 0')* + {a(t)IR(t; Ox, ") — a(t)zlg(t; o,0")+ ——(lp(t;0,0") — 51 — sz)}
m

+a’51t)4 [(ZZ“’JI (t; 07, a’))]

J#i

2
O 1o (t:.07) ~ 51~ )

+2a(0)R()IRg(t; 0, 07") (a(t)IR(t; Ox, ") — a(t)le(t; o,0”)+

- 2a(t)2
( 1)?

— Lo, o )(a(t)IR(t o) = a(t) ot 0

R(I)IR(t' op, 0 )p(t;07,07)
(t)2

(Io(tio, 0 )—sl—sz)) 2a(1)? 2 —

= a0 Ir(1:05. ") + (@O Ir(: 04 0") = a0 I (0. 0") + (g (107, ™) = 51 = 52)°)

+a(l)41Q(t;o",o-’)2 {(’"_1’31# m— 1}

o) + 3

2
O 112,07~ 51— )

+2a(t)R()Ig(t;0,0") (a(t)IR(t; Oy, ") — a(t)le(t; o,0’)+

- 2a(t)2
( 1)?

— oo, o )(a(t)IR(t Ten ") — a(t)p(t; o0

(Uo(t;0,07) = s1 = 52))

—2a(z)3 — R(t)IR(t;(T*,O')IQ(t;(T',o")

= a0 Ir(t;00, o) + {a(t)zR(t; o 0”) —a(t)lp(t; 0, 0'")}2 +a(t*o(t 07, 0)20(r)

+2a()R()IR(t; 0L, ) {a(t)IR(t; T ") —a()lp(t; o, o"’)}

~2a(1)2Q(1)Ig(t; o, U'){a(t)IR(t; o0 —a(t) I (t; 0, 0'")}
—2a(t)*R(0)Ir(t; 0, ) o(t;07, 07)
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+m”! [2a(t)2(IQ(t; o, 0"y =51 = 52)(a()Ig(t; 04, 0") - a(t)ZIQ(t; o, 0’"))
+a()*lo(t; 0, a’)(=30(t) + 1) +2a(t)*R() I (t; 0, ) (Io(t; 07, 7”) = 51— 52)

- 2a(t)2Q(t)IQ (t;0",0") {a(t)z(IQ(t; o,0") =51 = 52) —a(t)Ig(t;04,0") + a(t)ZIQ(t; o, 0'”)}
+2a(0R(D I (107, ) (1507, a')]

+ m_z{a(t)4(IQ(t; o,0") =51 — s2)2 +a(t)*lo(t;0', ") (20(1) - 1)
+2a(0* Qo0 o) (ot 7, 0") = s1 - 52)}
- 0,,(1). (10)

Combining the results (9) and (10) for E[(+ZX""4.4)2] and E[(+ZX"¢(X"w™)i)2] with the relation
(8), we get

E[(% -mZ_dszﬂ')z] = 0,,(m™?).

Thus, it follows that

i+l t — t
E[(Z%7)*] = E[(Z"F +yZ % w)?]
E[(Z¥ +ym™" - mZ~9Cw.)?]

1+24(0)ym™ " + 0,,(m™2),

then we evaluate the expectation term in (5) as
{BI(Z2% +yZ 7 Fa P} = 1= A@ym™ + 0,(m ™). (11)
Now, we are ready to study R;(¢). By using (11), we update (11) as

t+ i+l

2" = 2% NE[(Z™ )

= (2% +yZ G ) [\BL(Z% +y2C i)
= (2% +yZ Cwi) x {1 = A(t)ym™" + O,y (m™D)}.
Therefore, by multiplying Z*" on both sides and taking expectation, we derive
Ri(t+1) = (R(t) +yE[Z¥" Z79Cwi]) x {1 = A(t)ym ™" + 0, (m™2)}
= (R(t) + ym™'B[Z¥ " mZ~Fw.i]) x {1 = A(t)ym™" + On(m™2)}.
The appearing cross term is also evaluate as using (8) as
E[Z% mZ 9Cw.i]
2
t
+ &(
m

= a()Ig(t;00, o) + R(t){a(t)IR(t; Tr ") —a()2p(t; o0 Io(t;o, o) 51 - Sz)}
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—a(t)zm_l

R()Ig(t;07,0")
m

=a(t)Ig(t;05,07") + R(t){a(t)IR(t; o 0) —a(t) ot o, cr")} —a(t)’R(t)Ig(t;0”,0”)
+ %{a(r)zR(t) (Io(t;.07) = 51 = 52) +a()*R(D) o (1; 0", a')}

=1 B(t) + Op(m™"),

and we have

Ri(t+1) ={R({) + B()ym ' + 0,,(m )} x {1 = A(t)ym™" + 0,,(m ™)}
= R(t) +ym "{=R(DA(t) + B(t)} + O (m™?),

where the right hand side doesn’t depend on i, so we can simply write R(¢ + 1), instead of R; (¢ + 1).
Here, we finally obtain

R(t+1) = R(t) + ym ' {=R(1)A(t) + B(t)} + O,,(m™2),

where —R (1) A(t) + B(t) is equal to the expression of the model (4).
About Q(¢): The derivation of the equation for Q(¢) proceeds quite similarly. Just like the
above, we obtain

Qi,j(t+1)
={o() + ym_lE[ij‘mZ_dGiv,f] + 7m_1E[szt'mZ_dG£vsf] + 72m_2E[mZ_dG5v)imZ_dG:v’f]}
x{1=A@Mym™" +0u(m™)}y (i #)),
where we can easily check E[Zw;' mZ ‘dcﬁ] = E[Z“’f'mZ _daz']. We obtain

E[ZYimZ 9G]

=a(t)R(t)Ig(t; 0, 0")
2
+Q(t){a(t)IR(t;0'*,o"' —a()l(t;o, o) + a;? (Io(t:o.0”) - 51 —Sz)}
_ 2
a2 0o, - D rg (120707
m m

= a(ORW IR (504, 07) + QO fa IR (70, 07") = al)lo (60,0 | - a(t?Q(DIg (1507, 07)

1
+—{a(P0(1) (lo(;0,0”) = 51 = 52) +2a(0*Q(D o (07, &) = a(t) o107 o) |
m
1
= EC(t) +0,(m™).
The cross term can be decomposed as:

t — t 1 e tT = T 1 . tT . T
E[mZ_de)imZ de,j] — EE[ZX Z,,iZX’ zt,j] +§E[ZX Z,,iZXt K,,»,-]'
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The first term can be calculated as:
1 - T L= T .
ﬁE[ZX et’lZX Z;)_,]

1)? SX* =t 1) ~xtr )2 St ot ~xtt
_ a(t) EHU'*(ZX w )+Z£ _ MZO’(ZX Wk)} o_/(ZX wi)o_/(ZX wj)
0 m

2
1t
= a(®) {JR (; 0',2(, o, o)+ 1p(t;0,0") + a(t)zKQ (t;0,0,0",0") =2a(t)Kgr(t;04, 0,0, 0")}

0

+0,(m™") = 0,(1).

Similarly, for the second term:

E[lZXtht,i lZXtTet,_i ]
0 0

= a(t)’Ir(t; 04, 0")?

+Qfa(Ir(t 00 0) = a(tPlo (10, 07) + “E;)Q

+a()*Q(g(t; 07, 0')?
+2a(t)R(t)Ig(t;0%,0")

2
(o0 =51 - 52

a(t)?

X {a(t)IR(t; Ox,0) = a(t)ZIQ(t; o,0’)+

—2a(1)*Q(Dlg(1;07,07)

(Io(t;o0,0"") =51 - 52)}

2
t

X {a(t)IR(t;O'*,o"’ - a(t)le(t;O', o)+ a(t) (Io(t;0,0") = 51— sz)}
m

—2a(t)*R(O)IR(t; 0, 0 )(t;07,0") + O (m™)
=0,,(1).

Combining these results, the equation of Q is reduced to the following:

Qij(t+1) ={Q(0) + Cyym™ + Op(m™)} x {1 = A()yym™" + Opa(m ™)}’
=Q(1) +{ =2A()Q(1) +C(t) }ym™" + 0, (m™?).
We observe that Q; (¢ + 1) does not depend on i, j, so we simply write it Q (¢ + 1), and obtain
QU +1) = Q1) + { = 24(Q(W) + CW }ym™ + 0y (m™2),

where —2A(¢)Q(t) + C(¢) is the same as the form of (4).

About a(r): As a final step, we derive the equation for a(z). Because there is no normalization
step for the second layer updates, the calculation is much simpler than that of R(¢) or Q(t). Let
GL =Vqly' - # PI Cl;-O'(X d wﬁ.) ||2, then the second layer update proceeds as follows:

t+1

a =d -yGy
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=a' —ym . mG', € R™,

where Gg, := (G, |, ..., Gg ,). Foreach G ;, one has
t
mG!, , = ——o-(X[w )T {0 (X ) + & — ) Z (X'w)))

1 t
= o (X w!) oW (X w*) + a() § > —a(Xfw;)Ta(X’w;)
n m =1 n

n,d—oo

T _Blo(ZX 0 (ZX )] + a(t) B0 (ZX o (ZX" )] + TLE[0(ZX )

a(t)
m

=—Ir(t;0,0%) +a(t)lg(t;o,0) — m_la(t)IQ(t; o, 0)+m a()ss.
Since this form is independent of i, we can write
a(t+1)=a(t) + ym_l{IR(t; o,0%) —a(t)lp(t; o, 0')} + ym_za(t){IQ(t; o,0) — S4},

where we can see this matches the model (4) by Hermite expansion. This completes the proof. H

H.3. Proof of Proposition 1

This limiting ODE is directly derived from the standard Euler method. Here, by using Lemma 11
(presented in Section H.4), we utilize the relation R% = 0., we can omit the variable Q.. Then, we
can formulate it as the following lemma.

Lemma 10 Let R} := R™(|{mt/y]),a = a"™(|lm7/y]). Then, for any finite T > 0, asymptotic
equalities

: m _ . m _
lim R =R,, lim d} =a,

m-—-0oo m-—-oo
hold for R, a, satisfying the ODE (2).

Proof [Proof of Lemma 10] Since f and g in (2) are analytic functions, the result immediately holds
from the standard discussion of numerical analysis, e.g., Theorem 2.4 in Atkinson et al. [1]. |

Finally, by combining the results, we can prove Proposition 1:
Proof [Proof of Proposition 1] It immediately holds by Proposition 8 and Lemma 10. |

H.4. Reduction of Q-

We provide the following lemma, which allows us to omit the variable O ;.

Lemma 11 For any T > 0, it holds that

(058 =R3—-
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Proof LetU, =0, - Ri. Then, it follows that

dU. dQ- dR,
= — 2R,
dr dr dr
=2a,R.(R: = Qr) D (k+1) - (k+ D)les krrcin RE
k=0

=2a2(R2 = Q<) (1= Q) D (k+1) - (k+ )lc},, 0%
k=0

=247 (R2 = Qo) {Re Y20k + 1) (k + D)les krncpnt RE
k=0

+a(1-0 Z(k+1) (k+1)1c2,, 0k }

- U, V,,
where
v, = aT{RT Sk D)kt DlewprricenRE +ar(1-Q:) Y (k+1) - (k+ 1)!ci+1Q’;}.
k=0 k=0

Then we obtain
-
Uy = erxp(—2/ Vyds) =0,
0

since Uy = 0. |

Appendix I. Derivation of ODE via population gradient

We show that we can derive the same ODE as (2) by leveraging the gradient flow of the population
loss. In particular, we consider an expected version of a loss with the two-layer neural network
f(x;a, W) =1 = Dy a,io ((w;, x)/Vd), and define a solution of an ODE defined by the gradient
of the expected loss

For time 7 > 0, we define a solution (a, WT)Tz() with initialization

dio=a, i, by K Unif ($971 (V).
and the gradient of the population loss:
S 1 . 1<, . 2
L(ar, Wo) =3E| (0 (a, @)/ V) = — 3" diror(@B1r, @) /YD)’
i=1

1 < . 2 O, y
:‘(W l; oY (@010 B,0) ) = Z i, S (W, W) /d)) +const,

25



DicHoToMy OF FEATURE LEARNING AND UNLEARNING

with
S(z) = Z cxxckzt, Y(z) = Z cizk.
k=1 k=1

We then calculate the gradients as follows:

ddi - . I . .
= mma, LG W) = =— 3 dij oY ((ai, 1)) [ d) + S (Wb, 0) /d),
T m =
d; ; W; W],
T - _md( d— d ) wlT (G’T’W)
. k

Y (<"—Uz -r,'w/ /d) - ('lbj,'r - <'lbi,'r,wj,‘r>'lbi,‘r)
=1

+ ai,TS (<w*, wi,‘r>/d) : (w* - (w*’ wi,‘r)'lbi,‘r)-
To simplify the form, we define the alignments Iéi,T, Q ij,ras

3 (Wy, Wi 1) x (Wi,z, wvj,T>
R = T, ij, T = T
We can derive ODEs for these order parameters.

davi,‘r

1 i ) ¢
=-— > djY(Qij«) +S(Ri <),
dr m =

dR; dir < X e wr s .
d;:T == ;nT JZ:; aj, Y (Ql] T)(R] T Qij,-rRi,‘r) + ai,-rS (Ri,‘r)(l - R?,T)v
dQ;; dir djr &
ij,T , . ;X x x x T . ;X x x ~
d—rj = - :nT Z di, 7Y (Qik,2)(Qjk,r — Qik,zQij,7) — ]7 Z A, Y (Qjk,z)(Qik,e — Qjk,zQij,7)

k=1 k=1

+ di,rsl(ki,r)(ﬁj,‘r - Iéi,‘erij,‘r) + dj,TS,(kj,T)(ki,r - Iéj,‘erij,‘r)-
12)
With the symmetric initialization, the following holds:

v

c=ds Ri:=Rg, Qij,r =0.(i # J).

S(

Then, the ODE (12) can be further simplified as follows when m — oo:

dd, N «

T =S(Re) - a¥(0),

.

dR. | o e
T =dr(1- R)S'(Ry) = a7 (1= 0) R Y/ (On),
dQ-

dr = 2(av-r(l - QVT)RTS,([\\ST) - d-zr(l - QVT)QVTY,(QVT))-
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Since we have

d  « <5 do, o
L0 - B = =T _0R,
dr (© 2 dr

dR,
d
= 2<av‘r(1 - QVT)R/TS,(R/T) - a\%(l - QVT)QVTY,(QVT))
- 2Ié‘r (d‘r(l - R/%)S,(k‘r) - dr(l - QVT)R/TY,(QVT))
= _ZdTRTS/(RT)(QT - R"Zr) - 2d3—(1 - QVT)Y/(QVT)(QVT - R"Zr)’
we obtain O, = R2. With defining T(R,) = U(R?) = P cilé%k, from R,U’(Q+) = %T’(RT), we
obtain

~

%

dR, | TSIV o
= (1= R)S (Rr) = Sa7 (1 - ROT' (o),
da L

dtT =S(R;) —d.T(R¢).

This exactly matches the ODE (2).

Appendix J. Origin of the fast-slow dynamics

The fast-slow structure observed in the dynamics of (2) is primarily motivated by numerical experi-
ments, but it can be partially justified theoretically in specific regimes. In particular, the flow initially
evolves purely in the R-direction at R = 0, since the a-component of the vector field vanishes there.
Moreover, when |R| is small, and the trajectory evolves near the nontrivial branch of the critical
manifold, the Jacobian exhibits a strong separation of eigenvalues, with the fast eigendirection nearly
aligned with the R-axis. In this regime, the fast-slow ansatz adopted in the main text is therefore
theoretically justified, which is especially relevant for the feature unlearning scenarios studied in this
work.

J.1. Initial transient and quasi-frozen a .

We consider the two-dimensional ODE (2). Then, from S(0) = 0, 7(0) = 0, it holds that
g(0,a) = S(0) —ar(0) =0.

Moreover, since S’ (0) = 2c4.1c; and 77(0) = 0, we obtain
1
£(0,a) = Ed(zs’(O) —aT’(0)) = acy,ic1 > 0.

Therefore, at the initial time 7 = 0, one has ¢, = 0 while R, > 0 holds.
Expanding the vector field for small f(R, a) (with a treated as O (1) during this short transient),
we obtain
f(R.a) = f(0.,a)+ O(R), g(R,a) =gr(0,a)R+O(R?),

and hence it holds that

da, _ g(R:,a-)

dR: ~ f(Rr.ax)
This shows that a, remains approximately frozen while R, moves rapidly away from 0, resulting in
a fast relaxation toward S.

= O(R,).
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J.2. Critical manifold and scale separation for small |R|

In this section, we discuss that the fast dynamics primarily drive the development of R,, and this
development is directed toward the coastal manifold §. The critical manifold (or R-nullcline) is
defined by f(R,a) = 0 and consists of three branches: a = 0, R = £1, and the nontrivial branch
a = h(R) defined in Assumption 7. We focus on the last one, which is relevant to the feature
unlearning phenomenon observed in numerical experiments.

Recall that ko > 2 denotes the smallest integer such that ¢, x,cx, # 0, and k1 > 2 denotes the
smallest integer such that cil # 0. Although the correlation functions satisfy S(R) = O(R) and

T(R) = O(R?) as R — 0, their leading-order derivatives are governed by these minimal indices. In
particular, as R — 0, we obtain

S"(R) = (1), S”(R) = ©(R%~2), T’(R) = O(R), T"(R) =0(1).  (13)

Along the nontrivial critical manifold a = A(R) = 28’ (R) /T’ (R), the estimates (13) immediately
imply
a=h(R)=0(R™), (R — 0), (14)

so that the amplitude a diverges algebraically as R — 0.
To quantify the resulting time-scale separation, we consider the Jacobian of the ODE (2) at
(R‘h aT) = (R’ h(R))7

J(R,a>=(§f; g) ga=-T(R). gx=S(R) —al’(R). fu=(1-R)gx.

and the remaining entry is given by:
fr = %a [(—2R) (28'(R) — aT’(R)) + (1 — R?) (28" (R) - aT”(R))]. (15)
On the critical manifold a = h(R), the first term in (15) vanishes identically, yielding
fr = %a(l ~ R*)(28”(R) — aT” (R)).
Using (13) and (14), the dominant contribution arises from the —aT”’(R) term, so that we have
fr=0(a*)=0(R™), (R—0). (16)
In contrast, the remaining Jacobian entries scale as
ga=-T(R)=O(R?), grg=S(R)-al’'(R)=0(1), fo=(1-R)gr=0(1). (17)
Therefore, along the nontrivial critical manifold, the Jacobian has the schematic structure

-2
J(R,h(R)):(ggfl)) Q?((Rlz))), (R — 0).

Treating the large entry fgr as dominant, the eigenvalues satisfy

1= fer O =OR?), A=~ 5 L 0(®) = 0. (1)
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Thus, the local time-scale ratio obeys

| As]
||

This establishes a pronounced scale separation of two eigenvalues along the critical manifold for
sufficiently small |R|, especially when feature unlearning occurs.

We also discuss the fast eigenvector alignment with the R-direction. Let vy = (vygr,Vfa)'
denote the eigenvector associated with A ¢. Writing the eigenvector equation

=0(RYH <« 1, (R — 0).

(fR_/lf)Vf,R"'favf,a:Oa gRVf,R"'(ga_/lf)Vf,a:Oa

and using A ~ fg gives the following from the second equation:

a 1
Vf, - _ 8R :®( ):®(R2)’ (R—>O),
VR 8a— Ay | fr]

since gg = O(1)and g, — Ay = O(R2) by (16), (17), and (18). Thus, the fast eigendirection satisfies
that v ¢ is almost pararelly to eg up to O(R?), justifying the interpretation that R is the fast variable
near the critical manifold for small |R)|.

Appendix K. Proof of Section E

The proof of the main theorem is based on Lobry et al. [21]. It proceeds as follows:
(1) verify (H1) - (HS) of Lobry et al. [21] hold for the model (3);
(2) apply Theorem 1 of Lobry et al. [21] to the system.

In preparation, we introduce several notations related to the critical manifold S. Specifically, S
can be decomposed as S = §§ U Sy U Sy, where S := {(R,a) € {-1,1} xR} and Sy := Sy U S
with

Sy :={(R,a) € (0,1) xR | 28’(R) — aT’(R) =0},
Sy ={(R,a) € (-1,0) xR | 28"(R) — aT’(R) = 0}.
Since f(0,a) = acxc1/A £ > 0 from Assumptions 4 and 5, we expect R7_rapidly increases and

ride on §; in the fast flow.
First, we show the following technical lemma.

Lemma 12 For h,a : (0,1) — R defined in Assumption 7, the following holds.
h(R) = LR 4 o(R7Y),
C1
@(R) = =2(ko = D)ko!Cx i€yt RO + 2(ky = 1kylexicrcy, R+ O (R thotl2kil+)

as R — +0.
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Proof These follow from direct expansion:

25’ (R)
T'(R)
_ 20*,1C1 + O(R)
~ 23R+ O(R?)

h(R) =

Cc
= 2R 4 o(RY), R — +0,
c

and

a(R) = S(R)T'(R) - 28" (R)T(R)
= (Cx 1 C1R + koles ko ChRY + O(RM™)) (2T R + 2k, - ky ! R+ O(R*M))
= 2(cx1c1 + ko - kolCw kyChy RO + O(RM)) (cR? + ki lej R* + O(RP))

= =2(ko = D)ko!CakgCro@ R +2(ky = Dkylex cicf R + O (R thot12kil+h
as R — +0. |

Now we state the following lemma, which states that Theorem 1 of Lobry et al. [21] can be applied to
the system (3). In the following, we introduce (R+,),>0 and (@, )<, >0 as a solution of a differential
equation, then study its dynamics.

Lemma 13 Under Assumptions 3-7, for an open set D = (=1, 1) x (0, 0) € R? and any M > a,
all the following hypotheses (HI) - (H5) hold.

(H1) For any fixed a € (0, %), the fast equation

—~

R,
dts = f(Repa) Tr=715/e (19)

has a unique solution (R, )., with prescribed initial conditions.

(H2) There exits some § > 0 such that, for I, = [a — 6, M|, there exits some function ¢ : [, —» R
such that for any a € 1,, R = &(a) is an isolated root of an equation f(R,a) = 0 and
L :={(&(a),a);a € 1,} € D holds.

(H3) For any a € 1,, R = £(a) is an asymptotically stable equilibrium point of the fast equation,
and we can take the basin of attraction of R = £(a) uniformly over I,.

(H4) The slow equation

—~

ar,

dtg

= g(g(a‘rs)’a'rs) (20)

defined on I, = int I, has a unique solution (az,)<, with prescribed initial conditions.

(H5) a € I, holds, and the point R(0) = 0 is in the basin of attraction of the equilibrium point
R = £(a) in the fast equation (19).
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Proof
(H1) For fixed a, f (R, a) is a polynomial of R, and especially, C* in D. So, (H1) follows from the
Picard-Lindelof theorem.

(H2) From Assumption 7 and Lemma 12, if we take 6 > O sufficiently small, I, := [a — §, M] C
h((0, R*)) holds. Since 1 — R* > 0 and T’(R) # 0 when R # 0, we have

fRa)=0 — 25(R)-T'(Rja=0 a=h(R)=2TSf,((RR))'

From I, c h((0,R*)) and Lemma 12, there exists some closed interval Ig C (0, R*) such that
h : Ir — I, is monotonically decreasing, and therefore, bijective. Thus, the inverse function
&:=h':1, — Iy exists. Also, by its definition, f(£(a),a) = 0 holds for a € I,, and we obtain
L ={(R,a); f(é(a),a) =0,a € I,} ¢ D from Iz c (0,R*) c (-1,1)and I, = [a—6,M) C
(0, 00).

(H3) We obtain that, for R = £(a),a € 1,

_ 1
ORF(R,a) |R=g(a) = E“(l - R*){28"(R) - aT” (R)}

_a(1-R*» S"(R)T'(R) - S (R)T"(R)
T A T'(R)

—L ’ - YAY A

—AfS(R)(l R*I (R)

—L _ 2 ’ ,

= 2Af(1 RH)T'(R)h(R)K' (R)

= —Zi (1-€(@)HT' (é(a)h(E(a))h (¢(a)).
f

From I, c h((0, R*)), we have £(a) € (0, R*) for any a € I,. Then, it follows that

1-&(a)* >0, T'(&(a)) >0, h(¢(a) >0, h'(&(a))<O0.

Therefore, dg (R, a) |R:§(a) < 0 holds for any a € I,. Hence, for any fixed a € I, R = £(a) is
an asymptotically stable equilibrium point of the fast equation. Now, from the compactness of 1,
there exits some 6 > 0, such that, for any a € I, and R € (£(a) — 6, &(a) +6), Og f(R, a) < 0 holds.
This means that we can take the basin of attraction of R = £(a) uniformly over /.

(H4) We can prove ¢ : I°a - I r 1s C*® from the inverse function theorem. Then, the function
a — g(&(a),a) is also C* in I,. Hence, the slow equation (20) has a unique solution from the
Picard-Lindelof theorem.

(H5) By the definition of I,, a € I,. Also, for any a € I, f(R,a) > 0for0 < R < &(a), and
f(£(a),a) =0. This means R = 0 is in the basin of attraction of R = &(a). |

Together with Lemma 13 and Theorem 1 of Lobry et al. [21], we obtain the following theorem:

Theorem 14 Let each solution of the fast equation (19) with an initial value 0, and the slow equation
(20) with an initial value a, be R > daz,, respectively. Let T > 0 be a maximal positive interval
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of definition of the slow equation (20). Then, under Assumptions 3-7, the following holds; for any
n > 0, there exists some €, > 0 with the property that, if € < €, the solution of (3) is defined for
at least ¢ € [0,T], and there exits L > 0 such that eL < n, |R%,, — I/Q\Tf| <nforO <1 <L,

STf
|RE —&(ar,)| <nforel <1, <Tand|af —a.|<nfor0O<7, <T.

Next, based on the result above, we study the asymptotic behavior of (£(av,), ar,) for y — oo
when the slow equation (20) is defined on [a@ — ¢, c0) with § > 0 used in (H2) of Lemma 13. We
show the following lemma.

Lemma 15 For the solution a., of the slow equation (20) defined on [a — 6, co) with 6 > 0 used in
(H2) of Lemma 13, the following holds:

lim @, =co, lim é@@r)=0, lim @y &(ar) ==, @1
Tg—00

Ts—00 Tg—00 .
where the scaling law changes for each case of Assumption 6:

(i) @, = O}, £(@.,) = 0(r; 1*n,

(ii) @z, = O(r)/ *),  g(@y,) = @ /o),
when Ty — oo,

Proof For i : h™!'([@—6,)) — [a—6, ), from Lemma 12, we have R — +0 &= h(R) — co.
Thus, the inverse function R = h~!(a) = £(a) is

&(a) = C:—l’la_l +o(a™), a— co. 22)

We now consider the slow equation

a({(az,)) ~
m, ap=a > 0. (23)

Combining Lemma 12, (22) and 7’ (R) = ZC%R + O(R?), in the case (i) of Assumption 6, we have

dar, _ .
T = B(E(@r), ) =
Ts

da 1 Cx,1 —_~ —~
= (k= Dkl = (ew fe) @ 4 0@t
S S

_ p—2ki+1 ~2ki+1 -~
= Ka,; +o(a,”"), ar — oo,

for some constant K > 0. From (23) and Assumption 7, a(7s) monotonically increases along S.
Then, a, is defined for 74 > 0, since a,, € [d@ — &, o) holds for 7; > 0. By standard comparison

arguments for scalar ODEs, we have a;, — oo with a;, = @(TS] /(2k) ) when 73 — oco. From
(22), £(ar,) — 0 with £(ar,) = O(ty 1/ 2kl) also holds. The last equality of (21) follows from
aé(a) = cx,1/c1+0(1), a — oo. We can derive another scaling law for (ii) in a similar way. W

Since we can take T > 0 arbitrarily large if we set M > O sufficiently large, we obtain the following
statement.
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Corollary 16 R ,a° can be defined for any 7 € [0, o), and it holds that

Ts? Ty

0 —~ 0 =~
aTS = aTS’ RTS = f(a‘l's>9

for any T3 > 0.

Proof Fix 7, > 0. With sufficiently large M, we can set T > 7. Then, from Theorem 14, for
any 0 < n < 7, with sufficiently small & > 0, |[RZ — &(a,)| < n holds. This directly implies
limg 40 [RZ — £(ar,)| = 0. We can prove similarly in the case of aZ . |

Together with these results, we finally prove the main theorems.
Proof [Proof of Theorem 6] From Lemma 15 and Corollary 16, we obtain

lim ¢ = lim @, =c, lim R = lim £(a,,) =0,
Tg—00 S Tg—00 ’ Tg—00 s Tg—00 ’
and
. . ~ i~ Cx,1
lim R(T) ag = lim &(ar,)ar, = ——.
Tg—>00 s 0s Tg—00 C1

Quite similarly, Theorem 7 directly follows from the combination of Lemma 15 and Corollary
16.

Appendix L. Additional simulation

We perform numerical simulations of the ODE (2) for multiple choices of activation and link
function coefficients (ck, cx k). In particular, we consider the case with ke = k = 7 and fix a
part of coefficients as ¢; = ¢» = ¢3 = 1 and c4,; = 1. Then, we vary the rest of coefficients as
€2.%,C3.% € {-5,-1.67,1.67,5}.

Figure 8 shows the results. In all cases satisfying the condition of the initialization in Assumption
5 identified in the theoretical analysis, we consistently observe that the dynamics of (R, a,) follows
the result in Section 4. Consequently, the result validates the overview of the feature unlearning
along attracting branches of the critical manifold.
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