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Abstract

Spectral clustering is a fundamental method for graph partitioning, but its reliance
on eigenvector computation limits scalability to massive graphs. Classical sparsifi-
cation methods preserve spectral properties by sampling edges proportionally to
their effective resistances, but require expensive preprocessing to estimate these re-
sistances. We study whether uniform edge sampling—a simple, structure-agnostic
strategy—can suffice for spectral clustering. Our main result shows that for graphs
admitting a well-separated k-clustering, characterized by a large structure ratio
Υ(k) = λk+1/ρG(k), uniform sampling preserves the spectral subspace used for
clustering. Specifically, we prove that uniformly sampling O(γ2n logn/ε2) edges,
where γ is the Laplacian condition number, yields a sparsifier whose top (n− k)-
dimensional eigenspace is approximately orthogonal to the cluster indicators. This
ensures that the spectral embedding remains faithful, and clustering quality is
preserved. Our analysis introduces new resistance bounds for intra-cluster edges, a
rank-(n−k) effective resistance formulation, and a matrix Chernoff bound adapted
to the dominant eigenspace. These tools allow us to bypass importance sampling
entirely. Conceptually, our result connects recent coreset-based clustering theory
to spectral sparsification, showing that under strong clusterability, even uniform
sampling is structure-aware. This provides the first provable guarantee that uniform
edge sampling suffices for structure-preserving spectral clustering.

1 Introduction

Spectral clustering is a fundamental approach for discovering community structure in graphs, with
applications such as image segmentation [18]. The technique embeds nodes into a low-dimensional
space using the eigenvectors of the graph Laplacian, after which standard clustering algorithms (e.g.
k-means) can be applied to identify latent groups. However, as real-world graphs grow increasingly
large—often with millions of nodes and edges—computing even a handful of eigenvectors of the
Laplacian becomes computationally prohibitive. This scalability challenge has spurred interest in
spectral graph sparsification, which aims to drastically reduce the number of edges while preserving
the graph’s key spectral (and hence clustering) properties.

Classical results in spectral sparsification show that it is possible to approximate a graph by sampling
edges with probabilities proportional to their effective resistances, yielding high-quality spectral
sparsifiers that preserve every eigenvalue up to a (1± ε) factor [19]. Unfortunately, estimating these
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effective resistances is itself expensive in practice, as it typically requires solving large Laplacian
linear systems or constructing specialized data structures (so-called resistance “sketches”) for the
graph. This overhead can negate the computational gains of sparsification, especially for large graphs.
So it is natural to ask whether simpler sampling methods can succeed. Specifically:

When can uniform edge sampling—without any heavy preprocessing—suffice to preserve the structure
needed for spectral clustering?

Intuitively, if there are coherent clusters in the data, and we want our sampling design to focus on
preserving this structure, then standard samplers (e.g. based on effective resistances) for approxi-
mating the entire graph would be an overkill. Looking at the extreme case, if there are disconnected
but coherent clusters in the data, surely uniform sampling will suffice in preserving the clustering
structure. Relaxing this corner case, in presence of ‘strong enough’ well-separated cluster structure,
with sufficiently more intracluster edges than intercluster edges, simple uniform sampling may still
suffice. Our focus is to use spectral properties of the graph to identify sufficient conditions for a
strong enough k-cluster structure to allow uniform sampling for sparsification without compromising
the said structure. We formalize this through the structure ratio Υ(k) = λk+1

ρG(k) , where λk+1 is the
(k + 1)-th eigenvalue of the normalized Laplacian and ρG(k) is the k-way expansion (conductance)
constant of the graph (i.e. the minimum over all k-partitionings of the maximum cluster conductance).
Our main result shows that in graphs with large Υ(k), a fraction of uniformly sampled edges suffices
to preserve the pertinent spectral structure for clustering:

Theorem 1.1. (Informal restatement of Theorem 4.3) For a graph with n vertices, by subsampling
m = O(C·n logn

ε2 ) edges uniformly at random we obtain a sparsified graph whose top n−k eigenspace
remains approximately orthogonal to the original cluster indicators:∥∥∥Ṽn−kṼ

T
n−kC

∥∥∥2
F
≤ k

( 1

Υ(k)
+

ϵ

1− ϵ
κ
)
.

Here, C and κ are constants depending on structural and spectral properties of the graph. In the
presence of coherent clusters in the graph, Υ(k) is large. For example, under well-clusterability
assumption of [17], Υ(k) = Ω(k2). Consequently, the bottom-k spectral embedding of the subsam-
pled graph continues to preserve the cluster structure, even though edges were sampled uniformly
without any structural information. As a result, spectral clustering applied to the sparsified Laplacian
continues to succeed, inheriting the corresponding guarantees of the original graph.

This finding has both practical and theoretical implications. On the practical side, it justifies a simple
and scalable preprocessing step for spectral clustering: one can simply sparsify the graph by uniform
sampling, without complex computations, and still reliably recover clusters. By eliminating the
need for computing leverage scores or resistances, our approach enables spectral clustering to scale
to previously infeasible graph sizes with minimal overhead. On the theoretical side, our results
contribute to the emerging understanding of how structural assumptions can yield beyond-worst-case
guarantees. In particular, it complements recent advances in the coreset and data reduction literature,
which show that under clusterability conditions, even uniform random sampling can produce excellent
summaries for clustering problems [4, 14]. Here we provide an analogous message for spectral graph
clustering: when a graph is inherently well-clusterable, random uniform sampling of edges is powerful
enough to preserve its cluster structure.

Technical Contributions We present a structure-aware analysis of spectral clustering under uniform
edge sampling. Our key insight is that in graphs with well-separated clusters (characterized by a
large structure ratio Υ(k)), the eigenvectors associated with those clusters are robust to random edge
removals. In what follows, we highlight three main contributions of this work:

- Structure-aware sparsification guarantee. We prove that uniform sampling can produce a spectral
sparsifier that preserves cluster structure under standard clusterability assumptions. In particular, we
show that if Υ(k) is sufficiently large, sampling m = O(n logn / ε2) edges uniformly at random
is enough to ensure that the relevant spectral subspace for clustering is approximately preserved.
Intuitively, our main theorem (Theorem 4.3) guarantees that the sampled graph Laplacian has its top
(n − k)-dimensional eigenspace nearly orthogonal to the original k-dimensional cluster indicator
subspace. Equivalently, the cluster indicator vectors remain (up to a small error) in the span of the
bottom k eigenvectors of the sparsified Laplacian. This result is notable because it achieves a form of
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structure-preserving spectral sparsification without any adaptive weighting, purely through uniform
edge selection.

- Resistance bounds for intra-cluster structure. To analyze uniform sampling, we derive new bounds
on the effective resistances of edges in clustered graphs. We show that within well-defined clusters,
every edge has limited spectral influence. Specifically, leveraging the effective condition number
and the cluster expansion constant ρG(k), we bound the contribution of any intra-cluster edge to the
top (n− k) eigen-spectrum of the Laplacian. Symmetrically, we also bound the spectral effect of
inter-cluster edges. These results quantify how strong cluster structure (large Υ(k)) constrains the
‘spectral mass’ of edges, and they are crucial in showing that importance-unaware uniform sampling
(which does not distinguish between edges) can still preferentially preserve important connections.
Notably, these resistance-based bounds are new and may be of independent interest for understanding
spectral properties of clustered graphs.

- Eigenspace matrix Chernoff analysis. Our analysis introduces a matrix Chernoff concentration
argument tailored to the top-(n-k) eigenvector subspace. After sampling edges uniformly, we study
the deviation of the sparsified Laplacian from the original Laplacian on the subspace orthogonal to
the cluster indicators. By adapting matrix Chernoff bounds to this specific subspace (rather than the
entire space), we prove that the sparsifier’s Laplacian remains well-behaved (i.e. within a (1 ± ε)
factor of the original) on all vectors that are orthogonal to the cluster indicator vectors. This step is
key to translating our resistance bounds into a global spectral guarantee.

2 Related Work

Clusterable Graphs and Spectral Clustering. Our work is motivated by the setting of well-clustered
graphs, where the graph contains a pronounced k-cluster structure. A convenient way to quantify
clusterability is via the structure ratio Υ(k) proposed by Peng et al. [17]. They proved a Structure
Theorem for such graphs: if Υ(k) = Ω(k2) (or stronger bounds in subsequent refinements), then
the subspace spanned by the bottom k Laplacian eigenvectors is close to the subspace spanned by
the k cluster indicator vectors. Macgregor and Sun [15] showed that one can guarantee spectral
clustering’s success under much weaker assumptions on Υ(k) that do not scale exorbitantly with
k. Beyond these spectral analysis results, there have been complementary advances in testing and
detecting cluster structure. For example, Czumaj et al. [8] design property testers for cluster structure
in bounded-degree graphs, assuming that the graph can be partitioned into well-connected clusters
with low conductance cut between clusters.

Spectral Graph Sparsification. A series of foundational works has established that any graph can
be approximated by a sparse subgraph in a spectral sense. In their seminal result, Spielman [19]
introduced an algorithm to produce an ϵ-spectral sparsifier with O(n log n/ϵ2) edges by sampling
edges with probabilities proportional to their effective resistances. These sparsification methods,
while powerful, rely on non-uniform edge sampling schemes to skew the sample toward “important”
edges. In subsequent work, Batson et al. [2] proved the existence of linear-sized spectral sparsifiers
(with O(n/ϵ) edges) using a deterministic constructive method. In general graphs, uniform random
sampling of edges without such weights can fail to preserve spectral properties unless the sample
size is prohibitively large (e.g., on adversarial graphs with high-degree vertices or weak connectivity
structure) – Recent matrix approximation results formalize this limitation: for instance, Cohen
et al. [7] study uniform sampling for matrix approximation and show that uniform row sampling
can produce effective approximations for certain matrix classes. Critically, their framework uses
uniform sampling as an intermediate step to estimate leverage scores, which are then used for
subsequent importance sampling to construct the final approximation. Their two-stage approach
improves the efficiency of computing importance sampling distributions but fundamentally still relies
on resistance-based sampling for final spectral preservation. Our work differs in showing that under
structural assumptions (large Υ(k)), uniform sampling alone suffices for preserving the spectral
subspace relevant to clustering, without any refinement or resistance estimation step. While their
work demonstrates that uniform sampling can be a useful computational tool within importance
sampling frameworks, our contribution identifies specific graph structures where the importance
sampling phase can be eliminated entirely. There have been alternative methods that aim to compute
sparsifies that avoid Laplacian graph solvers entirely: Kapralov and Panigrahy [11] obtain a spectral
sparsifier by taking a union of random graph spanners. However, their scheme require a non trivial
algorithm for computing importance probabilities over the edges. Peng et al. [16] develop local
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appoximation algorithms that estimate effective resistance by exploring only a small portion of the
graph, via random walks, achieving O(poly log n/ϵ) with additive ϵ error for graphs with bounded
mixing time.

Uniform Sampling for Clustering Coresets. Classical clustering coresets (e.g., for k-means or
k-median) typically rely on importance sampling, but recent work shows that when the data is well-
structured, uniform sampling can yield equally effective—and much simpler—coresets. Braverman
et al. [4] present a meta-theorem for constructing clustering coresets via uniform sampling: they obtain
the first coresets for many constrained clustering problems (such as capacitated or fair clustering) using
uniform sampling instead of sensitivity sampling. However, the technical problem and solution are
fundamentally different: Braverman et al. [4] sample data points in metric spaces for distance-based
clustering objectives, using VC-dimension theory and cluster-balance parameters, while our paper
aims to sample graph edges for spectral sparsification, requiring novel (n−k)-effective resistances and
matrix concentration bounds to preserve Laplacian eigenspaces for the spectral clustering objective.
Focusing on the unconstrained k-median objective, Huang and Vishnoi [10] investigate the role
of balanced clusters. They define a balancedness parameter β ∈ (0, 1] measuring how evenly the
points are distributed among optimal clusters. When β is not too small (no cluster is overwhelmingly
large or tiny), a uniform sample of only poly(k, 1/β, 1/ϵ) points yields a (1 + ϵ)-approximation for
k-median, nearly matching the information-theoretic lower bound on sample complexity. In contrast,
without assuming balance (β close to 1), any coreset construction must effectively inspect Ω(1/β)
points in the worst case. Our work is complementary to this line of research: while Braverman et
al. and Huang-Vishnoi sample data points in metric spaces for clustering objectives like k-means/k-
median, we sample graph edges for spectral graph clustering. The mathematical frameworks differ
fundamentally: their work relies on metric space geometry and sensitivity analysis, while ours
operates in the spectral graph domain using Laplacian eigenspaces and matrix perturbation theory.
These results mirror our theme: uniform sampling performs as well as sophisticated importance
sampling when each cluster or component of the data is well-conditioned (e.g. size-balanced or with
limited “leverage”). Our contribution can be seen as an analogous statement in the graph setting:
if the graph’s clusters are sufficiently well-separated (large Υ(k) gap), then each edge is roughly
equally “important” and hence uniform edge sampling preserves the spectral clustering structure.

3 Background

Let G = (V,E) be an undirected graph where V represents the set of vertices and E the set of edges.
For weighted graphs, we denote the weight of an edge between vertices u and v as w({u, v}). The
adjacency matrix A of graph G has entries Aij representing the weight of the edge between vertices i
and j (or 1 for unweighted graphs if an edge exists, 0 otherwise). The degree matrix D is a diagonal
matrix where Dii =

∑
j Aij represents the sum of weights of all edges incident to vertex i. For

any subset S ⊂ V , we define vol(S) =
∑

i∈S Dii as the volume of S, representing the total weight
of edges incident to vertices in S. The standard graph Laplacian is defined as L = D − A. The
normalized Laplacian is given by L = I − D−1/2AD−1/2, where I is the identity matrix. Both
matrices are positive semidefinite with eigenvalues ordered as 0 = λ1 ≤ λ2 ≤ · · · ≤ λ|V | for
connected graphs. For any vector x ∈ R|V |, the Laplacian quadratic form gives:

xTLx =
∑

{u,v}∈E

w({u, v})(x[u]− x[v])2

This form reveals the connection between the Laplacian and the cut structure of the graph: it sums
the weighted squared difference across each edge, so x⊤Lx is small if x is nearly constant on
connected components (e.g. indicator vectors of clusters). The Laplacian can be factorized as
L =

∑
(a,b)∈E w({a, b})L(a,b) = BTWB where B ∈ R|E|×|V | is the edge-incidence matrix and W

is a diagonal matrix of edge weights. The normalized Laplacian is defined as L = I−D−1/2AD−1/2.
Both L and L are positive semidefinite (PSD) matrices. We label their eigenvalues as 0 = λ1 ≤ λ2 ≤
· · · ≤ λn.

Graph Conductance and Expansion Constant. For a subset S ⊂ V , the conductance (or Cheeger
ratio) is defined as:

ϕG(S) =
|E(S, V \ S)|

vol(S)
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where |E(S, V \ S)| represents the sum of weights of edges connecting S to its complement, and
vol(S) is the number of edges in S. This ratio is small when S has very few edges leaving it compared
to the sum of degrees inside S. The conductance of the graph is:

ϕ(G) = min
S:vol(S)≤vol(G)/2

ϕG(S)

A small ϕ(G) indicates that the graph has a well-defined ‘bottleneck’ of few edges separating
the graph into two clusters. Cheeger’s inequality establishes a fundamental relationship between
conductance and the second eigenvalue of the normalized Laplacian: λ2

2 ≤ ϕ(G) ≤
√
2λ2. This tells

us that the second eigenvalue is small iff the graph contains a sparse cut. For multi-way clustering,
this is generalized as:

ρG(k) = min
S1,...,Sk

max{ϕG(Si) : i = 1, . . . , k}

ρ(G) is small when we can partition the graph into k clusters each having few inter-cluster edges.
Higher-order Cheeger-type inequalities [12] extend the two-cluster case to the k-th eigenvalue,
providing guarantees for k-way spectral partitioning: λk

Ck2 ≤ ρG(k) ≤ C ′√λk log k, where C and
C ′ are constants. A convenient way to quantify how well-separated k clusters are is the structure
ratio Υ(k) defined as

Υ(k) =
λk+1

ρG(k)
.

This ratio compares the (k + 1)-th eigenvalue (which increases when there is no “(k + 1)-st cluster”)
against the k-cluster expansion ρG(k) (which decreases when clusters are better insulated). Intuitively,
large Υ(k) means the first k eigenvalues λ2, . . . , λk are very small (signifying k good clusters), but
λk+1 jumps much higher (no (k + 1)-th cluster), so the clustering structure is pronounced.

Spectral Clustering. The Spectral clustering algorithm partitions the graph by computing the bottom
k eigenvectors of the normalized Laplacian L and using them to embed each vertex into Rk. The
resulting matrix F , whose i-th row represents the embedding of vertex i, is then clustered using
an algorithm like k-means. When the graph has a clear k-cluster structure (large Υ(k)), theory
guarantees that these embedded points (the rows of F ) cluster tightly around k distinct centers
corresponding to the true communities.

Spectral Sparsification. Spectral sparsification of a graph aims to reduce the number of edges in a
graph while preserving its essential structural properties. A spectral sparsifier is a subgraph G̃(V, Ẽ)
of G(V,E) with reweighted edges that approximates the quadratic form of the Laplacian for all
vectors. Specifically, G̃ is an ϵ-spectral sparsifier of G if:

(1− ϵ)xTLx ≤ xT L̃x ≤ (1 + ϵ)xTLx, ∀x ∈ Rn

where L and L̃ are the Laplacians of G and G̃, respectively. Preserving the spectrum in this way also
preserves the results of spectral clustering: in particular, the important bottom-k eigenspace of L will
have a close counterpart in L̃.

Effective Resistance. The effective resistance Reff(e) of an edge e = (u, v) measures the importance
of an edge in the graph’s connectivity structure. When viewing the graph as an electrical network
with edges as resistors, the effective resistance between vertices u and v is:

Reff(u, v) = (δu − δv)
TL†(δu − δv)

where L† is the pseudoinverse of the Laplacian and δx is defined as the standard basis vector with
value 1 at index x and 0 elsewhere. The leverage score τe of an edge e = (u, v) with weight we is
defined as: τe = weReff(e).

4 Results

In the context of graph clustering, it is crucial to understand how the eigenvectors of the Laplacian
relate to the underlying cluster structure. For graphs that are well-clustered, the subspace spanned
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by the bottom k eigenvectors aligns closely with the optimal cluster indicator matrix. This is
demonstrated in the following theorem.
Theorem 4.1 (Structure Theorem [15, 17]). Let {C1, . . . , Ck} be a k-way partition of G achieving
ρG(k), and let Υ(k) = λk+1/ρG(k). Assume that {vi}ki=1 are the first bottom k eigenvectors of ma-
trix L, and C1, . . . ,Ck ∈ Rn are the cluster indicator vectors of {Ci}ki=1 with proper normalization
(i.e. ci =

1Ci√
|Ci|

). Then, the following statements hold:

1. For each cluster Ci, there exists a linear combination of the eigenvectors v1, ...,vk. v̂i :=∑k
j=1 αjvj such that ∥ci − v̂i∥2 ≤ 1

Υ(k) .

2. For each eigenvector vi, there exists a linear combination of the cluster indicator vectors,
ĉi :=

∑k
j=1 βjcj such that

∑k
i=1 ∥vi − ĉi∥2 ≤ k

Υ(k) .

For completeness, we also provide their proof in Section A.1.

4.1 Spectral Sparsification for Well-Clustered Graphs

As our first result, we extend the structure theorem to study how the alignment of the cluster indicator
vectors and the bottom k eigenvectors of the Laplacian is preserved under sparsification. Intuitively,
when the vertices are well-clusterable, we would expect the Laplacian matrix to be decomposable as
L = L̇+ E, where L̇ is block diagonal representing optimal intracluster edge weights, and E is a
small error matrix of intercluster edge weights. If a graph is well-clusterable, this error matrix should
have a very small norm. Using Davis-Kahan (Theorem B.2), the eigenvectors of L̇, which correspond
precisely to the cluster indicator vectors, and the eigenvectors of L should be close together. We first
explore sparsification through effective resistances which are known to be able to approximate the
underlying graph well [19].
Theorem 4.2 (Sparsification with Structure Preservation). Let G = (V,E) be a graph with normal-

ized Laplacian matrix L that satisfies Theorem 4.1. If we sample O
(

n logn
ϵ2

)
edges proportional to

their effective resistance to construct a sparsified Laplacian L̃, then:

∥Ṽn−kṼ
T
n−kC∥2F ≤ 1 + ϵ

1− ϵ
· kρG(k)

λk+1

where Ṽn−k is defined as the matrix of top n− k eigenvectors of L̃.

This result expectedly follows from the ϵ-approximation of the graph, which preserves the entire
spectral information of the graph up to ϵ error. This theorem immediately suggests that for clustering,
it is possible to sparsify the graph via effective resistance sampling while preserving the useful
information of the alignment between the bottom k eigenvectors and the cluster indicator vectors.

Interestingly and perhaps a bit surprisingly, for well-clustered graphs, sampling uniformly at random
instead of costly effective resistance sampling also preserves the alignment of cluster indicator vectors
and the bottom k eigenspace, hinting that sparsification by sampling edges uniformly at random
preserves clusterability of the graph.
Theorem 4.3. ([Main result] Sparsification via Uniform Sampling with Structure Preservation) Let
G = (V,E) be an unweighted graph with Laplacian matrix L that satisfies Theorem 4.1. Additionally,
suppose there exists clusters {C1, ..., Ck} with k-way cut value ρG(k). Let κ = λn

λk+1
be the rank

n− k condition number, and let Υ(k) = λk+1

ρG(k) be the clusterability constant. If we uniformly sample

O
(

κ2

(1−k/Υ(k))2(1−ρG(k))2 · n log(n)/ϵ2
)

edges with proper reweighting, we obtain a sparsified

Laplacian L̃ that satisfies

∥Ṽn−kṼ
T
n−kC∥2F ≤ k

( 1

Υ(k)
+

ϵ

1− ϵ
κ
)

(1)

where Ṽn−k is defined as the matrix of top n− k eigenvectors of L̃.
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Theorem 4.3 ensures a practical structural guarantee – it implies that for well-clustered graphs
sparsification by uniform sampling still retains approximate alignment of the bottom k eigenvectors
with the cluster indicator vectors, and so the spectral clustering algorithm when applied to the
sparsified Laplacian will recover the underlying clusters.

Proof idea: To prove this claim, we now develop a detailed analysis that connects structural properties
of well-clustered graphs to spectral stability under uniform sampling. Specifically, we derive new
bounds on rank-(n − k) effective resistances in Section 4.2, quantify the distributional proximity
between leverage score sampling and uniform sampling, and apply a matrix Chernoff argument
tailored to the dominant eigenspace. These efforts culminate in Theorem 4.8, which formally proves
that uniform sampling preserves spectral approximation of the top-(n−k) eigenspace of the Laplacian.
Finally, we utilize the preservation of the top-(n− k) eigenspace to show that the projection matrices
between the original and sparsified Laplacians are close. This results in an additive bound on the
squared Frobenius norm of the alignment between the bottom k eigenspace of the sparsified graph.
The detailed proof is in the appendix.

4.2 Bounding effective resistances

To justify the effectiveness of uniform edge sampling, we must understand how much spectral
influence individual edges exert specifically, through their effective resistances. While classical upper
bounds depend only on global spectral properties, they fail to exploit the underlying cluster structure.
In this section, we derive new resistance bounds tailored to well-clustered graphs, showing that most
intra-cluster edges have uniformly low spectral impact when Υ(k) is large.

Define δu ∈ {0, 1}|V | to be a vector that is 1 at index u and 0 everywhere else. Given an edge
{a, b} ∈ E, the effective resistance is defined as ⟨δa − δb, L

+(δa − δb)⟩. For L = VΣ2VT , the
effective resistance can be expressed and bounded in terms of the second eigenvalue:

⟨δu − δv, L
+(δu − δv)⟩ =

n∑
i=2

1

σ2
i

(δa − δb)
T viv

T
i (δa − δb) =

n∑
i=2

(via − vib)
2

λi
≤ 2

λ2
.

This bound is quite weak in that it only leverages information regarding the second eigenvalue.
Chandra et al. [5] showed that this global bound is tight [5], but there are other more fine-grained
bounds under reasonable assumptions (e.g. under a bounded expansion [3]). For our analysis, we
must go beyond worst-case bounds too and examine how edge resistances behave under structural
assumptions of well-clusterability. We begin by introducing a rank-(n− k) formulation of effective
resistance that is more aligned with the subspace relevant to spectral clustering.

4.2.1 Bound on Rank n-k Effective Resistance

Prior work on spectral sparsification often relies on effective resistance as an importance score for
edge sampling. However, in clustering applications, this heuristic can be misaligned: inter-cluster
edges typically have high resistance, increasing their sampling probability—despite being the very
edges we hope to downweight or ignore. In contrast, uniform sampling treats all edges equally, and
our goal is to show that it naturally favors preserving intra-cluster structure in well-clustered graphs.
To formalize this, we focus not on preserving the entire Laplacian spectrum, but specifically the top
(n − k) eigenspace, which captures finer intra-cluster variation. We introduce the notion of rank
(n− k) effective resistance, tailored to this subspace, and show that for well-separated clusters, the
resistance of intra-cluster edges is uniformly small. This will allow us to argue that even uniform
sampling suffices to preserve the dominant spectral structure relevant to clustering.
Definition 4.4 (Rank n− k Effective Resistance). Given a graph G = (V,E), let L = VΣVT be
the unnormalized Laplacian. Let Ln−k :=

∑n
i=k+1 λiviv

T
i . The Rank (n− k) effective resistance

between vertices a, b ∈ V is defined as the following

Rn−k
eff (a, b) := ⟨δa − δb,L

+
n−k(δa − δb)⟩

In the seminal paper by Chandra et al. [5], they have the following bounds for effective resistance:

2

λ2
≥ Reff(u, v) ≥

1

n · λ2
.
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However, for our applications this lower bound is extremely weak as it scales based on the number of
vertices. In the following lemma, we show a lower bound on the effective resistance that is purely
based on clusterability and the “rank n-k condition number” of the graph.
Lemma 4.5. Let {C1, ..., Ck} be a partition of G achieving ρG(k), and let Υ(k) = λk+1/ρG(k).
Let L = BBT be the laplacian of the graph and let κ = λn

λk+1
. Then for any pairs of vertices {a, b}

within a cluster, the rank (n− k) effective resistance is bounded by

2

λk+1
≥ Rn−k

eff (a, b) ≥ 1

κ
(1− k

Υ(k)
)

2

λk+1

Lemma 4.5 provides an improved structure-aware lower bound on the rank-(n−k) effective resistance
of intra-cluster edges. It shows that in graphs with large structure ratio Υ(k) with high connectedness
(large κ), these resistances are tightly bounded, reinforcing the intuition that uniform sampling
predominantly selects low-resistance edges and thus implicitly preserves intra-cluster connectivity
essential for spectral clustering.

To quantify how close leverage score sampling is to uniform sampling, we next bound the number of
inter-cluster edges. In well-clustered graphs, it is natural to expect that the fraction of inter-cluster
edges is small relative to the total number of edges. This structural property will us to compare the
leverage score distribution to the uniform distribution in the analysis that follows.
Lemma 4.6 (Intercluster Edges). Let {C1, . . . , Ck} be a clustering of G = (V,E) that satisfies
ρG(k) = minC1,...,Ck

maxi=1,...,k{ϕG(Ci)}. Then the number of inter cluster edges is bounded by

|Einter| ≤ ρG(k) ∗ |E|

4.3 Matrix Chernoff Proof of Top-(n− k) Approximation

Having established that intra-cluster edges have bounded rank-(n−k) effective resistance (Lemma 4.5)
and that inter-cluster edges are proportionally few (Lemma 4.6), we now analyze how these structural
properties translate into spectral guarantees for uniform sampling. Our goal in this section is to show
that the Laplacian of a uniformly sampled subgraph approximates the original Laplacian well on the
top-(n− k) eigenspace. To do this, we first show that under clusterability assumptions, the leverage
score distribution is ‘close enough’ to uniform to allow concentration.

We first start with notation. Let τe := Rn−k
eff (e) be the rank n − k effective resistance for an edge

e ∈ E. Let pe := τe∑
e∈E τe

the associated probability distribution based on the effective resistances.

Let punif := 1/|E| = 1/m be the uniform distribution.

Lemma 4.7. Let {C1, ..., Ck} be a partition of G achieving ρG(k), and let Υ(k) = O(k2), κ = λn

λk+1
.

Then we have the following relative upper bound on the leverage score probability distribution

(1− k/Υ(k)) ∗ (1− ρG(k))

κ
· punif ≤ pe ≤

κ

(1− k/Υ(k)) ∗ (1− ρG(k))
· punif

for all edges e ∈ E.

Lemma 4.7 enables us to treat uniform sampling as an approximate surrogate for leverage score
sampling in the structured setting. With this in place, we now apply a matrix Chernoff bound to show
that the Laplacian of a uniformly sampled subgraph preserves the spectral structure of the original
Laplacian on the top-(n− k) eigenspace, leading to our main result:
Theorem 4.8 (Chernoff via Uniform Sampling). Consider a graph G = (V,E) with laplacian
matrix L ∈ Rn×n. Suppose that there exists clusters {C1, ..., Ck} that satisfies Υ(k) = λk+1

ρG(k) . Let

κ = λn

λk+1
be the restricted rank n− k condition number of L

Let LH be the Laplacian of a sparsified graph where we sample edges uniformly. Then by uniformly
sampling O

(
κ2

(1−k/Υ(k))2(1−ρG(k))2 · n log(n)/ϵ2
)

edges, we can guarantee

(1− ϵ)xTLx ≤ xTLHx ≤ (1 + ϵ)xTLx

for all x ∈ span(vk+1, ..., vn). In other words, we obtain a spectral sparsifier for the dominant n− k
of the original Laplacian.
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5 Experiments

We empirically validate our theoretical results by comparing uniform edge sampling against effective
resistance sampling on synthetic graphs generated by a Stochastic Block Model [1]. We focus on
graphs with k = 4 clusters with 200 nodes per cluster. To measure the error, we compute the bottom
k = 4 eigenvectors of the sparsified graph, and we measure the largest principal angle between the
bottom 4 eigenvectors with the true cluster indicator vectors (ie ∥ sinΘ(Ṽk, C)∥∞. Smaller angles
indicate better preservation of the cluster structure in the spectral embedding. We evaluate both
sampling strategies in two settings.

• Well Clustered Graphs: Graphs are generated with large intra-edge to inter-edge probability
ratio. The probabilities were chosen to highlight uniform edge sampling for low γ values
(strong clustering structure).

• Weakly Clustered Graphs: Graphs are generated with small intra-edge to inter-edge
probability ratio. These ratios corresponds to large γ values (bad clustering structure).

Figure 1: Good Clusters: Error plots comparison between Uniform Sampling and Effective Resis-
tance Sampling of strong clusters with varying values of γ. Shaded region denotes 1 sd over 20 runs.

Figure 2: Poor Clusters: Error plots comparison between Uniform Sampling and Effective Resistance
Sampling of bad clusters with varying values of γ. Shaded region denotes 1 sd over 20 runs.
For the experiments, the effective resistances were computed via computing the pseudoinverse of
the unnormalized Laplacian. All experiments were run on a Macbook Pro M1 with 16GB of RAM.
Experiments on the well-clustered graphs confirm the effectiveness of uniform sampling in terms
of preserving the bottom-k eigenspace. Surprisingly, even in the poorly-clustered setting, uniform
sampling still followed an error trajectory similar to that of effective resistance sampling. Emperically,
it is interesting to see that on the well clustered graphs, uniform sampling actually performs slightly
better than effective resistance sampling. We hypothesize that this is due to uniform sampling being
biased towards undersampling cross cluster edges, which results in stronger subspace alignment with
the cluster membership vectors. We leave further investigation of this phenomena to future work.

5.1 Hierarchical Stochastic Block Model

Experiments are done similarly for a hierarchical stochastic block model. We fix the number of
top clusters and sub clusters to be 4 for a total of 16 clusters with the goal of approximating the
subspace structure of the top clusters. To test the strength of uniform sampling versus effective
resistance sampling, we adjust the probability of a connection between nodes within the same sub
cluster (pintra-sub), between nodes of different sub clusters (pinter-sub) and between nodes of different
top clusters (pinter-top).

• Strong Hierarchical Structure: pintra-sub = 0.5, pinter-sub = 0.10, pinter-top = 0.005

• Moderate Hierarchical Structure: pintra-sub = 0.35, pinter-sub = 0.08, pinter-top = 0.015

9



• Weak Hierarchical Structure: pintra-sub = 0.20, pinter-sub = 0.06, pinter-top = 0.025

Figure 3: Hierarchical Clusters: Error plots comparison between Uniform Sampling and Effective
Resistance Sampling of strong clusters with varying values of γ. Shaded region denotes 1 sd over 20
runs.

5.2 Lancichinetti–Fortunato–Radicchi Benchmark Graphs

We perform experiments based on the network benchmark graphs by [13]. Experiments are performed
for a network of 800 nodes. The mixing parameter µ determines the fraction of edges connecting to
others communities, which we vary to generate strong versus weak community structure.

Figure 4: LFR Network Clusters: Error plots comparison between Uniform Sampling and Effective
Resistance Sampling of strong clusters with varying values of µ. Shaded region denotes 1 sd over 20
runs.

6 Conclusion and Future Work

We presented a structure-aware analysis of spectral sparsification via uniform edge sampling, showing
that for well-clustered graphs—characterized by a large structure ratio Υ(k)—uniform sampling
suffices to preserve the spectral subspace critical for clustering. Our approach introduced new
resistance bounds for intra-cluster edges, leveraged a rank-(n− k) formulation of effective resistance,
and applied a matrix Chernoff analysis to the dominant eigenspace. Together, these tools enabled the
first provable guarantees for structure-preserving sparsification using uniform sampling alone.

Several directions remain open for future work. First, our resistance bounds—while sufficient
for matrix concentration—may be loose in practice; tightening them, especially by refining the
dependence on κ and Υ(k), could lead to sharper sampling rates. Second, extending this analysis
to weighted graphs or graphs with overlapping clusters may reveal new structural insights. Finally,
it would be valuable to explore whether similar structure-aware uniform sampling results can be
obtained for other graph problems, such as semi-supervised learning, or spectral embedding beyond
clustering.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: In our abstract and in the introduction under ”technical contributions” we give
a description of the claims and the results we prove in the paper.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Throughout our paper, we explicitly state the assumptions and conditions that
we require for our theory to hold. In our paper we use a clusterability parameter Υ that has
been used in many previous works, and we require a rank n− k condition number κ in our
sampling bound. Additionally, In the conclusion, we discuss that our effective resistance
bound may be loose in practice, and we note the strong dependance on κ, which may be to
restrictive in real world applications.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate ”Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: In every theorem and lemma we state all of the conditions and parameters (for
example ρG(k),Υ, κ) required for the statement and then give a proof.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We will release the experimental code and datasets. In Section 5 we describe
the setup for experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.

14



In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We will release all the code for generating the experimental results. We
describe the setup in Section 5.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We specify the exact datasets we use. In the experiments section 5, for the
stochastic block model we specify nodes and probabilities.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: In the experiments section 5 we specify number of runs with 1 sd error bars.

Guidelines:

• The answer NA means that the paper does not include experiments.
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• The authors should answer ”Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: In the experimentss section 5 we describe the computer resources we use
including processor and memory.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our work is theoretical and does not involve any human subjects or any obvious
ethically sensitive applications. We assume it conforms to the code of ethics.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [No]
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Justification: The paper focus is mostly on theory and the focus is on the theorems and lem-
mas. While our method for uniform sampling may have larger implications for applications
that use spectral clustering, we do not explicitly discuss the larger impacts.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: This paper explores the use of uniform sampling for sparsifying graphs for
clustering applications. The datasts and methods we use are all open sourse and thus do not
pose a risk for safeguarding beyond standard practices.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: In our experiments we cite the datasets we use and provide their source.
Guidelines:

• The answer NA means that the paper does not use existing assets.
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• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: Our paper is mostly theory with validation from open source datasets. We do
not release any new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Our research does not crowdsourse experiments nor use any human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
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Justification: The research does not involve human subjects and therefore does not need an
IRB
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
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A Proofs

A.1 Proof of Theorem 4.1 from [15]

Proof of Part 1. Define Vk := [v1, ...,vi]. Let vector v̂i be the projection of vector ci onto the
subspace spanned by {vj}kj=1:

v̂i := VkV
T
k ci = α

(i)
1 v1 + · · ·+ α

(i)
k vk (2)

By the definition of Rayleigh quotients:

R(ci) =
(α

(i)
1 v1 + · · ·+ α

(i)
n vn)

TL(α
(i)
1 v1 + · · ·+ α

(i)
n vn)

∥ci∥2
(3)

= (α
(i)
1 )2λ1 + · · ·+ (α(i)

n )2λn (4)

≥ (α
(i)
2 )2λ2 + · · ·+ (α

(i)
k )2λk + (1− α′ − (α

(i)
1 )2)λk+1 (5)

where α′ = (α
(i)
2 )2 + · · ·+ (α

(i)
k )2 and we use the fact that the squared norm of the coefficients of

Ci is 1.

Therefore:

1− α′ − (α
(i)
1 )2 ≤ R(ci)

λk+1
≤ 1

Υ(k)
(6)

And:
∥ci − v̂i∥2 = (α

(i)
k+1)

2 + · · ·+ (α(i)
n )2 = 1− α′ − (α

(i)
1 )2 ≤ 1

Υ(k)
(7)

Proof of Part 2. Define C := [c1, . . . , ck]. For each 1 ≤ i ≤ k, let

ĉi := CCTvi =
∑
j

⟨vi, cj⟩cj (8)

The objective of bounding
∑k

i=1 ∥vi − ĉi∥2 is equivalent to bounding the following projection
approximation:

∥VkV
T
k C∥2F (9)

Let L = VΣVT be the eigendecomposition of the Laplacian. Then:

tr(CTLC) = tr(CTVΣVTC) (10)

= tr(CTVkΣVT
k C) + tr(CTVn−kΣVT

n−kC) (11)

≥ tr(CTVkΣVT
k C) (12)

≥ λk+1tr(C
TVn−kV

T
n−kC) (13)

= λk+1∥VT
n−kC∥2F (14)

Note that tr(CTLC) =
∑k

i=1 R(Ci) ≤ kρG(k). Combining the statements above, we get:

∥VT
n−kC∥2F ≤ kρG(k)

λk+1
=

k

Υ(k)
(15)

This gives us the final bound on the approximation of the eigenvectors:

k ≥ ∥VkV
T
k C∥2F ≥ k − k

Υ(k)
(16)
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A.2 Proof of Theorem 4.2

Proof. Let B = UΣ1/2VT be the SVD of the edge-incidence matrix, and S be a sampling matrix
that satisfies (1− ϵ)L ⪯ L̃ ⪯ (1 + ϵ)L [20]. We have L = VΣVT and

L̃ = VΣ1/2UTSSTUΣ1/2VT = L+VΣ1/2UTEUΣ1/2VT = L+∆

.

Note that −ϵL ⪯ VΣ1/2UTEUΣ1/2VT ⪯ ϵL, and since L is normalized, we have ∥E∥2 ≤ ϵ.

We start with the sum over the Rayleigh quotients of the cluster indicator matrix:

tr(CTLC) + tr(CT∆C) = tr(CT L̃C)

From the eigendecomposition of L̃, we obtain:

kρG(k) + tr(CT∆C) ≥ λ̃k+1∥Ṽn−kṼ
T
n−kC∥2F (17)

We can obtain an upper bound on tr(CT∆C):

|tr(CT∆C)| = |tr(CTVΣ1/2UTEUΣ1/2VTC)|
= |tr(XTEX)|
= |tr(XXTE)|
≤ ∥XXT ∥F · ∥E∥2
≤ ϵ∥X∥2F
≤ ϵ∥UΣ1/2VTC∥2F
= ϵ tr(CTVΣ1/2UTUΣ1/2VTC)

= ϵ tr(CTLC) = ϵ · kρG(k)

Plugging this back into our inequality, we get:

∥Ṽn−kṼ
T
n−kC∥2F ≤ (1 + ϵ)kρG(k)

λ̃k+1

Using an eigenvalue perturbation result (Theorem B.3), since ∥E∥2 < ϵ, we have for each i:

|λi − λ̃i| ≤ ϵλi

This gives us the final bound:

∥Ṽn−kṼ
T
n−kC∥2F ≤ (1 + ϵ)kρG(k)

(1− ϵ)λk+1
=

1 + ϵ

1− ϵ
· k

Υ(k)

A.3 Proof of Theorem 4.3

Proof. From Theorem 4.8, we obtain a sparsified graph H with a Laplacian matrix with the following
guarantee.

(1− ϵ)xTLx ⪯ LH ⪯ (1 + ϵ)xTLx ∀x ∈ span{vk+1, ...,vn}
From the structure theorem by Macgregor et al. [15] they have the following bound

∥VT
k C∥2F ≥ k − k

Υ
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Now we want to obtain an analogous bound for ∥ṼT
k C∥F , where Ṽ := [Ṽn−k, Ṽk] is the eigenbasis

of LH . We can consider the following

|∥ṼT
k C∥2F − ∥VT

k C∥2F | = |Tr(CT (ṼkṼ
T
k −VkV

T
k )C)|

= |Tr(CCT (ṼkṼ
T
k −VkV

T
k ))|

≤ Tr(CCT ) · ∥ṼkṼ
T
k −VkV

T
k ∥2

= k · ∥ṼkṼ
T
k −VkV

T
k ∥2

This implies that

∥ṼT
k C∥2F ≥ ∥VT

k C∥2F − k · ∥ṼkṼ
T
k −VkV

T
k ∥2

≥ k · (1− 1

Υ
− ∥ṼkṼ

T
k −VkV

T
k ∥2)

We now proceed to obtain an upper bound for ∥ṼkṼ
T
k −VkV

T
k ∥2

Theorem 4.8 guarantees the following.

(1− ϵ)xTLn−k ≤ xT (Ln−k +E)x ≤ (1 + ϵ)xTLn−kx

where E is the error matrix in the dominant Ṽn−k eigenspace. Note ||E||2 ≤ ϵλn. Using Theorem
B.4, we obtain that

∥Ṽn−kṼ
T
n−k −Vn−kV

T
n−k∥2 ≤ min(∥L+

n−k∥2, (Ln−k +E)+∥2) · ∥E∥2
≤ min(1/λn−k, 1/λ̃k+1) · ϵλn (18)

≤ ϵ · λn

(1− ϵ)λk+1

where 18 is from (1− ϵ)λi ≤ λ̃i ≤ (1 + ϵ)λi for all i = k + 1, ..., n.

Using this bound we obtain

∥ṼT
k C∥2F ≥ k

(
1− 1

Υ
− ϵ

1− ϵ
κ
)

(19)

∥ṼT
n−kC∥2F ≤ k

Υ
− ϵ

1− ϵ
κ (20)

(21)

A.4 Proof of Lemma 4.5

Proof. We start with the upper bound.

⟨δa − δb, L
+
n−k(δa − δb)⟩ =

n∑
i=k+1

1

λi
(δa − δb)

T viv
T
i (δa − δb) (22)

=

n∑
i=k+1

(via − vib)
2

λi
(23)

≤ 1

λk+1
||V T

n−k(δa − δb)||2F (24)

≤ 2

λk+1
(25)
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To prove the lower bound, we first show that for vertices in the same cluster, the value of the bottom
eigenvectors are almost constant. From the second statement of the structure we have that

k∑
i=1

||vi −CCTvi||2∞ ≤
k∑

i=1

||vi −CCTvi||22 ≤ k

Υ(k)

C = [c1, ..., ck] is defined such that each ci is the normalized cluster indicator vector. It is important
to note that CCT vi has special structure. the columns of the matrix C are comprised of constant
vectors whose support is defined by the each cluster Ci. Hence, when we approximate each vi as a
linear combination of the columns of C, we get that CCT vi is a constant k-step function, where each
step is defined by each cluster. We define v̄i := CCTvi as the best k-step function approximation to
vi. In order to bound the difference between vi(a) and vi(b), we leverage the fact that vertices a and
b are in the same cluster, which implies that

v̄i(a) = v̄i(b)

.

Now we can prove the lower bound on the effective resistance

Rn−k
eff (a, b) =

n∑
i=k+1

1

λi
(δa − δb)

Tviv
T
i (δa − δb) (26)

=

n∑
i=k+1

(vi(a)− vi(b))
2

λi
(27)

≥ 1

λn

n∑
i=k+1

(vi(a)− vi(b))
2 (28)

≥ 1

λn
· (2− 2k

Υ(k)
) (29)

=
1

κ
(1− k

Υ(k)
)

2

λk+1
(30)

A.5 Proof of Lemma 4.6

Proof.

|Einter| =
1

2

k∑
i=1

|E(V \Ci, Ci)|

=
1

2

k∑
i=1

ϕG(Ci) · Vol(Ci)

≤ 1

2
ρG(k)

k∑
i=1

Vol(Ci)

=
1

2
ρG(k) · Vol(G)

= ρG(k) · |E|

A.6 Proof of Lemma 4.7

Proof. We first prove the upper bound. Recall that pe = τe∑
e∈E τe

. Utilizing Lemma 4.5, the

numerator can be upper bounded by τe ≤ 2
λk+1

. We now obtain a lower bound for the denominator.
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Given the clusters {C1, ..., Ck}, we can partition the edge set into two disjoint set of intercluster
and intracluster edges, E = Eintra ∪ Einter, where Eintra ⊂ E is the set of edges whose vertices lie
within the same cluster and Einter is the set of edges whose vertices lie in two different clusters. The
denominator can be lower bounded∑

e∈E

τe =
∑

e∈Eintra

τe +
∑

e∈Einter

τe

≥
∑

e∈Eintra

τe

Lemma 4.5
≥

∑
e∈Eintra

1

κ
(1− k/Υ)

2

λk+1

= (|E| − |Eintra|) ·
1

κ
(1− k/Υ)

2

λk+1

Lemma 4.6
≥ (m− ρG(k) ·m) · 1

κ
(1− k/Υ)

2

λk+1

= m · (1− ρG(k)) ·
1

κ
(1− k/Υ)

2

λk+1

Combining the upper bound of the numerator and the lower bound of the denominator we have the
final bound

pe ≤
κ

(1− ρG(k))(1− k/Υ)
· 1

m

The proof for the lower bound follows similarly.

A.7 Proof of Theorem 4.8

Proof. We start with notation. Let τe := Rn−k
eff (e) be the rank n− k effective resistance for an edge

e ∈ E. Let pe := τe∑
e∈E τe

the associated probability distribution based on the effective resistances.

Let punif := 1/|E| be the uniform distribution.

Let P ∈ Rn×(n−k) where

P =

[
In−k

0k×(n−k)

]
Given a matrix A ∈ Rn×n. The operation PTAP takes the top n− k × n− k submatrix of A.

Let

Xe :=

{
R
punif ·PT (L

+/2
n−kδeδ

T
e L

+/2
n−k)P, w.p. punif/R

0, otherwise

Observe that

E
∑
e∈E

Xe =
∑
e∈E

punif

R
·Xe

= QT
[
L
+/2
n−k(

∑
e∈E

δeδ
T
e )L

+/2
n−k

]
Q

= QT
[
L
+/2
n−kLL

+/2
n−k

]
Q

= In−k

it immediately follows that the smallest and largest singular value of E
∑

e∈E Xe are equal to 1.

µmin(E
∑
e∈E

Xe) = µmax(E
∑
e∈E

Xe) = 1
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Now we proceed to bound the norm of Xe

||Xe||2 =
R

punif ||P
T (L

+/2
n−kδeδ

T
e L

+/2
n−k)P||2

≤ R

punif ||L
+/2
n−kδeδ

T
e L

+/2
n−k||2

=
R

punif (δ
T
e L

+
n−kδe)

= R · pe
punif

Using 4.7

For the application of the Chernoff bound we choose R = ϵ2

3.5κ(1−k/Υ) ln(n−k) . Then

||Xe||2 ≤ ϵ2

3.5 ln(n)
=: L

Then

P{λmin(
∑

Xe) ≤ 1− ϵ} ≤ (n− k) exp(− ϵ2

2L
) ≤ (n− k)−3/2 (31)

P{λmax(
∑

Xe) ≥ (1 + ϵ)} ≤ (n− k) exp(− ϵ2

3L
) ≤ (n− k)−1/6 (32)

Thus we preserve the top n− k eigenspace with high probability.

The expected number of edges sampled is∑
e∈E

punif/R ≤
∑
e

κ(1− k/Υ)pe/R (33)

= κ2(1− k/Υ)2(n− k) ln(n− k)/ϵ2 (34)

This follows from the fact that the sum of the rank n− k leverage scores must add up to n− k (ie∑
e pe = n− k).

For this sampling to hold we need that R = ϵ2

3.5κ(1−pk/Υ) ln(n−k) < |E|, otherwise the sampling
probabilities for each exceeds 1.

B Useful theorems

Theorem B.1 (Matrix Chernoff). Let {Xk} be a finite sequence of independent, random, Hermetian
matrices with common dimension n. Assume that

0 ≤ λmin(Xk) ≤ λmax(Xk) ≤ L ∀k

Let Y :=
∑

k Xk. Define

µmin = λmin(EY) (35)
µmax = λmax(EY) (36)

(37)

Then,

P{λmin(Y) ≤ (1− ϵ)µmin} ≤ n exp(−ϵ2µmin

2L
) (38)

P{λmax(Y) ≥ (1− ϵ)µmax} ≤ n exp(−ϵ2µmax

3L
) (39)
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Theorem B.2 (Davis-Kahan Theorem from [22]). Let A, Â ∈ Rp×p be symmetric, with eigenvalues
λ1 ≥ . . . ≥ λp and λ̂1 ≥ . . . ≥ λ̂p respectively. Fix 1 ≤ r ≤ s ≤ p and assume that min(λr−1 −
λr, λs − λs+1) > 0, where λ0 := ∞ and λp+1 := −∞. Let d := s − r + 1, and let V =

(vr,vr+1, . . . ,vs) ∈ Rp×d and V̂ = (v̂r, v̂r+1, . . . , v̂s) ∈ Rp×d have orthonormal columns
satisfying Avj = λjvj and Âv̂j = λ̂jv̂j for j = r, r + 1, . . . , s. Then

∥ sinΘ(V, V̂)∥F ≤ 2min(d1/2∥Â−A∥op, ∥Â−A∥F )
min(λr−1 − λr, λs − λs+1)

. (40)

Moreover, there exists an orthogonal matrix Ô ∈ Rd×d such that

∥V̂Ô−V∥F ≤ 23/2 min(d1/2∥Â−A∥op, ∥Â−A∥F )
min(λr−1 − λr, λs − λs+1)

. (41)

Theorem B.3 (Theorem 2.3 from [9]). Let DAD be a symmetric positive definite matrix such
that D is a diagonal matrix and Aii = 1 for all i. Let DED be a perturbation matrix such that
∥E∥2 ≤ λmin(A). Let λi be the i-th eigenvalue of DAD and let λ′

i be the i-th eigenvalue of
D(A+E)D. Then, for all i,

|λi − λ′
i| ≤

∥E∥2
λmin(A)

Theorem B.4 (Orthogonal Projector Distance from [6][21]). Let A ∈ Rn×n and let B := A+E ∈
Rn×n. Let ΠA,ΠB be the projection matrix onto the column space of A,B respectively. Then we
have the following bound

∥ΠA −ΠB∥2 ≤ min{∥A+∥2, ∥B+∥2} · ∥E∥2
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