© N o oA W N =

a b W N = O ©

16
17
18
19
20
21

22

23
24
25
26
27
28

29
30
31
32
33
34
35

Denoising Low-Rank Data Under Distribution Shift:
Double Descent and Data Augmentation

Anonymous Author(s)
Affiliation
Address

email

Abstract

Despite the importance of denoising in modern machine learning and ample empir-
ical work on supervised denoising, its theoretical understanding is still relatively
scarce. One concern about studying supervised denoising is that one might not
always have noiseless training data from the test distribution. It is more reasonable
to have access to noiseless training data from a different dataset than the test dataset.
Motivated by this, we study supervised denoising and noisy-input regression under
distribution shift. We add three considerations to increase the applicability of our
theoretical insights to real-life data and modern machine learning. First, while
most past theoretical work assumes that the data covariance matrix is full-rank and
well-conditioned, empirical studies have shown that real-life data is approximately
low-rank. Thus, we assume that our data matrices are low-rank. Second, we drop
independence assumptions on our data. Third, the rise in computational power
and dimensionality of data have made it important to study non-classical regimes
of learning. Thus, we work in the non-classical proportional regime, where data
dimension d and number of samples N grow as d/N = ¢ + o(1).

For this setting, we derive general test error expressions for both denoising and
noisy-input regression, and study when overfitting the noise is benign, tempered
or catastrophic. We show that the test error exhibits double descent under general
distribution shift, providing insights for data augmentation and the role of noise as
an implicit regularizer. We also perform experiments using real-life data, where we
match the theoretical predictions with under 1% MSE error for low-rank data.

1 Introduction

Denoising and noisy-input problems have a rich history in machine learning [[IH3]]. Aside from
its natural application to noisy input data, the idea of noise as a regularizer has led to denoising
being tied to many areas of modern machine learning, such as pretraining and feature extraction
[4]], data-augmentation for representation learning [5]], generative modeling [6]. While unsupervised
methods like PCA [7]] and low rank matrix recovery [8]] have been addressed in prior theoretical work
[Oll, supervised methods like denoising autoencoders are theoretically less well-understood.

One of the biggest practical qualms to studying a supervised setting is that a learner needs access to
noiseless data sampled from the test distribution. However, this is resolved by considering distribution
shift, which is when the training and test data can come from different distributions. Given this
practical motivation, we study supervised denoising and noisy-input regression under distribution
shift. It is well understood that non-trivial denoising is made possible by the presence of additional
structure in the data (see, for example, Section 3.2 of [[1]]). One of the most natural such structures
is low rank, specifically the idea that the true inputs live in a low dimensional space. In fact, past
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work such as [[10]] has demonstrated that a lot of real-life data is approximately low-rank — that is, its
covariance matrix only has a few significant eigenvalues.

The classical theory of learning problems would keep the data dimension d fixed and let the number
of samples IV grow to co. These can be theoretically analysed using elementary tools. However,
with growing access to computational power and richness of data, it has become important to study
non-classical regimes. One important and popular example is the proportional regime, where d o N
and so d is comparable to N [11}|12]. However, there is very little work on learning with noisy inputs
in non-classical regimes. Our paper takes one of the first steps towards filling this gap.

Additionally, most past theoretical works in non-classical regimes do not test on real-life data. As
argued above and in [11]], a big reason for this issue is that past work assumes that the data covariance
matrix is well-conditioned, while real-life data covariance matrices are better modeled by low-rank
assumptions. We aim to address this issue by testing our theory for low-rank data on real-life datasets.
In real life, one has little control over the independence or even the distribution of the data [[13].
There is also a growing need to be robust to adversarially chosen data in machine learning [|14]]. We
would thus like to drop the assumption that the data is IID or even independent. Additionally, explicit
structural assumptions made about distribution shift in past work are often quite restrictive, involving
requirements like the simultaneous diagonalizability of the train and test covariance matrices [15]]
or joint distributions of the training data’s eigenvalues and certain overlap coefficients [[16}17]. We
would like to drop such assumptions and work with general distribution shift, decoupling assumptions
on the test and train data. We thus aim to address the following question:

Q.1. Can we derive test error expressions for denoising and noisy-input regression that:
(a) work with data from a low-dimensional subspace under a non-classical regime,
(b) make minimal assumptions on the training data, test data and how they are related,
(c) match experiments that use real-life data distributions?

Q.2. What insights can we obtain from these?

Contributions. Answering our questions, we fill the gap in theoretically studying supervised
denoising in a non-classical regime. We drop independence assumptions on data and work with
arbitrary test data from our low-dimensional subspace. We also experiment using real-life data,
achieving under 1% MSE error Finally, we provide insights about double descent, overfitting
phenomena and data augmentation, all in the context of denoising under general distribution shift.

2 Problem Setup and Notation

Consider training data X;,, € RN, 3 € R4*F with target outputs Yy, = 37 Xy, and a training
noise matrix A;,,, € R?" . We assume that we have access to Y;,., and Xy, + A, while training.
The goal is to study the test error of the minimum norm linear function W, that minimizes the MSE
training error. MSE error is also one of the most common targets for non-linear auto-encoders [/1].
We formalize the definition of W,,,; below.

W = argin { |1
w

W € argmin || Y, — W( X + Atm)|%}
w

Given test data X;,; € R*Nest and Yoy = 7 X4, we formally define the fest error for arbitrary
linear functions W by R(W, X;4:) below. Since we are not assuming anything about the distribution
of the training or test data, we only take the expectation over the training and test noise.

| Yist — W(Xest + Atswﬁ)”%]
Ntst )

R(Wa tht) = EAt'r'nyAtst l: (1)

We study the test error R(Wopt, Xist) of Wopt in terms of properties of the data matrices X,
and X;4; as well as the noise distributions. For simplicity, we assume access to noiseless outputs
Y. Notice that when 3 = I, we are studying the linear denoising problem, and when 3 € R?, we
are studying real-valued regression with noisy inputs. We work in the proportional regime, where

!The code for the experiments can be found in the following anonymized repository [Link].
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d/N = c+ o(1) as N grows, for some constant ¢ > 0. We discuss the generality of our assumptions
in Appendix |Al providing a comparison with prior work and justifications for our assumptions.

Assumption 1 (Data). We have d-dimensional data Xy, € RN and X;s € R>*Nest so that

1. Low-rank: There is a fixed v > 0 so that X;., and X5 have data-points lying in an
r-dimensional subspace V C RY, and the column span of Xy, is V.

2. Data growth: || Xym||% = O(N).

3. Low-rank well-conditioning: For the r singular values o; of Xirn, Z—J = 0O(1) and Gi =
o(1) as N grows, for any i, j.

Assumption 2 (Noise). Let the train and test noise matrices Agpp, Atst € RN pe sampled from
distributions Dy, and Dys; such that Ay, satisfies points 1 — 4 below and Ay, satisfies points 1, 2.

1. Foralli,j, Ep[Ai] =0, and Ep[AFj] = 1 /d. Here n = ©(1) as N grows.

2. Forall {i17j1} 7£ {iQ,jQ}’ ED[Aillei2j2] = ]F‘D[Ailjl]ED [Ai2j2]'

3. D is a rotationally bi-invariant distributiorﬂ and A ~ D is full rank with probability one.

4. Suppose AN is a sequence of matrices such that with d/N = c + o(1) as N grows, for ¢ > 0.

Let )\f’N, ce )\?\}N be the eigenvalues of (AYN)T AN Let pgn = >, d,a.n be the sum of

dirac delta measures for the eigenvalues. Then we shall assume that j1q,n converges weakly in
probability to the Marchenko-Pastur measure with shape ¢ as N grows (see Appendix|C).

Terminology. We now define the overfitting paradigms that we will study. Motivated by past
work on benign overfitting, we present a reasonable generalization of overfitting paradigms (benign,
tempered and catastrophic, see [18]]) to our setting. Consider the minimum norm denoiser that
minimizes expected MSE training error, similar in spirit to * in [[19]].

W* = arg m1n{||W||%
w

W eargminEy, [||Yirn — W(Xern + Atm)%]}
w

Recall that we obtain W,,,; by minimizing the MSE error for a single noise instance A¢,.,. So, Wy
overfits A, in the overparametrized regime. We would like to see if this overfitting is benign,
tempered or catastrophic for test error. Following the definition of overfitting paradigms in [[18]],
we want to take N — oco. Since we are in the proportional regime, we must let d — oo as well,
maintaining the relation d/N = ¢ 4 o(1). For studying overfitting, a natural goal would be to study
how the excess error R(Wope, Xist) — R(W™*, X451 ) behaves as d, N — oo. This is analogous to the
excess risk studied in overfitting for noiseless inputs [[19]. However, we will see that both errors in our
difference individually tend to zero as d, N — oo, making this a somewhat meaningless criterion. As
noted in [20], benign overfitting is traditionally restricted to scenarios where the minimum possible
error is non-zero. A natural generalization to consider then is to instead study the limit of relative

excess error R(W"’”g(%l_;(gﬂ’xm) asd, N — oo with d/N = ¢ + o(1).

Definition 1. We say that overfitting is benign when this limit is 0, tempered when it is finite and
positive, and catastrophic when it is co.

3 Theoretical Results

This section presents our main result — Theorem |1} We present the results here and discuss insights at
the end of the paper. All proofs are in Appendix [H

Theorem 1 (In-Subspace Test Error). Letr < |d — N|. Let the SVD of X, be UXy,, V,L,, let
L:=U"X,s, Bu := U, and c := d/N. Under our setup and Assumptions and the test error
(EquationlI)) is given by the following. If ¢ < 1 (under-parameterized regime)

4
”7 TN _ 2
R(Wopt,UL) = ﬁ 182 e+ 2 D) L[
2 2
MNist C 1 . 1
e oy (ﬁUBz?me (me + T%I) (SFnc+ minn) ) +o (N)

2A distribution over matrices A € R™*"™ is rotationally bi-invariant if for all orthogonal U; € R™*™ and all
orthogonal Us € R™*™, U; AU> has the same distribution as A. Another way to phrase rotational bi-invariance
is if the SVD of A is given by A = UaX V7, then U4 and Va are uniformly random orthogonal matrices and
are independent of X 4 and each other.
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If ¢ > 1 (over-parameterized regime)

4
N — 2
R(Wo, UL) = 2 5553, o, 1)
2 2
Mest € T 2 y—2\-1 3¢l 1
+ d c—1 Tr(ﬁUﬁU(I + ntrnztrn) ) +0 ( N2 +o N

Theorem [I]is significant, non-trivial and can be used to understand OOD and out-of-subspace test
error, special cases with IID data, as well as overfitting paradigms. We present consequences for in-
subspace distribution shift and overfitting paradigms below, relegating other results to Appendix[E]
Corollary 1 (Distribution Shift Bound). Let W, be tested on test data X;s;.1 = ULy and Xyg0 =
U Lo generated possibly dependently from distributions supported in the span of U with mean U p;
and covariance Yy, = US;UT respectively. Let f(c) = cfor ¢ < 1 and f(c) = 1. Then, the
difference in generalization errors G; := Ex,,, . [R(Wopt, Xist,i)] is bounded for ¢ < 1 by

Ul(ﬁ)%?m” T T 1
— < Yo — %1+ — — .
‘gQ g1| B (Ur(Xtrn)2f(C) n%rn)Q H ? Lk Hrh ”F e !

We add O(||Xtrn||%/N?) to the bound when ¢ > 1.

Corollary 2 (Relative Excess Error). Let ||t [|%2 = Q(N'/2+¢). Asd, N — oo withd/N — ¢, the
relative excess error tends to 1= in the underparametrized regime. In the overparametrized regime,

when || Sy ||% = o(N), it tends to < and to 2= + k for some constant k when ||Sy,,,||% = O(N).

10° 10° 10°
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Figure 1: Test error for 8 = I vs 1/¢ = N/d. Test error is averaged over 200 trials with fresh A;;.
Similar results are obtained for single-variable regression with 5 € R? in Appendix

Experimental Verification Since d is fixed, we vary ¢ by varying N. Figure[7]shows the empirical
performance of W,,,; trained on CIFAR data and applied to various datasets. We use Principal
Component Regression to impose the low-rank condition here, details for which are in Appendix
along with other experiments which use raw real-life data.

Insights. Recall from Corollary [2|that when || ¥;,.,||% = o(N), the relative excess error is given by
cil when ¢ > 1 and by = when ¢ < 1. This means that we experience catastrophic overfitting
when ¢ = 1, tempered overfitting for ¢ # 1, and approach benign overfitting only as ¢ becomes
arbitrarily large or arbitrarily small (the latter is essentially the classical regime). If || 24, ]|% = O(N),
the relative excess error may increase by a constant. We expand on this in Appendix [B] also providing

insights on double descent and data augmentation under distribution shift.

4 Conclusion

We studied the problem of denoising low-dimensional input data perturbed with high-dimensional
noise. Under very general assumptions, we provided estimates test error in terms of the specific
instantiations of the training data and test data. This result is significant, as there is scarce prior work
in the area of generalization for noisy inputs as well as generalization for low-rank data. Further,
we tested our results using real data and achieve a relative MSE of 1%. Finally, the data-dependent
estimate lets us provide many insights that would be harder to get with results on generalization error,
such as showing double descent for arbitrary test data in our low-dimensional subspace, theoretically
understanding data augmentation and provably demonstrating as well as explaining the lack of benign
overfitting. Our work opens the door for the analysis of non-linear denoising in a similar setting.
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A Discussion of Assumptions

Assumptions about the data. We recall the assumptions below. Note that they formalize three
natural requirements on the data — (1) that it lies in a low-dimensional subspace as argued above; (2)
that the norm of the training data does not grow too much faster than the norm of the training noise,
otherwise there will not be enough noise to train on; (3) that the training data “sees enough" of the
subspace containing the data.

Assumption 1 (Data). We have d-dimensional data Xy, € R¥™N and X;s € R>*Nest 5o that

1. Low-rank: There is a fixed v > 0 so that X, and Xs; have data-points lying in an
r-dimensional subspace V C RY, and the column span of Xy, is V.

2. Data growth: || Xin||% = O(N).

3. Low-rank well-conditioning: For the r singular values o; of Xirn, Z—J = 0O(1) and Ui =
o(1) as N grows, for any i, j.

Notice that we don’t assume that X,.,, is IID or even independent, and X;; is completely arbitrary,
besides lying in the subspace V. In our results, we will characterize the dependence of the error on
Xirn and Xy using their singular values. These intuitively measure "how much each direction is
sampled," and don’t depend on the distribution of the data. Finally, let Xy, = UXy., thn be the
SVD of Xy, with U € R*", %, € R"™¥" and V;L € R™*" . Note that the columns of U span V.
Then there exists a matrix L such that X;,; = UL. For TheoremE], we will relax our assumption on
X¢st to say that there exists L and o > 0 so that || X¢se — UL|| < a.

Comparison with assumptions in prior work. Most prior work assumes that the data comes from
a Gaussian or Gaussian-like distribution. Specifically, [16] 17, [21H26] assume that = ~ N(0, X).
Most real data cannot be modeled as Gaussian data. Another common assumption is that z = $1/22
where the coordinates of z are independent, centered, and have a variance of 1. This setting is a little
bit more general than the previous setting. The independence of data is still a limiting assumption
that prevents it from modeling real-life data well. In addition, as the dimension increases, due to
the (Lyapunov’s) central limit theorem, the data’s higher moments tend towards those of a Gaussian
distribution again. This makes this assumption nearly as limiting as the first one. Papers with this (or
very similar) assumption include [[11} (19,27} 28].

In conclusion, we provide results on test error in a very different low-rank setting inspired by real-life
data, and drop many restrictive assumptions. A small number of papers [25] 26} 29] that do assume a
low-rank structure. However, the first two further assume that the data is low-rank Gaussian, while
the third only provides results for one-dimensional data. Notice that our assumptions completely
subsume both of these.

Assumptions about the training noise. Our assumptions on noise are fairly natural and general.
We recall them below. Informally, we require the training noise to (1) have finite second moments,
(2) be uncorrelated across entries, (3) be isotropic, and (4) follow a natural limit theorem. On the
other hand, the test noise only needs (1) finite second moments and (2) uncorrelated entries. Our
assumptions include a broad class of noise distributions (see Proposition 1 of [29]). One of the
many examples of noise distributions satisfying these is Gaussian noise, with each coordinate having
variance 1/d. We recall our noise assumptions.

Assumption 2 (Noise). Let the train and test noise matrices Ay, Atst € RN pe sampled from
distributions Dy, and Dys such that Agry, satisfies points 1 — 4 below and Ay, satisfies points 1, 2.

1. Foralli,j, Ep[Ay] =0, and Ep[AFj] = 1 /d. Here n = ©(1) as N grows.

2. Forall {i17j1} 7& {iQan}’ ED[Ailleizh] = ]ED[Ailjl]ED [Ai2j2]'

3. D is a rotationally bi-invariant distributio and A ~ D is full rank with probability one.

4. Suppose AN is a sequence of matrices such that with d/N = c + o(1) as N grows, for ¢ > 0.

Let )\il’N, ce )\?l\}N be the eigenvalues of (A*N)TALN . Let pgn = > i 0,a.n be the sum of

dirac delta measures for the eigenvalues. Then we shall assume that j1q,n converges weakly in
probability to the Marchenko-Pastur measure with shape ¢ as N grows (see Appendix|C).

3 A distribution over matrices A € R™*"™ is rotationally bi-invariant if for all orthogonal U; € R™*™ and all
orthogonal Us € R™*™, U; AU> has the same distribution as A. Another way to phrase rotational bi-invariance
is if the SVD of A is given by A = UaX V7, then U4 and Va are uniformly random orthogonal matrices and
are independent of X 4 and each other.
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Comparison with assumptions in prior work. There are three papers in denoising to compare to,
namely [29-31]]. Our assumptions on noise are strictly more general than the first two. [31] has the
same assumptions as ours, except that they do not require rotational invariance of noise. In contrast to
our general closed form results, they analyse learning dynamics for denoising by choosing a specific
orthogonal initialization for the coupled ODE that they derive.

B Other Important Insights for Denoising

Double Descent under Distribution Shift Notice that all our curves plotting test error against 1/c¢
have a similar shape — they rise when c approaches 1 from either side, and there is a peak at ¢ = 1.
This matches our theoretical results and establishes that denoising test error curves exhibit double
descent, even for arbitrary test data in V. To understand why this is happening, consider the denoising
target, given by the MSE error below.

EAtSt [”thrn_W(Xtrn'i_Atrn) H%‘] = ||thrn_WXtrn ||%+2T7a(yvtrn_WXtrn)TAtrn)+HWAtrn ||%‘

The noise is regularizing ||W ||  through the variance term Tr (W1 W Ay, AL ). This is the implicit
regularization of W due to noise. However, the strength of regularization due to the noise instance
Asrn 18 not the same across different values of ¢. When c is close to 1, the distribution of the
spectrum of AthtTm (the Marchenko-Pastur distribution) has support very close to zero. On the
other hand, for c far from 1, the non-zero eigenvalues of Ath;";n are all bounded away from zero.
This establishes that the effect of regularization weakens most near ¢ = IE] leading to a spike in the
test error coming from the large norm of the learnt W,,,. This explanation is similar in spirit to the
explanations for double descent in [26] and others, but crucially adapts to implicit regularization due
to noise.

Data Augmentation to Reduce Test Error. In contrast with [[32], but similar to [29]], optimally
picking the noise parameter will not remove the peak in the test error (see Appendix [C). Instead, we
use data augmentation and increase NV to try to move away from the peak, studying Theorem [I]to
understand how this will affect test error. We take two approaches to data augmentation that individ-
ually exploit the absence of the IID assumptions. Since the data does not have to be independent,
we can take the same training data and add fresh noise to increase V. Alternatively, since the data
does not have to be sampled from a specific distribution, we can combine two different datasets into a
larger training dataset to increase N. When ¢ < 1, applying data augmentation increases [V, thus
decreasing c further away from the peak at 1 and decreasing test error. When ¢ > 1, applying data
augmentation increases IV, decreasing c towards the peak at 1 and increasing test errorf’| Of course,
the latter phenomenon could be mitigated by adding other regularizers or by further augmenting the
data. Figures[2]and [3]empirically verify the validity of Theorem [I|for the training data obtained from
data augmentation. We also see that increasing the number of in-distribution training data points
reduces the out-of-distribution test error.

Benign Overfitting through the Lens of Data Augmentation. Notice we don’t observe benign
overfitting except in the limit of arbitrarily large or arbitrarily small c. We make sense of this
phenomenon using the following argument. Recall that W* is the minimum-norm optimizer for the
expectation of the MSE error over noise. Taking the expectation over noise in the training target is
in spirit like augmenting the data with “infinitely many" copies of itself, each with fresh noise. So,
obtaining WW* is intuitively like training W,,,; over a dataset with c replaced with a vanishingly small
value while keeping 37, /N = %2 c/d constant. We can compute the effect of this change in ¢ on
the test error using Theorem [I] computationally justifying our overfitting phenomena. For intuition,
we relate this change in c¢ to the explanation behind double descent. The implicit regularization due
to noise is much more unstable for c close to 1. This means that replacing ¢ with a vanishingly small
value while keeping the signal-to-noise ratio ¥2.. /(n2.,,N) constant will greatly reduce test error,
if we start with c close to 1. On the other hand, the effect of this change in ¢ on the regularization

*The eigenvalues that are exactly zero do not contribute to weakening of the regularization. This is because
we are choosing the minimum-norm optimizer W™ for expected MSE error, and more zero eigenvalues increases
flexibility, creating a larger set of optimizers to minimize the norm over. This helps decrease the components
of W* by spreading them into more dimensions. This is identical in spirit to arguments about variance in
overparametrized regimes in section 1.1 of [28].

3One technicaly also has to account for the effect of data augmentation on X¢,.,, but £, ¢ can be thought of
as constant in this process.

11



427
428

429

430

431

432
433
434
435

436

437

due to noise will be much smaller if we start with an arbitrarily small or arbitrarily large c. So the
performance of W* and W, is much closer in this case but not when we start with ¢ close to 1. This
intuitively explains our overfitting phenomena.
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Figure 2: Data augmentation exploiting non-independence. For different N, the training data is
formed by repeating the same 1000 images from the CIFAR dataset.
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Figure 3: Data augmentation exploiting non-identicality of the distribution. The training data is
formed by mixing CIFAR train split with STL10 train split dataset.

C Additional Remarks and Definitions
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Figure 4: Optimal 7,., that minimizes the test error given in Theoremversus ¢ =d/Nynp.

C.1 Extension to non-linear models.

Many prior works [[16} 33| |34] study non-linear models using what is known as the Gaussian
Equivalence Principle. This is a fact that comes from the Pennington-Worah distribution [35137]
and states the following. Suppose X € R?*" with L1.D. elements with mean 0 and variance 1 is
our data matrix and W € R™*4 is a weight matrix with LLD. entries with mean zero and variance

1 1
1. Let f be any real analytic activation function and let Y = —— —W X |, then the limitin
f y y \/Nf < 7 ) g

distribution (as N, d, m — oo, d/n — ¢,d/m — ) of the eignevalues of YY 7 is the same as the
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Figure 5: Test Error using Theorem E]versus 1/c with optimal 7y, .

limiting distribution of the eigenvalues of

T
v (VRS + Vel = mz) (Ve + Vel - mhz) -

Here Z is a matrix with I.I.D standard normal entries. If we consider the case when k& > d, we can
imagine d being the rank of the data. Then is similar to our case, except that we consider the case
when the rank is fixed, whereas here we need the rank to go to infinity proportionally to the number
of data points.

C.2 Marchenko-Pastur Distribution

We recall the definition of the Marchenko-Pastur distribution with shape c, for completeness.

Definition 2. Ler ¢ € (0,00) be a shape paramter. Then the Marchenko-Pastur distribution with
shape c is the measure i supported on [c_, cy ], where cx. = (1 + +/¢)? is such that

B (1—%)50+u c>1
He = v c<1

where v has density
1

2mxce

du(x) Vier —2)(@— o).

C.3 Amount of Training noise

It was highlighted in [29] that optimally picking the training noise level does not mitigate the double-
descent phenomena observed in the generalization error for a linear model. In this section, we support
this claim using our result from Theorem|[I] Figure ] shows the double descent curve of 1;,.,, and
figure [5] shows the generalization error when using the optimal amount of training noise. As in
other works such as [29, 38]], we see double descent in the regularization strength. As we can see,
increasing r decreases «, which improves our bounds.

D Additional Experimental Results

D.1 Detailed Experiments when 3 = I

To experimentally verify our test error predictions using real-life data with distribution shift, we train a
linear function W,,,; on CIFAR [39] and test on CIFAR, STL10 [40], and SVHN [41]. For computing

test error, we simply compute W,,; and plot the empirical average of ﬁ | Xest — Wopt(tht +

st

Aist) H% over 200 trials. We run three main kinds of experiments. (a) First, to enforce the low-rank
assumption to isolate the effect of distribution shift, we use principal component regression or PCR
[25 [26]. In PCR, instead of working with the true (and approximately low-rank) training data
matrices X4, we find the best low-rank approximation Xyrn of the training data by projecting it
to an embedded subspace of the highest principal components. When testing, we project the test
datasets to the same subspace to enforce the low-rank assumption before computing the empirical
test error. (b) Second, to explicitly control the amount of deviation a from the low-rank subspace,

13
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Figure 6: Figure showing the test error vs 1/c when the test datasets retain their high dimensions.
The training data is projected onto its first r principal components. The markers denote the square
root of test error obtained from empirical experiments. The dashed black lines, which act as the

upper bounds for the empirical results, are given by /R(UL) + aoy(Wopt + I) where R(UL) is
the theoretical generalization error (refer Theorem EI) The dashed black lines, which act as the lower

bounds, are given by /R(UL).

467 we perturb the low-rank testing data from setting (a) and test using Xpor 1= tht + Kist, Where
a8 K5 is Gaussian noise with covariance designed to control a. (c) Third, we rely on the approximate
469 low-rank nature of real-life data, and report the test error for the matrices X;4; themselves. Since d is
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fixed, we vary c by varying N. Figure[7]shows that the theoretical curves and the empirical results
align perfectly for experimental setup (a) and that we have tight bounds for experimental setup (b).
Numerically, we find that the relative error between the generalization error estimate and the average
empirical error in experimental setup (a) is under 1% on average. For setup (c), since real-life data is
only approximately low rank, we see a non-negligible error. However, the predictions align well with
the empirical results.
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(b) For the out-of-subspace curves, we add full-dimensional Gaussian noise such that o« = 0.1. The upper and
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(c) Test error estimated without projecting data, relying on the approximate low-rank structure of real-life data.

Figure 7: Figures showing the test error for 5 = I vs 1 /¢ = N/d. In (a) and (b), training data from
the CIFAR dataset is projected onto its first r principal components for r» = 25, 50, 100, 150. 2500
test data points from CIFAR (Green, Left col.), STL10 (Blue, Middle col.), and SVHN (Red, Right
col.) datasets are projected onto the same low-dimensional subspace. (a) is in-subspace test error
and (b) is out-of-subspace test error. In (c), we don’t project the test data and report the standard test
error, relying on the approximate low-rank structure in data instead of imposing it. For empirical data
points, shown by markers, we report the mean test error over at least 200 trials. Similar results are
obtained for single-variable regression with 3 € R? (see Appendix

D.2 Single-variable Regression

We present analogues for figures in the main paper. See Figure[8]

D.3 Out of subspace PCR for large o

As mentioned in Section 3} we numerically verify Theorem [3]in two out-of-distribution setups namely
small o and large «.. The application of our result to the small « case was already presented in the
main paper; see Figure[6] Here, we present the additional numerical results when the value of « is
relatively large. We do not project the test datasets onto the low-dimensional subspace for this. The
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Figure 8: Figures showing the test error for Linear Regression vs 1 /¢ = N/d. Training data from the
CIFAR dataset is projected onto its first r principal components for » = 25, 50, 100, 150. 2500 test
data points from CIFAR, STL10, and SVHN datasets are projected onto the same low-dimensional
subspace. For empirical data points, shown by markers, we report the mean test error over at least
200 trials.

training dataset from the CIFAR train split is projected onto its first r principal components where
r = 25,50, 100 and 150. Figure [6] shows the theoretical bounds on the generalization error from
Theorem 3] Unfortunately, for the large « case, the proposed lower bound in Theorem [3]is negative.
However, we conjecture that R(U L) is a lower bound instead. The results for the large « case, shown
in Figure[6] suggest the same. However, these bounds do not tell us anything about the shape of the
generalization error curve.

E Additional Theoretical Results

E.1 Test Error and Generalization Error

Recall from the introduction that the work of [15]] requires the simultaneous diagonalizability of the
covariance matrices of training and test data. In a similar spirit, if we assume that the training and test
data have the same left singular vectors, we recover the conjectured formula in [29]] as an immediate
consequence of Theorem|[I]

Corollary 3 (Conjecture of [29]). Let the SVD of X<+ be UtstEtstVtst In Theoreml if we further
assume that UT U, s, = I, then we can replace L with Y., in the expression for the test error.

Additionally, we can use Theorem [I]to give an expression for generalization error when the test data
points are drawn from a distribution, possibly dependently.

Corollary 4 (Generalization Error). In the setting of Theorem(l] if we further assume that the data
Xist is generated possibly dependently from distributions supported in the span of U with mean U 4
and covariance Yy = USUT, then we can remove the T and replace L with (X + pu™)'/? in

the expression for test error to get the generalization error Ex, ,[R(Wopt, Xtst)].

E.2 Out-of-Distribution Generalization

Consider the following theorem bounding the difference in generalization error in terms of the change
in the test set. Our main distribution shift result is a corollary of its proof.

Theorem 2 (Test Set Shift Bound). Under the assumpnons of Theorem([l} consider a linear regressor
Wopt trained on training data Xy, = UZt,nthm with Yy, such that 0, (X)) > M, and tested
on test data X¢stn = ULy and Xyt o = ULy with noise Ayst 1, Aist,2 with the same variance
Ness2/d. Then, the generalization errors Ry and R differ for ¢ < 1 by

01 (6)2 n?rnr
Ntst (UT(Xtrn)Qf(C) + nthn)

where f(c) = cforc < 1and f(c) = 1 for c > 1. We add O(||S¢rn||%/N?) to the bound when
c> 1

[Ro—R4| <

1
slE2rf - 1aif e+ o)
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E.3 Out-of-Subspace Generalization

Theorem 3 (Out-of-Subspace Shift Bound). If we have the same training data and solution W,y
assumptions as in Theorem[l) Then, for any X for which there exists an L and an o > 0 such that
| Xist — UL||p < o, and Ay that satisfies 1,2 from Assumption 2} we have that the generalization
error R(Wopi, Xis1) satisfies

|R<Wopt7 tht) - R(Wopta UL)| S a201(Wopt + 1)2

The following corollary follows immediately from Theorem [3]and Theorem [2]

Corollary 5. If X1 and Xist 2 are two different test datasets and Xipy, = U Ethtzn is the

training data such that there exists L; with o; = || Xys1; — UL;|| p, then for R; := R(Wopt, Xist i)
‘Rg — R1| S (Oé% + ag)al(Wopt + I)2

Ul(ﬂ)Q TIfmr
Ntst (JT(Xtrn)Zf(C) + nt27‘n)

+

1
SEarf - 1aif e+ o )

E.4 Overfitting Paradigms

The following theorem and its proof are used to prove Corollary 2] The proofs are in Appendix [F.3]

Theorem 4 (Test Error for W*). In the same setting as Theorem |I| we have that W* =
2 —1

ez (1 + %E;ﬁ;) U” and

2

4 2 2 o\t
R(W*,UL):T]”;Q |B5 (Efm+”"; 1) L

2 2 N —2
+77fdst Tr (%55 <1 n ”““C’Z 2;1) ) .
F

E.5 Independent Identical Test data

Let us assume that the test data is identically
and independently drawn from some distribution
D;s¢ with mean zero and covariance Y. Then
the generalization error is given by the following
corollary.

Corollary 6 (IID Test Data). In the setting
of Theorem [1} if we further assume that the
columns of L are drawn IID from a distribu-
tion with mean zero and Covariance Y., then we
can remove the ﬁ and replace L with ©1/2 in

Generalization Error

. T 1072 : ‘ ‘ ‘ ‘ : ‘
the expression for the generalization risk. 050 075 1.00 125 150 175 2.00
1/c = N/d

Remark 1. Given any distribution on V, we can

consider the diffeomorphism that changes the Figure 9: Figure showing the generalization er-
basis to U. Hence, making assumptions on the ror vs 1/c obtained for IID test data for »r =
distribution of L versus the distribution of Xis; 25,50, 100, 150. The theoretical solid line curve is
does not cost us any generality. given by Corollary[6] We report the mean general-

. ] ) ization error over at least 200 trials for empirical
Figure[0] shows that the theoretical error aligns  ga¢a points, shown by markers.

perfectly with the empirical result. The model is
trained on the CIFAR dataset and tested on data
drawn from an anisotropic Gaussian. The case of IID training data is presented in Appendix [E.6]

E.6 Independent Isotropic Identical Training Data

Next, we consider the case of L.ID training data. Let U € R%*" be a matrix whose columns form an
orthonormal basis for an r-dimensional space V. Suppose the data is of the form Uz for z € R" such
that the coordinates of z are sampled independently, have mean 0, variance 1/7, and have bounded
forth moments. Hence, in this case, we get the following theorem. Proof in Section[F.7]
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Figure 10: Figure showing the test error vs 1/c for L.ID. training data. The theoretical solid curves
are obtained from the formula in Theorem 5} We report the mean test error over at least 200 trials for
empirical data points, shown by markers.

Theorem 5 (L.L.D. Training Data With Isotropic Covariance). Let ¢ = d/N and ¢, = r/N. Then if

c<1

,'74
Ex,..[R] = 22 (2}

g 17 1
+77tst817_c

andifc>1

N,

trnC + ntQTnI)_lLHQF

trn

1 1
Ty (cr, ——Ty(cy,m? -
1(C 777trn/c)+ 772 2(C antrn/c)> +0(N>

4
Nerm, _ r oc 1
EXtrn [‘ ‘)’] =2 ||(E?rn + ntzrnj) 1LH% + ntzsti T3(CT3 nfrn) +0
tst dec—1 N

where Ty (¢, z) = Ts(cr, z) — 2T5(cr, 2), and

1+c¢ + zc,

Ts(cr, 2) =

=, Ts5(¢cr,2) =

2y/(1— ¢ +cr2)2

+4c%z_2’ 2

2c,

Figure [I0] shows that the theoretical curves align perfectly with the empirical results where the
training data is LI.D. from a Gaussian with dimension 50. The test datasets from CIFAR, STL10, and
SVHN datasets are also projected onto the low-dimensional subspace.

LLD Test and Training Data We can combine the two cases where training and test data are
LLD.. Specifically, for the case when X;,; has k1 as the covariance and X3,,, is as in the previous
instantiation Section. Then the generalization error is given by the following corollary.

Corollary 7 (L.I.D. Train and Tests Data With Isotropic Covariance). Let ¢ = d/N and ¢, = r/N.

Thenifc < 1

EXtrn [R] = nzlrn A T4(c7” ntzrn/c)

r 1 1 1
Til e (Tl(cmnfm/c) + 2T2(Cr»77152m/0)) to (N)

andifc>1

trn

r C

1
]EXtrn [R] = n?rn Tk T4(CT777t2rn) + gc — 1T3(Cra 771527%) +0 <N)

where Ty (¢, 2) = T3(cr, 2) — 215 (¢, 2), and

1+c¢ + ze,

VI =+ zc)2 + 42z

Ts(cr, 2) =

2y/(1 = ¢ +cr2)2

Ty(cr, 2)

——, I5(cr,2) = =
+4c2z 2 3(er.2) 2

2¢2+ 2+ z2¢, — 2¢+ 1

18

1

1 1 14 z2¢ —
+

B 222¢,1/(1 — ¢ + ¢,2)2 + 4c2z 222

2¢,

(-2)

1 _1+1+zcr7\/(lfcr+zcr)2+4c%z
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Figure 11: Figure showing the generalization error vs 1/c where training and test datasets are both
LLD. The theoretical solid curve is obtained from Corollary |8} The empirical generalization error,
shown by markers, is averaged over 50 trials.

Figure [TT]shows that the theoretical error aligns perfectly with the empirical result.

Similar to the denoising case, we have the following versions for single-variable regression.

Theorem 6 (I.1.D. Training Data With Isotropic Covariance). Let ¢ = d/N and ¢, = r/N. Let
|Bopt|] = 1. Then if ¢ < 1

4
U _
Ex,o[R] = 217 (S 0e + 1) LI

r 1 1 1
+ n?staﬁ (Tl (CT7 nthn/C) + TTQ(CM 77?m/¢)> +o (N)

trn
andifc>1
Nirn || AT (s2 2 —172 2 I € 2 1
Ex,,.[R] = m”ﬁ (Btrn + M) Ll + ntstEZT?)(Cﬁ Nirn) + O (N>
where Ty (¢, z) = Ts(cr, z) — 2Ts(cr, ), and
1+4+¢, + zc, 1 1 1—|—zc7~—\/(1—cr—|—zc,.)2—|—4c$z

TQ(CT7Z) = ) TS(Craz) = §+

2,/(1 —c,.—|—c,.z)2—|—4c3272 2¢y

Corollary 8 (I.L.D. Train and Tests Data With Isotropic Covariance). Let ¢ = d/N and ¢, = r/N.
Let ||Bopt|| = 1. Then ifc < 1

Ex,,.[R] = 1ty 6Ts(Cry Minn /)
1

r 1 1
T i1 e (Tl(cmntzrn/c) + ,'72T2(C7’777t2rn/c)) to (N>

trn

andifc>1

r C

1
]EXt'rn [R] = n?rnr’%Tél (CT7 nt2rn) + g c— 1T3 (CT‘7 ’r]tZrn) +0 <N)

where T (¢, z) = Ts(c,, 2) — 215 (¢, 2), and

1+ ¢ + ze, 1 1 1+4ze — /(1 —cr+2¢0)2 +4c22
TZ(Crvz) = ) T3(cT7Z) = -+ \/( ) 3
2y/(1—c¢ +cr2)2 +4c2z 2 2 2¢,
2 2 r—2¢, + 1 1 1
Ta(er, 2) = zey + ci + zc ¢+ 2(1>.
222¢,4/(1 — ¢, + ¢,2)2 +4c2z 22 Cr
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F Proofs

In all proofs, WLOG we assume d/NN = c since even though d/N = ¢ + o(1), the relative error we
will accumulate from this assumption be o(1). For instance, this means that the absolute error from
this assumption in Theorem[I] will be o(1/N), which can be absorbed into the o(1/N) estimation
error in the theorem.

F.1 Proof for Theorem 1}, Test Error

One useful piece of notation for the following proof is that of big O in probability.

Definition 3. Let x, be a sequence of random variables. Then we say that Xy, is Op(a) as k — oo,
if for all € > 0, we have there exists an M and K such that for all k > K, we have that

o

Definition 4. Let x}, be a sequence of random variables. Then we say that xy, is op(ay) as k — oo,
if for all € > 0, we have that

Xk

ak

>M}<e.

Xk

lim Pr [
ay

k—o0

>e} =0.

Note that big-Op behaves a lot like big-O. Specifically, if o, = Op(a,) and 8, = Op(b,,). Then
anfBn = Op(apby) and ay, + B, = Op(ay, + by,). Further, it is easy to see that mean zero random
variables are big-Op of the square root of the variance (using Chebyshev’s inequality).

F.1.1 The Overparametrized Regime, d > N

We derive test error bounds for 3 = I in our problem setting. We also denote W, by W in this
subsection, for ease of notation.
Theorem 7. For rank r data and d > N + r, with ¢ = % the following is true.

1. Forthe B = I case, we denote the minimum norm linear denoiser Wy by just W in this
subsection. It is given by

W =US4n(PTP) ' ZTK['H —UYnZ *HHT K[ ' Z P!
2. The test error when X5t = UL is given by

1 2
B | 37 NUSun(PTP) 2 KT LI + 250 WE

where P = —(I — Ay Al VUS4, H = VI Al Z =T+ VT Al

trn trn‘ttrn trn trnUZtrnr Kl = HHT +
Z(PTP)-1 27,

The sizes of the matrices:

Uisd x rwithUTU = I,
Yirn 18 7 X 7, with rank r.
Ay is d X N with rank V.
Apn Al isd x d

H is r x d, with rank 7.

Z is r X r, with rank 7.
Kiisr x r, with rank .
Aprn = ntrnUiVT~

U is d x d unitary.

. Yisdx N.

e A o

—_
o
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608 Proof. Part 1 follows from Lemma For part 2, note that the test error is given by R(W, X;5;) =
600 Ea,.. 4., ﬁ | Xtst — W ( Xest + Atst)||%] , which is the same as the folllowing.

1 2
RW, Xist) = —EBa, . 1 Xest = WXl 7] + —Fa,na, [Tr(Xest — WXiat) Avar)
Ntst Ntst
1
+ mEAtrnyAtst [HWAtSt”QF]
1 1
= Ea,, [IXest = WXistl|B] + 04+ ——FEa,,, a., [Tr(W WA AL,)]
Ntst Ntst
1 1
= Ea,,. [IXtst = WXt ] + 04 —Ea,,, [Tr(WWE4,,, [AsAl])]
Ntst Ntst
1 ’172 Nt t
_ E X o — X s 2 tst S E T T
N, e 1 Xest — WXyl 2] +0+ ANy Ao [T (W W)
1 3 3 B 2
=Ea,,, | IUSun(PTP) T ZT KIS L LIS + Tt w3,
Nist d
610 O

6

=

1 We will henceforth drop the subscript Ay, in the expectation E4, .

2 Lemmal. Let P = —(I — Ayn Al VU, H=VZI Al = Z=I+VZI Al US;n K=
e3 HHT + Z(PTP)=1ZT. Ifd > N and Ay, has full column rank, then
W =USn(PTP) ' ZTK'H - U%, Z 'HHT K[ ' ZPT. )

614 Proof. Note that P has full column rank and Ay, has rank N. Thus, we can use corollary 2.2 from
615 Weli [42] to obtain
(Atrn'i'UEtrnV;&zn)T = AT

trn

Al US PY—(AlL HT+ Al US (PTP) 2T K (H+2ZPY).

trn trn trn

s16  We are interested in simiplifying the expression for W = (U0 VL ) (Atpn + Ui ViE )T
617 Multiplying this through, we obtain

=

W= Uzt”’b‘/tzjnAIrn + Uztrnv;fzjnAj‘:rnUEtTnPT
— USinVirn (Al HT + Al U (PTP) ' 27K (H + ZPY).

6

=

s Replacing V;I A, = H,

trn

W =USynH + USyn HUS 4 PH = USyn VE (A]

trn

+ Al USyn(PTPY Y ZT KT H + AL USy (PTP) 2T KT ZPT).

trn trn

H'K'H + Al HT K ' Z Pt

trn

6

=

9 Through further simplification, we obtain
W =USynH + US4y HUY 4 PT — USy HHT KV H — USy,, HHT K1 Z PT
— US4y HUS o (PTP) ' ZV K H — US4, HUS,,, (PTP) ' ZT K1 ZPT.
o Setting HUY,,.,, = Z — I yields
W =U%nH+ US4 ZP' — US4 P — US4 HHT K 'H — USy, HHT K1 Z PT
~ US4 Z(PTP) ' Z' K H 4+ US4 (PTP) ' ZT K H
— US4 Z(PTP) ' ZT K ZPT + Uy, (PTP) 1 ZT K[ Z P,
¢21  Combining terms and replacing HH”T + Z(PTP)~1ZT = K, we prove
W= -USn P + US4 (PTP) 1 ZT K H + US4 (PTP) 1 ZT K1 Z PT,
= U (PTP) ' ZTK['H — US4pn 2" YK, — Z(PTP) ' ZTYK [ Z PT,
=USn(PTP) ' ZTK{'H —USyn Z "HHT K[ Z PT.
622 O

6!

n
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632
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635

636

Lemma 2. Ford > N + 1, Xyoy — WXys1 = USyn(PTP) 1 ZTK; 'S L L.

trn

Proof. Here, X5 = UL and W is given by equation[2} Substituting this, we get
Xist = WXtot = UL =~ US4 (PTP) ' ZT K" HUL + US4y, Z "HHT K ZPTUL.

Note that PTU = =X} and HUS,,; = V5, Al USyn S0k S = (Z — 1)E;,L Se which

X trn trn‘-trn trn trn
yields
Xt ~ WXy =UL - U4, (PTPY ' ZTKT N Z - DS, AL - US o Z ' HHT KT ZE ML,
=USynZ Y2 - 2Z(PTP) '\ ZT'K;Y(Z - 1) - HHTK['Z)S, L L,

=U%mZ 2~ (Z~-1)+HH'"K; (Z~1)-HH"K;'Z)%,,} L,
=USnZ YK, - HHY)K 'S, ML,

trn

=USn(PTP) ' ZTK 'Y, L L.

trn

Lemma 3. For ¢ > 1, we have that
c

E[HH | = ———
[ ] nt2rn(c - 1)

I, 4+ o(1)

and the variance of each entry is O(1/(n}.,,N)). For ¢ < 1, we have that

2

EHHT| = —*

I. +0(1)
and the variance is O(1/(nt..d)).

Proof. Here we see that

HHT = Vﬁ:nAIrn (Airn)TV;”‘n = ‘/;zn

(47

trn

Atrn)TV;frn .
Thus, if Vi, = [v1 -+ - v,.]. Then we see that HH 7T is an 7 x 7 matrix such that
trn

(HHT)Z‘J‘ = ’U;T(AT Atrn)TUj~

Using ideas from [29]], we see that if i # j, then we see that the expectation is 0. On the other hand if

i = 7, then using Lemma 6 from [29], withp = N, g =dand A = W%Atm, we get that for ¢ > 1
Elvl (AL Apn)iv] = < 1).
[Uz( trn tn) ’U} ngrn(c_1)+0( )

while forc < 1

2

m +0(1)

trn

Elvj (A7,

trn

At'r‘n)TfUi} -
For the variance, let A;,.,, = nth f]f/T, then we have that

1 o
Atm)%j = — viTVEQVij

trn

= LanJ2b

vi (Afrn
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Where a, b are orthogonal vectors (when 4 # j). Then for computing the variance when ¢ > 1,

N

2
E | (o] (Af Aun)0y)”| = <1 2 &12aibi>

2
Nern i=1 ¢

i (né‘m(c Dt Ry P Al 0(1)> ZE[a?b?}
04 (o o) 3 o
c? 1 1 -
- te=w ()

Here even though a, b are not independent, because of the smaller variance in the entries, the error is
absorbed in the o (3;) term.

=z =
S~

When ¢ = j, we use the same proof [29], to see that the variance is at most
A(2c—1) 1 1
ntrn(c - 1) N N
A very similar computation follows for the variance when ¢ < 1. O

We prove a general result on inverses of matrices that whose expected norms are Q(1).

Lemma 4. If |[E[Xy]|| = Q(1) as N grows and Var((Xn)i;) = sn, then E[X5'] = E[Xn] 7' +
O(sn). Additionally, if Var((Xy — E[Xx]);) = O(tn), then Var((X5')ij) = O(sn +tw).

Proof. Let 60Xy = Xn — E[X,,]. Notice that § Xy = Op(sy) and E[6 X y] = 0. Additionally, by
the Taylor expansion (Y + 6Y)~! =Y ~1 4+ Y15V Y1 + O(6Y?) we have that
Xyt =EXN] P+ EXN] X NE[XN] T+ 00X E).
In particular, since E[X,,]~! = O(1), we have
OE[Xy'] = E[Xn] ™" + O(Var((Xn)i5)) = E[Xn] ™! + O(sn).
Finally, note that Var((6X%);;) = O(tx) by assumption. So,
Var((Xy')ij) = Var((E[Xn] T 6XNE[XN] 1)) + O(Var((0X%)ij) = O(sy +t)

since E[X ]|~ = O(1). O
Lemma 5. For ¢ > 1, we claim that E[S;,, PTPY; | = (1— 1) I,, each entry has variance
O (é), and

]E[EtTn(PTP)_lztrn} = C—LIIT + 0 (;) .

with element-wise variance O(1/d).
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Proof. Recall that P = —(I — Ay A],, YU Thus, we have that

trn

PP =xT UT(I - AynAl,,)USirn.

trn

= Eg;nztrn - EZ;-nUTAtrnAImLUEtrn
=37 S — ST UTUSSIOTUS

_ T
- Etrn

I 0
Etrn - Ez;nR [ (])V 0dN:| RTEtrn~

Where R is a uniformly random r X d unitary matrix. Then by symmetry (of the sign of rows of R),
we have that ) )
E[PTP} = Efrn - Zz;n <Ir> Etrn = <1 - > E?rn'
c c

So, we have that
E[Sin PTPE] = UT (1-E |[4p,4],| ) U = (1 - 1) I.

t t t
™ ™ ™ c

Thus to compute the variance, we first compute the variance of (A, Al

trn)ij- For this, we first note
that

o] —E[0E8107]) =B [Arna]

0 0 trn} =E {AthT AthIm} .

trn

The first equality follows from the symmetry of the signs of the rows of U. Then we can see that

d 1 .
3 t e _Je isN
a (At’f’ﬂAtrn)zk - {O i>N"’

From Lemma 14 in [29], we have that E[( A, Al,.)%] = % + 2 + 0(1). Then combining this with

the computation above and using symmetry, we have that for ¢ # j and min(¢, j) < N
1 1 1 2
E[(Ay, Al 2= — (== + Z 1 0o(1)).
(iAo = 5 (5= 5+ 25+ oD)

Now consider the other (full) SVD of X4,.,, given by dedﬁldx Nf/ﬁ « - Note that the top left r x r
block of 3 is Y trn, and we can choose U so that the first r columns of U give U. Note that since Uro
is still uniformly random, the symmetry argument above follows for U TAthImU . Additionally,
fori,j <r, (UTAthImU)ij = (UT Ayyn Al U); Thus, we see that fori,j <r

trn
1 1 1 2

E [(UTAtrnAIrnU)zzj} = N_1 (C ettt 0(1)> ;

while for i = j, we get that it is O () by Lemma 14 of Sonthalia and Nadakuditi [29]. Thus, finally,
we have that arranged as a matrix

trn trn trn trn d

E[(2,n,P"PE;0) @ (S PTPE,0)] =0 <1> :

By an analogous symmetry argument, since (AthIm)i = AthIm for any i, we can show that

1
Var ((UTAtm,AImU)fj) ~0 (d> .

We can in principle show a faster decay for this with a more involved argument, but this is enough for
our purposes. We can now apply Lemmawith Xn=I1-U T Ayn Al U) to see that

trn
T py—1 ¢ 1
E[Etrn(P P) Etrn] = 0_71-[7" + @) E

and has element-wise variance O(1/d). O
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Lemma 6. We have that

o N ||Etm||2
E[Z]) = I and Var(Z;;) = O 5 .
ntrnd

Further, E[Z%,,}] = E[S,,1 7] = ;,}, and each element has variance O (%). Finally,

trn trn trn
[Sernll” IIEtrnII‘*)

+

— Hztrn”Q . —
E[Z7' =140 (d with Var((Z~1);;) = O 7 2

Proof. The element-wise variance and expectation of Z can be computed exactly as in the proof
of Lemma 11 in Sonthalia and Nadakuditi [29]]. Specifically, by considering the row u; of U and
the row v; of V, treating Z;; as 3, and replacing 6y,.,, by o;. The expressions for the element-wise

expectation and variance of Z%,,} and ¥,,} Z immediately follow from those of Z and the fact that
oi/o; = O(1) by Assumption

For Z~!, we continue the computation using Z;; = 1 + T}; with
min(d,N) 1
Tij = o, Z kb
oM
with a and b obtained using v; and u; respectively, and Ay, a singular value of A;,,,. It is easy to
check that H m
Et'rn

using a symmetry argument for ay, and by, and the fact that E[1/A}] = O(1) by Lemma 5 of [29].
Now we can use Lemma[]to conclude that

¥ 2 % 2 ¥ 4

O

Lemma 7. Forc > 1, E[K;] = n%c_%lr + cﬁzt_ﬁz + o(1) with element-wise variance O(1/d).
Further, ”

_ 1 _ -1
(K] =i <1 - C) (i Zern + 1)+ o(1)

with element-wise variance O(1/d).

Proof. From Lemma[5] we have that

1
E[Xtn(PTP) 18] = —1, -.
[ t7n( ) tTn} C—]. 7+O<d>

Recall that
Ky =HHT + 2(PTP)* 2T = HHT + 2%} (S4on(PTP) 184,805 27

trn

Then recall from Lemma [3] that

1 c
E[HHT | = — —1, 1).
[ ] 77t2m0*1 +O( )

For the second term in the expression for K, we want to use Lemmas [5] and [6] but they give
expectations of each term separately. Note that

[E[XY] - E[X]|E[Y]| = |Cov(X,Y)| < /Var(X)Var(Y)
and also note the following fact, from [43]].

Cov(XY,WZ)=EXEWCou(Y,Z) + EYEZCov(X,W) + EXEZCov(Y, W)+
EYEW Couv(X, Z) + Cov(X,W)Cov(Y, Z) + Cov(Y,W)Cov(X, Z)
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We use the facts above along with Lemmas [5|and [6] to compute the expectation. Specifically, the
second term in K is the product of three terms Z%,, %, (34, (PTP)~'%4,,,), and £, Z7. Hence
we need the first fact to replace the expectation of the product of two terms with the product of the
expectation of the two terms. To use this again, we would need to bound the variance of the product.

Hence we need the second fact. Doing this computation, we get that

Cc C

1 1
EK)|= ——1I+—X24+0|(= 1
Kl = = =m0 () ol

For the element-wise variance, consider 0K; = K; — E[K;]. We cover the ¢ # j case. The
i = j case is analogous. From the proofs of Lemmas [3| [5| and [6} we have Z;; = I + T;; and

(Etm(PTP)*lEtm)ij =UT Ay Al U)i;. The expanding the product, we get that

trn

(6K1)ij = (’Ui(Ag;'nAtT‘n)ij) +0 <(UTAtT‘7IAIT'nU)ij) +0 ((UTAtTnAITnU)?j) + O(TlJ)

N N N
+0 (Z Tik(UTAthImUm) +0 (Z Tik(UTAthImU)zj> +0 (Z Tikaj)

k=1 k=1 k=1
d d
+0 T (UT Ay AL, Ui Ty | +0 | D Tin(UT Apn AL, U T
k=1 k,l=1

Then since
Var(XY) = Cov(X?,Y?) 4 (Var(X) 4+ (EX)?)(Var(Y) + (EY)?) — (Cov(X,Y) + EXEY)?
using this for terms five through nine, we get that

Var (6K1)i;) = O (;) .

For the inverse, we cover the ¢ # j case again. The i = j case is analogous. We can perform an
analogous computation to the one in the proof of Lemma [3|to get that

Var ((vi(Afy Atrn) '07)%) = O (if) ,

using the fact that E [{r| = O(1) for a random eigenvalue Ay, of Ay, We also use the fact that

(Ath;-n)p = AthL,n for any p and a symmetry argument analogous to the one in the proof of
Lemma 3] to note that

1
E[(U7 Anal, U)] =0 (d> p=2,...8

One can also check by the arguments in the proof of Lemma 6| that

E[17] =0 (CTZ:;) = 0().

These together with the facts about Var(XY') and Cov(XY, ZW) above establish after a tedious but
straightforward computation that

Var((6K,)%) = O ((11) .

We can now use Lemmald] to establish that

_ 1 _ —1 1
E[Kl 1] = nt27‘n (1 - C) (ntzrnztr?n + I'r) + O (d) + 0(1)

1 _ -1
= nt2rn <1 - C> (ntzrnztri + IT) + 0(1)
and

Var((; ) = 0 (3)-
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Lemma 8. When ¢ > 1, we have for W = W, that
E ™ 2
BIIWIR = 5 T (52 + s )+ 0 (B2 ) o),

Proof. We first use the estimates for the expectations from Lemmas @ [l [6l and[7]to get an estimate
for the expectation of ||W]|%.. We get this estimate by treating various matrices in the product as
independent. We then bound the deviation of the true expectation from this estimate using the
variance estimates above. We begin the calculation as

W% = Te(WTW)
Using Lemmal([T] we see that the trace has three terms. The first term is

Te (HT (K )" Z((PTP) ) SL, Ul USyn(PTP) ' ZT K H) .

trn

Here we have that U is d x r with orthonormal columns. Hence we get that U7 U = I. Then since
the trace is invariant under cyclic permutations, we get the following term

Tt ((Strn(PTP) ' S400) S ZD) KT P HHT (KT (2850 (S (PTP) 7 184,) 7).

trn
Now we use our random matrix theory estimates for various terms in the product. From Lemma 6]

we have that E 4, [Z%,,1] = ¥,,1. Thus, that first term’s expectation can be estimated by

Tr ((Etm(PTP)ilztm)Eth 1HHT( ) Etr71(2trn(PTp)712trn)T) .
Then using Lemma 3] we can further estimate this by
1
T (S (PTP) " Srn) S KT (KT TS0 (Sten (P P) ™ S0) ) + 0(1).

77t2rn c—1 trn

Here, the error contribution of the o(1) error from Lemma 1s still o(1) smce we will see that all the
other estimates are O(1). Then we use Lemmal to replace Xy, (P 1Etm to get

1 c 1\ 2 B o
M =1 (1_c> Tr (S K1 (BT (25,) 1) + 0(1).

Finally, we use Lemma [7to replace the last term and get

1 c c 2 1\? —2
- T 2—2 4 1= [7« 2 2_2 1.
771§2rn c—1 <C - 1> ' ( tralirn ( C> ( + Mtrn trn) + O( )

This immediately simplifies to

C —
nfrnc_il Tr (Efrn(zgrn + mefr) 2) + 0(1) (3)

The second term in Tr(WTW) is
—2Tr (H'(K; )T 27 (PTP)y " YHYTe]  UTUS,, Z " HHT ZPT) .

trn

We can rearrange this using cyclic invariance to

—2Tr (K7 )T 272, (St (PTP) ' S40n) S0 Z " HHT ZPYHT )

Let us focus on the PTHT term. Since PT P is invertible, we have that P has full column rank.
Hence we have that

Pt = (PTp)~1PT.
Further, since P = —(I — Athtm)UEtm and H = VI Al

trn“trn>

PTHT (PTP) IET UT(I - AtTnAtrn)(AIrn)TWTn'

trn

we have that

Finally, we notice that
At?””Atrn(AL n) (Azrn)T
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Thus, we have that
PTHT = (PTP)ilth;nUT(I - At?""AIV'n)(AIrn)TWT‘n =0. (4)
Finally, the last term in Tr(WTW) is
Tr (PY'ZzT (kK HYTHHT (271", UTUS, 2 " HHT K ' ZPY).

trn
We note that
pPi(PHT = (PTP) = (PTP)~L.
We use this observation along with cyclic invariance to get that the last term is the same as

Tr (K, H)"HH'S?,,

Z'HHTK ' 28,0 (St (PTP) '840) 800 27)

trn trn

We again use Lemmas [3]and [f]to get that its expectation is estimated by

2 2
1 C _ _ _ _ — Ern
T (1) T (K753, K S5 (Surn (PTP) 1ztm>ztr2)+0(” o )+o<1>.
trn

2
The contribution of the O %

the expectation is O(1). We now use Lemma|[3] and([7]to see that the final term’s expectation can be
estimated by

L (e Ny (=T > [
4 Ir ’I"’ILE_ -2 i ]-
nzlrn <C — 1) Ntrn ( c ) ( + M trn) +0 ( d > + O( )

__ ¢ 4 2 2 —2 1S ern I
- Tr(ztrn(ztrn + ntrnL”) ) + O d + 0(1) (5)

2
) error from Lemma|6|is still O % since the estimate for

c—1

Finally, to bound the deviation from this estimate, note that for real valued random variables X, Y we

have that |[E[XY] — E[X]E[Y]| = |Cov(X,Y)| < /Var(X)Var(Y) and for real valued random
variables X, Y, Z, W, we have the following fact, from [43]].

Cov(XY,WZ)=EXEWCou(Y,Z)+ EYEZCov(X,W) + EXEZCov(Y, W)+
EYEWCou(X, Z) + Cov(X,W)Cov(Y, Z) + Cov(Y,W)Cov(X, Z)

We repeatedly apply these two to upper bound the deviation between the product of the expectations
in the estimates above and the expectation of the product. It is then straightforward to see that since all

variances are O(1/d) except for those of Z~* and Z, which are both O(1) whenever %,.,, = O(\/d),
the estimation error is O(1/v/d) = o(1).

So, we can conclude that each of the estimates in equations 3| ] and [5|have error o(1). Combining
the terms together, we get from equations [3] 4] and [5] that

C - ||Etrr||2
||W||%‘ = c— 1 TI‘ (2t27"n(2§7n + "71527%]7")(2”” + nt27n17") 2) + O ( d) + 0(1)
C — ||Etrn||2
= c_1 Tr(zgrn(ztzrn + ntzrnl) 1) +0 ( d + 0(1)'

O
Theorem 8. When d > N + r and 3 = I, then the test error R(W, Xys1) for W = Wy is given by

4 2 2
Nern 2 2 12 Mise C 2 2 2 -1 [Zern| 1
—2 (% 1 L Tr(X Y I O +ol|—=|.
Ntst H ( trn + Nirn ) ”F + d c—1 I‘( trn( trn +77trn ) )+ ( d2 o d

Proof. Recall from theorem [7)that

R(VV, tht) =E

1 2
|USn (PTP) 1 27 KT8, L L)% + st w3
Nigt d
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To compute the expectation of the first term, we observe that it is given by
1

tst

Tr(US(PTP) Z' K, L LLY S, L KT Z(PT P8, UT).

trn trn

We apply cyclic invariance to get that it is the same as
1

tst

Tr(Som K 2800 (Sten (PTP) 7 S4n) (Sten (PT P) ' 840 ) 200, 2T K1 S 00 LLT).

trn trn trn trn

We finally use Lemmas 5} [6] and [7]to estimate it by

1 c \2/c—1\2 1\ 2 1
Tr (2 [ — — 24 1) »2rL7 =
Ntst " < frn <C - 1) ( c ) < brm + 771527’71 ) frm + ¢ d

4
Nern 2 2 27 1T 1

= Tr (2 ™ °LL") + -
Ntst r (( trn + ntrn ) ) o (d)

_ Ufm H (22 +"72 1)71[/”%7 +o0 1
Ntst trn trn d

Since test and train data are decoupled, we can treat LLT /Nyt as a constant as N grows, noting that
due the X} 2 | the final estimate is o(1). So, repeating the deviation argument at the end of the proof
of Lemma above, we then have that the deviation from this estimate is 0 ().

Combining this with Lemma|8] we get that

4 2 2
Mtrn 2 2 -1 2 Nist ¢ 2 2 2 -1 Hztrn || l
Ntst H (Ztrn + ntrnI) L”F + d c—1 Tr(ztrn (Etrn + ntrn‘[) ) + O < d2 +o d .

O

F.1.2 The Underparametrized Regime, d < N

We derive test error bounds for 3 = I in our problem setting. We also denote W,,; by W in this
subsection, for ease of notation.

Theorem 9. For rank r data and d < N — r, with ¢ = %, the following is true.

1. For the 3 = I case, we denote the minimum norm linear denoiser Wy, by just W in this
subsection. It is given by
W = —USynH ' KT Al 4+ USy Hy Y ZT(QQT)'H

trn

2. The test error when X = UL is given by

2
U Hy 27 (QQT) 'S L L)% + 2t w2, |

1
E — i
Atrn Ntst | trn d

where Q = VT(I — Al Ayn), H=VI Al K = —Al

trn‘itrn’ trnUZtrny Z =1+ ‘/tT AT
= KK +27(QaN 17

rntitrn

Uztrn;

The sizes of the matrices:

Uisd x rwith UTU = Iy,
Yirn 18 7 X 7, with rank r.
A is d X N with rank d.
Al Apnis N X N

H is r x d, with rank 7.

K is N x r, with rank r.

Nk D=

Z isr X r, with rank r.
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8. Hyisr x r, with rank r.
9. Apn = NernUSVT,
10. U is d x d unitary.
11. Yisd x N.

Proof. Part 1 follows from Lemma For part 2, note that the test error is given by R(W, X)) =
Eappn,Are ﬁ | Xtst — W ( Xest + Atst)||%] , which is the same as the following.

2
Ntst

1
RW, Xist) = —FEa,... A [”tht - Wtht”%‘] +

N EAt,,n,Atst [TT((tht - Wtht)Atst)
tst

1
E WAl
+ Ntst Atrn,Atst [H t t”F]
1 1
= Ea,. [IXest = WXt B] + 04+ ——FEa,,, a.., [Tr(W'WAAL)]
Ntst Ntst
1 1
= Ea,,. [IXest = WXt ] + 04+ ——Ea,,, [Tr(W'WE4,,, [AsiAly])]
Ntst Ntst
1 2 Nist
= —Eu,, [ Xes = WXput|3] + 0+ LR, (e (WTW))
Ntst dNtst
1 2
= Ea,,, |50 H 27(QQT) T S5 LIl + Lt W
tst

We will henceforth drop the subscript A;,,, in the expectation E4, .

Lemma9. Whend < N —r, for Q = VI(I — Al Apy), K = —Al

trn trn
ZT(QQT)~1Z and other notation as in previous lemmas, we have that

EtrnU) Hl = KTK+

W = —US,nHy ' KT Al

trn

+ US4 H{ ' ZT(QQT) 1 H.

Proof. We know that W = X (X + Atm)f. By Corollary 2.3 of Wei [42], setting X = —C'B with
C = —-UX4, and B = VT, we have that
(X + Atrn)T = AT

trn

- Q'H — (K +Q'Z)H /(KT Al,,, - Z"(QQ")~'H).

So, using the facts that X = UX,, VT, K = — Al

trn

UX¢rrn, we have that

W= X(X +Al,)

= ULy VTAL, —USynQ H + Uy VT Al US H VKT AL,
—USyVIQIZHTIKT Al — Uy VT AL US,n HT P ZT(QQT) T H

+ US4, VIQTZHT ZT(QQT) 1 H.

Using the fact that H = VTAL . we get that

trn>

W = USynH — USynQ H + Uy HUS o HT KT AL — U, VIQI ZHT KT Al

trn trn

— US4 HUS o HT P ZT(QQT) 1 ZZ ' H + U, , VIQT ZH T ZT(QQT) ' ZZ 71 H.

Using the fact that Z = I + VT A}

trn

U¥yn =1+ HUY,,,, we get that
W =USpynH — US4y Q H + Uy (Z — H7 KT AL, — US VIQTZHT KT A

trn trn

—USyn(Z —DH ' ZT(QQTY ' Z2Z'H + UL, VI QT ZH 2T (QQT) ' ZZ ' H.
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793 Using the fact that H; = KT K + ZT(QQT)~1Z, we get that

W =USynH — US4 Q H + Uy, ZHT KT AL
—USunVIQIZH KT A, — USyn ZH; Y(Hy, — KTK)Z™'H

+ US4 H P ZT(QQY)'H + USRS, VIQT ZH Y (H, — KTK)Z7'H

= USynH — US4y QT H + USyn ZH KT A, — USyn HU' KT A,

—USynVIQIZHTIKT Al — USyypnH + USyn ZH ' KT K Z 7 H

+ US4 H7 ZT(QQT)'H + UL VIQTH — U, , VIQT ZH ' KTKZ 7 H.

— Uy HT' KT A]

trn

794 Cancelling terms, we get that

W =USymn ZH KT Al

4+ U ZH ' KTKZ7'H + US o Hy P ZT(QQT) ' H
— U VIQ ' ZH'KTKZ 7 H.

—US i HT KT AL, — U, VIQ ZHT KT Al

trn trn

795 And we rearrange to get that

W = -USynH; ‘KT Al 4+ USnHy ' ZT(QQT) 'H + USyn(I — VIQNZH ' KT A,

+US (I =VIQWZH'KTKZ'H
= USy HTKT AL, + USn HT ZT(QQT) 1 H,

trn

786 where the last equality is because Q = VT (I — Al Ay,.,) has full rank, so Qf = QT(QQT)1, so
707 VIQU =VT(I — Al Apn)V(VT(I — A]

ron A V)L =1 O
798  Lemma 10. For d < N — r, with notation as in Lemmahave that

Xist — WXist = USin Hy ' Z7(QQT) 12, L L.

trn

799 Proof. Note that

Xigt = WXyt =UL —USn HT ' KT Al UL — US4 HT P ZT(QQT) ' HUL.

trn

g0 Remember that K = —A.,,U%, so A,nUSy = —KX; % and HUS, =
g1 (HUZ)S, Y = (Z — I)Z;,5 X 1s This gives us the following equality.

Xist — WXt =UL - US4 HU' KT KY, L L - US, HU P ZT(QQT) 128, L L

trn trn

+ U H ZT(QQT) 'S0 L

trn

=U(I -S4 HHKTK + Z7(QQT) ' 2)S, L + Son Hy 1 Z7(QQT) 'S, L) L.

trn

g0z Using the fact that H; = KTK + ZT(QQT)~1Z, we get that
Xt ~ WXy =UL - US4 HU ' H\ S, L L+ US4 HU P ZT(QQTY IS, L L

trn trn

=US,n H ' ZT(QQT) '8, L L.

trn

803 ]

soa Lemma 11. For ¢ < 1, we have that

1 c

77t27“n l-c

EX,LKTKY, ] =

trn trn

+0(1)
. . .th . 1
gos and the variance of the ij*" entry is O (N)

806 Proof. Note that KT K = ¥, UT (Ayn AL )TUSm. So, (KTK)Z-j = oul (Ayn AL )Tujaj.

trn trn

go7  Using ideas from Sonthalia and Nadakuditi [29]], we see that if ¢ # j, then the expectation is 0. On
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the other hand if ¢ = j, then using Lemma 6 from [29]], withp = N,q=d, A =
that

trn> WE get

1 c
trn l-c
The result on the expectation follows immediately from this.

E[(E KTKZtTn) ] =

trn

+o(1).

For the variance, pick arbitrary i # j and fix them. Consider ¢ = U*u; and b = U *u;. They are
uniformly random orthogonal unit vectors, not necessarily independent. Now note that

(Etrn(KTK)Ztrn)U = oiu (AtTnAtrn)TujUj
= u(USS*U*)Tu
= ul U(2E*) U u;
_AT(EE

41
= E ﬁakbk.
o
k=1 k
So, we get that

J 2
E[((S5h (KTK) S5k = E (Z Lakbk>
O}

where the last line holds due to the following reasoning, even though a and b are not independent.

‘We then use the fact that
E[a}b;] — E[a}]E[b}] < \/Var(af)Var(b?)

and Lemma 13 of [29], to get that
4 1
2
ar E a; | =01 -=].
(k—l k) <d)

Var(a2) = O (;) .

The same holds for by, giving us that

[t - BlatlEn)| <0 (5 ).

So, by symmetry of coordinates,
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This gives us that

3

Var (S5 (KTK)S;L)2) = qaa e @) i .

For i = j, we use Sonthalia and Nadakuditi [29] to see that the variance is O (1) = O (%) since
d =cN. O

Lemma 12. For c < 1, we have that

1 c?
E[S; L KTAl (Al VTES; = ——— +0(1
[ trn(Aipn)” KX = (1)

and the variance of the ij*" entry is O (%)

Proof. Let M =%} KTA!

trn trn(

Al _)TKY; ! and note that

trn

S KT AL (AL )TKS,

trn

= Etrn UT (AtrnAT

trn

)T (At'rnAT )TUZtrn .

trn

So,
Mij = Jiu;fp(AthT

trn
Using ideas from [29]], we see that if 4 # j, then the expectation is 0. On the other hand if i = j, then
using Lemma 6 from [29]], with p = N, g = d, we get that

2 2
o; c

E[M;;] = P A—cp +o(1).

)T(AtrnAT )Tujaj'

trn

For the variance, pick arbitrary i # j and fix them. Consider @ = U*u; and b = U *u;. They are
uniformly random orthogonal unit vectors, not necessarily independent. Now note that

— JTOEE S T,
_ JTESES

d
1
g
k=1 k

So, we get that
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where the last line holds due to the argument in the proof of Lemma|[l1] Here x(c) is some function
of c. This gives us that Var[M;;] = Zx(c) + o (%) fori # j. For i = j, we use Sonthalia and
Nadakuditi [29] to see that the variance is O (). O

Lemma 13. For ¢ < 1, we have that E[QQ™] = (1 — c)I, and the variance of each entry is O ().
Further,

EI(QQT) ] = 11 +0 (;) .

and each element has variance O(1/d)

Proof. Recall that Q = V(I — AthJr ). We thus have that

trn
PTP=VT(I— Al Ayn)V.
=VTV —VTAl ApnV

trn

=1, - VTVESvTY

_ 14 0 T
_[r—R[O ONd]R .

Where R is a uniformly random r X N unitary matrix. Then by symmetry (of the sign of rows of R),
we have that
EQQT) =1, —cI, = (1 —¢)1,.

Next notice that
E[QQT) = V(I - E[A]

trn

Atrn])u

thus to compute the variance, we first compute the variance of (AImAtm)ij. For this, we first note

that
I; O
|:Cod 0] = E[AzrnAtM] - E[A;rrnAtrnAIrnAtm]'
Since AI,,nAtm is symmetric, we can see that

d .
> (i) ={G 12

- i>d’
From Lemma 15 in [29], we have that E[((A],, An)is)?] = ¢ + 2¢ 4 o(1). Then combining this
with the computation above and using symmetry, we have that for i # j and min(é, j) < d

1 1 1 3
]E[(A;-nAtrn)fﬂ =71 (C ) + - + 0(1)> .

Now consider the other (full) SVD of X, given by dedildx N‘A/J\?X - Note that the top left
r x r block of 3 is Yrn, and the first r rows of Vv give V. Note that since VTV is still uni-
formly random, the variance argument above follows for VT Al Ay V. Additionally, for i, j < r,

trn
(VT A}, Ayt V)i; Thus, we see that for i, j < r,

A V)ij = (VT A]

trn

T 1 2
B V L]T A V). 21 2
[(( trn<itrn )1]) ] = d 1 (C c” + cd + O(l)) .

Thus, finally, we have that arranged as a matrix

El0Q" 00" =0 1)

By an analogous symmetry argument, we can show that

1
Var ((VTAImAth)?j> =0 (d) :
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In principle, one can get a faster decay bound with a more sophisticated argument, but this is sufficient
for our purposes. Now, by Lemma] we get that

E[(QQ") ) = 11, +0 (;) .

and each element has variance O(1/d).

Lemma 14. Forc < 1,

1 1 c
— i1, 1
1— trn + 772 1— c + O( )

trn

E [, HlEtm] =

trn

and the variance of each element is O (%) Additionally
E [EtTﬂHl_lthn] = (1 - C)U?’r'n(nfrnzt_?i + CIT)il + 0(1)’

and the variance of each term is O (é)

Proof. Recall that

H =K'K+7Z"QQ") ' Z=K"K + Z"S,,} (St (PTP) ' S40) 200 Z.

Using Lemmas [6] [TT] and [T3| along with an argument analogous to the one in Lemma[7] we get that

1 1
trnHthrn} = mzt_ri + =5 1 — I +0 ( > +0(1)

tr

E[

and the variance of each element is O (4).

For the inverse, we define 0 H; := H; — E[H;] and by an argument analogous to the one in the proof
of Lemmal[7] we get that

E [Etr"Hflth"] = (1 - C)U?m(ﬁ?m&?i + CIT)il + 0(1)
and the variance of each term is O (é) O

Lemma 15. When c < 1, we have for W = W, that

c? 1 _
BIWIR = ;= T (S (S + o2l ) (St aalr) ) +ol0),

1 trn

Proof. Again, like in Lemma 8] we first use the estimates for the expectations from the lemmas
above to get an estimate for the expectation of ||WW||%, and then bound the deviation from it using the
variance estimates in this section. We see that the first term in Tr(WZW) is

Te((Af,) T K (H )8 1 KT AL,) = Te(KT AL (ALK (DTS H ).
Then using Lemma[12]along with cyclic invariance of traces, we see that this is estimated by
1 c?

P op e (Hr DESE, HT Sern) + 0(1).
trn

Then using Lemma[T4] we get that this is estimated by

2
C
nfrnm(l ) (CI +77trn2trn) +0( )

2

C _
= nfrnli_c Tr (E?rn(zt%"nc + n?rn‘[r) 2) + 0(1)

The second term is

Te(((QQT) ™) Z(Hy ) ¥3, Hi ' ZT(QQT) ' HHT).
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We can rewrite this as
Tr(((QQT) )TZEtrn(Etrn(Hfl)thrn)(EtranlEtrn)ztrnZT(QQT)_lHHT)~
Using Lemmas [3and [6] we can estimate its expectation by
1

771527"77, l-c

(((QQT) ) trn(ztrn(Hfl)thm)(ZtrnH:rthrn)z;r}z(QQT)_l) + 0(1)-

Then using Lemma and the fact that H{ = H;, we get that this be further estimated by

1 2
o A—cp (Zirn (Strn (Hy ) Ztrn) S0 + 0(1).
trn

Then using Lemma[T4] we can simplify this estimate to

1 & o
e s G I G P2 572)72 4 o(1)

2
C _
= n?rnli_c Tr (Z?rn(zfrnc + n?rnjr) 2) + 0(1)

The cross term in Tr(WTW) is

-2 ’I‘r((AIrn>TK(Hf )TZ?'ML

H 27 (QQT) ),
Here the term (after cyclically permuting) that we should focus on is

Te(H(A},)"K) = - Te(VE, AL, (A],) T A,

ZtrnU)-

Here since Ay, = nthZVT and U , V are independent of each other, we see that using ideas
from Lemma 8 in [29] and extending them to rank r as before, the expectation of this term is 0 with
O(1/d) variance. Thus, the whole cross-term has an expectation equal to 0.

Again, to bound the deviation from this estimate, note that for real valued random variables X, Y
we have that |E[XY] — E[X]E[Y]| = |Cov(X,Y)| < y/Var(X)Var(Y). For real valued random

variables X, Y, Z, W, we have the following fact, from [43].
Cov(XY,WZ)=EXEWCov(Y,Z) + EYEZCov(X, W) +EXEZCouv(Y, W)+
EYEWCouv(X, Z) + Cov(X,W)Cov(Y, Z) + Cov(Y,W)Couv(X, Z).

We repeatedly apply these two to upper bound the deviation between the product of the expectations
in the estimates above and the expectation of the product. It is then straightforward to see that since
all variances are O(1/d), the estimation error is O(1/d) = o(1).

Finally, combining the terms, we get that

c? 1

trn

O

Theorem 10. When d < N — r and 3 = I, then the test error R(W, Xys1) for W = Wy, is given
by

nfrn -1

N ” ( trnc+nt2rnl) LH%

nt2$t C2 2 2 1 2 9 9 1
T ﬁT Sten ( Zten + 1 | (Bfenc + nipndr) +ol5)

trn

WLlE +

trn

Proof Note from theorem |§| that R(W, Xi5¢) = ﬁHUEthleT(QQT)
nm WHF

36



891

892

893

894
895
896

897

898

899
900
901

902

903

904

905

906
907

To compute the first term, we observe that it is given by

TT(UEtTn IZT(QQT) 1Et7‘nLLT trn(QQT) 1ZH lztrnU )

N tst
This can be rewritten using cyclic invariance as
1

tst

Tr({UTUS i Hy Y2780 Y (QQT) S, L LTS, (QQT) M X L ZH ).

trn

We apply Lemmas|[T3] [T4and 6] to get that its expectation can be estimated by

NmTr((( Dl + ) (1) LLT>+0<1/d>

4

= Wy (S0 + D) T LLT) +o(1/d)
77trn 2 1 71L 2 1/d
Nt ||( trnc+ntrn ) ||F+O( / )

We get o (4) due to the ¥,,2 term. Again, we can argue as in the proof of Lemmato bound the
deviation of the true expectation from this estimate by o(1/d), noting that since train and test data
assumptions are decoupled, LLT /Ny can be treated as constant as N grows.

Combining this with Lemma(8] we get that

Birn | (52, e+ ) LI

Nist
s 2 2 1 2 2 -2 1
+ d 1—c (Ztrn <Ztrn %I ) (Bfrnc + Mrndr) > to <d> .
O
Theorem 1 (In-Subspace Test Error). Letr < |d — N|. Let the SVD of Xy, be UY ., V5, let

L:=UTX,s, Bu :=UTB, and ¢ := d/N. Under our setup and Assumptions|l and the test error
(Equation[I)) is given by the following. If ¢ < 1 (under-parameterized regime)

R(WoptaUL ntTn ||BU t'rnc+77t7n 71LH2F

e 1 - 1
+ ngt 10_ (ﬁUﬁTE%rn (Z%’I‘TL + QI) (EtQTnC + ntzrnl) 2) +o (N)

trn

If ¢ > 1 (over-parameterized regime)

77;1 T 172
R(Wopta UL) = ﬂ ||6U frn +77trn a LHF

ntst c ||Et7"nH2 1
+ d C— (ﬁUﬁU(I_FntTnEtTn) )+O (J\/'Q +O N

Proof. The version for 8 = I follows immediately from Theorem and Theorem

We now demonstrate how the the general version is a straightforward repetition of the proofs of the
two theorems. First denote by Z,,,; the minimum norm solution to the denoising problem (where
B =1). Then Z,py = Xppn (Xirn + Atrn)t and note that

Wopt = }/;&rn(Xtrn + Atrn)T = 6TXtrn(Xtrn + Atrn)T = BTZopt

We present the adaptation of Lemma 8] the other lemmas can be adapted accordingly.

We first use the estimates for the expectations from the lemmas to get an estimate for ||Wo:||% =
18T Zopt||%, and then bound the deviation from it using the variance estimates above. We begin the

calculation as
||5TZ0pt||i“ = Tr(Zoq;atﬁﬂTZopt)
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Using Lemmal[T] we see that the trace has three terms. The first term is

Tr(HY(K )T z(PTP)y "Y'l UTBRTUS 4 (PTP) 1 ZT K[ H)
Using BE = Oth Then since the trace is invariant under cyclic permutations, we get the following
o TH(B8 S (PTP) 7 27K HHT (KT Z(PTP) TS, )
The rest of the proof for this term is the same as Lemmalg]
The second term in Tr(W7T BBTW) is

—2Tr(HT (K )T zT(PTP)y" YTl BuBESmZ "HHT ZPT)

Then the rest of the proof for this term is identical to the one in the proof of Lemma 8]
Finally, the last term in Tr(W T 88T W) is

Tr(PHYT ZT (K, HYTHHT (7YY BuBtSwn Z "HHT K PY)

The rest of the proof is the same again, after using the cyclic invariance of the trace.

F.2 Proof of Corollary [T, The Distribution Shift Bound

We first prove Theorem [2] bounding the difference in generalization error in terms of the change in
the test set. Recall the theorem below.

Theorem 2 (Test Set Shift Bound). Under the assumptlons of Theoreml[l} consider a linear regressor
Wopt trained on training data Xy, = UZthtm with Sy, such that 0,.(Xyn) > M, and tested
on test data Xist1 = ULy and Xist o = ULy with noise Aggt 1, Atst.2 with the same variance

Nese2/d. Then, the generalization errors Rq and R differ for ¢ < 1 by
(B)" MirnT T T ( 1 )
New (or o2 f @ wmpgz 1beke — Ll et o

where f(c) = cforc < 1and f(c) = 1 for c > 1. We add O(||S¢rnl|%/N?) to the bound when
c> 1

[Ra — R4l <

Proof. We will first show this for ¢ < 1. Let R; := R(Wopt, X1s1,5). Remember that the test error is
given by

un 2 17 |12
Ri = N:t HBU trnc+ntrn1)_ LZHF

1 1 -2 1
+ ntstntrn d 1 Tr <ﬁUBU trn <E%7‘n I) (Egrnc + ni%rn‘[) ) to (N)
n

tr

Note that the second term above has no dependence on X ;, so the difference is given by

RQ _Rl 7\;7‘” (HBU trnc+nt2rnl>_1L2Hi7' - HBE trnc+ntrn _1L1Hi7)

()

rn — - 1
7775 ~ Ir ((Z?Tnc + 77t2rnI) IBUﬂEI;( trnc+ ntrnI) 1(L2Lg - LlLT)) to <)

Ntst N
777« _ 1
I (53 b ) O (S + 20D (]~ LD e 0 ()

Um - 1
= ||6UB5( trnc+ ntrn ) 2HF||(L2L§ - LlL?)HF +o0 (N)

& nm _ 1
2 8y Bl (S + D) 2 o]~ iZD) e+ 0 ()
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where (i) above is by the Cauchy-Schwarz inequality for the Frobenius norm and (¢) above holds
since ||AB| g < ||All2]|B||r- So, for 4., with lower bounded diagonal entries o; > M, we have
that

4
Nern” T T T 1
— < LoL5 — L1 L —
|R2 Rl‘ - Ntst(JT(Xtrn)zc + nt2rn)2 HﬁUﬁUHQH( . i )HF "o (N>
- Yin? |0 BETU ol (EoLE — LiLT) e + 0 (
N Ntst(JT(Xtrn)QC—’_n?rn)z 2 . r F ? N
4
Nern” T T T 1
= LoLs — L1 L —
Ntst(JT(Xtrn)2C+ngrn)2Hﬂﬂ ”2”( 2 ' 1)HF+O <N)
01(5)2 n?rnr

Lol 1
T T 1
Nisi (00 (Xern )2 +17.,,)2 |LoLy — LiLi||p +o0 (N)

Similarly, for ¢ > 1, we have that

o1(8) MirnT T T [Strn |7 1
_ < _ =trnllF il
|R2 Rl‘ o Ntst (0'7'(Xt7'n)2 +77t27-n)2HL2L2 LlLl HF +O N2 to N

O

We now prove our corollary below.

Corollary 1 (Distribution Shift Bound). Let W, be tested on test data X;s;.1 = ULy and X g0 =
U Ly generated possibly dependently from distributions supported in the span of U with mean U p;
and covariance Yy,; = US;UT respectively. Let f(c) = cforc < 1 and f(c) = 1. Then, the
difference in generalization errors G; := Ex,, ,[R(Wopt, Xist,:)] is bounded for ¢ < 1 by

a1(B)* N
(UT (Xtrn)Qf(C) + 77t27"n)

We add O(||Strn||%/N?) to the bound when ¢ > 1.

1
02— Gl < L5 = 51+ o — punT | + o0 (N) |

Proof. Let L; :== L; — [p; f1; - .. p1;] be the centered version of the test data matrix. In that case,
]Etht,i [LZ] = Extst,i [U Xt8t7i] =0 and

Extst,i [z/lizT] = Extst,i [UTXtStJth;t,iU] = Nyst 2
Now note the following elementary computation.

Ex,...[LiL]] =Ex,.,,[(Li + [ps i o pa])(Li + [pi pi - pa])7]
= ]Etht,i [I”LET} + O + 0 + Ntst,U/iM;'r
= NistXprn + Ntst,ufi/ilr

We can now follow the initial part of the proof of Theorem [2]to get the following for ¢ < 1.

& 1
g2 - gl = XZTZTT (ﬂUﬂg(E?rnc+ nfrnj)iz(EXt.st[LQLg] - EXtSt71|:L1L¥1:|)) +o0 (N>

_ 1
= n?rnTr (ﬁUﬁg(ZtQTnc + nt27n1) 2(22 =3+ /-LQMg - ,ullu,{)) +o (N)

Now, we can follow the rest of the proof of Theorem 2]to complete the proof. O
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F.3 Proofs for Theorem 3, Out-of-Subspace Generalization

Theorem 3 (Out-of-Subspace Shift Bound). If we have the same training data and solution W oy,
assumptions as in Theorem[I} Then, for any X for which there exists an L and an o > 0 such that
| Xtst — UL||r < o, and Ay that satisfies 1,2 from Assumptlon@ we have that the generalization
error R(Wopi, Xist) satisfies

IR(Wopt, Xtst) — R(Wopt, UL)| < 020y (Wopt + T)2.

Proof. Here we see that
I(I = W)Xese = (I = W)UL|% = [|(I = W) (Xese = UL)|| %
< o1(W = I)?||X¢se — UL| %
= a’o (W —I)?

The inequality is due to Cauchy-Schwarz inequality. Then using the reverse triangle inequality, we
have that

I = W) Xoallf = I = WIULI| < a2or(W + D)2,

F.4 Proofs for Corollary 4, Generalization Error

Corollary 4 (Generalization Error). In the setting of Theorem(] if we further assume that the data
Xist is generated possibly dependently from distributions supported in the span of U with mean U i1
and covariance Yy = USUT, then we can remove the N— and replace L with (X + pu™)'/? in

the expression for test error to get the generalization error Ex, ,[R(Wopi, Xist)]-

Proof. We begin by noting that the variance term is independent of X;,;. Hence we only need to
focus on the bias term. Let L := L — [ p1 ... u] be the centered version of the test data matrix. In
that case, Ex,., ,[L] = Ex,., ,[UT Xys1,5] = 0 and

Ex,..,[LLT] = Ex,., . [U" X1s,i X {51 ;U] = Nyt 2
Now note the following elementary computation.
Ex i [LLT) = Ex o (L4 [ oo pl) (L g oo )]
= Ex,., ,[LLT] 4+ 0+ 0 + Nygppu®
= NistStrn + Nesepn”

Consider the following sequence on computations about the bias term.

: T 172
Etht |: - HﬁU trnc+77trn B LHF:|

777‘11 — —
= 2 ~ Ir (ﬁ(jjj( trnc+ntrn1) 1Etht[LL ](Efrnc—i_ntzrnI) 16U)

Ntst
= 7\2’1 Tr (B (Shne + min D) ™1 (S + ) (S e + 150 1) ™ Bu)
= Mo || T2 et 1)NE + )|
Nist " " F
This establishes our claim. O

F.5 Proof for Theorem[d} Test Error for W*

Theorem 4 (Test Error for W*). In the same setting as Theorem [I| we have that W* =

-1
BY (1+ 2xi2)  UT and
2
2 N\t N -2
BU ( trn ntrg I) L ]z;t TT <5U6U <I + ntrg Ztri) > .

F

N2
R(W* UL) ntrn
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958 Proof. To prove the first part of the theorem, we first note that

2
N
]EAMn [”Ytrn - W(Xt'r'n + Atrn)HzF] = ||}/t7n - WXtr’n”%“ + m%”WH%

959  Solving this is equivalent to solving

” D/trn O] -w [Xtrn MI] ”%‘

2
Nern N

960 where p? = “tzn—. We know from classical linear algebra that the solution to the above is

W* = [ Xt 0] [Xern pd]

961 Using Lemmas 5 and 6 from [44], we have that if X;,., = U Ethtfn where U is d by d, ¥4y, is d

962 by dand V;,., is N X d, then

01 (Xt'r'n)2 + ,UQ 0 0
0 0
: | [Virn S 21
[Xtrn :U’I] =U : O-T(Xt67l)2 + M2 0 : |: ! MUti_l
0
I 0 0 p)
by
963 Thus, we have that
r 1
Vo1 (Xern)2+p?
0 0
* Vrnz rni_l -1
W = [ﬁTUEthtfn 0] [ ! Uti_l :| Vor(Xern)?+n?
n
0
i 0
964 Simplifying, we get
W = 6[7]12?7“71,272UT
r o (X"n)2 -
Ul(éftrn)Q‘i‘NQ O O
0 0
= /BT . U”‘(Xﬁ‘n)2 UT
U : 0'7‘(XM'71)2+H2
0 0
0
L 0 0 0

2 -1
Mirn IV
= 55 (St + M0} T

2 N -1
=gF <I + 77“"5 E;EL> U’

965 Hence we have finished proving the first part.

966 For the second part, we note that similar to before, we need to calculate

Ntst

41

d

1 . 1 ) A
B (Yot = W* (Xt + Aust) 1] = 57— Yoot = W Xratl [+ 22|07
tst

]T

TI=O

ur.



967 For the first term recall that X, = UL and Y, = 37 X,,.. Hence we have that

968

969

970

971
972

973

974

976
977

1
Ntst

For the second term, we have that

nt28t
d

w7 =

||thst - W*thtH%‘ =

2
Nist
T
4 T

1
Ntst

Ntst

55(1—(I+

1 n}.,N?

2
N N

d

—1
2@) ) L

12
T]t27‘7lN L
d
F

F

d? +

o (2

2 N B -2
(55 <I+ntrg Ztr%z) 5U>

2
= tTStTf BubBl (I-i-

2
Nern

d

—2
N
Etri) >

F.6 Proof for Corollary [2, Relative Excess Error

Corollary 2 (Relative Excess Error). Let | St [|% = Q(N/2%€). Asd, N — oo withd/N — c, the

relative excess error fends to 7=

when | S ||% = o(N), it tends to -~

c—1

and to

£ in the underparametrized regime. In the overparametrized regime,
L+ k for some constant k when ||L4,.,||% = O(N).

c—

1

Proof. Recall from Theorem 4] that the test error for W* is given by

R(W*,UL)

i N?
= Tirn,

e (z n

2
Nern
— 7
d

2
N
)

2 2
Mist ntrnN
T
e d

—2
Zﬁ) )

(ﬂUBE <1 +

We prove this for ¢ > 1, the proof for ¢ < 1 is analogous and in fact simpler. Notice that when
1Yt = Q(NY2€), in both R(W,pt, Xist) and R(W*, Xy, the bias terms are O(1/d'+2¢)
while the variance terms are ©(1/d). In particular, as d, N — oo, with d/N — ¢, the limit of the
excess risk is given by only considering the variance terms and the estimation errors.
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R(Wopty tht) - R(W*, tht)

lim

d,N—o0.d/N—c R(W*, Xist)
2 -2 2
et Ty (Buﬁ?} ( 1 Tergl Etri) ) = T 2 Te(Bu BE (I + 0 Zrn) ™)
= lim 2
d,N—oco,d/N—c -
N—00,d/N— mthT (BUﬂU (I—|— mm Eﬁi) )

HEthF
+ lim o ( ) i 0( )
d,N—o00,d/N -2
Ty (w% (r+ eei2) ™)
T 02 -2 ) 2 c T 2 w—2y-1
Tr (BUBU (I + thrn) ) T =1 Tr(ﬁUBU(I + ntrnztrn) )
= lim =
" d,N—oo,d/N—c T <ﬂUﬁT (I I n2.. 272) )
U c trn
0 (cl\zf],\r]n\lfv) +o(e)

R —2
it (P (1+ E2y2) )

lim
d,N—o0,d/N—c

el Zernll?
Tr(usl) - = Tl O (4E) v o)
- lim = + lim 5 T
T d,N—oo,d/N—c Tr (BuBE) d,N=o0,d/N—e  ni,Tr (BuBE)

=1-

C ||Etm||%7
| O ——
c—1 + d,N—sco,d/N—c ( N

_ cil ; ”Ztrn”%«“ = O(N)
L+k ?”EtTn”Q = 0O(N)

c—1

for some unknown problem-dependent constant k. This establishes the claim for ¢ > 1, and the proof
for when ¢ < 1 is analogous and in fact simpler.

O

E.7 Proofs for Theorem 5, IID Training Data With Isotropic Covariance

Theorem 5 (L.L.D. Training Data With Isotropic Covariance). Let ¢ = d/N and ¢, = r/N. Then if
c<1

T]rn —
EXt'r'n[ ] ]\;t ||( trnc+n1€2rnl) 1L||%‘

9 T

1 1 1
i (Tt + - Talerniin/o) +o 3 )
trn

andifc>1
Mirn - roc 1
B[R] = e (S o) LI+ s Taler ) +0 ()
where Ty (¢, 2) = Ts(cr, z) — 2T5(cr, 2), and
1+ ¢ + ze, 1 1 1+4ze, — /(1 —cr+2¢0)2 +4c22
Ts(cr, 2) = Ts3(cr,2) = =+ VA ) )

2/ (1 +c2) + 4z 2 2%,

Proof. Then if X4, is the data matrix, the singular values squared for X;,,, are the eigenvalues of

XE Xy =2T0TUZ =272

trn
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Then ZTZ is a N x N matrix, and due to the normalization of the variance of the entries, this is
a Wishart Matrix. Further, we know that the eigenvalue distribution can be approximated by the

Marchenko Pastur distribution with shape parameter r /N [45-50].

Then we have that for the ¢ < 1 case, we have the variance is

1
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Then we simplify this as the following.
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If X is an eigenvalue of the training data gram matrix, then the variance term of the generalization

error has terms of the following form.
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The value of these for the Marchenko Pastur distribution can be found in [44]).
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The proofs for the rest of the terms are similar.
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F.8 Proofs for Corollary |7, IID Training and Test Data With Isotropic Covariance

Corollary 7 (I1.1.D. Train and Tests Data With Isotropic Covariance). Let ¢ = d/N and ¢, = r/N.

Thenifc <1
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Proof. For the bias, we get
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The value of these for the Marchenko Pastur distribution can be found in [44]).
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G Numerical Details

In this section, we include the computational details required to reproduce the data and figures in the
paper. The code for the experiments can be found in the following anonymized repository [Link].

G.1 Data

For our transfer learning results, we use real datasets namely CIFAR [39], STL10 [40] and SVHN
[41]]. We will mostly be working with the training and test split of CIFAR, training split of STL10
and training split of SVHN. We will also use the test split of STL10 for our data augmentation results,
refer figure [3]and section[G.5] to avoid overlaps between training and test data.

To verify the application of our results to L.I.D. data, we generate datasets from certain distributions,
the details of which are presented in the upcoming sections.

The test data is normalized so that each coordinate has mean zero and a standard deviation of 5. This
is done before we do any other pre-processing.

G.2 Compute Time

For figures[7] [8] [0]and[6] we use the same training data from CIFAR train split. Thus, we combine
our code implementation for these figures. This saves up compute time for mean empirical error
since inversion of the matrix Xy,,, + A,r,, for obtaining W, occurs once for each empirical run
for all 4 figures. The code was implemented using Google Colab with A100 Nvidia GPU which took
approximately 1 hour for the 200 trials for each value of r. Since the results are computed for 4 values
of , the entire experiment was completed within approximately 4 hours.

Figures 2] and 3] took approximately 4 hours each using A100 Nvidia GPU on Google Colab. Figures
M and 5| were computed together in approximately 40 minutes. Figure[I0|took approximately 1 hour
to compute. Figure|l 1{only took around 10 minutes due to less number of N values and only 50
trials. All the above was implemented using A100 GPU on Colab. Figure[/c|took approximately 4.5
hours using T4 Nvidia GPU on Google Colab.

G.3 Principal Component Regression

We use four datasets for the set of results obtained through principal component regression namely,
CIFAR train split, CIFAR test split, STL10 dataset and SVHN dataset.

G.3.1 In-Subspace

For figure[/a] the test data lies in the same low-dimensional subspace as the training dataset. The
experimental setting is as follows.

* Training data, of order d x IV, is sampled from flattened CIFAR train split such that d = 3072 and
N ranges between 1050 and 10500 with an increment of 550 for the results.

* We project our training data over the first r principal components where r refers to the rank and
varies as 25, 50, 100 and 150.

* Test datasets, of order d X N4, are sampled from CIFAR test split, STL10 train split and SVHN
train split where d = 3072 and Nz = 2500.

* We also project these test datasets onto the low-dimensional subspace using the projection matrices.

* For denoising, we generate Gaussian noise matrix Ay, with norm v/ N for the training data and
Ayt with norm /Ny for the test datasets.

The theoretical error is calculated using the formula in Theorem|[I]and the empirical error is the mean
squared error.

G.3.2 Out-of-Subspace

Next, we test our formulas for test datasets which lie outside the training distribution space.

45


https://anonymous.4open.science/r/Low-Rank-Generalization-Without-IID-99F7/README.md

1051

1052

1053

1054
1055

1056
1057

1058

1059
1060

1061
1062

1063

1064

1065

1066

1067

1068
1069

1070
1071

1072
1073

1074
1075

1076

1077

1078

1079

1080
1081

1082

1083
1084

1085

1086
1087

1088

1089

1090
1091

1092

1093
1094

Small @ We detail the numerical setup required to generate figure
* Training data, of order d x IV, is sampled from flattened CIFAR train split such that d = 3072 and
N ranges between 1050 and 10500 with an increment of 550 for the results.

* We project our training data over the first r principal components where r refers to the rank and
varies as 25, 50, 100 and 150.

* Test datasets, of order d X N, are sampled from CIFAR test split, STL10 train split and SVHN
train split where d = 3072 and Nz = 2500.

* We project these test datasets onto the low-dimensional subspace using the projection matrices.

* We add a small amount of full-dimensional Gaussian noise to the projected datasets to generate
out-of-subspace datasets with small a. Here, we consider the case where o = 0.1.

* For denoising, we generate Gaussian noise matrix Ay, with norm /N for the training data and
Ao with norm /N, for the test datasets.

The empirical error shown in figure|7b|is the square root of the mean squared error. The theoretical

bounds on the error are calculated using Theorem 3]

Large . For figure[6] the experimental setup is as follows.

* Training data, of order d x IV, is sampled from flattened CIFAR train split such that d = 3072 and
N ranges between 1050 and 10500 with an increment of 550 for the results.

* We project our training data over the first  principal components where r refers to the rank and
varies as 25, 50, 100 and 150.

* Test datasets, of order d X N4, are sampled from CIFAR test split, STL10 train split and SVHN
train split where d = 3072 and Nz = 2500.

* We do not project these test datasets onto the low-dimensional subspace. We retain their high
dimensions. The values of « for different values of r are provided in figure[6]

* For denoising, we generate Gaussian noise matrix Ay, with norm v/ N for the training data and
Ao with norm /N, for the test datasets.

G.4 Linear Regression
To consider the linear regression case for figure[§]
* Training data, of order d x N, is sampled from flattened CIFAR train split such that d = 3072 and

N ranges between 1050 and 10500 with an increment of 550 for the results.

* We project our training data over the first r principal components where 7 refers to the rank and
varies as 25, 50, 100 and 150.

* Gaussian noise matrix with norm v/ N is added to the training data.

* We generate normally-distributed 8., of order d x 1 with norm 1. The learned estimator is
computed as 37 = ﬁg;,tW where W is the minimum norm solution to the least squares denoising
problem. For theoretical error, we compute BT = BoptU.

o Test datasets, of order d X N, are sampled from CIFAR test split, STL10 train split and SVHN
train split where d = 3072 and Ny, = 2500.

* We also project these test datasets onto the low-dimensional subspace using the projection matrices.
¢ Gaussian noise matrix with norm +/N;,; is added to the test datasets.

* Finally, the test datasets, X4, are replaced with BT Xyt to compute the error for the linear
regression problem.

G.5 Data Augmentation

To emphasize the application of our results to non-L.I.D. data, we consider two cases of data augmen-
tation to our training data.
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G.5.1 Without Independence

The experimental setting to obtain the empirical generalization error is as follows.

* We sample 1000 images from the CIFAR train split as the first batch of our training data. For
experimental results

* We augment the above batch with the same batch to vary /N between 1000 and 6000 with an
increment of 1000. We project the dataset onto its first  principal components where r =
25,50, 100 and 150.

* We add gaussian noise with norm /N to the training data as before. Note that the noise on
augmented batches would be independent of the noise in the original batch. This is the only
assumption required for our result.

* Test datasets, of order d X Ny, sampled from CIFAR test split, STL10 train split and SVHN train
split where d = 3072 and N,s; = 2500 are also projected onto the low-dimensional subspace.

We calculate the theoretical generalization error for more values of ¢ to obtain smoother curves. Note
that the left singular vectors i.e., the columns of matrix U, do not change when we augment our
training batches. We utilize this to speed-up our computation for theoretical curves.

* We sample 1000 images from the CIFAR train split as the first batch of our training data.

* We obtain the projection matrix P = U UT and the matrix L = U7 X, from the SVD of the first
batch itself.

* The generalization error is computed from the formula in Theorem|[I]for values of N between 1000
and 6000 with an increment of 50.

» We scale the singular values by a factor of N/1000 to account for the augmenting.

G.5.2 Without Identicality

To generate figure 3]
* We use training data, of order d x N, such that d = 3072 and N ranges between 1050 and 10500
with an increment of 550 for the results.

* We use IV/2 images from the CIFAR training split and N/2 images from the STL10 training split
concatenated together for our training data.

* We project our training data over the first r principal components where 7 refers to the rank and
varies as 25, 50, 100 and 150.

* Test datasets, of order d x N4, are sampled from CIFAR test split, STL10 test split and SVHN
train split where d = 3072 and N5, = 2500. This is done to avoid any overlaps between training
and test data.

* We also project these test datasets onto the low-dimensional subspace using the projection matrices.
* For denoising, we generate Gaussian noise matrix Ay, with norm /N for the training data and
Ao with norm /N, for the test datasets.

G.6 LLD.Data

We also perform experiments to verify our results in cases where training and test datasets are [.1D.
The numerical details for those experiments are presented in this section.

G.6.1 LILD. Test Data

To generate figure 9]

* Training data, of order d x N, is sampled from flattened CIFAR train split such that d = 3072 and
N ranges between 1050 and 10500 with an increment of 550 for the results.

* We project our training data over the first r principal components where r refers to the rank and
varies as 25, 50, 100 and 150.
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We generate L from Gaussian distribution of norm +/N;; where Nyg; = 2500.

We obtain our LLI.D. test data of order d X N;s: as Xyt = UL where U contains the left singular
vectors of the projected training data.

For denoising, we generate Gaussian noise matrix A;.,, with norm v/ N for the training data and
Ayt with norm /Ny for the test datasets.

G.6.2 LI.D. Train Data

To generate figure[10]

We generate the left singular matrix U from the SVD of a Gaussian matrix of order d x r where
M = 3072 and r = 50.

We generate the training matrix X;,., = UZ where Z is of order  x NN such that each column is
normally distributed with mean O and variance 1/7.

Here, N varies from 1050 to 10500 with an increment of 550.

Test datasets, of order d X N4, are sampled from CIFAR test split, STL10 train split and SVHN
train split where d = 3072 and Ny, = 2500.

We also project these test datasets onto the r-dimensional subspace using projection matrices.

For denoising, we generate Gaussian noise matrix Ay, with norm v/ N for the training data and
Ao with norm /N, for the test datasets.

G.6.3 LID Train and Test Data

To generate figure [T}

We generate the left singular matrix U from the SVD of a Gaussian matrix of order d x r where
M = 3072 and r = 50.

We generate the training matrix Xy,,, = UZ where Z is of order  x N such that each column is
normally distributed with mean 0 and variance 1/7.

Here, N varies from 500 to 6010 with an increment of 550 for the empirical markers and with an
increment of 55 for theoretical values on the solid curve.

We generate L from Gaussian distribution of norm +/ N;; where N;g; = 5000.

We obtain our LI.D. test data of order d X N4 as X¢st = UL where U contains the left singular
vectors of the projected training data.

For denoising, we generate Gaussian noise matrix Ay, with norm v/ N for the training data and
Ao with norm +/ N, for the test datasets.

G.7 Full Dimensional Denoising

To generate figure[7c]

Training data, of order d x N, is sampled from flattened CIFAR train split such that d = 3072 and
N ranges between 1050 and 10500 with an increment of 550 for the results.

We project our training data over the first » principal components where r is the minimum of d and
N. This implies that the data is full dimensional.

Test datasets, of order d x N, are sampled from CIFAR test split, STL10 train split and SVHN
train split where d = 3072 and Ny, = 2500.

We also project these test datasets onto the low-dimensional subspace using the projection matrices.

For denoising, we generate Gaussian noise matrix Ay, with norm v/ N for the training data and
Ay with norm /Ny, for the test datasets.
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G.8 Optimal 7.,

To generate figures 4] and 3]

Training data, of order d x N, is sampled from flattened CIFAR train split such that d = 3072 and
N ranges between 500 and 5500 as {500, 750, 1000, 1250, 1500, 1750, 2000, 2250, 2500, 2600,
2700, 2800, 2900, 3000, 3020, 3130, 3200, 3300, 3400, 3500, 3750, 4000, 4250, 4500, 4750, 5000,
5250, 5500}.

We project our training data over the first r principal components where r = 50.

Test datasets, of order d x Ny, are the training dataset with new noise and sampled from CIFAR
test split, STL10 train split and SVHN train split where d = 3072 and N¢s; = N.

We compute generalization error for 2000 7;,.,, values ranging from 1/3.5 to 100 for each N from
our formula in Theorem [}

We report the optimal 7,-,, found to minimise the generalization error in figure E] and the optimal
generalization error in figure 3]
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