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Abstract

We consider multiple agents competing to acquire some costly divisible resource (e.g. shares
of a financial asset, compute resources, etc.) over time. Leveraging a standard model for
price dynamics, we propose a novel game-theoretic model for this problem, generalizing
settings studied in diverse literatures. Our analysis considers different assumptions on the
information available to agents. Under partial-information with a common prior (which
subsumes complete information as a special case), we establish the existence, uniqueness,
and efficient computability of the Bayesian Nash equilibrium (BNE), and bound the price of
anarchy. Next and more generally, we consider agents with no common prior learning to act
optimally given realistic market feedback from repeated interactions. We provide sufficient
conditions on agents doing simultaneous learning dynamics for last-iterate convergence to
the BNE. For all settings, we provide simulations based on real financial data to illustrate
our theoretical results and offer new insights on strategic behavior in the context of trading
and resource acquisition.

1 Introduction

Consider multiple traders trying to acquire a position in a stock ahead of an earnings release. If each trader
were acting in isolation, they might follow a classical optimal execution strategy — such as that of |Almgren
& Chriss| (2000) — to minimize their effect on price and thus the cost of trading. However, if multiple traders
are pursuing their strategies simultaneously, their aggregate activity influences prices and liquidity. This
interaction transforms the problem from individual optimization to understanding the inter-agent strategic
behavior, where each agent’s decisions affect the market environment faced by all. This challenge of acquiring
costly resources in competitive, dynamically priced environments extends beyond financial markets. Training
an LLM may require securing substantial cloud computing resources within a given time. As spot prices are
shaped by aggregate demand across many users (Shastri & Irwin, [2018), firms need to account not only for
their own scheduling and budget constraints but also how others interact. Agents in such environments may
only have incomplete knowledge of others or the market itself, complicating their strategy.

While several works have attempted to formally capture these strategic perspectives, they do so with several
limitations. |Chriss| (2024ajbjc) consider a complete-information setting, which is generally unrealistic. More
recently, |Chriss| (2025)); [Kearns & Shi| (2025) study extensions that either assume common priors or repeatedly
interacting with the same market instance, a rare occurrence. Further, all these works: (1) require agents
to acquire a fixed target position, ruling out more general action constraints; (2) do not allow for objectives
that agents may wish to optimize alongside acquisition costs; and most importantly (3) do not address the
computational and learning challenges that arise when agents act under incomplete information without
common priors. The broad scope and practical relevance of this problem necessitates a general framework
that can gracefully accommodate diverse constraints and limitations of real-world markets.

As such, this work proposes a general competitive resource acquisition and trading framework for dynam-
ically priced markets. A central feature of our model is that prices respond to the aggregate actions of all
participants. Beyond this, our game-theoretic model makes minimal modeling assumptions. Information
may be imperfect or asymmetric, and agents need not know the information structure a priori. Moreover, we
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Table 1: Comparison of our framework with prior work on strategic position building / resource acquisition.

Constraints Objective Information Equilibrium Result
Chriss 2024b|a} Fixed target Min. acquisition cost Complete Exact NE computation
Fixed target +
Chriss|(2024c 8 Min. acquisition cost Complete Approx. NE computation
monotonicity, rate bounds
. . . L Incomplete .
Chriss| (2025 Fixed target Min. acquisition cost Exact BNE computation
(common prior)
Fixed target + Approx. CCE computation
Kearns & Shi|(2025 & Min. acquisition cost Complete bp P
per-period trade bounds (via simulated no-regret play)
. Max. general concave utility —Incomplete Convergence to BNE
This work General convex
minus acquisition cost (no prior required)  via interaction

allow for rich heterogeneity in agents’ objectives: agents may target some fixed position or seek to maximize
a personalized utility function on their final position, with different agents having different goals. Finally,
our framework accommodates action constraints that may be important for practical applications, such as
no short selling or granular limits on per-period trades. Together, these accommodations provide a flexible
game-theoretic model that captures a broad range of goals, constraints, and information structures relevant
to strategic resource acquisition problems.

1.1 Our Contribution

e Section [2] formalizes a novel model for this problem, which generalizes on past settings, by allowing for
convex constraints, concave value functions, and incomplete information (see Table El

o Section [3| considers the partial-information Bayesian setting: each agent only observes their own private
information (their “type”), but all agents have common knowledge of the prior distribution over agent
types and market parameters. We establish the uniqueness and computability of the Bayesian Nash
Equilibrium (BNE), and characterize the price of anarchy of this game.

o Section [4] extends our model to an online learning setting where agents only observe their type and
have no knowledge of the distribution over others’ types or market parameters. They must instead
learn from repeated interactions and choose their strategy conditioned on their realized type and past
feedback. In particular, we consider a feedback model that is natural for this setting: instead of perfectly
observing the market parameters or others’ actions as end-of-round feedback, agents see only the realized
price trajectory and can evaluate their counterfactual costs using estimates of the market parameter.
This models learning to acquire resources given realistic contextual information. We establish sufficient
conditions under which agents simultaneous learning converge to the BNE in the final round.

e In Section [p| we empirically simulate our algorithms based on real market data where possible and offer
new insights for both the with-prior and prior-free settings.

1.2 Additional Related Work

Most relevant to our paper is the line of work on optimal position building in financial markets that we
discussed above (Chriss| 2024bicfa; 2025, [Kearns & Shi| [2025). Our work can be seen as a generalization
of these, accommodating constraints and objectives natural in both financial and non-financial settings
such as compute markets [Shastri & Irwin| (2018)), which are of growing importance. We provide a detailed
discussion of how our model relates to and subsumes the settings of these works in Appendix[C.2] A summary
comparison is given in Table [I}

IKearns & Shi| (2025)) could alternatively be framed as a partial information model with convergence to CCE via interac-
tion. However, unlike our model for interaction, theirs assumes an identical game in every interaction (same target positions,
constraints, market parameters, etc.), and that players have sufficient information to compute exact best responses.
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More broadly, our model captures standard notions of market impact in finance, of which there is a large
literature (see [Webster| (2023)); [Li et al.| (2024) and citations therein for a detailed overview). These works
broadly consider how prices change in response to trading (both theoretically and empirically from real
markets). In this literature, market impact is often decomposed into permanent and temporary impact
(Almgren & Chriss| 2000; Bacry et al.l 2015; [Moro et all [2009)), which is the same approach that we take.
There are also models such as the propagator model (Bouchaud et al. 2003 |Gatheral & Schied} 2013;
Obizhaeva & Wang, |2013)) that allow for transient impacts in between these extremes; we do not consider
these, but such extensions would be an interesting direction for future work.

Our work relates to the literature on learning in games more broadly. Particularly, the setting in Section [4]is
similar in spirit to that of [Hartline et al.|(2015), who consider a framework for no-regret learning in repeated
Bayesian games. That said, our model is outside their framework (as it allows continuous market types),
and has some specific structure that we can additionally leverage (strong monotonicity).

Our setup is conceptually related to resource allocation/congestion games, where agents share resources, and
the cost of any resource depends on its demand (Rosenthal, [1973). Unlike canonical versions of these, however,
we consider time-varying prices that endogenously adjust based on supply and demand. Lastly, while we
study competitive resource acquisition in a market setting, a non-market variant has long been studied in
the context of fair division (Moulin) [2004)) for both divisible and indivisible goods. Recent literature here
has extended this problem to an online setting (see |Aleksandrov & Walsh| (2020) for a survey), and often
incorporates learning and predictions (Banerjee et al., 2023)), spiritually motivating our model in Section

2 Model

Preliminaries Consider a market of n strategic agents looking to trade (buy/sell) some costly, divisible
resource (stock, currency, compute time, etc.) over a period of T rounds. In the simplest setting, each
strategic agent 4’s action (also called strategy or trajectory) is a T-dimensional vector h;, where h;; denotes
how much they purchased at time ¢ € [T]. Note that h; is a signed vector, and we conventionally denote
positive (negative) values as buying (selling) throughout. Each agent has some set of convex constraints on
their allowable actions, represented by a convex feasible set of trajectories G; C R”. For example, if agent
i wants to procure at most V; shares without short selling or over-buying, their constraints are given by
Gi={h;:0<3I_ hiy <ViVte[T]}. We also assume that each agent has some value function over
their strategy, which can capture the value of their final position and/or any preferences on their acquisition
schedule. For an agent i, we represent this via a bounded concave functionﬂ fi : RT = R, with |f;()| < U.
For example, if agent i has a concave value ¢; on their final acquired position (say they have a private
valuation r; for the asset, so they value owning x shares as ¢;(x) = r;x) and penalizes selling by some
non-negative factor ¢, this function could be fi(h;) = ¢;(1"h;) — CZ?:l |hit|I{h; < 0}, which is clearly
concave. In settings like compute markets or optimal trade execution, where the agents’ goal is to acquire
a fixed target position as cheaply as possible, one can set f; = 0 and include a hard constraint on 1" h; in
G;. Lastly, and inspired by the seminal work of |Kyle| (1985)), we allow the market to contain a non-strategic
(possibly random) exogenous agent, which captures all non-strategic trade flow. The exogenous action is
given by a signed vector s € RT, where positive values indicate buying.

Price Model Core to understanding how agents interact strategically is modeling how the aggregate
demand/supply levels influence resource prices. We assume the following dynamic model for price as affected
by agents’ trading:

Assumption 1 (Price Dynamics). All agents face the same price p; for each share of the resource traded
at time t. The price p; is determined by the total trading trajectories of all agents up to and including time
t according to the following equations:

pr =pi + BDy; py =pi_y +aDy

2Concave utility on final position, which corresponds to diminishing marginal utility, is a natural restriction in economics
and game theory. See (Mas-Colell et al.| [1995} |Debreu), (1959).
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where po = py is the initial price, Dy = Y | hiy + 8¢ is the aggregate excess demand at time t, and o > 0
and > 0 are some market parameters.

The dynamic process for py’ is a discretization of the Walrasian price dynamics from general equilibrium
theory, which posits that prices evolve from an imbalance of supply and demand: dp; = «(demand; —
supply, )dt, where o > 0 is a sensitivity factor (Walker, 1987). The additional 3 (3", hi¢ + s¢) term in the
execution price p; accounts for additional costs imposed by market makers who provide liquidity to balance
supply and demand, causing temporary deviations from the equilibrium price (5 > 0 controls the strengths
of this impact). This maps to how prices are modeled within the theory of optimal trade execution, with
«a and S corresponding to permanent and temporary impact coefficients, respectively (Almgren & Chriss,
2000) — see Appendix for more details. That said, this remains a stylized model that abstracts some of
the deeper micro-structures of limit order books — see Section [f] for a discussion on this.

Market Type We refer to the total set of parameters defining the market and pricing dynamics as the
Market Type, which we denote as the tuple A = (f1,..., fn, Do, ®, 3, 8).

Agent Types We consider a very general partial information model, where each agent’s information is
determined by their type. As discussed below, this framework subsumes complete information settings, so
we do not study those separately. Agent types are formalized as follows.

Definition 1 (Agent Types). For each agent i, let 6; € ©; denote their type, capturing all information
known to them before acting. More specifically:

o O; is some compact type space which can be either discrete (|©;] = m; < 00) or continuous (6; C R™i).

o Player type 0; fully determines their constraints, denoted G;(6;) C RT, which we assume to be non-empty,
closed, convex, and bounded.

While we make no assumptions about the types themselves, in practice they can be perceived as the features
agents use to understand the market. Importantly, we make no assumptions about how well the private type
0; correlates with the market parameters A; they may range anywhere from fully informative to completely
uninformative, or anywhere in between. More generally, the correlation between agent types and A may
be of varying strengths for different agents, naturally capturing information asymmetry that is common in
most markets. We also do not assume that 60; fully specifies the value function f;: instead f; can depend
on uncertain market parameters. Finally, we note that if 6; is in fact fully informative of A for every agent,
then our model is equivalent to the canonical “complete information” setting.

Realized Utility For fixed market type and trading trajectories, we model the total utility realized by each
agent i according to their personal value f;, minus the total cost they incur buying and selling. Formally:

Definition 2 (Realized Utility). Let (h;, h_;) denote the trading trajectories of agent i and all other strategic
agents respectively. Letting p(h;,h_;,A) € RT denote the sequence of prices under Assumption agent i’s
realized utility is:

ui(hish_i, A) = fi(hi) — p(hi,h_i,\) T h; .

Regular Strategy Spaces Under partial information, we formalize the strategy for each agent as a
function h; : ©; — RT, which determines how they would behave under any type realization. For any
feasible strategy h;, it must be that h;(6;) € G;(0;) for every 0; € ©;. In practice, however, agents may
benefit from considering more restricted spaces, especially when type spaces ©; become more complex and
we wish to ensure learnability. We therefore consider a more general class of feasible strategy spaces with
explicit complexity bounds:

Definition 3 (Strategy Spaces). We say that a strategy space H; for agent i is (B, L)-reqular if:
1. The strategy space H; is feasible: h;(0;) € G;(0;) for all 0; in ©;, and h; € H,.
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2. The strategy space H; is convex and is a closed subset of the Lo(©;, Py.;RT) function space where
(his Rz = Eg, [(Ri(0;), hi(0:))].
3. Ewvery strategy h; € H; is bounded: ||h;(0;)||2 < B for all 0; € ©;

4. Every strategy h; € H; is Lipschitz: ||h;(0;) — h;(0))|lco < L||0; — 0]l for all 0;,0. € ©;.

K3
Bayesian Game Instance Putting the above together, we can fully characterize an overall Bayesian
Game instance in terms of a distribution over possible instances, feasible strategies as mappings from player
type to trading trajectory, and expected agent utilities, as follows:

Definition 4 (Bayesian Game Instance). An instance of our Bayesian game setting is characterized by:

1. Distribution over instances: Let T = (01,...,0,,\) denote a game instance. We assume a joint
distribution P(01,...,60,,\) from which the components of an instance I are sampled from.

2. Strategy Spaces: Fach agent i uses a (B;, L;)-reqular strategy space H;, for some finite non-negative
B;, and some (possibly infinite) non-negative L;.

3. Game Payoff Structure: Each agent i’s expected utility given their and others’ strategies (h;, h_;) is
the expected value of their realized utility over instances T ~ P: By, g , x~pui(hi(6;); h_i(0_;), N)].

Since player strategies are ex-ante mappings from their possible types to feasible trading schedules, game
play can be ordered as follows: (1) each agent ez-ante decides their strategy function h;, (2) a game instance
Z ~ P is sampled and the corresponding type information 6; is privately revealed to each agent, and (3)
each agent executes their trading schedule h;(0;) € G;(0;) and attains the realized utility.

Finally, we comment on what information, if any, agents have about the prior distribution P over the game
instances. In Section [3] we consider the case where all agents have common knowledge of P, whereas in
Section [4] we consider agents having no knowledge of P and must learn via interaction. Although learning
from interaction is more realistic, the idealized “common prior” setting allows us to define and analyze
concrete notions of equilibria, which we then show in Section [4] can be approximately reached after sufficient
rounds of interaction.

3 Agents with Common Prior

In this section, we assume that all strategic agents have common knowledge of the joint distribution P over
agent and market types. Our focus here is on the characterization of equilibria, in terms of their existence,
uniqueness, quality, and computability. This setting can be formally studied in the Bayesian game theory
framework, using the standard equilibrium notion:

Definition 5 (Bayesian Nash Equilibrium). The strategies (hi?,..., h¢%) are in a Bayesian Nash Equilib-
rium (BNE) if for all agents i, all h}, € H;, and all §; € ©;, we have: Eg xplu;(h;1(0;); h°L(0_;),X)] >
Eo x~p[ui(h;(0;); R°L(0_;),X)] — € and e = 0. When € > 0, we denote the strategies as being in e-BNE.

BNE are the set of joint strategies such that no agent has any ex-ante incentive to unilaterally deviate, given
others’ strategies. Note that if all agent types are perfectly informative of A (i.e. all agents have complete
information), then the BNE coincides with the classical notion of Nash Equilibriumﬂ

In any case, our definitions and statements so far have been framed with respect to pure (deterministic)
strategies. In general, agents may use mixed (randomized) strategies, which begs the question: could mixed
strategies appear in BNE? The following lemma immediately establishes that this cannot be the case. We
give brief proof sketches of this and other results in this section, with the full details deferred to Appendix [A]

Lemma 1. The best response of any agent i is always unique and deterministic — h;(0;) is unique and
deterministic for every type 6; — even if others are playing some mized (possibly correlated) set of strategies.

This result relies on unrolling the auto-regressive price definition and observing that each agent’s utility can
be expressed as a strictly concave quadratic function of the joint strategies hq(6;), ..., hn(6,).

3Specifically, under complete information, agents are in BNE if and only if for every possible Z their trajectories given Z are
a Nash Equilibrium for the fixed game instance defined by Z.
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Existence and Uniqueness of Equilibrium We now characterize the existence and uniqueness of the
BNE for this game. The following theorem establishes that BNE always exist and are unique.

Theorem 1. FEvery instance of the Bayesian game (Deﬁnition has a unique and deterministic BNF.

At a high level, the proof of Theorem [I] works by casting the BNE conditions as a variational inequality in
the function space Lo(P) — the space of square-integrable functions from 6; to R” with an inner product
written in terms of expectation over P. The latter point is key since it means the first order optimality
conditions characterizing the BNE can be expressed as a variational inequality in Ly(P). This variational
inequality operator can be shown to be strongly monotone, with strong monotonicity constant depending
on the distributions of @ and . This, in combination with the (B;, L;)-regularity conditions on the strategy
spaces H;, are sufficient to ensure a unique, deterministic BNE.

Computability of Equilibria Treating the BNE computation as an optimization problem, we first note
complexity results here are typically stated in terms of iterations or queries to some oracle. Since the BNE
conditions can be cast as a strongly monotone variational inequality, by additionally proving Lipschitzness,
we can invoke the extra-gradient algorithm to compute this (Korpelevich, [1976)). Specifically, assuming oracle
access to this operator, we can find a € > 0 approximate BNE — in the sense that our solution Z satisfies
|2 — 2*|| <ein O (£logl) queries. We detail this in Corollary |1| in Appendix [A| In the case of discrete
type-spaces, a more granular bound can be given in terms of calls to the gradient of f;.

Quality of Equilibria Finally, we turn to the characterization of BNE quality. For this, we use the
popular Price of Anarchy (PoA) notion of Roughgarden| (2010), which considers the ratio between maximum
possible welfare (sum of all agent utilities) and the welfare at an equilibrium. Since BNE are deterministic
and unique, we can give the following simplified formal definition of the PoA:

Definition 6. Let hi% ... h%" denote the unique BNE strategies given distribution P, and let
welf(hy, ..., hy, X, 0) = S ui(hi(0;);h_i(0_;),A) denote the total welfare function. The Price of An-
archy ratio is then defined as:

SUPR,,....hn€H1... Hn Ee)\[welf(hlv sy By A 0)]
ngxwelf(hf{q, ey hzq, A, 0)

Since the welfare is always non-negative in any non-degenerate caseﬂ the quantity above is always > 1,
with higher values indicating equilibrium welfare (multiplicatively) far from the optimal. We first consider
whether it is possible to bound the PoA for any instance of the Bayesian game. The following theorem shows
that this is impossible, as the PoA can be unbounded in some cases.

Theorem 2. For any constants a > 0,8 > 0,T > 2, and any £ > 0, there exists a complete information
instance where the PoA ratio is at least &.

The proof of Theorem [2]is based on an explicit construction where with two traders who strategically trade
in opposite directions — one buying and another selling and essentially providing liquidity to the first.
As this construction relies on strategic agents trading on both sides, it is natural to ask whether PoA is
bounded for game instances where strategic agents all want to trade in the same direction? Such scenarios
commonly occur in markets. For example, after an earnings call with earnings above expectations, traders
may systematically move their positions in a positive direction. As another example, it may be reasonable
to expect that agents in compute markets are all trying to cheaply acquire compute resources. We next
establish such a bound, with the proof based on the smooth games framework of Roughgarden| (2015|).

Theorem 3. For any Bayesian game instance P with the following properties:

o Agents are constrained to only buy: h; (6;) > 0,Vi,0;,t and s, > 0.

4if f;(0) = 0, buying/selling nothing guarantees 0 utility to any agent and thus dominates negative utility strategies
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e Each agent i’s goal is to build a position V;(6;) at minimum cost. That is, for all i, 0;, Y, h; +(0;) =
Vi(6;) is a constraint and f; = 0.

Then for v = Sup,, gesupp(P) af—w, the Price of Anarchy is upper bounded by O(n?T?~?).

4 Learning to Play without a Common Prior

We now move to a more general and practically motivated setting, where players do not have prior common
knowledge of P and instead must learn to act via repeated interaction with the market. Our focus here is
to give learning algorithms for agents that ensure convergence to the unique BNE characterized earlier in
Section [3l

Learning Problem Setup: For this learning setting, all agents interact over R € N* rounds. In each
round r € [R], the interaction follows the same sequence of events as in the Bayesian game outlined in
Section [3| — each agent first decides their strategy h}, then an instance 7 is sampled from P and each agent
observes their type 6; and correspondingly plays strategy b7 (6;). Each agent ¢’s strategy at round r, hl, can
be chosen adaptively based on feedback observed in all previous rounds.

We adopt a realistic feedback model, where at the end of every round, each agent observes the price trajectory
of that round — typically public information in markets — and estimates of the market impact coefficients
a” and B" for that round. This can then be used to estimate their cost function. The end-of-round feedback
is formalized as follows:

Assumption 2 (End-of-Round Feedback). At the end of every round r, each agent i observes the realized
price trajectory {p }I_, and receives estimates &%, B of market coefficients ™, 8" satisfying E[|a7 —a"|] < A,
and E[|5} — B[] < Ag.

In practice, estimating market parameters can be done via standard regressions — or, more generally, any
black-box predictive model — trained on observed market data. We provide one concrete procedure for
constructing these estimates in Section [} Our analysis in this section treats these estimates as outputs of
some abstract oracle, and the resulting guarantees depend only on estimation error.

Doubly-Optimal Learning Task: A good learning algorithm should guarantee desirable convergence
behavior without prior knowledge of P. Standard no-regret approaches can ensure that the empirical distri-
bution of actions across rounds converges to a coarse-correlated equilibrium (see Hartline et al.| (2015]) for
the classical result of this kind for Bayesian games). This, however, can be unsatisfying in practice since
learners would typically prefer convergence of their actual strategy toward some equilibrium, with the best
case being last-iterate convergence to BNE.

Recently, there has been work on doubly-optimal algorithms for game-playing that guarantee last-iterate
convergence to Nash equilibrium when applied simultaneously by all agents, while ensuring no-regret when
other agents behave arbitrarily, which is a useful defensive guarantee (Jordan et al.| |2024). Importantly,
such algorithms do not require communication between agents, with each agent’s action determined by the
feedback from their own cost function. Ideally, we would like to devise a learning algorithm that can obtain
such doubly-optimal properties. The existing analysis on doubly-optimal learning does not apply to our
setting for two key reasons:

1. Unlike Jordan et al.| (2024), we consider Bayesian game instances, where strategies are mappings from
types to trajectories. Since types may be continuous, strategies are not generally representable as finite-
dimensional vectors, which their results rely upon.

2. Their algorithm and analysis require unbiased stochastic cost function gradients. On the one hand, the
realized agent costs for the sampled instance Z ~ P at each round r is an unbiased estimate of the
expected cost of that strategy over P. However, computing the gradients of these realized costs requires
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perfect knowledge of o, 8", and aggregate demand jzihj +s. Under Assumption the gradients
available to agents can only be computed from estimated market-impact parameters and reconstructed
aggregate demand, introducing bias in gradient estimates.

These two limitations create new technical obstacles, which our algorithm and theory address. For the
former, our approach is to discretize the type space. For the latter, our approach is to compute stochastic
gradient estimates and extend the theory of |Jordan et al.| (2024) to handle bias in such estimates. We next
discuss these two extensions, before presenting our main algorithm and convergence results.

Type Space Discretization: = We handle continuous type spaces via discretization. Specifically, given
a continuous type space ©; and hyperparameter d, we compute a d-net 6, of ©;: for every 0; € ©;, there
exists a §; € ©; such that ||6; — 0;|| < 8. We then restrict ourselves to strategies h; € H; C H, that are
piece-wise constant over the “bins” (the set of 6; € ©; that are closest to a specific 92 S @Z) introduced by
the nearest neighbour mapping between ©; and 6,. Finally, we give a “lifting" argument using Lipschitzness
of our strategies to show that convergence of learning under #; ensures approximate convergence under H;.

Algorithm 1: Learning Under Estimated Market Parameters

Fix 6 =1/log R. Let O, be a d-net of ©;. For each 0; € 0;, let éz denote its nearest neighbor in 0,
Let H; = {h; : ©; = RT|h;(0;) = hi(0;) Vh; € H;} be the strategy space that is piecewise constant over
each bin given by the discretization
Initialize h1 6 H;
Let z9 = m
forr=1,...,R do
Upon observing 6, compute é:
Sample M" ~ Geometric(zp)

r+1 r+1
Let " \/lerax{M LM}

Update h ™' = arg mmﬁieﬁi{(ﬁi —h)) TV + g”ﬁl — hY||?}, where V7 is the estimated gradient

Estimated Stochastic Cost Gradient: In our setting, agents do not observe the realized aggregate de-
mand or the true market-impact parameters; instead, they observe prices and estimate these parameters. We
therefore derive a recursive reconstruction of aggregate demand from the price trajectory and the estimated
parameters, and use this reconstruction to compute an estimated stochastic gradient. The resulting gradient
is biased, with bias controlled by the market-parameter estimation errors. To handle this, we give a new
analysis of the algorithm that tolerates some amount of bounded bias, leading to convergence rates that
degrade with the estimation error.

Formally, for each agent i, let D, = >>" | hi, + s denote the (unobserved) aggregate demand at time
t € [T] of round r. Given Assumptlonl it can be shown that D], can be recursively defined in terms of price

increments and o, 5”. Replacing a”, 5" with estimates &;, ﬁf then gives the following recursive estimate for
D{t:
A (py —pi-1) + B DI 4 A
Diy= 1 Ar v Dip=0
a7 + [
(See the proof of Theorem |4 for the derivation.) Given this, each agent ¢ can then form an estimate of the
aggregate external demand schedule: d”; = DT — h?(07), where d” ;, D7 € RT. Then, plugging this in along

with the estimates & and /3’{ , each agent ¢ can compute an estimated stochastic gradient of their expected
cost at round 7:

no=polr + &IWhL(0F) + aiW'd", + Br (2hi(0;) +d”,;) — V f; (hi(6;)),
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where W € RT*T is the matrix with Wy, = 2 for all ¢ € [T] and 1 everywhere else, and W’ € RT*T is the
matrix with W/, =1 for s <t and 0 everywhere else.

Main Algorithm and Learning Result: Given these ingredients, we present our learning procedure
in Algorithm [I} which achieves the following e-BNE guarantee — i.e. no agent can unilaterally deviate to
improve their expected utility by more than e:

Theorem 4. Let all agents use Algom'thm to select strategies. Then, the last iterate strategies (h%, ..., hE)
are an e-approrimate BNE, for an € that satisfies, in expectation over the algorithm’s randommness:

L 1 (m+3)/2 R 1
Eld :0<poly(n,T,p0,B,5, U', Qnass s 1/ (7)) - <log Rt B) L (Au+A5) (1_R> log2(R)

A

where m = max; m;, L = max; L;, and S, U’, K, R, Qmax, and Bmax are constants such that supy ||s|| < .9,
IVfi(hi(@)| < U', k < &F < amax, and & < 57 < Bmax, which all hold uniformly over i, r, and 0;.

The proof sketch is as follows. We start by discretizing the strategy space using a d-net (if they are already
not discrete). Next, we extend the key convergence lemma of |Jordan et al.|(2024) to accommodate gradients
biased by some A. Then, given a novel formulation of Bayesian games in their framework and the regularity
properties of 7:[i, we establish approximate convergence to BNE with respect to the discretized strategy
spaces 7:[i, with error dependent on A, + Ag. Finally, we extend this to convergence to BNE with respect
to the true strategy spaces H; with an additional L-dependent error by leveraging (B, L) regularity. See
Appendix [B] for full proof details.

Estimation errors introduce a term in the equilibrium approximation € that grows poly-logarithmically in
R; while this term is not sublinear, we argue that it does not preclude the guarantee from being meaningful
in practice. For fixed horizon R, if the estimation error is sufficiently small relative to R — for instance, if
the estimates improve over time as more market data is observed — then the overall error vanishes. Lastly
and as desired, when A, = Ag = 0 (i.e agents have ex-post access to true market parameters), our result
guarantees convergence to the BNE with vanishing error.

Finally, we note that while Theorem [4] focuses on last-iterate convergence to BNE, a nearly identical analysis
also establishes the other doubly-optimal property, i.e. that algorithm is approximately no-regret even if
other agents behave arbitrarily (and potentially adversarially), which we omit for brevity.

Practical implementation of Algorithm We briefly comment on the optimization step in the per-
round update of Algorithm For each agent i, after discretizing ©; into (:)i, a discretized strategy h; can be
represented as a |(:),| x T matrix. Thus, the optimization problem of Algorithm [1|is a quadratic optimization
problem over |©;] - T variables:

r+1
2

n

min{(h; — h})TVT + |h; — hI|?} s.t. by € H;
h;

Now, the feasible set H; is specified by two types of constraints. First, for all 6; € ©,, the trajectory ill(él)
must lie in the feasible region given by the convex set G;(6;). Second, strategies h; must be L;-Lipschitz in
the £o, norm. That is, we require for every 6,6, € ©, and t € [T]:

—Lil|0: = Ollco < i i(8:) = hii(07) < Ll — 6] oo
This yields a set of 2|(:)i|2T linear constraints. Therefore, the update step is a standard convex quadratic

program. In many natural scenarios, the constraints G; are linear (e.g. inventory constraints, no short
selling); in this case, the update step is a quadratic program for which standard solvers can efficiently solve.



Under review as submission to TMLR

5 Experimental Evaluations with Real Data

Empirical Bayesian Game Setup While there have been recent works on this topic (see Section ,
none of them have considered the problem of real data-based evaluation. Therefore, we now consider the
problem of how to construct a Bayesian Game instance for simulated game play that is grounded in publicly
available market data. This is meant to illustrate our theoretical results and of relevance for future research
in this direction.

A simple approach to this is to estimate distributions of market parameters (i.e. «, §, and s) from data, and
then simulate game play under these parameter distributions. A full Bayesian game instance can then be
constructed by augmenting these estimated market parameter distributions with hand-crafted sets of agent
types, which can be defined in terms of type-specific constraints G;(6;), type-specific value functions f;(-;6;),
and how they correlate with market parameters and each other.

Unfortunately, past work exploring market parameter estimation from data has depended on either propri-
etary (e.g. |Almgren et al. (2005)) or simulated (e.g. |Li et al.| (2024)) data, which generally depend on a level
of market microstructure information that is difficult to discern in publicly available data. Given this, we
devised a simple approach that can utilize publicly available forex data from Dukascopy, a Swiss financial
services firm, which provides tick-level data of bid/ask prices and Volumesﬂ To control for confounding ef-
fects, as well as the inherently high signal-to-noise ratio in this data, we pooled all available data for a single
market (Canadian Dollar to U.S. Dollar) over the same 3-hour window (9am-12pm ET) on every Tuesday
from September 2, 2025 to November 4, 2025. We estimated market parameters from this data as follows:

e Estimating a: The permanent impact coefficient « represents the non-transient effect on price due to
the imbalance of supply and demand. We first approximate the excess demand by taking the difference
between the bid and ask volumes (actual execution data is rarely available publicly). Then we compute
the mid-price — the mid-point of the bid and ask prices at each time step. Lastly, we regress the next
step (rolling window of 100 ticks) mid-price change based on the average excess volume in the current
step, with the regression slope capturing a.

o Estimating 8: The temporary impact coefficient is harder to estimate using a simple order-book like this.
Since S captures the premium that traders pay at execution time due to a large imbalance of buy/sell
volume present, we proxy this using the bid-ask spread — the larger this value, the higher amount market
makers can charge to execute an order. Excess supply or excess demand, both lead to a higher spread
and thus a higher execution cost. We thus predict the ask-bid spread at the next step (rolling window
of 100 ticks), based on the absolute volume imbalance at the current step.

o Estimating s: We averaged the excess demand at each time of day over the 3-hour period.

We present the results estimating «, 8 in Figures [3] and [4] in Appendix [D] along with additional details on
our experimental procedure.

We set up a Bayesian game instance with these estimated market parameters and two strategic agents, each
with 3 possible types, with P(6; = i,0 = j) = % for all 4,5 € {1,2,3}. For each agent, we imposed type-
specific constraints on their final position (—V;(0;) < 17h;(6;) < Vi(6;)), and used value functions defined
using type-specific reserve prices on their final position (fi(h;) = r;(6;)17h;). See Figure [1| for details on
these parameters. We use a fixed, type-independent value of s, gathered as described above. As for the price
parameters, P(«|01,603) and P(j3|61,02) are Gaussian distributions whose means E[a|f;, 8] and E[3|6;, 02]
are type-dependent. They are within +1e~® and +1e~7 of a* and * respectively for the left plot and within
+1e® and +1e7% of a* and 103* for the right plot. That is, the left part of Figure|l| has 8 values centered
and close on the regression predictions; the right part considers § values roughly ten times larger. This is
to evaluate how the « to (3 ratio affects equilibrium strategies.

Bayesian Nash Equilibrium Simulations: We present the equilibrium results in Figure [I] computed
using the extra-gradient algorithm Korpelevich (1976). We notice that in the left plot where temporary

5All raw data and corresponding code will be made publicly available upon publication and are available upon request.
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Ela|61, 6] = o, E[3]61, 03] ~ B*
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Figure 1: Cumulative position over time for agents under the BNE. The type conditioned expected reserves
E[r;|0;] are (1.4,1.405,1.41) and (1.415,1.42,1.425) for agents 1 and 2 respectively. po = 1.395 and the type
conditioned market parameters a and [ are gaussian distributed whose means are as given in the subplot
title. a* = 4.65e~7 and 3* = 3.25¢ 7% are the market parameters estimated from regression. See Appendix@
for more details.
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Figure 2: Comparison of Algorithm (1| (over 500 rounds) to exact BNE strategies: (left) we plot the last-iterate
strategies returned by Algorithm [1] (solid lines) along with the true BNE (dashed lines) for all agents and
types; and (right) we show the convergence in mean-squared error between the strategies from Algorithm
and the BNE over the 500 rounds.

impact f is lower, traders in equilibrium initially take advantage of the (1) high demand from the exogenous
party/market aggregate s and (2) high price relative to their reserve. This leads them to start by initially
selling to increase profit/utility. As this dampens the price and the aggregate market demand weakens, they
switch to buying and building their position and end up close to their upper bound constraint. However, when
temporary price impact is higher (right side of the figure), this arbitraging behaviour becomes costly. In this
regime, the agent strategies are much more proportional to the market aggregate s as they build toward their
final position. This strategy corresponds to the popular Volume Weighted Average Price (VWAP) execution
algorithm: agents trade proportional to the volume of trade that occurred at that interval. We include a
detailed discussion connecting our equilibrium strategy to the VWAP strategy and empirical evaluations of
markets that include both types of execution in Appendix [E}

Online Learning Simulations: We conclude with an empirical investigation on the convergence to equi-
librium in the learning setting by simulating the interaction and feedback described in Section [ We use
the same Bayesian game instance as above and have all agents follow Algorithm To directly measure
convergence to the BNE, we assume that in each round, agents observe o, 5" ~ P as defined above, without
additional observation bias (though these parameters themselves are estimates of the unknown true param-
eters). We show the results of this simulation in Figure |2l On the left we directly compare the final iterate
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strategies from our learning dynamics with the BNEE We see that these almost exactly overlap, with only
very minor discrepancies, which can be explained by noise in the observed market parameters. On the right
we plot the convergence of the agent strategies during online learning to the BNE strategies in terms of
mean-squared error (MSE), which very rapidly approaches 0, even faster than guaranteed by our theory.
Overall, these results validate the technical results in Theorem [

6 Discussion

This work proposes a general game theoretic model for understanding acquisition and trading of costly re-
sources in competition, a problem with wide-ranging applicability from financial markets to compute/cloud
markets. To capture such diverse settings, we start with a standard price model and then accommodate arbi-
trary convex constraints on the strategy, concave valuation function, and incomplete knowledge of the market
and its participants which necessitates learning. We conclude by discussing some practical shortcomings of
this model and the corresponding results which may motivate future work:

e In our framework, agents can trade any fractional asset amount at each time step at the endogenously-
determined price p;, governed by the linear/quadratic model of |Almgren & Chriss| (2000). While this
model is widely used in the literature, it is stylized from a practical perspective. Real price impact
depends also on various market microstructure features. For example, for assets traded in electronic
exchanges, agents may need to interact with the corresponding limit order book, and trades may only be
possible in particular discrete quantities depending on available bids and offers in the book. Incorporating
additional micro-structure, including limit-order books which are widespread (see for a
detailed overview), would be a fruitful line of future work. As would extensions to the propagator models
of price impact (Bouchaud et al. |2003} |Gatheral & Schied] [2013; |Obizhaeva & Wangj, [2013)).

o The learning procedure in Section [4] faces two practical limitations. First, Algorithm [I] handles contin-
uous type spaces by constructing a d-net and optimizing over the resulting discretized strategy space.
This discretization can scale exponentially with the dimension of the type space, giving an exponential
dependence in the regret bound and increasing computational expense for high-dimensional type spacesm
A direct implementation of our algorithm is thus most practical for low-dimensional spaces. A natu-
ral direction for future work is to replace this discretization step with function approximation methods
commonly used in online learning. Second, the convergence guarantee depends on the accuracy of the es-
timated market parameters. As discussed in Section[d] estimation errors contribute a non-vanishing term
unless they decay sufficiently quickly. Our results are thus strongest in settings where market impact
parameters can be estimated accurately, or where estimation improves with additional observations.

e We assume that agents commit to their full trajectory of actions h ex-ante, and cannot adjust dynamically
to the behavior of other agents. A richer model would be to consider type-specific policies that map
history to the action at the next time step y, and connect to directions in multi-agent reinforcement
learning. That said, our present model can approximate this dynamic interaction by splitting time into
many smaller horizons, each of which can be modeled as a separate instance of our game.

e Lastly, our results currently assume all agents are strategic, standard in game-theory. In practice,
however, markets contain many types of traders with varying behaviours. In Appendix [E] we include an
initial investigation in this direction and consider a market including both strategic traders and those who
trade at a constant rate with respect to volume-weighted time (VWAP), a popular execution algorithm.
We empirically analyze this in the complete-information setting and make some interesting observations.
While the VWAP traders would benefit from being strategic, the strategic traders would lose out due
to this switch. Interestingly, the overall welfare to the system is often greater when a subset of agents
are playing VWAP. This suggests a rich line of future work in rigorously understanding the impacts of
such non-strategic actions within this setting. It may also be instructive to take a mechanism design
perspective to incentivize behavior that improves overall welfare.

6Note that while our results in Section [4] provide guarantees with respect to the BNE under the true market parameters,
here we compare the results of Algorithm [I] to the BNE under the game constructed using our estimated market parameters,
since the true parameters are unknown.

"In practice though, this caveat may be overly pessimistic, and we may only suffer from some lower intrinsic dimension, see
e.g. [Pestov| (2007); |[Kpotufe (2011)); |Li et al.|(2018); [Pope et al. (2021]).
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Broader Impact Statement

This paper studies how multiple strategic agents compete over time to acquire costly, divisible resources
under endogenous price dynamics, with applications including financial assets and cloud/compute resources.
By advancing game-theoretic and learning-based methods for these settings, our work may enable more
accurate modeling, simulation, and potentially more efficient resource acquisition strategies.

Potential positive societal impacts include improved understanding of strategic effects in these markets,
which could inform better market design and help identify conditions that reduce inefficiency or instability.
Potential risks are largely indirect and depend on downstream use. These concerns are not unique to our
approach and are common to many advances in this area. We view the primary contribution as improving
understanding of such systems.
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A Proofs and Details For Section 3

Lemma 2. Suppose each 0; is fully informative about all market parameters X\, thus giving us a complete
information instance. Then the utility of agent i for joint strategy (hy(61),...,hn(0,)) is strictly concave in
their strategy, and is given by: u;(h;(0;); h_;(0_;),A)

1
= fi(hi(6:)) — gh?(ai)Qa,ﬁhi(ai) — > (Aaphi(07)) hi(0:) — 87 Aa shi(6:;) — po(1"hi(6,))
JFi
where Qo3 and Aq g are n X n matrices defined in terms of a and 5, and Qq,p is symmetric and positive
definite.

Proof. Observe that since each 6; is fully informative, there is no need to take any expectation over A and
the game can be thought of as a complete information setting. Pick an arbitrary realization of (61,...,6,)
and for brevity of notation, let h; € RT,... h, € RT denote the agent strategies. If the utility is concave
in this tuple (hy,..., ;) then the claim holds since the choice of types was arbitrary.

We first unroll the auto-regressive nature of the Walrasian price dynamic p{’. Observe that the following
holds:

P11U=100+0¢Zhj,1+0481 ;
J

pé":po—l—aZh]—,l—i—asl —&—aZhj’g—i—asz;
J J

The execution price an agent pays is also influenced by the temporary impact. Combining this with the

above, we can write the net cost an agent i faces as follows: w;(hy,...,h,, A)
T T t T n
)= S o —a3 S hatig— 033 (S bt 50— B3 b (L)
t=1 ¢=1 t=1 ¢=1 j#i t=1 j=1
T t—1 T
N (D WA R W
t=1 =1 t=1
qumdmtic terms
T t
RS SLITD > MTEED S S aZhnZSf ﬂthSt 2_ b
t=1 l=1 j#i t=1 VE) t=1
linear terms o< other agent linear term o exogenous agent

Focusing on the quadratic terms, it suffices to compute the Hessian, denoted by Q, 5. Note that Qq glt, t] =
2a + 2. As for the off-diagonal values, these are composed entirely of «. Indeed, for any t; # to, we have
that Qq,glt1,t2] = a. Next, we consider the linear terms that are proportional to other agents. We wish to
express it in the following form: > ot (Aa.phj)Th;. For a given t, consider the first of the two linear terms
proportional to others. For any j, observe that h;; is multiplied by ahj1,...ahj1. As for the second term,
it multiplies h;, with Sh;,. Hence, we conclude that A, g is a lower-triangular matrix, whose diagonals
are « + 8 and the remaining values are . As for the linear term with respect to the exogenous agent, it
follows a similar pattern, and we can express it as (A%gs)Thi. We thus have the following expression for
the matrices Q. 5 and Aq g:

@ ifi<y 0 ifi<yj
Qapli,jl=q2a+28 ifi=j ; Aapli,jl=qa+p ifi=j ;
«@ ifi>j «a ifie>j
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Since Qq,p is a symmetric matrix that can be written as Qa3 = aJ + (a+28)I where J is the all 1s matrix
and I the identity matrix. Observe that for any x, we have that:

T 2
27Qu pr = (a+28) (2" Iz) + a(zT Jz) = (a + 28) (2" z) + a(z’ Jz) = (a + 28)||2||3 + Q(in) >0

i=1

where the strict inequality holds since the parameters «, 8 are non-negative and x # 0. In other words, the
Qo3 matrix is positive definite and thus the utility of each agent, in terms of their own strategy, is a strictly
concave function. O

A.1 Proof of Lemma(ll

Proof. In the most general sense, observe that agent i’s best response for a realized type 6; allows them to
play a mixed strategy over all valid strategies: p;(h;|0;), where h; is a vector in RT since the probability is
already conditioned on 6;. Suppose the remaining agents are playing some mixed, possibly correlated strategy
o_;, where o_;(h_;|0_;) denotes the probability that the remaining agents play strategy h_; € G_;(6_;)
when their joint type realization is some 6_;. We can then express agent i’s best response problem as follows
(note that G;(0;) C RT):

bri(fs,0-) =  argmax / pi(his 0,) / / P(0_,, 5., B16,) / o i(hil6_ui(his hi, A)

pi(-16:)EA(G:(6:)) —i
noting that in the case of discrete type spaces, fe_‘ is replaced by 20,1.- The linearity of the integral and
the fact that |, n. Di(h1|0;)dh; = 1 means that a maximum must exists at a vertex/pure strategy. If multiple
pure strategies are optimal, then any linear combination (a mixed strategy) would also be a best-response.
However, if there is a unique pure strategy maximizing this, then it means any mixed strategy must be
strictly sub-optimal. In other words, it suffices to show that the pure-strategy best-response is unique even
when others’ play mixed and correlated strategies. This pure best-response problem is given by (again
replace the integral with summation for discrete types):

h;eG;i(

bl",'(ei,O'_i) = arg maX / / 9_1,)\|9 / O'_i(h_i|0_i)ui(hi;h_i,)\)

:argmax/ / (0_i, X|6;) o_i(h_;|6_ )[fz( i) — h?Qa,Bhi—ZhJTAa,Bhi—sTAaﬂhi]
h_;

h,cG; J#i

— arg max /f () = T Qo o
i€

h;€G;(0;
[/ / P(0-;,s,a,Bl0; )/ o_i(h—i|0-;) ZhJTAa,ﬁ + STAQ,B] h;
— s,a,f8 i j#1

wT (")

= argmax f;(h;) — h! Qo ghi —w" (-)h;
h,€G;(9;)

where p(f;) is any finite non-negative measure on the function space F, and f* is the result of the integral.
The concavity of the function class F' and non-negativity of measure p ensure that f* is concave |Rockafellar
& Wets|(2009). Next, we note that w7 (+) is a T' dimensional vector that does not depend on the h;. Thus, the
objective faced by buyer 7 is strictly concave (since Qq g is a PD matrix — see Lemma and there is a unique
solution. This immediately implies that a mixed strategy will always be a sub-optimal best-response. O
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Lemma 3. For non-negative market parameters o, f with at least one of them being positive (i.e. o >0 or
B>0), define the block My g as follows (see lemmal[d for definitions of matriz Qap and Aap):

Qop €RTXT AL, eRTT . A,z eRTXT
Aa”@ € RTXT Qa,,ﬁ’ e RTXT . Aaﬁ € RT*T

Ma,p = : : : : (1)
Aa”@ € RT*T Aa”@ e RT*T . Qaﬁ € RTxT

Then the symmetric component of this matriz M 5 = L (Mo + Mgﬁ) 1s positive definite. This implies for

2
any x € R"T: 2T M, gz > 0.

Proof. The matrix M 5 18 an n x n block matrix with Qa5 on the diagonal (since Qq, g is symmetric) and

all other elements being A7 5 = f(Aaﬁ + AZ’ 5)- This can be succinctly represented using the Kronecker
product (let J, is an n x n all 1s matrix and I,, is an n X n identity matrix):

Note that the all 1s matrix is positive-definite with one eigenvalue of n and all other eigenvalues 0. Therefore,
we can write Ay, = UTJ,U, where A; = diag(n,0,...0). Let P = U ® Ir, and note that PTP =
(UT @ I7)(U @ It) = UTU @ It = I,r, where we use the mixed product property of Kronecker products.
We shall be using P to diagonalize (in the block sense) the matrix M of Specifically, observe that due to
the mixed product rule:

PTM; 3P = PT (I @ Qas — A 5) P+ PT(Jn ® A7, 5)P
= (U @Ip)(In ® Qu,s — A5 5) (U @ In) + (U" @ Ir)(Jo ® A}, 5)(U @ Ir)
= (UTLU ® Ir(Qa,p — A}, g)Ir) + (UT J,U @ Ip A, gl7)
= (In®(Qap — AL p) + (A, ® A3 5)

The first summand is a block diagonal matrix with Qg — AL 5 in each entry, and the second summand is
also block diagonal with nA7 ; in the first entry and 0 elsewhere. Therefore PT M P results in a block
diagonal matrix diag(Qa,s + (n — DA 5:Qap — As gy Qap — A 5). The elgenvalues of M ;5 are the
eigenvalues of this block diagonal matrix, which in turn are the eigenvalues of each matrix in the diagonal.
Thus, we need to show that Qq,g + (n — 1)A5 5 and Qa,p — A7 5 both have positive eigenvalues. Note that

Qap = (a+28)Ir + aJr and A}, 5 = (§ + B)Ir + §Jr. ThUS for any @ € R”:

T
o7 (Qas — A2 )07 = o [(§ + D)+ $7r | = (5 + B)aTe+ 5 th)

t=1

" (Qap + (n—1)A; gz’ =’ {(n +1)(% +B)Ir + (n+ 1)‘;JT]$

T 2
= (ﬂ+ 1)(% —|—B)QZTCL'+ (’I’L+1)(2¥(Z.’L't) >0

t=1

as long as either & > 0 or § > 0. Since these diagonal matrices are positive definite, they have positive
eigenvalues, implying M 5 has positive eigenvalues and is thus positive definite. O

A.2 Proof of Theorem Il

Proof. We first express the agent best response from a minimization perspective. That is, each agent’s
best-response for type realization 6; is: argming ., Eg_, ajg,[ci(Ri, h_i,A)], where c;(hi,h_j,A) =
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—u;(h;,h_;,A). Note that by definition, at an n agent BNE with pure strategies for each type, the fol-
lowing must hold:

Vi € [n],VGl € [k],Vh/ IS ngi,)‘[ci(hfq(eix he_qi(e,i), A) — Ci(hl, he_qi(e,i)7 A)] <0
Since the expected utility/cost is a smooth function and at equilibrium everyone is playing best response, this
can equivalently expressed as follows: for any agent and realized type, there can exist no feasible direction at

the equilibrium at which the expected cost is decreasing Rockafellar & Wets| (2009). This can be expressed
as the following variational inequality:

Vi € [n],V0;,Vh!(0;) € Gi(0:) € RT : (Vi (9, Elci (b7 (6:); A2, (0-:), M), (hi(6:) — hi?(05)))3, = 0

Importantly, this characterization is exact even if the derivatives are scaled by a distinct constant. Formally,
a set of strategies are at a BNE if and only if the following holds for any choice of v;; — we will choose
vie = P(6;), the marginal probability of an agent i being of type 6;:

Vi € [n], V6;,Vh'(0:) € Gi(0:) = (i0. Vi, 0.)Bo_ Alci(hi" (6:), RZ(6-3), A)], (' (6:) — hi?(6:))3, > 0 (3)

With our choice of scaling +; ¢, and switching the order of gradients and expectation, we have that for any
7;7 92

Yi.0; Vho:)Ee_; Alci(hi?(0:), h%(0-;), )]

</e /Q””’ P(0_;, \|6;)dXd6_;

/ / [ZAM’L *BaﬂS}PW—Ml@)d*dO—lth / Filhi ))du(fm-))

J#i

:p(ei){/w QaﬁP(a,Bwi)d(a,ﬁ)} hi(ei)+P(9i);/9j /(lﬁAa,,@hjwj)/g(i,j)/ﬁp(ej,a(i’j),xwi)

+/a/sta’BSP(>\76) (o, 3,8) =P(0i)Vh, (o )/f fi(hi(65))dpd( f:16:)

Py R
bie, ;ei(hi(ei))
(ei){/ Qa.5P(, B6;)d(a, B } +Z/ P i)[/ Aa,gp(a,5|9j,9i)d(a,5)]hj(9j)dej
o.p J#i @B
Q7 o, ERTXT A;ei,jyejeRTXT

+big, — P(0:) - Vi, 0.)fi 0, (Ri(0:))

where in the last transition, we observe: P(0;,a, 510;) - P(6;) = P(«, 8,0;,0;) = P(a, B10;,0;)P(0;,0;). We
also note that ju(f;|0;) is a finite non-negative measure on the function space F, and f;, is the result of the
functional integral. The concavity of the function class F and non-negativity of measure p ensure that f7p
is a concave function [Rockafellar & Wets| (2009)). For discrete type spaces, the derivation above would be
identical except for the integral over types replaced by sums.

Let H: denote a function space La(©;, P;RT) where (hishi)a: = Eg,[(hi(0;), hj(0;))]. Observe that
H; C Hr. Similarly, defining # = [[, H; and H* = [[;_, H;, H C H*. Observe that we can de-
note the operator of this variational inequality exactly characterizing the BNE by F' : H — H. This
operator can be decomposed into a linear, non-linear, and constant component: F = F'i* 4 pronlin 4
Feenst We use H = [hy,...,h,] € H to denote the joint strategies of all players, and (H,H')y =

Eg[([P1(01);- -5 hn(0n)], [([R1(61); - - -5 Ry, (00)])]-

(D) (6) = P(6.)Q% 0 hu(6) + Y / P(0;.0,) A3, ;.0 (6)d0,
J#i
Fconst . [Ficonat( )}(91) — bz 0,

Frontin s [FRnit(H))(6:) = —P(60:) - Vo, fio, (Ri(0:))

18
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We now argue that the operator F' is strongly monotone on the set H = [[_,. That is, there exists a scaler
c such that: (F(H)— F(H'),(H — H'))3 > c||[H — H'||3,, VH,H' € H. Starting with F™°lin it is clear
that since each f;, is an integral over concave functions, it is concave function. Thus, —f, is a convex
function and it is known that the gradient of such functions is a monotone operator. Formally

(Frovi(H) — Fre'™(H'), H — H')y, Z/ P(0:)(Vh,0,) fio, (Ri(0:)) — V0, [, (hi(6:)))rrdf; = 0
Turning next to the linear component of the operator, observe we can express this as follows:

(F'™(H), H)y = zn:/ [P(t%)hiT(@i) i)db; +Z/ P(6;,0:)h] (6; )A;H,;,jﬂjhj(gj)d(ej)}
i=1 "0

j#i 7%
:/ P(6, 0, ) [ZhT )Qa,shi(0:) +> Rl (0:)Aa sh; (@)}dad(a,ﬁ)
0Ja,B i
=Eg,a, [Z 200, Qapzio, + Y %9 A sz,ej} = Eg,0,8(26 Ma,526]
i#]
where z; g, = h;(0;) is a random vector of length 7" and for a realization 0, zg = [21.9,,.-.,2n.0,]] € R"T isa

concatenation of these n random vectors. Further, M, g is a random matrix which, for any realization of «, f3,
is the same as the matrix in Lemma [3] the symmetric component of which we showed to be positive definite;
thus, by choosing ¢ = A\pin (M, a, B) ensures the strong monotonicity condition on the operator M, g. Thus,
for any z¢ and any realization realization of («, 3), there exists a ¢, g such that z} M, gze > capllzel|?,
when zg # 0. Let ¢ppipn = ming g Ain (M, a, B) the smallest eigenvalue possible in the distribution support of
«, 3. We thus have:

(F™(H),H)3 =Eg,0,5[26 Ma,pz6) > cminEoll|ze|[3] (4)

Eol||zoll3] = Z/O 1R (0:)113P(0:)d0; =Y |kl [, = || H || (5)
=1 i =1

- <Flin(H)7H>’H > CminHHHH (6)

We can now prove our claim that the overall operator F is strongly monotone. Since F°"t is a constant, it

cancels out under subtraction. Due to the monotonicity of F™°™i" and FU" being linear, we have:

(F(H)— F(H'),(H — H'))y = (F"(H — H'), (H — H') )3 + (F*""(H) — F*""(H'), (H — H'))3 2 cmanl | H]| %

Theorem 1.4 of Chapter 3 in Kinderlehrer & Stampacchial (2000) states that when # is a closed, bounded,
convex, non-empty subset of H*, and F' is a strictly monotone and continuous operator, then there exists a
unique solution to the variational inequality. As this solution corresponds to the BNE due to Equation 3] it
suffices to verify the conditions. It is immediate that F' is strictly monotone (strong monotonicity implies
strict monotonicity) and continuous since Fi" and F°"st are affine and F™°"!i" consists of the gradient of a
smooth concave function. H by definition is the set of Lipschitz functions with feasible trajectories, which
we assume to be non-empty. Next, (B, L) regularity (see Definition [3)) ensures that |[h;(6;)||2 < B; H is thus
clearly bounded. It also ensures that H; is a closed and convex function class. Thus the product space H is
as well. O

Corollary 1. Assuming oracle access to the operator F, the extra-gradient algorithm |Korpelevich (1976))
can obtain an e-approximation to the optimal solution in O(% log %) queries.

Proof. We have shown above that the variational inequality operator defining the BNE is ¢-strongly mono-
tone. Next, we claim it is also L-Lipschitz. Since the operator is of the form F!n 4 peonst . poonlin ¢
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suffices to show Lipschitzness of each term. The constant and linear operator is always lipschitz, with the
constant depending on the norm of the operator matrix. Since each f € F is smooth, F™°"i" is composed
of the gradient of some smooth concave functions over a bounded domain. Therefore, this is also Lipschitz,
with the constant depending on the Hessian.

Theorem 3.4 of Wadia et al|(2024) states that for any c-strongly monotone and L-Lipshcitz operator F, the
extragradient algorithm with step-size n = m converges to the fixed point at a linear rate of 1 — ;7.
Specifically, it shows that for such an operator F(z) whose unique fixed point is denoted z*, and x; and

Tp41 are consecutive iterates of the extra-gradient algorithm, the following holds:

* c *
o =" < (1= 17 ) lloe — 2|1 (7)

where ¢ < L due since (equation 53 in Wadia et al.| (2024)):

(F@) ~ F).o—y) _ |F@) - FW)
R A e R )

To relate this result to a computational framework, observe that running the extra-gradient algorithm
requires two calls to the operator F' per iteration, and a projection oracle to ensure iterands lie within
the feasible region. Assuming such oracle access, we can find a € > 0 approximate fixed point — in the sense
that our solution # satisfies || — z*|| < e in O (% log %) queries. Specifically, due to equation |§|7 we have
that:

e — 21 < (1= 2) fla — 2|2 )

Ty —x —— ) ||xo— =

t < 1L 0

Since the domain is bounded, ||xo—x*|| < d where d is some constant. Then it suffices to bound ||z; —z*||? <
e2||lzo — 2*||* and thus:

c\?* c
(175) <e? = tlog (175) <2loge;. (10)
Now since —log(1 — 2) > z for z € [0,1), letting z = 15, we have that t > 5& log(é). For a given ¢, we can
choose €1 = ¢/d, and we omit the dependence on d as it is a constant. ]

A more granular bound (beyond oracle access to operator F') can be given for discrete type spaces. Evaluating
the operator herein requires, at most, summation over types and agents pairs, as well as gradient calls to
the function f;. Thus for discrete type spaces, we can make a sharper statement: an £ approximate solution
can be obtained in O ((nM T)leog%) arithmetic operations and queries to the gradient oracle, where
M = max; ‘®L|

A.3 Proof of Theorem

Proof. As we consider a complete information setting, we use h; € R” to denote the strategy of agent i and
omit the dependence on 6; for the sake of brevity.

Suppose there are n = 2 agents and we have some constant values of «, f — one can assume, without loss of
generality, that o = 8 = IEI Let the final position utility for both agents be given by the following linear
function: f;(h;) = 7 >, hit, where 7; can be interpreted as the reserve/fair-market price as perceived by
agent i. Further, the two have box constraints on their cumulative position: V;” <37 h;; < Vi‘". ‘We shall
assume the exogenous agent is not present —i.e. s = 0.

For a positive constant x, let the initial price pg = = and the reserve prices for the agents be (r; = x,ry =
x —¢€), where ¢ > 0. We first consider the equilibrium of this game without any constraints. Then each

8Insofar as «, § are constants and not scaling with respect to the ¢ all results will hold.

20



Under review as submission to TMLR

agent’s best response is given by:

1
bry(hy) = arg max{ — §hTQa”3h1 — (Aa”@hg)Thl} (11)
h1
1
bri(hs) = arg max{ —e1Thy — §h2TQa,5h2 — (Aa}ﬁhl)Thg} (12)
ha

Observe that at the equilibrium of this unconstrained game, the gradient of both agents’ best responses must
be 0. Since this is a quadratic function, the gradient is linear, and the equilibrium can be uniquely specified
by the following system of linear equalities:

Qap Aap| [h1'] _ [0

Aap Qap] [hs' —€
—_— —— ~——
Matrix M € R2T*x2T z€R2T

Recall that the matrices Qq,3, Aq,p are specified using only the terms o, 8. In lemma [2] we noted that Q. g
is a positive-definite matrix and thus invertible. The matrix A, g is a lower triangular matrix with o + 3
on the diagonals and is thus also invertible (insofar as & > 0 or 8 > 0). As such, the matrix M above is
invertible and the unconstrained equilibrium strategy is given by M ~'z. Note that this does not depend on
the value of z. Further, if V;” < —||[M~'2||; and V;" > ||M~1z||;, then this unconstrained equilibrium is
also an equilibrium in the original constrained game. As for the strategy itself, let m;; denote the values of
—M ™! and note that m;; can be seen as a scaler with respect to e. Then we have that:

2T 2T
hit=c¢ Z my; and hoy =€ Z MT4t,j (13)
=T =T

Given that the value of the final position is simply the product of the total amount bought and the reserve,
the utility of buyer 1 (with reserve z) is:

T 2T t
uqu.’L‘EZthJ Z [thjs <x+aszz mm—i—mT+” —I—BEthJ—i—mTHJ)}
t=1j=T t=1 Y=T T=14j=T
Zth” price p;
T 2T t
> D e’ ( ZZ Mrj +Mryr;) +5Z My, j +mT+tJ))‘:®< %)
t=1j=T T=14=T

where the absolute value in the second line follows, since utility at equilibrium will always be non-negative
(the agents not trading would get utility 0, so utility at equilibrium must be at least 0). A similar analysis
leads us to show that the utility of the second agent (with reserve z — ¢) is also bounded by ©(¢?), allowing
us to conclude that the welfare at equilibrium is O(g?). Formally:

T 2T T 2T t 2T
u;q = ’ — g2 Z Z MT 4t — Z Z MT4¢,5€ < Z Z mrj + mT+Tj) +0 Z (mtj +mT+t7j)> ‘

t=1j=T t=1j=T r=14=T =T

We now turn to characterizing the optimal welfare of this instance. For some § > 0 (to be specified later),
consider the following trajectories for each buyer (recall positive values mean buying):

h; =[z,2,0,...,0] and hg=[-2—0,—2z—4,0,...,0] (14)

Insofar as V;© > 2z and V;~ < —2x — §, the trajectories above are feasible. Under this strategy, it suffices
to consider the prices at rounds ¢t = 1,2, for which we have that: p; = 2 — ad — 8 and py = = — 2ad — 39.
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Then the utilities for each buyer is given by:

up =22 —x(r —ad — B0) — x(x — 200 — $0) = 3adx + 2[0x
us = (z—¢e)(—2z—96) 4+ (x+0)(x —ad — ) + (z + ) (x — 2a6 — B9)
= 2ex + 20¢ — 3adx — 30d? — 2B6x — 235>
— u"" + Ut > 2ex + 206 — 3% — 2867 = 2xe + 206 — (3 + 2)5>

This gives a concave quadratic (in the unspecified parameter §) lower bound on the optimal utility. Maxi-
mizing it means choosing a § such that the gradient is 0:

2e2 e? 2

c opt — —2x5+7€ =
3a+28 3a+28 3a+23

opt
(S:m:ul +u2p22x€+

O(xe)

From here, it is evident that for any constants «,  and =, we can construct an € > 0 parametrized instance Z.
with box constraints V,” < min(—||M~1z||, =22 —26) and V;" > max(||M ~'z||,2x) with the aforementioned

6 = ﬁ SuCh that:
Uopt(Ze) . SUe) (1)
PoA(Z,) = Pt > =Ql-) 200 ase—0 15
(Zc) U.q(Z.) ) (15)

O

A.4 Proof of Theorem [3

Proof. We first note that if each agent has a hard constraint V;(6;), then regardless of their strategy (which
is conditioned on 6;), their value f(-) will be the same under that realization. Thus, it suffices to consider
the objective of each agent ¢ in such Bayesian instances as minimizing their expected cost and ignoring f(-)
- defined as follows:

Gi(hi,h_;) = B xlci(hi(0;), h_i(0_;), \)] = Eo x| $hi(0:)" Qa,phi(0:)+Y bl (0:)Aa sh;(0;)+h] (0:)Aa g5
i

Observe that for a complete strategy profile H = (hq, ..., h,), the total cost is given by: Y . ¢;(h;, h_;)
(the PoA is the ratio between total equilibrium cost and the least total cost strategy). We next make use
of two key facts. First is the standard AM-GM inequality and the second is a restatement of the smooth
games framework proposed by |Roughgarden| (2015)) which holds for any cost-minimization game.

Fact 1. For any positive integers a,b and for any € > 0: 2ab < ca? + éb2 (by AM-GM Inequality).
Definition 7 (Roughgarden| (2015)). For any two wvalid and individually rational strategy profile H* =

(hi,....h}) and H = (hy, ..., hy,) of a cost-minimization game, the game is smooth if there exists constants
A >0 and p <1 such that:
(LHS) > c(hi h_;) <A &(H") +p > &(H) (RHS) (16)

Due to the linearity of expectation, one way of showing equation holds is by proving that for every
realization of § = (0y,...,6,) and A:

3

(LHS) > ci(hf h_i,A) S AD ci(H* A) +p Y _ci(H,A) (RHS) (17)

Pick any such realization and, for ease of notation, let H* € R™*T H € R™*7 denote the joint strategies
used by the agents on this realization, with h; € R” denoting the specific strategy of agent i. Next, we
recall that the matrix A, g in the cost function is lower triangular. We define A%, 5 = 5(Aqs 5+ AL 5) as the
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symmetric version of this matrix. Observe that under the definition of matrix A, g and Q. 5, we have that
Anp = QQ,L/;. In addition, let A% 6 = Aa’g — A, 5 denote the remaining (skew-symmetric) component.

Finally, we define 4, = Q_, 1/2A“ /3Qa 5 yand ka = [|Aq|lo.

Let ciotar(H,X) = Y, c;(H,X). Further, let z; = Q, /2h and z* Q(ll/;h:‘ Since Qq, s is symmetric and

positive definite, we note that Qi/ Z is symmetric. Then observe that:

Ctotal Zh Aa ﬂ3+z hTQaﬁh + Z h Aaﬁh

(i#7)
th Aq ﬁs+Z;hTQaﬁh + > bl Aahy+h] Ao gh
1<J
*Zh Aaﬁ8+22\|zzllz+ZhT Aag+ AL gy =hi Ao gs+ 3> |lzill5 + Y h{ Qash;
1<j i=1 1<j
_Zh Aaﬁ3+22‘|zz||2+zz Zj

1<j

Importantly, since all strategy vectors h; are positive and s is positive, we can state the following for any
two joint strategies H* and H:

Cotal (H*, N) > Zh*TA A5+ 3 ZHz I3 and crora(H,A) > 2 Z'lle? (18)

A =1

As for the (LHS), we observe the following:

LHS = Z hTA, s+ 1 Z hi"Qashy + Y ) hiTAg sh;

i=1 i#j
- ST A s 4 DI+ S AT+ A8 R
i= 1]752
1/2 —1/2
S ST NPRES SIIFIEED 9D DT NTINE 9 SELe AT T e
% i=1 i=1 j#i i=1 j#i
n n n
=D hiTAaps+ 5> W=+ 5D D 2 2+ > 2T Az
i i=1 i=1 j#i i=1 i#j
n n n
<Y R Aaps+ g ) =P+ 5 D0 D M=zl + D2 D l=E 1 izl wa
i i=1 i=1 j#i i=1 i#j
n n
<Y R Aaps+ 3 Y ZIP+ G R DD = Izl
i i=1 i=1 j#i
n
<SR  Aaps+ 53 2P+ (4 + k) ZZ(% ||2+71€||zj\|2) (due to Fact [I)
i i=1 i=1 j#i
n n
<Y BT Aags+ 53 NEIP+ G+ ra) DD (52112 + £llz12)
i i=1 i=1 j;éi
. 054+ r4)(n—1) &
< SR A s 4[4 05+ ma)(n = D) [Jz7 4+ LEEE D § e
[ A>1 =1 =1
n

A SR s b SN + 103 S 1P < Aot (HE) + cor (EE) = RS
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We note that for smooth games, p < 1, and we thus need to set (n —1)(0.5+ x4) < €. From [Roughgarden
(2015), we know that PoA in smooth games is upper bounded by 1% Letting a = (0.5+ £4), we have that

PoA as a function of ¢ is: g
_e(I+ea(n—1))

PoA, = 19
© e—a(n—1) (19)
By taking the derivative and solving for e to get the critical point, we have that :
ef=m—-1Na++/(n—1)2a2+1<(n—1la+1++/(n—1)%a% <2a(n—-1)+ 1.
Letting b = a(n — 1) — and thus * = 2b + 1 — we can plug in this expression of €* to our PoA. We get:
PoA — (204+1)(1+b(20+1))  (20+1)(20* +b+1) 46>+ 46 +3b+ 1
N 2b+1—1b N (b+1) N b+1
2
:4b2+3—b+—1 <4 +3<4a’(n—-1)2+3< (1+2k4)* (n—1)*+3
Lastly, we note that: |[Af 5ll2 < \/||AZ/3||1 “[|Ag glloc = (T'—1)5. Then we have that:
 n-1/2 —1/2 ~1/2,12 11 1a T-1 o  T-1
i = Qe A0,5Qa 1l < 11QL 7B 148 slle < —5= 52 = —5— (20)

Note that since k4 depends on the market parameters, which are sampled, we choose 7 = sup__a - (the
a+2
supremum is over the support of «, to obtain an upper bound that holds uniformly on all samples).

Plugging everything in, we have that:
PoA < (14+~(T —1))*(n — 1)? + 3 = O(n*T%4?) (21)

O

B Proofs and Details for Section [4

In what follows we primarily use the cost notation c¢;(-) (recall that c¢;(h;(0;);h_;(0_;),\) =
—u;(hi(0;); h_;(0_;),X)). Unless otherwise specified, we use || - || throughout to denote the ¢3 norm. We will
often use the notion of a “population loss."

Definition 8 (Population Loss). Let hl denote the strategy of agent i in round r. Then, the expected loss
for each agent i in round r is a function ] : H; — R given by:

t; (hi) = Ez~p[ci(hi)] = Eox~p[—ui(hi(0:); RZ;(0-:), A)] -
Lemma 4. For alli € [n], let V;(h) = Vi, li(hi,h_i; P) = Vi, Eg xwp[ci(hi(0:), h_i(0_;),\)] € R¥*T and
V(h) = (Vi(h), ...,V (h)) € R™F*T The operator V is m-strongly monotone, i.e. (V(h')—V(h),h'—h) >

m||h/ — h||? for all h,h’, where m is the strong monotonicity constant of Theorem . Consequently, for all
i, Li(h;, h_;; P) is m-strongly convez in h;.

Proof. Recall that Theorem [1| shows that the operator W (h) € R"*¥*T" defined by:
Wi(0:)(h) = Pr(0:) - Vi, 0)Eo_, a~plo; [ci(hi(0:), hi(6-:), )] € RT
in the entry corresponding to agent 7 and type 6;, is m-strongly monotone for some positive m.

Now, for every 7, we can write:

Vi(h) = Vh, (Z Pr(0:) - Eg_, a~pio, [ci(hi(0i), h—i(6—;), A)])

0;
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Fix a agent ¢ and a type ;. Since each agent has finitely many types, we can write V as a vector of size
nkT', where the entry of V' corresponding to agent ¢ and type 67 is:

Vi(67)(h) = Vh,(or) (Z Pr(0;) - Eo_, a~pryo.[ci(hi(0:), h—i(0—:), A)])
0;

= V) (Pr(6) - Eo_ sepior i (ha(07), hoi(0-0). M)
(since all terms not involving € can be treated as constants)
= Pr(07) - Vi, 01 Eo_ a~pio; [ci(hi(07), h—i(0-i), A)]
= Wi(07)(h)
Thus V = W, and V is m-strongly monotone, i.e. (V(h')—=V(h),h'—h) > m|h'—h|? for all h, h'. For every

1, m-strong convexity then follows by definition, by considering h, h’ that are the same in all coordinates
except 1. O

B.1 |Jordan et al.[ (2024) Algorithm Details

Here we present the algorithm of |[Jordan et al.[(2024) and state its guarantees.

Algorithm 2: AdaOGD (Algorithm 1 of |Jordan et al| (2024))

Input: Strategy space H;, cost function ¢;
Initialize h} € H;
_ 1
Let 20 = 1ozmr710)
forr=1,...,R do
Sample M" ~ Geometric(zp)

Let r+1 __ r+1
" \/lerax{Ml, LM}

Update h;“ = argming, ¢4, {(h; — h:)T@: + g”hl — hI|?}

Theorem 5 (Theorem 3.7 of |Jordan et al.| (2024))). Consider a game G among n agents, each with a
convez and bounded action set H; C R% and a cost function {; : [[_, Hi — R satisfying: (i) ¢;(hi,h_;) is
continuous in (h;, h_;) and continuously differentiable in h;; (ii) Vp,li(hi,h_;) is continuous in (h;,h_;);
(iii) ||h — K| < D for all h,h' € []i_, Hi; and (iv) G is m-strongly monotone. Suppose at every round
r € [R], each agent observes an unbiased and bounded gradient VT7 satisfying B[V, |h"] = Vil (R}, h")

and E[|V}, w IR < M. Then, if all agents run Algomthm@ the ﬁnal iterate satisfies:

2 2
E[|h" - h*[2] < O <D M(1+ exp(1/(m lzgR)))log (nR)log?( )
<

where h* is the Nash equilibrium of G, i.e. for alli € [n], for all h; € H;, ¢;(h},h* ;) < {;(h;,h*,;).

B.2 Algorithm [2] Under Biased Gradient Observations

We first show how the guarantees of Algorithm [2] change under possibly biased gradient observations. To do
so, we extend a key lemma in [Jordan et al|(2024) to accommodate for biased gradients.

Lemma 5 (Extended version of Lemma 3.10 in Jordan et al.| (2024)). Consider a game G among n agents,
each with a conver and bounded action set H; C R% and a cost function ¢; : [T, Hi — R satisfying
|h —Rh'|| <D forall h,h' €[]} 7—[ and G is m-strongly monotone. Suppose at every round r € [R), each
agent observes a gradient estzmate hr satisfying |E[VE, R = Virli(R], R < A and E[|VL|?|h"] < M.
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Then, if all agents run Algom'thm@ letting h* denote the (unique) Nash equilibrium, we have

R—-1
Zn (1A% — 1212 | 0 Yo retm] < 3t IE — B + D? 5 max fo, ma (5! =} —2m) } (22
i=1 r=1

+Mz<max M>+2D\/EA( 1).

i€ [n]

Proof. We follow the proof of Lemma 3.10 in |[Jordan et al. (2024). Fix r € {1,..., R—1}. We will condition
throughout on the entire step-size realization {n{}iG[n],re[ R) but suppress this conditioning in the notation
to reduce clutter. Algorithm [2] performs, for each agent i, a projected gradient step of the form

B r+1
hIt € arg min { (V5. h; —h! 771 |h; — RT|2 S
[ hicH; hl [

i €

By the first-order optimality condition, for any h; € H;,
. rH
(Vhps W= hi) < T (8] = hall® = 1B = Rl = R = BI12).
Rearranging and using the identity (V hrs B —hi) = vy hro By — hITYY 4+ (V5 ., hTTY — h;), we obtain

w (IR = Rl = B = Ral?) <2 (s = i Vhy) 4+ Vg2 =) B~ Rl (23)

nr+1|
where we used the standard inequality 2(h] — hi ™!, ¥ hr) — N R — hE|12 < n,%”@”"r 2.

Now set h; = h7 in equationand sum over i € [n]. Writing V}, := (@Z{, cee @Zr) and using ||h"—h*||? =
2oi ki = hi|?, we get

n _ n 1 ~
Yom IR = RE|P — [|h] = RE|P) < 2(h* = h7, Vi) + ) FHVZ;HQ

i=1 i=1

+Z P =Dk = R (24)

Using >, ,+1 ||VTT||2 (maxle ,H) > ||VTT||2 (maxie[n} n%) |V5..]12, and taking conditional ex-

pectation glven h" (and the step sizes), we obtain from equation

n n
Do E[IR = Y|P [RT] = Y nrt Ry — RiIP < 2(h* —R7, B[V} | RT])
=1 =1

1 VAl T
(s s ) LI | 7

n

+> = a)llky = R (25)
i=1

Next, define the game operator V(h) := (Vp,¢1(h),...,Vh, ¢n(h)) and the conditional bias vector
b= E[Vi | R =V(R) = (E[Vi; | B'] = Vi bi(R7), ..., E[Vi, | A= Vi, la(R")).

By assumption, each block satisfies ||b}|| < A, hence

7)1 =61 <nA® = b < VaA. (26)

i=1

26



Under review as submission to TMLR

Using this decomposition in the first inner product on the right-hand side of equation [25]
(h* —h", E[V},. | h"]) = (h* —h", V(R")) + (h* —h", ).
Since G is m-strongly monotone and h* is a Nash equilibrium, we have V(h*) = 0 and therefore
(" —h*, V(") =V (h*) >m|h" —h*|* = (k" —=h", V(h")) < —m|h" — h*|]°.
Moreover, by Cauchy—Schwarz, the diameter bound ||h" — h*|| < D, and equation
(h* =h", b") < |[n* = h7[[[|"]| < DV/n A.

Combining the last three displays yields

(h* —h", E[V}, 1) < —m||h" — R*|* + Dy/n A. (27)

Plugging equation . 27 and E[|V5. > | h"] < M into equation [25] taking expectation over h”, and using
|h" — h*||? < D? we obtain

n

an“ (IR = hi)?] Zm (IR} — hi]?] Z ;= —2m)E[||h] — R}|J*]

+M <Hlé[i)]( 1_’_ ) +2Dy/nA. (28)
ten 1,

Moreover,
St = up — 2m)E[|R} — h;[*] < D*max {o, ma (5! — ] zm)}
1€[n
i=1
Substituting this into equation 28 and summing over » = 1,..., R — 1 yields

R—-1

R—1
1
anR]E [k — h}|°] <Z771 |h}—h}] —I—DQZmaX{O m‘ﬁ((nf“—nf—Qm)}—FM <max ] >—|—2D\/EA(R 1),
i=1 i=1 r=1

This completes the proof. O

We can now state the guarantees of Algorithm [2| under biased gradient observations.

Theorem 6 (Extended version of Theorem 3.7 in|Jordan et al.| (2024)). Consider a game G among n agents,
each with a convex and bounded action set H; C R% and a cost function {; : [T, Hi — R satisfying: (i)
li(h;, h_;) is continuous in (h;, h_;) and continuously differentiable in h;; (ii) Vn,l;(hi,h_;) is continuous
in (hi,h_;); (iii) ||h—h'|| < D for all h,h' € T[]}, Hi; and (iv) G is m-strongly monotone. Suppose that at
every round r € [R], each agent i observes a gradient estimate Ve satisfying ||IE[V2 h"]=Vprti(hi, hZ,)|| <

A and E[||V},||2|h"] < M. Then, letting h* denote the (unique) Nash equzlzbmum of G, if all agents run
Algorithm[3 for R rounds, the final iterate satisfies

E[|IR" — k2] < O(D M (1+ exp(1/(m k])f R))) log(nR) log (R) (1 B ) A log(nR) log(R)>

Proof. The proof closely follows the proof of Theorem 3.7 in [Jordan et al. (2024)). Since ||h — h/|| < D for

all h, h' € H and for all i, ,'72 r+1 _ \/1+Hn T{t\}ﬂ ) as in Algorithm we have:

> nilhi —hi|* < D?
i=1
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and:
r+1 1

s V1 +max{M}, ..M}

Therefore, by Lemma,

R—1
R R _ px2 2 2 L
ZmE IR = REI* [ {ni}is] < D*+D Zmax{ 1r£fl§xn(\/1+max{Mi1,...M[})_2m)}

i=1 r=1
R-1
+ MY max { ch+2DVRAR-1). (29)
r=1"— - it
Next, the definition of 772"*'1 implies:

R-1 R-1

> max {L}< 1+ max M’ ZLQO (R+1) /T+ max M’. (30)

— 1<i<n 17;““ - \/ 1<i<n,1<r<R " — r+1— J \/ 1<i<n,1<r<R °

Plugging equation [30] into equation [29] yields:

R—-1
R *|2 2 2 1
el <A1 ] = 082 {0 s et o) |

r=1
+Mlog(R+1)\/1+ max  M! +2DynA(R—-1). (31)

1<i<n,1<r<R

Moreover, by the definition of n/:
R R
nft > > -,
\/1+maX{Mi1,...,MiR} \/1+maX1§jgn,1gr§RMj

which implies:

R
V1 +maxi<j<n, 1<r<r M7

ZmRE (RS =R [{ni}in] =

i=1

Combining this with equation (31} and multiplying both sides by /1 + max; , M gives:

RE[||R® — h*|]* [ {n} }i,] < D? [T+ max MT + Mlog(R + 1)(1 + max M))
7T T

R-1
1
+ D? 1—|—maxMT max< 0, max —Qm)
V 2; { Hi<i<n \/1+max{Mi1,...M[}) }
+ 2DV AR~ 1), [T max . (32)
J,r

Taking expectations of both sides, define the three terms I, 11,111 as:

I:E{ /1+m_axMjT}, II:IE{ler_axM;],
T gr

E maX{O max (nfrl —ni - Qm)} /1 4+ max MT] .
1<i<n 3,r J
Then equation [32] becomes

RE[|h® — h*|?] < DT+ Mlog(R+ 1)II + D*III +2D/nA(R—1)1. (33)

It remains to bound the terms I, 11, and I11. This step is identical to the argument in |Jordan et al.| (2024),
and so we defer the details to |Jordan et al.| (2024). The result then follows from plugging the respective
bounds into equation [33} O

E[|R" = h*|*[{ni}is]

and

IIT=E
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B.3 Proof of Theorem [

To prove Theorem [4] our approach will be to run Algorithm [2] on suitable discretizations of the type space.
Hence, we first establish the following theorem, which bounds last-iterate convergence to BNE in Bayesian
game instances where agents have finitely many types.

Theorem 7. Suppose for all agents i, |©;] < co. Suppose all agents use Algom'thm@ to decide their strategy
in each round r, where at every round r, the end-of-round feedback is as specified in Assumption[d Then,
letting k = max;c[,) |©4|, the final iterate strategies hit ... hE are an e-approzimate BNE, for some € that
satisfies the following in expectation over the algorithm’s randomness:

/ ! A IOgs/Q(R) 1 2
E[€] = O pOlY(Tl,T,po, B7 S7 U 7amaxaﬁmax; 1/('%'%)) : \/Ei + (Aa + AB) 1 Y log (R)
VR R
where S,U’, k, & are constants such that sup, ||s|| < S, Vi supy,cqy, [V fi(hi(6;))|| < U’, Vr € [R] & >
Ky B > R

Proof. We define the game G where each agent ¢ chooses a strategy map h; € H,; and suffers cost:
li(hish_i; P) = Eg a~plci(hi(0:), h—i(0-:), N)]

We verify the conditions of Theorem [5| on this game G. Since for all type profiles 6, ¢;(h;(6;), h—_;(0_;), X)
is continuous in (h;(6;), h_;(6_;)) and continuously differentiable in h;(6;), we have that ¢;(h;,h_;; P) is
continuous in (h;, h_;) and continuously differentiable in h;. Under (B, L) regularity, |h — h'|| < Bvnk
for all h,h'. Furthermore, by Lemma |4, G is m-strongly monotone, where m is the strong monotonicity of
Theorem [1I

To apply Theorem [5} it remains to establish the required conditions on agents’ gradient feedback. Recall at
each round 7 € [R], agent i receives as feedback: V= Vpréi(hi(0]); {p:}, &7, 5). We first show that the
feedback @Z, is close in expectation to the true population gradient feedback.

To do so, we formally derive the expression for the gradient. We first write the change in price as an
expression of the true total aggregate demand.Fix a round r € [R] and agent ¢ € [n]. Fix «,. For each
type profile ¢, we denote the external aggregate demand at time t € [T'] by d”;(0) = >_,,; hj(07) — s", so
that the true total aggregate demand is: Dy (0) = hj,(67) 4+ d"; ,(0"). Recall that p; = pi"" + 8D} (6)
and p,”" — p;”"| = aD}(0). Let Ap] := pj — pj_, denote the observed price differences. Combining these
equations, we get the following recursive expression:

Ap; = (a+ ) Di(0) — 6 Di_1(0)

Using this, we now derive an expression for the estimated total aggregate demand based on the realized
prices {p}7_, and estimates &/, 37 of a, 8 of the true market impact parameters the agent receives at the
end of round r. Rewriting the above expression in terms of &7, Bf and rearranging, agent i constructs an
estimated total aggregate demand sequence, where ZA)ZT’O :=0and forallt=1,...T:

pr, . AP DL
: a; + B8]
Finally, define the estimate of the external aggregate demand at time ¢ as:
dli,t = Dz'T,t - h;,t(e'?)

which subtracts the agent’s own realized demand trajectory. Thus, the estimated gradient can be written
as:

Vi, = Dolr + 6§ Whi(0]) + & W' d”, + B (2hi(0;) + d";) — V f; (hi(6:))
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while the true gradient can be written as:
VhiCZ‘ (h,(@z), hiz(g_z), )\T) = pO]-T + o" W hz(ﬂl) + a” W/ dr_l(a) + ,BT (2’7‘1(91) + diz(ﬂ)) — Vfl (hz(f)l)) .

where W € RT*T is the matrix with Wy, = 2 for all ¢ € [T] and 1 everywhere else, and W’ € RT*T is the
matrix with W/, =1 for s < ¢ and 0 everywhere else.

Since ", A" ~ P are sampled independently from the strategies chosen at round r, we have that E[ y b |h"] =
E[@ZZ] and thus:

= [[E[VR,] = Vi Li(hi, hZ,)|

= ||Bor ar~p Vi) = Vi, Eoanrp [ci(hi(0:), R, (0-:), A)] |

JEGT’,\TNP{(CAY;" —a") W hi(0;) + (& — ") W' d";(8) + (B — B") (2hi(6;) + d";(0))

+a; W (d; —d7(0)) + Bf (d, — dr_i(e))} |

< [[Bor e[ (67 = a7) (W a0 + W' a7 0)) + (B = 87) (2 03) + @ 0))] |

n HEQWNP[a; W' (dr, —d”(0)) + Br (d7; — dr_i(e))} H (by triangle inequality)

=: T

We can bound 71 as:

T1 < (TB+T((n—1)B+ 8)Egr xrap[|a] — a”[[ 4+ ((n +1)B + S)Egr ar~rl|B] — 5]
(by triangle inequality and boundedness assumptions)

<AL(TB+T((n—1)B+S))+Ag((n+1)B+S5) (by Assumption

Next we bound T'2, which is the error in the gradient arising from the estimated aggregate demand trajectory.
Fort =0, ...,T, let the per-time reconstruction error e; := D; , — D7 (0). Then, for each t =1, ..., T, we have:

_App +BIDE, 1 App+ "Dy (0)

€t

&+ T
(plugging in the recursive equation for total aggregate demand)
i . 1 1 3T
= b D)+ (e )M (S Y
ay+pp " ap+p;  on+pr ay+py  ar+fr
3r 1 1 _ 3T
= - @A €t71+(A — = — T)Apl—i—(A BlA - Tﬁ T)ng(e)
ar + By ap+p; o+ p aj+8; artp

To bound this expression, let s := o’ + " > x > 0 and 8 := &/ + 47 > & > 0. Let Dypay = sup; ., |D7 ()] <
nB+S by our boundedness assumptions. Then, using the price recursion given by the true aggregate demand
Ap} = sDj(0) — 8D;_1(0) and s < amax + Bmaxs S < Bmax, We can bound:

|Ap/£| S (S + /B> Dmax S (amax + 25]’1’13.)() Dmax = Pmax-

Next:

2 o
sl < 2 (la" — T
5= sl < = (a7 — al+ |3 - 8])
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and:
N ﬁﬂf(*—%))
< 2187 B+ = (167 — ol + 137~ B1).
Thus:
B e )
< el + (22 (jag -+ 187 - 81) + (22 7 — ) 4 (2D (57— o] 1157 — )

Taking expectations and using E[|47 — a|] < A, and E[|37 — 8] < Ag gives
Ellecl] < Eflec—1l] + Ce (Ao + Ap)
where C, = poly(n, B, S, &maz, Bmaz, 1/£R). Since ey = lA)f’O — D{(0) = 0 by definition, iterating gives us:

maxE[le;]] < T Ce(An + Ap).
te[T]

Therefore, we have that the deviation of the estimated external aggregate demand from the true external
aggregate demand is:

B[ — dZ(0)]] = Efel] < VT maxElled] < VT (T Ce(Ba + Ag)).

and we can bound 72 as:
Ty < O‘maxE[”W/(CZCi —dZ;(0)l] + ﬁmax]E[chr—i —dZ;(0)]]
< (@maxT + Bmax) E[”JZ —d,;(0)]l]
< (T + Bunax) VT (T Col B + D))

Combining the bounds on 71 and 72, the bias of the gradient can be bounded by A =
Ay (TB+T((n—1)B+9)) + Ag((n+ 1)B + S) + (amaxT + Bumax) VT (TCe(An + Ag)) < (Ap + Ay) -
p01§’(717 T? B? S7 amaw; 6maw7 1/(H"%))

We now move to bounding the norm of the gradient feedback. From the recursive reconstruction expression
of the estimated demand, we have that for allt =1,...,T":

A r pr N
|D t| _ pt 6 1,t—1 S ‘Af)t| 61 |D - 1| < max 5max |th_1‘ S Pn:ax tS TPAmax
S K I3 ’ K K
and therefore 52
N A T°/=P,
1D} || < VT max |Dj | < ———==.
te[T) ’ K

Since ||d",|| < || D7]| + |5 (67)]], it follows that:

[d" ]2 < % +VTB
So, we can derive:
V5, < AT [WhE(O7)I| + &7 [W'dZ || + BF12k7(6F) + || + |V fi(R7 (67))]
< PolVT + Amax TR (O] + QmaxT A7 | + Bumax (2107 (OF) | + 1d7411) + U’
< 1ol VT + Qmax T B + o T (Tw:ma" + \/TB) + Bona <2ﬁB + % + ﬁB) +U’

S pOly(n’ T’ pO’ B’ S’ U/7 ama)u 6maX7 1/"%)
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In particular, taking expectations yields ]E[H@Zl H2|hr]]E[H@Zl %] < poly(n, T, po, B, S,U’, tmax, Bmax, 1/7).

Therefore, by Theorem [5] the final iterate produced by Algorithm [2] satisfies:

E[|h® — h*|2] < O (DQM(l + exp(1/m?log R)) log(n.R) log?(R) N <1 1

o R) Vnilog(nR) log(R)>

where h* is the Nash equilibrium of G, and the expectation is taken over the randomness of the algorithm.
Here, we have D < Bv/nk and M < poly(n,T,po, B, S,U’, &max;, Bmax, 1/R).

Next we show that ¢; is Lipschitz in the 5 norm, which will allow us to argue that since A and h* are close
in /5 distance, they must also incur similar cost. Observe that for any j # i, for any h;,h_;,0, A:

[Vh, ci(hi(0:), h—i(6—:), A)|| = [|laM "hi(6;) + Bhi(8;)]| < (oT + B)B
and so:

sup [Vhei(hi(0:), h—i(0-:), Al

< |po|VT +aTB+aT((n—1)B+8S)+ B((n+1)B+S) +U' +n(aT + 5)B

=:L'(po,,B)

Therefore for all h,h', 0, X, ¢; is L' (po, , 8)-Lipschitz in h, i.e.:
lci(R(0:), h_;(0—:), X) — ci(hi(6:), h—i(6—;), A)| < L'[|h" — h|
Taking expectations, we have that ¢; is L-Lipschitz in h, i.e. for all h, h’:

[Ci(h;, h.;; P) = Li(hi, hi; P)| = [Eg a~plci(hi(0:), h_;(0-:), A) — ci(hi(6:),
< Epa~pllci(R;(0;),R_;(0_:), X) — c;(h;(6;),
< L||h" —h|

where L < maxy, o3 L (po, @, 8) = poly(n,T, o, 8, po, B, S, U").

Thus, the cost evaluated at h* is close to the cost evaluated at h*: E [(;(h}, h* ;; P) — {;(h] R ; P)]

< L-E[|h" - h*|] (by L-Lipschitzness)

ex m= 10 og(n O2
1o \/DzM(1+ p(1/ 21RgR))lg( R)lg(R)+<1;)\/Mlog(nR)log(R)

In the second inequality, we use that fact that E [[|[p® — h*||]2 < E [||hf — h*|?] by Jensen’s inequality.
Furthermore, since the entries of ||kt — h*|| are non-negative, we also have that for any h; € H;:

E [t;(hi,h®;; P) — 4;(hi,h* 3 P)] < L-E[||hE, — h*]||] (by L-Lipschitzness)
< L-E[||h" — h*|]

<L-O \/DQM(l + exp(1/m?log R)) log(nR) logQ(R)

o - (1 — ]1%) VnAlog(nR)log(R)
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Combining the above, we can show that h is an approximate Nash equilibrium of G. In particular, for any
i, for any h; € H;: E [ i(hE hE; P) —4;(h;, hE; P)]

—1

L.0 \/DQM(I + exp(1/m?2 log R)) log(nR) log®(R)

< E[ti(hi h*; P) — Li(hi, b P)] +

- <1 — ) VvnAlog(nR)log(R)
< E[ti(h}, h* ; P) — li(hi,h* : P)] +

9L -0 \/DQM(l + exp(1/m? lzg R))log(nR) log®(R)

+ (1 - ) VnAlog(nR)log(R)

2 2 2
<2L-0 \/D M (1 + exp(1/m lzgR)) log(nR)log”(R)

<1 - ) vnAlog(nR)log(R)

(by the fact that h* is a Nash equilibrium)

Thus, we can conclude that h* is an approximate Bayesian Nash equilibrium. Specifically, for all i and h;:
E[Eg ~p[ci(Ri(8:), RE;(0-:), X) — ci(hi(6:), hE;(6-:), N)]]

<20.0 \/D2M(1—|—exp(1/m2 log R)) log(nR) logQ(R)

o N (1 _ ) VA log(nR) log(R)

Y2 (R)

S O <p01y(n7Tap0a Ba Sa Ulv Omax ﬁmaxv 1/(H’%)) : <\/E10g\/ﬁ + (Aoc + A,B) (1 - ;) lOgQ(R)>>

as desired. O

Proof of Theorem |4l We begin by defining a “discretized game" obtained by discretizing types over a covering
of ©;. Let 0 = 1/logR For each agent ¢, let O, be a d-net of ©,. That is, for any 0; € ©,, there exists
0; € O, satisfying HG Oill.o < 0. For any 0; € ©;, we will write 6; to denote its nearest neighbor in
©;. Define P as the joint distribution over game types and discretized player types that is the pushforward
of the distribution P under the transformation (61, ...,0,,\) — (91, - 91, A). For every agent i, let H =
{}ALZ 10, — RT|fLi(9i) = hi(él-) Vh; € H;} be the set of strategies that is piecewise constant over each “bin"
induced by the discretization. Observe that we can represent every h; € R*¥*T " as a k; x T-dimensional

matrix, where k; = |©;] < (1/6)™ (we can always obtain a é-net by discretizing each coordinate to multiples
of ). Let k = max; k;.

Now, Algorithm I runs Algorithm [2] over this discretized game. To invoke its guarantees, we first Verlfy that
the strategy space H; is convex. Indeed, observe that for any ¢ € [0,1] and any h;, b}, € H;, (1—C)h;+Ch) €
G, since G is itself convex. Also, any convex combination of piecewise constant functions is also convex.
Finally, since h;, h’ are L-Lipschitz over ©;, for any 6;, 9;
(1 = Ohi(0:) + Chiy(6:) — (1= Oha(67) — Chi(0))]|

<(1- )llh( 0 = i (0) oo + CIR(0:) — R0 oo

< (1= QLIf; = 0|0 + CLIIO; — 67

=1L é/'”oo

K2

>
A,

Thus (1 — C)IAM + Cﬁ; € H;, proving convexity.

Therefore, we can invoke Theorem [7, which guarantees that the final iterates are approximate ex-ante BNE.
Let h .. hR be the final iterate strategies produced by all agents running Algorithm |1} By Theorem l
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h1, ... hE satisfy for all 4, all b/ € #;:

Ej aplei(hf (0:): T (0-0). N)] < Eg 5 plei(hi(0:): T (0-:), A)] + ¢ (34)

)

where E[¢'] = O (poly(n, T, po, B, 5, U Gmas Bunas 1/ (57)) - (VRS2 1 (A + Ag) (1 - 4) 10g%(R) ) ).

Note that this equilibrium guarantee is stated over the distribution P, the underlying distribution induced
by the discretized game.

We now lift this guarantee to an ex-ante BNE guarantee in the original, continuous-type game. Recall that
for all agents ¢ and all 0, € @1, h; is piecewise constant over all §; € ©; in the same bin as 6; — that
is, h;(0;) = h;(6;) for all 6; such that 6; is its nearest neighbor in ©;. Thus, since P is the pushforward
distribution of P obtained by discretizing all 6; to 6;, we have that, for the LHS of Eq.

~

Eg xoplei(h(0:); BT, (0-:), N)] = Eg awplei(h(6:); A%, (0-), N)]

Similarly, for the RHS:

~

Eé,ANP[Ci(i’;(éi); h*

Thus, Eq. [34] guarantees that for any agent i, their final iterate strategy is e-optimal against any deviation
to an alternative strategy in H;. It remains to compare their costs under any deviation to an alternative
strategy in H,;.

{(0-3), X)) = Eg a~plci(hi(0;); A7, (0_5), N)]

We show that for all agentb i, for any h; € H;, there exists h; € H; such that their outputs on any 6; are
close, and thus agent i’s costs under the two strategies are close. Fixing a h; € H;, define h;: hi(6;) = hi(0;).
Then, by L-Lipschitzness, for all 6; € ©;:

[Ri(0:) — Bi(0:)l|oc = 1 hi(6:) — hi(0:)loo < L6 — billoo < LS

We then establish that c; is Lipschitz so that under these two strategies, the costs are similar. We can derive,
for any 6, A:

sup ||V, ci(hi(6;), h_i(0_3), N)|| < poVT +aTB +aT((n —1)B+S) + B((n+1)B +8) + U’
h;

=:Lc(po,,B)

Using L.(po, a, B)-Lipschitzness of ¢;, we have that for all 8, A:

Taking expectations, we have:
B a~plei(Ri(0:); hE,(0-:), X)) = Eoawplei(hi(0:); A% (0-0), N)]| < L LVTS
where L. = maxy L.(po, o, 8) = poly(n, T, «, 8,po, B, S,U’).
Therefore, any deviation to a strategy in H; cannot increase agent i’s cost by more than L.LJ. That is:

Vhi € H;: Egaplei(hf(0:); T, (0-:), )] < Egxwplei(Ri(0:); B2, (0-:), N)] + ¢
— Vh, e H;: Egauplci(RE0:);hT,(0_)),N)] < Egxoplei(R;(0:); T, (0_3), N)] + L VTS + €
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Thus we can conclude that the final iterate strategies are an (L.Ld + €')-approximate ex-ante BNE, where

L.LVTS +E[¢') = L5 - poly(n, T, o, B, po, B, S, U")

3/2
+0 (pOb’(nv T, po, B, S, U', 0max; Bmax, 1/ (k&) - (ﬁbg(R) + (Ao + AB) (1 - ]1{) 1Og2(R)>>

VR
=Lé- poly(n,T,oz,ﬁ,pg,B,S, U/)

3/2
+0 <poly<n,T,po, B, 5,0, i, s 1 (55)) - ((1/5>m/2l°g(3’ #8089 (1- 1) 1og2<R>>>

VR

L. p01y(n7T7a767p07B7S7 Ul)
=0
log R

(m+3)/2 (R)

1 1
+ poly(n. .0, B. S, U, Qe B 1/ (55)) - (‘)gﬁz + (Do +Ap) (1 - R) 1og2<R)>

L N 10g(m+3)/2 (R)
log R VR

=0 (pOIY(nv Ta Po, B7 S7 U/7 Omax; Bmam 1/(/9%)) : (

where the second-to-last step follows from our choice of 4. O

C Additional Discussion on the Model and its Practical Implications

C.1 Derivation of Price Model

First, we discuss in more detail how our price dynamics in Assumption [I] relate to Walrasian price dynamics.
As mentioned in Section [2} this model positions that (mean) prices evolve according to the continuous time
differential equation

dp; = a(demand; — supply,)dt,

for some price-sensitivity factor ow. Given this, the dynamic model for p}’ can be viewed as a discretization
of this process. In addition, allowing for noise in s;, this turns it into a discretization of the corresponding
stochastic differential equation

dp; = a(demand; — supply, )dt + odWy ,

for some noise process dW; (e.g. Brownian motion). The actual price that traders must pay differs from this
Walrasian process by amount (Z?:l hii + si). We can interpret this difference as a temporary (instanta-
neous) price adjustment from p}’ driven by the imbalance of supply and demand; when supply and demand
are not balanced, the difference must be met by market makers, who provide liquidity. These market makers
require some spread from p}” in order to account for the risk they take by providing liquidity. For example,
if demand outstrips supply at time ¢, the market makers will balance this by selling an equal amount at
a slight premium; hence, the instantaneous market price p; will be slightly higher than py”. We implicitly

assume as part of Assumption that this difference is linear in the imbalance Y. | h;; + 54, with coefficient

3.

Alternatively, this model can also be justified from the literature on market impact. For example, the seminal
model of [Almgren & Chriss| (2000), which is the basis for much of the classical theory on (non-strategic)
optimal trade execution, posits almost exactly the same model for price impact from trade execution over
time, except that they consider a slightly more general offset based on supply and demand imbalance of the
kind ¢ (3"7_, hit + s¢), for some concave function ¢ : R — R*. Therefore, our price model is equivalent to
theirs in the case of ¥(x) = fz. We note that empirical research (see e.g. |Almgren et al.| (2005)) suggests
power-law models of the kind ¢ (z) = fa” with v = 3/5 to be well supported by real data. Such a model
would be more challenging to study under strategic interaction, as it could break strong monotonicity without
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some additional assumptions on f; and/or G;; we leave the investigation of alternative price models like this
to future work.

C.2 Relation to Existing Models in the Literature

Here, we make some concrete comparisons of our model with the models used in the recent lines of work on
position building under competition |Chriss| (2024bjcza; 2025)); [Kearns & Shif (2025)).

Relation to Existing Discrete Time Model First, consider the special case of our model with no
idiosyncratic utilities (f; = 0 for all ¢), and no exogenous actions (s = 0). In this case, we can re-formulate
the objective for each agent as minimizing a cost function ¢;(h;, h_;) given by the negative of the utility u,,
which if we unroll the autoregressive price definitions like in the proof of Lemma [2| we can easily verify is

given by
T t n

T n T
cihishi) =ad hie > > hji+BY hied hjv+ > hipo
=1 j=1 =1

t=1 =1 j=1

Now, assume further that the constraints G; contains a constraint of the kind Zthl h;+ = V; for some fixed
V;i. Then, the third term above can be ignored, as it is always equal to poV; for any feasible h; € G;. Given
this, and with some slight re-arranging of terms, we have that the cost structure is given by

T n T n
ci(hih_;) =« Z Dt Z zj—1+ (a+5) Z Dt Z hjt,
t=1 j=1 t=1 j=1
where we define .
Tip = Z hig
=1

as the cumulative position acquired by agent ¢ over the first ¢ time steps. This corresponds exactly to the
kind of cost structure assumed in [Kearns & Shi| (2025]), who considered a discrete time version of optimal
position building, with cost function

T n T n
CFS(hiQ h—i) =K Z hiﬂg Z Tjt—1+ Z hi,t Z hj,t .
t=1 j=1 t=1 j=1

Following terminology for literature on optimal position building, they denote first term as the permanent-
impact cost, and the second term as the temporary-impact cost, with permanent-impact coefficient «, and
unit temporary-impact coefficient (which is completely general up to normalization of cost). Therefore, if
we normalize our cost by a + 3, we see that under the above model restrictions it recovers theirs with

k=a/(a+p).

Although our model may seem less general given the above reduction, as they allow for any x > 0 but
ours only allows k € [0,1], we argue that this restriction does not have much or any material impact
in practice. First, as discussed in [Kearns & Shi (2025)), if they decompose their cost into zero-sum and
potential (i.e. congestion game-style cost) components, the coefficient in front of potential cost becomes
negative when x > 2. This implies that agents are rewarded rather than punished from congestion of their
trading schedule, which therefore encourages agents to behave as aggressively as their constraints will allow
(this is reflected e.g. in the unstable dynamics they observe when agents play no-regret with £ > 2). Given
this, we would probably wish to restrict to £ < 2 in such a discrete model in practice. Second, and perhaps
more importantly, to the extent that their model is justified as a discretization of the continuous time model
discussed below, the convergence of this discretization as we make it more and more fine-grained only works
if we let the ratio of temporary-impact-coefficient to permanent-impact-coefficient (i.e. k) tend towards zero
as T — oo. Therefore, no matter the target x value in the continuous-time cost cyc defined below, the
corresponding « in the discrete-time cost XS that approximates this will be less than 1 if the discretization
is sufficiently fine-grained.
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Relation to Existing Continuous Time Model The works by |Chriss| (2024bfcsa; 2025|) consider a
continuous-time version of this problem, where the strategies h; are functions over some continuous time
range (which they normalize to be [0, 1] without loss of generality). In this setting, we assume the strategies
are defined by functions h; : [0,1] — R, where h;(t) is their instantaneous trading rate at time ¢t. We also
define x; impllcltly in terms of h; as the total accumulated position up to time ¢, which is mathematically

given by: x;(t fo l)dl. Then, the assumed cost structure is:
1 n 1 n
Cyc(hi; h,z) = /i/ hl(t) Z lfi(t)dt + / hi(t) Z hj (t)dt 5
0 = 0 =

which is the continuous-time analogue of the cost structure based on decomposition into permanent-impact
cost and temporary-impact cost mentioned aboveﬂ

Now, suppose we are given a problem instance of this continuous time model, with x given, and time
normalized into range [0, 1]. We can approximate this arbitrarily well with a discrete time model as T — oo,
by letting the discrete time grid correspond to {%, %, ... 1} in continuous time. Specifically, we can do this
as follows: suppose we are given collection of continuous-time strategies h{, ..., h%, and define

t
i (t) = /0 h$(l)dl (for continuous ¢ € [0, 1])

2

t
Tit =Xy (T) (for discrete t € [T])
it =Tit — Tip—1 (for discrete t € [T]).

Then, our discrete-time cost structure in terms of these stragegy vectors h; will be given by

T n T n
Cia’ﬂ’T(hi; h_)=a Z Dt Z zji—1+ (a+5) Z Dt Z hjt
t= j=1 t=1 j=1

S B TR B ey
+(‘”ﬂ)ZThi( T )ZThJ( T )

where the final line follows from the mean-value theorem, where v;;, € (0,1) for all 4,¢. Therefore, if we
consider a sequence of discrete problem instances with o = xk and § =T, we get

#,T,T — Vit (=1
Tlgnooc (hizh_;) = 11_I>1r1DO R—th( )z;wj(T>

ug(“”) > () o)
—n/olhc En: dt+/ hi (t th

9Historically this continuous time model predates the discrete time version as it originated in the finance/economics literature.
We present in opposite order since our model, being computational, is discrete-time.
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where first equality plugs in the above result with a = x and 8 = T', and the second follows from product of
limits and the definition of the Riemann integral. Therefore, under appropriate re-normalization of the ratio
B/a as we make the discrete-time approximation more fine-grained, our model can approximate the existing
continuous time cost structure considered in [Chriss (2024bjcja; [2025) arbitrarily well if we let T — oo.
Therefore, our model on the above restriction on idiosyncratic utilities, constraints, and exogenous actions
subsumes theirs up to a vanishing discretization error.

D Experiment Details

D.1 Estimating Market Parameters:

We extract market data for the Canadian Dollar (CAD) to U.S. Dollar (USD) forex exchange from Dukascopy,
a Swiss financial services firm, which provides tick-level data on the following columns: bid, ask, bid volume,
and ask volume. We use the approach outlined in Section [§] to estimate the permanent and temporary
impact coefficients « and 8 from such basic data. To control for periodic effects, we built a training data
set with tick data from 10am-1lam, 1lam-12pm, and 12pm-1pm (Eastern time) for the 9 Tuesdays between
September 2, 2025 and November 4, 2025. Each of these hour-long intervals consist of roughly 6000 ticks.
For the test set, we consider the same three hour time window on Tuesday, Nov 11. We present the results
estimating «, 8 in Figures [3 and [

We present the results estimating «, 8 in Figures[3|land @] Note that we ezpect the data here to be extremely
noisy. A very strong signal/correlation of these market coefficients would allow strong predictions on price
and would thus be quickly discovered by market participants (i.e. would violate principle of no arbitrage).

D.2 Details on the Simulation Setup:

Let o = 4.65¢~7 and 8* = 3.25¢7% be the parameters estimated from our regression analysis on real
data. To set the type dependent parameters means E[a|f;, 03] we choose fin.0,,0, = E[a|b1,02] = a* +
Unif(—1e78,1e7®) and pgg, 9, = E[B]6:] = B* + Unif(—1e~7,1e”7). Then conditioned on their realized
type, P(albh,02) ~ N (la.0,.0,, 1) and P(B|61,02) ~ N (uge,,1e”7). Conditioned on 61,602, o and 3 are
independent in our instance generation process.

a Regression - Test Data(R? = 0.0493) 3 Regression - Test Data(R? = 0.1427)
0.0028

0.0003 q
0.0026
0.0002

0.0024
0.0001 q

0.0000 0.0022

—0.0001 - 0.0020

Change in Price
Ask-Bid Spread

—0.0002 - 0.0018

—0.0003

0.0016 1 i°
—0.0004 1

—100 —50 0 50 100 0 10 20 30 40 50 60 70
Excess Demand Absolute Excess Demand

Figure 3: Regression performance on test data with Figure 4: Regression performance on test data with
a=4.65e""7 B =3.25¢6
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D.3 Sensitivity Analysis

To evaluate the robustness of the analytical Bayesian Nash Equilibrium and the last iterate result produced
by Algorithm [} we conduct a sensitivity analysis. First, we compute the confidence interval of our predicted
a* and * parameters by using the standard approach for ordinary least squares regression. In figures [f
and |§| below, we fix one of these price parameters and vary the other over it’s 95% confidence interval. The
trajectory at the estimated a* and * are considered the baseline. While the simplest approach would be
to plot, at each time ¢, the deviation from the baseline as a % of the baseline position at ¢, this suffers from
a core issue: since all positions start at 0 at ¢ = 0, we can see a blow up and numerical instability at early
times. As such, we plot the deviation from the baseline as a % of the baseline position at the final time T'.
Further, since all agents types have some constraint or goal on their final position, this a meaningful anchor.
We observe that in both the last iterate and the Bayesian Nash Equilibrium, the trajectories remain fairly
consistent and stable across these perturbations, differing by no more than 1%.

0.8 Last Iterate: Perturb 3 over its 95% CI for fixed a* 0.8 BNE: Perturb 3 over its 95% CI for fixed a*
0.6 0.6
@ B
2 041 2 04]
El Bl
g g
< 0.2 < 0.2
g g
° o
& 0.0+ £ 0.0+
=] =]
2 2
= —0.21 B Agent |, Type LV —s00 | @ —0.27] 0 Agent 1. Type L. V = 500
; [0 Agent 1, Type 2. V = 600 ; [0 Agent |, Type 2 V = 600
= _0.4 Agent |, Type 3,V =700 | T _p 4 Agent 1. Type 3, V = 700
IS Agent 2, Type .V =800 | »2 Agent 2. Type |, V = 800
Agent 2, Type 2, V = 850 Agent 2. Type 2, V = 830
—0.6 1 Agent 2, Type 3, V = 900 —0.6 7 Agent 2. Type 3, V = 900
---- Baseline (", 3%) ---- Baseline (", 3*)
—0.8 T T T T T T T —0.8 T T T T T T T
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time (mins) Time (mins)

Figure 5: Varying 3 over its 95% confidence interval [3.10e~7,3.35¢~7] for fixed a*. Plotted is the deviation
from baseline position as a % of the final baseline position. On the left is the effect on the last iterate from
Algorithm 1. On the right is the effect on the empirical BNE.

0.8 Last Iterate: Perturb a over its 95% CI for fixed 3* 0.8 BNE: Perturb a over its 95% CI for fixed 3*

0.6 0.6

0.44 0.44
0.24 0.2+

0.0 1 0.01

% deviation from baseline
% deviation from baseline

—0.27 = Agent 1, Type 1. V = 500 —0.27 I Agent 1, Type 1, V = 500
[0 Agent 1, Type 2. V = 600 [ Agent |, Type 2. V = 600
0.4 " Agent |, Type 3. V' = 700 0.4 Agent 1, Type 3. V = 700
Agent 2, Type 1. V = 800 Agent 2, Type 1. V = 800
Agent 2, Type 2. V = 850 Agent 2, Type 2. V = 850
—0.61 Agent 2, Type 3, V = 900 —0.6 1 Agent 2. Type 3, V = 900

-==+ Baseline (a*,3*) -== Baseline (ar*, 3°)
—0.8 T T T T T T T —0.8 T T T T T T T
0 10 20 30 40 50 60 0 10 20 30 40 50 60

Time (mins) Time (mins)

Figure 6: Varying « over its 95% confidence interval [4.40e~7,4.9¢~7] for fixed 5*. Plotted is the deviation
from baseline position as a % of the final baseline position. On the left is the effect on the last iterate from
Algorithm 1. On the right is the effect on the empirical BNE.

39



Under review as submission to TMLR

E Comparisons and Connections to VWAP

Our model considers the dynamics of n traders looking to execute a position within some markets governed
by parameters «, 3, signifying the permanent and temporary impact of trading volume on price. We take
a game-theoretic approach, where each trader’s strategy is dictated by an equilibrium between all players.
It is, however, instructive to compare such an approach with the widely used execution strategy known as
VWAP - Volume Weighted Average Price.

The VWAP strategy is simple and doesn’t require strategic consideration: at any given time interval, each
agent trades proportional to the historical volume of trade that occurred at that interval. Larger trades
are placed when there is expected to be large volume in the market, and smaller-sized trades are placed
when the market volume is low. While our model does not explicitly model the historical market volume
(except in empirical evaluations where s is the aggregate market demand), this can be easily remedied by
reinterpreting our model’s time dimension. That is, instead of treating each time step [t,t + 1] as a fixed
period of wall-clock time, we instead interpret it as volume weighted time. That is, based on past historical
market data, we dilate each interval (shrink or expand) such that an equal amount of volume is traded
within each interval. This may mean, for instance, that one interval corresponds to wall-clock time [9:30,
9:35] (high volume at the start of the day) and another to wall-clock time [11:00, 12:00] (lower volume at
mid-day). Indeed, the price impact model (Almgren & Chrissl 2000) that our work is based on implicitly
already assumes that time is defined as “volume-weighted time” exactly like this (see e.g. [Almgren et al.
(2005) for a detailed discussion of this issue.) Further, changing the definition of how time is measured does
not change any of our results.

In volume-weighted time, the VWAP strategy is simple: trade a constant amount at each interval. So, a
trader building a position V; simply executes V;/T at each interval. A core question thus emerges: How does
the VWAP strategy compare to the equilibrium strategy and what are the dynamics of a market that includes
both equilibrium traders and VWAP traders?

We explore this question in the context of a simple synthetic example in the complete information setting.
Suppose we have 5 traders who want to build (hard constraint) positions of [10,15, 20, 25,30]. They each
have a linear final position utility f;(h;) = 7; >, hi: for some reserve price r; (we use reserve values of
[4,5,6,7,8] respectively). We set pg = 2, & = 0.1, vary § € {0.1,1,10}, and set the exogenous player s to
be randomly sampled from a gaussian distribution. Then, in Figure [8] we plot the joint strategies where
agents 2 and 3 follow VWAP, and the remaining agents follow the corresponding complete-information 3
player Nash Equilibrium given agents 2 and 3 following VWAP.

a=0.13=0.1 a=013=1 a=01p3=10
—— Agent 0 (V=10) —— Agent 0 (V=10) —— Agent 0 (V=10)
30 Agent 1 (V=15) 30 Agent 1 (V=15) 30 Agent 1 (V=15)
—— Agent 2 (V=20) —— Agent 2 (V=20) —— Agent 2 (V=20)
o Agent 3 (V=25) 0] ™ Agent 3 (V=25) o Agent 3 (V=25)
—— Agent 4 (V=30) —— Agent 4 (V=30) —— Agent 4 (V=30)
""" Noise Agent Noise Agent Noise Agent

10 10

Cumulative Position

-10 -10

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time

Figure 7: Cumulative position over time for 5 agents when all are being strategic and playing Nash Equilib-
rium strategies.
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w© a=0.1,8=0.1 w© a=018=1 © a=0.1,8=10

—— Agent 0 (V=10)

Agent 1 (V=15)
301 —.- Agent 2 (V=20) VWAP
—-- Agent 3 (V=25) VWAP
—— Agent 4 (V=30)

Cumulative Position

= —— Agent 0 (V=10) = ’ —— Agent 0 (V=10)
of{ ~* Agent 1 (V=15) 0o —* Agent 1 (V=15) 0
—-- Agent 2 (V=20) VWAP —-- Agent 2 (V=20) VWAP
—-- Agent 3 (V=25) VWAP —-= Agent 3 (V=25) VWAP
—10 —— Agent 4 (V=30) —10 —— Agent 4 (V=30) —10
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time

Figure 8: The strategies of the 5 players when agents 2 and 3 are play VWAP and the rest play the induced
equilibrium of this setting.

Even though agents 0, 1,4 are strategic in both settings (Figures [7] and 7 the fact that agents 2 and 3 have
now shifted to a VWAP strategy changes the equilibrium strategy of these 3. Note, however, that for the
large 8 = 10 setting, the agent behaviors do not change much (both for those who deviate and those who
don’t). This is intuitive since when the temporary impact is large, agents generally want to spread out their
trades regardless of other factors.

We next ask, how does this shift affect the cost (i.e. negative utility) incurred by all agents? In Figure
we see that the agents who switch from being strategic to playing VWAP pay a higher cost for doing so.
However, as 8 becomes larger, this becomes less consequential, as the ratio tends to 1. The effect on the
remaining three players, however, is the opposite. These players end up paying a lower cost when agents
(2,3) are following VWAP versus when they are strategic. This suggests that players who switch from being
strategic to playing VWAP end up paying a higher cost at VWAP. Agents who are always strategic can
exploit those who follow VWAP. As § becomes large, however, these effects become small.

Our results suggest a transition to VWAP to strategic (or vice versa) can have both a positive or negative
impact depending on the player. How does this affect total welfare, i.e. the (negative) sum of all costs
incurred by agents? In Figure[9] we plot the cumulative cost as a function of 5. We plot 6 curves, where the
k" curve corresponds to a subset of k agents playing the VWAP strategy (we in fact consider all combinations
of k agents playing VWAP and take the average). Interestingly, we observe that the cumulative cost is almost
always lower when a subset of agents are playing VWAP as compared to the all-strategic cumulative cost.
This suggests that VWAP strategies could have better social welfare properties than all-strategic. We believe
that this is an interesting finding that should be considered by market designers and regulators.

Cost Ratio: Agents Who Switched Cost Ratio: Agents Who Stayed Strategic

1 —e - Agent 2 (switched to VWAP) 1.00
7125 \ —=- Agent 3 (switched to VWAP) | 0.05
[&] ‘\ ----- Equal Cost (ratio=1) (i :
o M o
B120{ b\ £ 0.90
3 W £
& \\ Z} 0.85
2115 \ % =
< B 2 0.801
~ A\ o
- Y
g AL £ 0754
o, \ N > —eo— Agent 0 (stayed strategic)
< L £ 0.70 ;

1.05 N ~ g Agent 1 (stayed strategic)
Z . ~ . g
> o T . —— . . — . —e :ﬂ; —i— Agent 4 (stayed strategic)
B, — . " R I 7 IR — Equal Cost (ratio=1
1.00 qual Cost (ratio=1)
0 2 4 6 8 10 0 2 4 6 8 10
8 (a=0.1) B (a=0.1)

Figure 9: On the left is the ratio of cost between playing VWAP and playing strategically for agents 2 and
3. On the right is the ratio of costs for the remaining 3 agents (0,1,4) between when agents 2,3 were playing
VWAP and when agents 2 and 3 were strategic.

41



Under review as submission to TMLR

Total VWAP Cost / Total Strategic Cost
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Figure 10: Ratio of cumulative costs be-
tween a subset of agents playing VWAP and
all agents being strategic.
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