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ABSTRACT

Neural Operators, such as Deep Operator Networks (DONs) (Lu et al., 2021) and
Fourier Neural Operators (FNOs) (Li et al., 2021a), that directly learn mappings
between function spaces have received considerable recent attention. Despite
the universal approximation guarantees for DONs (Lu et al., 2021; Chen & Chen,
1995) and FNOs (Kovachki et al., 2021), there is currently no optimization conver-
gence guarantee for learning such networks using gradient descent (GD). In this
paper, we present a unified framework for optimization based on GD and apply
the framework to DONs and FNOs, establishing convergence guarantees for both.
In particular, we show that as long two conditions—restricted strong convexity
(RSC) and smoothness—are satisfied by the loss, GD is guaranteed to decrease
the loss geometrically. Subsequently, we show that the two conditions are indeed
satisfied by the DON and FNO losses, but because of rather different reasons that
arise as a result of differences in the structure of the respective models. One take-
away that emerges is that wider networks lead to better optimization convergence
for both DONs and FNOs. We present empirical results on several canonical oper-
ator learning problems to show that wider DONs and FNOs lead to lower training
losses, thereby supporting the theoretical results.

1 INTRODUCTION

Replicating the success of deep learning in scientific computing such as developing neural PDE
solvers, constructing surrogate models, and developing hybrid numerical solvers, has recently cap-
tured interest of the broader scientific community. In relevant applications to scientific computing,
we often need to learn mappings between function spaces. Neural Operators have emerged as the
prominent class of deep learning models used to learn such mappings. While there have been a
plethora of attempts, the two most widely adopted neural operators are the Fourier Neural Opera-
tors (FNOs) (Li et al., 2021a;b) and Deep Operator Networks (DONs) (Lu et al., 2021; Wang et al.,
2021). The fundamental idea of a neural operator is to parameterize these mappings as a deep neural
network and proceed with its learning—also known as its optimization or training—as in a stan-
dard supervised learning setup. However, contrary to a classical supervised learning setting where
we learn mappings between two finite-dimensional vector spaces, here we learn mappings between
mappings between infinite-dimensional function spaces.

Since a neural operator directly learns the mapping between the input and output function spaces
(Lu et al., 2021), it is a natural choice for learning solution operators of (i) parametric PDEs where
the PDE solution needs to be inferred for multiple combinations of these “input parameters” or (ii)
inverse problems where the forward problem needs to be solved multiple times to optimize a given
functional. While there exist results on the universal approximation properties of neural operators;
see, e.g., Deng et al. (2021); Kovachki et al. (2021) for universal approximation results of DONs
and FNOs, there does not exist any optimization result on when and why gradient descent (GD)
converges during the optimization of these Neural Operators.

In this paper, we establish convergence guarantees for GD for learning DONs and FNOs. We first
present two conditions for the convergence of GD on neural operator learning and show that as long
as these two conditions are satisfied by a loss function, GD will decrease the loss in every iteration.
One of the conditions is based on restricted strong convexity (RSC) on a non-empty set Q, a recently
introduced Banerjee et al. (2023) alternative to the widely used NTK (neural tangent kernel) based
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analysis Liu et al. (2021a; 2022b); Allen-Zhu et al. (2019). The key novelty and asscoiated heavy
lifting in our work is on showing that DONs and FNOs in fact satisfy these conditions for over-
parameterized wide networks, though the analyses for DONs and FNOs are substantially different,
and need to consider specifics of how these models are structured. Our results are the first of its
kind to show GD convergence on DONs and FNOs, that too using a unified analysis, and the first
to theoretically show the benefits of width in these popular neural operators. To complement our
theoretical results, we present empirical evaluation of our guarantees and benefits of width on both
DONs and FNOs on a set of popular operator learning problems, including antiderivative, diffusion-
reaction, and Burger’s equation.

The rest of the paper is organized as follows. We briefly review related literature in Section 2 and
present specifics on DONs and FNOs in Section 3. In Section 4, we present technical conditions
under which GD optimization guarantees can be established for learning neural operators and show
that these conditions are indeed satisfied by DONs and FNOs respectively in Section 5 and 6. We
present empirical results in Section 7, with additional results and proofs in the Appendix.

2 RELATED WORK

Learning Operators. Constructing operator networks for ordinary differential equations (ODEs) us-
ing learning-based approaches was first studied in Chen & Chen (1995) where the authors showed
that a neural network with a single hidden layer can approximate a nonlinear continuous func-
tional to arbitrary accuracy. This was, in essence, akin to the Universal Approximation Theo-
rem for classical neural networks (see, e.g., Cybenko (1989); Hornik et al. (1989); Hornik (1991);
Lu et al. (2017)). While the theorem only guaranteed the existence of a neural architecture, it was
not practically realized until Lu et al. (2021) provided an extension of the theorem to deep net-
works. Since then a number of works have pursued applications of DONs to different problems
(e.g., see Goswami et al. (2022); Wang et al. (2021); Wang & Perdikaris (2021)). The operator
learning paradigm has also been explored in parallel by a number of other works, most notably
Bhattacharya et al. (2021b;a); Li et al. (2021a; 2020b; 2021b) which seek to directly parameterize
the integral kernel in the Fourier space using a deep network. A number of subsequent extensions
that explore different architectures tailored to different problems have been proposed in Li et al.
(2020a); Liu et al. (2022a); Wen et al. (2022); Pathak et al. (2022). Recently Kontolati et al. (2022)
studied the influence of over-parameterization on neural surrogates based on DONSs in the context
of dynamical systems. While their paper studies the effects of over-parameterization on the general-
ization properties of DONs, an optimization analysis of DONSs is a largely open problem. Similarly,
an optimization analysis of FNOs has not been pursued to the best of our knowledge.

Optimization Analysis of Neural Networks. Optimization of over-parameterized deep networks
have been studied extensively (see, e.g., Du et al. (2019); Arora et al. (2019b;a); Allen-Zhu et al.
(2019); Liu et al. (2021a)). In particular, Jacot et al. (2018) showed that the neural tangent kernel
(NTK) of a deep network converges to an explicit kernel in the limit of infinite network width and
stays constant during training. Liu et al. (2021a) showed that this constancy arises due to the scal-
ing properties of the Hessian of the predictor as a function of network width. Du et al. (2019);
Allen-Zhu et al. (2019) showed that gradient descent converges to zero training error in polynomial
time for a deep over-parameterized model, with Du et al. (2019) showing it for a deep model with
residual connections (ResNet) and Allen-Zhu et al. (2019) showing it in the context of feed-forward
models, CNNs and ResNets. Karimi et al. (2016) showed that the Polyak-Lojasiewicz (PL) condi-
tion, a much weaker condition than strong convexity can be used to explain the linear convergence of
gradient-based methods. Banerjee et al. (2023) showed convergence of feedforward networks using
restricted strong convexity (RSC) in order to derive a variant of the PL condition, and thus provide
convergence guarantees of gradient descent.

3 LEARNING NEURAL OPERATORS

In this section, we briefly introduce the DON and FNO aproaches to learning operators to setup
some notation. For a more detailed exposition, we refer the reader to Appendix B.
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3.1 LEARNING DEEP OPERTOR NETWORKS (DONS)

A DON is an operator network that learns a parametric operator G such that Gg(u) ~ G'(u),
where u denotes the input function, and GT denotes the “true” operator. Following Lu et al. (2021),
a DON predictor is defined as the inner product of two deep networks: the branch net f = {f; }1 |

and the trunk net g = {g;. }1*_,, namely

K
Go(u)(y) = fe(B8f;u)gr(04;y), )

k=1
where u € R is the input function and y € dom(Gg(u)) C R the output location on which
the operator will be evaluated'. The training data comprises of n input functions {u(i)}?=1 and g;

output locations for each G(u("), i.e., {{yJ(Z) }og Hey with yJ(z) denoting the j-th output location for
Go(u(?). The input functions u(*) are represented in R locations {x, } ", € dom(u) C R? so that
u(x,) € R%, Vr € [R]. For scalar functions u(") € R, the branch net takes input {u) (z,)},,
which implies f : R% — RX. Similarly, for scalar output locations yj(-i) € Rwehaveg: R — RK,
The branch net f has parameters 87 € RP/ with the k" output denoted as f(0f;u),k € [K].
Similarly, the trunk net g has parameters 8, € RPs with the k' output denoted as gi(0,;y), k €
[K]. The entire set of parameters for the DON is given by @ = [0} 6,]" € RP/*Ps. The DON

learning problem can then be cast as the minimization of the following empirical risk:

. R Ao G INUNTRT:
B(Tdon) € argriin L (Go(u), G (u)) = - > e ) (Ge(u( ))(y](- ) = G (ul ))(yj(- ))> ;@)
S ; [ =1

with K
Go(u ™)) = i (07 {u® (@) ) gi (8459") - ~
k=1

Note that the “true” operator G whose approximation is sought in (2) can either be explicit, e.g.
integral of a function, or implicit, e.g. the solution to a nonlinear partial differential equation (PDE).

3.2 LEARNING FOURIER NEURAL OPERATORS (FNOs

Given an input function u and corresponding output f(z) = G (u)(x), the FNO learns a parametric
map Gy such that Gg(u) ~ GT(u) where GT denotes the “true” operator. We recall the definition
of the FNO model in (Li et al., 2021a), i.e,

a%(x) = P(u;6,)(x), oV (z)=F(a!"D(2);0p0) and f(z)=Qal"*;8,)(x).
4
where {F (l)}lL;ll are the nonlinear transformations with learnable parameters Op =

[0;(1) yeen ,0;(1)]T, P denotes an encoder that maps the input function to an ambient space (of-
ten higher dimensional), and () denotes the decoder that maps the output from the last FNO block to
the desired output space with parameters 8, and 8, respectively. The entire set of parameters for the

FNO can be written as 8 = [, 6. 6] | " Following the approach in (Li et al., 2021a), we write
FO (a(l—l)(w);gF(l)) = p(WWVal=D 4 (/c”)(u; R(l))a(l_l)))(a:), (5)

where ¢ is a pointwise activation, WO is an affine transformation, () denotes the paramet-
ric kernel operator with parameters R(). The kernel can be written as a scalar function as
(KO (u; RDYw)(z) = ka(x,%u(a:),u(y);R(l))w(y)dy, where 6 a set of unknown pa-
rameters and w any appropriate function with domain 7. With a slight abuse of notation, the FNO
applied on the input w can be implicitly written as f(x) = Gg(u)(x). Considering n input-output
pairs (f (i)) and input (u(i)) pairs on a computational grid (:cTﬁzl) allows us to write

fOx,) = Go(uD)(x,), Vieln], VrelR). (6)

'The original DON paper (Lu et al., 2021) puts forth the above model and another one with a bias term
added to the inner product. For definiteness, we restrict our attention to the model without bias.
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Then, the FNO learning problem can be written as the minimization of the following empirical risk:

2

. 11 & . )
Bgfno) € aregerrém L(Gg(u), GT(u)) — - ; = ; (Gg(u( ))(xr) _ GT(u( ))(ﬂlr)) )

4  OPTIMIZATION CONVERGENCE ON NEURAL OPERATORS MODELS

We now focus on establishing two conditions for the convergence of gradient descent (GD) on neural
operator (NO) models, in particular showing that as long as the two conditions are satisfied, the loss
will decrease geometrically. The development is independent of the type of neural operator under
consideration. Then, we show that the required conditions for convergence are satisfied by DONs
(Section 5) and by FNOs (Section 6) using the structure and properties specific to these models. For
convenience, we will denote the empirical loss of the neural operator model as £(8). The specific
losses corresponding to DONs and FNOs are in (2) and (7), respectively.

The first condition is based on the concept of Restricted Strong Convexity (RSC).

Definition 1 (Restricted Strong Convexity (RSC)). A function L is said to satisfy a-restricted strong
convexity (a-RSC) w.rt. the tuple (B, 0) if for any @' € B C R? and some fixed 6 € RP, we have

L(0") > L(8) + (0 —0,VeL(0)) + 216 — 0|3, witha > 0.

Let 6, denote a suitable (random) initialization and {6, };>1 denote the sequence of iterates obtained
from GD on loss £(8), i.e.,

041 =06, — nthﬁ(at) . ¥

Under suitable assumptions, the iterates stay within a suitable ball BX(8,) around the initialization
that will be individually specified for DONs and FNOs. The first conditions of interest stipulates
that at step ¢, the loss L satisfies a-RSC.

Condition 1 (RSC). At step t, there exists a set Q* C RP such that

(a) the set B' := Q" N BY"“(0o) N BEY(6,) is non-empty for some suitable constant radii
p, p2 > 0; and

(b) the loss function L satisfies a;-RSC w.r.t. (By, 6;) for some oy > 0.

Note that £ need not be convex for it to satisfy a;-RSC. In essence, when the iterate is 6, the loss
needs to be strongly convex on a suitable set B;. The analysis for establishing that such a non-empty
B, exists are substantially different for DONs and FNOs, and takes more care DONs (Section 5) as
it involves two different networks. On the other hand, the analysis for establishing the a;-RSC takes
considerably more care for FNOs (Section 6) as it involves Fourier transforms which are not there
in typical feedforward networks. The second condition stipulates that the loss £ is S-smooth.

Condition 2 (Smoothness). The loss is $-smooth, i.e., for 8',0 € N(0y) and some 3 = O(1),
L(8') < L(6) + (8"~ 0,V,L(6)) + 56"~ 0]3.

A form of smoothness is utilized for most existing analysis (Allen-Zhu et al., 2019; Banerjee et al.,
2023). We work with smooth activation functions, which makes the smoothness condition easier to
establish, but we note that similar conditions are usually established and used for ReLU networks as
well Allen-Zhu et al. (2019). As long as the two conditions are satisfied at step ¢ of the GD update
in (8), the loss is guaranteed to decrease with a suitable (constant) step-size choice.

Theorem 1 (Global Loss Reduction). Assume the loss L satisfies Conditions 1 and 2 with a; < 3
at step t of the GD update as in (8) with step-size n; = % Sfor some w; € (0,2). Then, VO €

arginf £(0) and 04, € arginf  L(O) with0 <y, := % < 1, we have
6 BEuc(g,) 6€QLNBE(6,) ¢

atwt(l - ’Yt)

ﬁwwn—am<(r- ;

@—wﬁww»—amy ©)
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Our analysis is inspired by recent related advances by Banerjee et al. (2023), where a related anal-
ysis was done for basic feedforward networks. We abstract out from that special case, and demon-
strate that the analysis works for any losses satisfying Conditions 1 and 2. The heavy lifting for
the optimization convergence analyses is then to establish the two conditions for specific models,
viz. DONs and FNOs, which we respectively do in the next two sections. While NTK (neural
tangent kernel) based analysis has been widely used for convergence analysis (Liu et al., 2021a;
2022b; Allen-Zhu et al., 2019), for wide networks NTK implies RSC, and they are both sufficient
conditions for convergence (Banerjee et al., 2023). One can pursue a purely NTK based analysis of
convergence—we do not take that route, instead establish convergence based on Theorem 1.

5 OPTIMIZATION ANALYSIS FOR DEEPONETS

In this section, we focus on DONs based on smooth activation functions. To build up to the opti-
mization analysis, we first establish a bound on the spectral norm of the DON predictor, in particular
showing that | V2Gg(u)(y)|l2 = O(ﬁ) where, again, my = mgy = m. The spectral norm bound
is then used to establish a form of Restricted Strong Convexity (RSC) of the DON loss (2), which in
turn is used to establish geometric convergence of gradient descent (GD). For the analysis, analogous
to Liu et al. (2021b), we consider a FNN for the branch net:

0) _ (O 1 O] (ll)> _ w1 (L) (L—1)
ay’ =u, ap = —W ,Vie[L —1], =a;’ = W«
i ;= ( N L=l f=ap” =72 Wy ey
(10
where my and L denote the width and depth of the branch net respectively, ¢; is the activation
function at layer [, « f) are the outputs at layer /, and W(l) (l) denote the weight matrices at
layer [. Similarly, we consider a fully connected feedforward network for the trunk net:

_ 1 ywe

1
0) — 0 — = w1 vy _ — o) =
Qg Y, Q4 oy} ( - g Og > , Vil e [L 1]7 g =ag - p P

1D
where, again, mg, and L denote the width and depth of the trunk net respectively and I/Vg(l) = wf]i)]
denote the weight matrices at layer [ of the trunk net. We consider we have K outputs on each of

the networks, and so W(L) € REXms and Wg(L) € RExmyg,

We denote by (w}Lk) )T and (w, (L ))T the kth row of the matrices W( ) and Wél) respectively. We let
O?id and G?d be the vectors obtalned by vectorizing all the welght matrices from the hidden layers
W}l) and Wg(l), [ € [L — 1], and stacking them in a single vector respectively.

In order to aid our analysis, we make the following assumptions on the activations, the loss, and the
weights:

Assumption 1 (Activation functions). The activation functions ¢, at each layer | are 1-Lipschitz
and B4-smooth (i.e. ¢" < [By) for some By > 0.

Assumption 2 (Initialization of Weights). All weights of the branch and trunk nets are initialized

independently as follows: (i) wgcl) ~ N(0,0%,) and wé(,lo) o~ ./\/'(O7 03 O)forl € [L — 1] where
opo = W and 04 = 2(1+m , 00 > 0; (ii) wf ~and wgo . k € [K], are random

unit vectors with wa L) l2 =1 and ||wgo . |l2 = 1 respectively. Further, we assume the input data

satisfies |[ullz = V/d, and [yl = \/d,,

We also introduce the nelghborhood set BE“C( ) = {6 e RPsHPs - |9 — Q| < p, |6 —

oM < p, ||wfk - wf 0 Vla < p1, ||wg . — wg " )lla < p1, k € [K]}. We focus on showing that the
two conditions needed for convergence of GD as discussed in Section 4 are satisfied by DONs. We
start with the definition of the restricted set Q. as in Condition 1 for a-RSC, parameterized by some
k € (0, %] Due to the involvement and interaction of two neural networks, the branch and trunk
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networks, the definition of Q% looks seemingly involved. However, note that Q?. is only needed for
establishing the @-RSC condition for the analysis, and does not change the computational algorithm,
which is simply GD run over all the branch and trunk network parameters.

Definition 2 (Q!. sets for DONS) For an iterate 0t = [OT Hlt]—r, consider the singular value

T g -
decomposition L 3" | q j 2y Zk 1 ngfk Vo g() = Y1 _ onapb), where § < gk
with q = Zi:l q;, and o, > 0,ap, € RP7 by, € RPy respectively denote the singular values, left
singular vectors, and right singular vectors. Further, let Gg = 13" | ql ql L Go(u )(yj(l))
Then, for a suitable x € (0, \f] we define the set:

- B q
Q! = {9’ =10,"6,"] : |cos(6'—6;,VeGo,)| > Ko > on(03 =0y, an)(0;—0g,:,by) >0 } . (12)

h=1

We now show that a-RSC (Condition 1) and smoothness (Condition 2) are satisfied by the DON
loss with high probability, which implies that GD will lead to geometric decrease in the loss.

Theorem 2 (RSC). Under Assumptions 1 and 2 and Q. as in Definition 2, (a) B. := Q! N
BE%‘; (6g) N BE“C(Ot) is non-empty for suitable p, ps = O(1), and (b) with probability at least

1-— H at step t of GD, VO’ € Bt, the DON loss L satisfies

. c Ll L G
ar = c1||VeGyl|3 — \/—% , where G;= - Z — Zth(u(l))(g,é )) . (13)

for some constants c1,ca > 0, where cy depends on the depth L and the radii p, p1, p2. Thus, the
loss L satisfies RSC w.r.t (Bt 0,) whenever |VoG|3 = Q(—=).

vm
Theorem 3 (Smoothness). Under the Assumptions 1 and 2, with probability at least 1 — for 0 c
BEu(0), L is B-smooth with § = 4(KX* + c)(\}% +0) +2K2\20? with ¢ = max(c(f), c9)) é =

max;; GT(u )(yj( )), 0= max(g(f), Q(g)), A = max(\, \y) with ) @ o) o9 Ny N as in
Lemma D.3.

Remark 1 (The benefit of over-parameterization for the RSC property). According to (13),
[VeG:|3 = Q(\/%TL) is needed to ensure that oy > 0, i.e., to ensure that the empirical loss sat-
isfies the RSC property at time ¢. As the width m increases (of both branch and trunk networks,
since they both have the same width), the quantity ||V ¢G||3 will be able to attain the RSC property
at a lower value. O

Remark 2 (Over-parameterization allows for a larger neighborhood around initialization). It can be
shown that if choose p < v/m, p1 = O(poly(L)), and the initialization parameter oy < 1 — ﬁ,
then there is a polynomial dependence on the depth L in all of our results. Moreover, since it
is possible to make the radius p larger as we increase the over-parameterization, it is possible to

enlarge the neighborhood around the initialization point where our guarantees hold. O

6 OPTIMIZATION ANALYSIS FOR FNOS

Complementary to Section 5, in this section establish the required conditions for the convergence of
GD for FNOs. We again do so by bounding the spectral norm of the hessian of the FNO predictor, in
particular showing that | V2Ge(u)(z)||2 = O(\/%) This is then used to establish the @-RSC of the
FNO loss (7), which in turn can be used to establish the geometric convergence of gradient descent
(GD). Our analysis is inspired by, and borrow ideas from, (Banerjee et al., 2023) and (Liu et al.,
2021a). To this end, recall the FNO model

1 1

f=alt? .= ! —— vl
m



Under review as a conference paper at ICLR 2024

(1) and rg ) denoting their re-

where W) and R(") denote the parameters at layer | € [L + 1] with w,; ;
spective entries. We denote entire set of trainable parameters of the FNO by 6, where 8 = [0, 6,7 ]
and 0, = [vec(W)T ... vec(WEHNT vT]T and 6, = [vec(RM), ..., vec(RETD)T]T. We
denote the number of parameters by p,, + p,, where p,, = dim(0,,) and p,, = dim(0,.). We let

0" be the vector obtained by vectorizing all the weight matrices from the hidden layers W),
[ € [L + 1], and stacking them in a single vector. Furthermore, let the parameters be initialized at
Wél) and Rél), i.e. their entries are initialized at wélz ; and r(gl% ; respectively. Furthermore, let 6
denote the parameters at initialization and 8, denote the parameters at an intermediate step ¢.
Assumption 3 (Activation functions). The activation functions of the FNO (¢;) at each layer | are
1-Lipschitz and By-smooth (i.e. ¢"" < 4) for some 4 > 0.

Assumption 4 (Initialization of Weights). All weights of the FNO are initialized independently as

Lo ! w
follows: (i) w&)ij ~ N(0,03. ) and rév)ij ~ N(0,03 ) forl € [L + 1] where ¢, = 2(1:1\’ﬁogm)
Va2m
o1, L e . . . -
and oy, = W), where 01,4, 01, > 0; (i) v is a random unit vector with |v]2 = 1.

Further, we assume the input to the network satisfies ||o?) ||y = v/d.

We also introduce the neighborhood set B} (0) = {6 € RrwtPr : ||@hid — ghid||, < p, [|v —
V]2 < p1}

Next, we establish the two conditions required for the convergence of GD. Note that unlike DONS,
the Q. sets for FNOs are relatively simpler due to a single feedforward architecture.

Definition 3 (Q! sets for FNOs). For iterate 6, € RPvTPr et 7 =
I E Zle VoG, (uD)(x;). For k € (0,1], define Q = {6 € Rprutr |
|cos(0 — 0y,v:)| = K}

Theorem 4 (RSC). Given that the activation functions satisfy the smoothness property (Assump-

tion 3), the parameters are initialized as in Assumption 4 and the Q. set chosen as in Definition 3,
(a) B, := Q. N By"“(6y) N B}(8,) is non-empty for suitable p, ps = O(1), and (b) with prob-

ability at least (1 — %) at step t of GD, the FNO loss L (7) satisfies c;-RSC w.r.t. (BL,0;)
where, for constants c1,ce > 0, we have

n R
=~ 12 Co = 1 1 (4)
= - = ==Y = ). 14
ar = ¢1||VoGell5 T’ where Gy n; R;G(;t(u )(x;) (14)
Thus, the loss L(0) satisfies RSC w.r.t (BL, 0;) whenever |VoGy|% = Q(\/l—ﬁ)
Theorem 5 (Smoothness). Under Assumptions 3 and 4 with probability at least
(1 2E52) vo,0' € BE(60),

2
ﬁWU§M®+W—&Vﬁw»+§W—W; with g:m%u@%%i (15)

Lemma 6.1 (Predictor gradient bounds). Under Assumptions 3 and 4 and for 0 € BEHC(HO) we
have

[VeGo(u)ll2 < o, (16)

where 0> = h(L+2)2, h(l) = ¥~ +(¢(0)] Zf: vl and v = o1 + ﬁ With oy = 014 + 01,
and p = py + pr-

Proof. The proof follows directly from Lemma 4.1 in (Banerjee et al., 2023)

Remark 3 (The effects of over-parameterization for FNOs). The same observations as in Remark 1
and Remark 2 that show how over-parameterization ensures (i) a better condition for ensuring the
RSC property, (ii) a larger neighborhood around the initialization point over which our guarantees
hold.
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Figure 1: Training progress of DONs with smooth activations as measured by the MSE loss (2) for
(a) Antiderivative Operator, (b) Diffusion-Reaction Equation and (c) Burger’s Equation. The y-axis
is again plotted on a log-scale to clearly demarcate the effect of increasing width. Increasing the
width m again leads to lower training losses.

7 EXPERIMENTS

We now turn to a simple empirical evaluation of the effect of over-parameterization on the training
performance of DONs and FNOs, as measured by the empirical risk over a mini-batch B of the
training dataset. We present empirical findings for three prototypical operator learning problems
for DONs: (a) The Antiderivative (or integral) operator, (b) The Diffusion-Reaction Operator and
(c) Burgers’ Operator. Similarly, for the FNO model presented in Section 6, we present empirical
evaluation on two prototypical operator learning problems: (a) Antiderivative Operator, and (b)
Burger’s equation. For definiteness, we set the width in each layer of the branch and trunk net to
be the same (i.e. my = my = m) for the DON and then increase it uniformly from m = 10 to
m = 500. We monitor the training process over 80, 000 training epochs and report the resulting
average loss. Similarly, for the FNO, we adopt a similar strategy by increasing the width. Note that
the objective of this section is to show the effect of overparameterization on the Neural Operator
training and not to present any kind of comparison between the two Neural Operator.

Remark 4 (Antiderivative Operator). The Antiderivative operator is a linear operator and hence is
learned very accurately especially for wider DeepONets (Lp,, ~ 10712 at the end of training for a
DON), and similarly 10~° for FNO. O

Remark 5 (Diffusion Reaction). The Diffusion reaction equation also demonstrates lower loss with
increasing width, albeit less markedly than the antiderivative operator. This can be attributed in part
to the fact that the operator is inherently nonlinear. O

Remark 6 (Burger’s equation). The operator corresponding to Burger’s equation is more intricate
with the added periodicity constraints on the solution. While the DON learns the mapping and
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‘ \ \ \, FNO Training loss: Burger's Equation
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Figure 2: Training progress of FNOs with smooth activations as measured by the MSE loss (7)
for (a) Antiderivative Operator, (b) Burger’s Equation. The y-axis is again plotted on a log-scale
to clearly demarcate the effect of increasing width. Increasing the width (m) again leads to lower
training losses.

outputs the solution over entire solution space (z,t) € [0, 1] x [0, 1], the FNO in this case is only
aimed at learning the mapping from the input (initial condition ¢ = 0) to the final output ¢ = 1 and
not the entire solution space. O

8 DISCUSSION AND CONCLUSION

We present novel optimization guarantees for the convergence of gradient descent (GD) for overpa-
rameterized Neural Operators. We focus on Neural Operators with smooth activations and analyze
two popular classes of Neural Operators: (a) Deep Operator Networks (DONs) and (b) Fourier Neu-
ral Operators (FNOs), both in their simplest possible architectural configuration, i.e. feedforward
networks. For each neural operator, we establish the conditions required for the convergence of
GD based on restricted strong convexity (RSC) and smoothness of the loss. Our analysis is first of
its kind and provides an encompassing framework to study neural operator optimization. We also
present empirical evaluations on several prototypical operator learning problems that complement
our theoretical underpinnings showing that wider neural operators lead to overall lower training
losses across all the operator learning problems.
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A NEURAL OPERATOR INTRODUCTION

A.1 LEARNING OPERATORS

Here we briefly outline the notion of learning for neural operators Li et al. (2021a; 2020b); Lu et al.
(2021). The standard operator learning problem seeks to approximate a possibly nonlinear operator
G' : U ~ V by a parametric operator Ggco : U ~ V that depends on the learnable parameters
0. The goal is to learn an optimal set of parameters 81 such that Gy+ ~ GT. Given observations
{uD}n_ € U and {GT(u?))}7_, € V where ul) ~ 1 is an i.i.d sequence from the probability
measure £ supported on I and G/(u(?)) is possibly corrupted with noise, the objective is to find 67
as the solution of the minimization problem

6" = argming .o Euy [C (Go(u), GT(w))] (17)

where U and V are separable Banach spaces and C a suitable cost functional. This is analogous to
the notion of learning in finite dimensions, which is precisely the setup classical deep learning used
for.

A.2 DEEPONET ARCHITECTURE

Branch Net: f(0;;u)

m, width of the branch net
Input Functions

-
iy
W {{ue

m_ width of the trunk net

>

b g, “inner product”
S S . L - ’ |
- .‘. H H : S ‘ K ‘
H Pyt | Go(u)(y) = Z Fe(05;1)94(64; )
—® k=1
' R I % :
TS (0 1 W R I S R o [0 6em
Output Locations % 09 6, crY
9k

Trunk Net: 9(6,;v)

Figure 3: A schematic of the unstacked DeepONet architecture Lu et al. (2021) used in this study.
Note that the input functions need not be sampled on a structured grid of points in general.

B LEARNING NEURAL OPERATORS

B.1 DON TRAINING TUPLE

Each DON training data comprises of the tuple D) =
({u(i)(xr) R, {yj(-l)}?i:l,{G(u(i))(yj(-l))}gizl). The total training dataset comprises of all
such training tuples D = {D"}7_,.

B.2 MOTIVATION FOR FNOS

FNOs are closely related to the notion of fundamental solutions. This allows us to write
ki =k (z,y,a(x),a(y);0rw) = k(z—y;0rw) (Lietal, 2021a). Taking the Fourier

Transform (%) and applying the convolution theorem gives (KU (a;0zw)al=V) (z) =
T T (k) F (oY) (z),Vz € T, 1 € [L].

13
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This helps in parameterizing the kernel operator RY) = .7 (k;) directly in the Fourier space and in
simplified notation obtain, (KDa=V) (z) = F~1 (RV . (Fal=V)) (2),Vz € T, 1 € [L].

Replacing this quantity back in (5), following (Li et al., 2021a), we define each Fourier block as
follows

V(@)= (WOal-0 + 71 (RD. 7 (o)) (@), weT, LelL], (8)

where the Fourier transform of the input function o(~Y is Fal-D(¢) =
Ir e 2mi<€y>o (=1 (y)dy, y € T. Notice that R() is defined by the set of unknown pa-
rameters 0 ), whereas 0 is defined by both the affine operator W® and parameters 0 ruy. We
now turn to the discrete version of (18) and the associated architecture.

Since we have a discrete domain, we employ the Discrete Fourier Transform (DFT). The entries of
the m x m DFT kernel (F') can be written (up to a suitable scaling) as Fj; := e%(kfl)(i'*l)’
where k, j € [m] which allows us to write its action on an input vector a! Y€ R™ as

m

o= D Figay ! = o TMem Gy, (19)
j=1

where i2 = —1.

C OPTIMIZATION CONVERGENCE ANALYSIS, FOR SECTION 4

In this appendix, we establish results for Section 4. In particular, we show that if Condition 1 (c-
RSC) and Condition 2 (smoothness) are satisfied, GD is guaranteed to geometrically decrease the
loss as in Theorem 1. Our analysis follows the recent work of Banerjee et al. (2023), and we provide
all proofs here for the sake of completeness.

We start with the following Lemma which shows that Condition 1 implies a form restricted PL
condition

Lemma C.1 (Restricted PL). Assuming Condition 1 is satisfied, i.e., By := QL.NN(60) N B (6;)
is non-empty and the loss L satisfies a-RSC w.r.t. (By, 0y), then L satisfies a restricted form of the
Polyak-Lojasiewicz (PL) condition w.r.t. (B, 0;):

1
— < 2
L)~ jnt £(6) < 5 [VoL(6))] @0)

Proof. Define
~ (@2
Lo,(0) := L(8:) + (0 — 61, VoL (8)) + [0 — 043 -

By Theorem D.4, VO’ € B;, we have
L(6') > Lo, (0') . 1)
Further, note that ﬁgt (0) is minimized at ét+1 := 0; — VoL(0;)/c; and the minimum value is:
o . 1
inf Lo, (0) = Lo, (0:41) = L(0;) — 7||V0£(0t)“% .
[ 20y

Then, we have
inf £(0) (g inf L, () > inf ﬁgt (0)=L(6,) — i||V9£(0,5)||§ ,
0B, 0cB, 0 20
where (a) follows from (21). Rearranging terms completes the proof. O

Next, we show that the restricted PL condition on B; in Lemma C along with smoothness (Condi-
tion 2) can be used to show geometric loss reduction on Bj;.

14
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Lemma C.2 (Local Loss Reduction). Assume the loss L satisfies Conditions 1 and 2 with oy < 3
at step t of the GD update as in (8) with step-size 1 = % for some wy € (0,2). Then, for any

041 € arginfoc or (nr(a,) £(0), we have

QWi

B

L(0rs) - £0) < (1 L. m) (£(6,) — £(0)) . @)

Proof. Since L is 8-smooth by Theorem D.4, we have
£0111) < L(0) + Orsr — 0, VoL(8) + 51601 - 843
= £(0) ~ 9oL+ 2L VoL (63 @3)
=00~ (1- % ) Voo

Since 0,41 € arginfycp, £(0) and a; > 0 by assumption, from Lemma C we obtain

—[IVeL (O3 < —204(L(8:) — L(B141)) -

Hence
£0010) ~ £60s1) < £600) - £(62) e (1- 721 ) IVaL(O)]B
@ 7] B 5
S L(0:) = LOr1) —me (1= =~ ) 206(L(6r) — L(Br41))
= (1= 20 (1- 1) ) (2(60) - £60)
where (a) follows for any 7, < 2 because this implies 1 — % > 0. Choosing 1; = “F,w; € (0,2),
— atwt —
£000) ~ £8r0) < (1 2512 ) (L6 - £(61).
This completes the proof. O

Finally, we show that the local geometric loss reduction result in B, (Lemma C.2) can be extended
to show geometric loss reduction, which is the main optimization result.

Theorem 1 (Global Loss Reduction). Assume the loss L satisfies Conditions 1 and 2 with oy < 3
at step t of the GD update as in (8) with step-size m; = “t Sor some w; € (0,2). Then, VO €

arginf L£(0) and 6, € arginf  L(0) with0 < : = L£O)"LO) 1 e have

0cBEu<(6,) 0€QLNBE<(8,) £(6:)-£(8)
_ 1 — _

£0u) - £0) < (1- L= 00 ) (2(6,) - £06). ©

Proof. We start by showing v, = £001)=LO7) catisfies 0 < v < 1. Since 6* € arginf £(0),
L(0:)—L(6%) 0EN (60)
0,1 € agginf L£(6),and 0,1 € QL. N N () by the definition of gradient descent, we have
€B,
L(0") < L(Br11) < L(811) < L£(0:) - 7||V0£(0t)”2 < L(0:) ,

where (a) follows from (23). Since £(6,,1) > £(0*) and £(6,) > L(0*), we have ; > 0. Further,
since L(0;11) < L(6;), we have v; < 1.
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Now, with w; € (0, 2), we have
L(Or11) — L(O7) = L(Or11) — L(Or41) + L(Oe41) — L(67)

< (122w ) (0000~ £0) + (1= T2 - ) (£(610) — £6°)
+ (60 - (1- 22 - ) @) - (007 - (1- 24
= (1512 ) ) (£06) ~ £(07) + 25 2 - ) (£(611) - £(6))
= (152 ) ) (£061) ~ £67) + 52 - ) (£060) - £(67)
— (12 h0e - w0 ) (600 - £(6).
That completes the proof. 0

D ANALYSIS FOR DEEPONETS, FOR SECTION 5

D.1 NON-EMPTY RESTRICTED SET Qg FOR DEEPONETS, AS IN DEFINITION 2

First, recall our definition of the Qf{ set for DeepONets:

Definition 2 (Q!. sets for DONSs). For an iterate 6; = 9;,5 Olt]T, consider the singular value
decomposition %Z?:l i ?;1 4 Zszl Ve, l(ci)veggl(;}—'— - Z:l onanb;l, where § < qk
withq = Y1, q;, and o, > 0,a, € RPf by, € RPs respectively denote the singular values, left
singular vectors, and right singular vectors. Further, let Gg = L3 | % 1, Go (u(i))(yj(-z)).
Then, for a suitable k € (0, %], we define the set:

! ! ! T ! ~ q. / !
QL = {0 = [BfT BQT] : |cos(0'—0,,VeGo,)| > m,ZUh(Bf—Bﬁt,ah><0g—09,t7bh> >0 } . (12)

h=1

We now show that these restricted sets Q% are non-empty.

Proposition 1 (Q°, is non-empty). For over-parameterized branch and trunk nets with py, py > qk
where ¢ = ", q;, the restricted set QL. as defined in 2 is non-empty.

Proof. From the definition of Q%,, " needs to satisfy two conditions, which we refer to respectively
as the cosine similarity condition and svd condition for convenience:

|cos(0" — 0, VeGo,)| > k (cosine similarity condition) ,

q
Z on(0f — O5.1,an) (0, —0g1,by) >0 (svd condition) .
h=1

.
We simply construct a 8’ = [6’}—r 0’9T] € Q' along with the value of k. Without loss of generality,

we make 6; the origin of the coordinate system and work with the unit vector g = [g g,]" =
_VoGo,
IVeGo,ll2’
6’ also to be a unit vector. Then, our problem reduces to feasibility of the following system of two
quadratic equations over 8’ € RP/, 0 € RPs:

since the cosine similarity condition does not care for magnitudes Further, we assume

((0%,85) + (0, gg>)2 > 2 (cosine similarity condition) ,

q
G}T (Z Uhahbz> 0; >0 (svd condition) ,
h=1

16
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where singular values o, > 0, ap, € RP/ are orthogonal unit vectors, b, € RP¢ are orthogonal unit
vectors, & = [&; &, ] € RP/TPs and @' = [0;0;] € RP/ P9 are unit vectors, and we can choose

a suitable k € (O, 1]. Without loss of generahty, assume ||g¢|l2 > ||8gll2 so that ||gf|l2 > %
Then, set 87 = 0 so that our fea51b111ty condition reduces to (6, gs)? > k? for some suitably
chosen r € (0, 1]. Finally, set 8’ = ”g H so that

- 2
_ gr _ _ a1
s = (Eer) —lerliz 5.
! 1gl2 =2
so that the feasibility condition is satisfied for x € (0, f] That completes the proof. O

D.2 SPECTRAL NORM OF THE HESSIAN OF BRANCH AND TRUNK NETS

The convergence analysis makes use of the gradients and Hessians of the total loss and the predictor
with respect to the parameters 8, namely,

VoL(0) = [Vo,LVe,L], and VAL =H () = [ Hf-}{ Hyg } : 24)
g 99
where Vo, L(0) € RPf = 0L(0)/00; and Vg, L(0) = 0L(0)/00, € RPs. Note that we make
use of the notation Vg, (-) to denote the derivative wrt the parameters 6 and this is not a functional
gradient. Similarly, the individual blocks in the 2 x 2 block Hessian H () are given by

0L 9L 9L &L

V2 L= - —H] = —V2 L=
F=Vok =502 Mo =pg.06, Mor =11a= 50,00, Mo =Ve, L= g2
(25)

where Hyy € RPI*P7 Hyy € RP9*Po, Hpy € RPI*Po, Hyy € RP9*Ps and the argument 6 is
ignored for clarity of exposition. Using (2) and rewriting the derivatives in (24) and (25), we get

n K n
aaf Z Zf D90V, i and Z Zf ka)Ve 9y 0
i=1 k=1 vi=1

J 1

for the gradients, and

(925 1 i n 1 qi ; ;
DD W WS b3 o o W L g |
=1 j=1 i=1 7" j=1 kk=1
0L , % = (1) £(1) (4) ()T
39792:72 Z%ka Ve, 9 kﬁr Z ZE > 05 Ve,0.,Ve,0:,07 |
b =1 kk=1
0L
00700, - Z Zfl,gzveffk)veg Ik, T Z ZW Z gka V"ffk Ve, ; @
b =1 kk=1
—H —g®

fa

27)

for the individual blocks of the hessian (24) where, we make use of the notation g,(cl)J = gx(0y; yj(-i))

and [\ = fi(67;u).

In order to prove the RSC and smoothness properties of the empirical loss £ in the next section,
we will need to upper bound the spectral norm of its Hessian. As can be seen above, the gradient
and Hessians of the predictors (i.e., the branch and trunk networks) appear in the Hessian of £, and
thus, we will eventually need the upper bound of their norms. For this, we will make use of the next
lemma.

17
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Lemma D.3 (Bounds on the Predictor). Under Assumptions 1 and 2, and for 6 € BE“C(GO), with
probability at least 1 — 2L (%f + %g)’ we have for every k € [K], i € [n], j € [¢],

2 o] o P
Hveffk < e and Hve g (28)
|Vo, 12|, < e, and |V, g(.’?] gg‘f'), (29)
A<M, and (g < Ag (30)

where ¢f) | (9 oF) o9 X| Ny are suitable constants that depend on the depth L and the radius
P P1-

Proof. The proof follows from a direct adaptation of Theorem 4.1 and Lemma 4.1 in (Banerjee et al.,
2023).

D.4 OPTIMIZATION GUARANTEES FOR DEEPONETS

Theorem 2 (RSC). Under Assumptions I and 2 and Q. as in Definition 2, (a) B. := Q. N

BE‘;? (60) N BF<(6y) is non-empty for suitable p,py = O(1), and (b) with probability at least

1 — 2% arstep t of GD,VO' € BY, the DON loss L satisfies
- c
;= c1||VeGy||3 — \/—% , where G;= Z ZGQ (u™)( ) . (13)

for some constants cy,co > 0, where co depends on the depth L and the radii p, p1, p2. Thus, the

loss L satisfies RSC w.r.t (B, ;) whenever ||VoGy||3 = Q(\/lm)

For (b), for any 8’ € B?, by the second order Taylor expansion of the DeepONet loss w.r.t. iterate
0, € B!, we have

L(O') = L(6:) + (0 — 0,,VoL(6:)) + %(9/ _ et)Taia%(zé)

(0/ - 015) )

where 8 = €6 + (1 — £)8, for some & € [0,1]. To establish c;;-RSC of the loss with ; as in (13),
it suffices to focus on the quadratic form of the Hessian for 8’ € B, and show

(@' —6,)"H(0)(0 —6,) > a,]|0' — 0,2 (31)

Note that the Hessian, by chain rule, is given by

HO) = T = 130 D (G0 VGG + TG0

Given the 2 x 2 block structure of the Hessian as in (24), denoting 6 := 0’ — 0, for compactness,

the quadratic form on the Hessian is given by

50T H(0)66 = 667 Hy(0)56 + 256 Hyy(6)30, + 06, Hyy(6)50, . (32)

T1 T T3

One of the aspects of the analysis for each of the terms 77,75, T5 is that we have to change the
dependencies of the gradient terms from 6 to 6; and then suitably use properties of Q.. Focusing

18
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on T and using the exact form of H(8) as in (27), we have

2
11 & A D 1 n 1 &
=02 2t <59f729/(~c3veff15)(9f)> +ngZféjZ 9,001 V5, 1 (07)50,
i— qi j=1 k=1 o1 di j=1 k=

a) 2 T~ 1 & A2 (2KA A 4 ) AgcD
2 25 LS (66, V6, Gyu ) ) - BEAR £ A
NS j=1 vmg

qi

—

16613

Il
SHEN
M:

I
—

7

=

I
(2K M \a + &) Agelh)
. Vg
where (a) follows from having a square loss and the different bounds in Lemma D.3, so that 62/7 =2
and [£};| < 2K\ \g + € with & = 2 max;; GT(u(i))(yj(-i)). Now, note that

Z Z<59f7vefGet( @)( > +Z Z<60f,vgf )(yj(_i))_VefGet(u(i))(yJ(_i))>2

[

166115 .

Q

(087, 6,Go, () (5")) (081, Vo, Go(u) (") = Vo, Ga, (u)(y\") )

1

<59f7V9fGet( Ny (Z))>

_|_

S
'M:
S |

i=1 j

<

[

>

||M
1M

1
1 i

iz; qli | w0, Go, )W) [V, Gaw®)w") — Vo, Go, (w®) )| 150511

1
n¢

1 n 1 i (z) (f) C(f)
_;232%%% D) e NG

where we have used Lemma D.3 and the fact that |0 —6; ¢||2 < |00 |2 and |0, —8; 4|2 < [|08,]|2.
As aresult

2 (D 4 rcg)plh)
Z Z<60f,vefGe<“>>< N) - P g, o

where we have used [|00||> < p. The analysis for 75 is similar, and we get

i (9) 4+ \ (9)
Z Z<50g,ve L T
j g

Focusing on 7% and using the exact forms in terms of H }Z) (6) and H }29) (6) as in (27), we have

1 . ~
55:50} ,Z ZE ngffk (6)Ve,94(8,)7 | 56,
k=1

1 ] 1

Iy

1 n 1 qi K ) _
coo7 (LSS LS (S v stan) (35 5050007 ) o,
i=1 " j=1 k=1

k'=1

I3
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For both I5 and I3, our goal is to first transfer the dependence of the gradient terms on 010 6,, so

that we can use properties of the restricted set Q% which is based on 6, to simplify the analysis.
Towards that end, note that

I :(50}r Z Zf Zveffk (0:.1)Va, 9 (at g) 66,

K
+ 66} Z(vgf (0) = Vo, £(01.1)) Vo,03(8,)" | 66,
i1 k=1
+46] Z Ze ngf 0.5) (V0,9:5(85) = Vo, 98, (etg))T 36,
] 1
@ d
> 60]‘ (Z ahahbh>

—fZ ZI\Veffk (67) = Vo, 11" 001)||, | V0,9 00)7 |, 1505111158, 1

An 1T R E ;
-2y 4 3 ||Ve 7 000)|, |[To,800) = Vo, 081, 967 112166412

i=1 1 j=1k=1

—fZ ZHV (61) ~ Vo, 17601 |[Vo,985 00T 156121158,

A1y S () (p (i)
— o Y|V 00 | Vo6 8) — Vo,6501.0) | 150512110,
i—1 4 v j=1k=1
(c) A c(g)g(f) A c(g)g(f)
2 (M 2 ooy, )
my \/TTf
1 /M@ o) A9 o)
> 5 (M 2 ool
mf mf

where (a) follows from the SVD in Definition 2, (b) follows since 8’ € B! and 60 = 6’ — 8,, by the
properties of Q. C B*, we have )", 04,(00,a)(66,,b) > 0, and (c) follows Lemma D.3 and
the fact that |0 — < 1|60¢||2 and ||0, — 0, 4|2 < ||664]|2-
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Next focusing on I3, since we are using square loss, we have

I; =066] ( Z ngf )V, Gg(ul )(yﬁ“)T) 30,

S
@711:1 ql_ (367, V0, Go(u™) (0" ) (80, Vo, Glu) (5"
- iz;_ (60, V0,Go, () (")) (305, Vo, Go, (V) (5"))
+i§;= (667, (Va,Gaw™) (4") = Vo, Go, (') (5")) ) (66, Vo, Ga(u™) (4"))
+igql= (901,90, Go,)w,”)) (85 (7, G ")) = Vo, G, (u )5} )
> ;_lql:l (665,90,Go, () (")) (80, Vo, Go, (') (") )
- ;;;; Vo, Ga(u™)(0") ~ Vo, Go, () (") ||Vo,Ga(u)w)||, 150511, (58,11,
- i; ;E [ 76, Go, ()|, [ Vo, Go )55 — T, Go, )5 156711 1581,
> ii;j%l (665,90,Go, () (")) (88, Vo, Go, (™)) ) (C%) 4 C%)> 156,11, 1156,
> ;qu_ (56,6, Go, (u?)(51")) (88, V5, Go, () (")) — & (%) +C%)) 156]2

Combining the bounds on T4, T, T3 and using m = m, = my, for a suitable constant ¢, based on
) 9 o) ol X p, we have

507 H(6)30 > Z Z(<69f,vefGet<u<i>><y§»”>>>+<6eg,vegGet<u<i>><y§“>>)2—\j%wen%

2 ({965, 6, o, a1 ) +((5,.%0,Go. ) w")) )~ S=l013

€2 2
—||60
Z |5613
®) 2 ~ 2 2
> 52| VoG, 1315613 -

— (66,V6Go,)” —

\/>H59||2

= o100]3 ,
where (a) follows from Jensen’s inequality and with Gg = 1 3" | ql ql L Go(u )( ) as in
Definition 2 and (b) follows from Definition 2, and oy, = & ||V.9G9 1% — \/ﬁ That completes the
proof. U

Theorem 3 (Smoothness). Under the Assumptions 1 and 2, with probability at least 1 — == for 0 c
BEu< (), L is B-smooth with B = 4(K )2 + c)(\?% +0) +2K3\20? with ¢ = max(c(f), c9)y é =

P5P1
max;; GT(u )(yj( )), 0= max(g(f), Q(g)), A = max(\, \y) with ) @ o) o9 Ny N as in
Lemma D.3.
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Proof. By the second order Taylor expansion about 8, we have £(6) = L(6)+(6'—0,VoL(0)) +
10" — é)T%(H’ — 0), where 8 = €6’ + (1 — £)8 for some £ € [0, 1]. Then,

0 — é)T 82£(é) @ —8)= (6 - ( Z Zel! VG( (1) )VGé(u(i))(yj(.i))T

00?

TGO ) (6 - 6)

n qi
i=1 1_7‘:1
Iy
*Z D 6)"V2Gy(u) ()0 - 8) .

Iz

Now, note that
n qi
:%Z%Z%< ~0,.9Gu) ("))
a) . . _
22 ZHvag<u<’>><y§”>Hj||eue|\3

(v) - _
< 2K*X\?0%0' — 0|3,
where (a) follows by the Cauchy-Schwartz inequality and (b) from Lemma D.3 as follows:

lgm (65)Vs fé“}

1G (@) ()2 < DA 7
0 lg (0f )Veggl(c,z‘

k= 2

K
vagff; lalgi}] + V5, 0k i ll2 ££7] < K (092 + 0¥)\e) < K e

For I, with Q5.5 = (8 — ) TV2G45(u®)(y")(6’ — 6), we have
. r_pn2 a2, @y, () y ¢ I a2
Quin| 116" = 815 [V2Ga(u)(w)]|, < 20—+ o)le" - 013

where the last inequality follows from

1 1 3 T
\gk>\||v2 2 Ve, 10V, 01

Vo, 00096, 10 1PV ol

o, 1112 +20V25, £ 1211V26, 9112 + 171195 gmll <2+l

HVQGé(u(i))(yy))H

9 =

Then, we have

Z D 0)TV2Ga(u) ()6’ - 6)

_ e _
AKX +¢)(“= 0 —0|3
(KA +c)(\/%+9)|| 2
with & = max;; GT(u®)(y$").
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Putting the upper bounds on I; and I back, we have

, AT 0%L(6)
0 —-6)" e

_ - by - _
6 — @) < |4(KX? + a)(\/—% + o)+ 220202 (0" — 62
This completes the proof. O

E ANALYSIS FOR FOURIER NEURAL OPERATORS

Theorem 6 (Hessian Spectral Norm Bound). Under Assumptions 3 and 4 and for 6 € Bf“c(ﬁo),
with probability at least 1 — %,for any u;, 1 € [n], we have

IV6G(8; ui)ll2 < ﬁ (35)
where Gy(+) is corresponds to the FNO predictor and cgy = ..... For definiteness, we recall the FNO
model

o = ¢ <1W<z>a(11> N 1F*R“>Fa<l1>) e+
vm m (36)
1
f = OZ(L+2) = ﬁvTQ(L+1) )

where W, RO € R™* ™ for | € {2,..., L+ 1}, W) ¢ R™*4 R = 0and (¥ = x € R™.

Proof. The proof follows as a direct result of Lemma E.1, E.2, E.3, E4,

Lemma E.1 (Initialization 0f the Parameters). Consider the initialization of the parameters

(l) by w(()l)zj and R(l by RO i respectively where wo Tl N (0 oo, ) and similarly R(() )”

N (0, O'OR) with 0o, = L and oy, = S S— Then, we have,
2(1+ logm) 2(1+ logm)
W s < or,v/m,  and (R |2 < o1 /m. (37)

Proof. The proof follows directly from Lemma A.1 in Banerjee et al. (2023). We reproduce it here

for the sake of completeness. For (m; x m;_1) random matrices Wo(l) and R(l) with i.i.d entries

wo i € N(0,07,,) and ré € N(0, 05 ,.), the largest singular values are bounded from above with

probabilities (1 — 2 exp(— t2 /203 .,)) and (1 — 2exp(—t*/203 ,.)) respectively, namely,

Umax(WO(l)) S UO,w(\/ my + vV ml—l) + t, and Utxlax(R(()l)) S 0'0,7"(\/ my + vV ml—l) +t. (38)

In order to derive the above concentration result note that Wél) = ao,wWél) and R(()l) = (TOWR(()Z),
where the entries wo i €N(0,1) and F(()lzj € N(0,1). We can then write

E[|W" 2] = 00,uBIWs|l2] = 00, (v + /1),
E[|RY||2] = 00, E[| RS ||2] = 00, (v/mi + v/ii—7)

from Gordon’s Theorem for Gaussian random matrices (see Theorem 5.32, Proposition 3.4 in
(Vershynin, 2010)) where the function f : B — ||ogB]||2 is a og-Lipchitz function (where the
matrix B can be treated as a vector). Finally, choosing t,, = 0 .,v/2logm so that (38) holds with
probability at least (1 — —) In order to obtain the result in (37) we consider the following cases:

e Casel: [ = 1. Withmg = d, and m; = m.

HWél)Hg < oo(Vd+ vm + \/2logm) < 0o(2v/m + \/2log m),
R =o.
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e Case2: 2<[<L.Withm;=my_1=m

W2 < 00,0 (2\/77n—|— \/210gm) o IRV < o0 (2\/77%1— \/210gm) :

O1,r

s

Now, using o¢ ., = - Tw and Oy =
2(1 + logm) 2(1 + logm)

2m 2m

completes the proof. [

Proposition 2 (Layer-wise matrices). Under Assumptions 4 for 0 € BE“C(GO), with probability at
least (1 — 2/m) we have

[w| < (alw + pw) v, and |RO| < (alR +

N )m,le[L+1] (39)

Pr
vm
Proof. By the virtue of triangle inequality, we have for [ € [L + 1]

(a)
WOy < WPz + WO =Wz < o10vm + pu,s

(a)
IRVl < R 2 + 1RO = B |2 < o10vm + pr,
where (a) follows from Lemma E.1. O]

Remark 7. Note that R(Y) = 0, so that Proposition 2 is trivially satisfied for it. [

We now show that the Lo norm of the output at the layer  of the FNO, i.e. a(¥, is bounded by
Lemma E.2 (Ly-norm of the output at [-th layer). Consider anyl € [L+1]. Under Assumptions 3
and 4 for 6 € BE“C, with probability at least (1 — %), we have

a0, < v (Ul N fm)ﬁmiz_l; <m 4 J%)_ 16(0)] = <vl + 16(0)| iv) v,

(40)
where,
01 =01,w + O1,r, andv P = Pw + Pr-

Proof. We prove the result using induction (see Lemma A.2 in Banerjee et al. (2023)). First, note
that the input is normalized to have ||u|l; = v/d, which implies that [|a(?)|, = v/d (note that
RM = 0). Then, using the fact that my = d,, and ¢ is 1-Lipchitz,

1 1 1
¢(W<1>a<°>) - ¢<0>2sH¢(W“>a<O>>—¢0> sHW(”a(O) (41)
(75 , 1Ol = flod 7 Oll, =z :

which in turn gives,
1 1
| = W (0)> B (O ) 0
ol o) <] e
1
< = W, ]
< —= [ o], + v
< (1 + ) vin + o)l

< (o1 + 000+ 2L} Vi o0
where we use m instead of d,, to aid clarity in the subsequent steps below. Now, for completeness,
consider also the output at layer 2, namely,

b

1 1
0= o (o L)
Vi vm )
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which gives,

1
¢( W F*R(Q)Fa(l)) — 16(0) |2
H Vm 2

)
2

< H¢> (WLW(?)CW + \/%F*R@)Fa(l)) — ¢(0)

1 1
< ||l—w®a® 4+ R pa)
H VY @

2

and, in turn,
@) L @0 L pepe
a2 < ﬁW e +ﬁFR Fal +H¢( P
1 1
§HW<2>a<1> +HF*R<2)Fa<1> +1(0)|v/m
vm 2 m 2

1 1
< ——[WPa]laV]> + ﬁ||R(2)||2||a(l)||2 +v/m|¢(0)]

< (1t L 4014 L2 ) @ + Vo)

< Vi (o + \/%) # (14 (o0 + ) ) Voo

Now, for the inductive step, consider that the output at layer [ — 1 satisfies

+ 0’177’ +

-1 -1 7—1
(1-1) H < Pw + Pr Pw T Pr 0
(0% .
H SV (01w +on+ o n \Fm; Trow+ 01+ 16(0)]

Finally, at layer [, we have

I A L S U
[«], = o= . , | eVl = vimlo o) 42)
Pw + Pr (I-1)

< (o1 + 222 ol 4 Vi) 43)
( -
i—1
Pw t Pr P

< Vi (al,w Fout ) v (al ¥ ) ). @

Introducing v = 01 + %, we can write

l .
laD]ly < vm (71 +16(0))] Zv”) : (45)
i=1

This completes the proof. O

LemmaE.3. Forl € {2,..., L+1}, under Assumptions 3 and 4 for § € B}"(6y), with probability
at least (1 — Z]), we have,

g |I* pw \ pr N\ o 46
gl < < - .
H@a(l—l) = <”1v“’ + m) = <”17’“ M \/Fn> Yot (50)
Proof. We have
80[“ 1 1
[aa(l 1)] B \/mgb’(a(l Y) [ J [F"ROF] ] ’
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Now, [|All2 = supj,),=1 [[Av||2 we have,

(’)a(l) 2 1 ( 2
| = s (o
Haaﬂ Dy of=1m

(a) 1 N (b) 1
< swp — (WO + [FROFu|3) Y sup — (WO} + |ROw]3).,

lvll2=1 [lvll2=1

(WO + FROF) qu)

(47)

where (a) follows from the fact that ¢ is 1-Lipchitz and using the triangle inequality, and (b) follows
from the fact that F* and F are isometries wrt the Lo norm, i.e. || Fv||3 = ||[v||3 and || F*v||3 = ||v]|3.
This finally gives

2

9o < L (jwogz + r0)3 Y o)
Haaﬂ o, < 5 (IO )= (ot G) + (e 75)
=7 +7
This completes the proof. L]

Lemma E.4. Consider an arbitrary layer | € [L + 1] and the gradient of the output at layer [ with
respect to the parameters, i.e.,

da®)

0 _ | Ow®
9= 1 5ad

or®’
where, w") = vec(W®) and rV) = vec(RW). Under Assumptions 3 and 4 and for 6 € Bf“c(ﬁo),
with probability at least (1 — %),

-1 2
g3 <2 (7(“) + [¢(0)] ZWU)
i=1

Proof. We can index the vectors w(") and () using j € [m] and 5’ € [d,] for | = 1 and j’ € [m)]
forl € {2,..., L + 1}. Therefore,

Ha® 1 (1 -1 1 i=y
{ } = —=¢'@")s;0l, 7Y, 5ij:{
1,57

Ow® 0 otherwise -

m
Now, for ! € {2,...,L + 1}, we can write the 2-norm of the matrices as follows
2
daD) 1 & ( ) SN -1
— g 03 Vi
H(‘?W“) 2 IVie mg i
< sup fHVa(H)\@
HVHF—lm
< Sup *HVII =13
Vilr=1
(a)
< sup *IIVHFII =013

IVile=1
< 2 fal-v)2

2

-1 2 -1
%) % l\/ﬁ (v” + ¢(0)|Zv”>] = (7” + |¢(0)|Zv“> 7

—~
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where, (a) follows from the fact that |V'[|3 < ||V||% and (b) from (45). The [ = 1 case follows in a
similar fashion:

2
|22, < et = iz =1 |52 -
Similarly,
n2 m
‘% 2 |vs|up1r2;(¢ (&) FiFype ™! )ij')2

< swp —|(FVF)alD)3
\lvnF:lm

< sup ||F*VFH§||04(Z_1)HS

IVilr=1

< sup *IIF*H IVIBIENZ e 3

IViie=1

(a) 1
< VIR a2
sup [V}

[V]F=1
< Ljat-np2
= 2
2 2
(b) 1 -1 — i—1 l 1 1
< Ly (A 1) | = (A e |Zw ,
=1

where (a) follows again by ||V |3 < ||V||% and the fact that F'* and F are unitary matrices, and (b)
from (45). Now, finally

2
9o |I” [ 0a®|? - < i

o = | gurs |, + | o], =2 (7 + b1 ) @)

This completes the proof O

We now focus on bounding the hessian of the predictor (36). Note that the FNO model can be
considered having (L + 1) layers, with Layer 1 being the feedforward single layer encoder, the
L layers from 2 to L + 1 being FNO layers, and Layer (L + 2) being the output of the linear
decoder. Furthermore, we make use of Einstein summation convention, i.e. repeated indices imply
summation, unless explicitly stated.

The Hessian matrix H for the L FNO layers can be viewed as 2 x 2 block matrix, namely,

HyH'™ HR
H= H(ll,l2) Hl 12)

where
D T{he (1,1) blocl; has L x L sub-blocks corresponding to HiR) = m forly,ly €
9,...,L+1},
D T{he (2,2) blocl; has L x L sub-blocks corresponding to i) = m forly,ly €
2,...,L+1},and
e the (1,2) and (2, 1) cross blocks have terms of the form Hq(u(l} ) m forly,ly €

{2,...,L+1}.

There are additional blocks corresponding to W), including
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e diagonal block H((1 b o

= w2’

o off-diagonal blocks Hi{"") 1= -0 for Iy € {2,..., L+ 1}, as well as H{('"Y,

ow ow(1)
and

e off-diagonal blocks H{'?) := forly € {2,..., L+ 1}, as well as H(2Y.

aw(l){)r(lz)

Further, there are additional blocks corresponding to v, including

e diagonal block H, a—f which is 0,

e off-diagonal block H,S(fj) : forly € {1,...,L + 1}, as well as va(,lﬁ), and

ov a (11)

o off-diagonal block Hi(,li) : forly € {2,..., L+ 1}, as well as Hé(iul).

ov 6 (12>

Gradients. The gradient of f wrt any w1 and any r(), Iy € [L+1]and forany ly,lo <1< L,

is given by

=

of dat2) L 9D\ oy
ortz) — \ art2) 9a'=1) | 9o
=l2+1

I

af dall oa®) of
owl) <aw(l1 H aau' D | 9a® ° (49)

(50)

Note that the choice of [ with [; < [ < L gives different forms of the recurive decomposition.

Further, as typical, ]_[Z with a > bis simply a 1, i.e., the term does not affect the analysis.

For the analysis, for convenience, let [, ls respectively be the index for w,r when both w, r are
being considered, and we will consider both [; <[5 and [; > [5, which suffices due to the symmetry
of H.

First, note that

L+1 L+1 L41 L1 L+1
1Hllz < > 1HS D o+ Y JH D o423 HIE D o 42 [HE e +2 Y 1 HE 2
l1,la=1 l1,l2=2 I1=112=2 I1=1 lo=2
(51
Diagonal blocks. Note that the analysis for ||Hq(1,(ll’l2)||2 and ||H§(l1’l2)||2 terms follow exactly
from the (Liu et al., 2021a).
Off-Diagonal blocks. For the off-diagonal blocks, we focus on bounding ||H1(,;(,l#’12) ||2 for (Case
1.A) I; < lo, (Case 1.B) Iy < I,. Further, we bound (Case 2.A) || H{' |2 and (Case 2.B) || H\2)||,.
We define
(w,r) —
Q" (f) : X {Haa(z)H }
) PO
(W) gy O o
2 (f): e {H@w(l) ) ‘ 0 2} 5
Q(w,r) (f) L a (ll) aa(ll) 6201(12) o (1) 12)
220 U= A% < W(ll)ar(ll 221 1OWI) ||y [[dallz=Dor) |, o | 7] dr(h) Oé(l2 Dowl2)
da ) dall2) d?alls)
Haw(ll) ow(l2) (Oalls=D)2 [, 5, |
(52)
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Q(+D)
Let Ly denote the layerwise Lipschitz constant, i.e., maxe(f,_1j || 22 T2 < Ly.

Case 1.A: 1 <[y <y < L. By building on the form of the gradient, we have

pe - _Oat _0f da) B 9a®) 2a (=) of
ow (1) grly) gall) o=ty + ml: 11_[+13 -1) | §al2=D)grl) \ §al)
=t1

L gal) =L 5u) galz) =1 ga) 92a® of
+ Z Owl) l’—ll_[+1 Hal'-1) Or(l2) ]._.[ Hal'-1) (3a(l—1))2 <3a(l)>'

I=lp+1 v
Then,
|H 2 |y < H i ‘ Hc?a(ll 12‘1 aaf” H 92a(12) é)f‘
; ow)grt) ||, 8a(ll Ow(h) 2y l+1 dal'-1) 9ala—1) grz) rot da@ || _
dal) l ! dal) da2) l of
I=ly+1 (H Owltly,, 2 11+1 dal’=1) ) (H or(t2) ||, 2 12+1 3@ =1 )H a(l D)2551 8a(l)Hoc
920 o7 o fat o
< Haw(ll)ar(ll) 221 Oallr) ‘OO+L¢2 ' w1 ) 9alz—1) grlz) . m ‘Oo
o ok oy
I=lo+1 owlh) [, || or(t=) (Oal=1))2 900

Then, based on the definitions in (52), we have
IHSR2) |2 < C1 Q5751 (/) Q% (f)

where (1 is a suitable constant.

Lemma E.5. Under Assumptions 3 and 4 for 0 € BE“C(OO), the following inequalities hold with
probability at least (1 — M])

m

2

I1—1
§B¢<“1+|¢> |Zv ) (53)

82 (l]
Haw(ll Vor1) ||y,

2

2 ()
H O a (54)

dal=17 |y,

?all2) g

|l

lo—1
_6¢<7 +(ORT H100)] Y ! ) +1 (55)

1=1

Proof. We first begin with proving (53). Note that from (36) we have

2 (L)
L - l(b” (d(ll)) cathi=Dg o Flgex (11 D,
oworly) —m o
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where we make use of Einstein notation and there is no summation on the index 7. Now,

‘ 8ol
(11) g,.(11)
6wjj, Orpps 2.2.1
<L Gy GeDs e (-1
sup —¢" (o ), 0 F Frgag ™ Ve Vo,
Vil r=1,|Vallp=1 =5 m J J+ ik a=q i kk
m ¢//
= sup —_ (V1ij,04(.l/1_1)) ( ;;gVQkk/Fk/qOé((llll)>‘
Vil p=1,[Va|lr=1 ;=1 | ™ / (56)
= sup <V1a(ll_1)7(F*VQF)a(l1_1)>‘
Villr=1,|V2| F=1

(a) 2 2
2 a2 ([ o )
IVillp=1,|[Val| =1 20 2 2

2

®) B, 2 2 R
< Pe (z1—1)H H (11—1)H _ li—1 i—1
< 2 ([lao]+ o 0[) = 56 (4 +ROI )

follows from (45). This completes the proof for (53).

where (a) follows from: |V1a(l1*1)|f < [Via? < |Vilj3]le|3 and ||V ]2 < ||V1H% and (b)
O

For proving (54), again note from (36) that

9%a® 1
[a} = —¢"(aD) (W}ﬁ + R(”qu) : (W},? o R(Z)ka)
7,k

2 % u tuv
804(1*1) m P~ "Pq

_

m ij Tiuttuv ip* pq

wiOwW + Wl F ROF, + FL, RO F, W 4 Fr ROF, B RO Fy,
——

=T =T, =T; =T
(57)

Then, we can write

|[mice) > | (paim)
—_ = sup _ V1,V | -
9al=1%]llao1  Jorlla=1,fvalo=1 = |\ Oah-D? /), ;7"

Let us now handle each of the terms separately:

m " "

m
sup Z RTl'ijvljUQk = dL sup Z ‘ (Wi(;)vlj) . (W_(]i)vlk)‘

1
lo1ll2=1, [lv2ll2=1 527 M |y [|la=1, | v2lla=1 =

_

sup <W(l)v1,W(l)v2>‘
M vy ||l2=1,]|va]|2=1 (58)
B
< Lo (WO 013 + 17O Blva3)

2
Pw 2
< _— = .
< By (Ul,w + ﬁm> B Yo
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ol ol G « p(l) * p(l)
sup —Ty,;v1,02, = — sup ‘((F R F)Z--vlj) . ((F RYF); wp)’
Hvluzzl,uvzuz:l; m fom Hvl\lz:LHvsz:l; ! :

i

~ T awp <(F*R<”F)v1, (F*R(Z)F)v2>‘
M oy |2=1, v [l =1
ﬁ * *

<5t s (|FROF e+ 1FROF v}
M vy ||2=1,||v22=1

IN

%\ pROPY3
m
B
“2|IR'I3 = Boe.

(59

m " "
sup Z —T5,,v1,v9, = ¢ sup Z’ W(l)vl (F* R(l)F)vag ’

lvilla=1,llvall2=1 5= ™ M vy [l2=1,[|vall2=1

¢//
= — sup
M vy [l2=1,[|vall2=1

Be

2m

Be.
2m

<W(l)'v1, FHR(Z)F1;2>’

IN

s (WO llou)3 + |1 FROF(3 02 3)

lv1]l2=1,[|vz|l2=1

(IO + 1RO1Z) = 2 (33 +12)

IN

(60)

Similarly, for the term corresponding to 75 we obtain
m ¢// 5 )
sup —T5,,v1,02, < == ('yw +7) (61)
Hvlnzzl,uvzuz:l; m T2
Putting together (58), (59), (60) and (61), we get

92a®
Haa(l_1)2

2

< 285(ve +92) <2072 + 72 + V270 w) = 297 (62)
2,2,1

This completes the proof for (54). We now look at the proof for (55). First note that

& all) 1 - (I2) « bl lo—1 1 ~(la)\
L,a(w = 0@ (Wi + PR ) FiFyaoll>™) + 2o/ (6(). Fi P
i’ 1,57k

¢N l (b * * l
= S (W Fygal> ) 4 S (B R Fy Py Firgall ™)) + —=

T rq

=T, =T,
Again, we analyze each of the terms separately

¢//

m

= sup
221 oill2=1,Vallr=1 ;2

(ka(lz)F* vy, F. (121))‘

HTli,jj’k

/!
= sup ﬂ <W(l)’01,F*V2Fa(121)>‘
lloill2=1,[IVallp=11TT

(63)
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(b// l2) lo—1
T - sup (F*R<2 o1, Fi-Va , Firgalle >)
H B B e K S
1/
- sup ¢ <F*R<l>FU1, F*VgFa(l"‘_l)>‘
||v1n2=1,nvz||p—1 m

< sup (IIF ROFv, |2 + | F*VaFall2=D) |12 )
[lo1ll2=1,||Va|p=1 T

< s (RO 3+ | FVE el )3)
llvilla=1,][Vallm=1 T

2
< Do (IROB 1 a0 3) = 22 (424 (%lz D160 Yy )
=1
(64)

where (a) follows, again, by exploiting the isometry of F* and F' wrt the Lo norm, and using
[[Va|l2 < ||V2]| . Finally,

¢/

m
T3 = sup Z F* Va, ., Fjrgu
H i,jj'k 22,1 Hu1H2:1,||V2HF:1 P \/E I k
/
= sup F*VyFwv,
o1 =1, |Vall p=1 | VTV
Lo (65)
< g SRl
o1 [la=1,[[Vall p =1 VI =
< swp Zn vl < s Vallp=1
o1 ll2=1, [V | p= 1\7 " o1 ll2=1,[Va | r=1 ’

where we make use of the fact that > | [ Va,.|l, < my/Sm, [ Va3

|5 and the isometry of
F* and F' wrt the Lo norm. Combining (63), (64) and (65), we get

2
?all2)

et~ gr('2)

la—1
—%b(’yw+vr)+ﬂ¢<7”2 Y+ 10 |Z’Y )
2,2,1 (66)

lo—1
< By (72 + ("2 +10(0)] Y vi‘1)> +1
i=1

This completes the proof. O

Case 1.B: 1 <y <[y < L. By building on the form of the gradient, we have

92ala) 9 dallz) =t gat) &aln) 9
Hg’lr,lg): f 1[11212]+ ) H ( 4 >

Ow(l2) or(l2) 9 l2) or(l2) Vi Oa—1) | gali—D)ow) \ §all)
=i2
Lo (9ot 21 9a) da) L 9a®) 92a® of
+l;1 o) | 111 a0 | \ gwi H 9T ) @al-D)2 (aa<z>>'
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Then,
g, < | 2o of 9o 5 || 0 Pal) o7
v [ owl) or(e) 9.1 Oall2) Or(2) 20=ly4+1 dal'=1 dalbi=Dawt) |, ,  ||dath) ||
Hall2) l L oat) Ha) -1
r(l2) W m H 60{ (I'—1) a(l 1) a(l)
= l“ 2= l+1 2 20l 41
92all2) of A dal2) 92a(h)
ow2)0r2) [, | || 9alt) || or) ||, || 0ati—Dowl) ||, , | 30& ll) o
L [2l—h dal2) || 1 §alh) ?a® of
—i2

Lemma E.6. Under Assumptions 3 and 4, with 0 € BE“C(HO), we have with high probability

2
92al2) 2 l ) la—1
e — < 2— 67
Haw(lz)ar(12) ‘2,2,1 < B +1(0)] Z 7 (67)
52l 2 2 (o -1
o hi—D) hw(ls) < v . 68
H 0l =Dogw®) ||, | = Bo | 7"+ ("7 +9(0)] Z v (68)

Proof. The proof of (67) follows in a manner similar to the proof of (53). Next, for proving (68)
consider the following

dall) <Z>”(52§l1)) . : ¢//(~(ll ) . . 1
bmnmw}k:TnW%%%m-nlﬂﬁ%M&%j+ﬁﬁWW%%
4,35'
=T =T> =T3

Then analyzing each term separately, we get
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and, finally,

= sup Z \q/ba
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< ji: V/A—\01H2|V3n
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Hence, we have

9 2

0?allr)
H dalli=1)gw(h)

li—1
<52 (087 + 5 ( H 19 (0)] ; vi*)

2,2,1

) (72)

11—1
<B¢<7 +9" 7 410 (0 |ZW )

This completes the proof of (68). L]

Finally, we remark that the analysis for the diagonal blocks a8 and H) follows directly
from (Banerjee et al., 2023). The interested reader is referred to Theorem 4.2 (and equivalently
Theorem 3.1 in (Liu et al., 2021a)).

Then, based on the definitions in (52), we have
||H(ll’l2)“ < Qz 2, 1 (O (f)

where C] = ---. Here

Case 2.A: 1 < [; < L+ 1. For Hessian terms involving (v, w), since % = ﬁa@“), we have

H) 1 9alt+h 1 [ 9a® o 9a)
v, W \/> aw(ll - \/ﬁ owl(l) Wt daV—1)
=t1
Then,
1 || 9ot FAR P NCS) 1 (w,r)
IH{L D)l < —= H —— | < —=LEy""(f)
vm || Ow ) 2y i Aal'=1) , m?

Case 2.B: 2 < I, < L + 1. For Hessian terms involving (v, ), since % = \/%a(L“), we have

H<z2>fL30‘(L“)fL gal) T )
v ont .~ m \ o) L e

4
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Then,
(12) L+1
le%
HH(lz) H a l I
\/ Or(l2) it

Thus, the hessian of the FNO predictor is bounded.
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