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ABSTRACT

Constraint-based causal discovery methods require a large number of conditional
independence (CI) tests, which severely limits their practical applicability due to
high computational complexity. Therefore, it is crucial to design an algorithm that
accelerates each individual test. To this end, we propose the Flow Matching-based
Conditional Independence Test (FMCIT). The proposed test leverages the high
computational efficiency of flow matching and requires the model to be trained
only once throughout the entire causal discovery procedure, substantially acceler-
ating causal discovery. According to numerical experiments, FMCIT effectively
controls type-I error and maintains high testing power under the alternative hy-
pothesis, even in the presence of high-dimensional conditioning sets. In addition,
we further integrate FMCIT into a two-stage guided PC skeleton learning frame-
work, termed GPC-FMCIT, which combines fast screening with guided, budgeted
refinement using FMCIT. This design yields explicit bounds on the number of
CI queries while maintaining high statistical power. Experiments on synthetic
and real-world causal discovery tasks demonstrate favorable accuracy-efficiency
trade-offs over existing CI testing methods and PC variants.

1 INTRODUCTION

Conditional independence (CI) testing is a challenging task in statistics and machine learning. It has
been widely used in causal discovery (Pearl, 1988; Spirtes et al., 2000) and variable selection (Dai
et al., 2022; Yang et al., 2025). Assume we have p variables X = (X1, . . . , Xp) with Xi ∈ R for
all i. CI testing for causal discovery is to test the following hypotheses:

H0 : Xi ⊥⊥ Xj |XS v.s. H1 : Xi ̸⊥⊥ Xj |XS , (1)

where Xi and Xj are arbitrary two variables among the p variables, and S ⊆ [p] \ {i, j} is a
(possibly empty) index set; we write XS := {Xk : k ∈ S}. When S is empty, the test reduces to an
unconditional independence test.

One of the most prominent applications of CI testing is constraint-based causal discovery. A
representative and well-established example is the PC algorithm, which has served as a foun-
dational method in this line of work and recovers a causal graph by repeatedly testing whether
Xi ⊥⊥ Xj | XS for different triples (i, j, S) (Pearl, 1988; Spirtes et al., 2000; Kalisch & Bühlman,
2007). During its skeleton-learning stage, PC algorithm removes edges by searching over condi-
tioning sets of increasing size, which can trigger a combinatorial number of CI tests and become
the dominant computational bottleneck in high-dimensional settings (Kalisch & Bühlman, 2007;
Colombo et al., 2014). As a result, designing computationally efficient CI tests is essential for
making constraint-based causal discovery practical.

∗Equal contribution.
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Recently, many CI testing methods have been developed. The kernel-based methods measure the CI
in reproducing kernel Hilbert spaces and conduct hypothesis testing accordingly (Fukumizu et al.,
2007; Zhang et al., 2011; Shah & Peters, 2020; Scetbon et al., 2022; Guan & Kuang, 2025; He et al.,
2025b; Miyazaki & Uematsu, 2025). However, kernel-based methods typically incur cubic time
complexity with respect to the sample size, which severely limits their scalability and significantly
slows down causal discovery on large datasets. Another line of work focuses on metric-based CI
testing methods, which test CI relationships using carefully designed test statistics (Wang et al.,
2015; Runge, 2018). However, their performance is often compromised in high-dimensional set-
tings. Recently, Candès et al. (2018) proposed the conditional randomization test (CRT) framework,
which is able to effectively control the type-I error under high-dimensional cases. However, a key
limitation of this framework is that it requires knowledge of the conditional distribution of Xi given
XS , denoted by PXi|XS

(Li et al., 2023; 2024). Fortunately, recent advances in generative models
have rapidly progressed and effectively address this limitation (Ho et al., 2020; Song et al., 2021),
giving rise to a line of CI tests based on generative models (Bellot & van der Schaar, 2019; Shi et al.,
2021; Yang et al., 2025; Ren et al., 2025; He et al., 2025a).

Despite their flexibility, existing generative-based CI tests remain computationally expensive.
Among these methods, the conditional diffusion model based conditional independence test (CD-
CIT) demonstrates strong performance on individual CI tests (Yang et al., 2025). However, its
high computational cost makes causal discovery based on CDCIT impractical. More importantly,
in causal discovery algorithms, both the target variable Xi and the conditioning set XS vary across
CI queries, often requiring conditional generative models to be retrained for different (i, S) pairs.
This repeated retraining substantially increases the overall computational cost and severely limits
scalability (Bellot & van der Schaar, 2019; Yang et al., 2025; Ren et al., 2025). Therefore, to make
generative CI testing practical, it is crucial to both accelerate each individual test and avoid repeated
model training across all CI queries in causal discovery algorithms.

To address the aforementioned challenges, we design a new CI testing method tailored for the PC
algorithm, termed the Flow Matching based Conditional Independence Test (FMCIT). FMCIT lever-
ages flow matching (FM) together with Picard sampling, enabling accurate conditional sampling and
precise CI testing with substantially reduced computation time. Moreover, compared to previous
generative-based CI testing approaches, our method requires training the FM model only once,
which further leads to a significant speed-up of the overall causal discovery algorithm.

Beyond accelerating individual CI tests, we also aim to reduce the overall number of CI queries
required by constraint-based causal discovery. To this end, we develop a guided PC-style skeleton
learning framework that focuses CI testing on the most informative variable pairs and conditioning
sets, yielding a practical accuracy–efficiency trade-off in high dimensions.

Our contributions are summarized as follows:

• FMCIT: We propose a novel and fast CI testing algorithm specifically designed for causal discov-
ery. FMCIT leverages flow matching to learn the joint distribution of the data and employs Picard
sampling for efficient sample generation. Moreover, FMCIT reformulates conditional sampling as
an imputation task over the entire dataset given the conditioning variables, so the flow matching
model is trained only once throughout the causal discovery process.

• GPC-FMCIT: a two-stage PC skeleton learning algorithm that combines fast screening with an
edge-specific guided conditioning pool and a per-edge CI-query budget, using FMCIT as the main
CI oracle.

• Empirical validation: extensive experiments on synthetic CI benchmarks and high-dimensional
causal discovery, and real-world studies such as gene network inference, demonstrating favorable
efficiency–accuracy trade-offs.

In Section 2.1, we propose FMCIT, which performs CRT using fast flow-matching-based condi-
tional sampling with batched Picard–RePaint imputation. In Section 2.2, we integrate FMCIT into
a guided and budgeted PC skeleton learning pipeline (GPC-FMCIT) to reduce the number of CI
queries. Section 3 presents synthetic benchmarks for both CIT and causal discovery, and Section 4
evaluates our approach on real-world data. Background on CRT and the PC algorithm is provided
in Appendix A.
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2 METHODS

2.1 FLOW MATCHING BASED CONDITIONAL INDEPENDENCE TEST (FMCIT)

Our proposed CI testing method is based on the Conditional Randomization Test (CRT) which is
detailed introduced in Appendix A.1. Despite the multiple advantages of CRT, it suffers from a fun-
damental limitation: the conditional distribution PXi|XS

is typically unknown in practice. Previous
work by Bellot & van der Schaar (2019) proposed estimating PXi|XS

using generative adversarial
networks (GANs); however, training a GAN is often unstable and prone to mode collapse, making
it difficult to accurately learn the distribution Dhariwal & Nichol (2021). More recently, Yang et al.
(2025) and Ren et al. (2025) proposed learning PXi|XS

via score matching. However, due to the
slow sampling speed of stochastic differential equation (SDE) solvers, both methods are compu-
tationally expensive. More importantly, when combined with the PC algorithm, these CI testing
methods require retraining a generative model for each individual test, which dramatically increases
the overall computational complexity.

To address the slow sampling speed of SDE solvers, we instead employ flow matching Lipman
et al. (FM, 2023) to learn the conditional distribution PXi|XS

. The training process of FM is stable,
and its ordinary differential equation (ODE) solver enables fast generation of samples that approx-
imately follow PXi|XS

. Moreover, to reduce the number of model training procedures, we use FM
to learn the joint distribution PX of all variables only once across the whole PC algorithm. We view
sampling from PXi|XS

as imputing the missing values of X given XS . We first generate a sample
approximately following PX|XS

which is the distribution of X given XS . Then, we only pick up
the generated Xi and discard the other variables. We employ Picard sampler to generate Xi condi-
tioned on XS , which is a standard practice in generative missing value imputation and time series
forecasting Hu et al. (2025).

Let X(1) = X ∈ Rp denote the target variable. FM connects a Gaussian noise X(0) and X(1)
through an ordinary differential equation (ODE):

dX(t)

dt
= X(1)−X(0), X(0) ∼ N(0, Ip), t ∈ [0, 1], (2)

which also implies that:
X(t) = tX(1) + (1− t)X(0). (3)

When performing generation via the ODE, the target variable X(1) is unknown in advance. There-
fore, the vector field at the right-hand side of the ODE in (2) is replaced by the conditional expecta-
tion E[X(1) −X(0)|X(t)]. In practice, this conditional expectation is also intractable. Therefore,
we use a neural network vθ to approximate the vector field by minimizing the following loss:

EX(0)∼N(0,Ip), X(1)∼PX , t∼U(0,1) ∥X(1)−X(0)− vθ (tX(1) + (1− t)X(0), t)∥22 . (4)

Consequently, the ODE used for data generation is given by:

dX(t)

dt
= vθ(X(t), t), X(0) ∼ N(0, Ip), t ∈ [0, 1]. (5)

We view sampling from PX|XS
as imputing the entire X given the conditioning variables XS . Here,

PX|XS
denotes the conditional distribution of X given XS , which includes the target conditional

distribution PXi|XS
. To achieve this, we combine Picard sampling with RePaint Lugmayr et al.

(2022); Hu et al. (2025) to inject the information from the conditioning set S throughout the whole
generation process. Specifically, given a sampling schedule 0 = t0 < t1 < · · · < tL = 1, we first
draw X(0) ∼ N(0, Ip) as the initial point. In each time step ti < 1, we apply one Picard sampling
step to obtain an estimate of X(1), denoted by X̂(ti):

X̂(ti) = X(ti) +

∫ 1

ti

vθ(X(t), t)dt ≈ X(ti) + (1− ti)vθ(X(ti), ti). (6)

Here, the≈ is because we do not wish to expend substantial computational resources to evaluate the
integral

∫ 1

ti
vθ(X(t), t) dt. Moreover, we note that the true vector field in the ODE (2) is linear, which

allows the integral to be well approximated by (1−ti) vθ(X(ti), ti). Since the approximation is quite
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Figure 1: An illustration of Picard sampling and RePaint.

rough when ti is small, we then replace the components of X̂(ti) corresponding to the conditioning
set S with the given values of XS , and map the modified estimate back to time t = ti+1 using (3)
together with a random noise εti+1

∼ N(0, Id) : X(ti+1) = ti+1X̂(ti) + (1− ti+1)εti+1
. Inspired

by RePaint Lugmayr et al. (2022), we use the random noise εti+1
rather than the initial noise X0,

which introduces stochasticity into the ODE sampling process and leads to higher-quality generated
samples. In the last time step t = tL−1, we repeat all processes without mapping it back.

Unlike Euler and Heun schemes that propagate local discretization errors step by step, Picard sam-
pling performs a global fixed-point iteration Hartman (2002), yielding more stable and coherent
imputations under observed-data constraints. RePaint introduces stochasticity into ODE-based sam-
pling, making the imputed samples more realistic Lugmayr et al. (2022). Overall, the combination
of Picard sampling and RePaint not only improves the quality of imputation but also avoids the high
computational cost caused by repeated RePaint iterations. Our sampling method requires only 5–50
steps to generate high-quality samples, whereas SDE samplers used in diffusion models typically
require more than 200 steps.

In conclusion, we reformulate the problem of sampling from the unknown conditional distribution
PXi|XS

in Section A.1 as an imputation task, where FM is used to impute the entire dataset condi-
tioned on XS . Notably, the CRT requires generating B samples, and we sample these B instances
in parallel, which substantially reduces the computational cost of the CRT. The training procedure
for flow matching, the sampling algorithm, and the overall FMCIT algorithm can be found in Algo-
rithms 1, Algorithms 2, and Algorithms 3, respectively.

2.2 GUIDED PC SKELETON LEARNING WITH FMCIT

We briefly recall the PC-stable skeleton learning procedure in Appendix A.2. Our guidance is com-
puted only from the screening outputs and is used to prioritize candidate conditioning variables
when forming an edge-specific pool. It does not change the CI oracle in the refinement stage, which
remains FMCIT. We integrate FMCIT into a two-stage skeleton learning procedure to accelerate
PC by reducing both the number of CI queries and the cost per query. Let Gscr = ([p], Escr) be a
screening skeleton obtained by running PC-stable with FisherZ at level αscr and maximum condi-
tioning size dscrmax Colombo et al. (2014). This screening stage removes evidently independent pairs
cheaply and yields a sparse graph whose neighborhoods provide useful candidates for conditioning.
The refinement stage initializes G(0) ← Gscr and then performs PC-style edge deletion only on
edges in Escr, using FMCIT as the CI oracle with significance αfm.

In the refinement stage, at conditioning level ℓ ∈ {0, 1, . . . , dmax}, for each current edge (i, j) we
search for a separating set S with |S| = ℓ such that FMCIT accepts Xi ⊥⊥ Xj |XS . If such an S is
found, we remove the edge i − j and record Sep(i, j) ← S (and symmetrically Sep(j, i) ← S). A
key computational challenge is that the number of candidate sets grows combinatorially with ℓ and
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with the size of the adjacency sets. To control this growth, we restrict the candidate search space
via an edge-specific guided conditioning pool of fixed size k and test only a budgeted number of
conditioning sets per edge per level.

We first define the raw candidate set from the screening neighborhoods. Let AdjGscr
(i) denote the

adjacency set of node i in Gscr and define

Qij :=
(
AdjGscr

(i) ∪AdjGscr
(j)

)
\ {i, j}.

Intuitively, Qij collects variables that are locally connected to i or j in the coarse screening graph
and therefore are plausible candidates for separating i and j. We then construct a fixed-size pool

Pij ⊆ [p] \ {i, j}, |Pij | = k, (7)

by selecting variables fromQij and completing the pool using a global ranking when |Qij | < k. The
global ranking can be any deterministic score that is cheap to compute from screening information
(e.g., frequency/degree-based scores), and is used only to keep the pool size fixed across edges.
Optionally, we compute a coarse component structure on [p] (e.g., via stability frequencies across
several screening levels, or via triangle support) and prioritize variables outside the components
containing i and j, which tends to enrich the pool with variables that act as cross-region separators,
in line with guided constraint-based ideas Shiragur et al. (2024). In our implementation, stab
builds components from edge-selection frequencies across a small set of screening levels, while
tri builds components from triangle-supported edges in Gscr.

In all cases, Pij is constructed deterministically given the screening outputs and a random seed (if
sampling is used), ensuring reproducibility.

Given Pij , at level ℓ we test only a budgeted family of conditioning sets

S(ℓ)ij ⊆
(
Pij

ℓ

)
, |S(ℓ)ij | ≤M, (8)

where M is the maximum number of tested sets per edge per level. If
(
k
ℓ

)
≤ M , we enumerate

all sets in
(Pij

ℓ

)
; otherwise we randomly sample M distinct sets uniformly (with a fixed seed). For

each S ∈ S(ℓ)ij , we compute the FMCIT p-value pij|S and accept conditional independence when
pij|S > αfm. We remove the edge as soon as the first accepted separating set is found (early
stopping), which further reduces the average number of CI queries per edge.

Each FMCIT query is implemented as a CRT with conditional resampling based on a flow-matching
model. Importantly, in our pipeline the flow-matching model is trained once on the full joint dis-
tribution PX (for fixed hyperparameters and normalization) and then reused across all refinement
queries. For a given (i, j, S), FMCIT generates CRT resamples by imputing the missing coordinates
of X conditioned on XS using the Picard–RePaint sampler, and extracting the resampled coordinate
X

(b)
i for b = 1, . . . , B. This global-model reuse avoids retraining conditional samplers across CI

queries and is crucial for scalability in a PC-style procedure.

We further allow the CRT repeat count in FMCIT to depend on the conditioning level,

B(ℓ) =

{
B0, ℓ = 0,

B1, ℓ ≥ 1,
B(ℓ) ≤ Bmax,

which yields a practical speed–power trade-off: unconditional tests are typically cheaper and can
use fewer randomizations, while higher-order conditional tests are noisier and benefit from more
repeats. Optionally, one may also use a level-dependent statistic (e.g., a more expressive nonlinear
statistic at ℓ = 0 and a cheaper statistic for ℓ ≥ 1) without changing the overall procedure.

The guided conditioning pool restriction yields an explicit bound on the number of CI queries. Let
E(ℓ) be the edge set at the beginning of level ℓ in the refinement stage. Since refinement only
deletes edges, we have E(ℓ) ⊆ Escr for all ℓ. Moreover, by construction each edge tests at most M
conditioning sets at level ℓ, hence the number of CI queries at level ℓ satisfies

N (ℓ) ≤M |E(ℓ)| ≤M |Escr|.
Summing over ℓ = 0, 1, . . . , dmax gives the total bound

Ntotal ≤ (dmax + 1)M |Escr|.

5



Published as a paper at the 2nd DeLTa Workshop, ICLR 2026

Table 1: Post-nonlinear CIT benchmark (n = 1000, α = 0.05, 100 trials). We report empirical
type-I error and power.

dz scale s
FMCIT NNLSCIT KCIT EKCI CDCIT

Type-I ↓ Power ↑ Type-I ↓ Power ↑ Type-I ↓ Power ↑ Type-I ↓ Power ↑ Type-I ↓ Power ↑

10
0.50 0.08 1.00 0.09 0.90 0.24 1.00 0.47 1.00 0.07 0.94
0.75 0.05 1.00 0.08 0.55 0.24 0.97 0.45 0.98 0.04 0.74
1.00 0.04 1.00 0.08 0.32 0.23 0.88 0.44 0.91 0.04 0.62

50
0.50 0.05 1.00 0.11 0.88 0.14 1.00 0.20 1.00 0.08 0.97
0.75 0.07 1.00 0.06 0.52 0.14 1.00 0.23 1.00 0.07 0.80
1.00 0.05 0.98 0.05 0.30 0.15 0.99 0.24 0.99 0.05 0.69

Therefore, the overall refinement budget is controlled by three transparent quantities: the screening
sparsity |Escr|, the per-edge budget M , and the maximum conditioning size dmax. Algorithm 4
summarizes the full procedure.

3 SIMULATION STUDY

3.1 SYNTHETIC CONDITIONAL INDEPENDENCE TESTING BENCHMARK

Data generating process. We evaluate the performance of the proposed FMCIT using a post-
nonlinear data generation mechanism, which has been widely adopted in previous CI testing stud-
ies Scetbon et al. (2022); Li et al. (2023; 2024); Yang et al. (2025); Ren et al. (2025). Let
Z = (Z1, . . . , Zdz

) be a random vector whose dz components are independently drawn from
N(0, 1) and define m := 1

dz

∑dz

k=1 Zk. We generate X,Y as

H0 : X = f1(m+ sεx), Y = f2(m+ sεy),

H1 : X = f1(m+ sεx) + 0.5eb, Y = f2(m+ sεy) + 0.5eb,

where s is a hyperparameter controlling noise strength, εx, εy, εb
i.i.d.∼ N(0, 1), and f1, f2 are

randomly chosen from {X,X2, cos(X), X3, tanh(X)}. Then, we test whether X ⊥⊥ Y |Z.
We consider two conditioning dimensions dz ∈ {10, 50}, sample size n = 1000, and scale
s ∈ {0.50, 0.75, 1.00}.
Metrics. For each configuration, we run independent tests 100 times and report the empirical type-I
error and power when the significance level α = 0.05. In each trial, we split samples into a training
set and a testing set with ratio 0.5/0.5. Implementation details and hyperparameter settings for
FMCIT are provided in Appendix C.1.

Baselines. We compare FMCIT with several existing conditional independence testing methods,
including NNLSCIT Li et al. (2024), which combines k-nearest neighbors with the CRT framework;
KCIT Zhang et al. (2011) and its accelerated variant EKCI Guan & Kuang (2025), both based on
kernel methods; and CDCIT Yang et al. (2025), which integrates diffusion models with the CRT
framework.

Results. Table 1 reports the empirical type-I error and power. Across both dz = 10 and dz = 50,
FMCIT maintains type-I error close to the nominal level (α = 0.05) while achieving consistently
high power. KCI and EKCI perform poorly in controlling the type-I error. As the scale s increases,
the injected noise terms sεx and sεy become relatively stronger, effectively reducing the problem to
an independence test. In this regime, all other CITs exhibit a substantial loss in power, whereas FM-
CIT remains robust. This is because the other CITs only learn the conditional distribution of X given
Z, while FMCIT learns the joint distribution of (X,Y, Z), which effectively prevents performance
degradation when the conditioning information becomes weak and the conditional independence
test degenerates into an independence test.

3.2 CAUSAL DISCOVERY ON HIGH-DIMENSIONAL POST-NONLINEAR SEMS

Data generating process. We evaluate skeleton learning on random post-nonlinear structural
equation models (SEMs) with heavy-tailed noise. We first sample a random DAG over p nodes
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Table 2: Skeleton discovery on post-nonlinear SEMs with heavy-tailed noise (n = 500, p = 200,
df = 3, exp edges = 300, mcs = 2). We report mean ± std over 5 runs (seeds 0–4).

Method P ↑ R ↑ F1 ↑ SHD ↓ Runtime(s) ↓
FisherZ-PC 0.506 ± 0.036 0.688 ± 0.039 0.583 ± 0.036 295.6 ± 28.6 3.9 ± 0.6
EPC-ECIT 0.956 ± 0.021 0.431 ± 0.023 0.594 ± 0.024 176.6 ± 8.2 27.7 ± 1.6
GPC-FMCIT (ours) 0.604 ± 0.025 0.641 ± 0.032 0.621 ± 0.023 234.2 ± 14.1 110.6 ± 1.5

by selecting exp edges directed edges consistent with a fixed topological order (i.e., edges only
from lower-index to higher-index nodes). Each variable is then generated sequentially as

Xj = gj

 ∑
i∈Pa(j)

wijfij(Xi) + εj

 ,

where Pa(j) denotes the parent set, and each edge weight is sampled as wij = sij uij with uij ∼
Unif(0.7, 1.3) and sij ∈ {+1,−1} uniformly at random. For each parent-child pair, fij is randomly
chosen from a set of nonlinear functions (e.g., tanh(·), sin(·), quadratic, signed square-root, leaky-
ReLU), and each gj is randomly chosen from another set (e.g., identity, tanh(·), clipped sinh(·),
signed log(1+ | · |)). The noise term εj follows a Student-t distribution with degrees of freedom df
(heavy-tailed when df is small). We report results on the undirected skeleton of the ground-truth
DAG.

Experimental setting. Unless stated otherwise, we set n = 500, p = 200, exp edges = 300,
and df = 3, and use maximum conditioning set size mcs = 2 for skeleton learning. We report mean
± standard deviation over 5 runs with seeds {0, 1, 2, 3, 4}. See Appendix C.2 for full experimental
settings and evaluation details.

Methods. We compare the following approaches:

1. FisherZ-PC: PC-stable skeleton learning with Fisher’s Z test. We tune the significance level on
a small grid and fix it to α = 0.03 as the best-performing setting.

2. EPC-ECIT: the ensemble PC method (EPC) with an ensemble conditional independence test
(ECIT) Guan & Kuang (2025) , using FisherZ as the base CI test and aggregating p-values across
ensemble members (we use the default EPC settings with k = 3).

3. GPC-FMCIT (ours): our guided PC skeleton learning using FMCIT as the CI oracle. We first
obtain a screening graph using FisherZ-PC with αscr = 0.15, and then refine the skeleton by
running a guided deletion stage driven by FMCIT with significance αfm = 0.07. The guidance
uses the stability rule with stab alphas = (0.08, 0.10, 0.12), (stab low,stab high) =
(0.35, 0.65), conditioning pool size k = 10, and at most M = 2 candidate conditioning sets per
edge per level.

FMCIT configuration. We train a single flow-matching model on the full p-dimensional joint data
once and reuse it across all CI tests. Conditional samples are generated with flow-matching sampling
using sampling steps = 15 and a train/test split ratio train ratio = 0.6. We use adaptive
CRT repeats crt repeatℓ=0 = 15 and crt repeatℓ≥1 = 20 (capped at 200). Following a
hybrid choice of dependence measures, we use RDC at level ℓ = 0 and correlation at levels ℓ ≥ 1.

Results. Table 2 summarizes the results. Compared to FisherZ-PC, GPC-FMCIT improves F1
while substantially reducing SHD, indicating improved robustness beyond linear-Gaussian CI as-
sumptions. Compared to EPC-ECIT, GPC-FMCIT achieves a more balanced precision–recall
trade-off, yielding higher F1 under this high-dimensional heavy-tailed post-nonlinear setting.

4 REAL DATA ANALYSIS

We further evaluate conditional independence tests on the real-world flow-cytometry dataset intro-
duced by Sachs et al. (2005), which contains 11 signaling proteins measured under multiple ex-
perimental conditions. Following standard practice in the literature, we consider a fixed set of 90
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Table 3: Real-data CIT benchmark on the Sachs flow-cytometry dataset (90 fixed tasks, 10 rounds;
mean±std; positive=dependent). Best settings (chosen by highest mean F1 across the swept hy-
perparameters): FisherZ α=0.02; RCIT α=0.005; FastKCI α=0.01; FMCIT α=0.10, B=200,
RDC(k=10, s=1/3, n=1), sampling steps = 20.

Method Precision Recall F1 Runtime (s)

FisherZ 0.7222± 0.0000 0.6500± 0.0000 0.6842± 0.0000 0.0369± 0.0008
RCIT 0.7695± 0.0335 0.5975± 0.0184 0.6724± 0.0204 2.0312± 0.3698
FastKCI 0.7247± 0.0337 0.6400± 0.0337 0.6789± 0.0226 166.2569± 2.5656
FMCIT (Ours) 0.7826± 0.0245 0.7875± 0.0270 0.7845± 0.0151 29.0012± 0.0196

conditional independence (CI) queries, consisting of 50 CI relations and 40 non-CI relations curated
based on domain knowledge.

All methods are evaluated on the same set of CI queries across 10 independent rounds, and perfor-
mance is reported in terms of precision, recall, and F1-score with respect to detecting dependence
(i.e., rejecting conditional independence). Runtime is measured as the wall-clock time required to
evaluate all CI queries in a single round.

Results. Table 3 reports the performance of different CI tests under their respective best hyper-
parameter settings. Classical tests such as FisherZ are computationally efficient but exhibit limited
recall, reflecting their sensitivity to linearity and Gaussian assumptions. Kernel-based tests (RCIT
and FastKCI) improve robustness to nonlinear dependencies, at the cost of substantially increased
computational overhead, particularly for FastKCI.

FMCIT achieves the highest F1-score among all methods while maintaining a favorable precision–
recall balance. Notably, FMCIT attains strong recall without sacrificing precision, indicating its
ability to reliably detect conditional dependencies in complex real-world settings. In terms of run-
time, FMCIT is significantly faster than kernel-based alternatives, while remaining more expressive
than parametric tests.

Discussion. These results suggest that FMCIT provides an effective trade-off between statistical
power and computational efficiency on real biological data. Importantly, FMCIT does not rely on
explicit parametric assumptions about the data-generating process, making it well-suited for hetero-
geneous and nonlinear systems such as cellular signaling networks.

5 CONCLUSION

In this paper, we propose a fast conditional independence test, termed Flow Matching based Con-
ditional Independence Test (FMCIT). FMCIT is specifically designed for accelerating constraint-
based causal discovery methods. FMCIT employs flow matching to learn the joint distribution of
the data and reformulates conditional sampling as an imputation task over the entire dataset given
the conditioning variables. Throughout the causal discovery process, FMCIT requires training the
model only once and enables fast sample generation, thereby substantially accelerating causal dis-
covery. Extensive simulations and real data analyses demonstrate the strong empirical performance
of FMCIT. In particular, on synthetic benchmarks, causal discovery methods performed by FMCIT
achieve both favorable computational efficiency and competitive accuracy. In the future, we aim
to establish theoretical guarantees for the type-I error control of FMCIT and to further improve its
performance by incorporating double-robust techniques.
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A PRELIMINARIES

In this section, we introduce the framework of CRT, PC algorithm, and its variants.

A.1 CONDITIONAL RANDOMIZATION TEST (CRT)

Note that the definition of CI in (1) is equivalent to PXi|Xj ,XS
= PXi|XS

, where PXi|Xj ,XS
denotes

the conditional distribution of Xi given (Xj , XS). According to Bayes’ rule, CI is also equiva-
lent to PXi,Xj ,XS

= PXi|XS
PXj ,XS

, where PXi,Xj ,XS
and PXj ,XS

are the joint distributions of
(Xi, Xj , XS) and (Xj , XS), respectively. Suppose we have n i.i.d. samples from the distribution
PX of X , denoted by X ∈ Rn×p. Candès et al. (2018) reformulates the CI testing problem as a
two-sample testing problem Gretton et al. (2012). Specifically, it compares the original samples
(Xi,Xj ,XS) with the randomized samples (X(b)

i ,Xj ,XS) for b = 1, . . . , B. Here, Xi, Xj , and
XS denote samples drawn from Xi, Xj , and XS , respectively, while X

(b)
i are independent samples

drawn from the conditional distribution PXi|XS=XS
. Let T : Rn × Rn × Rn×|S| → R be a test

statistic that measures the conditional dependence between the n samples of Xi and Xj given XS ,
where larger values of T indicate stronger conditional dependence. When the null hypothesis H0

holds, that is, when Xi and Xj are conditionally independent given XS , the value of T (Xi,Xj ,XS)

should be comparable to that of T (X(b)
i ,Xj ,XS). In contrast, when the alternative hypothesis H1

holds, i.e., when Xi and Xj are conditionally dependent given XS , the value of T (Xi,Xj ,XS)

should be significantly larger than that of T (X(b)
i ,Xj ,XS), since X

(b)
i are drawn from the condi-

tionally independent distribution PXi|XS=XS
. Finally, the p-value of the CRT is given by

1 +
∑B

b=1 I{T (X
(b)
i ,Xj ,XS) ≥ T (Xi,Xj ,XS)}

1 +B
, (9)

where I{·} is the indicator function. In our CI testing procedure, we adopt the Randomized Depen-
dence Coefficient (RDC) as the test statistics T Lopez-Paz et al. (2013).

A.2 PC ALGORITHM AND ITS VARIANTS

PC algorithm Spirtes et al. (2000) is a constraint-based causal discovery method that estimates a
Markov equivalence class of DAGs, represented as a CPDAG, from CI relations inferred from data.

Assumptions. PC algorithm is typically presented under the Causal Markov and Causal Faith-
fulness assumptions with respect to an underlying DAG, together with i.i.d. sampling. In addition,
the vanilla PC algorithm assumes causal sufficiency (no latent confounders); extensions such as FCI
relax this assumption (see “Variants” below).

Skeleton learning (edge deletion). PC algorithm starts from the complete undirected graph G(0)

over [p] and iteratively removes edges using conditional independence tests. Let AdjG(i) denote the
current adjacency set of node i in an undirected graph G. At conditioning level ℓ = 0, 1, 2, . . . , for
each adjacent pair (i, j) in the current graph, PC searches for a separating set

S ⊆ AdjG(i) \ {j}, |S| = ℓ, (10)

such that the CI test accepts
Xi ⊥⊥ Xj |XS . (11)

If such an S is found, the edge i−j is removed and the separating set is stored as Sep(i, j)← S (and
symmetrically Sep(j, i)← S). The algorithm increases ℓ until a predefined maximum conditioning
size is reached or no further edges can be removed. Since the search over conditioning sets is
combinatorial, the skeleton stage is typically the computational bottleneck in practice, especially in
high dimensions Kalisch & Bühlman (2007).

Orientation (v-structures and propagation). After skeleton learning, PC orients edges in two
steps. First, for every unshielded triple i − k − j (i.e., i adjacent to k, k adjacent to j, but i and j
non-adjacent), PC orients a v-structure

i→ k ← j
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whenever k /∈ Sep(i, j). Second, PC applies sound orientation propagation rules (e.g., Meek
rules) to orient as many remaining edges as possible without introducing directed cycles or new
v-structures.

Order-independence and variants. A well-known practical issue is that the adjacency search in
skeleton learning can depend on the order in which CI tests are performed. The PC-stable variant
Colombo et al. (2014) addresses this by using an order-independent deletion scheme (often referred
to as a “stable” PC skeleton stage). Other variants include conservative PC (CPC) Ramsey et al.
(2006) and PC-Max Ramsey (2016), which modify v-structure orientation rules to reduce false ori-
entations, and FCI Spirtes et al. (1995), which extends the framework to settings with latent con-
founding and selection bias. In this work, we focus on accelerating the skeleton-learning stage, and
standard orientation procedures can be applied afterwards using the recorded separating sets Meek
(1995).

B ALGORITHM OF FMCIT

In this section, we introduce the algorithm of training a FM model, sampling from a trained FM
model, and the whole algorithm of FMCIT.

Algorithm 1 Training a flow matching model

Require: Data matrix X ∈ Rn×p.
Ensure: A trained neural network vθ.

1: Initialize a neural network vθ
2: while Not converge do
3: Draw t ∼ U(0, 1)
4: Draw X(0) ∼ N(0, I)
5: Calculate LFM = ∥X−X(0)− vθ(tX+ (1− t)X(0), t)∥2
6: Calculate ∇θLFM and update the parameters of vθ
7: end while
8: Output vθ

Algorithm 2 Sampling from a trained FM model, FM-IMPUTE(XS)

Require: Samples of the conditioning set XS , trained vector field vθ, sampling schedule 0 =
t0, t1, . . . , tL = 1.

Ensure: Samples approximate PX|XS=XS
.

1: Draw X(0) ∼ N(0, I)
2: for i = 0, . . . L− 1 do
3: Calculate X̂(ti) = X(ti) + (1− ti)vθ(X(ti), ti)

4: Replace the corresponding components of X̂(ti) with XS .
5: if i ̸= L− 1 then
6: Draw εti+1

∼ N(0, I)

7: X(ti+1) = ti+1X̂(ti) + (1− ti+1)εti+1

8: end if
9: end for

10: Output X̂(tL−1).

12
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Algorithm 3 Flow matching based conditional independence test, FMCIT(Xi ⊥⊥ Xj |XS)

Require: Samples of whole dataset X, variable index (i, j), conditioning set S and conditioning
samples XS , CRT sampling times B, test statistics T (·, ·, ·), significance level α.

Ensure: CI or non-CI.
1: Repeat XS for B times, and let the repeated sample be X

(1:B)
S ∈ RnB×|S|

2: Generate X(1:B) = FM(X(1:B)
S )

3: Separate X(1:B) into B samples X(1), . . . ,X(B)

4: Let the i-th and j-th variable in X be Xi and Xj

5: T = T (Xi,Xj ,XS)
6: for b = 1, . . . B do
7: Let the i-th variable in X(b) be X

(b)
i

8: Calculate T (b) = T (X
(b)
i ,Xj ,XS)

9: end for
10: Calculate p =

1+
∑B

b=1 I{T (b)≥T}
1+B

11: Return p
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Algorithm 4 GPC-FMCIT (Guided PC skeleton learning with FMCIT)

Require: Data matrix X ∈ Rn×p with variables (X1, . . . , Xp). Screening level αscr and screening
max conditioning size dscrmax. Main max conditioning size dmax and main test level αfm. FMCIT
parameters: FM sampling steps L, dependence statistic T (·), and adaptive CRT repeats B(ℓ).
Guided conditioning pool parameters: pool size k, budget M (max # conditioning sets per edge
per level), a guidance rule stab (stability-based) or tri (triangle-based), and random seed s.

Ensure: Estimated undirected skeleton Ĝ and separating sets Sep(·, ·).
1: Stage I: Screening skeleton.
2: Compute screening skeleton Gscr ← PC-STABLE(X;αscr, d

scr
max) using FisherZ.

3: Initialize working graph G← Gscr and Sep← ∅.
4: Stage II: Guided conditioning pool construction.
5: Define screening neighborhoods AdjGscr

(i) for all i ∈ [p].
6: if rule = stab then
7: For each α ∈ A, run PC-STABLE(X;α, dscrmax) and compute edge frequencies freqij .
8: Build a stability graph and extract connected components {C1, . . . , Cm}; compute a global

node order π.
9: else if rule = tri then

10: Build a triangle-supported graph from Gscr and extract components {C1, . . . , Cm}; compute
a global node order π.

11: else
12: Set a single component C1 = [p] and define an arbitrary global order π.
13: end if
14: Let cid(i) denote the component index of node i.
15: Stage III: Guided skeleton refinement with FMCIT.
16: for ℓ = 0, 1, . . . , dmax do
17: Initialize removal listR ← ∅.
18: for each current edge (i, j) in G do
19: Form raw candidates Qij ←

(
AdjGscr

(i) ∪AdjGscr
(j)

)
\ {i, j}.

20: Construct the guided conditioning pool Pij ⊆ [p] \ {i, j} with |Pij | = k by selecting from
Qij (optionally prioritizing nodes with cid(·) /∈ {cid(i), cid(j)}) and completing using the
global order π if needed.

21: Construct budgeted conditioning sets S(ℓ)ij ⊆
(Pij

ℓ

)
with |S(ℓ)ij | ≤ M (enumerate if

(
k
ℓ

)
≤

M , else sample M unique sets with seed s).
22: for each S ∈ S(ℓ)ij do
23: Compute pij|S ← FMCIT(Xi ⊥⊥ Xj |XS ; B(ℓ), L, T ).
24: if pij|S > αfm then
25: Add (i, j, S) toR and break.
26: end if
27: end for
28: end for
29: for each (i, j, S) ∈ R do
30: Remove edge (i, j) from G.
31: Set Sep(i, j)← S and Sep(j, i)← S.
32: end for
33: end for
34: Output. Return Ĝ← G and Sep.

C EXPERIMENTAL SETTINGS

C.1 SYNTHETIC CONDITIONAL INDEPENDENCE BENCHMARK: IMPLEMENTATION DETAILS

Preprocessing. Unless otherwise stated, each feature is standardized to zero mean and unit vari-
ance using the training split statistics, and the same transformation is applied to the test split.
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Flow-matching model. For FMCIT, the vector field vθ is parameterized by a multilayer percep-
tron (MLP) with two hidden layers, each of width 256. We train vθ for 200 epochs using Adam with
learning rate 10−3 and batch size 1024. Model selection is done by the smallest training loss.

Conditional sampler. Conditional resamples are generated by the Picard–RePaint flow-matching
imputation sampler with a uniform time grid 0 = t0 < t1 < · · · < tL = 1 and L = 50 sampling
steps.

CRT configuration and test statistic. Each CI query is evaluated using CRT with B = 100
randomizations and the p-value is computed as in Eq. (9). We use the randomized dependence
coefficient (RDC) as the dependence statistic inside CRT. Unless otherwise stated, we use RDC
hyperparameters k = 10, s = 1/3, and n = 1 (and fix the projection seed for reproducibility).

C.2 CAUSAL DISCOVERY EXPERIMENTS

Experimental setting. Unless stated otherwise, we set the sample size to n = 500 and the number
of variables to p = 200. The ground-truth graph is generated to have exp edges = 300 edges, and
the noise distribution is Student-t with df = 3 (heavy-tailed). For all skeleton learning methods,
we use the maximum conditioning set size mcs = 2.

We run 5 independent repetitions with random seeds {0, 1, 2, 3, 4}. For each seed, we generate a
fresh dataset (including a new random graph and new i.i.d. samples) and run each method once. We
report mean ± standard deviation over the 5 runs. All evaluations are performed on the undirected
skeleton: an edge is counted as correctly recovered if it appears in the ground-truth skeleton regard-
less of direction. We report Precision, Recall, F1 score, structural Hamming distance (SHD) on the
undirected skeleton, and wall-clock runtime in seconds. All experiments were conducted on one
NVIDIA H100 GPU.
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