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Abstract
Self-improvement is increasingly important as
many tasks become too complex for reliable hu-
man annotation. However, it typically fails when a
model must solve harder out-of-domain instances
in order to generate its own supervision. Many
tasks, however, exhibit an underlying compo-
sitional structure. We show that when such a
structure is present, this limitation can be over-
come. Our key idea is to construct supervision
for complex instances by composing predictions
on smaller, in-distribution subproblems, a process
we call compositional self-improvement. Iterating
this process progressively expands the range of
instances the model can solve reliably. We show,
both empirically and theoretically, that this ap-
proach can bypass direct out-of-distribution gener-
alization by reducing initially out-of-distribution
instances to compositions of in-distribution sub-
problems. We further show that filtering out
compositions prone to structured errors does not
merely avoid hard cases: the resulting models can
still generalize to the filtered-out slices. Composi-
tional self-improvement provides a concrete path
to scale beyond the original supervision regime.

1. Introduction
Self-improvement refers to learning from self-generated su-
pervision, such as pseudo-labels or model-generated feed-
back (Lee, 2013; Huang et al., 2023; Lee et al., 2025). This
is appealing because it can provide supervision even when
humans cannot reliably annotate the task. However, extend-
ing such supervision beyond the original human-supervised

1 Department of Computer Science, Princeton University,
Princeton, NJ, USA 2 Department of Electrical and Computer En-
gineering, University of Wisconsin–Madison, Madison, WI, USA
3 Department of Computer Sciences, University of Wisconsin–
Madison, Madison, WI, USA 4 Department of Psychology, Prince-
ton University, Princeton, NJ, USA. Correspondence to: Changho
Shin <cs1095@princeton.edu>.

Proceedings of the 43 rd International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

regime requires the model to generate reliable pseudo-labels
or feedback out of distribution. This is difficult because
out-of-distribution generalization on more complex tasks
remains challenging for modern models (Koh et al., 2021).
How can we reliably extend self-improvement beyond the
original supervision regime?

One way to address this challenge is to exploit structure
in the task. Many tasks exhibit compositional structure:
out-of-distribution instances can often be decomposed into
compositions of in-distribution ones. This creates an op-
portunity to bypass unreliable self-generated supervision
on out-of-distribution instances by constructing supervision
from in-distribution subproblems.

We study this idea as compositional self-improvement.
Rather than generating supervision directly on harder in-
stances, the model constructs supervision indirectly by de-
composing an instance into subproblems and combining
their solutions through a task-specific composition rule.
This reframes self-improvement as building supervision
from reliable in-distribution components, instead of relying
on direct out-of-distribution prediction.

Summary of Contributions.

1. We introduce compositional self-improvement, a self-
training procedure that constructs pseudo-labels for
harder instances by composing predictions on smaller,
more reliable subproblems.

2. We instantiate this idea on tasks with explicit composi-
tional structure, including run-length prediction, addition,
and multiplication.

3. We show empirically that composition-based pseudo-
labeling can expand the range of instances a model solves
reliably, whereas direct pseudo-labeling fails outside the
seed regime.

4. We identify structured composition errors as a key failure
mode and show that filtering unsafe compositions can
prevent systematic pseudo-label errors while preserving
generalization to the filtered-out cases.

2. Setup and Method
We formalize compositional self-improvement in settings
where larger instances can be constructed from smaller ones,
and their outputs can be obtained by combining the out-
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Figure 1. Overview of compositional self-improvement. Direct pseudo-labeling relies on the model’s prediction on a harder out-of-
distribution instance, where self-generated labels can be unreliable. Compositional self-improvement instead routes supervision through
smaller in-distribution subproblems: the model predicts each subproblem, a task-specific rule composes the predictions into a pseudo-label,
and the model is retrained on the resulting examples. Repeating this process progressively expands the model’s reliable regime.

puts of those subproblems. Figure 1 illustrates the proce-
dure: rather than pseudo-labeling a harder instance directly,
the model predicts smaller subproblems, composes their
predicted outputs into a pseudo-label, and retrains on the
resulting examples.

In the ideal case, for inputs x and x′ in a composable regime,

f⋆(x ◦ x′) = f⋆(x) ⋄ f⋆(x′),

where ◦ composes inputs and ⋄ combines outputs. For
example, in addition, digit blocks can be concatenated to-
gether with their blockwise sums: from 11 + 22 = 33 and
33 + 44 = 77, we obtain 1133 + 2244 = 3377, provided
no carry crosses the block boundary.

We begin with an in-distribution seed set S ⊂ X on which
the model is reliable, and an initial model f̂0. Algorithm 1
summarizes the procedure. At each round, we sample
x1, . . . , xm from the current pool, form x = x1 ◦ · · · ◦ xm,
and construct a pseudo-label by combining the model’s pre-
dictions.

To handle imperfect composition, such as boundary carries
in addition, we use a filtered aggregation rule:

ỹ = ⋄̂
(
f̂t−1(x1), . . . , f̂t−1(xm)

)
.

The rule either returns a composed pseudo-label or rejects
the example, denoted ỹ = ⊥; rejected examples are dis-
carded.

This procedure is useful when the composition rule produces
sufficiently reliable pseudo-labels and enough composed

Algorithm 1 Compositional self-improvement

Require: seed set S, initial model f̂0, aggregation rule ⋄̂,
rounds T

1: D̃ ← ∅, D0 ← S
2: for t = 1, . . . , T do
3: D̃t ← ∅
4: for all (x1, . . . , xm) sampled from Dt−1 do
5: x← x1 ◦ · · · ◦ xm

6: ỹ ← ⋄̂(f̂t−1(x1), . . . , f̂t−1(xm))

7: add (x, ỹ) to D̃t if ỹ ̸= ⊥
8: end for
9: D̃ ← D̃ ∪ D̃t

10: Dt ← Dt−1 ∪ D̃t

11: train f̂t on S ∪ D̃
12: end for
13: return f̂T

examples are retained for retraining. Appendix B analyzes
this tradeoff. We now evaluate the method empirically on
tasks with explicit compositional structure.

3. Experiments
We evaluate compositional self-improvement on several
classical algorithmic tasks with explicit logical structure,
where larger, more complex instances can be constructed
from smaller subproblems. Our experiments validate the
following claims:
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Figure 2. Compositional self-improvement expands the range of instances solved by the model. Each heatmap shows held-out accuracy
across self-improvement rounds. The panels evaluate run-length prediction by string length, addition by addend digit length, and
multiplication by total operand digits n+m. In all three tasks, reliable prediction extends beyond the seed model’s reliable range.

• Expanding the solved regime: The Compositional Self-
Improvement method extends reliable prediction beyond
the seed regime across all three tasks, with no observed
plateau within the evaluated range (Section 3.1).

• Controlling structured composition errors: Compo-
sition provides more reliable pseudo-labels than direct
prediction on harder instances, but unsafe compositions
can introduce systematic errors (Section 3.2).

• Generalizing beyond filtered examples: Filtering un-
safe compositions remove erroneous pseudo-labels from
training, while the resulting model still surprisingly gen-
eralizes to held-out boundary-carry cases (Section 3.3).

Filtering applies only to composed training examples; eval-
uation still uses the full task distribution. Detailed setups,
controlled synthetic experiments, and additional ablations
are reported in Appendix C.

3.1. Compositional Self-Improvement Expands the
Solved Regime

We first test whether compositional self-improvement can
expand the range of instances a model solves reliably.

Setup. Across tasks, we start from a seed model reliable on
a small in-distribution regime, then expand by composing
pseudo-labels for larger instances and fine-tuning after each
round. We evaluate three compositional tasks:

• Run-length. Predict the symbol and length of the leftmost
longest run. For example, 00111 7→ 1|3 and 2220 7→ 2|3
compose to 001112220 7→ 1|3 when the boundary sym-
bols differ; compositions with possible boundary merges
are filtered from training. The seed covers lengths 6–10,
and eight rounds expand evaluation to length 83.

• Addition. Predict the sum of two decimal integers. For
example, 11 + 22 = 33 and 33 + 44 = 77 compose to
1133 + 2244 = 3377 when no carry crosses the block
boundary; compositions with boundary carries are filtered

from training. The seed covers 3–7 digit addends, and
each round adds two digits up to 23.

• Multiplication. Predict products of decimal integers. We
compose larger products using the standard digitwise mul-
tiplication algorithm: for example, 123× 45 is built from
123 × 5 = 615 and 123 × 4 = 492, then shifted and
added as 615 + 4920 = 5535. The seed covers operands
up to 2-by-2, and later rounds gradually introduce larger
operand shapes up to 6-by-6; we report accuracy by the
total operand digit count n+m.

Throughout the experiments, we treat a problem size as
reliably solved when held-out accuracy exceeds 0.9.

Results. Figure 2 shows that compositional self-
improvement expands the solved regime in all three tasks,
reaching length 83 for run-length, 23-digit addends for
addition, and strong multiplication performance through
n+m = 12. Thus, composed predictions on smaller sub-
problems provide effective supervision for larger instances.

3.2. Composition Helps Only When Structured Errors
Are Controlled

We next study composition under an imperfect rule. Addi-
tion provides a useful test case: its natural composition rule,
blockwise concatenation, fails in the presence of boundary
carries. This captures a broader challenge in compositional
self-improvement, where simple composition rules may in-
troduce structured errors.

Setup. Using the same seed regime and expansion sched-
ule, we compare three pseudo-labeling strategies. Direct
pseudo-labeling asks the current model to label the next
addend-length range in one step. Unfiltered composition
concatenates predicted blockwise sums without checking for
boundary carries. Filtered composition discards boundary-
carry cases before retraining. Additional task-level baselines
are reported in Appendix C.
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Figure 3. Addition baselines under the same expansion schedule. Direct pseudo-labeling fails outside the seed regime; unfiltered
composition improves but injects boundary-carry errors; filtered composition yields stable expansion.

Results. Figure 3 shows that composition drives the
gain, but only when structured errors are controlled. Di-
rect pseudo-labeling fails outside the seed regime, while
unfiltered composition accumulates boundary-carry errors.
Filtered composition removes this noise, reaching 0.965
final accuracy and 0.93 accuracy at 23 digits.

3.3. Filtered Composition Generalizes to
Boundary-Carry Cases

Filtering removes cases where the imperfect rule is most
likely to fail, thereby preventing structured pseudo-label
errors. However, these cases remain part of the target task,
and we would like the self-improved model to solve them
rather than simply avoid them. We therefore ask whether
the model can generalize to these filtered-out cases.

Figure 4. Addition accuracy on boundary slices. Color denotes the
training procedure: unfiltered versus filtered composition. Line
style denotes the test slice: with or without a middle-boundary
carry. Filtered composition generalizes to both slices, while unfil-
tered composition degrades from boundary-carry errors.

Setup. We compose each example by splitting the addends
into two equal-width digit blocks at the middle position. At
each epoch, we evaluate on held-out examples with a fixed
middle boundary, separating cases with and without a carry

across that boundary. We compare the unfiltered and filtered
composition on these slices.

Results. Figure 4 shows that filtering does not merely re-
duce pseudo-label error. Unfiltered composition fails on
middle-boundary carry examples and later degrades even
on no-carry cases. In contrast, filtered composition trains
only on safe examples yet achieves high accuracy on both
slices, showing generalization beyond the filtered subset.

4. Related Work
We discuss the most relevant related work here; extended
discussion appears in Appendix A.

Compositional generalization. Compositional general-
ization studies whether models can extrapolate from seen
combinations to unseen ones (Lake & Baroni, 2018; Key-
sers et al., 2020; Kim & Linzen, 2020). Prior work analyzes
distinct failure modes (Hupkes et al., 2020) and improves
systematic generalization through architectural bias, neuro-
symbolic structure, or scale and coverage (Bahdanau et al.,
2019; Liu et al., 2020; Chen et al., 2020; Redhardt et al.,
2025). We shift the burden from generalization to construc-
tion by using composition to systematically reduce out-of-
domain instances to in-domain subproblems, rather than
relying on a model’s ability to extrapolate compositionally.

Self-improvement. Self-improvement methods train mod-
els from their own outputs, rationales, critiques, or prefer-
ences (Zelikman et al., 2022; Madaan et al., 2023; Zelikman
et al., 2024; Scheurer et al., 2022; Yuan et al., 2024). Re-
cent iterative self-training methods improve easy-to-hard or
length generalization in algorithmic domains (Huang et al.,
2023; Lee et al., 2025). In contrast, we reduce reliance on
direct predictions at the edge of the model’s reliable regime:
composition turns predictions on smaller subproblems into
supervision for larger instances.
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5. Conclusion
We introduced compositional self-improvement, which
leverages task structure to construct pseudo-labels for larger
instances from smaller, reliable subproblems. Across three
classical logically compositional tasks: run-length predic-
tion, addition, and multiplication, the method expands re-
liable prediction beyond the seed regime and outperforms
direct pseudo-labeling. These results show that composition
can turn self-improvement from direct, unreliable extrap-
olation to controlled data-construction process, allowing
models to move beyond their original supervision range
when reliable composition rules are available.

Limitations and Future Directions. Our experiments
focus on algorithmic tasks with explicit, hand-designed
composition rules, where decomposition and aggregation
can be specified cleanly. Extending compositional self-
improvement to more realistic domains remains an impor-
tant direction. In many settings, composition may be ap-
proximate, latent, or learned from data rather than provided
a priori. Future work could study whether models can dis-
cover useful decomposition and composition strategies au-
tomatically, for example through program synthesis, agentic
search, or learned verifiers.
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Appendix
Appendix A expands the discussion of related work, sit-
uating our approach within compositional generalization
and self-improvement. Appendix B presents the theoretical
analysis, including bounds on pseudo-label noise, condi-
tions for learning under noisy composed supervision, and
a comparison to direct composition. Appendix C contains
experimental details, including task-specific composition
rules, synthetic experiments varying noise and sample size,
additional baselines, and ablations on seed strength and
composed data size.

A. Extended Related Work
A.1. Compositional Generalization

Compositional generalization asks whether a model can
reuse learned primitives and rules in combinations not ob-
served during training. Lake & Baroni (2018) study this
question with SCAN, a controlled sequence transduction
benchmark, while Keysers et al. (2020) and Kim & Linzen
(2020) extend it to more realistic semantic parsing bench-
marks, CFQ and COGS. Hupkes et al. (2020) further argue
that compositionality should not be treated as a single prop-
erty, and propose separate tests for systematic recombina-
tion, productivity, locality, substitutivity, and overgeneral-
ization.

A large body of work tries to improve compositional gener-
alization by changing the model or training setup. Modular
and neuro-symbolic approaches bias the learner toward op-
erations that can be reused compositionally (Bahdanau et al.,
2019; Liu et al., 2020; Chen et al., 2020). Other work stud-
ies the role of abstract representations, meta-learning, and
scale or data coverage in producing systematic behavior (Ito
et al., 2022; Lake & Baroni, 2023; Redhardt et al., 2025).
These approaches primarily ask whether the model itself
can extrapolate to unseen compositions.

Our focus is different. Rather than treating composi-
tional structure as a target for evaluating structured out-
of-distribution generalization, we use it as a mechanism
for constructing supervision. This shifts the burden from
generalization to construction: larger out-of-distribution in-
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stances are reduced to smaller subproblems closer to the
model’s reliable regime, and their predictions are composed
into pseudo-labels for the larger examples.

A.2. Self-Improvement and Self-Generated Supervision

Self-improvement methods train or guide models using sig-
nals produced by the model itself or by another AI system.
In reasoning, STaR bootstraps chain-of-thought rationales
by retaining generations that lead to correct answers (Ze-
likman et al., 2022). Quiet-STaR extends this idea toward
token-level latent reasoning during continued pretraining
(Zelikman et al., 2024). Other methods use feedback at
inference time rather than additional training: Self-Refine it-
eratively generates, critiques, and revises an output using the
same model (Madaan et al., 2023). In alignment and prefer-
ence learning, language or AI feedback can also serve as su-
pervision, as in language-feedback training, Constitutional
AI, self-rewarding language models, and Self-Refinement
Tuning (Scheurer et al., 2022; Bai et al., 2022; Yuan et al.,
2024; Hu et al., 2024).

A related line studies iterative training and agent settings.
Huang et al. (2023) fine-tune on high-confidence self-
generated rationales. SPIN uses self-play fine-tuning to
improve a language model without additional human anno-
tations (Chen et al., 2024). Reflexion stores verbal reflec-
tions as memory for future decisions (Shinn et al., 2023),
and Re-ReST improves low-quality agent trajectories with
a reflector before using them for self-training (Dou et al.,
2024). Across these methods, progress depends on whether
the self-generated signal is reliable enough to train on.

The closest work to ours is Lee et al. (2025), who study
iterative self-improvement for easy-to-hard and length gen-
eralization on algorithmic tasks. Their method improves the
reliability of frontier pseudo-labels by sampling multiple
solutions and applying majority voting or filtering. How-
ever, they also note that selecting reliable out-of-distribution
examples remains challenging. Our method addresses this is-
sue by using task structure to construct pseudo-labels: larger
instances are labeled by composing predictions on smaller,
more reliable subproblems. The model therefore need not
solve the full larger instance before that instance enters train-
ing. The remaining challenge is that some compositions are
invalid and can introduce structured pseudo-label errors,
which motivates the filtered and unfiltered composition vari-
ants studied in our experiments.

B. Theoretical Analysis
This appendix gives a simple sufficient condition under
which composed pseudo-labels support self-improvement.
The analysis tracks three quantities: the component error of
the current model, the error of the aggregation rule when

supplied with correct component labels, and the number of
accepted pseudo-labeled examples. The main conclusion is
that composed labels need not be perfect. If their label noise
is bounded away from 1/2 on the accepted distribution,
standard learning guarantees imply that retraining can learn
the target classifier on that distribution.

Setup. Let X be the input space, Y the label space, and

f⋆ : X → Y

the target function. At round t, the current model is f̂t−1. A
composition step samples component inputs

X1, . . . , Xm

from the current pool and forms

X := X1 ◦ · · · ◦Xm.

An aggregation rule combines the predicted component la-
bels into a pseudo-label for the composed input:

⋄̂ : Ym → Y ∪ {⊥},

where ⊥ denotes rejection. In practice, ⋄̂ may also depend
on filtering rules applied to the inputs (e.g., boundary condi-
tions). We omit this dependence, as the analysis only uses
the accepted pseudo-labels and their error rate. The tentative
pseudo-label is

⋄̂
(
f̂t−1(X1), . . . , f̂t−1(Xm)

)
.

If this value is ⊥, the example is discarded. Otherwise, the
example is accepted and we write

Ỹt := ⋄̂
(
f̂t−1(X1), . . . , f̂t−1(Xm)

)
∈ Y.

Let Dacc
t denote the distribution of accepted composed in-

puts X at round t. In the pseudo-label noise analysis below,
all probabilities are taken over accepted composed examples.
Equivalently, the distribution has already been restricted to
the examples that pass the filter.

B.1. Noise of constructed pseudo-labels

We first bound the error rate of the pseudo-labels produced
by the composition step. There are two sources of error.
First, the model may predict one of the component labels
incorrectly. Second, even if the component labels are correct,
the aggregation rule may fail to produce the correct label
for the composed input. We refer to the latter as the oracle
aggregation error, since it is the error of the aggregation rule
when evaluated on the true component labels.

Assume that the current model has component error at most
ϵt on accepted compositions:

Pr[f̂t−1(Xi) ̸= f⋆(Xi)] ≤ ϵt for each i.

7
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Assume also that the oracle aggregation error is at most
ξt,m:

Pr[⋄̂(f⋆(X1), . . . , f
⋆(Xm)) ̸= f⋆(X)] ≤ ξt,m.

Thus ξt,m captures the error due to the aggregation rule
itself, after removing component prediction errors from
consideration.

Proposition B.1 (Noise of a composed pseudo-label). The
accepted pseudo-label satisfies

ρt,m := Pr[Ỹt ̸= f⋆(X)] ≤ mϵt + ξt,m.

Proof. Let

Ei := {f̂t−1(Xi) ̸= f⋆(Xi)}

be the event that component i is predicted incorrectly. Let

R := {⋄̂(f⋆(X1), . . . , f
⋆(Xm)) ̸= f⋆(X1 ◦ · · · ◦Xm)}

be the event that the aggregation rule fails on the true com-
ponent labels. If no event Ei occurs, then

Ỹt = ⋄̂(f⋆(X1), . . . , f
⋆(Xm)).

If R also does not occur, this is equal to f⋆(X). Hence
a pseudo-label error can occur only if some component
prediction is wrong or the aggregation rule fails:

{Ỹt ̸= f⋆(X)} ⊆
m⋃
i=1

Ei ∪R.

Taking probabilities and applying the union bound gives

Pr[Ỹt ̸= f⋆(X)] ≤
m∑
i=1

Pr[Ei] + Pr[R] ≤ mϵt + ξt,m.

Proposition B.1 gives the pseudo-label noise bound used in
the rest of the analysis. We now combine this bound with
a standard finite-class guarantee for learning from noisy
labels.

B.2. Finite-class noisy-label learning

We next use a standard finite-class argument for ERM with
noisy labels under zero-one loss (Angluin & Laird, 1988;
Massart & Nédélec, 2006; Shalev-Shwartz & Ben-David,
2014). We assume a uniform bound on the pseudo-label
error:

Pr[Ỹ ̸= f⋆(X) | X = x] ≤ ρ̄ < 1
2 .

Equivalently, the accepted pseudo-label is correct with prob-
ability at least 1 − ρ̄ > 1/2 at every input. Under this
condition, f⋆ has smaller pseudo-label risk than any classi-
fier that disagrees with it; Lemma B.3 quantifies this gap.

Lemma B.2 (Uniform convergence for finite classes). LetH
be finite, and let ℓ(h, z) ∈ [0, 1] for all h ∈ H and examples
z. Let Z be a random example and let z1, . . . , zn be i.i.d.
draws from the distribution of Z. Then, with probability at
least 1− δ,

sup
h∈H

∣∣∣L(h)− L̂n(h)
∣∣∣ ≤√

log |H|+ log(2/δ)

2n
,

where

L(h) := E[ℓ(h, Z)], L̂n(h) :=
1

n

n∑
i=1

ℓ(h, zi).

Proof. For each fixed h ∈ H, Hoeffding’s inequality gives

Pr
[∣∣∣L(h)− L̂n(h)

∣∣∣ > u
]
≤ 2e−2nu2

.

Therefore, by the union bound,

Pr

[
sup
h∈H

∣∣∣L(h)− L̂n(h)
∣∣∣ > u

]
≤ 2|H|e−2nu2

.

Taking

u =

√
log |H|+ log(2/δ)

2n

makes the right-hand side equal to δ, which proves the
claim.

Lemma B.3 (Pseudo-risk comparison). Let Y be an arbi-
trary output space and write

ρ(x) := Pr[Ỹ ̸= f⋆(X) | X = x].

For any classifier h, define the target risk

R(h) := Pr[h(X) ̸= f⋆(X)]

and the pseudo-label risk

R̃(h) := Pr[h(X) ̸= Ỹ ].

Then

R̃(h)− R̃(f⋆) ≥ E [(1− 2ρ(X))1{h(X) ̸= f⋆(X)}] .

In particular, if ρ(x) ≤ ρ̄ < 1/2 for all x, then

R̃(h)− R̃(f⋆) ≥ (1− 2ρ̄)R(h).

Proof. Fix x. If h(x) = f⋆(x), then h and f⋆ incur the
same pseudo-label loss at x. Now suppose h(x) ̸= f⋆(x).
Then

Pr[h(x) ̸= Ỹ | X = x]− Pr[f⋆(x) ̸= Ỹ | X = x]

= Pr[Ỹ = f⋆(x) | X = x]− Pr[Ỹ = h(x) | X = x].
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The first term is 1− ρ(x). Since h(x) ̸= f⋆(x), the second
term is at most ρ(x). Therefore the conditional difference is
at least

1− 2ρ(x).

Averaging over X gives the first inequality, and the second
follows from ρ(x) ≤ ρ̄.

Theorem B.4 (Finite-class ERM under bounded pseudo-la-
bel noise). Fix δ ∈ (0, 1). Let Dacc

t be the accepted
composed-input distribution at round t, and let Ht be a
finite hypothesis class containing f⋆ on this distribution.
Let ĥt be an empirical risk minimizer on nt i.i.d. accepted
pseudo-labeled examples. Assume

Pr[Ỹt ̸= f⋆(X) | X = x] ≤ ρ̄t <
1
2 for all x.

Then, writing

Rt(h) := Pr
X∼Dacc

t

[h(X) ̸= f⋆(X)],

with probability at least 1− δ,

Rt(ĥt) ≤
2

1− 2ρ̄t

√
log |Ht|+ log(2/δ)

2nt
.

Proof. Apply Lemma B.2 to the pseudo-label loss

ℓh(X, Ỹ ) = 1{h(X) ̸= Ỹ }.

With probability at least 1− δ,

sup
h∈Ht

|R̃(h)− ̂̃
R(h)| ≤ νt, νt :=

√
log |Ht|+ log(2/δ)

2nt
.

Since ĥt minimizes empirical pseudo-risk and f⋆ ∈ Ht,

R̃(ĥt) ≤ R̃(f⋆) + 2νt.

By Lemma B.3,

(1− 2ρ̄t)Rt(ĥt) ≤ R̃(ĥt)− R̃(f⋆) ≤ 2νt.

Rearranging proves the theorem.

To combine this result with the pseudo-label noise bound,
we use the conditional form of Proposition B.1. If, for every
accepted composed input X = x, the component error is at
most ϵt and the aggregation error on true component labels
is at most ξt,m, then the same union-bound argument gives

Pr[Ỹt ̸= f⋆(X) | X = x] ≤ mϵt + ξt,m.

Thus an m-component construction satisfies the theorem
whenever

mϵt + ξt,m < 1
2 .

If
mϵt + ξt,m ≤ 1

2 − γ

for some γ > 0, then error at most α at round t is guaranteed
whenever

nt ≥
log |Ht|+ log(2/δ)

2γ2α2
. (1)

Thus composed labels need not be noiseless. It is sufficient
that accepted pseudo-labels are conditionally correct with
probability at least 1/2 + γ at each input, and that enough
accepted examples are retained.

Remark on the noise assumption. The bounded-noise
condition is a sufficient condition on the accepted pseudo-
labeled distribution, not on the raw model errors. It does
not require errors to be independent, identically distributed,
or symmetric. In practice, errors may be highly structured,
depending on the task and aggregation rule; filtering re-
moves compositions with known systematic errors before
retraining. The theory abstracts these effects through the
resulting bound on ρ̄t. This assumption need not hold uni-
formly before filtering, but is required only for the retained
examples.

B.3. Iterating the one-step guarantee

We now iterate the one-step guarantee across rounds. The
induction requires a compatibility condition between con-
secutive rounds: the components used to construct round-t
examples are drawn from a distribution on which the round-
(t − 1) error guarantee applies. This holds, for example,
when the pool for round t is sampled from accepted exam-
ples produced at round t− 1.

Let mt be the number of components used at round t. Define

rt(e) := mte+ ξt,mt .

By Proposition B.1, rt(e) upper-bounds the accepted
pseudo-label noise at round t whenever the model used
to label each component has error at most e on the corre-
sponding component distribution.
Lemma B.5 (One-step guarantee). Suppose that at round t
the accepted pseudo-label noise satisfies

ρ̄t ≤ 1
2 − γt

for some γt > 0. If

nt ≥
log |Ht|+ log(2/δt)

2γ2
t α

2
,

then the empirical risk minimizer ĥt trained on the accepted
round-t pseudo-labels satisfies

Pr
X∼Dacc

t

[ĥt(X) ̸= f⋆(X)] ≤ α

with probability at least 1− δt.

9
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Proof. Apply Theorem B.4 with failure probability δt. With
probability at least 1− δt,

Pr
X∼Dacc

t

[ĥt(X) ̸= f⋆(X)] ≤ 2

1− 2ρ̄t

√
log |Ht|+ log(2/δt)

2nt
.

Since ρ̄t ≤ 1/2− γt, we have

1− 2ρ̄t ≥ 1− 2
(
1
2 − γt

)
= 2γt.

Therefore
2

1− 2ρ̄t
≤ 1

γt
,

and hence

Pr
X∼Dacc

t

[ĥt(X) ̸= f⋆(X)] ≤ 1

γt

√
log |Ht|+ log(2/δt)

2nt
.

The assumed lower bound on nt implies

log |Ht|+ log(2/δt)

2nt
≤ γ2

t α
2.

Substituting this into the previous inequality gives

Pr
X∼Dacc

t

[ĥt(X) ̸= f⋆(X)] ≤ 1

γt
· γtα = α.

This proves the claim.

Proposition B.6 (Roundwise self-improvement). Fix a tar-
get error α > 0, failure probability δ ∈ (0, 1), and number
of rounds T ≥ 1. Suppose the seed model used at round 1
has component error at most ϵ1. Assume there exist margins
γ1, . . . , γT > 0 such that

r1(ϵ1) ≤ 1
2 − γ1

and, for every t = 2, . . . , T ,

rt(α) ≤ 1
2 − γt.

Assume also that, for each t ≥ 2, conditional on the success
of round t − 1, the component inputs used to construct
accepted round-t examples are drawn from distributions
on which ĥt−1 has target error at most α. If, for every
t = 1, . . . , T ,

nt ≥
log |Ht|+ log(2T/δ)

2γ2
t α

2
,

then with probability at least 1− δ,

Pr
X∼Dacc

t

[ĥt(X) ̸= f⋆(X)] ≤ α for all t = 1, . . . , T.

Proof. Set δt = δ/T . Let

Gt :=

{
Pr

X∼Dacc
t

[ĥt(X) ̸= f⋆(X)] ≤ α

}
be the event that round t succeeds.

For the first round, Proposition B.1 and the assumption
r1(ϵ1) ≤ 1/2 − γ1 imply that the accepted pseudo-label
noise is at most 1/2− γ1. The sample-size condition there-
fore allows us to apply Lemma B.5 with failure probability
δ/T , giving

Pr(Gc
1) ≤ δ/T.

Now fix t ≥ 2 and condition on the success of the previous
rounds. By the compatibility assumption, the components
used at round t are drawn from a distribution on which the
previous model has error at most α. Hence Proposition B.1
gives accepted pseudo-label noise at most

rt(α) ≤ 1
2 − γt.

Applying Lemma B.5 again gives

Pr(Gc
t | G1, . . . , Gt−1) ≤ δ/T.

Thus each round fails with conditional probability at most
δ/T given that the earlier rounds succeeded. A union bound
over the first failed round then gives

Pr

[
T⋂

t=1

Gt

]
≥ 1−

T∑
t=1

δ

T
= 1− δ.

On this event, the desired error bound holds for all rounds
t = 1, . . . , T .

The proposition shows how the one-step guarantee can
be reused across an expanding sequence of accepted dis-
tributions. The first round requires the seed model to
make sufficiently accurate component predictions so that
r1(ϵ1) < 1/2. Later rounds require the retrained model’s
error level α to keep the next round’s accepted pseudo-label
noise below 1/2. Thus retraining controls the component
error before the next expansion step.

Comparison to direct composition. The guarantee above
implies that, under the stated margin and sample-size condi-
tions,

Pr
X∼Dacc

T

[ĥT (X) = f⋆(X)] ≥ 1− α

with probability at least 1 − δ. More generally, the same
bound holds simultaneously for every round t = 1, . . . , T .

This guarantee is obtained by controlling the pseudo-label
noise locally at each expansion step. A direct-composition

10
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baseline instead applies the seed model through the en-
tire composition without intermediate retraining. After T
rounds, a composed example depends on

KT :=

T∏
t=1

mt

primitive components, so the corresponding union-bound
error term scales as KT ϵ1, before accounting for any aggre-
gation error. The roundwise procedure replaces this global
requirement with the local requirements

r1(ϵ1) <
1
2 , rt(α) = mtα+ ξt,mt

< 1
2 (t ≥ 2).

This gives a final accepted-distribution accuracy guarantee
of at least 1−α. Intermediate retraining passes a controlled
error level α to the next round, rather than carrying the seed
error through one long composition.

C. Experimental Details and Additional
Results

C.1. Task-specific composition rules

We use three algorithmic tasks whose labels admit exact or
filtered composition.

Run-length. Let Σ = {0, . . . , 9} be the symbol alphabet.
For a string x ∈ Σn, a run is a maximal interval of equal
symbols. Let

L(x) := maximum run length in x.

We use leftmost tie-breaking: if multiple runs attain length
L(x), let i⋆(x) be the starting index of the earliest such run
and let

a(x) := xi⋆(x).

The model target is the plain output pair

f⋆
run(x) :=

(
a(x), L(x)

)
,

serialized as symbol|length. For pairwise concatena-
tion x ◦ y := xy, the filtered composition rule accepts only
when the boundary cannot merge two runs:

G(x, y) = 1
{
x|x| ̸= y1

}
.

When G(x, y) = 1, no run crosses the boundary, so the
longest run in xy is the longer of the two component longest
runs:

f⋆
run(xy) =

{
f⋆
run(x), L(x) ≥ L(y),

f⋆
run(y), L(y) > L(x).

The first case includes ties because every run in x appears
before every run in y. When G(x, y) = 0, a cross-boundary
run may be longer than either component prediction reveals,
so the filtered rule rejects the composed example.

Addition. An addition example is a pair of decimal inte-
gers (A,B), and the target is the exact sum

f⋆
add(A,B) := A+B.

Suppose (A,B) is decomposed into decimal blocks

A = a1∥a2∥ · · · ∥ak, B = b1∥b2∥ · · · ∥bk,

where block i has width di digits and ∥ denotes decimal
concatenation. Let

si := ai + bi.

The composed input is obtained by concatenating the blocks
of the two addends. The filtered composition rule accepts
only when no carry propagates across any block boundary,
i.e.,

si < 10di for every non-leading block i = 2, . . . , k,

equivalently, no less-significant block sends a carry into
the next more-significant block. On accepted examples,
the full sum is exactly the concatenation of the blockwise
sums s1, . . . , sk, written in their original block widths. The
unfiltered addition baseline applies the same blockwise ag-
gregation without rejection, which becomes noisy precisely
when a boundary carry occurs.

Multiplication. A multiplication example is a pair of dec-
imal integers (A,B), and the target is

f⋆
mult(A,B) := A ·B.

For an n-digit by m-digit problem, the composition rule
follows the schoolbook decomposition. If m ≤ n, write

B =

m−1∑
j=0

bj10
j ,

where each bj is a single decimal digit. The product is then

A ·B =

m−1∑
j=0

(A · bj)10j .

Thus the pseudo-label for a larger multiplication can be
constructed from predictions on one-digit-by-n component
products, shifted by place value, and summed. When
n < m, we symmetrically decompose A instead. In the
experiment in Section 3.1, the aggregation sum is per-
formed by the addition model produced by the addition
self-improvement procedure, and each stage introduces new
operand shapes (n,m) and (m,n); the main heatmap aver-
ages held-out accuracy across shapes with the same total
operand size n+m.
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(a) Effect of composed sample size per round.

(b) Effect of seed noise.

Figure 5. Synthetic concatenation experiments. CSI denotes com-
positional self-improvement. Increasing the number of composed
examples per round improves recovery beyond direct composition,
while higher seed noise degrades performance and slows recovery.

C.2. Synthetic concatenation experiment

We use a controlled synthetic task to illustrate the effects
of the two quantities highlighted by the theory: composed
sample size and pseudo-label noise.

Setup. Inputs are bit strings x ∈ {−1,+1}K with sum
s(x) =

∑
i xi and label 1{s(x) ≥ 0}. Composition con-

catenates strings, so sums compose additively: s(x ◦ x′) =
s(x) + s(x′). We simulate a seed predictor by indepen-
dently corrupting primitive bits with error rate ϵ0. Direct
composition applies this noisy predictor without retraining.
Compositional self-improvement constructs larger examples
round by round, pseudo-labels each composed example by
summing the predicted component sums, retains a fixed
number of composed examples per round, and trains a ridge
regression model to predict the sum.

Figure 6. Run-length baseline heatmaps on the ten-symbol task
with symbol-and-length outputs. Direct pseudo-labeling lags be-
hind both composition variants; filtered composition reaches the
largest reliably solved lengths, while unfiltered composition re-
mains highly competitive, unlike in addition.

Results. Figure 5 supports the theoretical predictions.
With too few retained composed examples, CSI remains
close to direct composition; with enough examples, it
steadily improves across rounds. Increasing the primitive
error rate weakens the signal and slows recovery. This illus-
trates the two factors emphasized by the theory: the amount
of composed data and the noise level of the seed predictor.

C.3. Run-Length Baseline Comparisons

We compare the same three baselines as in the addition
study: direct pseudo-labeling, unfiltered composition, and
filtered composition.

Setup. For run-length, direct pseudo-labeling labels larger
examples in a single step, while unfiltered composition ap-
plies the composition rule without a safety filter. Filtered
composition uses the same rule but removes examples whose
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composed labels are unreliable due to boundary-continuing
runs.

Results. Figure 6 shows that composition drives the run-
length gain. Direct pseudo-labeling reaches 0.774 final
accuracy and exceeds 0.9 accuracy only up to length 30.
Unfiltered and filtered composition reach 0.972/0.978 fi-
nal accuracy and maintain > 0.9 accuracy through lengths
82/83, respectively, so filtering adds only a small gain be-
yond composition. One reason may be that boundary con-
tinuations that change the answer are relatively rare under
the natural evaluation distribution. We therefore perform a
more controlled boundary evaluation next.

C.4. Run-Length Boundary Diagnostics

We test whether the learned model generalizes to boundary-
continuation cases excluded by the safety filter. These diag-
nostics are designed to distinguish ordinary generalization
to filtered examples from failures caused by limited output
coverage in the composed training data.

Setup. During training, run-length examples are gener-
ated by equal-length two-block composition: a length-n
string is formed by concatenating parts of lengths ⌊n/2⌋
and ⌈n/2⌉. The safety filter rejects same-symbol boundary
runs, since they may merge and change the label. Therefore,
accepted composed examples only contain longest runs that
are already visible within one part.

For evaluation, we construct controlled boundary-
continuation slices. The critical-boundary slice consists
of strings whose longest run is created by merging two
same-symbol runs across the middle boundary. We then
vary the merged boundary-run length beyond the maximum
run length represented by accepted two-block compositions,
which is bounded by the larger block length ⌈n/2⌉. When
feasible, each part also contains a competing run one shorter
than the boundary run.

Results. Figure 7 shows two main patterns. First, filtered
composition consistently outperforms unfiltered composi-
tion on longer sequences, although the gap is smaller than in
addition. This suggests that filtering helps control structured
errors, but its effect is more limited for run-length.

Second, boundary-run extrapolation reveals a clear failure
mode. As the merged boundary run exceeds the larger-
block limit ⌈n/2⌉, performance drops sharply. This reflects
an output-coverage limitation of the fixed two-block com-
position rule: accepted composed examples never require
predicting runs longer than those already present in a compo-
nent. Thus, runs longer than the component-length bound re-
ceive little or no pseudo-labeled supervision, and the model
does not generalize reliably to that regime.

(a) Fixed-boundary slices.

(b) Boundary-run extrapolation.

Figure 7. Run-length boundary diagnostics. In the fixed-boundary
diagnostic, the no-boundary slice has different boundary symbols,
so no run can merge across the split. The critical-boundary slice
has same-symbol boundary runs whose merger is longer than any
run within either half, making the cross-boundary run determine
the true answer. In the boundary-run extrapolation diagnostic, the
merged boundary run exceeds the maximum run length represented
by the fixed two-block composition rule, i.e., the larger-block
limit ⌈n/2⌉. The x-axis reports this excess length; accuracies are
averaged over all rounds.

Overall, these diagnostics suggest a general design princi-
ple for compositional self-improvement: filtering should be
paired with sufficient coverage of the target behavior. Clean
pseudo-labels alone may not be enough if the accepted com-
positions systematically exclude part of the relevant output
range. This motivates diversifying composition paths, for
example by using multiple split positions or unbalanced
splits such as lengths n−1 and 1, so that the composed data
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covers the regimes needed for reliable generalization.

C.5. Seed Strength and Composed-Data Size

Compositional self-improvement can fail when the seed
model is too unreliable or when too few accepted pseudo-
labeled examples are available at each round. We vary both
factors on the two main real tasks.

Setup. For run-length, the model predicts the repeated
symbol and length of the longest run over a ten-symbol
alphabet; composition rejects examples where a run may
continue across the boundary. For addition, we use the
filtered carry-aware composition rule from the main ex-
periments. For each task, we select weak, moderate, and
strong seed checkpoints by their worst accuracy on the seed
range: 0.73, 0.81, and 0.99 for run-length, and 0.75, 0.84,
and 0.995 for addition. We vary the number of retained
composed examples per new size: 250, 500, and 2000 per
length for run-length, and 2500, 5000, and 10000 per digit
for addition.

Results. Figures 8 and 9 show that stronger seeds and
larger composed datasets improve self-improvement. For
run-length, increasing retained examples from 250 to 2000
per length substantially expands reliable performance across
seed strengths. For addition, larger composed pools also
help, especially with a strong seed; the 10000 example-
per-digit setting gives the broadest reliable range. These
results support the prediction that self-improvement depends
on both the quality of the seed model and the amount of
composed data.
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Figure 8. Run-length ablation over seed strength and retained composed-data size. Each panel shows accuracy by string length across
self-improvement rounds.
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Figure 9. Addition ablation over seed strength and retained composed-data size. Each panel shows accuracy by addend digit length across
self-improvement rounds.
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