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Abstract

We study generalization bounds for compositions of functions through an operator-theoretic
(Koopman) framework. Existing analyses in this direction are primarily restricted to scalar-
valued settings and to Sobolev-type reproducing kernel Hilbert spaces (RKHSs), where the
resulting bounds depend on smoothness parameters. We extend this framework to vector-
valued RKHSs, enabling the analysis of multi-output function classes and making explicit
how task-coupling kernels enter the resulting Rademacher complexity bounds. Within this
setting, we derive bounds that depend on operator norms, singular values, and determinant-
based geometric quantities associated with the underlying linear maps. We further introduce
a vector-valued Brownian RKHS formulation, which replaces Sobolev smoothness assump-
tions by a first-order Cameron—Martin-type structure. In this regime, the resulting bounds
no longer depend on Sobolev smoothness exponents and instead exhibit a milder spectral
dependence involving only operator norms and determinant factors. This highlights a qual-
itative difference between Sobolev- and Brownian-based analyses at the level of function
spaces. We additionally study a shared operator-learning formulation for multitask transfer
in vector-valued RKHSs deriving an exact representer theorem, a finite-dimensional reduc-
tion of the corresponding operator-learning problem, and transfer bounds for the induced
operator class. We illustrate these effects empirically on synthetic data and MNIST, com-
paring the behavior of Sobolev and Brownian bounds during training.

1 Introduction

Understanding the generalization properties of deep networks remains a central challenge in learning the-
ory. Classical approaches control capacity either through parameter counts or through norm-based quanti-
ties Bartlett & Mendelson| (2002)); [Mohri et al.| (2018]). While norm-based bounds avoid explicit dependence
on width, they often exhibit unfavorable scaling with depth and capture only coarse geometric information
about the weight matrices (Neyshabur et all [2015; |Golowich et al.l [2020; Bartlett et al., |2017; Wei & Mal,
2019; |Liu et al., 2024]). Compression-based approaches account for low-rank structure |Arora et al.| (2018]),
but do not address generalization in full-rank regimes.

A complementary perspective models neural network layers as Koopman operators acting on function spaces.
This operator-theoretic viewpoint allows generalization bounds to be expressed in terms of spectral properties
of the underlying transformations, and has been shown to yield improved behavior in scalar-valued Sobolev
RKHS settings [Hashimoto et al| (2024]). However, existing analyses are restricted in two important ways:
they are formulated for scalar outputs, and they rely on Sobolev-type RKHSs with smoothness constraints
s > d/2, which impose structural limitations on the admissible function classes.

A function-space perspective. Rather than refining existing bounds within a fixed functional setting, this
paper adopts a different viewpoint: we study how changing the underlying function space affects operator-
based generalization bounds. In particular, we extend the Koopman framework to vector-valued RKHSs
(vwRKHSs), and introduce a Brownian integral RKHS formulation that differs qualitatively from Sobolev
spaces. This shift leads to a different spectral structure in the resulting bounds.
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Overview of results. Working in vwvRKHSs, we derive Koopman-based Rademacher complexity bounds for
multi-output function classes. These bounds express capacity in terms of operator norms, singular values, and
determinant-based geometric quantities associated with the weight matrices. We then introduce a vector-
valued Brownian RKHS setting, in which the resulting bounds no longer depend on Sobolev smoothness
exponents. In this regime, the resulting bounds depend only on operator norms and determinant factors,
yielding a milder spectral dependence compared to Sobolev-based analyses in well-conditioned settings.
This highlights a qualitative distinction between Sobolev and Brownian formulations at the level of function
spaces.

Our contributions. We summarize our contributions as follows:

e« Koopman-based bounds in vector-valued RKHSs. We extend the Koopman operator frame-
work from scalar-valued to vector-valued RKHSs, deriving Rademacher complexity bounds for multi-
output function classes and making explicit the role of task-coupling kernels through determinant
and trace terms.

e Brownian RKHS formulation. We introduce a vector-valued Brownian integral RKHS setting
in which Koopman-based bounds no longer depend on Sobolev smoothness exponents, but instead
involve only operator norms and determinant-based geometric quantities.

e Comparison of functional regimes. We show that the Brownian formulation yields milder spec-
tral dependence than Sobolev-based bounds in well-conditioned regimes, highlighting a structural
difference between the two function-space settings.

e Shared operator learning and transfer. We introduce a shared operator-learning formulation
for multitask transfer in vector-valued RKHSs, deriving an exact representer theorem, a finite-
dimensional reduction of the corresponding operator-learning problem, and transfer bounds for the
induced operator class. In this framework, the transferable object is a shared operator acting be-
tween Hilbert function spaces, rather than merely an output kernel or a finite-dimensional latent
representation.

e« Empirical evaluation. Experiments on synthetic data and MNIST illustrate the comparative
behavior of Sobolev and Brownian bounds during training.

2 Related Works

Norm-based generalization bounds. A large body of work studies generalization in deep networks
through norm-based capacity measures on the weight matrices (Neyshabur et al., |2015; |Golowich et al.
2020; [Bartlett et all 2017). These bounds are typically dependent on spectral or Frobenius norms and
avoid explicit dependence on layer width. However they often exhibit unfavorable scaling with depth and
capture only coarse geometric information about the transformations. Variants based on reference matrices
or margin-based quantities have also been proposed (Wei & Mal,|2020; [Ju et al., [2022)), while other approaches
focus primarily on spectral norm control (Li et all 2021)). In contrast, operator-based analyses characterize
generalization through the action of layers on function spaces, allowing bounds to depend on finer spectral
quantities such as singular values and determinant-based volume distortions.

Operator-theoretic (Koopman) approaches. Recent work has introduced Koopman operator formu-
lations for analyzing generalization in deep networks (Hashimoto et al.;2024)). In this framework, each layer
is viewed as inducing a composition operator acting on a reproducing kernel Hilbert space (RKHS), and
generalization bounds are expressed in terms of operator norms. Existing results are primarily developed
for scalar-valued functions in Sobolev-type RKHSs, where the resulting bounds depend on smoothness pa-
rameters and associated spectral quantities. The present work builds on this perspective by extending the
analysis to vector-valued RKHSs and by considering alternative functional settings beyond Sobolev spaces.
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Vector-valued and multi-output settings. Vector-valued RKHSs provide a natural framework for mod-
eling multi-output function classes through matrix-valued kernels (Argyriou et al., |2006; |2008). In statistical
learning theory, they have been used to study structured prediction, multitask learning, and kernel methods
with coupled outputs. Classical generalization results include Rademacher complexity bounds for linear
models (Maurer} |2006]), excess risk bounds under trace-norm regularization (Pontil & Maurer, 2013), and lo-
cal complexity analyses for structured function classes (Yousefi et al.,|2018). While these works characterize
how task coupling affects capacity, they do not address operator-based formulations of deep compositions.

This paper combines these two approaches using operator-based generalization bounds in vector-valued
RKHSs and by introducing a Brownian RKHS formulation as an alternative to Sobolev spaces. In contrast
to prior Koopman-based analyses, which operate within Sobolev function classes, our approach highlights
how changing the underlying function space leads to a different spectral structure in the resulting bounds.
This allows us to compare Sobolev and Brownian regimes within a unified operator-theoretic framework.

3 Preliminaries

In this section, we assemble the foundational tools employed throughout the paper. Section specifies the
notation and measure-theoretic conventions; Section [3.2] reviews the notation of vector-valued Rademacher
complexity; and Section [3.3] introduces the Koopman representation of the network.

3.1 Notations

In the following, we introduce a few notations that will be used throughout the paper. We denote the set
of natural numbers by N := {0,1,2,...}, and the set of positive integers by N* := {1,2,...}. We denote
[~ R, R]? the d-dimensional hypercube for R > 0. The set of non-negative real numbers is written as R=°. For
a positive integer n, we define the set [n] as {1,2,...,n}. The Cartesian product of a family of sets (4;);er
is denoted by [];c; A:. In particular, if A} =--- = A, = A, we write A" for the n-fold Cartesian product
of A with itself. Let U be a topological space with a Borel sigma-field. We denote the space of probability
measures on U as P(U). For a linear operator W on a Hilbert space, its range and kernel are denoted by
ran(W) and ker(W), respectively. Its operator norm is denoted by |[W||. For an injective matrix W € R%*@
with d > d’, we define |det (W)| := (det (WTW))l/z. For a function p € L> (R%), its L>-norm is denoted
by ||p||se- For a function h on R? and a subspace S of R?, the restriction of h on S is denoted by h|s. With
ST C R™*™ we denote the set of m x m symmetric and positive semi-definite (p.s.d.) matrices. A function
k:X x X — Ris called a kernel if it is symmetric and positive semidefinite, that is, for every n € N*, every
collection of points (x1,...,%x,) € X", and all coefficients (aq,...,a,) € R", 227‘:1 a; k(x4,%5) aj > 0.
Each such kernel uniquely determines a reproducing kernel Hilbert space (RKHS) H; C R?, consisting of
real-valued functions on X. The space Hy, is characterized by the facts that kyx (1) ==k (-,2) € Hg, Vx € X,
and it satisfies the reproducing property h(x) = (h, kx)y,, Vh € Hi,x € XH Finally, the RKHS admits

the representation Hy = Span {kx : ¢ € X'}, where span(-) denotes the linear span of its argument and (-)
indicates closure.

Let X be a non-empty set. A bivariate function K : X x X — R™*™ m € N, is called a matrix-valued
kernel if K (x,x’) = K(x/,x)" for all (x,x’) € X2, and for all n € N and any (x;,y;)"; € (X x ¥)" we have
szzl yi K(xi,%x;)y; > 0. Fix m € N and let M € S7" be a symmetric positive semidefinite matrix. Let
K be a matrix-valued kernel. There exists a unique Hilbert space H g of functions f : X — R™, called the
vector-valued RKHS (vwvRKHS) induced by K, such that for all x € X, y € R™, and f € H, the function
x' — K(x,x')y belongs to Hy and (f, K(-,X)¥)3, = f(x)Ty. In the separable case K(x,y) = k(x,y) M
with M € S7', the associated vvRKHS Hg consists of functions f = (f1,...,fm) : & — R™ with each
f;j € Hi, and the inner product is given by

<fag>'HK = Z (Mil)ij <f17 gj>'Hka (M - 0)

Here k (-,x) denotes the function x’ — k (x/, x).
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Equivalently,

m

115 = D (M), (fis fid

ij=1

If M is positive semidefinite (but not invertible), the same formulas hold on the corresponding quotient
space induced by ker(M). In particular, the norm | f|#, is equivalent to the unweighted product norm
17115, =< >y IS 13, where the equivalence constants depend only on the eigenvalues of M.

Let Hg, and Hg, be vvRKHSs on R4 and R% induced by the matrix-valued kernels K; and Ks, re-
spectively. Given a measurable function f : R% — R, the associated Koopman operator acts by compo-
sition from Hg, to Hgi,. We define its domain as Dy = {g € Hk, : go f € Hk, }, namely all functions
in Hg, whose pullback through f belongs to Hg,. The Koopman operator associated with f is the map
K¢ :Dy — Hi,, Krg=go f. For b € R? the translation operator Ty, : RY — R? is Ty, (x) := z + b, and the
associated Koopman operator is Kpg := g o Tp,.

A multi-index is a vector a = (a1,...,a4) € N with length |a| = Zle o;. The symbol D“f denotes
the weak derivative of order a. For s > 0, H® (Rd) denotes the standard Sobolev space, identified with
W2 (Rd). For a linear subspace S C R?, we define H* (S,R™) as the Sobolev space obtained by identifying

S with R¥™S via an orthonormal basis. The notation f denotes the Fourier transform of a function f,
and supp(f) its support. For m € N and s > 0, H*® (Rd,Rm) denotes the standard vector-valued Sobolev
space, equipped with its usual Hilbert norm. The associated matrix-valued Sobolev kernel is written as
K, (z,7') = ®,(z — '), where ®, : R? — R™*™ is a translation-invariant matrix-valued function whose
Fourier transform satisfies the usual Sobolev decay condition. When ®; is radial, we write ®; (z) = ¢s (||x]|2)
for a scalar profile function ¢ : [0,00) — R.

Recall that the Brownian kernel on R is k® (z,2') = M Vx,z' € R, which is non-negatively
1-homogeneous in the sense that k® (az,ax’) = a k® (x,2') for all a 6 R>O

Let D C R? be a domain, § a topological space equipped with a Borel probability measure 1 € P (Q), and for
each w € Q let k) : D x D — R be a scalar kernel with RKHS H,w), satisfying [, k®) (x,x) du (w) < oo,
Vx € D. Define

He = {(fw weq € H Hpw - / ”waH () ("") < OO} ) (1)
weN

with inner product (f, )y, = [ (fu: 9w)y » d,u (w). Then, by Hotz & Telschow| (2012, Theorem 3.1), the

space

sz{f Do R:f(x /fw x) dy (w) ¥x € D, (fw)eH@} (2)

is an RKHS (the integral RKHS) with kernel k (x,y) = [, k) (x,y) du (w), x,y € D, and norm

1712, = inf / lowll?, . du(w). 3)

g€EHg:
FGO)= [, 9w (x)du(w), vx

k(w)

Let X C R? be a domain, M € S7*, and let K(x,x’) := k®(x,x')M be a separable Brownian kernel on
X x X. The induced vector-valued Brownian RKHS is denoted by H®) (X R™).

For an activation function f : R — R, the sup-norm is || f||oc = SUp,cp |f( )|. For a function o : RY — RY
with component functlons (0;)%_, the uniform derivative bound is |o’|| . = maxi<;<q SUp,cga |0} (z)|, and

analogously for H H
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3.2 Vector-valued Rademacher complexity

We consider a general multiple-output regression framework. Let us briefly recall the fundamental setting
of supervised learning. We are given a training sample Dxy,, = {(x;,¥:)}fo; ~ V%, where (i) vxy €
P(X x Y) denotes the joint distribution governing the relationship between the input X and the output
Y; (ii) X ¢ R and ) € R™ denote the input and output spaces, respectively; and (iii) vx represents the
marginal distribution of X E| The objective is to learn a function f from the data Dxy,, such that f(z)
provides an accurate prediction of the corresponding output y for unseen inputs x. Based on the definition
of Rademacher complexity, the vector-valued Rademacher complexity is defined as follows:

Definition 1 (empirical vector-valued Rademacher complexity). Let F be a class of functions f: X — R™
over an input space X, and let

o; = (0i1,...,0im) ~Rad™, i€[n],

be independent Rademacher vectors, i.e. o;; are i.i.d. random variables uniformly distributed on {—1,+1}.
Then, for a fixed dataset D, = {x;}_, C X, the empirical vector-valued Rademacher complexity of F is

defined as
] ; (4)

where (-,-) denotes the standard Fuclidean inner product in R™. FEquivalently, one may write o =
(o1,...,0,) ~Rad™™.

n

Z<0'i» f(x3))

=1

~ 1
R (F) = ERagmn [sup -
fermn

3.3 Koopman representation of deep networks

We study the generalization behaviour of an L-layer neural network
f=gobLoWpoo, 10---0010b; oWy, (5)

mapping R% to R™. Here, W; € R%*%-1 are injective linear maps,

bi(z) = x + ay, a; € R%,

are bias shifts, o; : R* — R% are nonlinear activations, and ¢ : R% — R™ is the terminal representation
map. Using the Koopman operator viewpoint, the network can be written as the operator product

f :’CWIICbIICUI ...’CWL—IICbL—IICO'L—llCWLICbL g. (6)

The Koopman representation separates the contribution of each layer at the level of function spaces: Kw,
encodes the action of the linear map W;, Ky, accounts for translations, and X,, captures the effect of
the nonlinear activations. Rather than controlling generalization directly through the layer weights, we
instead bound the corresponding Koopman operators acting on suitable vector-valued RKHSs. This operator-
theoretic factorization exposes spectral-geometric quantities such as singular values and determinant factors
in the resulting Rademacher complexity bounds. Each layer R% is equipped with a vector-valued Sobolev
RKHS H*! (Rd’,Rm), generated by the separable matrix-valued kernel

K, (x,x') = ks, (x,x') M, for all x,x’ € X

where kg, is a scalar Sobolev kernel of order s; > d;/2, and M € S'. Under these assumptions, the Koopman
operators satisfy

Kw, : H* (R",R™) — H*- (R"- R™),
Kby, Koy o H (R®,R™) — H* (R R™),
which ensures that the Koopman factorization @ is well-defined.

We impose the following assumption throughout this section.

2The notation vx will be used later when introducing Rademacher complexities.
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Assumption 1. The final nonlinear transformation g € H5 (RdL,Rm), and the Koopman operators Ko,
are bounded forl=1,...,L — 1.

To ensure that the terminal representation map satisfies Assumption [, we may choose
g(x) = e I MeT, x € R,

for coefficients ¢ € R™, matrix M € S, and Sobolev order sy, > dr, /2. With this choice, g € H** (RdL,Rm).

Remark 1. Let g be a smooth function which does not decay at infinity, for example the sigmoid activation.
Although H®E (]RdL,Rm) does not contain such functions globally, one may construct g € H*~ (RdL,]Rm)
such that g (x) = g (x) on a sufficiently large compact region and replace g by g in practical settings.

Assumption 2. There exists k > 0 such that

ksy (x,%x) < R, VxeX.

Lemma [BI]shows that under suitable smoothness and bi-Lipschitz assumptions on o7, the Koopman operator
Ko, is bounded on H* (R% R™), for | € [L — 1].

As activation functions, one may use smooth variants of Leaky ReLU, such as those introduced in [Biswas
et al.| (2022]).

We now derive Rademacher complexity bounds for the corresponding function class.

4 Koopman Formulation in Vector-Valued Sobolev RKHSs

We first derive Koopman-based Rademacher complexity bounds in vector-valued Sobolev RKHSs. The
resulting estimates decompose into three components: a kernel-dependent factor associated with the input
space, a product of Koopman operator norms corresponding to the nonlinear activations, and a product of
spectral-geometric terms associated with the linear layers. The spectral-geometric contribution involves both
operator norms and determinant factors. The determinant terms quantify the volume distortion induced by
the linear maps, while the Sobolev-symbol ratios describe how regularity is transported across layers under
the associated Koopman operators.

4.1 Koopman-based Sobolev bounds for invertible deep networks

In this subsection, we consider the case d; = d, [ = 0,..., L, for some fixed d € N. For constants C, D > 0,
define

W(C, D) == {W e R™>? | [W]|| < C, |det (W)| > D},

and consider the invertible hypothesis class F,,, == {f € F | W; € W(C, D)}. The following theorem gives
a Koopman-based Rademacher complexity bound for F,,,.

Theorem 1. The Rademacher complexity R (F...) satisfies

o k' Tr (M)
R (Fiw) < ( n) HgHHsL(Rd,Rm)

2\ Si—1 1/2
L (1+ W/ wll) 1
sup sup T
W EW(C,D) || weRd (1 + ||w|\2) |det (W,

L-1
1/2 H ||’C0'l|| ’
)y

where M € S™".

The bound in Theorem [I]follows from the Koopman factorization of the network and the corresponding layer-
wise operator estimates. In particular, the determinant terms arise from the change-of-variables structure of
the linear Koopman operators and quantify the volume distortion induced by the weight matrices. Applying
Lemma 5 of [Hashimoto et al.[ (2024) to Theorem [1] yields the following corollary.
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Corollary 1. Assume
H* (RY,R™) = H* (R4, R™), 1=0,...,L,

for some s > d/2. Then,
L-1
5im ; kTr (M)
Ry (Fiw) < max {1,C%} < nD) 191l 7 (R4, Rm) H 1Ko I -

4.2 Koopman-based Sobolev bounds for injective deep networks

We now extend the invertible-layer analysis to injective architectures with width expansion, where the linear
maps W; : R4-1 — R% are injective but not necessarily square. In this setting, the determinant of W;
is no longer defined. The relevant geometric quantity is instead det (WZTWZ), which measures the volume
distortion induced by W on its range. A second feature of the injective setting is the appearance of geometric
factors Gy, which quantify how much of the function mass is concentrated on the lower-dimensional subspace
ran (W;) C R%. These factors capture the interaction between Sobolev regularity and the geometry induced
by the injective linear layers. For constants C, D > 0, define

W,(C, D) == {W eRD X | 4y > dy_y, [W] < C, det (WTW) > D},
and consider the injective hypothesis class F,; .= {f € F | W; € W;(C, D)}. For
fi=gobroWpoor_10oby_10Wg_j0---00;0by,
define

||fl|ran WZ)HH” 1 (ran(Wy), ]R’”)

”.leH*z (]Rdl RM)

1=

The following theorem gives the corresponding injective Koopman-based Rademacher complexity bound.
Theorem 2. The Rademacher complexity R™ (F.,,) satisfies

o kTr (M
R, (]:inj) < < n()> ||g||H5’L (R R™)

L

sup H G; sup
W, eW,(C,D) 1—1 weran(Wy)

14 ||WT s1-1/2

1+ Jlwll3

I;

o H 1Kol

det (WTWZ -

where M € ST,

Remark 2 (Non-injective weight matrices). The injectivity assumption in Theorem @ guarantees bound-
edness of the composition operator associated with W,. When W is rank-deficient, directions in ker (W)
collapse, and the corresponding Koopman operator is no longer bounded on Sobolev-type RKHSs. Follow-
ing the operator-reqularization viewpoint introduced in |Hashimoto et al.| (2024, Section 4.3.1), one can re-
place the singular volume factor by the stabilized quantity det (I+ WlTWl), which remains strictly posi-

tive even for rank-deficient layers. This leads to the modified estimate 1/ det (I + Wl—'—Wl)l/4 in place of

1/ det (W;Wl)1/4. The resulting bound remains finite in the non-injective setting and preserves the same
operator-theoretic interpretation in terms of reqularized volume distortion.

5 Koopman Formulation in Vector-Valued Brownian RKHSs

We now consider an alternative functional setting based on vector-valued Brownian RKHSs. In contrast to
the Sobolev framework, where regularity is controlled by smoothness exponents s;, the Brownian RKHS is
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governed by a first-order Cameron—Martin-type structure. This change of function space leads to a qualita-
tively different form of operator-based generalization bounds. In particular, Koopman operators induced by
linear maps in the Brownian setting depend only on operator norms and determinant-based volume distor-
tions, without any smoothness parameters. As a consequence, the resulting Rademacher complexity bounds
exhibit a different spectral structure: each layer contributes a factor of the form |[W;||/| det(W;)|'/2, rather
than max{1, |[W;||*}/| det(W;)|'/? as in the Sobolev case. This yields a milder dependence on spectral
norms in well-conditioned regimes. The following theorem formalizes this behavior for invertible architec-
tures and highlights the contrast with Sobolev-based bounds.

5.1 Koopman-based Brownian bounds for invertible networks

In this subsection, for some d € N, we assume d; = d for all  =0,..., L. Let R > 0 and set X = [—R, R]d.
Consider the separable matrix-valued Brownian kernel K (x,x’) = k™ (x,x') M, for M € ST and x,x’ € X,
with associated vector-valued Brownian RKHS H(®) (X, R™) as defined in Section Throughout this

subsection, we assume that all functions are supported in [—R, R]d. For constants C, D > 0, define the class
of admissible invertible weight matrices

W(C, D) = {W e R | |[W]|| < C, |det (W)| > D},
and consider the Brownian RKHS hypothesis class

mv

Fa = {f = Kwi Ko, Ko, -+ Kw, Ko, g | g € H®) (X, R™), Wi € W(C, D)},

where Kp, denote translation operators and o; satisfy the assumptions of Lemma [E_ﬂl The following theorem
gives the resulting Brownian RKHS Rademacher complexity bound.

Theorem 3. The Rademacher complexity R (Fin)) is bounded as

mv

L L—1

kTr (M) W] v

o w7 L Iefle |@™)
=1

S (7)) < V2
n — .

gl g sy m sup
H®(XR )WIEW(C,D)II;[l |det (W,

A corresponding extension to non-injective (rank-deficient) weight matrices can be obtained by combin-
ing the operator-regularization mechanism discussed in Theorem |2| with the Brownian Koopman estimates
derived here. In that setting, the determinant factor |det (Wl)|1/ % is replaced by the stabilized quantity
det (I + W?Wl)l/ 2, yielding a finite Brownian RKHS complexity bound even in the non-injective regime.
We omit the full derivation for brevity.

Remark 3. The vector-valued Brownian RKHS formulation considered here corresponds to a different func-
tional regime from the Sobolev RKHS framework of |Hashimoto et al.| (2024). Rather than refining the same
estimates within a fited RKHS class, the present approach changes the underlying function space itself, which
modifies both the associated Koopman operator bounds and the resulting Rademacher complezity estimates.
The main distinctions are summarized below.

o Function-space regime: |Hashimoto et al.| work in Sobolev RKHSSs induced by Fourier multipliers p (w) =

—S
(1 + HwH;) , 8 > d/2, where bounded evaluation relies on Sobolev embedding. In contrast, our analysis

is carried out in a vector-valued Brownian RKHS, which corresponds on compact domains to a first-order
Cameron—Martin-type structure and avotids higher-order Sobolev smoothness parameters.

e Koopman-based bounds for activation maps: [Hashimoto et al| derive bounds for activation-induced
Koopman operators in Sobolev RKHSs. In the special case s = 1 with elementwise o, they obtain

1Kol < lldet (Jy-1)ll o max {1, 901l . }
and note that deriving tight bounds for larger s is challenging (their Remark 3). In our vector-valued
Brownian RKHS framework, the activation Koopman bounds take the form

1/2
1ol < Callo'llc | (07|
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with dependence only on first-order derivative quantities.

o Structure of the final Rademacher bounds: For invertible weights, the Koopman-based Sobolev bound of
Hashimoto et al.| (2024) (Theorem 4 and Lemma 5) yields

L
max {1, [|[W; )% }
O o
WjESVI\‘}E)C,D) j=1 |d t( 1/2 H H ]H

In contrast, our vector-valued Brownian RKHS result has the form

L
o( sup Hi”wl“ 1/2H|| | (7)

W.eW(C,D)j_y |det (W

) |

Thus, the Brownian formulation removes higher-order Sobolev exponents from the spectral factors and
replaces them by first-order operator quantities. For |[Wi|| > 1 and s; > 1, the Sobolev formulation
therefore exhibits higher-order dependence on spectral norms, although the two bounds operate on differ-
ent hypothesis spaces and are not directly comparable.

o Injective weights and geometric G; factors: |Hashimoto et al.| (2024) introduce geometric factors G,
to control injective non-surjective layers through restrictions to ran (W;). These factors depend on
Sobolev regularity and Grassmannian averaging (Appendiz C in their paper). In the Brownian setting,
analogous geometric factors naturally arise (cf. Lemma , but their dependence is tied only to the ge-
ometry of ker (W) and the first-order Brownian structure, rather than higher-order Sobolev smoothness
parameters.

o Non-injective weight matrices (Brownian setting): The extension of the Brownian RKHS analysis to
non-injective (rank-deficient) linear layers requires additional care, since the associated Koopman op-
erator is no longer bounded due to collapse along ker (W,). Using the same stabilized volume mecha-
nism discussed above, one replaces the singular determinant factor by det (I + WZTWZ), which remains
strictly positive even in the rank-deficient setting. This suggests that an analogous Brownian RKHS
Rademacher complezity bound can be derived by combining the same operator-regularization mechanism
with the Brownian Koopman estimates developed here, although we do not pursue the full derivation in
the present work.

6 Shared Operator Learning and Transfer

In the previous sections, we studied operator-theoretic generalization bounds for fixed Koopman composition
chains acting on vector-valued RKHSs. We now consider a related extension in which a shared operator is
learned jointly across multiple tasks.

The purpose of this section is not to introduce a new empirical transfer-learning framework, but rather to
show that the operator-theoretic viewpoint naturally admits a shared operator-learning formulation with an
exact finite-dimensional representer structure. In contrast to multitask formulations based solely on output
kernels or finite-dimensional latent representations, the transferable object considered here is an operator
acting between Hilbert function spaces.

The results below are inspired by operator-learning representer methodologies for Koopman operators in
scalar RKHS settings (Khosravi, [2023). However, the present formulation differs in that it operates in
vector-valued RKHSs and studies shared multitask transfer operators motivated by the Koopman product
framework developed earlier in this paper.

6.1 Shared operator-learning formulation

Let Hous be a Hilbert space containing the final output-side maps g appearing in the Koopman factorization.
Thus, Heut does not refer to the penultimate hidden-layer activations, but to the function space in which
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the terminal map ¢ : R% — R™ is assumed to lie. In the present framework, one may take for example
Howw = HL (RdL,Rm) or Houy, = H® (X,R™). In the present framework, one may take for example
Houwt = HE (RdL,]Rm) or Hows = HB (X, R™). Let Hx be a vector-valued RKHS induced by a matrix-
valued kernel K : X x X — R™*™, We consider a shared operator T : Houwt — Hi. Motivated by the
Koopman factorization introduced earlier, one may formally view T" as being induced by products of the form
Kw, Kb, Ko, - Kw,Kp,. Let M € N denote the number of source tasks. For each ¢t € [M], let g: € Hous
denote a task-specific terminal representation, and let (x4,y#) € X x R™, i € [n4], be the corresponding
training samples. We study the regularized operator-learning problem

M ny

m%nzzé(Yti,(Tgt)(xti)) +>‘HT||?{S’ (7)

t=1 i=1

where T : Hout — Hi, A > 0, the loss £ is convex and continuous in its second argument, and || - ||gs denotes
the Hilbert—Schmidt norm.

6.2 Representer theorem
The next theorem shows that every minimum-norm minimizer of admits a finite-rank representation
determined entirely by the training samples and the task representations.

Theorem 4. Assume that admits a minimizer. Then every minimum-norm minimizer T : Houwt — Hi
admits the representation

M ny m

T\ = ZZZCW (K (',Xti) ea) X gt

t=1 i=1 a=1
where (e,))"_| is the standard basis of R™. Equivalently,

M ng; m

(Ta) (9 =333 erua (1003, K (.30 0.

t=1 i=1 a=1

6.3 Finite-dimensional reduction

The representer theorem implies that the infinite-dimensional optimization problem reduces exactly to
a finite-dimensional optimization problem over the coefficients (ct;q)-

Theorem 5. Let T be a minimum-norm minimizer of . Then the corresponding coefficients solve the
finite-dimensional optimization problem

2
M ny M ngy m
mgn E E Yti — E E E Ct'ja <gt’7gt>?-toutK(Xti>xt’j)ea
t=1 i=1 t'=1j=1a=1 9
-
+A E CtiaCt/jb (Gts G/ ) 3., €a I (Xtis Xe1j) €.
t,i,a
t'.5.b

6.4 Transfer bound

We finally record the generalization consequence of the learned shared operator. Let K(x,x’) = k(x,x")M,
M € ST, with k(x,x) < x. Conditionally on the learned operator T, define F(B) = {fg gl < B}.
Let

Ro(f) =E[((Y, f(X))]

10
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denote the target population risk, and let
f§ € arg mfinRO(f).

Let fo be an empirical risk minimizer over ff(B) on a target sample of size ng, and define

A=(B)= inf R, (fg)—RO(fg).

9l <B

Proposition 1. Assume that the loss is Lg-Lipschitz and bounded by Cy. Then, conditionally on T\, with
probability at least 1 — 9,

Ro (fo) = Ro (f§) < Az(B) + 4L.B H:FH WJF a %.

In particular, since HfH < HfHHs’ the same bound holds with HfHHs in place of Hf”
Remark 4.

e Theorem[1] does not imply that shared operator learning universally improves transfer performance. It
shows only that whenever a useful shared operator admits controlled operator norm, the induced transfer
class inherits a corresponding Rademacher complexity bound.

e The present viewpoint differs from multitask formulations based solely on output kernels or finite-
dimensional latent representations. Here, the transferable object is an operator acting between Hilbert
function spaces.

o When the learned operator T is induced by Koopman composition chains satisfying the bounds of The-
orems toH the transfer complexity term HfH inherits the corresponding spectral-geometric structure

involving Koopman operator norms, determinant factors, and Brownian/Sobolev function-space geomne-
try.

7 Experimental Details

In this section, we present an empirical comparison between the Sobolev Bound and the Brownian Bound.
We first conduct a numerical study of both bounds in a single regression setting. We then evaluate their
effectiveness as regularizers in a multi-class classification task, analyzing their impact on model performance
and generalization.

7.1 \Validity of the bound

To numerically evaluate the bound, we conducted a synthetic data experiment inspired by Hashimoto et al.
(2024). The synthetic data consider a regression problem in R3, where the target function ¢ is defined

as t(x) == exp (— 122 — 1H2>, for all z € R3. We employ a fully connected neural network of the form
f(x) == g (Woo (Wix + by) + by), with parameter matrices and vectors W; € R3*3 b, € R?, Wy € R6*3 and

by € RS. The matrices W and W5 are initialized using orthogonal initialization via|Saxe et al.|(2014), and the
bias vectors b; and by are initialized by sampling from a uniform distribution. As activation function we use

the smooth Leaky ReLU from Biswas et al.|(2022), and for the output mapping we take g(x) := exp (— ||x||2>
The network is trained for 1600 epochs using gradient-based optimization with learning rate 3 x 1072, and an
L penalty of 10~% is employed. The Sobolev Bound is defined as SB := HZL:1 (Wil * / (det (I +W,"W7)) 1/4,
for s; == %, while the Brownian Bound is given by BB = Hlel (Wil / (det (I + WZTWZ))1/4. Figure a)
displays the numerical values of these two bounds, evaluated throughout training across five independent

weight initializations. As training progresses, one observes that the Brownian Bound is both more stable
and tighter than the Sobolev Bound. Additional experimental details are reported in Appendix

11
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Figure 1: (a) Evolution of the Sobolev Bound and the Brownian Bound throughout training on the synthetic
dataset. (b) Test performance on MNIST comparing models regularized via the Sobolev Bound, via the
Brownian Bound, and a baseline without regularization.

8 Conclusion

We developed an operator-theoretic framework for deriving Rademacher complexity bounds for deep multi-
output networks via Koopman operators acting on vector-valued RKHSs. Our results extend existing
Koopman-based Sobolev analyses to vector-valued settings and to non-square architectures, and introduce
a novel vector-valued Brownian RKHS formulation in which the resulting spectral factors no longer involve
higher-order Sobolev exponents, but instead depend only on operator norms and determinant-based geomet-
ric quantities. This leads to a different functional regime with milder spectral dependence in well-conditioned
settings, while preserving the operator-theoretic structure of the bounds. We additionally introduced a novel
shared operator-learning formulation for multitask transfer in vector-valued RKHSs, deriving an exact repre-
senter theorem, a finite-dimensional reduction of the corresponding operator-learning problem, and transfer
bounds for the induced operator class. More broadly, the results highlight how changing the underlying
function space modifies the geometry and spectral behaviour of Koopman-based generalization estimates.
Future directions include extending the Brownian framework to convolutional architectures and investigating
connections between these functional regimes and practical training dynamics in deep multi-output models.

References

Andreas Argyriou, Theodoros Evgeniou, and Massimiliano Pontil. Multi-task feature learning. In NeurIPS,
2006.

Andreas Argyriou, Theodoros Evgeniou, and Massimiliano Pontil. Convex multi-task feature learning. Ma-
chine Learning, 2008.

Sanjeev Arora, Rong Ge, Behnam Neyshabur, and Yi Zhang. Compression-based framework for erm. In
ICML, 2018.

Peter L. Bartlett and Shahar Mendelson. Rademacher and gaussian complexities. Journal of Machine
Learning Research, 2002.

Peter L. Bartlett, Dylan J. Foster, and Matus J. Telgarsky. Spectrally-normalized margin bounds for neural
networks. In NeurIPS, 2017.

Koushik Biswas, Sandeep Kumar, Shilpak Banerjee, and Ashish Pandey. Smooth maximum unit. In CVPR,
2022.

12



Under review as submission to TMLR

Noah Golowich, Alexander Rakhlin, and Ohad Shamir. Size-independent sample complexity of neural net-
works. Information and Inference, 9(2):473-504, 2020.

Yuka Hashimoto, Sho Sonoda, Isao Ishikawa, Atsushi Nitanda, and Taiji Suzuki. Koopman-based generaliza-
tion bound: New aspect for full-rank weights. In International Conference on Learning Representations,
2024. URL https://openreview.net/forum?id=JN7TcCmILF.

Thomas Hotz and Fabian J. E. Telschow. Representation by integrating reproducing kernels. arXiv preprint,
2012.

Haotian Ju, Dongyue Li, and Hongyang Zhang. Robust fine-tuning of deep neural networks. In ICML, 2022.

Mohammad Khosravi. Representer theorem for learning koopman operators. IEEE Transactions on Auto-
matic Control, 68(5):2995-3010, 2023.

Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization. In ICLR, 2015.

Shuai Li, Kui Jia, Yuxin Wen, Tongliang Liu, and Dacheng Tao. Orthogonal deep neural networks. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 2021.

Fanghui Liu, Leello Dadi, and Volkan Cevher. Learning with norm constrained neural networks. Journal of
Machine Learning Research, 2024.

Andreas Maurer. Bounds for linear multi-task learning. Journal of Machine Learning Research, 2006.

Mehryar Mohri, Afshin Rostamizadeh, and Ameet Talwalkar. Foundations of Machine Learning. MIT Press,
Cambridge, MA, 2018.

Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. Norm-based capacity control in neural networks.
In Conference on Learning Theory, pp. 1376-1401, 2015.

Massimiliano Pontil and Andreas Maurer. Excess risk bounds for multitask learning. In COLT, 2013.

Andrew M. Saxe, James L. McClelland, and Surya Ganguli. Exact solutions in deep linear networks. In
ICLR, 2014.

Colin Wei and Tengyu Ma. Data-dependent sample complexity of deep neural networks via lipschitz aug-
mentation. In NeurIPS, 2019.

Colin Wei and Tengyu Ma. Improved sample complexities for deep neural networks. In ICLR, 2020.

Navid Yousefi, Yunwen Lei, and Marius Kloft. Local rademacher complexity-based learning guarantees.
Journal of Machine Learning Research, 2018.

A Additional Notations

We collect here several additional operator-theoretic and functional-analytic notations used throughout the
appendices and proofs.

Let H1,Hzo be Hilbert spaces. We denote by £ (Hi,Hz) the space of bounded linear operators from 7 to

Ha, equipped with the operator norm

1T = sup [Tfl, -
171, <1

The space of Hilbert—-Schmidt operators from H; to Ho is denoted by Lo (Hi,H2), equipped with the
Hilbert—Schmidt norm
1/2
2
ITas = | D_ITesllz,, |

=1

13
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where (ej)jeN is an arbitrary orthonormal basis of H;. For uw € Hy and g € H;, the rank-one operator
u®g € Ly (Hy1,Hs) is defined by

(u®g)h:u<gah>7{17 hEHl-

For a subset A of a vector space, we denote by Span (A) its linear span. For a matrix A, the trace is denoted
by Tr (A4), and the diagonal matrix generated by a vector v is written as diag (v). For a closed subspace V
of a Hilbert space H, the orthogonal projection onto V' is denoted by Py : H — V. Finally, throughout the
appendices, the notation f denotes the Fourier transform of f.

B Proofs

All proofs of Theorems [I] to [f] and Proposition [I] appear in the main text.

B.1 Proof of Theorem Il
We first estimate the Koopman operators associated with the translation and linear layers.

Translation operators. Let dy =d forl=0,...,L. Let h € H* (Rd, Rm). Using the shift-invariance property
of the Fourier transform,

hoby (w) = e ™ “N (w),

where (a) follows from the Fourier transform of translations. Consequently,
a 2 b Sy i T 2 — 2
ooy [ (L 2)” [FeBr@], aw @ [ (1 ot)” ool o ae
R

= Hh”Hsz(Rd,Rm)a
where (a) follows from the definition of the Sobolev norm, (b) uses the previous identity, and (c) follows

from ‘e‘ialT"‘" = 1. Hence, ||Kp, || = 1.

Linear layers. Let h € H®! (IR"I7 Rm). Using the scaling property of the Fourier transform,

— 1

hOWl(w):m

=)

(W, Tw),

Therefore,

2 (a) N o 2
||icwlh||HwRd,Rm>= /. (1+ku2) HhOWl(w)H e

2
1—1 ||~ T 2
Y e L (1 lel3) Hh(wl W), dw
1+ |[wyel?) .

©___ (1w, ”221 (1+1e2)" [ o] ae

et (WOl Jee (14 J¢l3) :

2\ Si—1

@ (1+[wielly) L
< sup et (W) 17l 2o (g gmy »

£ERd 1 2\
+ €115

where (a) follows from the definition of the Sobolev norm, (b) uses the Fourier scaling identity, (c) applies
the change of variables w = Wle , and (d) follows by taking the supremum of the quotient. Hence,

2\ Si—1 1/2
(1+ [ w7el;) 1
||ICWL|| < sup o\ 5 73"
gerd (1+ ||5||2) |det (W))]

(8)

14
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Let kg € R™ "™ be the scalar Gram matrix of &k, and Ky := ko ® M be the Gram matrix of K, ,. Let
{x1,...,%,} CR% (dy = d). Using the reproducing property of H®° (Rd", Rm), we obtain

|

(® 1 Z
= —E mn
n Rad sup < Kso 0'1, f>
Hso (Rd() Rm)

n

Z (oi, [ (%)) gm

fE€Finv

n

> Ky (%) o

=1

sup ||f||H60 (]Rdo ]Rm)
fe]:lnv

H#o (Rdo R™ )

n

> K (%) 0

i=1

—
=

1
% M o ) B

H#0 (Rdo R™ )

(e) 1 1/2
< — sup Hf”Héo(Rdo Rm) (Tr (KO)) / s
N feFiny

where (a) follows from the definition of empirical Rademacher complexity, (b) uses the reproducing property,
(c) follows from the Cauchy—Schwarz inequality, (d) pulls the supremum outside the expectation, and (e)
follows from Jensen’s inequality and the reproducing property. Using Assumption [2) Tr (Kg) < xn Tr (M),
which implies

k Tr (M)

R (Fu) < SUP £ 720 (o 2 - (9)

FEFiny

Finally, using the Koopman factorization (€]), together with ||Kp,|| = 1, Assumption[I] and (8], we obtain

L—1
171 50 (R mm) < <H|’sz) (H ”’Cm”> N9/l g R Rm)
=1
s1—1,1/2
(®) L (1+w7ell;)”

< ll9llger e rm) H sup 51
mrecks| (14 €l?) [det (W

1/2 H ||’CC"L ||

where (a) follows from submultiplicativity of operator norms, and (b) uses (8). Substituting this estimate
into @ yields the claimed result. u

B.2 Proof of Theorem
For h € H"! (Rdl,Rm), using the scaling property of the Fourier transform, viewing
W, : R4t — ran (W),
and taking the QR decomposition W; = Q;R;, we obtain
— = (a) 1 —ixTW;T

(®) 1 > =T
hoW;(w) = ———— h(x)e Ydx = ——————h (W] 'w),
|det (Rl)| ran(W;) det (VV lT W 1)1/2 ( l )

where (a) follows from the Fourier scaling formula on the subspace ran (W), and (b) uses

det (Ry)] = det (W] W)/

15
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Since W, is injective,
. . 1
dim (ran (W;)) = d;_1, dim (ran (W) ) =d; —d;_;.

We now estimate the corresponding Koopman operator norm:

1
L+ wl}) :
2 (@) ( 2 =T
||/Cwlh||Hszfl(Rdzfl,Rm) = /RdH “det (W W) Hh(wz w)H2 dew

® (Huw;wyy;) T e @ (1+Hw;wH§) (1+||w||§) R
:/ 1/2 Hh(w)H de :/ 1/2 Si-1 Hh(w)H de
ran(Wy)  det (W, W) 2 ran(W)  det (W) W;)Y (1+HwH§)

2 |S1—1

( 1+ ||[W/wl[;

1+ [l

1

(10)
det (W]W))

)
thran W) HH*I 1 (ran(W;),R™) e

weran(W;)

where (a) follows from the previous Fourier identity, (b) uses the change of variables induced by Wy, (c)

Si—
multiplies and divides by (1 + ||w||§) l 1, and (d) follows by taking the supremum. We have

(a)
||fHH50(]Rd07]Rm) = ||ICW1f1||HSO(Rdo7Rm)

Y TR L Wlwlp ™
- lran(Wy) He#0(ran(W1),R™) weran(Wy) 1 + ||(.U||2 det (WIW1)1/4
2150/2

© G 1l (e Ll :

H 1(]R 1,R ) wEran(Wh) 1+ ||w||2 det (WIW1)1/4

s0/2
“ LWl
< Gy IKo, 1K s }
< Gl ll1Kwa Foll er (mes ) weranwn) | 1+ [|w]? det (W] W)
s1—1/2
L—1 1+||wT ||2 -1
© kcw, fll e oy I GullKe ll - sup - ———"7= det (W W) /"
WerJLllgeL—- I(RdL LR ll_‘! ! ' weran(W;) 1+H‘""H2 det (WlTWl)l/4
S 1/2
Lt [Wiel|" LTI
f |ran s m .2 det (WTW) /4 G ’CU ||
H L WL)HH L-1(ran(Wp),R )1_[1w€ran(wl) 1+ HUJH2 det (WTWZ)1/4 ll;[ ZH L
s /2

w 2 Lt [We, [
< |IK sn— m G 0
>~ || bLg”H L-1(ran(Wp),R )];[ lweran(wz) 1+ ||w||2 det (WTWZ 1/4 1:[ H lH

where (a) follows from the definition of f, (b) uses (I0), (c) follows from the definition of Gy, (d) uses
[IKu, |l = 1, (e) iterates the previous argument, (f) applies at the final layer, and (g) uses the definition
of fr. Combining the above estimate with @ yields the claimed result. |

B.3 Proof of Theorem [3|

Let D, = {xi}?zl c R% and let o; ~ Rad™ be independent vector-valued Rademacher variables. By
definition of the empirical Rademacher complexity,

®)
R (Fm)) = *ERadm" sup
FeF® i

inv

<Ui7f (Xi)>]Rm ) (11)

=1

16



Under review as submission to TMLR

Since f € Hg, the reproducing property yields

R (7)Y Ly | sp <ZU¢K('>Xi),f>
1

el | \i=1

Hr

(®) 1
< ~Egaane | sup
n

feF®

inv

§ o-l ’L

1l | - (12)

Hi

where (a) follows from the reproducing property of Hy, and (b) uses the Cauchy—Schwarz inequality in H.
Pulling the supremum outside the expectation gives

. (@) 1
R (Fiw) < — sup || fllyy, Eraarn Zaz X;) : (13)
fej:l(nv Hi
where (a) follows from monotonicity of the expectation. Since K (x,x) = k® (x,x) M, and
K (%) <, xe[-RR’,
we obtain
(a) 12 ®
Egragm» X;) < (Tr(Kp)) '~ < /knTr (M), (14)
Hr
where (a) follows from Jensen’s inequality and the reproducing property, and (b) uses
ZTI‘ (xi,%;)) < knTr (M).
Substituting into yields
() k Tr (M)
Ry (F)) </ ——— s |[fll,e » (15)
It therefore remains to estimate sup FeF® [ f1l5,. - By definition of the hypothesis class,
f:leKbllca'l""CWLICbLg7 QEHK~
By translation invariance of the Brownian Fourier seminorm, ||Kp,|| = 1. Moreover, by Lemma
NI
1Koll < Caloflle || ()| telz—1 (16)
Define
L—1
_ !
Nace = T Nl [ (77! (17)
=1

Next, let h € Hg, supp (h) C [-R, R]d, and let W € R%*? be invertible. By Lemma there exist constants
0 < ¢1 < ¢y < oo such that

1 [h]B,2,vv < Hh”HK < [h}B,Zvv'
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Using the scaling property of the Fourier transform and the change of variables w = W ¢, we obtain

Wi
hoW —_—
[ o ]B2vv7 \det( )| [ ]B,Q,vv7
Consequently,
(@) ® @D W]
[Kwhlly,e = [[hoWllyy, < ealhoWlg, < —=———"—7 [hll,
Hi Hi B,2 c |det (W)|1/2 Hr
where (a) follows from the definition of Kw, (b) uses Lemma B3] and (c) follows from the previous estimate.
Hence,
(a) \%% c
owll € o gy = 2, (15)
det (W) 01
where (a) follows from the previous inequality.
Define
L
Wl

in *—

1o |det (W12

Combining the previous bounds yields

() L L—-1
1l < (HI’Cle) (H IIICmH) 1901 < Ceinbhae 1911745 »
=1

=1

where (a) follows from submultiplicativity of operator norms, and (b) uses and . Taking the
supremum over W; € W(C, D) and substituting into yields the claimed estimate. |

B.4 Proof of Theorem[d
Define the finite-dimensional subspaces

G = Span{g: : t € [m]} C Hout,
V= Span{K (-, Xt;) e, : t € [m], i € [n4], a € [m]} C Hk.

Let Pg : Houws — G and Py : Hx — V denote the orthogonal projections. Fix T € Lo (Hout, Hi) and define
Ty = PyTPg. We first verify that 7" and Ty induce identical empirical predictions. Fix t € [m], i € [n¢], and
a € [m]. Using the reproducing property of Hy, we obtain
( ) (b) (o)

<T09fa K ('7xti) ea)y = <PVTngt, K ('a Xti) ea>7-[K = <PVTgt7 K ('7 Xti) ea>H
e)
Tgth('vxti)eaM = ((Tgt) (Xti) , €a)gm 5
where (a) follows from the reproducing property, (b) uses the definition of Ty, (c) exploits the fact that
gt € G, (d) relies on K (-, x¢;) e, € V together with orthogonality of the projection, and (e) invokes the
reproducing property once more. Since the previous identity holds for every coordinate a € [m], we conclude
that (Tog:) (x¢) = (Tg¢) (x¢;) for all training samples. Consequently,

((Toge) (x1i)  €a)gm

K

—~

@ (

m N

ZZ£ (yei, (Toge) (x4)) ZZ (Yti> (Tge) (%41)) -

t=1 i=1

Since orthogonal projections are contractions and the Hilbert—Schmidt norm is an operator ideal,

(@)
ITollas = I1PVT Pgllus < P [HIT | (| Pl < 1T ls »
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where (a) comes from the definition of Ty, (b) applies the ideal property of the Hilbert—Schmidt norm, and
(c) exploits ||Py|| = ||Pg|| = 1. Therefore, Ty achieves objective value no larger than that of 7. Hence
every minimum-norm minimizer may be chosen in £(G,V). Since V = Span {K (-,x¢;) €.}, every operator
in £(G,V) admits a finite expansion of the form

m mng m

T — Zzzctia (K (,%ti) €q) @ gt-

t=1 i=1 a=1

Finally, using the definition of rank-one operators, we obtain

(K (- %t1) €a) @ g¢) g = (K (-, Xt3) €a) (9t, 9) 3y, »
which yields

m

(T4) () = iz

Ctia (Gt 9>7.¢0ut K (-, %¢i) €q.
t=1 i= 1

a=

This completes the proof. |

B.5 Proof of Theorem

By Theorem [} a minimum-norm minimizer admits the representation

m ng

ZZZQS]@ ij)ea)®gs-

s=1j=1a=1

Therefore, for every g € Hout, we have
m ng q
(79) 0= 3303 o 900, K)o
s=13 a=1

Evaluating at ¢ = ¢g; and x = xy; yields

Tgt Xt’L ZZZCSJG gsvgt Hout K(Xtivxsj)ea'

s=1j=1a=1
Hence the empirical loss becomes
2
mo n¢ mo Mg q
E E ‘ytz Tgt th) = E § Yti — E E E Csja gsagt ut K(Xti7xsj)ea
t=1 i=1 t=1 i=1 s=1j=1a=1 9

It remains to compute the Hilbert—Schmidt norm. For rank-one operators,
(w®gu' ®g)ys = (uu)yy, (9,9, -
Using the reproducing property of Hg,
(K (- %Xg5)€as K (-, Xsrj)€) 5, = €4 K (Xsj,Xs51)ep.
Therefore,

12
T
HTHHS = E CsjaCs’j'b (95’95'%{0“ €, K(ijaxs’j’)eb-

s,j,a
Ay
s5,5%b

Substituting the finite prediction formula and this Hilbert—Schmidt norm identity into the original infinite-
dimensional optimization problem yields the stated finite-dimensional objective. Conversely, every coefficient
tensor ¢ defines an operator of the displayed finite-rank form. Hence minimizing over T' € Lo (Hout, Hix) is
equivalent to minimizing over the finite coefficient family {c;;,}. This completes the proof. |
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B.6 Proof of Proposition [I]
The result follows from a standard Rademacher complexity argument applied to the operator-induced transfer

class }"?(B). Using the reproducing property of Hp, the Cauchy—Schwarz inequality, and the operator norm
estimate

[7s].., < 7 et

5 (7300) < 7] 00

Combining this estimate with the standard excess-risk inequality for bounded Lipschitz losses yields the
stated result. ]

one obtains

C Internal Lemmas

All external lemmas used in this section are stated in Lemmas [B1] to [B5l

Lemma B1 (Boundedness of IC,, on vector-valued Sobolev RKHSs). Let I € {1,...,L — 1} and let oy :
R% — R% be bi-Lipschitz, i.e., oy is bijective and both o; and O'l_l are Lipschitz continuous. Assume further
that oy is s;-times differentiable and its partial derivatives satisfy

10%01]| 00 ety < 00, Va=(ay,...,aq) € N with a; + -+ ag, < s;.

Suppose that s; € N and s; > d;/2, so that H® (Rdl,Rm) is continuously embedded into L? (Rdl,Rm). Then
the Koopman operator

Ko : HY (R%,R™) = HY (RU,R™), Ko f = foa,
18 bounded.

Proof. Let f=(f1,...,fm) € H* (Rdl,Rm). By definition,

m

2 2
HKazf”Hb‘l(]Rdz,Rm) = Z Hf] ° Ul”Hsz(]Rdz) :

j=1
Since s; > d;/2, the scalar Sobolev norm is equivalent to
”g”HSz Rt ) = > HDO‘QHLz (R1) >

|| <s;

so it suffices to bound D*(fj o o) in L? for |a| < s;. Fix j € {1,...,m}. By the multivariate Faa—di Bruno
formula applied to f; o 0, we obtain

| kr

Do) = Y DLy Y o] f, Uj,ww

[81<|e] i=1yep(a,p) 1=l
where p(a, ) is the standard index set appearing in the Faa—di Bruno expansion. Each term is of the form
i

D f; (ou()) [[ (D" o))",

r=1
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with indices bounded by |v,|, |d,| < |a| < s;. By boundedness of all partial derivatives of o; up to order s,
there exists C' > 0 such that

%

DO f; (ou(2)) [ (D7 ()

r=1

< C |DPfj (ou())] -

Hence,
2
1D (ro00lie <€ Y [ D% (o) da
18 <s R

Since oy is bi-Lipschitz, the change of variables y = o;(z) yields

a (b)
/ D8 f; (1)) da / D2 £5(y)|” |det Doy ()| dy < ||det Doy || / D8 £ (9)|” dy
]Rdl ]Rdl Rdl

(0) _ 2 @ 2

9 |laet Doy [ 10255l gay < ClID il ey

where (a) follows from the change of variables formula, (b) uses the L> bound on the Jacobian determinant,
(c) follows from the definition of the L? norm, and (d) uses the bi-Lipschitz property of ;" 1 for some C' > 0
depending only on the Lipschitz constant of o, !, Combining the above bounds gives

15 0 aullfger < C 11l
where C’ depends only on o; and s;. Summing over j = 1,...,m completes the proof:
1Ko f W e oy < CNF e (et oy -
Thus K,, is bounded. U

Lemma B2 (Equivalence of norms). Assume M € ST is strictly positive definite with eigenvalues 0 <
Amin (M) < Amax (M) < 0o. Then, for all f = (f1,..., fm) with f; € Hy,

Amax (M)ilz”fJHilk < ||f||3-LK < Amin (M)ilzllfJH?{k
j=1

j=1

Proof. Let c;; = <fi7fj>Hk and C = (Cz‘j)m

i,j=1"

Then

m

”f”?—[K = Z (M_l)ij cij = Tr (M_lc) .

ij=1
Since both M~! and C are positive semidefinite,
Amin M Tr(C) < Tr(M™'C) < Apax (M) T (C).

Noting that Apin (M_l) = Amax (M)_l7 Amax (M_l) = Amin (M)_l, and Tr (C) = Z;nzl ||fJ||3_Lk, we obtain
the claimed bounds. O
Lemma B3 (Fourier seminorm characterization of the vector-valued Brownian RKHS). Let X = [-R, R]%,
R > 0, and define the multidimensional Brownian kernel by

d ) A R
) (x, x') ::Z|xj‘+|xj‘ |z — @}

5 , x,x € R%.

j=1
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Let M € ST be strictly positive definite and define the separable matriz-valued kernel
K (x,x") = k™ (x,x") M, x,x € X.

We denote by H®) (X,R™) the associated vector-valued RKHS. For a scalar function g : R? — R with
Fourier transform g, define the Fourier seminorm

o= [ IwlBlat) do.
R4

For f = (f1,..., fm) : RT = R™, define

m

[f]QB,2,VV = Z[f7]2B2

=1

Then there exist constants 0 < & < & < oo, depending only on d, R, M, such that, for all f € H®) (X,R™)
satisfying supp(f) C X, we have

alflB2w < fla® xrmy < Elf]1B2vv-
Proof. We first consider the scalar one-dimensional case and then extend the argument to the vector-valued

setting. Assume first that d =1 and m = 1. On the interval [—R, R], the scalar Brownian RKHS coincides
with the Cameron—Martin space

Hy = {g:R—HR

R
9(0) =0, / lg'(t)|* dt < 00} :

-R

equipped with the norm

R
lolfs, = [ lo0)a

Using a standard Sobolev extension operator on the Lipschitz domain [—R, R], together with Plancherel’s
theorem on R, we obtain

(a) -~ (b) — (c)
ol & / (@) duw & / wP5() 2 dw < (93,5,

where (a) follows from Plancherel’s theorem, (b) uses ¢'(w) = iwg(w), and (c) follows from the definition of
[9]B,2. Hence,

91154, e = 9B (20)
We now consider the scalar multidimensional case: m = 1, and d > 1. On the compact domain [— R, R]d, the
scalar Brownian RKHS associated with £® admits a norm equivalent to the first-order Sobolev seminorm.

Consequently, there exist constants 0 < ¢; < ¢3 < 00, depending only on d and R, such that

s (g < I oty < a8 (e (21)

Using a Sobolev extension operator on [—R, R]d, Plancherel’s theorem on R¢ yields, for each j € [d],

(a) = (b) ~
[ etGorax [ i @ [ e Pl de.

Rd
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— ~

where (a) follows from Plancherel’s theorem, and (b) uses 0., f(w) = iw; f(w). Summing over j = 1,...,d
gives
: @ [ v - 0 - ©
S feorax® [ S wPlfw)Pde @ [ jwlifw)? e © (1
=1 [-R,R]¢ R 7 R4
where (a) follows from linearity, (b) uses Z?:1 lw;|* = ||w||3, and (c) follows from the definition of [f]p 2.

Combining this identity with yields
alflse < I fllw,m < c2lfls2, (22)

for suitable constants 0 < ¢; < ¢ < co. Finally, let f = (f1,..., fm) : R? — R™ with supp(f) C [-R, R]d.
Yielding

G (@) ()
Yo fille oy = D ik = 1B 2w
=1 1=1

where (a) follows from (22), and (b) follows from the definition of [f]g 2 vy. Since K(x,x’) = k™ (x,x")M
is separable and M € S7 is strictly positive definite, Lemma implies the existence of constants 0 < ¢ <
¢ < 0o depending only on d, R, and M such that

alfl2w < Iflne < elflB2v-
This completes the proof. O
Lemma B4 (Bounds for activations in vector-valued Brownian RKHSs). Let
K(xy)=k® (x,y)M, xyeR’

be a separable matriz-valued kernel induced by the scalar Brownian kernel, where M € Sl is strictly positive
definite, and let H denote the associated vector-valued RKHS. Assume that all functions under consideration
satisfy supp(f) C [-R, R]d for some R > 0. Let o : R* = R? act componentwise:

o(x) = (o1(x1),...,04(zq)), x = (T1,...,24q),
where each oj : R — R is a C'-diffeomorphism with C* inverse satisfying
o]l <00, (07"l <00, j€[d].
Define
/

o]l =m0 .

—1y/ — 4—1 / )
107 lloo : g,rg[%;]cll(aj )Mo

Then the Koopman operator
IC[,I/HK—>/HK, K:UfooO',
is bounded. Moreover, there exists a constant Cg > 0 depending only on d, R, and M such that

1Kol < Callo ool 1347

Proof. We first consider the scalar one-dimensional case. On the interval [—R, R], the Brownian RKHS
coincides with the Cameron—Martin space
R
90) =0, [ IfPd <o,

Hy=<9g:R—>R
-R
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equipped with the norm

R
lolfs, = |l (ofa

Let o : R — R be a C!-diffeomorphism with C" inverse. For ¢ € Hy, the chain rule yields

(goo)(z) =g'(o(z))o’ (2),

Consequently,

@ [* ® "
Koslls, @ [ oo@ar® [ 1) Pl @) a.

where (a) follows from the definition of the Cameron-Martin norm, and (b) uses the previous identity.

Applying the change of variables

y=o(x), dz=(c"")(y)dy,

we obtain
(a) _ _ ®) _
K913, =/ g W)*lo’ (e @) Ple™) ()] dy < [lo’ 12 01(o 1)’Iloo/ g (y)I” dy
o ([~ R, R]) ([~ R, R])

(©) ~
< o IZ e ool 7y

where (a) follows from the change of variables formula, (b) uses the uniform derivative bounds, and (c)
follows since g is supported in [—R, R]. Hence,

1Koglltzy < llo” ool (™) 1% g 21y (23)

We now consider the scalar multidimensional case d > 1. On compact domains, the Brownian RKHS
associated with £® is equivalent to the first-order Sobolev seminorm:

(AP Z/ o, 1602 dx.

Since o acts componentwise,
Do (x) = diag (0 (1), - .-, 04(2a)) ,

and therefore

0r,(f 00)(x) £ 8, 1(0())0) (),

where (a) follows from the chain rule. Applying coordinatewise and summing over j € [d], we obtain
1 00l s (1 sy < Calloloell @Y N2 s 1 ) (24)

where Cy > 0 depends only on the dimension. Now let f = (fi,..., fm) : R — R™. Using the product
Sobolev norm,

2
||fHH1([—R,R]d,]R"’ Z”fl”Hl [ R,R] )
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Applying componentwise yields
Vo fllgs (g ey < Cllo ol Y 121 g (o) (25)

Finally, since K(x,y) = k™ (x,y)M is separable and M € S'" is strictly positive definite, Lemmaimplies
the norm equivalence

Cl[f]B,Z,vv S Hf”HK S CQ[.ﬂB,Z,vv'

Combining this estimate with gives

(@) ® ' —1y/)|1/2 © e / —1y/||1/2
1Ko Fllrse < c2lkoflB 2w < e2Callollooll (0™ ) lloe" (1B 2w = - Calloloo [ (0™ ) o™l Fll s
where (a) and (c) follow from Lemma and (b) uses (25)). Absorbing & into the constant Cyy completes
the proof. O]

Lemma B5 (Brownian geometric factor for injective linear layers). Let j € [L], and let W; € R%>*di-1 pe
injective. Define

Xj = Wij,1 Q ran (W]) 5
where X;_; C R%-1 s a bounded Lipschitz domain, and ran (W;) is endowed with its induced Lebesgue
measure. Assume that, for £ € {j — 1,5}, the vector-valued Brownian RKHS H®) (X,;,R™) consists of

restrictions to Xy of functions f : R¥% — R™ satisfying supp(f) C X, and that there ewist constants
0 < cClow < cup < 00 such that

tow (I 132y em) + 19 W2y ) < 1730 ey < Cup (1712 pemy + IV F B2y ) - (26)
Then the Koopman operator
Kw, : H® (x;,R™) - H®) (x;_;,R™), (Kw, f) (x) = f (W;x),

is bounded. Moreover, there exists a constant Cg > 0, depending only on d;_1, d;, X;—1, M, cCiow, and cup,
such that

1/2
(14 w;17)
H’CWJH <Cs 1/4°

det (W]'W)

Proof. Fix f € H® (X;,R™), and define

g: X1 = R", g(x) = f(W;x).
Using the upper bound in (26), we obtain

91311, ey < Cup (190322, ) + 1991322,y em) ) (27)

Let W; = Q,R; be the thin QR decomposition, where Q; € R%*9i-1 has orthonormal columns and
R; € R%-1*di-1 ig invertible. Then

|det (R)| 2 det (W] W;)"/?, (28)

where (a) follows from W;'—Wj = R]TRJ». We now estimate the L? term. Using the change of variables
formula on the subspace ran (W), we obtain

(@) 2 .0 1
ol x, ey © [ 7 W0 ax ©

1£(x)II* dy
X, det (W] W)/ /xj
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(:c) 1
det (WJTWJ)

1/2 ||f||%2(Xj,Rm)7

where (a) follows from the definition of g, (b) uses the subspace change of variables formula together with
, and (c) follows from the definition of the L? norm. Next, by the chain rule,

Vo(x) < (V) (W;x) W,

where (a) follows from differentiation of compositions. Therefore,

@ () W2
IVglIZe ) < ||WjH2/ IV (W) dx = ’
Xj1 det (W] W;)
© W2

det (W] W;)

7 /. NIy

1/2 ||vf||%2(Xj,R7”)’

where (a) follows from submultiplicativity of the operator norm, (b) uses the same change of variables
argument, and (c) follows from the definition of the Sobolev seminorm. Combining the previous estimates

with yields
(a)

IN

Tze X;,Rm +[[W VJ ||L2 X;,Rm
det (Wj Wj)l/2 4 ) ! 0 )
®) Cup (1"‘”“3‘“2) \VA
< <Hf||212 x;Rmy T || fH%2 X;,Rm ) )

det (W] Wj)1/2 (G5 ()

H9||§{<B>(xj,1,Rm)

where (a) follows from the previous two bounds, and (b) factors out 1 + ||[W;||?. Finally, using the lower
bound in , we obtain

cp 1+ [W?
Clow det (VVJTVV]')U2

111, gy < £ 13 2 ey

Taking square roots yields

(1+ W%
det (W] W)/

1/2
Cp = (Cup> .
Clow

This completes the proof. O

[Kw;ll < Cs

where

D Additional Experimental Details

D.1 Bound as a regularization mechanism

We assess the practical utility of the bound by incorporating it directly into the objective function as a
regularization term. In particular, we add the bound to the loss and examine whether enforcing such a
constraint during optimization improves stability and generalization. We employ a fully connected neural
network of the form

fa(.%‘) = g(W4O'(W30'(WQO'(W1$ + bl) +b2) —|—b3) + b4)7
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with parameter matrices and vectors

W1 c R1024><784, W2 c ]R2048><10247 W3 c ]RQ()48><20487 W4 c ]Rl()><2()487
bl c R1024, b2 c R2048, bg c R20487 b4 c Rlo.

For layers [ = 1,2 the matrices W are initialized via orthogonal initialization [Saxe et al.| (2014), while for
layers | = 3,4 they are sampled from a truncated normal distribution. The bias vectors are initialized from a
uniform distribution. As activation function we use the smooth Leaky ReLU from |Biswas et al.[ (2022)). The
network is trained on a subsample of 1000 points from the training set to strain its generalization capabilities
and make optimization more challenging. Training is performed for 1800 epochs using the Adam optimizer
Kingma & Bal (2015) with learning rate 10~%, and no L? penalty is applied.

For regularization, we define the Sobolev Regularization as

- (s L dit0l

SR = , : ,
(et (1 rwyrw) Yl T2

while the Brownian Regularization is given by

L
Wil

=1 (det (I + WZTWz))

1/4°

The regularization terms are evaluated only for layers [ = 1,2 and added to the loss with scaling factor
v = 0.01.

Figure b) reports the test accuracy averaged over five independent random initializations. One observes

that Brownian Regularization improves generalization relative to the baseline, whereas Sobolev Regulariza-
tion in this setting degrades optimization and yields lower performance than the unregularized model.
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