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ABSTRACT

Understanding the learning dynamics of neural networks is a central topic in deep
learning community. In this paper, we take an empirical perspective to study the
learning dynamics of neural networks in practical, real-world settings. Our key
findings reveal a two-phase learning process: i) Phase I, characterized by highly
non-linear dynamics indicative of the rich regime, and ii) Phase II, where dynam-
ics continue to evolve but are constrained within a narrow space, a phenomenon
we term the cone effect. This two-phase framework builds on the hypothesis pro-
posed by Fort et al. (2020), but we uniquely identify and analyze the cone effect
in Phase II, demonstrating its significant performance advantages over fully lin-
earized training.

1 INTRODUCTION

Research on the learning dynamics of neural network has drawn considerable attention in the learn-
ing theory community. For example, Jacot et al. (2018b); Chizat et al. (2019); Yang & Hu (2021);
Arora et al. (2019b) study the infinitely wide neural networks, where the dynamics are linear and
can be captured by a static kernel function, commonly referred to as the lazy regime. However,
the lazy regime deviates significantly from the real-world scenarios and cannot account for the sur-
prising generalization ability of neural networks (Chizat et al., 2019). A series of recent studies
aim to uncover the complex non-linear learning dynamics beyond the lazy regime, namely the rich
regime Geiger et al. (2020); Woodworth et al. (2020), but they generally focus on extremely simpli-
fied models. Studying the learning dynamics in practice remains an area of open research.

Our contributions. In this work, we investigate the learning dynamics of neural networks in real-
world scenarios. Specifically, we found that:

¢ In Phase I, neural networks exhibit highly non-linear dynamics, signaling the rich regime.

* In Phase II, other than the lazy regime, the dynamics keep evolving but are constrained in a
narrow space, namely the cone effect.

This two-phase picture are originally inspired from the integrated view of the learning dynamics
from Fort et al. (2020), where they proposed the two-phase hypothesis (see details in Section 3).
However, we surprisingly discover the cone effect in the second phase of the learning dynamics,
and further show that this cone effect yields non-negligible performance benefits over completely
linearized training.

Roadmap. This paper is organized as follows: Section 2 summarizes the related works on the
learning dynamics, especially works on the lazy and rich regimes. Section 3 introduces the basic
notations, the two-phase hypothesis in Fort et al. (2020), and main experimental setups. Section 4
delivers our main discovery on the cone effect.

2 RELATED WORK

Lazy Regimes. Numerous theoretical studies (Du et al., 2019b; Li & Liang, 2018; Du et al., 2019a;
Allen-Zhu et al., 2019; Zou et al., 2020) proved that over-parameterized models can achieve zero
training loss with minimal parameter variation. Moreover, Jacot et al. (2018a); Yang (2019); Arora
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etal. (2019b); Lee et al. (2019) showed that the learning dynamics of infinitely wide neural networks
can be captured by a frozen kernel at initialization, known as the Neural Tangent Kernel (NTK). This
behavior, often termed as lazy regime, typically occurs in over-parameterized models with large
initialization and is considered undesirable in practice Chizat et al. (2019).

Rich Regimes. In contrast to the lazy regime, where learning dynamics are linear, the rich regime,
or feature learning, exhibits complex nonlinear dynamics (Geiger et al., 2020; Jacot et al., 2021; Xu
& Ziyin, 2024). Previous work has established that the transition between these regimes depends
critically on initialization parameters. For instance, Geiger et al. (2020); Woodworth et al. (2020)
showed that the absolute scale of network initializations governs this transition. Subsequent work
further revealed that the relative scale of initializations (Azulay et al., 2021; Kunin et al., 2024)
and their effective rank (Liu et al., 2024) can similarly induce feature learning. Beyond initializa-
tions, factors like weight decay (Lewkowycz & Gur-Ari, 2020; Jacot et al., 2022) and large learning
rates (Lewkowycz et al., 2020; Ba et al., 2022) have also been shown to drive the rich regimes.

3 BACKGROUND AND PRELIMINARIES

Notation and Setup. In this work, we focus on a classification task. Denote [k] := {1,2,--- , k}.
Let D = {(z;,y;)}?"_, be the training set of size n, where x; € R% represents the i-th input and
y; € [c] represents the corresponding target. Here, c is the number of classes. Let f : D x RP — R
be the neural network. Then f(x,0) € R denotes the output of model f on the input z, where
0 < RP? represents the model parameters. Let ¢(f(x;,0),y;) be the loss at the i-th data point,
simplified to ¢;(0). The total loss over the dataset D is then denoted as Lp(6) = L 3" £;(0).
Additionally, we use bold lowercase letters (e.g., ) to denote vectors, and bold uppercase letters
(e.g., A) to represent matrices. For a matrix A, let || Al|,, ||A]| z, and Tr(A) denote its spectral
norm, Frobenius norm, and trace, respectively.

Training Dynamics, Neural Tangent Kernel. Consider minimizing the total loss £ () using
gradient flow; the update rule can be written as follows:

n ) T
0o $ () G

where we denote fi(x;) := f(x;,0(t)) for simplicity. Subsequently, the evolution of the network
output f;(x;) can be written as follows.

dt.’Bi " 6tmi 8ft T OL(0(t
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dt
Denoting u(t) = {fi(x;)}?, € R™ as the network outputs for all inputs, then a more compact
form of Equation (2) is given by:

2

du(t
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where H(0(t)) € R"*" is a kernel matrix and its (7, j)-th entry is <6-f%#, 2ft2) > This matrix

is referred to as the empirical neural tangent kernel (eNTK). For an infinitely wide neural network,
the matrix H (0(t)) ~ H(60(0)) remains nearly constant throughout training (Arora et al., 2019a;
Jacot et al., 2018b), which is also known as the lazy regime (Dominé et al., 2024).

In comparison, for neural networks with finite width, the eNTK matrix H (6(t)) evolves signifi-
cantly during training, commonly termed as the rich regime. To quantify the changes in the eNTK
matrix during training, Fort et al. (2020) introduced two metrics: kernel distance and kernel velocity.
The kernel distance S(0,0’) measures the difference between the kernel matrices at two different
points, i.e., @ and @', in a scale-invariant way:

B T(H(0)H (6'))
VI(H0)H(0))\/Tx(H(0)H ' (0)

Building on the kernel distance, the kernel velocity v(t) captures the rate at which the kernel changes
at a given iteration ¢:

5(6,0") =1 @)
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Figure 1: The cone effect in the learning dynamics. (a) The kernel distance between the current
iterate O(t) and a reference point @(7) v.s. training iteration ¢, where 7 is varied. (b) The kernel
distance between two adjacent iterates 0(¢) and 0(¢ 4 dt) vs. training iteration ¢, where dt is varied.
(c) The visualization of the changes of the eNTK matrices H (¢). The black dot represents position
of the eNTK matrix at initialization, i.e., H(0). The other dot represents the relative position of
H (t) at t > 0, with darker color indicating larger iteration.

A large kernel velocity indicates that the kernel is evolving rapidly during training, which is charac-
teristic of the rich regime. Together, these metrics provide a framework for analyzing the dynamics
of neural network training, offering implications for learning behavior.

The Two-Phase Hypothesis Fort et al. (2020) discovered a two-phase phenomenon in the training
dynamics of neural networks via the kernel velocity. Specifically, they found that the kernel velocity
is relatively large during the first few training epochs but drops rapidly after that. In addition,
they showed that using standard training followed by linearized training performs similarly to using
only standard training with a small learning rate. Based on these observations, they proposed the
following two-phase hypothesis:

* In Phase I, neural networks exhibit highly non-linear dynamics, signaling the rich regime.

* In Phase 11, the dynamics are approximately linear, and the models enter the lazy regime.

Main Experimental Setup. Following Frankle et al. (2020), we perform our experiments on com-
monly used image classification datasets MNIST (LeCun et al., 1998) and CIFAR-10 (Krizhevsky
et al., 2009), and with the standard network architectures ResNet-20 (He et al., 2016), VGG-16 (Si-
monyan & Zisserman, 2015) and LeNet (LeCun et al., 1998). We follow the same training proce-
dures and hyperparameters as in Frankle et al. (2020); Ainsworth et al. (2023).

4 THE CONE EFFECT IN LEARNING DYNAMICS

Previous studies empirically characterized the training dynamics of neural networks into two phases,
transitioning from rich to lazy regimes. In this section, we dig deeper into this picture and observe
that in the second phase, rather than the lazy regime, the training process evolves in a constrained
function space, namely the cone effect.

Beyond the Lazy Regime: The Cone Effect. Through the kernel distance, we delve into the two
phase hypothesis in the learning dynamics. First, we compute the distance between the kernel matri-
ces at two adjacent points 6(¢) and 8(¢+dt). In Figure 1 (b), we observe that, across different values
of dt, the adjacent kernel distance S(0(t), 8(t + dt)) is significant in the early training phase and
then drops quickly to a low but non-negligible value. This result aligns with the two-phase hypoth-
esis, where in Phase I (approximately 0 < ¢ < 2000) the model learns in the rich regime and kernel
evolves significantly; in phase II, the model is in the lazy regime and kernel is approximately fixed.
However, surprisingly, we note that in Phase II, the values of S(0(t), (¢t + dt)) are upper-bounded
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Figure 2: The non-linear advantage of the cone effect. Test accuracy Accp,._, (Ostd—1in(T; 1))
(left) and Test loss Lp,,_, (Osta—1in(T'; t)) vs. the switching iteration ¢. Ogpq—1in(T; t) represents the
model initially trained with standard method up to iteration ¢, followed by linearized training up to
iteration T, where T is set to 10*.
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Figure 3: A counterexample for the two-phase hypothesis. (a) The kernel distance between the
current iterate 0(t) and a reference point 8(7) v.s. training iteration ¢, where 7 is varied. (b) The
kernel distance between two adjacent iterates 0(¢) and O(t + dt) vs. training iteration ¢, where
dt is varied. (c) The visualization of the changes of the eNTK matrices H (¢). The black dot
represents position of the eNTK matrix at initialization, i.e., H(0). The other dot represents the
relative position of H (¢) at ¢t > 0, with darker color indicating larger iteration.

by a same value for different dt. One possible explanation to this phenomenon is that in Phase II, the
kernel evolves in a constrained space. To validate this, we further measure how the distance between
the kernel matrices at the current iterate 6(¢) and a referent point 6(7) changes during training. As
shown in Figure 1 (a), for 7 € {2000, 4000, 6000, 8000}, the kernel distance between the current
iterate and the reference point, i.e., S(0(t), @(7)), first increases and then keeps nearly constant dur-
ing training. This result verifies our claim and suggests that in Phase II, beyond the lazy regime, the
model operates in a constrained function space. The visualization in Figure 1 (c¢) further confirms
our picture, where a clear “cone” pattern is observed.

The Non-Linear Advantages of the Cone Effect. Despite the model evolving in a constrained
function space in Phase II, it still provide significant advantages over completely lazy regime. To
investigate this, we consider a “switching” training method: we first train a neural network with
standardized training method, and switches to the linearized training (corresponds to the com-
pletely lazy regime) until 7 iterations. We vary the switching point ¢ and obtain different solutions
Osta—1in(T;t). In Figure 2, we observe that the test performance of Ogpq—,1in(7';t) generally in-
creases with ¢, especially when ¢ > 2000. This result implies that the cone effect in Phase II still
offers significant advantages over solely lazy regime.

Together, we conclude the following conjecture:

The Cone Effect: In Phase II, beyond the lazy regime, the learning dynamics evolves in a con-
strained function space and performance improves significantly.

5 CONCLUSION AND LIMITATIONS

In summary, our work unveils a cone effect in the late learning dynamics. However, the cone effect
and the two-phase hypothesis are not universal. In Figure 3, we observe a counterexample. Specifi-
cally, the kernel keeps evolving during training, and no clear two-phase pattern is observed. Further
efforts on uncovering the contributing factors of the cone effect are expected.
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