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Abstract

High-resolution structural topology optimization is extremely challenging due to a large number of degrees of freedom
(DoFs). In this work, a Convolution-Hierarchical Deep Learning Neural Network-Tensor Decomposition (C-HiDeNN-TD)
framework is introduced and applied to solve the computationally challenging giga-scale topology optimization problem
using only a single personal computer (PC). Utilizing the idea of convolution, the C-HiDeNN opens a new avenue for the
development of topology optimization theory with arbitrarily high-order smoothness under given DoFs. The convolution
involves a set of controllable parameters, including patch size, dilation parameter, and polynomial order. These parameters
allow built-in control of the design length-scale, accuracy, and smoothness of solutions. From the point of view of neural
networks, increasing the “patch size” is analogous to adding an extra hidden layer with extra neurons, leading to an enhanced
approximation capability. Under the separation of variables, the C-HiDeNN-TD can greatly reduce the computational cost
of finding a 3D high-resolution topology design by decomposing the ultra-large-scale 3D mechanical problem into several
tractable small 1D problems. Orders of magnitude speedups compared to traditional finite element-based topology optimization
have been demonstrated through numerical examples. Furthermore, the C-HiDeNN-TD method enables much more efficient
concurrent multi-scale topology design than traditional approaches. The proposed framework opens numerous opportunities
for high-resolution design, n-scale concurrent design, and structure-lattice-materials design.

Keywords High resolution topology optimization - Multi-scale concurrent design - Reduced-order modeling - 3D printing
and metamaterial design - Hierarchical deep-learning neural networks with GPU

1 Introduction

Topology optimization (TO) aims to find an optimal struc-
ture under certain constraints to achieve structural design
needs [1]. Its applicability has so far been limited to the
design of single components or simple structures, owing to
the resolution limits of current optimization methods [2].
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In this paper, we propose a C-HiDeNN-TD-TO framework
opening a new avenue for the development of high-resolution
topology optimization with the following highlights:

e Conducting large-scale topology optimization with a sin-
gle PC.

e Providing a new topology optimization technique that
exhibits high continuity in both partial differential equa-
tion (PDE) solutions and represented structures without
requiring increased DoFs.

e Convolution approximation-based reduced-order models
lead to highly accurate and efficient solutions.

e The convolution parameters provide built-in filtering for
structure and solutions and can improve the stability of
topology design such as avoid checkerboard pattern and
length-scale control.

e Possessing the potential for extension to an n-scale
concurrent design and structure-lattice-materials design,
which are prohibitively expensive to achieve with exist-
ing methods.

To start, we will first review current approaches in deal-
ing with large-scale topology optimization problems, which
include parallel computing, reduced-order methods, and data
science approaches [3]. With the development of computa-
tional hardware such as Graphics Processing Units (GPUs)
and parallel computing technologies such as Message Pass-
ing Interface (MPI) and Open Multi-Processing (OpenMP)
[6, 7], the utilization of parallel computing to reduce calcula-
tion time has become a topic of interest. In the earlier stage, A.
Mahdav et al. [8] used domain decomposition to implement
parallel computing in TO. Other research works have used
multiple processors and GPUs to accelerate the computation
(A. Nielsetal. [9], Evgrafov et al. [10], Wadbro and Berggren
[11]). These papers provide methods to utilize parallel com-
puting hardware to accelerate the calculation time. However,
the number of required CPU hours is still extremely large [2,
4]. The limited availability of computing resources mostly
hinders the widespread implementation of high-resolution
TO in high-performance computing environments.

Another way to reduce the calculation time of TO is
reduced-order modeling (ROM). Contrary to the nested
approach, where the finite element method (FEM) is used
to solve the equilibrium equation during every iteration,
reduced-order models can be adopted as surrogate models
to approximate the FEM solution with acceptable accu-
racy while drastically lessening the computational cost [12].
In these models, a reduced subspace/basis typically has
a much lower dimension compared to the original solu-
tion space. Recently, dimension reduction techniques such
as principal component analysis (PCA) and its equivalent,
proper orthogonal decomposition (POD), and singular value
decomposition (SVD) have been used to solve TO problems.
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For example, Xia et al. [12] proposed the combination of
POD with homogenization techniques for 2-scale concur-
rent topology optimization. Ferro et al. [13] applied POD to
derive the density map, but the basis cannot be updated dur-
ing the analysis. Xiao et al. [3] used POD to generate the
basis on the fly during FE solution and design optimization.
Although ROMs show potential for reducing the computa-
tional burden, the reduction error of such ROMs may cause
some numerical instability, and additional offline computa-
tion may persist as a bottleneck [14].

Apart from high-performance computing TO and ROM
TO, data science approaches are another way to alleviate
the exorbitant computational cost of nested TO methods.
In terms of machine learning (ML) techniques, Lei et al.
[15] combined supported vector regression (SVR) and K-
nearest-neighbors (KNN) methods to solve the layout of
an optimized structure under different external loads. Jiang
et al. [16] proposed an ML-based parameter tuning strat-
egy to automatically select hyperparameters of the moving
morphable component (MMC) scheme. Deep learning (DL)
methods have been recently used as an end-to-end model
to perform TO. For example, Sosnovik and Oseledets [17]
used a convolutional neural network (CNN) to obtain optimal
structures based on intermediate structures at each iteration.
Yu et al. [18] combined CNN and conditional generative
adversarial network (cGAN) to predict the optimal solu-
tions based on 100,000 training data points. Sasaki et al.
[19] trained a DL surrogate model to replace expensive FEM
computations at each iteration. Deng et al. [20] reported a
Self-directed Online Learning Optimization (SOLO) scheme
that can automatically generate new training data based on the
previously predicted optimal structure and dynamically adapt
the new training data for better prediction until convergence.
One of the main disadvantages of data science approaches
is their dependence on offline databases and their inabil-
ity to make accurate predictions beyond the range of these
training databases (extrapolation). Very recently, Huang
et al. proposed a Problem-Independent Machine Learning
(PIML)-based TO that has the capability to solve problems
with millions of design variables [21]. The database-free
machine learning approach is still a developing area. Fur-
thermore, the real ability of data-driven approaches to solve
large-scale problems is still unclear [22].

In order to tackle the current challenges in high-
performance computing TO (large memory and computa-
tion requirements), reduced-order model-based TO (loss in
accuracy), and data-driven TO (dependent on an offline
database), we propose the Convolution-Hierarchical Deep
Learning Neural Network-Tensor Decomposition for Topol-
ogy Optimization (C-HiDeNN-TD-TO). This is based on
a newly developed Convolution-Hierarchical Deep Learn-
ing Neural Network (C-HiDeNN) [23] framework, which
leverages the partition of unity (POU) of the patch func-



Computational Mechanics

tions with higher order approximations such as meshfree
and radial basis functions without increasing the degrees of
freedom compared to FEM. This work presents in detail
the C-HiDeNN topology optimization methodology and
the numerous advantages for large-scale structural design,
including efficient high-order smoothness and automatic
length-scale filtering with different controllable parameters.
Other applications of C-HiDeNN related to graphics process-
ing unit (GPU) computing can be found in [24], which can be
combined with this work as a future extension. The proposed
C-HiDeNN design framework has the following advantages:

e Storage and speed The C-HiDeNN-TD enables high-
resolution topology optimization by decomposing the
whole 3D/2D space problem into several small 1D prob-
lems; it can solve a giga-scale problem using a single
PC’s hardware, while FEM-TO requires a highly paral-
lel supercomputer environment with multiple nodes. Our
method allows thousands of times speedup in terms of
CPU hours for a giga-scale problem.

e Solution accuracy and smoothness The C-HiDeNN
solver improves accuracy and enables higher conver-
gencerates in solving physical problems. The C-HiDeNN-
TD high-order continuity is implemented only by chang-
ing the convolution shape functions, similar to adding
extra layers in the neural network. No extra DoFs are
required to smoothen solutions, empowering increased
accuracy for a given mesh.

e Design smoothness The design variables are interpolated
using C-HiDeNN shape functions with high-order conti-
nuity. Therefore the design can reach higher smoothness
than with the Solid Isotropic Material with Penaliza-
tion (SIMP) method, where p is usually discontinuous
through space. Same as for solutions, C-HiDeNN-TD
can smoothen designs without introducing more DoFs or
refining a mesh.

e No offline database The “training” procedure of C-
HiDeNN-TD solves the governing PDE as an optimiza-
tion problem. No offline training dataset is needed.
C-HiDeNN-TD-TO can handle arbitrary boundary con-
ditions and design setups without generating an offline
database.

We will first briefly review topology optimization to make
this paper more readable for a general audience. Depending
on different descriptions of the designed geometry, it can be
categorized into but not limited to: Solid Isotropic Material
with Penalization (SIMP) [1] method, level-set method [25],
and moving morphable components (MMC) method [26].
This paper focuses on the SIMP method, which defines the
structure with a density variable p(x). The notation used in
TO is defined in Table 1.

Table 1 Notation used for

topology optimization Objective function

Design variable
Virtual work

g a0

A

Differential operator
Constitutive relation
Design domain
Design boundary

External loading

N~

External traction
Minimal density

Design constraints

A general optimization problem for the SIMP method [27]
can be written as

min c(p)

S 51‘1:/ VsuTD(p)VS(SudQ—/ floupdQ
Q Q

—/ t"Sudr =0,
r

Pmin < p =1, 0 < ppin KL 1,
V(p) = V7,
r(p) = Imin,
g(p) =0,
(1

where c(p) is the objective function with design variables
p. The equilibrium equation is written as §I1 in the prin-
ciple of virtual work form. The design variable constraint
is defined as pnin < p < 1, where p = ppi, corre-
sponds to no material, and p = 1 is solid material. The
total volume is V(p) with V* as the volume constraint.
The minimal length-scale, which is the minimum allow-
able size of structural features in the design, is defined as
r(p) and with constraints r(p) > rpyin. Other design con-
straints, such as stress constraints, are defined in g(p) < 0.
The optimization Eq. (1) can be solved by optimization algo-
rithms such as the Optimum Criterion (OC) method [1] or the
Method of Moving Asymptotes (MMA) [10]. For nested TO
problems, one solves the equilibrium equations during each
optimization iteration. As the resolution increases, solving
equilibrium equations will become much more expensive.
The developed C-HiDeNN-TD method aims to accelerate
topology optimization by reducing the computation with TD.
More specifically, we focus on accelerating the solution time
of equilibrium equation §I1. The proposed C-HiDeNN-TD-
TO framework opens numerous opportunities for designing
high-resolution, 3D printable, lightweight, and high-stiffness
structures required by the advanced manufacturing industry.
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Fig.1 Structure of the HiDeNN for the displacement in a 1D problem with linear elements [15]. The whole neural network consists of small neural

network blocks shown inside the dashed line box

The paper is organized in the following order. In Sect. 2,
the C-HiDeNN-TD for topology optimization theory will
be introduced. After that, we will show the unique features
of convolution shape functions in Sect. 3. In Sect. 4, the
influence of the convolution parameters on the optimization
results will be studied. Numerical examples of cantilever
beam and drone design problems are given in Sect. 5. We
will discuss the future directions and conclusions in Sects. 6,
7, respectively.

2 C-HiDeNN-TD for topology optimization

In this section, the C-HiDeNN-TD for topology optimiza-
tion is introduced. We start by describing the Convolution
HiDeNN (C-HiDeNN) theory with a 1D problem to illustrate
the basic ideas. Then, we introduce Tensor Decomposition
(TD) for topology optimizations to decompose the multi-
dimensional (3D) problem into several 1D problems. The
whole flowchart for C-HiDeNN-TD-TO is also discussed in
this part.

2.1 Convolution-HiDeNN theory

To better understand the C-HiDeNN, we briefly review the
idea of HiDeNN. The idea of HiDeNN is to use deep learning
neural networks to construct the FE-like shape functions [28]
so as to solve partial differential equations for science and
engineering problems. For example, for a 1D problem, the
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HiDeNN shape function on node / can be written as

Ni(x:xf, A) == Fi(x;w, b, A), )
where F; stands for a deep learning neural network with
inputs x, weights w, biases b, and the activation function .A.
N denotes the shape function for the node at position xl-*. The
detailed structure of the neural network blocks can be found
in Zhang et al. [28]. The whole neural network is assembled
by adding all the neural network blocks together, as shown
in Fig. 1. For a 1D problem, the input for the HiDeNN is the
location x on the domain. The output is the displacement at
this location

ng
DN x, A, 3)

n
uHDeNN () Zuh,e,- (x) =
i=1 i=1
where u/-¢ is the approximated displacement in each ele-
ment, u; is the discretized nodal solution of the problem, and
ufliDeNN g the approximated solution function. After the
construction of the HiDeNN shape function, the differentia-
tion and integration of the shape function can be implemented
similarly to the finite element method. The problem can be
solved for displacement via optimization algorithms [28].
Several advantages of the HiDeNN method include: (1) it
is independent of an offline database; it can solve arbitrary
problems with different boundary conditions; (2) it can be
extended to r-h-p adaptivity to improve the mesh and increase
solution accuracy; (3) it can utilize advanced machine learn-
ing hardware such as GPU and TPU. To further improve
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Fig.2 Illustration of the patch domain and final convolution patch for
linear element e. The path size is defined as s = 2. a shows the patch
domain associated with node i — 1. b shows the patch domain associated
with node i. ¢ shows the final convolution patch associated with element
e with the relation

the accuracy of the HiDeNN method, Convolution-HiDeNN
(C-HiDeNN) is developed [23]. It can be seen as a general-
ization of the reproducing kernel particle methods (RKPM)
[29, 30]. The detailed theoretical foundation and formulation
of the C-HiDeNN method can be found in [23].

C-HiDeNN is based on a newly developed convolution
approximation, which is formed by two functions: (1) a
general polynomial function; (2) a local patch function that
operates on a set of nodal points adjacent to the node as a
convolution operator. Within an element e, the displacement
can be written as:

yCHIDENN () Z Ni(x) Z W, (x)u j

icA¢ jeAL

- ¥

keQpatch:=U;c 4e Al

Ny (x)ug, 4)

where A¢ denotes the support domain of the piecewise
polynomial associated with element e, and A’ is the local
convolution patch domain for each supporting node i in the
polynomial function. The relation and definition of the sup-
port domain, patch domain, and final convolution patch can
be found in Fig. 2. N;(x) is the polynomial function asso-
ciated with node i, and W;’ j (x) is the local convolution
patch function that considers the contribution from the neigh-
borhood (Ai) of node i. The convolution patch function is
designed to have a similar role as the kernel function in a
convolution neural network. Details of constructing N; (x)

10°
. - =~ FEM p=1
107 1 —e— C-HiDeNN s=1, p=1
1021 --»--FEM p=2
—v— C-HiDeNN s=2, p=2
10°4 -~ FEM p=3
T 10* —— C-HiDeNN s=3, p=3
o 10° \\ .
10°4 NV ix100
7 \\ N
1074 ‘y X 300
10° - .
10" 10° 10 10° 10°

Total solution time (sec)

Fig. 3 HI norm error versus computation time plot for a 1D Pois-
son problem. FEM uses dashed lines, while C-HiDeNN uses solid
lines. Curves with the same polynomial order p have the same color.
Both FEM and C-HiDeNN are solved via a Jacobi-preconditioned
conjugate gradient iterative solver implemented on a small GPU
(NVIDIA GeForce GTX 1650, 4GB memory). For more information
on the GPU implementation, readers may refer to [24] or GitHub:
https://github.com/hachanook/C-HiDeNN_tutorial

a,

24]. It should be noted that there are three key controlling
parameters in the convolution patch functions: (1) the patch
size s defining the size of the patch domain; (2) the polyno-
mial order p; (3) the dilation parameter a. These parameters
dictate the smoothness of the approximated solutions and
convergence rates, as discussed in [23, 24]. We will study
their influence on TO design in this work.

The convolution shape function N k(x)uy only changes
the formulation of the original shape function Ny (x)uy with-
out adding extra DoFs. This unique feature can increase the
smoothness and accuracy of the approximation while avoid-
ing extra DoFs, resulting in faster computation time for a
given accuracy. Figure 3 shows the speedup of C-HiDeNN
compared to higher-order FEM for a given level of accuracy.
A 1D Poisson’s equation is solved, and HI norm error esti-
mator is computed (details of the problem can be found in
appendix C). Overall, when the polynomial order p is the
same, C-HiDeNN is faster than FEM for a given error. Note
that higher-order FEM uses higher-order elements while both
linear FEM (p = 1) and C-HiDeNN use linear elements.
That is, quadratic FEM (p = 2) and cubic FEM (p = 3)
use 3-node and 4-node elements, respectively, while linear
FEM (p = 1) and C-HiDeNN use 2-node elements in a
1D problem. Considering this, C-HiDeNN can achieve accu-
rate solutions orders of magnitude faster than linear FEM
(p = 1). For example, as illustrated in Fig. 3, C-HiDeNNs
with(s =1,p=1),(s =2, p=2),and (s = 3, p = 3) are
around 4 times, 100 times, and 300 times faster than linear
FEM (p = 1) to achieve 10~* H1 norm error. This clearly
demonstrates the improved efficiency of C-HiDeNN.

The structure of C-HiDeNN is shown in Fig. 4. Compared
to HiDeNN, there is an extra layer of convolution neurons
that perform the convolution operations. The accuracy and

and W j (x) can be found in appendix B and papers [23,
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Fig.4 Structure of the Convolution HiDeNN (C-HiDeNN) for the displacement in a 1D problem with linear elements [24]. The convolution neural
network block is shown in the dashed line box. C-HiDeNN only changes the structure of neural network blocks without increasing the number of

DoFs of displacement

convergence study of C-HiDeNN can also be found in [23,
24]. To simplify numerical implementation, Eq. (4) can be
converted into the natural coordinate system:

y C-HIDeNN () Z Ni(§) Z Wf:’;j(:‘j)uj
ie A JeA;
= X

keQPmCh::UieAe Al;'

Ny (§)ug, ()

where & denotes general natural (or parametric) coordinates.
As discussed in [23, 24], the benefits of C-HiDeNN
include:

e C-HiDeNN significantly improves accuracy and con-
vergence rates only by changing the formulation of
approximation functions. The DoFs in discretized sys-
tems remain unchanged compared to FEM with the same
node/mesh used;

e C-HiDeNN can achieve arbitrary orders of smoothness
and convergence rates by adjusting the different control-
ling parameters in the convolution patch function;

e C-HiDeNN provides a highly scalable framework that
can be accelerated using deep learning libraries and par-
allel computing hardware such as JAX [24] and TPU
[31].

The focus of this paper is the implementation of C-
HiDeNN for topology optimization, which is discussed in
the following sections.
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2.2 C-HiDeNN-TD for topology optimization

C-HiDeNN-TD is a reduced-order modeling technique of the
C-HiDeNN methods. For structural TO, C-HiDeNN-TD can
serve the same role as FEM for solving partial differential
equations and enforcing physics constraints. As discussed
in the introduction, one of the major difficulties in solving
a large number of simultaneous equations using numerical
methods is the computational cost of large matrix inversion.
To this end, the Proper Generalized Decomposition (PGD)
and Tensor Decomposition (TD) based reduced-order model-
ing techniques have been developed [32-36]. The basic idea
is to assume the physical quantities of the problem can be
written into a form with a separation of variables. For exam-
ple, the displacement # = [u, v, w] for a 3D design problem
can be written as

Y

w(x,y,2) =y ulyu (nul @),

g=1

0
vix,y, ) =y vl v (! ),
g=1

[Y
wx,y,2) =y wi@wlw! @), (6)
g=1

where the index ¢ denotes mode number g out of Q total
modes, uy, uy, u, are 1D functions to be computed, and sim-
ilarly for vy, vy, v; and wy, wy, w;. Similarly, the design
variable p can also be decomposed into

K
p(x,y.2) =Y pk(x)pk k). )
k=1
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To distinguish the modes of u and p, the index of mode in
p is defined as k, and the maximum number of modes is
K. Assuming the density distribution is updated during each
design iteration, this decomposition can be done repeatedly
by the Higher-Order PGD (HOPGD) method [37-39]. Con-
sequently, the original 3D problem is converted to finding
the corresponding 1D modes of those uy, uy, uz, vy, vy, v,
Wy, Wy, Wz, and oy, py, p;. Therefore, the computational
complexity is significantly reduced. The equilibrium equa-
tion in the form of the principle of virtual work can be written
as

ST1 =f VS(SuT(D,o)VSudQ—/ sul fpdQ
Q Q

_ / sul tdT" = 0, ®)
r

where Vi is the symmetric gradient operator, and Vu is
the strain in Voigt notation. Considering the separation of
variables, the principle of virtual work becomes

8T 5,0 =0, Voul

q
8T 5,9 =0, Vou§
8 5,0 =0, Véul
8T 5,0 =0, Voul

For eachmode q, {011 54 =0, veul ©))

8T 5,0 =0, Vvl
8T 5,0 =0, Vowi
8T 5,9 =0, Vsw
8 5,0 =0, Vow?

where 611 5, denotes the partial derivative with respect to su.
From the Eq. (9), the whole 3D problem has been decom-
posed into several 1D problems. There are many ways to
solve the above variational equations. In this paper, we
applied the C-HiDeNN approximation for each separated
function [23]. The element-wise approximations of solutions
then read

ul ::E:keAsﬁ&(x)”Zk

= Yen, Neoud

uf* ==§:keAxﬁﬁ(Z)“Zk

v =Y ea, Nk(x)”ff,k

o = Yhea, NIy, . (10)
v =Y ea, ﬁk(Z)Uzq,,k
wgJ?ZZE:keASE&(x)wzk
wgi?::E:keAxﬁh(y)wik

wg,e = ZkeAS ﬁk(Z)wgk

Foreachmode q,

¢ 4 4 .4 .4 .4 .4 4 g
where o Uy o Uz oo Vy o Uy oo Vg oo Wy o Wy oo Wy g ATE

the nodal solution values of each separated function. N is the
convolution shape function. Let uf, uf, u?, vi, v{, v1, wi,
wg, w? denote the global nodal solution vector for each func-

tion, then Eq. (9) can be discretized and rearranged to become

=

=
=R OHR e 2R =R

< <
e <
= =R N:'Q '\<=~Q 5&
|
~ ~
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Finally, the solution of Eq. (8) can be approximated by solv-
ing the above set of equations. The directional stiffness matrix
of each mode for the separated displacement function is
defined as K with the integrated external force f. Details
of the derivation from Eqgs. (9) to (11) can be found in the
appendix A. Equation (11) can be solved sequentially by
looping over each mode of u. The number of modes is deter-
mined by setting a convergence criterion. After convergence,
all modes can be optimized again to increase the accuracy
further, as discussed in [35].

It is evident that for each iteration in Eq. (11), the dimen-
sion of the directional stiffness matrix is only determined by
the number of DoFs in each direction. This results in a drastic
reduction in the matrix dimension compared to the traditional
FEM. For a problem with a mesh size of 1000 x 1000 x 1000
using linear elements, the DoFs of the problem including
design density on each node is (1001 x 1001 x 1001 x 4) —
(4,012,012, 004). Solving such a large number of equations
is extremely expensive. However, in our work, the number
of the DoFs for every one dimensional problem would be
only 4004. Ultimately, this can lead to orders of magnitude
reduction in the overall computational cost.

With the new C-HiDeNN-TD solver, the TO flow chart can
be redesigned as in Fig. 5. The overall procedure is similar to
the traditional nested TO. The main difference comes from
the solver part. In our design framework, the C-HiDeNN-TD
is used for solving the equilibrium Eq. (8), whereas tradi-
tional TO usually uses FEM. The initial design variable is set
to be uniformly distributed and satisfies the volume fraction
constraint in the whole design domain. The design variable
p is decomposed into three directions for a 3D problem or
two directions for a 2D problem, as defined in Eq. (7). In this
paper, we use HOPGD to perform the decomposition of the
whole density field [37]. After the decomposition, the decom-
posed density is sent to the C-HiDeNN-TD solver with the

@ Springer



Computational Mechanics

[ Set up initial design parameters ]

Decompose design variables into /
three directions ,

Solve egs on
x direction.

1

1

Solveegson |1
z direction. :
1

1

-

-

Solve egs on
y direction.

Analyze sensitivity, update design
parameters

No

Meets design
requirement?

Yes

[ Output optimal design ]

Fig.5 Flow chart of C-HiDeNN-TD for topology optimization

convolution shape function defined in Eq. (10). The design
variables are optimized using the OC method [1]. With each
design variable update, a convergence criterion is tested to
determine whether or not the design has converged.

We remark that the overall design framework is flexible
and can be coupled with traditional FEM or other C-HiDeNN
methods in a hybrid way. For example, FEM can be used dur-
ing the first few iterations with a coarse mesh to get some
initial design before ultimately switching to C-HiDeNN-
TD with a higher resolution to achieve finer structures that
perform better. This kind of hybrid strategy will be further
investigated in our future work.

3 Convolution interpolation for built-in
density filtering and higher-order density
smoothness without extra DoFs

This section studies the effect of C-HiDeNN approximation
on the optimized density distribution. In TO with the SIMP
approach, the design variable, i.e., density field, is consid-
ered constant inside each element of the background mesh.
Let €2, denote an element region. The SIMP-based density
description is defined as

oSMP (&) = p,,  VE € Q.. (12)

@ Springer

\
\
\

i |
[ Set up initial values for displacement ]
—b[ Consider mode q ]

mode q

[ Solve each variable on each direction for J
(with an inner loop t<T)

Meets
convergence
equirement?

Yes

Consequently, the SIMP approach can lead to discontinuous
density distributions and checkerboard patterns across mul-
tiple elements. Using higher-order elements for a smooth
description of the density field is one of the solutions to
resolve this issue, as suggested by [40, 41]. However, using
higher-order finite elements can result in excessive increases
in the computational cost of TO due to the additional DoFs
in both the physical equations and the design variables,
as indicated by Sigmund et al. [42]. Another way to miti-
gate checkerboarding and enforce length-scale control is the
filtering technique [43]. Several filter methods have been
developed, including sensitivity filter, density filter, Heav-
iside filter, and averaging filter [44-46]. However, the extra
filtering stage increases the computational burden in the
design loop, especially for high-resolution problems where
the filter may be applied over millions or billions of design
DoFs.

From the above perspectives, the C-HiDeNN approxima-
tion is advantageous in providing a built-in filter to improve
the design smoothness without increasing the overall num-
ber of design variable DoFs and DoFs of the numerically
discretized physical system. Therefore, the proposed C-
HiDeNN-TD-TO framework is expected to lead to a higher-
order smooth density description compared to SIMP if the
same background mesh (resolution) is used.

The C-HiDeNN approximated density field can be defined
using the nodal values of the background mesh. Similar to
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Fig.6 a SIMP-TO approach, an extra filter is needed to control the length-scale and avoid a checkerboard pattern. b C-HiDeNN-TD-TO approach,
no extra filter is needed. The length-scale control can be done by choosing the patch size s, polynomial order p, and dilation parameter a

Fig.7 a Checkerboard pattern.
b A density filter is applied to
the density shown in a as
traditional TO approaches. The
checkerboard pattern is reduced.
¢ The C-HiDeNN built-in filter
is applied to a. It has a similar
effect as the density filter but
without the extra filtering step

C-HiDeNN built-in filter

(a) Checkerboard pattern

+Density filter

—_

(b) Density filter

the displacement field, the nodal density can be denoted by
pj» and the approximated density then reads:

pCHDNN gy — 3™ Aje) Y Wa&;‘/(g)/’j
icA¢ jeAL
_ 3 Ne@E)pe.  VE € Q.
kEQpalCh::UiEAE Ai’
(13)

where the support domain 4 and local convolution patch
domain A/, are defined the same as for the displacement
approximation. The polynomial function associated with
node i is N;(§), and the local convolution patch function
is Wj‘ j (&). In a general sense, they can be different from the
displacement approximation.

The dilation parameter a, the polynomial order p, and the
patch size s serve as built-in filtering parameters to control
the minimum design length-scale and remove checkerboard

(c) C-HiDeNN built-in filter

patterns. Figure 6 shows the difference between the SIMP-
TO approach and the C-HiDeNN-TD-TO approach. Unlike
SIMP-TO, the density is interpolated using C-HiDeNN-TD-
TO shape functions and the convolution operation serves as
a filter on the density field, which will automatically prevent
checkerboarding and incur length-scale control. One exam-
ple is shown in Fig. 7. To illustrate the idea, we generate a
density field with a checkerboard pattern, as shown in Fig. 7.
This is commonly seen if the filter is not applied during the
design iteration using SIMP. We applied the density filter and
the C-HiDeNN built-in filter on the same density field. The
minimum length-scale of the density filter is set to 2. For a fair
comparison, the patch size s is set to 2 with a dilation param-
eter a = 2 and polynomial order p = 2. Figure 7 shows that
the C-HiDeNN built-in filter has the capability to remove a
checkerboard pattern similar to a dedicated density filter. It is
noted that for some 3D examples with a volume fraction less
than 0.3, the C-HiDeNN-TD-TO built-in filter may be insuf-
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(M T

(b) C-HiDeNN-TD-TO
(Smoothness > C?)

(a) SIMP
(Discontinuous)

Fig.8 a Topology optimization SIMP density plot. b C-HiDeNN-TD-
TO density plot with 27 interpolation points in each element. With the
same design representation mesh, C-HiDeNN-TD-TO has a continuity
> C! and is much smoother and more 3D printable with desirable
smoothness

ficient to remove all isolated substructures. More studies are
needed, including designing a more stable built-in filter and
finding optimal parameter sets.

The other feature is that the convolution interpolation
does not increase the DoFs in the design variables but
improves the smoothness of interpolation. One example
to compare the difference between the SIMP approach and
the C-HiDeNN-TD-TO approach is shown in Fig. 8, which
depicts a cantilever beam design example with a mesh size
of 100 x 50 x 50 using SIMP and C-HiDeNN descriptions.
As shown in Fig. 8a, the density in the SIMP approach is dis-
continuous in the design domain. For C-HiDeNN-TD-TO,
the density is smooth, with a desired higher-order continu-
ity defined by the C-HiDeNN shape function. To represent
the C-HiDeNN-based continuous density function in the 3D
domain, we select a few interpolation points in each ele-
ment. Figure 8b shows the plot of C-HiDeNN-TD-TO with
27 interpolation points in each element. It can be seen that,
without adding any additional DoFs in the design, the C-
HiDeNN-TD-TO gives a smoother design structure than the
SIMP-TO. With more interpolation points added, the plot
can be a very smooth structure with details on the surface.
It should be noted that although the C-HiDeNN approxima-
tion increases the smoothness of the design, it can not lead to
the same results as high-resolution design since higher res-
olutions can result in greater design flexibility creating finer
structures with better design objective values.

4 Parametric study of the convolution
parameters on the final design

In this section, we study the effect of the convolution parame-
ters on the final design structures. As mentioned earlier, there
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are three parameters in the convolution shape functions: the
patch size s defining the size of the patch domain; the poly-

nomial order p defining the polynomial order of Wfij &)

the dilation parameter a in W{f’ j (&) controlling the size of
the window function, as shown in Fig. 9b.

As shown in Fig. 9, the cantilever beam is used with the
left side clamped and a uniform loading on the right side. The
background design mesh size is 100 x 50 x 50. The design
formulations are defined as:

min c(,0)=/ fTudQ+/tTudF
Q r

s.t.:SH:/ VSuTD(p)VséudQ—/ fTsupdQ
Q Q

- / ¢ Sudl = 0, (14)
r
Pmin P =1, 0 < ppin < 1,
V(p) < V*,
r(0) = Imin.

The objective function is system compliance as defined
in Eq. (14). The volume fraction V* is set to 0.5 for the
design region. The convolution parameters are defined as fol-
lows. The patch size s is defined as the size of the extended
region outside the element (bold green region). The dilation
parameter a is defined as the tuning parameter of the win-
dow function. The polynomial order of the convolution patch
function is defined as p. In this study, we fix the patch size s
but vary the polynomial order p and the dilation parameter
a.

Figure 10 shows the different results related to the poly-
nomial order p. The patch size is set as s = 4. To better
understand the synergism of C-HiDeNN with the tensor
decomposition, we set Fig. 10a with a very small and positive
a, which produces the Tensor Decomposition-TO (TD-TO)
result. From these results, higher order p does give a better
design (lower objective function) with more support struc-
tures, especially when compared to p = 1 (the case of
TD-TO). The reason is that the higher-order approximation
gives a smoother and more accurate solution of the physics
field and significantly improves the sensitivity of the density
to displacement. Finally, the optimal design converges with
p = 3 in this case.

Figure 11 shows another example to test the dilation
parameter a. The polynomial order and patch size are p =
3,s = 4. From the figure, it is obvious that a large dila-
tion parameter gives a lower objective function. The optimal
design (objective function) converges with a = 4. Fur-
thermore, the dilation parameter seems to contribute to the
length-scale filtering, as a larger ¢ might remove more small
support structures in the final design. This can be seen inside
the black circles in the figure.
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Fig.9 a Cantilever beam

example with a uniform loading

on the right side and a clamped

boundary condition on the left N
side. The size is set to

M =N =50and L =100. b F
llustration of the patch size s, (@)

and dilation parameter a

Fig. 10 Convolution
polynomial order study. The
patch size is set to s = 4.
Example (a) uses a small
dilation parameter to degenerate
into the TD-TO method. From
the comparison, polynomials of
higher order produce a better
objective value with more
support structures because of the
smoothness of the
corresponding solutions

No Support

(@p=La=0
(TD-TO)

Objective function: 2833

Fig. 11 Convolution
polynomial order study. The
patch size is set to s = 4.
Example (a) uses a small
dilation parameter to degenerate
into the TD-TO method. From
the comparison, a larger dilation
parameter produces a better
design and contributes to the
design length-scale control

No support

(@p=La=0
(TD-TO)

Objective function: 2833

From the above two comparisons, we can see that the
greater the polynomial order, p, and the larger the dilation
parameter, a, the more accurate the solved displacements
are, leading to better topology-optimized designs. However,
it should be noted that there exists an optimal pair of p and
a for each problem. Using larger numbers for p and a can

Patch domain A{Z}

(b)

Parallel Support
p=2,a=4
(C-HiDeNN-TD-TO)

Objective function: 2573

Triangle Support
©)p=3,a=4
(C-HiDeNN-TD-TO)

Obijective function: 2509

Parallel Support Triangle Support

(b)p=3,a=2
(C-HiDeNN-TD-TO)
Objective function: 2536

(©p=3a=4
(C-HiDeNN-TD-TO)
Objective function: 2509

result in a higher computational cost. The balance between
accuracy and cost should be considered when choosing the
optimal convolution parameters. The effect of this dilation
on the length-scale control and the relationship to physical
quantities in the TO can be further investigated in the future.
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Fig. 12 DoFs vs computational cost between FEM-TO and C-
HiDeNN-TD-TO. C-HiDeNN-TD-TO can solve a giga-scale problem
only using hundreds of CPU hours with an affordable personal computer

5 Numerical examples for high-resolution
design

5.1 Example 1: high-resolution cantilever beam

The first example is still the cantilever example, as illustrated
in Fig. 9. This time, the efficiency of C-HiDeNN-TD-TO is
studied with an increasing number of DoFs (higher resolu-
tion). In order to make a comparison to the example in [4],
the volume fraction is set to be 0.12, and the minimal length-

Table 2 Comparison of speed-up in different cases

scale parameter r,,;, in Eq. (1) is set to be 0.1 of the short
edge. The objective function and optimization formulations
are same as Eq. (14). Three different design resolutions are
considered at this time: 480 x 240 x 240, 960 x 480 x 480,
and 1440 x 720 x 720. The dilation parameter « is set to 4
with the polynomial order p = 3 and a patch size s = 4.
The computational cost with different DoFs for FEM-TO
and the proposed C-HiDeNN-TD-TO are shown in Fig. 12.
The number of FEM DoFs also considering the density vari-
able on each node. The CPU hours in FEM-TO with the
SIMP method are estimated according to work done by Aage
et al. [2, 4] using supercomputer resources. For the FEM-
TO method, the CPU time increases from 10* hours to 10°
hours as the DoFs increase from 108 to 10°. However, for
C-HiDeNN-TD-TO, the CPU time only increases from 33
to 112h, with a 6857 times speedup for the larger mesh
when compared to the FEM-TO method. Table 2 lists the
detailed numbers of the three cases, including the number of
equations, the number of modes in the C-HiDeNN-TD-TO
method, the CPU time, and the speed-up relative to FEM-TO.
The final design structures of the three cases are shown
in Fig. 13. As the design resolution increases, the overall
structure becomes more and more similar. For the same vol-
ume fraction and the given length-scale control, the topology
design tends to have a convergent result. However, for some

Resolution FEM DoFs C-HiDeNN-TD-TO DoFs ~ Number of modes CPU time Speed-up
u FEA-TO C-HiDeNN-TD-TO

480 %240 x 240 111,747,844 964,926 334 9000h 33h 273

960 x 480x 480 889,351,684 3,830,616 664 72,000h 64h 1125

1440 x 720x 720 2,996,363,524 7,273,809 841 768,000h  112h 6857

The CPU time of the FEM-TO method is estimated based on [4]

Fig. 13 Three cantilever beam
cases with different mesh sizes.
Higher resolution TO produces
more optimal designs with more
supporting structural features

Mesh size: 480 x 240 x 240
Objective function: 15,836
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More support

Mesh size:1440 x 720 x 720
Objective function: 10,529

Mesh size:960 x 480 x 480
Objective function: 12,115
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Fig. 14 Drone design problem definition

() View 1 (b) View 2

Mesh size: 200 x 200 x 100

(e) View™! (d) View 2

Mesh size: 400 x 400 x 200

Fig. 15 Drone design results with volume constraint 0.2 with different
design resolutions

regions, such as the region in a dashed circle, the increasing
resolution results in more support structures and an improved,
lesser objective function.

5.2 Example 2: Drone design problem

In the second example, the C-HiDeNN-TD-TO is applied to
a drone design problem shown in Fig. 14. The design region
is a rectangular box with loads on the four top corners and
the center of the bottom. For the numerical implementation,
the four corners are treated as the fixed boundary conditions
in all directions. Furthermore, there is a void region in the
design space to leave room for batteries and a control unit,
as shown in Fig. 14. The design goal is to minimize sys-
tem compliance under some predefined design constraints
on the volume fraction and minimum length-scale control,
as defined in Eq. (14). Here we study two different volume
fractions, 0.12 and 0.2, with the minimum length-scale set at
0.03L as shown in Fig. 14. The void region is performed by
enhancing a passive region in the design loop, which means
the void region is forced to have zero density at each design
iteration.

The final TO structures are shown in Figs. 15, 16 with
different design resolutions. In Fig. 15, the drone is designed
with a volume fraction constraint of 0.2, whereas in Fig. 16,
the drone is designed with a volume constraint of 0.12. It
can be observed that the lower volume fraction will produce
thinner truss structures. The objective function of design with
volume constraint 0.2 is 3.3618, and the objective function
with volume constraint 0.12 is 3.4162.

6 Future development

In this section, we will discuss several future develop-
ments of C-HiDeNN-TD-TO. One direction is how to utilize
advanced computing hardware to improve the efficiency of
C-HiDeNN-TD-TO further. We will use one example to illus-
trate the idea. We will also discuss the extension of the
method to a two-scale design C-HiDeNN-TD?. A concurrent
drone problem will be given from the preliminary developed
C-HiDeNN-TD? framework. More details and results will be
introduced in a future paper, including r- or mesh adaptiv-
ity for which the C-HiDeNN shape functions are expressed
as functions of position x, giving rise to a mesh refinement
criterion around local regions.

6.1 GPU acceleration in C-HiDeNN-TD-TO

One feasible direction is to use GPU to accelerate C-
HiDeNN-TD-TO. In particular, several subroutines of the
overall framework are highly parallelizable. As shown in
Fig. 17, the HOPGD subroutine can be accelerated by paral-
lelizing operations and utilizing GPU hardware, with a slight
modification of the convergence criterion used to indicate
a sufficient number of decomposed modes. For the high-
resolution mesh, the HOPGD algorithm ultimately saw a
142 times reduction in compute time on an Nvidia GeForce
RTX 3070 GPU relative to the original standard implemen-
tation [37] executed on an AMD Ryzen 5900X CPU with
12 cores. Decomposition modes must be calculated sequen-
tially during HOPGD, which results in compute time scaling
linearly with the number of decomposed modes to be cal-
culated. This leads to CPUs, which generally have faster
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(a) View 1 (b) View 2

Mesh size: 200 x 200 x 100

(c) View 1

(d) View 2

Mesh size: 400 x 400 x 200

Fig.16 Drone design results with volume constraint 0.12 with different
design resolutions

clock rates, outperforming GPUs on small resolution meshes
where the vector operations within each mode calculation
offer limited opportunity for parallelization. GPU execution
offers a massive advantage for high-resolution meshes where
C-HiDeNN-TD-TO can excel compared to traditional FEM
TO. For ultra-fine meshes where C-HiDeNN-TD-TO may
exceed the memory limits of GPU hardware, Message Pass-
ing Interface (MPI) to distribute computation across multiple
processors should further improve performance. The linear
scaling of HOPGD compute time with the number of ten-
sor decomposition modes is not particularly problematic for
two reasons. First, the bulk of the computational expense of
C-HiDeNN-TD-TO for fine meshes is in the solution sub-
routine, for which the equations of each mode can be solved
in parallel. Second, the use of inordinately many modes is

HOPGD Compute Time vs. Mesh (1000 modes)
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not essential to achieve sufficient representation accuracy.
Hundreds of modes have been observed to capture complex
geometries adequately, and if extreme accuracy is desired,
one could choose to implement more modes only during the
final iterations of a topology optimization procedure. This
example shows how to utilize the massive parallelization
offered by GPUs to accelerate the original C-HiDeNN-TD-
TO code. More studies will be performed in the future.

6.2 Multi-unit cell concurrent drone design

In the second direction, we will discuss C-HiDeNN-TD?
for concurrent multi-unit cell design. Concurrent multi-scale
design is based on the multi-scale theory and aims to optimize
the two or more scales simultaneously [47]. Considering
homogenization theory, we extend the original C-HiDeNN-
TD to a two-scale design method called C-HiDeNN-TD?.

The design problem definition of the drone structure is
shown in Fig. 18. The boundary conditions and the loading
type are the same as in the previous example. The difference
is in the predefined regions of the design domain. For each
region, we assume it consists of the same unit cells. At the ini-
tial design stage, all the unit cells of each region have the same
initial set-up with a volume fraction of 0.5. The drone struc-
ture and the unit cells are simultaneously updated during the
concurrent design stage. Results are shown in Fig. 19. From
the figure, different regions have different unit cell struc-
tures that better reduce the objective function. By applying
the reinforcing connectivity conditions, we ensure each unit
cell is perfectly connected with its neighbors. This exam-
ple shows one potential application of the C-HiDeNN-TD?
method. In the future, it can be extended to an n-scale concur-
rent design framework with high-resolution design routines
at each scale.

HOPGD Compute Time vs. Modes (250x500x250)

1.E+05
«««Je« Original (CPU)
= <= CPU vectorized L0
= 1.E+04 -«@®= GPUvectorized | .
w ified | ettt
- g GPU modified goo® P
£ 1E+03
[
3
3 1E+02
IS
o
(]
1.E+01
1.E+00

10 100 1000

Number of Tensor Decomposition Modes

(b)

Fig. 17 GPU acceleration within the C-HiDeNN-TD-TO. With operation vectorization, the HOPGD subroutine can execute 142 times faster on

GPU than the original implementation on CPU
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Fig. 18 Multi unit cell
concurrent drone design
problem definition. The initial
design domain is divided into
different regions as shown in b
front view and ¢ side view
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Fig. 19 Multi unit cell concurrent drone designed structure. Each section showed good connectivity between each region

Apart from the two directions, another future direction
is to leverage the computational efficiency of C-HiDeNN-
TD-TO for concurrent multiscale topology optimization, for
which the scheme can be nested to optimize structures at
the part and element scales simultaneously, further increas-
ing the feasibility of structure optimization for extremely
high-resolution meshes. Additionally, the incorporation of
finite deformation representation would empower the frame-
work to produce designs for large deformation problems.
Finally, further study of the convolution scheme to smoothen
design representation and the current improvement of solu-
tion accuracy is expected to increase TO stability and the
manufacturability of resulting structures going forward.

7 Conclusions

In this paper, we proposed the Convolution-Hierarchical
Deep Learning Neural Network-Tensor Decomposition (C-
HiDeNN-TD) for topology optimization. We introduced the
C-HiDeNN theory, whichis a deep learning-based discretiza-

tion method with advantages in terms of both accuracy
and computational efficiency. Then, the convolution tensor
decomposition-based topology optimization is developed to
reduce the calculation cost. Numerical examples demonstrate
the superior performance of the C-HiDeNN-TD-TO, espe-
cially for ultra-large-scale topology design and concurrent
multi-scale topology optimization. In addition, the effects of
controlling the dilation parameter and polynomial order in
convolution approximation have been studied. We summa-
rize the key features of the C-HiDeNN-TD-TO:

e Overcomes the memory limitations of high-resolution
topology optimization by avoiding the storage of a full
matrix.

e Reduces the computational cost, enabling thousands
of times speedup for giga-scale topology optimization
problems and efficient concurrent multi-scale topology
design.

e Improved solution accuracy compared to traditional
SIMP methods by using a convolution approximation that
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leads to higher-order smooth descriptions of structures
for a given mesh.

e The convolution approximation provides a built-in length-
scale filter for topology optimization and avoids the extra
filtering step in traditional topology optimization.

e Local design refinement can be easily achieved due to
the location dependence of the convolution shape func-
tions. This feature can be exploited for mesh adaptivity
as demonstrated by HiDeNN [28] and HIDeNN-TD [35].

The proposed topology design framework can be further
accelerated by GPU and has considerable potential to enable
fabrication-specific topology design for additive manufac-
turing, which usually requires extreme model resolutions to
predict the physical shape properties accurately. C-HiDeNN-
TD-TO democratizes topology optimization for practical
problems by preserving solution accuracy while alleviating
the formerly extravagant memory and computation require-
ments [48].

Appendix A: derivation of C-HiDeNN-TD for
topology optimization solver

To start with, the displacement # = [u, v, w] and the density
p are assumed to have the separated form.

0
w(x,y, )=y ul @yuf (ul (2,
g=1
Y
v,y =Y vl vl ! (),
7= (15)

o
wx,y,2) =y wi@wf @),
g=1

K
p(x,y.2) =Y pk(x)pk k),
k=1

To distinguish the modes of # and p, the index of mode in p
is defined as k, and the maximum number of modes is K ; the
index of mode in u is defined as g with the maximum number
as Q. The equilibrium equation in principle of virtual work
can be written as

8TI = / Vidul DVupd$ — / sul fpdQ — / sultdT
Q Q r

= ST — STI¥ = 0, (16)

To solve the problem, we can borrow the alternating fix point

algorithm, like PGD methods [32]. In this case, the maximum
number of modes Q of u is a dynamic changing variable. For
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example, initially, we start from Q = 1. All the separated
functions of displacement are then computed for the mode 1.
Once they are computed, we can consider they are constant
and update the Q as Q = Q + 1 for computing the second
mode. This procedure successively enrich the modes until
convergence. For the density p, the maximum number of
modes K is determined by the HOPGD procedure [37].

In the next, we illustrate the procedure for the Q-th mode,
assuming Q — 1 modes have been computed earlier. Then
we can compute first the uz:Q(x) by assuming the other
displacement components are constant. The variation of the
displacement becomes

su = [sul 0l W ul )., O]T , (17)

Therefore, the variation of Eq. (16) under current mode with
variable MZZQ (x) can be expressed as

int int int int int int

Mo, +ollg +oMl o Mo +0M o Mo,

+ 801 — 8T =0, (18)
Uy 7 Uy

where each term of the I'Ii”Q’ is defined as below
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where the original 3D integration in the Eq. (16) is decom-
posed into the product of 1D integration. This is the advantage
due to the separation of variables for reducing the computa-
tional complexity.

The external virtual work can be defined as

) pydy

M
HZ? =/QZf,xaqu;“; Cfmul pdQ

/ Zt Sult? ulrlulr, (26)

n=1

with the decomposition of the external body force f =
Lfr, fs» f,]T and boundary traction: ¢ = [¢,, t;, tt]T.

M
@y =) [ o) 2@, 27)

m=1

N
(e, y,2) = Yt () 1 () 1), (28)

In the expression for the external virtual work (26), other
components of the body force and traction force become zero
as it will not contribute to uxQ

With these definitions, we can discretize the problem (18)
using C-HiDeNN. The final discretized form reads

K oul=fo (29)

Uy Uy

where K .2 is the directional stiffness matrix associated with

component uxQ

By analogy, we can derive the equations for qu by con-
sidering

Su = [uxQ(x)Su}Q »Mu(2),0, O]T ; (30)

and similar for other displacement components ugk, vg o

va,k’ vfk, wa,k’ ?k, Q . The equations will be solved

repetitively until the Q- th mode remains unchanged before
passing the next mode.

Appendix B: derivation of window function
[23]

Consider the following 1D case for illustration purposes.

MG =3 N Y W‘f’fj(é)uj (3D

ieA° jeAL

Then we can define the following interpolation as the part
of the approximation centering around the i-th node in the
element domain.

W (§) = We iy, (32)

jeAL

where the supporting node set of W is A with a given patch
size s. Assuming the nodal solution value for the 4 nodes
is [ug, ua, u3, usg], we illustrate the radial basis interpolation
procedure for the part centering around i = 2. In this case, the
parametric coordinates for the support nodes are {—3, —1, 1}.
Then we can consider the radial basis interpolation ui=2 &)
has the following form

W' () = W5k +pE), (33)

where ¥, is a defined kernel function, which can be the
reproducing kernel or cubic spline kernel [29, 49] with the
dilation parameter a, p(£) is the polynomial basis vector of
p-th order, k = [k, k2, k317 and 1 = [I1, [, 13]7 are the

coefficient vector that helps to enforce the reproducing con-
dition and Kronecker delta property. We give here a specific
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example for ¥, and p(¢) using a cubic spline Kernel and a
second-order polynomial.

V() =[Wa(E —&1), Ya(§ —8), Val(§ —53)]
1§ — &l
a
2422 +42% ¥ze(0, 1]
= %—41—}—412—%23 Vze[%,l]
0 Vze(l,+4o0)

where W,(§ —&;): =W,(z) with z=

(34)
and
p=I1, & €7 (35)

Now we can compute k and 1 by enforcing the below condi-
tions.

W (E) = uy
W (&) = up
ul (&) = u3
ke o , (36)

[61,6,5]1k =0
(67,67, 651k =0

Solving the above equations gives the solution to k and 1,
which reads

k = Ku
, 37
!I:Lu 37)
with
u = [uy, uz, uz]’
L= P'RP)'PTR;' . (38)
K=R,'(dI-PL)
and
W, (&) W6 — &) Vot — &) a6 —&3)
Ro=|¥,(&) | =| V(&2 — &) V(s — &) Wu(& — &)
W, (£3) W83 — &) Walts — &) Wa(E3 —&3)
péD) 1 & &
P=|p&) |=|1 & &
p(&3) 1 & &
(39)

@ Springer

Finally, the radial basis interpolation with the computed coef-
ficients reads:

u'(§) = W,(E)k + pE)l = ¥, (§)Ku + p(§)Lu
= (¥,(©)K +p&)L)u
= W (©)ur + Wy (E)ua
+ Wi (E)us
=Y Wi Eu;,

JeAL

(40)

where Wf’ j is obtained by identifying the corresponding
coefficient of u ;. By analogy, we can compute the other con-
volution patch functions W with the support Af;:3. Detailed
mathematical derivation and analysis of the radial basis inter-
polation can be found in [50].

Appendix C: 1D Poisson’s problem

Poisson’s equation is commonly used to demonstrate the effi-
ciency of a numerical method because the analytical solution
can be derived. In this paper, we solve a 1D Poisson’s prob-
lem defined as:

Au(x) +b(x) =0 in Q

u=0 on I'

where 2 = [0, 10]is the problem domain and I" is the domain
boundary. We first construct an analytical solution u(x) and
then derive the body force b(x) from the equation. The solu-
tion u(x) and the body force b(x) are given as:

Cs(r_252 Cems2

u(x) = [e 5(x-2.57_, 31425] ) [e 5(x=7.57_, 281.25]
e—31.25 _ ,—281.25

_ X,

10
b(x) = — [IOO(x —25)72— 10] o 5x=2.5)

(41)

2 [IOO(x — 752 — 10] ¢—S6=797, (42)

To measure the accuracy, the H I norm error estimator was
used:

1/2
(fQ (u —u") dx + [o |V — whngdx) /

(fo u2dx + [o Vil |2dx)"?

lellgr =

(43)
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