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Abstract

We study classification problems using binary estimators where the decision boundary is
described by horizon functions and where the data distribution satisfies a geometric margin
condition. A key novelty of our work is the derivation of lower bounds for the worst-case
learning rates over broad classes of functions, under a geometric margin condition—a setting
that is almost universally satisfied in practice, but remains theoretically challenging. More-
over, we work in the noiseless setting, where lower bounds are particularly hard to establish.
Our general results cover, in particular, classification problems with decision boundaries
belonging to several classes of functions: for Barron-regular functions, Hélder-continuous
functions, and convex-Lipschitz functions with strong margins, we identify optimal rates
close to the fast learning rates of O(n=!) for n € N samples.
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1 Introduction

How well can we solve classification problems with complex decision boundaries in deep learning? A lot
of emphasis has been put on the noise and the decision boundary in the problem. However, in practice,
data sets may have very strong margins (formally defined in below) between the classes, which makes
learning much simpler (see e.g. Figure . The presence of a margin seriously complicates the identification
of lower bounds on learning success. This is intuitively clear, since in the extreme case, where certain regions
between the classes almost surely do not contain any data points, many decision boundaries are valid. In
this work, we overcome these issues and present lower bounds on learning under margin conditions.

1.1 Statistical framework for binary classification

We consider n € N samples S,, := ((z;,v;));—,, where &; € X := [0,1]? with d € N>o, are input vectors;
and y; € {0,1} are class labels. We assume the random variables (z;,y;) to be independent and identically
distributed (iid) according to an unknown joint probability measure g on A := X x {0,1}, and we denote

this by (x;, ;) S p. We call p the marginal probability measure on X induced by u, and assume that p
admits a density f: X — [0,00) with respect to the Lebesgue measure A, such that f € L>(\). Moreover,
we fix a reference measure on A of the form

A:=Axmn, where 7 isa probability measure on {0,1} with n({0}),n({1}) > 0. (1)

With this convention, pu admits a density with respect to A. Consequently, the distribution of the iid sample
S, on A" is u®™ and admits a density with respect to the product reference measure A®".

A binary classifier can be defined as an indicator function h := 1, where {2 C X is a decision region, such
that in a noiseless setting—assumed throughout this paper—h(x;) = y;, foralli =1,...,n.
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MNIST FASHION MNIST CIFAR-10

Figure 1: Geometric margin in common classification problems. The top row shows a two-dimensional
embedding on the first two principal components and a decision boundary identified by a support vector
machine. Clearly MNIST [Lecun et al| (1998)) and Fashion MNIST [Xiao et al. (2017) exhibit a strong margin
between some classes. For the CIFAR-10 data [Krizhevsky| (2009)) the margin is not visible in the two-
dimensional embedding. In the second row, we show the class probabilities predicted by a support vector
classifier, which again shows an extremely strong margin for MNIST and Fashion MNIST, but also reveals
that the CIFAR-10 data exhibits a margin, albeit a weaker one. Which lower bounds on learning can be
found in the presence of such various types of margins will be demonstrated in our main results (Section.

Remark 1. The noiseless assumption introduced above is an important assumption if we want to resolve the
precise role of the reqularity of the decision boundary and the margin conditions. Indeed, even the presence
of low noise could yield vastly different lower bounds, because the learning problem then requires resolving
the noise and this complication can mask the role of the decision boundary and the margin. An extended
discussion of this is given in (Petersen & Voigtlaender, 2021, Section 1.1, Point 1). For a quick argument,
we highlight, e.g., , where it was obtained that the optimal learning rate, to learn a function

f € Ck([0,1]%) with | fllcx <1 and noise defined as a parameter e e N(0,02) for o > 0, is of the order of
O(n=*/Ck+d)) " and decays slower than n='/2. On the other hand, in|Krieg & Sonnleitner| (2025), where the
same problem is considered without noise, learning rates of the order of O(n="*/%) were obtained, in some

cases faster than n='.

An estimator A, is a classifier constructed from the observed sample S,,, intended to approximate the true
classifier h over X'. Such estimators are produced by learning algorithms, which are measurable mappings

A€ An(G):={A: A" — G| Ais measurable}, where G C L*()\). (2)
Here, the algorithm A specifies the procedure that maps the observed sample to the estimator.

1.2 Conditions

We now specify the conditions on the classifiers and distributions that allow us to formulate our minimax
problem.

C1) The decision regions can be described by horizon functions (see [Petersen & Voigtlaender| (2021))):
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02)

03)

We consider a class of continuous functions ¢ C C([0,1]¢7%;[0,1]) and define, for each b € €, the
associated horizon function as

hy : X = {0,1},
= (x1,...,2q) — Ly(a@)<ays (3)
where (9 := (x1,...,24_1). We denote by Hy := {hy | b € €} the set of horizon functions associ-
ated to €. We assume that
Q:=Q,={xecX|h(x)=1} where he€ Heg. (4)
Remark 2.

(a) For each h € He, there exists a unique b € € such that h = hy, and conversely, each b € € is
uniquely determined by its associated hy. This follows from the bijectivity of the map b — hy.

(b) Each horizon function h € He, associated with a function b € €, defines a decision region Qy,
with its corresponding boundary

oy, = {a: € X | b(a?) = xd} .
Regular boundary (Hoélder continuity): Let o € (0, 1] be fixed. For all b € €, there exists a constant
Ky > 0, such that
b(2) — b(w)| < Ky ||z —wl||§  forall zwe 0,197 (5)

Geometric margin near the decision boundary: Let (h,u) be a pair consisting of a classifier h €
H¢ and the marginal distribution p of the input vectors {x;}? ; in the sample S, introduced in
Section We say that (h,u) satisfies the margin condition with exponent v > 0 if there exists
C > 0 such that, for all € > 0,

w(BM) < Ce? where B! := {x € X' | dist (x,0Q,) < ¢} (6)
is the neighborhood of radius € > 0 around 0f), with respect to the Euclidean distance
is Qp) == inf — .
dist (w, 02) == i o —yl,
We call v the margin exponent (see |Christmann & Steinwart| (2008); Kim et al.| (2021)).

Remark 3. The measure p associated with h is in general not unique: different data-generating
distributions may share the same decision boundary h, and conversely a given marginal distribution
w may be compatible with multiple admissible boundaries in Hy .

Let £ be the class of all probability measures on X’ that admit an essentially bounded density with
respect to the Lebesgue measure A, i.e.,

EA::{M | there exists f: X — [0,00) such that / fdA=1, du=fd) and f € LOO()\)} . (7
X

We denote by Py (M) the set of all pairs (h, ) that satisfy the margin condition, with h € H¢ and

1w E MC Ly. That is,

Py (M) :={(h,p) € Hg x M | (h,p) satisfies equation[f]} where M C L. (8)
Remark 4. In particular, the margin condition is satisfied by (h, ) if the density f of u with respect
to A satisfies

. e . h
(@) < mln{TB?),l} if © € B!
1 otherwise,

for almost every x € X and for all ¢ > 0. It is also satisfied when

f(x) < dist” (z,0Q4) for almost every xr e X.
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Under the above conditions, we establish lower bounds for the minimax error associated with estimating
binary classifiers whose decision regions satisfy [C1)| on a function class 4 with regularity [C2), and where
the classifier—distribution pair satisfies the margin condition |[C3)} i.e., we lower bound the following inf-sup
expression

In(€) E o [1A(Sn) = Bl Z2 gy 9)

= inf sup

A€AL(L2(N)) (h,u)EP% (L) {=i}i ™~
where S,, := ((@;,y;));_, denotes the sample, £, is defined in equation m and Py is as in equation
Remark 5.

o Throughout this work, we restrict to marginals p with density f = dp/d\ € L>(X). Hence, for every
A(S,) € L%(\), the expression || A(S,) — hHig(#) is well-defined.

o For simplicity, {x;}?"_, d i means that x; id w foralli e {1,...,n}. In equatz’on@ we use the
notation
ii =E ~g®n 10
{wz}:‘:{j# Sn p,® ) ( )
where the marginal of p on X is p, and (xzq,...,x,) ~ pu®". We adopt this notation since the
marginal distribution on X is mainly relevant in our analysis.

1.3 Function classes

The classes of functions considered in this work are the following.

« Holder continuous functions. Let H, denote the class of functions satisfying the Hélder conti-
nuity condition in equation

e Barron regular functions. Various definitions of Barron function classes can be found in the
literature, differing slightly in their formulation. Essentially, these are functions with a bounded
first-order Fourier moment, which we make explicit below (see [Barron| (1993)); [Caragea et al.| (2023);
Petersen & Voigtlaender| (2021)).

A function f : [0,1]4"! — R is said to be of Barron class with constant C' > 0, if there are ¢ € [-C, C]
and a measurable function F' : R~ — C satisfying

fe=ct [ @ €-nr@d ad [ el F@lig<C ()

for all z € [0,1]971, where &€ := (&,...,&—1) and ||€]], = Zj;ll |€;]. The set of all Barron functions
with constant C' is known as the Barron space and is denoted by B¢.

Remark 6. Every Barron function f € B¢ is Lipschitz on [0,1]971, since

£ (2) = f(w)| =

/ (eiz~§ _ eiw-&) F(ﬁ)dﬁ‘
Rd—1

< [ le=e - e pe) e

Rd—1
<o [l w)-€IF©)de
Rd—1
< Ll|jz—w|, for some constants Lo, L >0,
and all z,w € [0,1]971, i.e., f satisfies the 6quatz’0n@ with exponent o = 1.

« Convex-Lipschitz functions. We denote by C := C([0, 1]%71; [0, 1]) the class of all convex functions

on [0,1]97! taking values in [0, 1], which are uniformly Lipschitz as in equation [5| with a = 1 (see
Guntuboyina & Sen| (2013)).
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1.4 Previous works and our contribution

Some related work on binary classifiers under the margin condition can be found in: (Christmann &
Section 8), for support vector machines where learning rates were sometimes as fast as
n~1, being n the number of data points; Kim et al| (2021), based on neural networks with hinge loss that
achieve fast convergence rates when d < v, particularly as fast as n~(¢+71)/(@+2) when the margin exponent
v — o0, where ¢ is a noise parameter; and |Garcia & Petersen| (2025, where it is found that using ReLU
neural networks, the strong margin conditions imply fast learning bounds that are close to n=1(1 + logn).
Furthermore, in|Garcia & Petersen| (2025); Kim et al.| (2021)), a regularity condition is assumed on the decision
boundary, where 9f2 can be described by classes of functions ¢ satisfying condition on the elements of
a covering for the set 2. In |Kim et al. (2021)), the class of Holder continuous functions is considered, and
in |Garcia & Petersen| (2025)), the Barron class. The last two works mentioned above only provide upper
bounds for the learning rate when binary classifiers are approximated by neural networks under the margin
condition. Our contribution now, by finding minimax lower bounds for learning rates on binary estimators,
is to confirm that these learning rates are indeed optimal. It is important to highlight that the margin plays
a main role in the fast learning rates obtained in each function space, when - is sufficiently large, the curse
of dimensionality is overcome.

In [Yang & Barron| (1999), it was shown that through an entropy notion on density spaces, it is possible to
determine lower bounds for the learning rate of binary estimators. Then, in Petersen & Voigtlaender| (2021)),
a relation between distances in a specific set of densities and the norms L?()\) in Hy and L'([0,1]471) in &
was demonstrated, thus adapting the main results of [Yang & Barron| (1999) to function spaces € as in [CT)]
However, the margin condition was not assumed in either Petersen & Voigtlaender| (2021)) or [Yang & Barron|

(1999).

In this paper, we establish a lower bound for the minimax expression Z, (%) in equation El through Con-
struction Iﬂ which yields a finite subfamily ¥ C % indexed by © = {0,1}™, the set of binary vectors of
length m. More precisely, given an arbitrary algorithm A € A,,(L?())), we first show that the supremum in
equation [9] can be lower bounded by its restriction to ¢o and to a carefully constructed family of densities
Feo, chosen so as to satisfy Condition together with some additional properties. Next, by introducing a
suitable projection of the estimator A(S,,) onto the discrete set ©, we further reduce the problem to lower
bounding an expression involving the Hamming distance between the projected estimator and an arbitrary
element of ©. Then, after this reduction, we apply Assouad’s lemma Theorem 2.12) to
obtain Theorem

Finally, we apply Theorem [§] to the three classes of functions introduced in Section [L.3] namely the class
of Holder continuous functions, the Barron class of functions, and the class of convex-Lipschitz functions,
thereby obtaining Corollary [I0] In particular, we get the following.

e For the Barron class, ¥ = B¢, the lower bound in equation [22]is given by

*W

Z.(Bc) Z n (e forall v>1 and neN,

where 2(d—1)/(d+1) — 2 when d — co. On the other hand, in|Garcia & Petersen| (2025)), upper bounds
for the learning rate were established in the form

In(BC)Sn_$(1+logn) foral y>0 and neN.

Therefore, our lower bound matches the upper bound in|Garcia & Petersen| (2025) up to logarithmic factors
in the high-dimensional regime for v > 1. Indeed, as d — oo, the exponent of n in both bounds converges
to —v/(v + 2), showing that the learning rate obtained in [Garcfa & Petersen| (2025)) is asymptotically
optimal as the dimension tends to infinity.

o For the Holder continuous class, € = H., we obtain in equation that

In(Ho) 210~ @D forall a€ (0,1], y>a and neN.
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In contrast, under the noiseless assumption (see Remark , (Kim et al., 2021, Theorem 3.4) provides the
upper bound

10g3 n thra(;fl)
Z,(Ha) S (n) forall a€(0,1], v>1 and neN.
Comparing these two bounds, we see that for values of « close to 1, the exponents of n in the lower
and upper bounds become similar, indicating that the corresponding learning rates are nearly the same,
up to logarithmic factors. Moreover, for Lipschitz functions (« = 1), the learning rate is asymptotically
optimal. However, for small values of «, the lower and upper bounds differ substantially.

e For the convex-Lipschitz class, € = C, for which in equation we lower bound by
Z.(C) 2 n~ @07 forall y>1 and neN.

Compared with the lower bound for general Lipschitz functions in the previous item (when a = 1), the
exponent for n in the present bound is —y/(vy + (d — 1)/2) rather than —v/(y + (d — 1)). This suggests
that the additional convexity assumption could lead to a faster optimal learning rate.

2 Main results

We begin by presenting a general result that provides a lower bound for the minimax expression in equation[9]
Here we make the assumption that a finite subfamily of the function class € can be constructed by adding
independent, localized perturbations of small amplitude to a fixed baseline function over a partition of the
domain. We first describe the construction, and then state our main theorem with the corresponding lower
bound.

Construction 7. Assume the existence of an even integer M > 2; a baseline function by € €; a Hdélder
continuous function ¢ : R¥~1 — R with ezponent a € (0, 1] and constant K, > 0 with respect to the Euclidean
norm (as in equation @ Further assume that ¢ is Hélder continuous at 0 with exponent o and constant
Cy, > 0 with respect to the {o-norm, i.e.,

lo(2) = (0)] < Cy llzll5,  forall z € R (12)

and a constant Cy > 0.

« Partition of the domain. Let Ty :={1,2,.... M}*"" be the set of all (d—1)-dimensional vectors
with integer entries between 1 and M. Let s := M/2, m := 5%~ and consider the set of vectors in

Ty with odd integer entries as T := {1,3,...,2s — 1}*". Since |T| = m, we write T = {vy,...,vm},
where vy, . ..,v, denote an arbitrary enumeration of the elements of T'.

We define P = {Q1,...,Qun} as a family of sets forming a partition of [0,1]%1 up to boundam’eaﬂ
with

Qj=1{2€ 0,1 | |z —v;/M||, <1/M}

d—1
virk —1 vip+1
= ]};[1 |: 7]M y jM :| where v = (Ujl,UjQ,. .. 7Uj(d71)); (13)

forallj=1,....m.
e Localized perturbations. Let ¢ satisfy
suppp C (=1, 1)1 90) =1, and 0<@(z) <1 forall zec R4 (14)
We define the local perturbation function ¢; : [0,1]971 — [0,1] by

pi(z) =0 (M(z—v;/M)), foreach j=1,...,m. (15)

1Meaning that any intersection between two sets in this family occurs only on their boundaries.
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o Finite subfamily of €. Let © := {0,1}"™ denote the set of binary vectors of length m. For all

0 € O, define
bg:=bo+0-¢ with ¢:=Cs(p1,...,0m), (16)
and the family
o = {bg | 0c @} . (17)
Assume that
Coe <M™/4 and bo(z) € [Cg,1 —3Cy] forall zc[0,1]471 (18)

Note that the objects used to define bg in equation [L6| are required to satisfy equation equation [14] and
equation and that the constant C'x in equation [16] will be chosen in order to ensure that bg belongs to
the class & for all @ € ©; see Corollary [L0] and Figure [2] for explicit choices. In addition, equation [18]is
imposed for convenience in the proof of the following theorem.

Theorem 8. Assume conditions with parameter o € (0, 1], and with margin exponent v > a.
Let n € N be arbitrary, 7 := v/a, and consider the minimax expression L, (€) in equation @ If Construction
[7 holds,

G0 C ¢ and DOnCLM-(@D <1, (19)
Then,
"Nl 20
7.06) > (=) o2,
(%)_<87+2> ‘ 2

where r == min{1, (2C,) "/}, and C,, is as in equation .

Remark 9. Although C% and M appear as abstract parameters in Theorem|[8, the condition in equation[I9
implicitly makes them depend on n. In applications of Theorem [§, the constant Cy is typically chosen
depending on the parameter M in Construction[7; see, for instance, the proof of Corollary[I{] in Section [
Since M is later chosen depending on n in order to satisfy equation[I9, the resulting constant Cy will in
general depend on n through M.

To prove Theorem [§] in Section [B] we use the subfamily g C %, obtained in Construction [7} in order to
simplify the problem of lower bounding the minimax expression in equation [J] to that of lower bounding a
similar expression in equation [80| (for an arbitrary algorithm A € A,,(L?()))) restricted to the subfamily %o
and to a particular class of densities Fg defined in equation which satisfy the margin condition and the
properties presented in Lemmas [13|and Then, under the projection equation [77| of the estimators A(S,,)
onto the finite set ©, we further lower bound equation thereby obtaining the lower bound equation 81}
which depends on the Hamming distance between the projection of the estimator and the elements of ©.
Finally, we apply in equation [83] a classical result from minimax arguments, namely Assouad’s Lemma [I6]
and arrive at the lower bound equation

The previous theorem provides a general lower bound under Construction [7] We now show how this con-
struction applies to the function classes introduced in Section leading to the following corollary.

Corollary 10. Under the assumptions of Theorem|[8, the following lower bounds hold.
1) For the Holder continuous class € := Ha,
—(M+13tyi+6) N
Tn(Ha) > 2 g n~F@D  forall a€ (0,1, y>a and nelN (21)
it) For the Barron class € := B¢,

*W
Z,(Bc) > cacym a+1 forall v>1 and neN, (22)

where cq,c, @5 a constant depending only on d, C' and 7.
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itt) For the convex-Lipschitz class € = C,

Z,(C) > cayn” F@D2  forall y>1 and n€N, (23)

where cq, 95 a constant that depends only on d and .

The proof of Corollary in Section [C] consists of applying Theorem [§] to each of the function classes
considered in Section [[.3] In every case, we verify that Construction [7] holds by choosing an appropriate
baseline function by, a suitable perturbation ¢, and a constant Cx such that the resulting family %g is
contained in the class under consideration. We then choose the scale parameter M so that the condition
in equation is satisfied. Once these hypotheses are checked, Theorem [§] gives the desired lower bound
through equation for the Holder, Barron, and convex-Lipschitz classes.

Remark 11. The main results, Theorem[8 and Corollary[10, identify minimaz lower bounds for the learn-
ing rates of binary classifiers from noiseless samples under a geometric margin condition. More precisely,
Theorem[§ provides a general lower bound under Construction[7, while Corollary[I0] applies this result to the
three function classes introduced in Section[1.5. There are, however, some limitations of these results that
should be emphasized:

1. The established rates are understood in the minimax sense, where the supremum is taken over all
pairs (h,p) satisfying the margin condition. In practice, additional favorable assumptions on the
data-generating distribution may hold, and the observed learning rates may therefore be faster.

2. As discussed in Remark |1, the analysis is restricted to the noiseless setting. This assumption is
essential in order to clarify the role of the regularity of the decision boundary and the margin condition
in the lower bounds, since in the presence of noise it may be unclear whether the difficulty comes
from the noise or from the geometry of the classifier (see (Petersen & Voigtlaender, 2021, Section
1.1, Point 1)). Still, noisy data appears very often in applications, and that situation is not covered
by our main results.

Remark 12. The proof of Theorem[§ is inspired by the use of Assouad’s lemma in minimaz lower bound
arguments; see for instance (Tsybakov, 2009, Section 2.7.2) or (Mammen & Tsybakou, |1999, Proof of Theo-
rem 3). For Comllary the constructions in the particular function classes are motivated by the arguments
used to derive lower bounds for Kolmogorov entropy in those spaces; see for instance |Clementd (1965) or
Kolmogorov & Tihomirod (1993) for the Holder case, |Petersen & Voigtlaender| (2021) for the Barron case,
and |Guntuboyina € Sen| (2013) for the convex-Lipschitz case.
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A Auxiliary results

This section collects technical results that are used in the proof of the main results.

Under the assumption of Construction [7] and using the class g in equation we define an associated
family of densities as follows. For each @ € © and bg € %o, let the tube Ty around the boundary 9€¢ be
given by

To := {CL‘ eX||xq— be(iﬂ(d)” <Cx+0- "p(m(d))}' (29)

Define the region
R = {w € X |z € [bo(x @) — Cy, bo(xD) + 30%4} (25)

and the density function fg : X — [0, 00) with respect to Lebesgue, asE|

fol@) = glaa — bo (@) ror (@) + £(Co — 0 9@ ) L7y (@) + Colun(®@),  (26)

where 7 > 1 is a suitable constant, ¢ and Cy are as in equation and Cp is a normalizing constant
depending only on 0, i.e., such that [, fgd\ = 1. See Figure [3for an example of the regions defining fg in
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Figure 3: Tllustration of the regions used to define fyg in the case by := 1/2. The figure shows the sets X'\ R,
To, R\ Tg, and R. The background grid corresponds to the partition associated with M in equation
and the inset provides a magnified view of the localized perturbations. For visualization purposes, we take
M = 200 and choose ¢ as a bump function, although any function satisfying the conditions of Construction 7]
could be used.

a particular case. We denote the set of all these densities as Fo = {fg | @ € ©}. Each density fg induces a
probability measure pg, and we denote Mg = {ug | @ € ©} as the collection of all such measures. We write
he = hy, for all hy, € Hey,.

We introduce the Hamming distance on O, defined as

Pram(0,0") = #J(0,0') where J(0,6'):={je{l,....m}|0; #0}}. (27)

In the following lemma, we establish additional properties of the families g, Fo and Mg that are needed
in the proof of the lower bound equation 20} In particular, they provide control of the geometry of the
perturbed decision boundaries, ensure that the constructed classifier-distribution pairs satisfy the margin
condition in and yield the estimates required later for the application of Assouad’s Lemma

Lemma 13. Let € satisfy with « € (0,1]. The following statements hold.

1) For allbe € and all x € X,

. 2
(o~ 0001 )" < st (2,090, < s b(a'). (28)
b

where

< By e Ryfa) = VIS ifa=1 (29)
b max {2%,2K,}  ifa <1,

and Ky, > 0 is a constant satisfying equation [5
2) For all j,k € {1,...,m} with j # k, it holds (see equation that

supp ¢; Nsupp ¢ = 0. (30)

2In the case v = 1, we use the convention 0° := 1.

11
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Furthermore, for each z € [0,1]971, there exists j € {1,...,m} such that
p(z) = Copj(2)e), (31)
where e; denotes the vector with 1 in its j-th entry and O in all others.

3) Let Kp, > 0 be the constant satisfying equation@for bp € €, and let K, be the Holder continuity
constant of . Then, equation[J is satisfied for all b € €o with constant

Ky =Ko = Kb(,"'Kap/Q- (32)
That is, o satisfies uniformly with exponent o and constant Kg.
4) For all @ € ©, Tg CR. Moreover,

R\ To = {@ € X | by(@D) + C + 20 p(a?) < 24 < by (@) +3Cy | (33)

5) For each 0 € O,

1— d 1—2
Cp— L pfo@dz 1220
1—-4Cy 1 —-4Cy

where Cy is defined in equation [26

(34)

6) If ¥ :== v/« is chosen in equatz’on with v > «, then every pair (he, o) € Hey X Mo satisfies the
margin condition with margin exponent .

7) For all 6,0" € © with pram(0,0’) =1, we have that
/X o — forl dX < 2F3CT (@D (35)
and L
/ (fo + for)d\ < 2010 M—(d=1), (36)
€
{weX|ho(@)her ()}

Here, pram is the Hamming distance defined in equation[27

Proof. We prove each case separately.

Let K, > 0 be a constant satisfying equation For all ' € 09y, = {x € X |b(x?) =24} (sce
Remark , and all x € &', we know that

o - a’|ly = [ — 2@ Hz + Jaa — b’ D)2, (37)
We set ¢ := H:B(d) —z/@ H2 and w := |zg — b(x?)|, and consider two possibilities:
o If w— Kpt® <0, we get t2 > (w/Kb)2/“, and
lz— 2|5 = 2 + [wa — b(a" D)2 > (w/K;)*°. (38)
o If w— Kpt* > 0, condition implies

w = [zq — b(a&D)| < [z — b@" )| + bz D) — bz’

<|zg— b(:l:,(d))| + K, ‘ 2D _ :B/(d) o

2
= |zq — b(a’ )| + Kyto,

12
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therefore
& — 2|2 = £ + |zq — bz’ D)2 > £ + (w — Kpt*)?. (39)

So, when a = 1, it follows that

@ — ' |3 > (1+ K2)t% — 2wKyt + w?
4w (1 + K?) — 2wkK,)?
- 414+ K?)

’U}2

S 4
11 K2 (40)

Otherwise, a < 1 and we consider a threshold to := (w/(2K3))Y/® to minimize the right-hand side
of equation 39 on ¢. By cases:

— If t < tg, we have that w — Kpt® > w — Kpt§ = w/2 > 0, therefore
o — a2 > 2+ (w— Kot§)? = £ + (w/2)? > (w/2)". (41)
— If t > tp, we obtain
@ —&'|3 > 12+ (w— Kpt®)? > 12 > (w/(2K,)) >/ (42)

Thus, equation [38] equation [40] equation [1] and equation [42} imply

1

1 3
o — 2, > (;7'“ - b<w<d>>) ,

b

where I?b is as in equation Then, by the above inequality and equation we arrive at

1
1 o .
(sgtma—te )" < int o=l < =)

Here, the upper bound was obtained using that (z1,...,Z4-1, b(w(d))) € 0Qy,.

From equation we know that suppy C (—=1,1)*"t = {z e R | ||z||, < 1}. Hence, by equation
and equation

supp p; = {z € [o, 1]‘1_1 | M(z —v;/M) € supp<p}
c{ze0, )" |M(z—v;/M)| <1}
=int@Q; forall je{l,...,m},

where int ); denotes the interior of Q};. Therefore,
supp ¢; Nsupp ¢ C int Q; Nint Q =0 for all j ke {1,...,m} with j #k,
since P is a partition of [0,1]9"! up to boundaries (see equation . Thus, equation holds, and

equation [31] follows from the definition of ¢ in equation [I6] together with equation [30]

Let 8 € © and z,w € [0,1]?!. By equation and since ¢ is Holder continuous with exponent o and
constant K, we obtain

p(2) = pj(w)] = o (M(2z = v;/M)) = ¢ (M(w —v;/M))]|
< KoM ||z = wlly .

13



Under review as submission to TMLR

Furthermore, equation [30| and equation [31| imply that there exist j, juw € {1,...,m}, such that
¢(z) = Cevpj.(2)e;., e(w)=Cep;,(w)e;,,
and ¢;, (w) = ¢;,, (z) = 0 whenever j, # j,. Thus,

Cz'10 - (p(2) — p(w))| = 10 - (¢).(2)e). — )., (w)ej,)|

_ fIei(2) — gstw)] i = s = J
= Ui (2) = 01 )] + 195, (2) — @1, )] i o #
< 2K, M ||z — w5 (43)

We know that Kp, > 0 is the constant satisfying equation [5] for by € €, so using equation equation
we get

bo(2) — bo(w)| = [bo(2) + 8 - p(z) — (bo(w) + & - p(w))|
< |bo(2) — bo(w)| + 10 - (2) — 6 - p(w)|
< Ky, |z —wlls +10 - (p(2) — p(w))|
< (Kyy + 2K ,Co M) |2 — w]|S .

0 -
0 -

We assumed in equation [18| that Cyy < M~%/4, then
[bo(2) — bo(w)| < (K, + K, /2) [z —wl3 .

Since 6 is arbitrary, we conclude that %o satisfies [C2)| uniformly with o and K¢ as in equation

We rewrite equation [24] and equation [25] as
To = {a: € X | bo(x'D) — Oy < 2q < bo(xD) + Cop + 20 - Lp(m(d))} and
R = {az € X | bo(x'D) — Oy < aq < bo(xD) + 30%}.
Then, by equation [I5] and equation 31} we get
To = {:L' € X | bo(z) — Cp < g < bo(x' D) + Cop + 2050;(xD) (0 - €;), for some j} ) (44)
and since p;(x(9)(0 - e;) < 1, we obtain
To CR forall O ¢c0O.

Moreover, from the above it is clear that equation [33] holds.
The constant Cp was defined in equation [26| such that [ + fed\ =1, for all 8 € ©. Therefore,

1= /X fo(x)dx = /R fo(z)dx + w Codx = /R fo(z)dx + Co(1 — A(R)).

By equation [18| and equation we obtain A(R) = 4C¢ and

Co — 1—fng(IIJ)d:IJ
0 1—4Ce
Furthermore, we use equation equation equation [T6], equation [I8] and equation [31] to see that

bo(2) = bo(2) + Cieipy(2)(8 - ¢;) € [0,1] and (45)

(Co — 0-p(2)) 7 = CL (1 - 0;(2)(0- €))7 ~" € [0,1], (46)

14
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for each z € [0,1]%7, for some j = j(z) € {1,...,m} and for all 5 > 1. Then, equationimplies

0< folr(@) = 5 (lra — bo(@ ) Irary (@) + (C — 0 9@ )] 1y ()

1
S35 (Irn7e () + 1r\ 7 (2))
- %HR@),
and
1-20x=1-A(R)/2<1 —/ fo(x)dx < 1.
R
Hence,

1-2C¢ _ 1= Jpfo(z)dz 1
1—-4C¢ — 1—4C¢ —1—-4Cy
and equation [34] holds.

@ Let ¥ := v/« in equation [26| with v > «, and let 6 € © be arbitrary. By items [1)|and [3)[ above, we get

1

(Lm - bg(az(d))> " < dist (2,0, ).
Ko

Therefore, with the notation in condition we obtain
Bhe = {2z € X | dist (z,00,) < ¢}
c{wex|loa—bo@?)| < Koe}, forall e>0. (47)
By the previous item )] 7o € R, and therefore
RNTe="Te. (48)

So, we consider the following cases.

o If %ea < Cg, then equation equationand equation imply B"¢ C Tg = RNTg. Therefore,
po(BL?) = ne((R N Te) N BL?)

:/he fg]lRm'TGd)\
BE
1

T2 /Idbe(w(d))l<f<\c:)€"‘
1

f(fKEeaﬁ—l/ /  ldazgda®
2 0,141 J|zy—be (a(@)|<Koec

< (Koe®)?

|z — be () da

IN

= Ke & (49)

The inequality above shows that condition is satisfied with constant E(;W and margin exponent .
o If i(\(;zs" > C¢. We have, similarly to equation that
pig(Ble) = /  JolrarpdA + / . Jola\(rnTe)dA
BE’G B; o

< Ko'e + / JodA.
X\(RNTo)

15



Under review as submission to TMLR

By equation [26]
1 ~
/ fgd/\ = / (2(C<g —-0- go(:l:(d)))’yilﬂR\TQ (ZI)) + Cg]]._x\R(:B)> dex.
X\(RNTe) X

Using equation [34] we obtain

it < |

[ (5(Cc =0 0@) M an @) + Colun(e) )

P 1 =
<Ko &'+ 50;;‘1/

ldx + (1 — 40%)*1/ ldx
R\To

X\R

<Ko & + %c@—l +(1—4C¢)" "
So, we use €7 > (Cy/ %)7/ “ in the above inequality and set
o= (Ra' + (3677 + 01— 100 (Ca/Ra) 7).
to obtain

pe(B) < Cye.
Thus, we conclude that is fulfilled with constant Cy and margin exponent ~.

In both cases above, for all (hg,png) € Hyy X Mg, the margin condition holds with the same margin
exponent 7y and in particular for every constant C' > Cj.

For all 6,6’ € © with ppam(0,0') =1, the index set J := J(6,6’) defined in equation [27] contains exactly
one element, i.e., #.J = 1. Moreover, there exists a unique j* € {1,...,m}, such that J = {j*}. We assume
without loss of generality that @ — 8’ = e;+. Then, by equation [15| and equation we get

0-p(z) 0 - p(z) = (0 0) - ()
= e p(2)
= Cx¢ (ej+  (p1(2), ..., om(2)))
= Cgpj(2), forall ze[0,1)47%
Therefore,
0-p(z)=60-p(z) forall ze[0,1]"\ suppyj-, (50)
and
folr (@) = forlr(x) forall @€ ([0,1]"" \suppy;-) x [0,1], (51)
since equation equation equation and equation depend only on the expression 6 - ¢ in the

region R.

By equation [I8] equation [25] equation [26] and equation [34] we see that

/ |fo — for| X = |Co — Co| 1dA
X\R X\R
_1-A(R)
=T i, ‘1 /ngd)\ (1 /ng,dA)‘

=‘/Rfo/d>\—/Rfad/\‘

< /R |fo — for| dA.

16
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Then, by the above inequality and equation

/ |f9*f0’|d)\:/ |fo — for| dA
P RU(X\R)

§2/ fo — forl dA

R

= 2/ |fo — for|d\  where ;- :=suppp;- x [0, 1]. (52)
RS

To analyze the upper bound in equation @ we look closely at the set R N S;- as well as the behavior of fg
and fg: in this region. Note that

ROS; =U) vu? with Ul nul) =0, (53)

where
U = (RNTe)NS;-) and US) = (R\ Ter)NS;-) forall 6 € 0.

Since we assumed 6 — 0’ = e;-, we have 0;+ = 1 and 93* = 0. So, we consider the following two cases.

o For 6: We use that ;- = 1, equation [30] and equation [48] to obtain

Ut = Ton ;-

- {wesj* |za — bo (V)] SC%+9'<P(93(‘1))}
= {m € S | lxa — (bo(xD) + Cig (0j- 0+ (D)) < Cg + C%Wj*%*(m(d)))}
= {93 € Sj | |za — bo(x?D) — Cppj- (x'D)] < O (1 + @j*(ﬁﬂ(d))>} : (54)

By equation [30] and equation [33] we have
U = {@ € S5 1 bo(@ ) + Cp + 200 (@) < 4 < bo(@?) +3C }. (55)
Moreover, equation [26] and equation [30] imply
fol (@) = 5lra — bof@®) — oy (@) 0 (@) and

1 = _
foly@ (x) = 50% Y1 = - (D)7 o (). (56)

o

o For 6: We know that 0. = 0 and analogously,

Ué}) =Te N Sj* = {(E S Sj*

24— bo(@D)| < Car |,
U = {az € S bo(x @) + O < 24 < bo(a'D) + 30%},
for ]lué}’(w) = %|xd - bo(m(d))ﬁfl]lué})(:c) and
forly e (@) = %c;flﬂug) (@), (57)

Thus, by equation [52] and equation

1
5/ |f9 — f9/| d\ < / fodA —|—/ ford\,
X RAS; RAS;«

= | fed\+ / fod\ + / ford\ + / ford), (58)
ug” ug? Uy Uy

17
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where using equation equation equation equation equation and equation we obtain
first

foir< ;| 24— bo(@®) — Cgipye ()~ da
Z/t( ) |xd7b0(m(d))fc<ggpj*(m(d))‘gccg(1+<pj*(w(d)))
1 / = ¥
== Co (14 ¢« (D)) da'®
7 Jlo,1]4-1 Cg( A )>
1 ~ ~
—2 [ LM M) e
[0,1]¢~
= CWM @D |1 + || . 59
I+l (59)
Next,
1 b (g Dy-1
ford\ = |xg — bo(x')|" " dx
um 2 Jum
8/ 0/
1 ~
-1 / / (g — bo(2( D)~ dgda'®
2 supp @+ J|z4—bo(x(D)|<Ceq
1 ~
Y {zE[O,l]d_1|M(z7'uj*/M)Gsuppgo}
1 ~
::C%M_(d‘l)/ ldz
v SUpp ¢
1 ~
< =Cp M=, (60)
v
Moreover,
1
fod\ =5 CF (1 — oy (@) Mda
us ug )
S/ C”(l— e (d))>vdw(d)
[0,1)¢=1
= CLM@D |1 — g
4 I 80||m([0 1a-1)
Finally,
1 ~
- -1
o ford\ = e Cy dx
e/
<O M~h,
Therefore, combining the above bounds on the four integrals with equation we obtain
1 = 1
= — forld\ < CLM 47D 14| — | =+1
5 [ 1o twlir<c el el

Y+2 7 3 r—(d—1
<22 M-
and equation [35 holds.
Next, to prove equation |36 we see that equation [3|implies

Ggﬂr = {:I: ceX | hg(iL’) 7& her(w)}
={xeX|ho(x)=0Nhg(x)=1}U{x e X | hg(x) =1Ahe(x) =0}

- {w € X | by (x?D) < 24 < bg(m(d))} U {a: € X | bg(x?D) < 24 < ber (@ >)}

_ {a: € X | min {bg(m(d)),ng (sc(d))} < x4 < max {bg(m(d)),bg/ (a;<d>)}} . (61)

18
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Using equation we obtain bg(z) < bg(z) < by(z) + Cy for all z € [0,1]! and all 8” € ©. Thus,
Goo C {a: € X | bo(2D) < 24 < bo(z@) + cg}
C {:c € X | by(x' D) — Cyp < 24 < bo(x D) + O + 20" - go(a:(d))}
=To» forall 0" €O. (62)
Moreover, equation [50] implies
be(z) = be/(z) forall =z [0,1]*"\ supp p;«,

and therefore
Go,o0 C Sj- = supp ¢;» x [0,1]. (63)

Then, by equation [62] and equation [63] we get
G979/ C T N Sj* for all 8" € o,

and with the notation in equation [54] equation [57] we obtain

(fo + for)d\ = /

Gewe/

fod\ + / ford)
G

0,0/

S/ fgd)\-i-/ fGId)\
'Tef‘lsj* %/ﬂsj*

= fod\ + / fordA. (64)
us uly

AmeXhe(m)¢he’(m)}

In conclusion, from equation equation [60] and equation [64] we arrive at

~ 1 ~ )
J (o fodh < OO0 (Zhwil T+ )
{x€X|he(z)F#hg (x)} Y Lr([o,1]¢=Y) ¥
< 27+1C%M7(d*1).

O

In what follows, we use the Hellinger distance to compare different probability measures. For densities f
and g with respect to a measure v, the Hellinger distance is defined by

pr(f.9) = ( | (Vi-va) dv) - (65)

The next lemma provides an upper bound on the Hellinger distance between product measures corresponding
to parameters at Hamming distance one.

Lemma 14. Let D be defined as

Jo (@)1 {y=ne(a)}
n({y}) ’

and fg is as in equation . Then, D is a family of densities on A™ with respect to A®™ (see equation ,
and for all 0,0’ € © with pram(0,0) =1, we obtain

D= {f5"10€6), uhere folw.y) =

p%‘[,)\@n( §n5 f@jn) S 27+4nC%M_(d_l)' (66)

Remark 15. In Lemma[IJ, we denote by pe the probability measure on A having density fo with respect
to A. Accordingly, pe has marginal pug on X, and f(;@" is the density of the probability measure u?" on A"
with respect to A®™.
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Proof. Note that fg is indeed a density function, since

B Jo(@)Liy=ho ()} o
/Afed)\— X x{0,1} n({y}) AA(@)dn(y)

= o@D tymtoten) 4, fo@)Liy=ho@)} ;o
_/X><{0} n({y}) N )dn(y)+/XX{1} ) dA(z)dn(y)

=/ fe(m)]l{hs(m):mda:+/ Jo(x)Lihg(x)=1)dx
X X
=/ fodA
X
=1.

Then, D is a family of densities on A™ with respect to A®". In addition (see (Tsybakov, 2009, Section 2.4)),

2 n
Phon (£ 157) =2 (1 - (1 - W) ) < nplyaFo. for). (o7
and

pha(fo, For) = /A(\/ﬁ— V for)2dA
S/A|f9_fe'|d)\

_ Jo(@)Ly=no(@)y  Jo (@) Liy=n, @)} -
‘/X/{o,l} () Wy | WA=
- > /X|f9(w)]1{he(:c)=j}—fﬂ’(w)ﬂ{he/(m>=y‘}|df’3

je{0,1}

je{o,1}

/ 1 fo(@) — for(@)] Ling (w)—y de
{x€X|ho(x)=hg/ ()}

+
je{o,1}

/ |fo(2)Lihg(a)=jy — for (®)Lin,, (@)=} | d
{x€X|hg(z)Fhgr ()}

- / fo— forl A\ + / (fo+ for)dA.
{zEX|ho(z)=hg: (@)} {zEX|ho(x)#hg (%)}

Therefore, by item |7)| of Lemma [13| together with the above inequality, it follows that

P s(Fo For) < /X fo— forl dA + /{ (fo + for)d

zeX|ho(x)Fhes ()}
< 2?+3C;M—(d—1) T 27+1C;M—(d—1)
< 2rHog M4, (68)
Finally, equation [67] and equation [68] imply

P%{,x@n( g®n, fgin) < np%l,)\(ff)’ for) < 2V+4nC’%M*(d*1),

B Proof of Theorem [g

We know by equation [12] that ¢ is Holder continuous at 0 with exponent o € (0,1] and constant C,, then
there exists r € (0, 1] such that

p(z) >1/2, forall zeR¥! satisfying |z|| < (69)
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Indeed, we fix
r:=min{1, (2C,)" "/}

and using equation [I2] equation [I4] we see that
1= p(2) = |o(2) = 9(0)] < Cp 2[5, forall zeR,
which implies
o(z) >1-0Cp 2|2 > 1 —min{Cy,1/2} > 1/2 forall ze R satisfying |z||, <7,
and equation [69] holds. Thus, by equation [I5] and equation we obtain
pi(z) >1/2, forall zeR¥' satisfying |z —v;/M|_  <r/M, (70)
and for each j € {1,...,m}. We define the region (see Figure [4])
E; = {:c cX |z eN;, and Cypp;(@?)/2 <a4—bo(z?D) < Schgpj(ac(d))/él} (71)
where (see equation
Nj={z€[0,1)%" ||z —v;/M|_ <r/M} CQj; € P, (72)
and equation [70} equation [71] and equation [72] imply

A(Ej) = ldzgda'®

//C%%(w(d))/%wdbo(w(d))<3C<Mj(w<d>)/4
/ Copj(z /4daz

ch/ ldz
lz—v; /M|l <r/M

(2r)?= 1O M~ (4D, (73)

>

oo\»—* Oo\

For all 8 € ©, from equation 24} equation [48 and equation [71] we see that
E;CTo=RNTe and he(x)=1-06; forall xecE,. (74)
Using equation [30] equation equation [72] and equation [74] we get
E; = {;c eX|z@eN, and (1/2—0,)Cop;(x@) < x4 — be(x®) < (3/4 — 9j)c<g<pj(m<d>)}
CLg, = {az ceX |z eN; and |zg—be(zD) > Gg(pj(w(d))/él} ,
and

folg, () = folp,nLg, (x) = %|$d - be(fﬂ(d))ﬁ_l > %(C%@j(w(d))/4);_l~ (75)

By definition in equation for all A € A,,(L?()\)) and for all S,, € A", we have A(S,,) € L?()\). Since fg in
equation [26 is upper bounded, then A(S,,) € L?(ug). Therefore, by equation equation equation
equation [74] and equation [75] we obtain

IA(S.) = oll 30y = [ IA(S,) = ol fodA
> Z/ hg| fgCD\

Z 5(0(5/4)7‘12/15. IA(S,) () — t(8;)[2 (0 (z D))~ da

I \/

ccg/s )i~ 12/ 0,)]Pd\ where t(6;):=1—6,.  (76)
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Case ;=1 Case 6;=0

—— bo+3Cgy
/ \ R \Te
— bo+Cq+ 26j(pj(x(d))
/ \ e
—_A P ‘\ —:= bo + %Cg(pj(x(d))

=

=== bo +3Ceg;(x'¥)
To

— bo—Cg

P P
Vj/M + [—rIM, r/M]¢ =1 . Vj/M +[~r/M, riM]®~
Q; Q

Figure 4: Tllustration of E; for d = 2, where ¢ is a bump function and by := 1/2. In the image on the left,
the bump is active and the function bg lies above the region F;, which implies by equation [3[that hg(x) = 0
for all © € E;. In contrast, in the image on the right, the bump is inactive and the function bg lies below Ej;
therefore hg(x) = 1, for all @ € E;. In both cases the region Ej is sufficiently far from the decision boundary,
and therefore fg can be bounded from below on Ej, as in equation Consequently, E; is a suitable region
for projecting the estimator A(S,,) onto the discrete set O, as in equation Moreover, by taking different
parameters d, by, and ¢, the same conclusions about F; still hold. For visualization purposes, we use a
particular choice of parameters. The same idea applies for arbitrary choices of d, by, and ¢ satisfying the
hypotheses of Theorem

For each A € A,,(L*(\)), we define the projection 64:A" — O of A(S,,) onto O, such that

OA(S2) 5= (B1a(Su):--.Tna(S1)) where 04(8,) € arg min [ A(S,) ~ 10|z (7D
e{o, J

Here we used the notation ||'Hi2(>\\Ej) = ij |- |2d)\ and t(6) := 1 — 6. If both values § = 0 and 6 = 1 attain
the minimum in equation we fix 0; ,(S,) := 0. Then,

054080 = 6N AED) = G480 -6,

— [[¢@4 (80 — 105)]

L2(Alg))

S FEAREONES)]

20, +[|A(Sy) - t(ej)”L?(MEj)

< 20| A(Sa) = 6))ll 2, - (78)

So, we use equation [76] and equation [78] to obtain

NgE

1 ol
IA(S1) = ol32(up) = 5(C/8V 1D 1A(Sa) = 40 3oy

Jj=1

10, 4(Sn) — 0;|ME;),

NE

Y%

R

=1

<
Il
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and by equation equation it follows that

1 il
|A(Sn) = Bollzeguy) = g(Ce/87 Y0 AE)
jEJ(é\A(Sn),O)

d-1 ~
> BT oa -ty > oo
o K
i€ (04(80).0)
2r)d=1 Sl ~
- (( 8$+1 > C‘Z”M (d l)pHam(eA(Sn)vo)'
Taking the expectation Eg := E{ by on both sides of the last inequality, we arrive at
i} ™ 1e
2 @r)* N 5 —(d—1) A
Eo [[A(Sn) = hollz2(,g) = o CeM Eopram(04(Sy),0). (79)

In conclusion, equation [79] together with the notation in equation [J] imply

su E iia ||A(SR) —h 2 > max E sia ||A(S,) — h 2 80
(h,u)ePIc)g(ﬁx) (@, ?:1'\7” ” ( ) HL2(#) (h,u)epcg@(/\/l@) {wi}?:{\:iu ” ( ) ”Lz(#) ( )

2
> max Bo [|A(Sn) — hollz2(,,)

> (O 7 M) s Boprram (B4(S0), 8), (81)
“\ et “ peo orHamiTARIR LT

since o C € (by equation , and

P&f(ﬁ)\) 2 Pso (M@)) 2 {(h’hu’) € Hegg X Me | (h’:u’) = (he,ug)}.

We state Assouad’s lemma as in (Tsybakov} 2009, Theorem 2.12 (Hellinger version)) to relate it to the lower
bound in equation

Lemma 16. Let D := {Py | 0 € O} be a set of 2™ probability densities on A™ with respect to A®™, where X
is defined in equation [ If

P aen(Po, Por) <0 <2 for all pram(6,6') = 1,

where p?«i, denotes the Hellinger distance defined in equation @ Then

inf  maxEopram(0(Sy),0) > = (1 — VI — 19/4)) : (82)
0:Am -0 9€O 2
where Eg 1= ]ESnNUPe and vp, s the probability measure induced by Pp.

To apply Lemma we use the family of densities
D= {f5" |6 cO)
defined in Lemma By equation [19| and equation for all 8,0’ € © with pgam(0,0’) = 1, we have

P xon (£ F5) < 27HCI M~ < 1/4 < 2,

Therefore, the hypotheses of Lemma (16| are satisfied with ¢ := 2§+4nC<ZpM’(d’1) and m = (M/2)4" (see
Construction . In conclusion, since ¥ < 1/4, equation [82] implies

inf Eoprram(0(S,,),0) > 2~ (1 — \/O(1 — 9/4
it maxEopian (0(5,),0) 2 (1= Vo =v/1)
Z 2—(1—1]\4d—17 (83)
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where from the notation in equation [I0] and Remark we know that

Eg = ES

on = & id
W~y {2}, e

Since A in equation [81]is an arbitrary element of A, (L?()\)), then equation [81| combined with equation
imply
(2r)d-1 ~

su E wa |JA(S,) = R|? >< 2 )C5M<dnmmﬁ 04(S,),0
(h,u)ePpcg(.C,\) fwi), u 1A(Sn) = Al = gy+1 < 0c6 6P Ham (0.4(Sn), 0)

(20 K W~ IR A
> | —=—)CoM _inf  maxEgppam(0(Sn),0)
8'Y+1 9:A" 0O 0co

Td_l ~
(£
gI+2

Finally, by taking infimums in the previous inequality over all A € A, (L?*(\)), we conclude

T.(%) > (Td_1><i§,

87+2

and equation [20] is fulfilled. O

C Proof of Corollary [10]

C.1 Holder space

Let ¢ € C(R;R) be any 1-dimensional bump function, with ¢(x) = 0 for all |z] > 1, 0 < ¢(z) <1 for all
x € R, and 9(0) = 1. For Construction m we set ¢ : R™1 — R as

p(2) = 2] 2ll)- (84)
By definition above, ¢(0) =1, 0 < ¢(2) < 1 for all z € R¥~! and

suppp = {z € R | 2| 2|, €suppy C (—1,1)}
C{zeR"™|||z|, <1/2}
C (_171)d717 (85)

therefore equation [14] holds. By the mean value theorem, since ¢ € C°(R;R), we have

lp(2) — p(w)] = |92 |2]l,) — L2 [w])
<2 oo 2l oo = llwll o |
<29 1z —wll,, forall zwe R

where [[¢'|| = max,er [¢'(2)| and ¢’ denotes the first derivative of ¢. Thus, for a € (0,1], and for all
z,w € R4 1 we see that

Tzl <1,
lo(2) = p(w)] < 29[l 12 = wll o < 2[4l 12 = wlIZ, - (86)
o If |z —wl|| >1,since 0 < p(v) <1 for all v € R, then

lp(2) —p(w) <1< |z —wll, . (87)
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Therefore, equation [86] and equation [87] imply that
lp(2) — p(w)| < Ky ||z — wl|3, (88)
<K,|z—w|; foral zweR" (89)

where K, := max{1,2||¢’|| }. So, ¢ is a Hélder continuous function with exponent a € (0, 1] and constant
K, with respect to the Euclidean norm. Moreover, equation implies that ¢ is Holder continuous at O
with exponent a and constant C,, := K, with respect to the {o-norm (see equation .

Up to this point, all the properties required for ¢ in Construction [7] have been verified. It remains to choose
C¢ in equation [16] such that g C €, as required by Theorem [§] in equation The remaining conditions
on C¢ will then be checked, while all other elements of the construction (the parameters M, m, the partition
P, etc) are taken exactly as in Construction

In Section[1.3] we defined the class of Holder continuous functions H, as the class ¢ satisfying Condition
Then, by item [3)|in Lemma [13] we know that

C =My 2 Co.

Furthermore, the only important assumption in the proof of item|3)|in Lemma apart from the hypotheses
on ¢ and the fact that & satisfies Condition is that Cy < M~%/4 in equation Hence, by choosing

Cg := M~%/4, (90)
we conclude that 6o C €.
Next, we still need to ensure that the baseline function by € € satisfies
bo(z) € [Ce,1 —3Cy] forall ze0,1]¢7 !

in equation This can be achieved either by assuming that by € H, satisfies this condition, or by fixing
a specific choice, for instance by = 1/2 or by as in Figure [2| which clearly belongs to H, and satisfies the
above condition.

Finally, by equation 0] and in order to satisfy the right-hand side in equation it suffices to choose M
such that

1> 270507 M~ (d=D)
= 970 (M0 /4)T M (@D
— 2—:7+6nM—(d—1)—7_

Therefore, we choose M as the smallest even integer such that

M > 277 D 57D = M,, thatis M := 2[M, /2], (91)

where [.] denotes the ceiling function for integers. In conclusion, we have shown that all the conditions of
Theorem [§] are satisfied. So, equation equation 00] and equation [91] imply

T.(%) > (Td_l> cl = <7“Cl_1) (M~ /4)7 = <W> 2[M./2])"" forall neN, (92)

gr+2 g7+2 87+2
where 7 = min{1, (2C,)"'/*} and C, = K, = max{1,2|[¢’|.}. Note that

1

M./2] < M,/2+1 and M,>2 7@ 0 = —— with C,:=277@D +1/2.
C,—1/2
Thus, [M,/2] < M,/2+1 < C.M, and
(2[M./2])"" > (2C.M,)~". (93)
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In addition, since C, = max{1,2|[¢'|| .} > 1, we have

r=min{1, (2C,) "} = (2C,)" V. (94)
Then, from equation [92] equation 03] and equation [94] it follows that
47;7‘d71 __
Z.(¥¢) > T (2CM,)™7 =C*n~ @1  forall neN, (95)
v

where

-5 —1/a\ 41 ~ o -
. (4 ((2Cp)7"/) >(<2m+1+1> (2(»
87+2
d—1 ~ d—1 ~ = 6 -
e () () o)

d—1

>0, (2*“1%2‘57*6)(2*27)2*67

> 2—(%+13§+6)C;%_ (96)
Here, the dependence on C,, can be removed by fixing a specific bump function 1; for instance, the standard
bump
1-—15 .
e 1= if |x] <1
x) = 97
V(@) {0 if |x| > 1. 07)
Indeed,
2z|(1 —2?)2p(x) if |z[ <1
¥ ()] = .
0 if |z| > 1,
and .
P(r)=e e < (1 —2%)% forall ze(-1,1).
Therefore,
2 if 1
[ (x)] < e 1 o] < <2e forall x€R, whichimplies [[¢']_ < 2e.
0 if |z| > 1,
Thus,

Cyp = max{1,2|¢'| .} < max{l,4e} = de < 2*. (98)
Finally, from equation equation [96] and equation [98], we arrive at

5(d—1) ~
Z.(%) > 27( T H137-+0) n~7F@D  forall ne N,

and therefore equation [21] holds. O

C.2 Barron space

Let C > 0 be a constant. By Remark @ every Barron function b € ¢ := B¢ is Lipschitz on [0,1]971. So, in
Construction |7} the parameter corresponding to Condition is @ = 1, which in turn implies that 7 = ~.

Similarly to the Holder case in the proof of item we consider a baseline 1-dimensional bump function
P € C°(R;R) satisfying 0 < ¢(x) <1 for all z € R, suppt C (—1,1), and ¢p(x) =1 for all z € [-1/2,1/2].
We define ¢ : R - R as

d—1
p(z) = [[¢(z) forall z=(z,...,24-1) € R (99)

j=1
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Therefore, 0 < ¢(z) < 1 for all z € R4~ p(z) =1 for all z € [-1/2,1/2]?"1, and

suppp = {z € R*' | z; esuppyy forall je{l,....,d—1}}
= (suppp)*~!

C (—1,1)47 L
Thus, assumption in equation [I4] is satisfied.

Since 1 € C°(R;R), supp ¢ = (supp1)?~! and 1(z;) is the projection of ¢(z) on the j-component, we have
¢ € C(R?¥1;R). Then, |V¢l||, < oo, and the mean value theorem implies

lp(2) — p(w)| < K, ||z —wl|l, forall z,wel0,1!, where K, := s]}g) 1 Vo),
veRY™

i.e., ¢ is a Holder (Lipschitz) continuous function with exponent o = 1 and constant K, > 0 with respect
to the Euclidean norm. Moreover,

o If 2z €[-1/2,1/2]%! we know that
o) = 9(O) = 1= 1] =0 < Cy 2], forall C, >0,
o If z€ R\ [-1/2,1/2)971 we have ||z > 1/2 and

lp(2) =9(0)] = lp(z) = 1] <1 < 2]zl -

Here, we used that 0 < ¢(z) < 1 for all z € RI~L.

Then, from the previous two items we get
lp(2) —p(0)] < C,||z||l,, with C,:=2, forall zeR* (100)

which implies equation [[2] with o = 1. This completes the proof of the conditions on ¢ in Construction [7}

In what follows, we justify the choice of C so as to satisfy the hypotheses in equation Let @ = (01,...,0m)
be an arbitrary element of ©. By equation [[5] and equation [I6, we have

bo(z) =bo(z) + Cy f:ej@ (M(z —wv;/M)) forall zc0,1]%". (101)

j=1

By Barron definition in equation [11] and since by € €, there exist Cy > 0, ¢g € [—Cp, Cp] and a measurable
function Fy : R9~! — C satisfying

W=t [ (@E-DRE@E ad [ el R©E < <c (102)

Therefore, we choose by so that the corresponding constant Cj satisfies Cy < C/2 (for example, we may take
bo :=1/2; or by can be chosen depending on C so that this condition holds).

Let g : R9~1 — R be defined byf]
9(2) =Y 00 (M(z —v;/M)). (103)
j=1

To prove that bg € €, it suffices to show that

o(2) = &1 + /}Rdil(eizﬁ —1)Fi(§)d¢ and /R €l 1P (€)]de < Cy < CrCy2, (104)

3 Although bg : [0,1]9~1 — [0, 1], we define g on R?~1 with value in R, in order to use Fourier analysis on the whole space.
This causes no ambiguity, since ¢ is already defined on R4~ satisfies supp ¢ C (—1,1)4~1, and 0 < p(z) < 1 for all z € R4~1,
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for some constant C; > 0, ¢; € [—C1, ], and some measurable function F : RI=1 — C. Indeed, equa-
tion [LO1] equation [102] equation and equation imply that

be(z) =c+ / (€ —1)F(€)d¢, with c:=co+Cypci and F(€):= Fy(€) + CxF1(€),  (105)
Rd—1

where

/ H«Slll\F(s)ldéS/ \\£\|1|F0(5)|d€+/ 1]l [C F1(€)] d€
Rd—1 Rd—1 Rd-1

< Co+ CxCy
< C/2+ CxCL'CY2
=C, (106)

showing that bg € €.
In order to prove equation we define

Fle) = Flal(©) = [ a(m)e =6z and Fy(8) = (2m) " VF(g/2m),

where % denotes the Fourier transform (see (Grafakos| 2014, Definition 2.2.8)). Once the right-hand side
of equation is established, the identity on the left-hand side of equation follows from the Fourier
inversion formula (see (Grafakos) [2014, Definition 2.2.13)). Indeed, since F' = .#[g|, the Fourier inversion
formula yields

o(z) = [ emeREa
= [ e=sen R g
:/R(H GEF (€)de
:cl+/Rd71(eiz'€—1)F1(£)d£, with ¢; := /RdilFl(g)dg,

where ¢; € [—-C1, C] is well defined with C; as in equation m (see Remark .
Then, we proceed to prove that the right-hand side of equation [104] is satisfied. Note that

/ ||£||1\F1(€)|d€=/ Hﬁ'Hl)(QW)—(d—l)ﬁ(€/27r)‘d£
Rd—1 Rd—1

=or [ el IF@)lae

=on [ el I o) lde
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and
/ 7271'22 £dz
Rd—1
=>4 / M (2 — vy M) =7
= Rd—1
— M~ (d—1) 9 / 727ri((w+’vj)/M)>£d
S0 [ et :
— M*(dfl)(ga(g)/ w(w)672ﬂ'iw-(£/]\/1)dw
Rd—1
=MD F(p)(&/M)se(£), where s(€) =Y O 2 ®/ME,
Therefore,

/ €1l [F2(€))d€ = 2mh (@) / €1, 1 Z 0] (E/M)s6(€)] dé
Rd—1 Rd—1

and considering the partition {Uy}gcze—1 of R471 defined by
Uk :=[0,M)"' + Mk = {x+ Mk |z e[0,M)* '} where R = |_| Uk,
kezd—1

we get

L, Vel F @i = 2mh=0 57 [ el 17 A so€)l (107)

kezd-1

We make the following observations.

e Note that
| 1sole)ae = [ sole)soteie
Uk Us
:/ Zgje*Qﬂi(vj/M)'ﬁ <Zgle2ﬂi(vz/M)-€> de¢
Uk \ j= 1=1
S
Uk j=11=1
< / ot (v vi)€ gg
3712=: Uk
m o
=2 / e W E g, (108)
— J[0,M)d-1
]7 =
where
) d-1 .M )
/ e%(vz—w)'ﬁdﬁ — H/ e%('[}zr—vjr)ﬁrdgr (109)
[0,AL)d—1 =170
and
M ; — .
/ ez&i ('Ulrfvjr)grdér — M lf Vir = v]"‘ (110)
0 0 if v # vjp.
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Then, from equation [I08] equation [109] and equation [I10] we obtain

2”(” v;)-&
] tote |ds<Z/ O

7,l=1

= M”HZ1
j=1

= mM4t, (111)

o For & € Uy, we have Mk; < ¢&; < M(kj + 1), and this implies || < M(|k;| 4+ 1). Therefore,

€1, < ZISJ\ < MZ kil +1) < (d =1)M (1 + |[kl)- (112)

j=1
In addition, let j* € {1,...,d — 1} satisfy ||k|| = |k;=| =t > 1. Then,
0<t<¢+/M<t+1 whenever kj-=t

and
0<t—1<—¢+/M <t whenever kj» = —t,

which imply
€N, /M > 1g5-|/M >t =1 =kl =1 >27 (k] +1) —1

and therefore

(1+ [lglly /M)~ < 2 (k] o, + 1) forall ke Z4 (113)

o Since ¢ € C*(RI1;R), we know by (Grafakos| 2014, Definition 2.2.1 and Example 2.2.2) that ¢
is in the class of Schwartz functions. Therefore, by (Grafakos, 2014, Remark 2.2.4), there exists a
constant Cy > 0, such that

| Z (@] (&/M)] < Ca(1 + |1€/M|y) =D (114)
Then, from equation [[12] equation [I13] and equation we have

[ 161717 el de < (@ - DM+ k1) [ 17Tl d
U Uk

< (0= DM+ R Cal1 + /31~ [ g

Ug
< (24 (d — 1)MCa(1 + |||, )~%) M. (115)

In conclusion, by equation and equation we may apply Holder’s inequality in L? to equation as
follows,

[, Vel F @l = 2m0=a0 37 [ el 7 e/ M)s0(6)]d¢

kezd—1

<2mM 3 ( / NGREEE ds)w ( / Jsolé)l d£>1/2

keZd—l
<2 > (@M (d- DMCa(1 + [kll,) ) M0/ (mard 1)
keZd 1
=2 nCu(d =DMV 3 (1 [kl) ™
keZd—l

_ 2(d+5)/2ﬂ_0d(d _ 1)M(d+1)/2 Z (1+ ||k||oo)_d' (116)
kezd—l
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Moreover, let {T}}$°, be the partition of Z9~!, defined by

7.~ |_|Tt where T, ={keZ ' ||kl =t}.

t=0
Then,

M

Y Wtk

kezd—1

(1 + [kl

~

i

keT:

=Y 1+ 1

t=0 keT:

(1+6)" 4T,

1

i
o

NE

1+ (1+6) 74T,

t

1
where #7175 =1 and for all ¢t > 1,

#T=#({keZ" ||kl <t} \{keZ" | |kl <t—1})

=@+ = -1)+1)4!
d—2

<2y (2t + 1)t 1)
r=0

d—2
<2) (2t+1)4?
r=0

=2(d —1)(2t 4+ 1)472
< 3971 d — 112
Therefore,
> (4 Ikl Z (1+1)" 4T,

kezd—1

<1+37Md-1)> 1+ 2

t=1
<1+3%1d - 1)it’2
=1+3""1d - 1)(;2/6). (117)

Combining equation [T16 and equation [T17] we obtain

L TEL IR ©)1de < 2592 Cy@ = )M S (1 + k)

kezd-1
_ édM(d+1)/27

where ~
Cq:= 2(d+5)/27rcd(d -1+ 3d_1(d - 1)(7T2/6))'

Then, in the right-hand side of equation [104]
we set O := CgM*/2 and choose Cy := (05;1/2)M_(d+1)/2, (118)
so that equation is satisfied.
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Remark 17. Note that Cy = CyM@+D/2 g5 in equation also satisfies

/ |Fy(€)]d€ < C.
Rd*l

Indeed, using the same argument applied to obtain equation but now without the factor ||&||,, we get

/ RIGILELIaE Y
Rdfl

kezd-1

/U | Fl)(E/M)s0(€)] de.

By equation equation and equation we apply Holder’s inequality in L? to the terms in the sum
on the right-hand side of the previous equation and obtain
1/2
—(d— 2 2
[ m@e <amr e S ([ ystelennra) ([ oo )
Rd—1 kezd—1 Ug Ug

1/2
< 20 MY rar@-D/2 3 ( /U |5f[go]<£/M>|2d£)

kezd—1

1/2

1/2
—+ k

kezd—1

<2rmCy 3 (k] + 1)

kezd-1

Then, the above inequality and equation imply

/ |F1(€)|dg < 2199200y (143771 (d — 1)(n2/6)) M\ @=D/2 < Cym(@+D/2,
Rd—1

In summary, we have proved that ¥ C ¥, that is, the left-hand side of equation [19| holds. We now choose
M so that the right-hand side of equation [I9]is satisfied. Thus, by equation [I9] and equation we have

2;+GHC;M7((171) = 2H0(CC T /2) M~ (D2 (A1) <

and therefore we choose M to be

1
M :=2[M,/2] with M, := (27+6(05;1/2)7n) REE (119)
Using the same argument as in equation [03] we get
(2|—M*/2—|)_7 > (QC*M*)_’Y with C, = (C5,d_1>7(d+1)w/2+(d71) 4 1/2. (120)

With the choices of M and C¢ in equation and equation [119] we know that the left-hand side condition
in equation is satisfied. However, for the right-hand side of equation [L8| to hold, it is enough to choose
a by that satisfies it, for instance by = 1/2, by as in Figure [2| or some more general choice. Therefore, since
we have already verified all the hypotheses of Theorem [§ applying it and using equation 20} equation [T18]
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equation and equation [120} we obtain that

(CC’ Loy M~ (d+1)v/2

(CC1/2)7 (20, M,)~ (D72

(d+1)~v/2

)
d—1

~ () (€G3 2y ot oo
)

) (Céd L/9yr(20,)~d+D/2 (27+6(05';1/2)7n)_(dHWH(d_I) , forall neN,

where r = min{1, (2C,,) 7%/} = min{1,47'} = 47! (see equation [100). In other words,

7_Y+(2(d—1)>
Z,(€) > ca,cnn &) forall néeN,

e ey M
cac = <8> (CC7!/2)(2C,)~ /2 (6t j2)7)
is a constant depending only on d, C and ~. O

C.3 Convex-Lipschitz class of functions

In this case, we take by € ¢ := C for Construction [7} where C is defined in Section It is well known
that a convex function admits subgradients at every point in the interior of its domain (see (Bubeckl 2015]
Proposition 1.1)). Since v;/M € (0,1)¢71, we may choose a subgradient g; € R4~! of by at v,;/M, that is,

bo(2z) > 7(2) :=bo(v; /M) + gj - (2 —v;/M) forall ze[0,1]4!

Note that 7; defines a supporting hyperplane to the epigraph of by at (v; /M, bo(v;/M)) (see Bubeck| (2015)).
If we choose by such that
bo(z) > 1j(z) forall zeR¥™\ {v;/M}, (121)

then we can apply a sufficiently small vertical shift to 7; by adding some constant § > 0 satisfying
{z€ [0, | 75(2) +6 >bo(2)} C{z € [0, )" | ||z —v;/M| < (2M)"'}. (122)

Hence 7; + ¢ lies above by only on a subset of int @); around v; /M, and with the notation (-)4 := max{-, 0},
we define

¥(2) == (75(2) + 0 = bo(2))., (123)
where by equation [122] we get
supptp; C {z € [0, 1] | |z —v;/M| < (2M)™'} CintQ; forall je {1,...,m}. (124)

With the above definitions, our construction of by with 8 € © will be similar to the bump-type used in the
Holder and Barron cases. If the j-th entry of 6 is 1, then the local affine function 7;(z) + ¢ is activated on
supp ¢;, replacing bo; whereas if §; = 0, the function bg remains equal to by on supp; (see Figure .

In order to satisfy equation obtain uniform localized perturbations, and a function ¢ as required in
Construction |7, we now fix a specific choice of by € €, namelyﬁ

bo(z) :=1/4+ (d—1)" |z —1/2]3. (125)

4This choice of bg is convex, as it is a translation and a positive multiple of the convex function z ||zH§7 and it is Lipschitz
on [0,1]¢4=1 since its gradient is bounded on [0,1]%~1. Here, 1/2 := (1/2,...,1/2) € R4~
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Since by is differentiable on (0,1)9~!, the subgradient g; at v;/M is uniquely determined and coincides with
the gradient of by at the same point, that is,

g; = Vbo(v; /M) = 2(d — 1) (v;/M — 1/2).

Therefore,

&

.

=N
N

N
Il

= (13(2) +6 = bo(2)),
(d—1)"" o /M = 1/2||3 + Vbo(v; /M) - (z = v; /M) +6 — (d = 1)"" ||z = 1/2]3) ,
—(d—=1)7" (llz = 1/2[3 — llv;/M — 1/2]]3) + Vbo(v; /M) - (z = v; /M) +6)
—(d=1)7" (|lz = v /M3 +2(v; /M — 1/2)(z = v;/M)) + Vbo(v; /M) - (z — v; /M) +6)
—(@d=1)7" |z —v; /M5 +0),
(1 (6(d—1)""M | M (2 —v;/M)Il3) ,
where we need to choose § satisfying equation [I22] In particular, we know from the previous identity that
{2 0,1 | 75(2) +6 > bo(2)} = {2 € 0,119 |||z = v;/M]|, < /3{d— 1)}
c {z € 0,141 | ||z — v; /M| < \/3(d— 1)} ,
so we can set ¢ such that \/d(d — 1) = (2M)~ !, i.e., § = (2M)~2(d — 1)~!. Then
Uy(2) = M) (d = )7 (1 -4 M (2~ vy /M) (126)
and to ensure that the hypotheses in Construction [7] hold, we define ¢ in equation [16] by
#(2) == (1(2), -, ¥m(2)) (127)
. —2/7  1y-1 _ _ 2 _ _ 2
= (2M)"2(d 1) ((1 4| M(z 'ul/M)||2)+ N R L(E vm/M)||2)+) .
Accordingly, we take
Coi= @M=D wl(2) = (1-4)23) . i) = p(M(z—v;/M),  (128)

and verify the hypotheses of Theorem [§ with these assumptions.
By equation it follows that p(0) =1, 0 < p(2) < 1 for all z € R4™! and

suppp = {z € R~! | p(z) > 0}
={zeR"||zll, <1/2}
- {z e R4! | 2]l < 1/2}
c (—=1,1)4 Y

then equation [14]is satisfied. In addition,
o If p(2) = p(w) = 0, we obtain |p(z) — p(w)| = 0.
o 1 p(2), p(w) # 0, we have |z, w]l, < 1/2 and
2 2
[p(z) —p(w)| < [[1=4]z[3| =1 =4 lwl ]
2 2
< Af|zll; = [lwlly |

<Al Izlly + [[wlly ) [[2 — wll
<4|z- "UH2-
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o If ¢(z) # 0 and ¢(w) = 0 (similarly, if ¢(z) = 0 and ¢(w) # 0), we get ||z||, < 1/2 < ||w||, and

o) = p(w)| = 1-4]2]];
= (1+2[]z]l)(1 = 2=,
<4(1/2 = izl,)
= 4([lwlly = [z[l)
<dllz —wl,.
Therefore,
lp(2) — p(w)| < 4|z —wl|, forall zweR¥"

which shows that ¢ is a Holder (Lipschitz) continuous function with exponent o = 1 and constant K, = 4,
with respect to the Euclidean norm. Moreover, ¢ is Holder (Lipschitz) continuous at 0 with exponent o = 1
and constant C, := 4v/d — 1 with respect to the {,-norm, since

o(2) = (0)| < 4]z]l, <4Vd - 1|z, forall zeR™
This completes the verification of the assumptions on ¢ required in Construction [7}
Now, by equation we see that
1/4 <bo(z) = 1/4+ (d—1)7" [z = 1/2];
<14+ |z - 1/2]%
<1/2 forall zel0,1]4 .
With C¢ defined as in equation [I128] we obtain
Cy=2M)2(d—-1)"" < M~1/4,
and in particular Cy < 1/8, since M > 2. Then,
Ce < M7'/4 and bo(z) € [1/4,1/2] C [Cy,1—3Cy] forall ze0,1)471,
which imply equation

Next, we only need to test the hypothesis in equation of Theorem We start with 49 C ¢. From

equation [124] equation [T26] and equation [T28) it follows that supp; = supp ¢;. Then, using equation [123]
equation equation and item |2)| of Lemma [13] with the notation

J1(0):={je{l,....m} |0, =1},

we obtain by cases that:

o If z € supp ¢y, for some k € {1,...,m},
bo(z) = bo(2) + 0 - ¢(2)
=bo(2)+ Y (=)

JE€J1(0)

_ {max{bo<z>mk<z)+a} it ke g (0)

bo(2) otherwise.

o If z ¢ suppe; for all j € {1,...,m},
bo(z) = bo(z) + 0 - ¢(2)

= by(z) + Zejwj(z)
= bo(z).
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We also know (see equation |124) that

suppy; = {z € [0,1]91 | 75(2) + 0 > bo(2)} C int Q,

and the sets Q; form a partition of [0,1]9"! up to boundaries (see Construction . Thus,

bo(2) = max{bo(z),7x(2) + 0} if z € suppyy, for some k€ J1(6)
o bo(2) otherwise

_Jmax{bo(2),7k(z) +0} if z €suppyy for some k€ Ji(0)
N max{by(z), 7, (z) + 0} if z ¢ suppyy for all k€ J;(6)
= max {bo(z)a {m(z) + 5}keJ1(0)} )

where we used that if z ¢ supp ¢y, for all k € J1(0), then 74 (z) + § < bo(z) for all k € J;(0). Therefore, for
all z € [0, 1]d_1, the function bg is the maximum of by and the functions 7, 4+ § with k € J1(0). Since by is
convex and Lipschitz, and each 7 + ¢ is affine (hence also convex and Lipschitz), it follows that bg, as the
maximum of convex and Lipschitz functions, is itself convex and Lipschitz. In conclusion,

o C¥.
Finally, to choose M that satisfies the right-hand side of equation [I9] that is,
9O M~ (4=D) = 740 (2M)"2(d — 1)~ M @D < 1,

we take .
M :=2[M,/2] where M, := (277%(d—1)"7n)@ D% (129)

With an argument similar to that used in equation we obtain
(2[M,/2])™" > (2C,M,)™" where C, = (2(d — 1))@ D +1/2.

Therefore, since the hypotheses of Theorem [§| are already satisfied, using equation [20] equation and
equation [129] we obtain that

.02 ()
_ (;i:) (2M)~27(d — 1)~

Tdfl _ 1\
- (M) (2[M./2])7*

> <W> (2C, M,)~ >

25'y+6

S -
=cgyn @D forall neN,
where

rild-1)"" - _ N — 2
Cdyy = |:<2(MJFG)> (2C,) l (2 'H'G(d_ 1) ’Y) @—D+2v

r:=min{1, (2C,) "1} and C, := 4y/d — 1. Lastly,

Z,(€) > cgyn~ @h7 forall ne N,

where cq, is a constant that depends only on d and +. O
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