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ABSTRACT

In constrained Markov decision processes (CMDPs) with adversarial rewards
and constraints, a well-known impossibility result prevents any algorithm from
attaining both sublinear regret and sublinear constraint violation, when competing
against a best-in-hindsight policy that satisfies constraints on average. In this paper,
we show that this negative result can be eased in CMDPs with non-stationary
rewards and constraints, by providing algorithms whose performances smoothly
degrade as non-stationarity increases. Specifically, we propose algorithms attaining
@(\/T +C') regret and positive constraint violation under bandit feedback, where C
is a corruption value measuring the environment non-stationarity. This can be O(T')
in the worst case, coherently with the impossibility result for adversarial CMDPs.
First, we design an algorithm with the desired guarantees when C' is known. Then,
in the case C is unknown, we show how to obtain the same results by embedding
such an algorithm in a general meta-procedure. This is of independent interest, as
it can be applied to any non-stationary constrained online learning setting.

1 INTRODUCTION

Reinforcement learning (Sutton & Barto|2018) is concerned with settings where a learner sequentially
interacts with an environment modeled as a Markov decision process (MDP) (Puterman, [2014). Most
of the works in the field focus on learning policies that maximize learner’s rewards. However, in most
of the real-world applications of interest, the learner also has to meet some additional requirements.
For instance, autonomous vehicles must avoid crashing (Isele et al., 2018} [Wen et al.| 2020), bidding
agents in ad auctions must not deplete their budget (Wu et al., [2018; |He et al., [2021)), and users
of recommender systems must not be exposed to offending content (Singh et al.| [2020). These
requirements can be captured by constrained MDPs (CMDPs) (Altman, [1999), which generalize
MDPs by specifying constraints that the learner has to satisfy while maximizing their rewards.

We study online learning in episodic CMDPs (see, e.g., (Efroni et al., 2020)), where the goal of the
learner is twofold. On the one hand, the learner wants to minimize their regret, which measures how
much reward they lost over the episodes compared to what they would have obtained by always using
a best-in-hindsight constraint-satisfying policy. On the other hand, the learner wants to ensure that
the (cumulative) constraint violation is minimized during the learning process. Ideally, one seeks for
algorithms with both regret and constraint violation growing sublinearly in the number of episodes 7.

A crucial feature distinguishing online learning problems in CMDPs is whether rewards and con-
straints are selected stochastically or adversarially. Most of the works focus on the case in which
constraints are stochastic (see, e.g., (Wei et al., [2018; Zheng & Ratliff], 2020; |[Efroni et al., 2020; Qiu
et al., 2020; [Liu et al.|, 2021} Bai et al., [2023))), with only one exception addressing settings with
adversarial constraints (Stradi et al,[2024b). This is primarily motivated by a well-known impos-
sibility result by Mannor et al.|(2009), which prevents any learning algorithm from attaining both
sublinear regret and sublinear constraint violation, when competing against a best-in-hindsight policy
that satisfies the constraints on average. However, dealing with adversarially-selected constraints is
of paramount importance to cope with real-world environments, which are typically non-stationary.
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1.1 ORIGINAL CONTRIBUTIONS

The main contribution of this paper is to show how to ease the negative result of (Mannor et al., 2009),
by considering CMDPs with non-stationary rewards and constraints. Specifically, we address CMDPs
where rewards and constraints are selected from probability distributions that are allowed to change
adversarially from episode to episode. One may think of our setting as bridging the gap between fully-
stochastic and fully-adversarial ones. We design algorithms whose performances—in terms of regret
and constraint violation—smoothly degrade as a suitable measure of non-stationarity increases. This
is called (adversarial) corruption, as it intuitively quantifies how much the distributions of rewards
and constraints vary over the episodes with respect to some “fictitious” non-corrupted counterparts.

We propose algorithms that attain (’j( VT +C ) regret and constraint violation, where C' denotes the
corruption of the setting. We remark that C' can be ©(T') in the worst case, and, thus, our bounds are
coherent with the impossibility result by Mannor et al.|(2009). Notably, our algorithms work under
bandit feedback, namely, by only observing rewards and constraint costs of the state-action pairs
visiting during episodes. Moreover, they are able to manage positive constraint violation. This means
that they do not allow for a negative violation (i.e., a constraint satisfaction) to cancel out a positive
one across different episodes. This is a crucial requirement for most of the practical applications. For
instance, in autonomous driving, avoiding a collision does not “repair” a previously-occurred crash.

In the first part of the paper, we design an algorithm, called NS—-SOP S, which works assuming that the
value of the corruption C' is known. This algorithm achieves (5( VT+C ) regret and positive constraint
violation by employing a policy search method that is optimistic in both reward maximization and
constraint satisfaction. Specifically, the algorithm incorporates C' in the confidence bounds of rewards
and constraint costs, so as to “boost” its optimism and achieve the desired guarantees.

In the second part of the paper, we show how to embed the NS—-SOPS algorithm in a meta-procedure
that allows to achieve (5(\/? + C) regret and positive constraint violation when C'is unknown. The
meta-procedure works by instantiating multiple instances of an algorithm for the case in which C'is
known, each one taking care of a different “guess” on the value of C. Specifically, the meta-procedure
acts as a master by choosing which instance to follow in order to select a policy at each episode. To do
so, it employs an adversarial online learning algorithm, which is fed with losses constructed starting
from the Lagrangian of the CMDP problem, suitably modified to account for positive constraint
violation. Our meta-procedure is of independent interest, as it can be applied in any non-stationary
constrained online learning setting, so as to relax the knowledge of C.

1.2 RELATED WORKS

Within the literature on CMDPs, settings with stochastic rewards and constraints have been widely
investigated. However, their non-stationary counterparts, including adversarial ones in the worst
case, are still largely unexplored. In the following, we discuss the works that are most related to ours,
while we refer the reader to Appendix [A]for a comprehensive survey of related works.

Qiu et al.|(2020) provide the first primal-dual approach to deal with episodic CMDPs with adversarial
losses and stochastic constraints, achieving, under full feedback, both sublinear regret and sublinear
(non-positive) constraint violation (i.e., allowing for cancellations). Stradi et al.|(2024a)) are the first to
tackle CMDPs with adversarial losses and stochastic constraints under bandit feedback, by proposing
an algorithm that achieves sublinear regret and sublinear positive constraint violation. These works
do not consider settings where constraints are non-stationary, i.e., they may change over the episodes.

Ding & Lavaei|(2023) and Wei et al.| (2023) consider the case in which rewards and constraints are
non-stationary, assuming that their variation is bounded. Our work differs from theirs in multiple
aspects. First, we consider positive constraint violation, while they allow for cancellations. As
concerns the definition of regret, ours and that used by |Ding & Lavaei (2023)) and |Wei et al.| (2023)
are not comparable. Indeed, they employ a dynamic regret baseline, which, in general, is harder
than the static regret employed in our work. However, they compare learner’s performances against
a dynamic policy that satisfies the constraints at every round. Instead, we consider a policy that
satisfies the constraints on average, which can perform arbitrarily better than a policy satisfying the
constraints at every round. Furthermore, the dependence on 7" in their regret bound is much worse
than ours, even when the non-stationarity is small, namely, when it is a constant independent of T’
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(and, thus, dynamic regret collapses to static regret). Finally, we do not make any assumption on 7',
while both regret and constraint violation bounds in (Wei et al.||2023) only hold for large T'.

Finally, |Stradi et al.| (2024b) are the first to study CMDPs with adversarial constraints. Given the
impossibility result by Mannor et al.| (2009), they propose an algorithm that, under full feedback,
attains sublinear (non-positive) constraint violation (i.e., with cancellations allowed) and a fraction of
the optimal reward, thus resulting in a regret growing linearly in 7. We show that sublinear regret
and sublinear constraint violation can indeed be attained simultaneously if one takes into account the
corruption C, which can be seen as a measure of how much adversarial the environment is. Moreover,
let us remark that our algorithms deal with positive constraint violation under bandit feedback, and,
thus, they are much more general than those in (Stradi et al.,|2024b).

2 PRELIMINARIES

2.1 CONSTRAINED MARKOV DECISION PROCESSES

We study episodic constrained MDPs (Altman, |1999) (CMDPs), in which a learner interacts with an
unknown environment over 7' episodes, with the goal of maximizing long-term rewards subject to
some constraints. X is a finite set of states of the environment, A is a finite set of actions available
to the learner in each state, while the environment dynamics is governed by a transition function
P: X xAxX — [0,1], with P(z'|x,a) denoting the probability of going from state z € X
to 2’ € X by taking action a € At each episode t € [T] a reward vector 7, € [0, 1]1X%4 is
sampled according to a probability distribution R, with r;(z, a) being the reward of taking action
a € Ainstate z € X at episode t. Moreover, a constraint cost matrix G € [0, 1]1X*41*™ js sampled
according to a probability distribution G;, with g, ;(, a) being the cost of constraint ¢ € [m] when
taking action @ € A in state z € X at episode ¢. We also denote by g¢;; € [0, 1]X*Al the vector
of all the costs g, ;(z, a) associated with constraint ¢ at episode ¢. Each constraint requires that its
corresponding expected cost is kept below a given threshold. The thresholds of all the m constraints
are encoded in a vector « € [0, L]™, with «; denoting the threshold of the i-th constraint.

We consider a setting in which the sequences of probability distributions {R;}7_, and {G;}7_, are
selected adversarially. Thus, reward vectors r; and constraint cost matrices G are random variables
whose distributions are allowed to change arbitrarily from episode to episode. To measure how much
such probability distributions change over the episodes, we introduce the notion of (adversarial)
corruption. In particular, we define the adversarial corruption C). for the rewards as follows:

Cr=min > [E[r]—r|,. (1)

re[0,1]1X xAl ‘7]

Intuitively, the corruption C,. encodes the sum over all episodes of the distances between the means
E[r;] of the adversarial distributions R; and a “fictitious” non-corrupted reward vector r. Notice
that a similar notion of corruption has been employed in unconstrained MDPs to measure the non-
stationarity of transition probabilities; see (Jin et al., [2024). In the following, we let r° € [0, 1] |X > Al
be a reward vector that attains the minimum in the definition of C.. Similarly, we introduce the
adversarial corruption C¢ for constraint costs, which is defined as follows:

Cq = min Z maXHE 9] — 9ill1, @

B Ge 0 1]\X><A\><m

where g; is the i-th component of G. We let G° € [0, 1]IX*4I*™ be the constraint cost matrix that
attains the minimum in the definition of C's. Finally, we introduce the total adversarial corruption C,
which is defined as C' := max{C¢, C. }.

'In this paper, we consider w.l.o.g. loop-free CMDPs. This means that X is partitioned into L layers
Xo, ..., Xz such that the first and the last layers are singletons i.e.,, Xo = {xo} and X = {xr}. Moreover,
the loop free property implies that P(z'|z,a) > O only if 2’ € X141 and x € X, forsome k € [0...L — 1].
Notice that any episodic CMDP with horlzon L that is not loop-free can be cast into a loop-free one by suitably
duplicating the state space L times, i.e., a state x is mapped to a set of new states (z, k), where k € [0... L].

’In this paper, we denote by [a . . . b] the set of all the natural numbers from a € N to b € N (both included),
while [b] := [1...0] is the set of the first b € N natural numbers.
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Algorithm [T] summarizes how the learner
interacts with the environment at episode
t € [T). In particular, the learner chooses a 11 R and G; are chosen adversarially
policy m: X x A — [0,1] at each episode, 2: Choose a policy 7; : X x A — [0, 1]
defining a probability distribution over ac-  3: Observe initial state z

tions to be employed in each state. Forease 4: for k=0,...,L —1do

of notation, we denote by 7(-|z) the prob- 5: Play aj, ~ m(-|zy)
6
7

Algorithm 1 Learner-Environment Interaction

ability distribution for a state z € X, with Observe r¢(xk, a) and g; ;(x, ay) for i € [m)
7(alz) being the probability of selecting Observe new state 311 ~ P(-|zy, ax)

action a € A. Let us remark that we as-
sume that the learner knows X and A, but they do not know anything about P. Moreover, the feedback
received by the learner after each episode is bandit, as they observe the realizations of rewards and
constraint costs only for the state-action pairs (2, ay) actually visited during that episode.

2.2 OCCUPANCY MEASURES

Next, we introduce occupancy measures, following the notation by (Rosenberg & Mansour, 2019a).
Given a transition function P and a policy 7, the occupancy measure g™ € [0, 1][X*4*X] induced
by P and 7 is such that, for every © € Xy, a € A, and 2’ € X1 withk € [0...L — 1]
¢’ (x,a,7") = Plxy = x,ar = a, 741 = 2’| P, 7], which represents the probability that, under P
and T, the learner reaches state x, plays action a, and gets to the next state ’. Moreover, we also define
the following quantities ¢""™ (2, a) == Y X q"™(z,a,2") and ¢"" () =Y 4 477 (2, q).
The following lemma characterizes when a vector ¢ € [0, 1]|X*4*X is a valid occupancy measure.

Lemma 1 (Rosenberg & Mansour (2019b)). A vector ¢ € [0,1]X*A*X| s a valid occupancy
measure of an episodic loop-free CMDP if and only if it satisfies the following conditions:

ZZ Z q(x7a,x'):1 VkE[O...L—l]

X, a€A ' €EXp

Z Z q(x,a,2') = Z Zq(x’,a,m) Vkell...L—1],Vz € X},

a€Ax'€Xp 1 ' €Xp_1a€A
Pi—p,

where P is the transition function of the CMDP and P is the one induced by q (see Equation ({3))).

Notice that any valid occupancy measure g induces a transition function P? and a policy 77 as:

q(z,a)
q(x)

q(‘r’ a7 x/)

q(z,a)

2.3 PERFORMANCE METRICS TO EVALUATE LEARNING ALGORITHMS

Pi(z'|z,a) = and 7i(alr) =

3)

In order to define the performance metrics used to evaluate our online learning algorithms, we need
to introduce an offline optimization problem. Given a CMDP with transition function P, we define
the following parametric linear program (Program (@)), which is parametrized by a reward vector
r € [0,1]1%%4l a constraint cost matrix G' € [0, 1]'X*A1X™ and a threshold vector a € [0, L]™.

OPT, g, = “)

maxXgeA(P) rTq S.t.
GTq<a,

where ¢ € [0, 1]X*4l is a vector encoding an occupancy measure, and A(P) is the set of all valid
occupancy measures given the transition function P (this set can be encoded by linear constraints
thanks to Lemmal[T).

We say that an instance of Program (@) satisfies Slater’s condition if the following holds.
Condition 1 (Slater). There exists an occupancy measure ¢° € A(P) such that G ¢° < o

Moreover, we also introduce a problem-specific feasibility parameter related to Program (). This is
denoted by p € [0, L] and formally defined as p := sup, e (py Mine[m) [a — G ] Z. Intuitively, p

3In this paper, given a vector y, we denote by [y]: its i-th component.



Under review as a conference paper at ICLR 2025

represents by how much feasible solutions to Program () strictly satisfy the constraints. Notice that
Condition [I)is equivalent to say that p > 0, while, whenever p = 0, there is no occupancy measure
that allows to strictly satisfy the constraints G "¢ < « in Program .

We are now ready to introduce the notion of (cumulative) regret and positive (cumulative) constraint
violation, which are the performance metrics that we use to evaluate our learning algorithm. In
particular, we define the cumulative regret over 7" episodes as

RT =T OPTia,a — Z E[Tt]—rqp’m‘,
te(T]

where 7 := L "7 E[r]and G = £ 0], E[G]. In the following, we denote by ¢* an occupancy
measure solving Program (4) instantiated with 7, G, and «, while its corresponding policy (computed
by Equation li is 7*. Thus, OPT; & , = 7' ¢* and the regret is Ry = S Elr] T (g — ¢Pm).
Furthermore, we define the positive cumulative constraint violation over 1" episodes as

Vr := max Z [E[Gt}TqP’“ — a]fr
(7]

1E€[m)] ¢’
te

where we let [-]T := max{0, -}. In the following, for ease of notation, we compactly refer to g™ as
g+, thus omitting the dependency on P and 7.

Remark 1 (Relation with adversarial/stochastic CMDPs). Our setting is more akin to CMDPs with
adversarial rewards and constraints, rather than stochastic ones. This is because our notion of
regret is computed with respect to an optimal constraint-satisfying policy in hindsight that takes into
account the average over episodes of the mean values E[r;] and E|G}] of the adversarially-selected
probability distributions R+ and G,. This makes our setting much harder than one with stochastic
rewards and constraints. Indeed, in the special case in which the supports of Ry and G; are singletons
(and, thus, mean values are fully revealed after each episode), our setting reduces to a CMDP with
adversarial rewards and constraints, given that such supports are selected adversarially.

Remark 2 (Impossibility results carrying over from adversarial CMDPs). |[Mannor et al.|(2009) show
that, in online learning problems with constraints selected adversarially, it is impossible to achieve
both regret and constraint violation growing sublinearly in T'. This result holds for a regret definition
that corresponds to ours. Thus, it carries over to our setting. This is why we look for algorithms
whose regret and positive constraint violation scale as O(\/T + C), with a linear dependency on the
adversarial corruption C. Notice that the impossibility result by|Mannor et al.|(2009) does not rule
out the possibility of achieving such a guarantee, since regret and positive constraint violation are
not sublinear when C' grows linearly in T, as it could be the case in a classical adversarial setting.

3 LEARNING WHEN C' 1S KNOWN: MORE OPTIMISM IS ALL YOU NEED

We start studying the case in which the learner knows the adversarial corruption C'. We propose
an algorithm (called NS—SOPS, see also Algorithm [2)), which adopts a suitably-designed UCB-
like approach encompassing the adversarial corruption C' in the confidence bounds of rewards and
constraint costs. This effectively results in “boosting” the optimism of the algorithm, and it allows to
achieve regret and positive constraint violation of the order of @(\/T + C). The NS-SOPS algorithm
is also a crucial building block in the design of our algorithm for the case in which the adversarial
corruption C' is not known, as we show in the following section.

3.1 NS-SOPS: NON-STATIONARY SAFE OPTIMISTIC POLICY SEARCH

Algorithm 2] provides the pseudocode of the non-stationary safe optimistic policy search (NS—SOPS
for short) algorithm. The algorithm keeps track of suitably-defined confidence bounds for tran-
sition probabilities, rewards, and constraint costs. At each episode ¢ € [T'], the algorithm builds
a confidence set P, for the transition function P by following the same approach as Jin et al.
(2020) (see Appendix |G| for its definition). Instead, for rewards and constraint costs, the al-
gorithm adopts novel enlarged confidence bounds, which are suitably designed to tackle non-
stationarity. Given € (0, 1), by letting N;(z, a) be the total number of visits to the state-action pair
(z,a) € X x A up to episode ¢ (excluded), the confidence bound for the reward r;(x, a) is ¢;(x, a) ==
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min {1, 5 ;ﬁ?}'\z ‘(‘;Z;?l} + maX{NtC( Ty + %} , while the confidence bound for the constraint

. . In(2mTIX[Al/s

costs g;;(z, a) is defined as & (z,a) := min {1, QQ;X{Nt(w’ag,f} + maX{Nim’a),l} + %} . Intu-
itively, the first term in the expressions above is derived from Azuma-Hoeffding inequality, the second
term allows to deal with the non-stationarity of rewards and constraint costs, while the third term is

needed to bound how much the average reward vector 7 and the average constraint costs [G]; differ
from their “fictitious” non-corrupted counterparts r° and [G°];, respectively.

Algorithm [2] also computes empirical rewards and constraint costs. At each episode ¢ € [T, for
any state-action pair (z,a) € X X A and constraint ¢ € [m], these are defined as 7;(x,a) =

Z:ﬁ;ﬁ;&;f{ga) and g; ;(z,a) = ZTEEXH{TIE[?((;)Z;’&?’“), where I (z,a) = 1 if and only if (x,a)

is visited during episode 7, while I.(xz,a) = 0 otherwise. For ease of notation, we let @t S
[0, 1]IX*AIX™ be the matrix with components g; ;(x, a). We refer the reader to Appendix for all
the technical results related to confidence bounds.

Algorithm 2] selects policies with an UCB-like
approach encompassing optimism in both re-
wards and constraints satisfaction, following an Require: C, ¢ € (0,1)
approach similar to that employed by [Efroni] 1: m1 < select any policy
et al] (2020). Specifically, at each episode 2: for ¢ € [T] do
t € [T] and for any state-action pair (z,a) € 3 Choose policy 7; in Algorithm [I]and ob-
X x A, the algorithm employs an upper con- serve feedback from interaction
fidence bound for the reward r;(x, a), defined Compute Py, 7¢, and G,
asT¢(x,a) =Tz, a) + ¢i(z, a), while it uses q < solution to OPT-CBA(p,) 7,.G, o
lower confidence bounds for the constraint costs if problem is feasible then
9t,i(v,a), defined as g, (z,a) = Gy i(z,a) — | Jt+1 < ¢
’ else
Gi+1 < take any ¢ € A(P;)

7Tt+]_ < 7th+1

Algorithm 2 NS-SOPS

&t(x,a) for every constraint i € [m]. Then, by
letting 7; € [0, 1]1% 4! be the vector with com-
ponents 7¢(z, a) and G, be the matrix with en-
tries g m,(a:, a), Algorithmchooses the policy
to be employed in the next episode ¢ + 1 by solving the following linear program:

A AR AR

&)

=T
. arg maxX,caA(p r.q s.t
OPT_CBA(Pt)»ﬂ»Qt,& = { 9€a () GTq <a

Tt = &

where A(P;) is the set of all the possible valid occupancy measures given the confidence set P;
(see Appendix EI) If OPT-CBA(p,) 7,.G, .o 18 feasible, its solution is used to compute a policy to be

employed in the next episode, otherwise the algorithm uses any occupancy measure in the set A(P;).

3.2 THEORETICAL GUARANTEES OF NS—SOPS

Next, we prove the theoretical guarantees attained by Algorithm [2](see Appendix [D]for complete
proofs of the theorems and associated lemmas). First, we analyze the positive cumulative violation
incurred by the algorithm. Formally, we can state the following result.

Theorem 2. Given any § € (0, 1), with probability at least 1 — 89, Algorithm@]attains violations
Vr=0 (L|X|\/|A\Tln (mTIXIIAl/s) + ln(T)|X|\A|C> .

Intuitively, Theorem 2]is proved by showing that every constraint-satisfying occupancy measure is
also feasible for Program (5) with high probability. This holds since Program (3)) employs lower
confidence bounds for constraint costs. Thus, in order to bound V7, it is sufficient to analyze at which
rate the feasible region of Program concentrates to the true one (i.e., the one defined by G in
Program @])). Since by definition of §;(x, a) the feasibility region of Program (5) concentrates as

1/+/t+C/t, the resulting bound for the positive constraint violation V7 is of the order of O(v/T +C)).
The regret guaranteed by Algorithm[2]is formalized by the following theorem.

Theorem 3. Given any 6 € (0, 1), with probability at least 1 — 90, Algorithm [Z] attains regret
Rr=0 (L|X|\/|A|T1n (TIXTIAs) + 1n(T)|X||A|C’) .
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Theorem [3]is proved similarly to Theorem 2] Indeed, since every constraint-satisfying occupancy
measure is feasible for Program (5)) with high probability, this also holds for ¢*, as it satisfies
constraints by definition. Thus, since by definition of ¢;(x, a) the upper confidence bound for the
rewards maximized by Program (5] concentrates as 1/+/t + C/t, the regret bound follows.

Remark 3 (What if some under/overestimate of C' is available). We also study what happens if the
learner runs Algorithm 2 with an under/overestimate on the adversarial corruption as input. We
defer to Appendix[E]all the technical results related to this analysis. In particular, it is possible to
show that any underestimate on C' does not detriment the b/gund on Vi, which remains the one in
Theorem|2| On the gther hand, an overestimate on C, say C > C, results in a bound on Vi of the
order of O(\/T + C), which is worse than the one in Theorem Intuitively, this is because using
an overestimate makes Algorithm[2|too conservative. As a result, one could be tempted to conclude
that running Algorithm 2| with an underestimate of C' as input is satisfactory when the true value
of C'is unknown. However, this would lead to a regret R growing linearly in T, since, intuitively,
a regret-minimizing policy could be cut off from the algorithm decision space. This motivates the
introduction of additional tools to deal with the case in which C' is unknown, as we do in Section

4 LEARNING WHEN C' 1S Not KNOWN: A LAGRANGIFIED META-PROCEDURE

In this section, we go beyond Sec-
tion [3 by studying the more rele-
vant case in which the learner does Require: § € (0, 1)

not know the value of the adversar- 1: A Lm“ , M + [log, T
ial corruption C. In order to tackle

Algorithm 3 Lag-FTRL

2 ,/ln(M/5 TM, 1) L
this challenging scenario, we de- 7 _ / S A (VBT+ B2+ Bs+V/BaT)
velop a meta-procedure (called 3: for j € [M]do '
Lag-FTRL, see Algorithm[3) that 4 Alg’ < stabilized Algorithmwith c=2
instantiates multiple instances of 5. ¢, ; « Ymforall j € [M]
an algorithm working for the case 6. for ¢ € [T] do
in which C' is known, with each 7. Sample index j; ~ wy
instance taking care of a differ- g. gt < policy that A1g%* would choose
ent “guess” on the value of C. . - ge .
The Tag-FTRL algorithm is in- 9: Choose pohcy. Tt in Algorithm |1{ and observe
. feedback from interaction
spired by the work of |Agarwal ) p )
. 10: Let A1g’t observe received feedback
et al.|(2017) in the context of clas- .
: . . 11: for j € [M] do

sical (unconstrained) multi-armed ) . . .

. 12: Build ¢; ; as in Equation (6)
bandit problems. Let us remark 13: Build b, as in Equation )
that Lag—-FTRL is a general algo- ™~ b 4
rithm that is not specifically tai- 14: w1 < argmin w' Y (6 —b) + Z ln —
lored for our non-stationary CMDP weAn, rell] e (M)

w;>1/T

setting. Indeed, it could be applied
to any non-stationary online learn-
ing problem with constraints when the adversarial corruption C' is unknown, provided that an
algorithm for known C' is available. In this section, to deal with our non-stationary CMDP setting,
we let Lag—FTRL instantiate multiple instances of the NS—SOPS algorithm developed in Section 3]

4.1 LaG-FTRL: LAGRANGIFIED FTRL

At a high level, the Lagrangified follow-the-regularized-leader (Lag—F TRL for short) algorithm
works by instantiating several instances of Algonthm@ suitably stabilized (see section[H]), with each
instance Alg’? being run for a different “guess” of the (unknown) adversarial corruptlon value C.
The algorithm plays the role of a master by choosing which instance A1g” to use at each episode.
The selection is done by employing an FTRL approach with a suitable log-barrier regularization.
In particular, at each episode ¢ € [T], by letting A1g”* be the selected instance, the Lag—FTRL
algorithm employs the policy 77 prescrlbed by Alg’t and provides feedback to instance A1g’* only.
The Lag—FTRL algorithm faces two main challenges. First, the feedback available to the FTRL
procedure implemented at the master level is partial. This is because, at each episode ¢ € [T], the

algorithm only observes the result of using the policy 7} prescribed by the chosen instance A1g’,
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and not those of the policies suggested by other instances. The algorithm tackles this challenge
by employing optimistic loss estimators in the FTRL selection procedure, following an approach
originally introduced by Neu| (2015). The second challenge originates from the fact that the goal of
the algorithm is to keep under control both the regret and the positive constraint violation. This is
accomplished by feeding the FTRL procedure with losses constructed starting from the Lagrangian of
the offline optimization problem in Program (@), and suitably modified to manage positive violations.

The pseudocode of the Lag—FTRL algorithm is provided in Algorithm[3] At Line[] it instantiates
M := [log, T'] instances of Algorithm with each instance A1g?, for j € [M], receiving as input
a “guess” on the adversarial corruption C' = 27. Notice that, to every instance of Algorithm
a standard doubling trick and a stabilization procedure is applied (see Algorithm [ for additional
details). This modification to Algorithm [2]is necessary to guarantee that each instance j attains a
regret and positive cumulative constraints violation which linearly degrade in vy ; = 1/min, ¢z we ;
and C, when employed by the master algorithm. The algorithm assigns weights defining a probability
distribution to instances Alg’, with wy ; € [0, 1] denoting the weight of instance Alg’ at episode
t € [T]. We denote by w; € Ay, the weight vector at episode ¢, with A, being the M -dimensional
simplex. At the first episode, all the weights w ; are initialized to the value 1/am (Line . Then, at
each episode ¢ € [T, the algorithm samples an instance index j; € [M] according to the probability
distribution defined by the weight vector w; (Line , and it employs the policy 77" prescribed by
Alg?t (Line . The algorithm observes the feedback from the interaction described in Algorithm
and it sends such a feedback to instance A1g’t (Line . Then, at Line the algorithm builds an
optimistic loss estimator to be fed into each instance A1g’. In particular, at episode ¢ € [T'] and for
every j € [M], the optimistic loss estimator is defined as:

it =] T +
b= IS radal) oA Y [(Gﬁ) c?iai NG
Wej T ke[o...L—1] i€[m] ’

where 7 is a suitably-defined implicit exploration factor, (z%, a! ) is the state-action pair visited at
layer k during episode ¢, A is a suitably-defined upper bound on the optimal values of Lagrangian
multipliersEI G is the matrix of empirical constraint costs built by the instance A1g7 of Algorithm
at episode ¢, while g/ is the occupancy measure computed by instance Alg’ of Algorithm [2{at .
Finally, the algorithm updates the weight vector according to an FTRL update on a cut decision space
with a suitable log-barrier regularization and a bonus term b; defined as:

bt,j = ((mAﬁ5 + Ba2) + (\/ﬁil‘i‘ mA\/ﬁ:) \/T) (Vtj — Ve—1,5)s» @)

where 14 ; = max,<; ﬁ? and the parameters /3 are linked to the performance of Algorithm 2[(see
Line[I3]and Section @]’for additional details). See Line[T4]for the complete definition of the update.
The bonus term purpose is to balance out the term related to the difference between the performance
of Algorithm [2Jupdated at each episode and the performance of its stabilized version, which works
under the condition imposed by the master algorithm.

4.2 THEORETICAL GUARANTEES OF LAG—FTRL

Next, we prove the theoretical guarantees attained by Algorithm [3](see Appendix [F] for complete
proofs of the theorems and associated lemmas). As a first preliminary step, we extend the well-known
strong duality result for CMDPs (Altman, [1999) to the case of bounded Lagrangian multipliers.

Lemma 2. Given a CMDP with a transition function P, for every reward vector r € [0, 1] | Xx Al
constraint cost matrix G € [0, 1]X*AX™ and threshold vector o € [0, L™, if Program (El) satisfies

Slater’s condition (Condition[), then the following holds:
. T T : T T
min max r q-— Ai |G qg—«a|, = max min 1 q-— Ai|G g—al.
1M1 €[0,2/0] gEA(P) iez[n:ﬂ [ ]l qEA(P) |IA[1€[0,%/0] igﬂ% [ ]’
= OPTT,G,ou

where X\ € RY, is a vector of Lagrangian multipliers and p is the feasibility parameter of Program (EI)

“Notice that, in the > definition of A, p is the feasibility parameter of Program @]} for the reward vector 7, the
constraint cost matrix (G, and the threshold vector . In order to compute A, Algorithmneeds knowledge of p.
Nevertheless, our results continue to hold even if AlgorithmE]is only given access to a lower bound on p.
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Intuitively, Lemma E] states that, under Slater’s condition, strong duality continues to hold even
when restricting the set of Lagrangian multipliers to the A € RZ, having ||\||; bounded by Z/p.
Furthermore, we extend the result in Lemma 2] to the case of a Lagrangian function suitably-modified
to encompass positive violations. We call it positive Lagrangian of Program (), defined as follows.

Definition 1 (Positive Lagrangian). Given a CMDP with a transition function P, for every reward

vector v € [0, 1]1X%41 constraint cost matrix G € [0, 1)X*AIX™ and threshold vector o € [0, L™,
the positive Lagrangian of Program ({) is defined as a function £ : R x A(P) — R such that it

holds L (B,q) =1r"q — Bzie[m] [GTq — a]jfor every 8 > 0and q € A(P).

The positive Lagrangian is related to the Lagrangian of a variation of Program (4} in which the [-]*
operator is applied to the constraints. Notice that such a problem does not admit Slater’s condition,
since, by definition of [-]*, it does not exist an occupancy measure ¢° such that [G T ¢° — a]:r <0
for every i € [m]. Nevertheless, we show that a kind of strong duality result still holds for £(Z/p, q),
when Slater’s condition is met by Program (). This is done in the following result.

Theorem 4. Given a CMDP with a transition function P, for every reward vector r € |0, 1] | Xx Al

constraint cost matrix G € [0, 1]X*AX™ and threshold vector o € [0, L™, if Program (El) satisfies
Slater’s condition (Condition[), then the following holds:
L N
max L(L/p,q) = max r g— = G'g—a] =O0PT, ¢,
s L(1,q) = max rTq— - % [ Ji .

where p is the feasibility parameter of Program (4).

Theorem intuitively shows that a L/p multiplicative factor on the positive constraint violation is
enough to compensate the large rewards that non-feasible policies would attain when employed by
the learner. This result is crucial since, without properly defining the Lagrangian function optimized
by Algorithm[3] the FTRL optimization procedure would choose instances with both large rewards
and large constraint violation, thus preventing the violation bound from being sublinear. By means of
Theorem[4] it is possible to provide the following result.

Theorem 5. If Program (@) instantiated with 7, G and « satisfies Slater’s condition (Condi-
tion , then, given any 6 € (0,1), with probability at least 1 — 346, Algorithm 3| attains viola-
tion Vp = (’)(m2L2|X\\/\A|Tlog (mTIX[1Al/5) log(T)? + m2L| X|?| A|* log(T)? log (loe(T)/s) +
m?2Llog(T)? X||A|C).

Intuitively, to prove Theorem 3] it is necessary to bound the negative regret attained by the algorithm,
i.e., how better Algorithm [3|can perform in terms of rewards with respect to an optimal occupancy in
hindsight ¢*. Notice that this is equivalent to showing that the FTRL procedure cannot gain more
than OPT;. ; , by playing policies that are not feasible, or, equivalently, by choosing instances Alg’
with a large corruption guess, which, by definition of the confidence sets employed by Algorithm 2]
may play non-feasible policies attaining large rewards. This is done by employing Theorem 4] which
shows that the positive Lagrangian does not allow the algorithm to achieve too large rewards with
respect to ¢*. Thus, the violations are still upper bounded by O(\/T + C). Finally, we prove the
regret bound attained by Algorithm 3]

Theorem 6. If Program (E]) instantiated with ¥, G and « satisfies Slater’s condition (Condi-
tion , then, given any 6 € (0,1), with probability at least 1 — 300, Algorithm E] attains re-
gret Ry = O(m2L?|X|\/|A|T log (mTIX1141/5) log(T)? + m?L| X |*| A|? log(T)? log (loe(T)/s) +
m2Llog(T)?| X||A|C).

Bounding the regret attained by Algorithm [3|requires different techniques with respect to bounding
constraint violation. Indeed, strong duality is not needed, since, even if A is set to a too small value
and thus the algorithm plays non-feasible policies, then the regret would still be sublinear. The regret
bound is strongly related to the optimal value of the problem associated with the positive Lagrangian,
which, by definition of [-]* cannot perform worse than the optimum of Program @) in terms of
rewards gained. Thus, by letting 5* be the index of the instance associated with true corruption value
C, proving Theorem@reduces to bounding the regret and the constraint violation of instance A1g’ °,
with the additional challenge of bounding the estimation error of the optimistic loss estimator. Finally,
by means of the results for the known C case derived in Section[3] we are able to show that the regret
is at most O(\/T + (), which is the desired bound.
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APPENDIX

The appendix is structured as follows:

* In Appendix [A] we provide the complete related works.
* In Appendix [B] we provide the events dictionary.

* In Appendix [C] we provide the preliminary results on the confidence sets employed to
estimate the unknown parameters of the environment.

* In Appendix [D]we provide the omitted proofs related to the theoretical guarantees when the
corruption value is known by the learner, namely, the results attained by Algorithm[2]

* In Appendix [E| we provide the omitted proofs of the theoretical guarantees attained by
Algorithm 2] when a guess on the corruption is given as input to the algorithm.

* In Appendix [F] we provide the omitted proofs related to the theoretical guarantees when the
corruption value is not known by the learner, namely, the results attained by Algorithm 3]

* In Appendix [G] we restate useful results from existing works.

* In Appendix [H we provide the results related to stability a corruption-robustness.

A RELATED WORKS

In the following, we discuss some works that are tightly related to ours. In particular, we first describe
works dealing with the online learning problem in MDPs, and, then, we discuss some works studying
the constrained version of the classical online learning problem.

Online learning in MDPs The literature on online learning problems (Cesa-Bianchi & Lugosi,
2006) in MDPs is wide (see (Auer et al., 2008; [Even-Dar et al., [2009; [Neu et al., 2010} for some
initial results on the topic). In such settings, two types of feedback are usually studied: in the
full-information feedback model, the entire loss function is observed after the learner’s choice, while
in the bandit feedback model, the learner only observes the loss due to the chosen action. |Azar et al.
(2017) study the problem of optimal exploration in episodic MDPs with unknown transitions and
stochastic losses when the feedback is bandit. The authors present an algorithm whose regret upper
bound is @( VT ), thus matching the lower bound for this class of MDPs and improving the previous
result by |Auer et al.| (2008)).

Online learning in non-stationary MDPs The literature on non-stationary MDPs encompasses
both works on non-stationary rewards and non-stationary transitions. As concerns the first research
line, Rosenberg & Mansour (2019b) study the online learning problem in episodic MDPs with
adversarial losses and unknown transitions when the feedback is full information. The authors present
an online algorithm exploiting entropic regularization and providing a regret upper bound of O(v/T).
The same setting is investigated by [Rosenberg & Mansour| (2019a) when the feedback is bandit. In
such a case, the authors provide a regret upper bound of the order of @(T3/ 4), which is improved by
Jin et al.| (2020) by providing an algorithm that achieves in the same setting a regret upper bound
of (’j( \/T ). Related to the non-stationarity of the transitions , |Wei et al. (2022) study MDPs with
adversarial corruption on transition functions and rewards, reaching a regret upper bound of order
(’)(\/T + C) (where C'is the amount of adversarial corruption) with respect to the optimal policy of
the non-corrupted MDP . Finally, Jin et al.| (2024) is the first to study completely adversarial MDPs
with changing transition functions, providing a O(v/T 4 C) regret bounds, where C'is a corruption
measure of the adversarially changing transition functions.

Online learning with constraints A central result is provided by Mannor et al.| (2009), who
show that it is impossible to suffer from sublinear regret and sublinear constraint violation when
an adversary chooses losses and constraints. [Liakopoulos et al.| (2019)) try to overcome such an
impossibility result by defining a new notion of regret. They study a class of online learning problems
with long-term budget constraints that can be chosen by an adversary. The learner’s regret metric is
modified by introducing the notion of a K-benchmark, i.e., a comparator that meets the problem’s
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allotted budget over any window of length K. |Castiglioni et al.| (2022aZb)) deal with the problem
of online learning with stochastic and adversarial losses, providing the first best-of-both-worlds
algorithm for online learning problems with long-term constraints.

Online learning in CMDPs Online Learning In MDPs with constraints is generally studied when
the constraints are selected stochastically. Precisely, |[Zheng & Ratlitf] (2020) deal with episodic
CMDPs with stochastic losses and constraints, where the transition probabilities are known and the
feedback is bandit. The regret upper bound of their algorithm is of the order of @(T 3/4), while
the cumulative constraint violation is guaranteed to be below a threshold with a given probability.
Wei et al.| (2018) deal with adversarial losses and stochastic constraints, assuming the transition
probabilities are known and the feedback is full information. The authors present an algorithm that
guarantees an upper bound of the order of @(\/T) on both regret and constraint violation. Bai et al.
(2020) provide the first algorithm that achieves sublinear regret when the transition probabilities
are unknown, assuming that the rewards are deterministic and the constraints are stochastic with
a particular structure. [Efroni et al.| (2020) propose two approaches to deal with the exploration-
exploitation dilemma in episodic CMDPs. These approaches guarantee sublinear regret and constraint
violation when transition probabilities, rewards, and constraints are unknown and stochastic, while
the feedback is bandit. |Qiu et al.| (2020) provide a primal-dual approach based on optimism in the
face of uncertainty. This work shows the effectiveness of such an approach when dealing with
episodic CMDPs with adversarial losses and stochastic constraints, achieving both sublinear regret
and constraint violation with full-information feedback. |Stradi et al.| (20244) is the first work to
tackle CMDPs with adversarial losses and bandit feedback. They propose an algorithm which
achieves sublinear regret and sublinear positive constraints violations, assuming that the constraints
are stochastic. |Stradi et al.| (2024b) are the first to study CMDPs with adversarial constraints. Given
the well-known impossibility result to learn with adversarial constraints, they propose an algorithm
that attains sublinear violation (with cancellations allowed) and a fraction of the optimal reward
when the feedback is full. Finally, Ding & Lavaei|(2023) and Wei et al.|(2023) consider the case
in which rewards and constraints are non-stationary, assuming that their variation is bounded, as
in our work. Nevertheless, our settings differ in multiple aspects. First of all, we consider positive
constraints violations, while the aforementioned works allow the cancellations in their definition.
We consider a static regret adversarial baseline, while|Ding & Lavaei (2023)) and |Wei et al.| (2023))
consider the stronger baseline of dynamic regret. Nevertheless, our bounds are not comparable, since
we achieve linear regret and violations only in the worst case scenario in which C' = T, while a
sublinear corruption would lead to linear dynamic regret in their work. Finally, we do not make any
assumption on the number of episodes, while both the regret and violations bounds presented in|Wei
et al.|(2023) hold only for large 7.

B EVENTS DICTIONARY

In the following, we introduce the main events which are related to estimation of the unknown
stochastic parameters of the environment.

* Event £p: forall ¢t € [T], P € P;. £p holds with probability at least 1 — 46 by Lemma
The event is related to the estimation of the unknown transition function.

* Event Eg: forall t € [T],i € [m], (z,a) € X x A:

~ 1
Grilz,0) = = Y Elgri(z,a)]| < &(,0).
TE[T]
Similarly,
/g\t77‘.(x7 a) - gio(x7a’) < gt(xa a)a

where ¢¢ € [0, 1]1X*Al = [G°];.
¢ holds with probability at least 1 — ¢ by Corollary[2} The event is related to the estimation
of the unknown constraint functions.
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e Event &,: forallt € [T], (z,a) € X x A:

Fesa) = 7 3 Blre(w,0)]| < dulasa).
T€[T]
Similarly,
?t(xv a) - To(x7 a) S ¢t(xa a)'

&, holds with probability at least 1 — ¢ by Corollary ] The event is related to the estimation
of the unknown reward function.

* Event &; : for any P € Py

>y ‘ PIm (2 q) — gz, a)’ <(’)<L|X|\/|A|T1 (Tpg'A'))

te[T)z€X,acA

&; holds with probability at least 1 — 65 by Lemma The event is related to the
convergence to the true unknown occupancy measure. Notice that P [£5 N Ep] > 1 — 66 by
construction.

C CONFIDENCE INTERVALS

In this section we will provide the preliminary results related to the high probability confidence sets
for the estimation of the cost constraints matrices and the reward vectors.

We start bounding the distance between the non-corrupted costs and rewards with respect to the mean
of the adversarial distributions.

Lemma 3. Foralli € [m), fixing (z,a) € X X A, it holds:

1 C
g; (x,a) — T Z Elgt,i(z,a)]| < TG
te[T]
Similarly, fixing (x,a) € X X A, it holds:
C,
r°(z,a ——ZIE?}:C a)) ST

Proof. By triangle inequality and from the definition of C¢g, it holds:

1 o
g7 (z,a) ZEQM (z,a)]| = TZ(gl (m,a)—]E[gt,i(x,a)])‘
fE[T te[T]
<= Z 95 (,a) = Elgei(, a)]
te[T
< %,
- T

Notice that the proof holds for all ¢ € [m] since C is defined employing the maximum over i € [m).
Following the same steps, it holds:

1
(x,a) — = ZE ri(x,a)]| = T Z (r°(z,a) — E[r¢(x, a)))
t€ [T] te(T)
1
< = r°(z,a) — Elr¢(z, a)]
te(T)
Cyr
< o
- T
which concludes the proof. O
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In the following lemma, we bound the distance between the empirical mean of the constraints function
and the true non-corrupted value.

Lemma 4. Fixing i € [m], (x,a) € X x A, t € [T), forany § € (0,1), it holds with probability at
least 1 — 0:

gm(% a’) - gf ($7 CL)

1 2 Ca
= \/2 max{N;(z,a),1} n (6) + max{Ny(z,a),1}

Proof. We start bounding the quantity of interest as follows:

a1 (z,0)g- (2, a
<Zfe[,} (z,a)gr( )>—gf(x,a)

gt,i(wv a) —9; (x, a) = maX{Nt(33a a), 1}

1
= max{N(x,a), 1}§]HT($v a) (gr,i(z,a) — Elg-i(z, a)])

1 o
+ max{N¢(z,a), 1}7%;]}17(93, a)[Elgri(w,a)] — g7 (z,a)l|, (8)

where we employed the triangle inequality and the definition of g; ;(x, a).

We bound the two terms in Equation (8] separately. For the first term, by Hoeffding’s inequality and
noticing that constraints values are bounded in [0, 1], it holds that:

c 2¢2
F [A 2 max{N¢(z,a), 1}} < 2exp (  max{N,(z,a), 1})7

where,

)

Ao ey r (@, )grixa) N (3 ey In (@, )Elgri(x, a)]
N max{N;(z,a),1} max{N;(z,a),1}

Setting § = 2exp (—m) and solving to find a proper value of ¢ we get that with
probability at least 1 — 4:

1 1 2
max{N;(z, a), 1}TZHT(”3"‘) (973, @) = Elgri(w, a)))| < \/QmaX{Nt(x,a), Ty (5)

€[t]

Finally, we focus on the second term. Thus, employing the triangle inequality and the definition of
Cg, it holds:

1 (o)
max{N;(z,a),1} ez[t]]lf(x,a) [Elgri(z,a)] — ¢ (x,a)] |

1

= L (2, @)|Elgri(z, 0)] — g (,a

- max{Nt(x,a),l}TeZ[t] (z,0)|E[gr,i(z,a)] — g7 (z,a)
1

< Elg- r,a)| — ;) x,a

< max{Nt(x,a)vl}Tez[;] [g7,i(7,a)] — g (2, a)

< Co ’

~ max{N;(z,a),1}

which concludes the proof. 0

We now prove a similar result for the rewards function.

16
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Lemma 5. Fixing (x,a) € X x A, t € [T}, for any § € (0,1), it holds with probability at least
1-4:

<

1 2 Cy
- \/2 max{N;(x,a),1} In <6> + max{N;(z,a),1}

7/;it(xv a) - ro(xv (I)

Proof. The proof is analogous to the one of Lemma 4] O

We now generalize the previous results as follows.
Lemma 6. Given any 6 € (0,1), for any (z,a) € X x At € [T], and i € [m), it holds with

probability at least 1 — 6:
1 2mT|X|| Al Ca
< In + .
2max{N¢(z,a),1} ] max{N(z,a),1}

Proof. First let’s define (;(z, a) as:

/g\t,i(x7 (l) - gio(xa a)

Ci(z,a) = ! In 2 + Co
AT 2max{N,(x, a), 1} ] max{Ny(z,a),1}
From Lemmad] given 8’ € (0,1), we have, fixed any i € [m], ¢t € [T] and (z,a) € X x A:

P|gei(z,a) — g7 (z,a)

S Ct(iC,(l)‘| 2 1- 5/'

Now, we are interested in the intersection of all the events, namely,

P_r]ﬂaxa@—yﬂa@\sgwﬂ&]

L z,a,t,t

Thus, we have:

P[ﬂ{

x,a,i,t

@A%@—ﬁ@ﬂﬂSM%wﬂ

:1—1?[ U {

z,a,i,t

>1- Zpl{

x,a,t,t

@Aaw—ﬁwﬂﬂsgun&ﬂ

@A%@—ﬁwﬂﬂsmawfl ©)

> 1— |X||AmT6,

where Inequality (9) holds by Union Bound. Noticing that g ;(x,a) < 1, substituting &’ with
§ :=¢'/|X||AlmT in ¢, (x, @) with an additional Union Bound over the possible values of N;(x, a),
we have, with probability at least 1 — §:

< 1 I 2mT| X|| A N Cq
~ \ 2max{N;(z,a),1} " ) max{Ny(x,a),1}’

which concludes the proof. O

9ti(x,a) — g; (v, a)

We provide a similar result for the rewards function.
Lemma 7. Given any ¢ € (0,1), for any (z,a) € X x A,t € [T}, it holds with probability at least

1-6:
- 1 In 2T | X || 4] N C,
— V 2max{N;(z,a),1} ) max{N;(z,a),1}

17

ri(z,a) —r°(z,a)




Under review as a conference paper at ICLR 2025

Proof. First let’s define ¥ (x, a) as:

Vil a) - n(2)+ o

= n| —< .
£, 4 2 max{Ny(z,a),1} 5 max{Ny(z,a),1}
From Lemma|5] given 8’ € (0,1), we have fixed any ¢ € [T] and (z,a) € X x A:

|

Now, we are interested in the intersection of all the events, namely,

Plﬂ{

z,a,t

ri(x,a) — r°(z,a)

< y(x, a)] >1-4.

Fi(e,a) = r°(,0)| < wx,a)}].

Thus, we have:

]P’lﬂ{

x,a,t

ri(x,a) — ’I‘O(I,a)’ < wt(a:,a)}‘|
:1—1@{ U{
{

21—21@
> 11— |X||A|TY,

z,a,t
where Inequality holds by Union Bound. Noticing that r(z,a) < 1, substituting §’ with

§ :=¢'/|X||A|T in ¢1(x, a) with an additional Union Bound over the possible values of N¢(x, a),
we have, with probability at least 1 — §:

- 1 In 2T | X || 4] N C,
~ V 2max{N;(z,a),1} ) max{N;(z,a),1}’

which concludes the proof. O

7z, a) — ro(x,a)‘ < z/zt(w,a)}c]

iz, a) — r°(:c,a)‘ < z/Jt(mya)}C] (10)

ri(z,a) —r°(z,a)

In the following, we bound the distance between the empirical estimation of the constraints and the
empirical mean of the mean values of the constraints distribution during the learning dynamic.

Lemma 8. Given § € (0,1), for all episodes t € [T, state-action pairs (r,a) € X x A and
constraint i € [ml,it holds, with probability at least 1 — §:

N 1
gri(z,a) — T Z Elg-i(z,a)]
T€[T]

< gt(zva)v

where,

o 1 2mT|X||Al Ce Ca
£ (2, a) == min {17 \/2 max{N;(z,a),1} " ( § ) " max(Ni(r,a), 1} T} '

Proof. We first notice that if & (x,a) = 1, the results is derived trivially by definition on the cost

function. We prove now the non trivial case \/2max{Nl,,(x,a),1} In (2mT\6XllAl> + max{]\g(cx,a),l} +

C—TG < 1. Employing Lemmaand Lemma@ with probability 1 — § for all (x,a) € X x A, for all
t € [T] and for all ¢ € [m], it holds that:

~ 1
Griw.a) = = D Elgri(x, a)
TE[T]

18
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< iz, a) — g (z,a)| +

62 ,) — 7 > Elgu(r0)]

te[T]

< 1 1 2mT| X || A n Ca n Cq
~ \ 2max{N;(z,a),1} . ) max{Ny(z,a),1} T’

where the first inequality follows from the triangle inequality. This concludes the proof. O

For the sake of simplicity, we analyze our algorithm with respect to the total corruption of the
environment, defined as the maximum between the reward and the constraints corruption. In the
following, we show that this choice does not prevent the confidence set events from holding.

Corollary 1. Given a corruption guess C > C¢; and § € (0, 1), for all episodes t € [T, state-action
pairs (z,a) € X x A and constraint i € [m], with probability at least 1 — 0, it holds:

Guile,a) — = 3 Elgr iz, 0)]

Te[T]

§ gt(x7a)a

where,

. 1 o (2T c___,
§e(z,a) = min ¢ 1, 2max{N¢(z,a),1} n( 0 max{Ny(z, a), 1}

Proof. Following the same analysis of Lemmafor C> Cg, it holds

. 1
gr.i(z, a)—f Z E[gr.i(z,a)]
T€[T]

< 1 n 2mT|X||A‘ n Ca n Ca
~ \/ 2max{N;(x,a),1} ) max{N¢(z,a),1} T
_ 1 o (2PTIXIAL C N c
— \/ 2max{Ny(z,a),1} 5 max{Ny(z,a),1} T’

which concludes the proof. O

N Q)
—

Q

Corollary 2. Tuking the definition of & employed in Lemma(8|and defining Ec as the intersection
event:

Eq = {"g\tﬂ'(m,a) —gf(x,a)‘ < &(zya), V(z,a) € X x AVt € [T],Vi € [m]} ﬂ

1
/g\t,i(xva) - T Z E[gT,i(xaa)] S gt(xaa/)v V(l’,a) € X x A’Vt € [TLV’L € [m] )
TE€[T]

it holds that P[Eg] > 1 — 6.

Notice that by Corollary [I} ¢ includes all the analogous events where &; is built employing an
arbitrary adversarial corruption C such that C' > Cg.

In the following, we provide similar results for the reward function.

Lemma 9. Given § € (0, 1), for all episodes t € [T and for all state-action pairs (z,a) € X x A,
with probability at least 1 — 6, it holds:

ile,a) = Y Elre(2,)]| < (e a),

T€(T]
where,

¢¢(x,a) == min ¢ 1 ! In <2TX||A|) + Cr + Cr
e "\ 2max{Ny(z,a),1} ] max{Ny(z,a),1} T [~
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Proof. Employing Lemma([3|and Lemma([7] with probability at least 1 — 4, for all (z,a) € X x A
and for all t € [T] it holds:

< 1 In 2T | X || A] n Cy +%
~ \ 2max{N;(x,a),1} ) max{Ny(z,a),1} T’

where the first inequality follows from the triangle inequality. Noticing that, by construction,

xaf—g E[r;(z,a))

T€[T]

7

for all episodes t € [T] and (x,a) € X x A concludes the proof. O

We conclude the section, showing the overestimating the reward corruption does not invalidate the
confidence set estimation.

Corollary 3. Given a corruption guess C > Cy and § € (0, 1), for all episodes t € [T] and for all
state-action pairs (x,a) € X x A, with probability at least 1 — 6, it holds:

ri(x,a) Z Elr-(z,a)]| < ¢1(x,a),
TG[T]
where,
, 1 2T | X || Al C C
= 1 1 — 5.
¢i(z;a) mm{ ’\/2 max{Ny(x,a),1} . ( ] + max{N;(z,a),1} * T
Proof. The proof is analogous to the one of Corollary [T} O

Corollary 4. Taking the definition of ¢, employed in Lemmal9and defining &, as the intersection
event:

& = {|?t(m7a)—r°($;a)| < @iz, a), YV(z,a) € X x AVt € [T}} ﬂ

ilw.a) — 7 3 Bl (0]

TE[T]

< ¢i(x,a), V(z,a) € X x AVt € [T] ;,

it holds that P[E,] > 1 — 6.

Notice that by Corollary [3| &, includes all the analogous events where ¢, is built employing an
arbitrary adversarial corruption C such that C > C,.

D OMITTED PROOFS WHEN THE CORRUPTION IS KNOWN
In the following, we provide the main results attained by Algorithm [2]in term of regret and constraints
violations. The following results hold when the corruption of the environment is known to the learner.

We start providing a preliminary result, which shows that the linear program solved by Algorithm 2]
at each t € [T] admits a feasible solution, with high probability.

Lemma 10. Forany ¢ € (0,1), for all episodes t € [T, with probability at least 1 — 50, the space
defined by linear constraints {q e A(Py) : QtT q < a} admits a feasible solution and it holds:

{qu(P);équa} {qu(Pt). ,q<a}

20
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Proof. Under the event Ep, we have that A(P) C A(P;), for all episodes ¢ € [T]. Similarly, under

the event £¢, it holds that {q tx S E[G]Tq < a} - {q Glq< a} This implies that any fea-
te[T]

sible solution of the offline problem, is included in the optimistic safe set {q € A(Py) : G, g < a}

Taking the intersection event Ep N E¢ concludes the proof. O

We are now ready to provide the violation bound attained by Algorithm 2}
Theorem 2. Given any § € (0, 1), with probability at least 1 — 89, Algorithm@attains violations
Ve =0 (L|X|\/|A\T1n (mTIXTATs) + 1n(T)|X|\A|C)

Proof. In the following, we will refer as £ to the event described in Lemma@ which holds with
probability at least 1 — 69 . Thus, under é'G N &z , the linear program solved by Algor1thm|2|has a
feasible solution (see Lemma[T0) and it holds:

+
Vr = max []E[Gt]th — aL
ze[m]t
S
o\ T oT +
= max {(E[Qtz] —97) @+9 a-— 041']
le[m]te[T]
o T T -
< max {(E[Qt,i] -9) -+t (gH + 2&1) 4 — Oéi:| (11a)
ze[m]t )t
€[T]
T ~ T~ T +
= max {(E[gt =) a+ 9oy (@ — @)+ 9, G+ 26 10— al}
te[T]
T ~ T +
< max [(E[gt =9 a+g] | (a—a)+ 2§Hqt} (11b)
1€[m]t )
€[T]
< max Z }(E[gt J-9)" @ —|—21nax Z |§t 1| + max Z 9y_q, (0 = q:)| (1lc)
le[m]tE[T] t <
< max Z [Elge.a] = g7l +2max 3 st 1+ max S o= Gy (11d)
e, el e <l
<CG+2H1&XZ§,: e+ > Nl =il (11e)

i€lm €[T] te[T]

where Inequality (TTa) follows from Corollaryg Inequality 1[![§]j holds since Algorithm 2]ensures,
for all ¢ € [T] and for all ¢ € [m)], that g G < oy, Inequality (1 | holds since [a + b]" < |a| + |b],
for all a,b € R, Inequality lb follows from Holder inequality since ||g, (=, a)||lcc < 1 and
[lg:(z, a)||oo < 1, and finally Equation (11€] holds for the definition of C¢.

To bound the last term of Equation , we notice that, under &, by Lemma@ it holds:

T|IX||A
> o~ il = (uxwmn (T,
te(T]

To bound the second term of Equation (@) we proceed as follows. Under & ,with probability at
least 1 — 4, it holds:

&l < D> G )z, a)+L1/2Tlng (12a)

te[T] te[T] z,a
1 2mT|X||A]
< I ( 1
;tEZT] ) <\/2maX{Nt1(vaG)71} n< 0 "
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Cq L Co
et ) +L,/2T1n5 (12b)

1. /2mT|X||A| !
< \/2ln (6>ZZH T,a \/max{Nt 1(z,a), 1}+

. te[T)
Ii(z,a) 1 1

C = L\/2TIn —
+ G;t;] (maX{Nt 1(x,a),1} + T) + a

1 2mT|X||A / 1
< 3\/2|X|A|LTln (m|6||> +|X||A|(2 4+ 1In(T))Cq + | X||A|Ce + L 2T1ng

(12¢)
1 2mT| X ||A 1
< ?v it (A & o meixgaics + 2y orn g

-0 <\/|X|A|LTln (’”T|§(|A|> + 1n(T)|X||A|CG> :

where Inequality (I2a) follows from the Azuma-Hoeffding inequality and noticing that
>uabt-1(z,a)q(z,a) < L, Equality (T2b) follows from the definition of ¢ and finally, In-

equality 1.b holds since 1 + ZiVT(T ) \/g < 1+ 2y/Nr(z,a) < 3y/Nr(x,a) , since

1+ ZNT o % < 2 4 In(T) and by Cauchy-Schwarz inequality. Finally, we notice that the

intersection event £ N & N Eazuma holds with the following probability,

P[Ec NEG NErmma] =1 —P[EG UES UES uma
>1— (P[EG] +P[ES] + P [EQuma))
>1-86.

Noticing that, by Corollary [I| what holds for a &; built with corruption value Cg, still holds for a
higher corruption (by definition, C' > C) concludes the proof. O

We conclude the section providing the regret bound attained by Algorithm
Theorem 3. Given any 6 € (0,1), with probability at least 1 — 90, Algorithm [Z] attains regret
Rr=0 (L|X|\/|A|Tln (TTXTTAT/5) + 1n(T)|X||A|C) .

Proof. First, we notice that under the event &, it holds that, for all (z,a) € X x A andforall t € [T]:
1
Ti(z,a) — 2¢¢(z,a) < T t;}E[rt(x, a)).

Let’s observe that, by Lemma under the event £¢ N Ep, G is optimal solution for 7;_; in
{q e A(P) : QtT q < a}. Thus, under £z N Ep the optimal feasible solution ¢* is such that:

=T =~ =T *
To_1qt > Ty 1q -
Thus under the event 5,,, it holds:
= Y BT ST
te[T]
<T@

1 ~
T Z Elr] + 2¢¢1 qt-

te[T]
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Thus, we can rewrite the regret (under the event E¢ N &, N Ep) as,

Rr = Z E[r]" (¢" — q)

te[T]
Z Z Elr)"(¢* — ) + Z (Elre) =7)" (0" — @)
te(T) re[T te[T]
*Z Z g *QtJFQt*Qt)JFZ(E[Tt]*TOJFTO*F)T(q**Qt)
te[T] TE[T te[T)
<Y |3 SR @ @) |+ Xl alh+ Y IER -+ Y e~ 7
te([T] TE[T] te[T) te[T) te[T]
<> 26 @+ D NG —al + 20,
te[T] te[T]

By Lemma with probability at least 1 — 65 under event & we can bound 3, (7 [|q: — q¢f|1 as:

TIX|A
Z g — aill = <L|X|\/|A|Tln (|5||>> ]
te[T)

Finally with probability at least 1 — ¢ it holds:

Z gbt 1G4 < Z Zgﬁt_l(x,a)]lt(x,a) +L\/2T1n% (13a)

te[T] te(T) z,a

1 2T| X || A]
= Z Z I(z,a) <\/2max{]\7t_1(x,a), 1} In ( 1) >+

,a te[T]
C. Cr / 1
— Ly/2T In — 13b
* max{N;_1(z,a),1} T ) * s (13b)

1. (2T]X]|A] n
< a —_—
- \/2 " ( d Z Z Ii(z,a) max{N;_1(z,a), 1}—|—
I[t xr (l) l F
e ;tGZ[T <maX{Nt 1(x,a),1} + T) +Ly/2T In 5

1 2T | XA 1
< 3\/2|X|A|LTln ('(5”) + X412+ W(T)C, + IX|JAIC, + Ly[2T 5 (13¢)

1 2T X || A 1
< 3\/2|X|A|LTln <|5||) + (3+ W(T)[X[[A[C, + Ly /2Tl 5
T|X||A
—0 <\/|X|A|LT111< | 5” ') +1n(T)X||A|CT> :

where Inequality (I3a)) follows from Azuma-Hoeffding inequality, Equality (I3b) holds for the defini-
tion of ¢, and Inequality l| holds since 1 + ZNT(l ) \/; <1+ 2y/Nz(z,a) < 3\/Nr(z,a),

1+ ZNT(”” -a) 1 < 2 4 In(T) and by Cauchy-Schwarz inequality. Thus, we observe that with
probability at least 1 — 94 it holds:

Rr=0 <L|X|\/|A|T1n (TX(;”A') + 1n(T)X||A|C’T> .

Employing Corollary [3|and the definition of C, which is at least equal to C,., concludes the proof. [
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E OMITTED PROOFS WHEN THE KNOWLEDGE OF C' IS NOT PRECISE

In this section, we focus on the performances of Algorithm [2]when a guess on the corruption value is
given as input. These preliminary results are "the first step” to relax the assumption on the knowledge
about the corruption.

First, we present some preliminary results on the confidence set.

Lemma 11. Given the corruption guess Cg, where Cg = Cg + €, with € > 0, and confidence &; as
defined in Algorithm@ using Cq as corruption value, for any § € (0, 1), with probability at least
1 =9, for all episodes t € [T, state-action pair (x,a) € X X A and constraint i € [m), the following
result holds:

gi(z,a) < gri(z,a) + &(z,a) + (maX{N:(x, 1) + ;) )

Similarly, recalling the definition of G,, for all episodes t € [T, state-action pairs (x,a) € X x A
and constraints i € [m), it holds:

g; (z,a) < gt,i(x7a) +26(z,0) + (maX{N:(x a),1} * ;> .

Proof. To prove the result, we recall that, by Corollary [2] with probability at least 1 — ¢, the following
holds, for all episodes t € [T, state-action pairs (z,a) € X x A and constraints ¢ € [m]:

<

gri(x,a)—g; (x,a)]

1 In 2mT| X || A] N Ca N Ca
2 max{Ny(z,a),1} ) max{Ny(z,a),1} T’

which can be rewritten as:

< &(x,a) + ‘ +=
= SR max{Ny(z,a),1} T’

gri(w,a) — g7 (x,a)]

where,
. 1 2mT|X|\A| @; 6@
= 1 | —
&(x, a) = min { ’ \/2 max{N¢(z,a),1} " ( 1 + max{N;(x,a),1} + T [’
and Cg = 66; + €, which concludes the proof. O

We are now ready study the regret bound attained by the algorithm when the guess on the corruption
is an overestimate.

Theorem 7. For any § € (0, 1), Algorithm when instantiated with corruption value C which is
an overestimate of the true value of C, i.e. C > Cg and C > C,., attains with probability at least

1-86:
T|X||A ~
e =0 (1wt farrm () s wrpa).

Proof. By Corollary/[I} it holds that the decision space of the linear program performed by Algorithm|[2]
contains with high probability the optimal solution that respects to the constraints. Furthermore,
employing Corollary [3]and following the proof of Theorem 3] concludes the proof. O

We proceed bounding the violation attained by our algorithm when an underestimate of the corruption
is given as input.

Theorem 8. Forany § € (0,1), Algorithm when instantiated with corruption value C which is an
underestimate of the true value of Cg, i.e. C < Cg, attains with probability at least 1 — 99:

Ve=0 <L|X\/A|T1n <mT|?|A> + 1n(T)|X|A|OG) .
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Proof. First, let’s define € € R such that € := Cg — C. Then, with probability at least 1 — 4:

Vr = max [E[Gt]—rqt — a]:_ (14a)
ze[m]te[T]
o\ I oT +
= max > [(Elgri] — 97" a0+ 97 Tar —
le[m]te[T]

Gy + 25:—1(]t+

7

(Elgeil = 97) T + 9, (0 —@) +9,_

+
€ €
+ ; (maX{Nt—l(x’ a),1} + T) q(z,a) — Oéi‘| (14b)

< Cg + 2max th—[ﬂlt + Z lla: — Gell1+
el te[T)

+ qi(x,a) + €L, (14¢)

: 2 max{Ny_1(z,a),1}

te[T) z,a

where Inequality (T4b) follows from Lemma [TT] and Inequality (I4c) is derived as in the proof of
Theorem 2| and considering that ||¢;||; = L, V¢ € [T]. Now, employing the Azuma-Hoeffding

inequality, we can bound, with probability at least 1—4 the term 23:1 Yova mqt (z,a)
as follows: '

€ 1 €
Z Z max{N;—1(z, a), 1}Qt(x’a) = L\/E+ Z Z max{N;—1(z,a), I}Ht(x’a)

te[T) z,a te[T] z,a

< Ly /QTIn% + €| X]|A|(1 + In(T)),

where we applied Azume Hoeffding inequality and the fact that ) _, €[Nr(2,0)] % < 1+In(T). Finally,
following the steps of the proof of Theorem [2]to bound the first 3 elements of Inequality (T4c) under
&g with probability at least 1 — d, and considering that e < Cg and C' < C, it holds, with probability

at least 1 — 96,
TIX||A
V=0 (LX|\/|AT1n (|5|||> + 1n(T)|X||ACG> ,

which concludes the proof. O

Finally, we provide the violation bound attained by Algorithm 2] when an overestimate of the
corruption value is given as input.

Theorem 9. Forany ¢ € (0,1), Algorithm when instantiated with corruption value C which is an
overestimate of the true value of Cg, i.e. C > Cg, attains with probability at least 1 — 8J:

Vp =0 <L|X|\/|A|Tln <T)f5”‘4|) + 1n(T)X||A|6> :

Proof. The proof follows by employing Corollary [I]to the proof of Theorem 2] O

F OMITTED PROOFS WHEN THE CORRUPTION IS not KNOWN

In the following section we provide the omitted proofs of the theoretical guarantees attained by
Algorithm[3] The algorithm is designed to work when the corruption value is not known.
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F.1 LAGRANGIAN FORMULATION OF THE CONSTRAINED OPTIMIZATION PROBLEM

Since Algorithm [3]is based on a Lagrangian formulation of the constrained problem, it is necessary
to show that this approach is well characterized. Precisely, we show that a strong duality-like result
holds even when the Lagrangian function is defined taking the positive violations.

First, we show that strong duality holds with respect to the standard Lagrangian function, even
considering a subset of the Lagrangian multiplier space.

Lemma 2. Given a CMDP with a transition function P, for every reward vector r € |0, 1] | X% Al

constraint cost matrix G € [0, 1]X*AX™ and threshold vector o € [0, L™, if Program (E]) satisfies
Slater’s condition ( Conditiong]) then the following holds:

min max r'q— A GTq— .= max min A q—a
X1 €[0,2/0] g€ A(P) zez;n] z qEA(P) H>\H1€[0,L/p] Zez[;n]
= OPT, G,a;

where A € RY, is a vector of Lagrangian multipliers and p is the feasibility parameter of Program (E])

Proof. The proof follows the one of Theorem 3.3 in (Castiglioni et al.l 2022b). First we prove that,
given the Lagrangian function Q(\,q) :=7"7¢q — Dicim) Ni (G{ ¢ — ), it holds:

min max Q(A,¢) = min max 9Q(A,q),
Al €[0,L/p] g€A(P) AERT, qeA(P)

with A € RZ,. In fact notice that for all A € RY; such that | A1 > L/p:

mAaX O\, q) > 9\, ¢°) > — Z N (Gl g® —ay) = [[Alip > L,
’* i€lm]

where ¢° is defined as ¢° := argmax c A (py Mil;e[m) [ai - GTq]. Moreover since
min max Q()\,q) < max Q(0,¢) = max 7' ¢ <L,
IAllL€[0,L/p] g€A(P) qEA(P) q€A(P)
it holds:
min max Q(\,q) = min{ min max Q(\,q), max Q()\,q)}
AERY, gEA(P) Il €[0,L/p] g€A(P) H>\H1>L/MGA(P)

= min max Q(\,q).
IAllL€[0,L/p] g€ A(P)
Thus,

OPT, .o = max min A,
Ga = max min QA q)
< max min Q(\q)
g€EA(P) [[Aln=L/p

< min  max Q(\q)

Al =L/p geA(P)

= A,
o, 2 9

= OPT, g a»

where the second inequality holds by the max-min inequality and the last step holds by the well-known
strong duality result in CMDPs (Altmanl |1999). This concludes the proof. O

In the following, we extend the previous result for the Lagrangian function which encompasses the
positive violations.

Theorem 4. Given a CMDP with a transition function P, for every reward vector r € |0, 1] |XxA|
constraint cost matrix G € [0, 1]X*AX™ and threshold vector o € [0, L™, if Program (El) satisfies

Slater’s condition (Condition[I)), then the following holds:

L
max L(L/p,q) = max rlg—= G'qg—a = OPT, g o,
s £(Hpq) = max r'q pg[;n][ q—al; e,

where p is the feasibility parameter of Program (d).
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Proof. Following the definition of Lagrangian function, we have:

L +
max L(L/p,q) = max 7' q— — Glq—a
geA(P) ( /,0 ) qgEA(P) q P 7,;] [ 1 ]

< — \i|G —ozl
- GA(P) HAIMG[OL/p] K Zgnz] q

< max 7' q— MG g — aal*
*nxule[OL/rMEA(P) ! g;n] o |

max 7' q— Z )\i(Gl—-rq—ai)

< min
[IXIL€[0,L/p] g€ A(P)
i€[m)]
= OPTT,G,a

where A € RY|, is the Lagrangian vector, the second inequality holds by the max-min inequality and
the last step follows from Lemma Noticing that for all ¢ belonging to {q € A(P) : GTq < a},

we have £(1/p,q) = r"q, which implies that maxgea(p) £(1/p,q) > OPT, g o, concludes the
proof. O

F.2 PRELIMINARY RESULTS

In the following sections we will refer as:
wy;1(je = j) ~ +
DI ) D 7 I (15)
temryjenny T g
to the estimated violation attained by the instances of Algorithm[3} Furthermore, we will refer as:
~ I(j, = j* R +
Ty = 3 D= S [370 — o 6

e R A =

to the estimated violation attained by the optimal instance j*, namely, the integer in [M] such that
the true corruption C' € [27"~1,277].

Furthermore, we will refer as qg to the occupancy measure induced by the policy proposed by A1g?
at episode ¢, with j € [M], ¢ € [T, and we will refer as:

>orepy Ir(z, )1(Gr = j)gr,i(z, a)
max{N? (x,a),1}

)

gg,i (267 a) =

to the estimate of the cost computed for j-th algorithm, where th (z, a) is a counter initialize to 0 in
t = 0, and which increases by one from episode ¢ to episode ¢ + 1 whenever I;(x, a)I(j; = j) = 1.

F.2.1 STABILITY PARAMETERS

In the following sections, we will employ the stability parameters 3 defined as follows:
c B =0 <L2\X|2|A\ In (X141

O (IX]?|A] 1og(T) log (tos(T)/s))
* B3 = O (In(T)*X||A])

@)
+ B1= O (L2X[2|A|n (2EXIALY )
* B5 = O (|X|*|A]* log(T) log (1o&(T)/s))
* Bo = O (In(T)?| X[ A])

27



Under review as a conference paper at ICLR 2025

F.2.2 OMITTED PROOFS AND LEMMAS

We start providing some preliminary results on the optimistic estimator employed by Algorithm 3]
Lemma 12. Forany 6 € (0,1), given v € R>q, with probability at least 1 — ¢, it holds:

Rr <O <7TLM+L, [2T In G)) ,
where Ry = D te[T) 2ojeM] (wm- (L — E[rqug) _ wtu?, Jjj_;j Z(.Lk,(lk (1 —ry (2t aZ)))

Proof. We first observe that by construction:

5y Y wm U= S~ (1o (e = 3 30 %(L Elr]"dl).

te[T] je[M] Wt 7 (x},al) te[T] je[M]
Moreover, still by construction, for all episodes ¢ € [T, it holds:
wy ;1(je = j
> w(ﬂ) Y (- (ahal) < Y 1Gi=4) Y. (1-re(akah)) < L.
JE[M] ba (zf,at) jE[M] (=t ,at)

Thus, employing Azuma-Hoeffding inequality, with probability at least 1 — 4, it holds:

w? . (i — )
Z E 7(11 Elr"ql) — wi 10t = J) E (1 —re(zh,al)) | < Ly/2TIn| = ).
; W+ Y W5+ Y 0
te[T] je[M] ’ (zt,al)

Finally we notice that:

> Z“’H(L ETtTQ) Z > ftj_W(L—]E[Tt]qu)

te[T] je[M] €[T] je[M]
_ W, j ) T j
=Y > (—L v (L-Elr]"d
te[T] je[M] (wt’j 7 ( )
< ~TLM.

Adding and subtracting E [Zte[T] > e[ wtﬂft ]j_f_,yj) Z(mk,at) (1 —ry (2t ak))] to the quantity of

interest and employing the previous bound concludes the proof. O

We provide an additional result on the optimistic estimator employed by Algorithm
Lemma 13. Forany ¢ € (0,1), given v € R>q, with probability at least 1 — 6, it holds:

I(j: = 75* i L 1
S WS S o ehat)) - 3 (2o ) =0 (En (1))
terr) YT (gt at) te[T] 7
Proof. The proof closely follows the idea of Corollary [5| We define the loss ¢, = Z(mtk at )(1

re(xt, al)), the optimistic loss estimator 0 = H(jt:j;,a Dt a1 — r(xt, al)) and the unbiased
* Y%k

I(j,=
estimator (, := % 2wt at) (L= 1e(); a))-
Employing the same argument as Neu| (2015) it holds:

I(i, — I(j, =7*) - L 2v0;/wy -L 2
(]t j )g < (]t J_) gt < 7%}1(]25 = ]*) < — In ( 7€t> s
Wy, =+ wyj« + vl /L 2y 14yl fwy - L 2y L

since 7 +Z 5272 <In(1 + z), 2z € R*. Employing the previous inequality, it holds:

2y ~ 2y L 2y ~
exp (I:yft) <E lexp (227 In (1 + g&)) .7-}_1]
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2y~
=E |1+ —¢
+ G

-

—14 Zp | N =T a))

Fi-1
L wt,j*

(},a)
2 (i)
oo (2 -

where F;_ is the filtration up to episode t. We conclude the proof employing the Markov inequality

as follows:
(S H (o (e =)

te[T]

<1+

IN

<E |exp Z 217 (Et (L—]E[rt]qu*>> exp(—e)

te(T]
< exp(—e).

Solving 6 = exp(—e) for e we obtain:

Z (ét (L—E[rt]qu*)> > %ln ((15) <.

te[T)
This concludes the proof. O

We are now ready to prove the regret bound attained by FTRL with respect to the Lagrangian
underlying problem.

Lemma 14 For any 6 € (0,1) and properly setting the learning rate n such that n <

2Am(\/ﬁTT+ﬁz+B5+\/W) Algorlthmattams with probability at least 1 — 26:
. o Lm414 Lm+1+
Z Elr"q] — Z Z we;Elre] " af + Vi — Vi j+
te[T) te[T] je[M] r g

+ <m(mﬁ+1)ﬂ5 +Bz) VT i <\/E+ <m(LTZ+1)) \/B:> VTur .

MInT
< (9( nn +nmALATM +n M In(T)m*L?82 +n M In(T)j32

L
+ 0T (B + L*m*By) M log(T) +~TLM + L\/T In (1/s) + p In (1/5) >
Proof. First, we define /, ;, forall t € [T'], for all j € [M] as

I(je =17 Lm+1 R +
b= =D (S 1yt al)) + Y e -],

We,j + 7Y (@hoat) i€[m]

and b, ; for all t € [T, forall j € [M] as

bij = ((W& +ﬁ2) (\FJF m(Lm + )\/ﬁj> \F) (5 —vi-14),

with v ; = max ¢

Wr 5"

First we prove that nw; ;|¢;; — by ;| < /2 for all t € [T],7 € [M], to apply Lemma It
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holds that nwy ;|¢; ;| < M < 1 for all j e [M], for all t € [T] as long as n <
It also holds that

> which is true 1f n<

(Lp+L2m2+Lm) < 2(L2m 2+L 2Lm(Lm+l)'

be,j| = nwy <<m(LWPL+1)55 + 52) + (m(LZLJrl)\/ﬂjJF \/BT> ﬁ) (vt — vi-1,5)
<7 ((W&; +62> + ("W’;Jrl)\/ﬁj+ \/E) \FT) (1 - ”’Zi])
(2522 (522 5 7

)

nwe j

IN
3

INA
N =

. 1 _
ifn < Y (VT ey O where we used the fact that v, ; # Vi1 ; <= Yw,; = 14 ;.

Thus, if the previous conditions on 7 hold, and notice that the second condition implies the first,
Algorithm [3attains, by Lemma|[T7]:

> [ S el =9) gt aty) - U= (1rt(z;,a;))] +me+1x7T

veir) Liepn 99T G Wit Y e
MInT TM(Lp + L*m? + Lm)?
pS +2n 5
p
L+1 ? (Lm+1 2
2 (2 <m(mp)ﬂ5 +Bg> Mn(T) + 2T (\/ + (”;)> \/54) Mln(T))
Lm+15
+ Vege+ Y, Y wigby— > bege, (17)

te[T] je[M] te[T]

where we used the following inequalities:

* First inequality:

Z Zwtﬂetﬂ bij)* <2 Z Zwtj +22 Zwta t.g

te[T] je[M] te[T] je[M] te[T] je[M]

* Second inequality:

Lm+1 T + (Lp + L?>m? + Lm)
1—ry(xt,al)) + [gj @’ - 1] < )
> (-nlaha)+ Y 5073 :

(z},,a,) i€[m)
* Third inequality:

TM(L,O—I—LQm2 + Lm)?
Z Z wi il < 02

)

te[T] je[M]

and that, it holds:

YD wihi

te[T] je[M]

=2 D (wigby)?

te[T] je[M]

< ((W&+&)+(Wx/@+ \/BT> ) >y ( " (v — yt_Lj))z

JE[M] te[T]
(18a)
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[N}
N
—
=
™~
3
+
—
3
+
5
-

2
m(mi+1)55+52> +2T(mLmJrl \/ﬁ>4+\f>

|
/N T N /;\/\/_\
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3
3
h
+
=
oy
ot
+
™
V)
N——
+
N
N
I/~
s
~
3
+
—
=
+
S
~~——
vv dvv
=3
N
AS
N
N——

L+1 2 (Lm +1) ;
2 m<m+)55+ﬁ2> +2T m{Lm + \/544‘\/ ) In ZTJ)
P jepry N0
L+1 ? Lm+1
< (2 (P2 gt o) o (”M;)\/m +VB) ) Mn(T), (150)
where Inequality (18a) is true since vy ; — 141 ; # 0 only when w;; = /v, ; by definition,

Inequality (T8b)) holds since 1 — a < — Ina, and Inequality (T8(] - ) holds since by definition vy ; < T
and v ; = M. Notice also that, following a similar reasoning, it holds:

Z ’U}t’JbtJ Z bt_]

te[T] te[T]

(5 )« (R VR VT) B 5 (150
((Wﬂ5+ﬂz)+( milm +1) \/ﬂ74+\r> >Z{T] Vije = Vi-1,+)

go(m2L,85Mlog( ) 4 B2 M log(T) + (v/B1 + Lm?\/Ba)VT M log(T ))

- (M) + (m“jﬁlwm V) VT v

Thus, with probability at least 1 — 24, it holds:

ZE[H Z wa r gl + me+1‘7T

te[T] te[T] je[M]
= Z wey (LB Tgl) - 30 (LB ) + FL, (19)
te[T] jelM te(T] P

M1 T
< (’)< L Ly mALATM + g M In(T)m*L2B2 + 1 M In(T) 32
n

Lm+1-

+nT(f1 + L2m464)M10g(T) +~TLM + L+/T1n (/s) + sln (1/5)) VTJ

. <m<mi+1>55 . 52) B (f ; (L’Z“)) Jﬁj) VIvrg., — (Q0)

where Equation (19) holds since }_ . we,; = 1, Vi € [T], and Inequality holds, with
probability at least 1 — 24, by Lemma Lemma [13] and Equation (7). This concludes the
proof. O
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In order to provide the desired bound R and V7 for Algorithm[3] it is necessary to study the relation
between the aforementioned performance measures and the terms appearing from the FTRL analysis
in Lemmal[i4]

Thus, we bound the distance between the incurred violation and the estimated one.
Lemma 15. For any v € Rxq, given § € (0, 1), with probability at least 1 — 100, it holds:

~ TIX||A
Vo —Vr=0 (mL|X|\/|A|T1n (m|5”|> +mIn(T)|X||A|C + 7TLM) .

Proof. We start defining the quantity & gz, a) for all episode ¢t € [T, for all state-action pairs
(z,a) € X x A, for all instance j € [M] - as in Theorem [2]but using the true value of adversarial

corruption C, considering that the counter N7 (x a) increases on one unit from episode ¢ to ¢ + 1,
if and only if I(j; = j)I;(x,a) = 1, and by applying a Union Bound over all instances j € [M]
namely,

-~ . 1 2mMT|X||A| C C
& j(z,a) :==min< 1, : In + 4 + et
2max{N}(z,a),1} 4 max{N/(z,a),1} T

2D
By Corollary 2} and applying a Union Bound on instances j € [M] simultaneously V¢ € [T, Vi €
[m],V(z,a) € X x A,Vj € [M], with probability at least 1 — ¢, it holds:

9@, a) + & 5(x,0) > g7 (, ). (22)
Resorting to the definition of ‘A/T, we obtain that, with probability at least 1 — §, under &

Z Z ’U)t,] jt*] [ggl—r(/]\g—az}+

femiepn U Y g
=Y > El l [(gi,Tqi +& 5 —ai)— &5l — 9], (d] —qi)]
te[T) je[M)] Weg T i€[m)
w = + —~ . o . "
>y 3 WU D S ([ + 8T -l - & - - @) @)
te[T] je[M] Weg T i€[m]
wy ;1(je = J oT i +
>y Yy vl =d) s ([gfqz—ai] ~&5d — lld —qt||1) (23b)
. Wi+
te[T] je[M] 1€[m]
w5 1(: = J) j torT w510 = j)
> > I 5 ([e T - o] - 60d) - X >
temjen T igm) terr jepn T
1 T|X||A
Y [t ~Bla) ] -0 (muXM AT In ('6”)) , 230
1€[m]

where Inequality (23a) holds since [a — b]™ > [a]T — b, a € R, b € Rx, Inequality (23b) follows
from Inequality l) and since, by definition, g} ;(z,a) < 1,¥(x,a) € X x A,Vi € [m],Vt €
[T],Vj € [M] and, finally, Inequality (23c) holds under event £ by Lemma 20] after noticing that

et et 052 Y ieimlldd =@ < Ciepr Lieqnn 10 = 1) (555 ) Tiepmllef -
f]\f||1 < mzte[T]HQt - ‘Itjf”l-
‘We will bound the previous terms separately.
L -bound to 3 S w1 =5) ) [ 90T j_ a}Jr.
ower-bound t0 ) ;7 2 e a7 ie[m] [=l9til 4t i
We bound the term by the Azuma-Hoeffding inequality. Indeed, with probability at least 1 — 4, it

holds:
5 5 D S [ o)

femjenn T e
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Y

22 ot

where we used the following upper-bound to the martingale sequence:

> 2l 5 [si T —al] < ¥ t60-0) (52 ) 3 [Elod ]

T, + 1
> [E[Qt,i] a _ai:| —mLy[2TIn | < ),
Wt j ’V 5
te[T] j€[M] ic[m)

jEM] ic[ml jeM Wi T/ e
< IGi=4) >
JjE[M] i€[m]
< mllg/'lx
< mlL.

Moreover, we observe the following bounds:

Z Z Wt,j Z { gtz *az}+* Z Z w?j Z [E[Qt,i]qu*OéiTr

te[T] je[M] iclm te[T] je[M] Wej + i€[m)]

<ATLm,
and,
. +
5 5w 3 (el -] 2 5 s 52w Bl o]
te[T] je[M] i€[m JE[M] te[T)
Combining the previous results, we obtain, with probability at least 1 — 4:

> . wt,j (e = J) [E[gt,qu —O‘ir

te[T) je[M)] Wej + i€[m]

> Z maXZwm{ Gt.i) l—ai]+—('yTLm—FLm”ZTln(}s)).
JE[M)] te[T]

w5 (emi —~
Upper-bound to 3, 1 >~ c g # >icm] 5,::;615-

‘We bound the term noticing that, with probability at least 1 — 4, it holds:

Yy i)y g

te[T] je[M] W+ i€[m)]
wm]l( =Jj)z
mmax I
XD Ty G
JjE[M] te[T]
Z mzpél[ax] Z Z]I (Jt = (=, a)ftj(x a)—l—L\/QTlng
JE[M] te[T] z,a

_0 (m\/|x||A|LT1n (mMT;W) +mInT|X||A|C + L/ Tl (15) ,

where we employed the Azuma-Hoeffding inequality and where the last step holds following the
proof of Theorem 2]

wy j1(je=J o T J *
Upper-bound to Ztem Zje[M] # Zie[m] [(gi — Elgt.i]) qi} .

We simply bound the quantity of interest as follows:

353 w 3 {(gf*E[gt,i])T er

femjenn T e
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< m max Z Z I(je = ) |lgf —E[gm]Ill

ic[m ]te[T 1 j€[M]
<mC.

Final result. To conclude we employ the Azuma-Hoeffding inequality on the violation definition,
obtaining, with probability at least 1 — §:

+
Vr = Z maXZ (Je =1) [ [9+4] " q _ai:|
je[M]le[ m]

< Z rnax Z Wy j [ Qtz —al} + Ly/2T1n <(15>
te[T

Thus, plugging the previous bounds in Equation (23c]), we obtain, with probability at least 1 — 104:

Vo —Vp
we,;1(je = Jj) ~j *
< Z maxz (Je = 7) [ gtz] q —«a } Z Z tu]) :_ [gngQf 1,]
je[M] te (T te[T) je[M tj T i€[m]

<m Z Z ’u}t,j (Jt —.7 + Z Z ’LUt,J (Jt = J) % Z (E[gm'} —E[gt,i])Tqi

te[T] je[M] Wi+ te[T] je[M] Wej T ie[m] T€[T]

+TLm + 2Lmy 2T (;) +0 (mL|X|\/|A|T1n (T|)2|A|>>

MT|X||A
=0 <mL|X|\/|A|T1n (m5|||) + mln(T)|X||A|C’—|—7TLM>

This concludes the proof. O

We proceed bounding the estimated violation attained by the optimal instance j*.
Lemma 16. For any § € (0, 1), with probability at least 1 — 160, it holds:

~ MT|X||A In (&
V5 <O <mL|X|\/|A|T1n (m”|) +mBsC +mIn(T)|X||A|C + Lmn(5)>

) 27

BaT vy j= +mPBsvp j-.

Proof. We start by observing that with, probability at least 1 — § under &, the quantity of interest is
bounded as follows:

O S A A

rem) Wit T e
I(j: = j*) _ L .
S S (RIS R A A St NS AR BT
te[T] i€[m)]
I(j: = 7*) . o
<Y Y [Eled ] 4
te[r) I icm]
+ {QfT "~ Elge) df } + & —qZ*||1> (24b)
1Ge = 77) j* RN o T =1t
te[T] 7 ic[m]
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o (sl (T2 e

where Inequality (24a) holds since [a + b]T < [a]* + [b]T, Va,b € R and by the definition of
&t~ (see Equation li which implies that all its elements are positive, Inequality (24b) holds with

probability at least 1 — ¢ by Corollaryand by union bound over M, and since that |[g; ;|| < 1 and
Inequality (24c) holds with probability at least 1 — 66 by Lemma [20]

L 1
Upper-bound to 3=,y =2 5 (g2~ Blga]) o |

It is immediate to bound the quantity of interest employing the definition of corruption C' and by
Lemma |[I8] Indeed, with probability at least 1 — 4:

I(j, = j* . 1 1
> Lj) > {(gi ~Elg:)) " of } < Lmy[2T'In (5> +mC.
te[T) Weg= 7 i€[m)

- - +
Upper-bound to 3°, % > icim] []E[gt,i]—rqf - ai] .
We bound the quantity of interest as follows. With probability at least 1 — 114, it holds:

I = j*) -t
Zﬁ Z {]E[gm]qu _az}

te[T] i€[m]

In ()
<mn/BsTvr j= + mPBsvr ;= + 2mPBsC + LmT, (25a)

thank to Corollary [5]and Corollary [q].

Upper-bound to 3, %f tfig 2ielm) ét:;*qg .

First, notice that, with probability at least 1 — 4, it holds:

I(je = J~ ST g DT / 1
Z u(}ti_i_) Z ft;*qi -m Z I(je = j )Q,Tj*qg < Ly/2TIn (6)’
te[r) " v i€[m] te(T)

where we employed Lemma|[I8] Now we observe that, with probability at least 1 — 4, it holds:

T T
Se o alGe =5 =3 &1y (wa)g (z,a)(G: = j°)

t=1 t=1 z,a
D / 1
< 1w I I(j, = 5* LA/2T In -
< ;;ft 15 (@, @)l (z, @)I(jy = j*) + n

—0 <\/X||A|LT1n (mMT(S'X”A'> + In(T)|X|JA[C + L4/ Tn ;) ,

where employed the same steps as in the proof of Theorem 2] considering that the counter increases
if and only if I;(z, a)I(j: = j*) = 1.

Combining the previous bounds concludes the proof. O

F.3 MAIN RESULTS

In the following, we provide the main results attained by Algorithm [3in terms of regret and violations.
We start providing the regret bound and the related proof.

Theorem 6. [f Program (El) instantiated with ¥, G and « satisfies Slater’s condition (Condi-
tion , then, given any 6 € (0,1), with probability at least 1 — 300, Algorithm E] attains re-
gret Ry = O(m2L?|X|\/|A|T log (mTIX1141/5) log(T)? + m?L| X |*| A|? log(T)? log (loe(T)/s) +
m2Llog(T)? X||A|C).
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Proof. Employing algorithm [3] with probability at least 1 — 144, it holds:

Ry = ZT Zrth

te[T) te[T)
=7 - )+ Y T —a)
te[T) te(T]
BiTvy jx + Bovy j« + 2P3C + Z FT(qg* —qt) (26a)

te(T]

Lm+ 1~ Im+ 1~
51TVT’j* + ﬂ2VT,j* + 2630 +2C — P Vr + P VT’j*

- (\/E‘F W\/@)ﬁ’/ﬂj* - <52 + m(mi—’—l)@%) v j*

MInT
+ (9< S 4 mALATM + ) M In(T)m*L2 (B3 + 82)
n

+ 0T (B + L*m*By)M log(T) + T LM + L\/T In (1/s) + LTm In (1/5) ) . (26b)

where Inequality (26a) hold with probability at least 1 — 114 by Corollary [7]Inequality (26b) holds
with probability at least 1 — 34 thanks to Lemma[T4]and to the following reasoning, which holds with
probability at least 1 — §:

DT —a) =Y F—Er) (@ —a)+ D Bl (@ —a)

te(T] te[T) te[T)
< Y IF-Edlh+ Y ET (a7 - a) (27a)
te[T] te[T)
<20+ Y Bl (¢ o) @7b)
te(T)
<20+ Y E[r]"q = Y > wi;Blr] gl + Lv/2TIn(Ys)  (27c)
te(T] te[T] je[M]

where Inequality 1} holds since |g;(z,a) — q{* (z,a)] <1, ¥Y(z,a) € X x A, where Inequal-
ity (270b) holds by definition of C, and where Inequality use Azuma-Hoeffding inequality.

We can apply Lemmato bound ‘A/T, 4= with high probability. In fact we observe that with probability
at least 1 — 164, it holds:

Lm+ 1
Vr o
p
MT|X||A In (&
<0 <m2L2|X|\/|A|T1n (W) +m2LBeC + m2L1In(T)| X||A|C + L2m2n§7§)>

Lm+1)m m(Lm + 1
+ (p)/35VT,j* + (p)\/ BaTvr j«.

Finally, combining the previous results and by Union Bound, with probability at least 1 — 304, it
holds:

L 1~
m 4+ U

Rr +

MInT
SO( nn +nm4L4TM+ann(T)m4L2(ﬁ§+ﬁ§)+77T([31+L2m454)Mlog(T)

+~TLM + L/T1n (1/5) + LTm In (1/s)

MT|X||A
+ m2L2|X|\/|A|T1n (mélll) +mLBsC + B3C + m>L| X || Al 1n(T)C> (28)
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In(M/5)
™™ >

O

which concludes the proof after observing that VT > 0, by definition, and setting v =
< 1
= 2Am(\/ 51T+32+55+\/54T) ’

We conclude the section providing the violations bound and the related proof.

Theorem 5. [f Program (El) instantiated with ¥, G and « satisfies Slater’s condition (Condi-
tion , then, given any 0 € (0,1), with probability at least 1 — 346, Algorithm 3| attains viola-
tion Vi = O(m2L?|X|\/|A|T log (mTIX1141/5) log(T)? + m>L| X |*| A|? log(T)? log (1o(T)/s) +
m2Llog(T)?| X||A|C).

Proof. Starting from Inequality (28), in order to obtain the final violations bound, it is necessary to
find an upper bound for —Rr. We proceed as follows,

7q* =OPT, 5, (29a)
L —T +
=T
= max [T q— — G, q— oy (29b)
geEA(P) 9 p zez[;n] [ q }
L +
Z ?th - Z G;rqt a1i| )
1€[m]

where Equality (29a) holds since ¢* is the feasible occupancy that maximizes the reward vector 7

and Equality (
Moreover, it holds:

> X [Ela-al

te[T] i€[m)]

< Z Z [Elgeq] a0 — ai]+ + Z [(G; — E[gt,i])TQt]+ (30a)
te[T] \i€[m] i€[m]

<SS EloeidTae —ai] "+ > |[Gi — Elgedl| (30b)
te[T] \i€[m] i€[m]

<> | X ElgdTa—ail "+ > ([Gi—g2ll, +llg? —Elgeilll,)
te[T] \i€[m] i€[m]

< mVr +2mC, (30c)

where Inequality holds since [a + b]T < [a]t + [b]1,a € R, b € R, Inequality holds
since q;(x,a) < 1Vt € [T],V(z,a) € X x A, and finally Inequality holds by definition of
C and V7 and noticing that m max;em) @; = >, c(n) %> V{aitiem) C R™. Thus, combining the
previous bounds we lower bound the quantity of interest as follows:

Lm+1 Im+1

RT + VT = Z ]E[Tt]—r (q* — Qt) —|— VT
te[T]
_ N T . Lm+1
= B -7 (¢ —a)+ DT (@ —a)+ Vi
te[T) te(T]
_ T o Im+1
> B[] =7l + > 7 (¢ —a) + Vr (3la)
te[T] te[T] P
L Lm+1
> =20 = (mVr +2mC) + mtly, (31b)
2L Im+1 L
— 20— mC+VT( m —m>
P P P
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(31c)

1 2L

where Inequality (31a) holds since v w > —|jv||1||w|ls, Vv, w € RP,p € N, and where In-

_ +
equality ll holds since FT(q* —q) > —% Zie[m] {G:qt — az} > — (mVr + 2mC) and by
definition of C. Thus, rearranging Inequality (3Ic), we finally bound the cumulative violation as
follows:

VT S 2/)0 + 2LmC + pRT + (Lm + 1)VT

. Lm+1
= 92pC + 2LmC + (Lm + 1) <VT - VT) +p (RT + mp+ VT>
<0 <m2L2X|\/|AT1n (mMT;X'A'> +m2LIn(T)|X||A|C + ’ymTLQM)
Lm+1+
+0 (RT + m: VT>

where the last inequality holds by Equation and by Lemma|[T3] with probability at least 1 — 46
In(M/$)
T™

under £&. Employing a Union Bound, setting v =

< 1
ad 1) S (VAT 6t 5o VAT
concludes the proof. O

G AUXILIARY LEMMAS FROM EXISTING WORKS

In the following section, we provide useful lemma from existing works.

G.1 AUXILIARY LEMMAS FOR THE FTRL MASTER ALGORITHM
In the following, we provide the optimization bound attained by the FTRL instance employed by
Algorithm3]

Lemma 17 (Jin et al.|(2024)). The FTRL algorithm over a convex subset Q of the (M —1)-dimensional
simplex Ayy :

1

-

Wyy1 = argmin ZE w—&—f Z ln(_) ,
weS relt] n]e[M] W

ensures for all u € €):

ZE wy — 1) MlnT 772 Zwt]”’

te[T] te[T] je[M]

as long as nwy ;| ;| < 5 forall t, j.

G.2 AUXILIARY LEMMAS FOR THE OPTIMISTIC LOSS ESTIMATOR

In the following, we provide some results related to the optimistic biased estimator of the loss
function. Notice that, given any loss vector £; € [0,1]*, the following results are provided for

Zt,j = +% £y j, where j € [M], ¢, ; is the j-th component of the loss vector, I (5) is the indicator
functions which is 1 when arm j is played and ~y; is defined as in the following lemmas.

Lemma 18 (Neu|(2015)). Let () be a fixed non-increasing sequence with ~y; > 0 and let oy j be
nonnegative Fy_1-measurable random variables satisfying oy ; < 27y for all t and j. Then, with
probability at least 1 — 6,

Z Z Qi j (At *gtvj) <In (;)

te[T] je[M]
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Corollary 5 (Neu| (2015)). Let v¢ = v > 0 for all t. With probability at least 1 — 6,

Z (th - ft,j) < I (5) )

te(T] 27

simultaneously holds for all j € [M].

G.3 AUXILIARY LEMMAS FOR THE TRANSITIONS ESTIMATION

Next, we introduce confidence sets for the transition function of a CMDP, by exploiting suitable
concentration bounds for estimated transition probabilities. By letting M;(z, a, x’) be the total
number of episodes up to ¢ € [T] in which (z,a) € X x A is visited and the environment transitions
to state 2’ € X, the estimated transition probability at ¢ for (x, a, 2’) is:

M (z,a,z)
max {1, N¢(z,a)}

Py (2'|z,a) =

Then, the confidence set for P at episode ¢ € [T is defined as:
Py = {13 : ]E(xqm) — P(2'|z,0)| < e(a |2, a),
V(z,a,2") € X x A X Xgq1,k €[0...L — 1]},

where ¢;(2'|x, a) is defined as:

P, (z/ In(T|X||A|/é 141n (T|X||A|/d
(@) 2y [Pz (TXAYS) | 4 (TIX|A)5)
max {1, N¢(x,a) — 1} 3max {1, N¢(z,a) — 1}
for some confidence ¢ € (0, 1).
Given the estimated transition function space P;, the following result can be proved.
Lemma 19 (Jin et al[(2020)). With probability at least 1 — 40, we have P € P; for all t € [T).

Notice that we refer to the event P € P; for all t € [T] as Ep.

We underline that the estimated occupancy measure space by Algorithm 2]is the following:

vk, > q(z,a,2")=1
r€EXk,a€A, ' €X )1
Vk,Vz, > q(z,a,2') = > q (2’ a,x)
aGA T GXk+1 ' €Xg_1,a€A
A(Py) == VY (2,0,2"), q(x,a,2") < [Py (2 |z, 0) + e (2 | 2,0)] Y qla,a,y).
YyEXkt1
(z,a,2") > [Py (¢'|x,0) — & (¢' | 2,a0)] X q(x,a,y)
YEXk 11
q(z,a,2') >0

To conclude, we restate the result which bounds the cumulative distance between the estimated
occupancy measure and the real one.

Lemma 20 (Jin et al.| (2020)). With probability at least 1 — 60, for any collection of transition
functions { P } e x such that P} € Py, we have, for all z,

>y ‘Pt””za)—qt(x a)’<O<L|X|\/|A|T1 <TX(;”A|))

te[T] zeX,acA

39



Under review as a conference paper at ICLR 2025

H AUXILIARY LEMMAS FOR STABILITY

In this section we state the results related to the stability of the arm-algorithms when C' is not
known. The procedure is inspired by Jin et al.|(2024) and |Agarwal et al.|(2017), but adapted to the
case of Constrained MDP in high probability. We first give some important definitions. In these
definitions we will use C} as the value of adversarial corruption at episode ¢ € [T, where C} is
defined as C; := max{C, CJ'}, which meets the requirement of upper bounding the adversarial
corruption at each considered episode. In addition it holds that ), el Cy < C, 4 Cg or equivalently

C< Ztem C; < 2C, which does not influence the order of the analysis.

Definition 2. A CMDP algorithm is corruption-robust if it takes 6 (a guess on the corruption amount)
as input, and achieves for any random stopping time t' < T, whenever Zte[t,] Cy < 0:

ST =) < VBt + (B2 + B30) I > 1),
teft’]
and

mac S g0 = oa] T < VB + (B + o0) 1 2 1).
S el

Notice that Algorithm [J]is corruption-robust after applying a doubling trick to make it work for any
stopping time, with probability at least 1 — 94 thank to Theorem [7)and Theorem [9| Furthermore, we
introduce the notion of a-stability. An algorithm is considered to be a-stable, if its regret under
condition imposed by Algorithm [3|is of order v$ - O (Rr), where Ry is the upper bound on the
regret attained by the algorithm if it receives feedback at each episode. In particular, we are interested
in the 1-stability.

Definition 3. An algorithm is 1-stable if, under the condition imposed by Algorithm[3] it holds:

Z T (¢ —aq) < VBiTv;r + Bavjr + BsC,

te(T]

and
+
Iél[ax] [QtT,Z'Qt — ;] <V BaTvjr + Bsvjr + BeC.
1 m
te[T]

We can use the procedure defined by Algorithm [] - and originally proposed by Jin et al. (2024)
- to transform a generic corruption robust algorithm to a 1-stable algorithm. Differently from [Jin
et al.[(2024), in our setting, we use the natural symmetry between regret and positive cumulative
constraints violation to stabilize both the regret and the positive cumulative constraints violation.
We have a different bound for C; (value of adversarial corruption at episode t): indeed, C; <
max{||E[r] — r°||1, max;ec[m)||Elg:,:] — g7 |1} is bounded by | X||A|. Finally, we are interested in
obtaining results that hold in high probability rather than in expectation. To do so, we focus on
1-stability guarantee rather than 1/2-stability as inJin et al.| (2024) since removing the expectation
prevents us from achieving the result above with lower coefficients. We can state the following result.

Lemma 21. Given an algorithm which is corruption robust according to Definition [2| with pa-

rameters (31, Bz, B3, B1, Bs, Bs) and B1 > O(L?log(T/s)), By > O(L?log(T/s)), with probability
at least 1 — p with p € (0, 1), then, it is possible convert it to an 1-stable algorithm with prob-
ability at least 1 — p — 2§ according to Definition |3| with parameters (51, 55, 8%, B4, B, Bg) as

1= 0(B1),B85 = O (B2 + B3] X][|Allog(lee(T)/s)) , B3 = O (B3log(T)), By = O(Ba), b5 =
O (85 + 5ol X| | Al log (%5(1)/5)) . 5 = O ([ los(T)), employing Algorithm[d

Proof. Suppose Algorithm [4] is initialized with the true value of adversarial corruption C.
We will first prove the result for the regret. We will start by considering a generic in-
stance algorithm k& € [M]. Define the quantity d;r = I(w, € (27%71,27%]) and hy) =
I(Instance k receives feedback at episode t). We observe that with probability at least 1 —

(p+ P (Ureposir (X ieir) Cedihes > 0}) ) it holds:

E 7 (¢ — q)dexher < |51 E d ke + (B2 + B36) max dy .,
te[T]
te[T) te[T)

40



Under review as a conference paper at ICLR 2025

by the corruption-robust property of instance k. We study now the quantity
P (Uke[M]{Zte[T] Cidy xhoi > 9k}). Notice that E[hqldir] = 2% 'dy;. and since
dy 1, is an indicator function then E[h; x|d; k|di . = E[h¢ k|d: 1]. In addition, since Zte[T} Cy <20,
it holds:

Z CiEl[h i |de i )de s = PRLE Z Cyde g < 27k,

te([T] te[T)

and with probability at least 1 — /log(7)) noticing that M = log(T):

> Cidighir — Y CeElhylde r]de

te[T] te[T]
log(T log(T
<2 Z CEdy kElht 1 |dy k] log (g(g))+|X|A|log< gé )) (32a)
te[T]
log(T log(T
<2, [1XVA] Y Codealtnaldead g (5 ) 4 [xltog (<5 ) o)
te(T]
log(T
<3 CtE[ht7k|dt7k]dt7k+2X||A|log( gé )), (320)

te[T]

where Inequahty - 32a) holds with probability at least 1 — 4/10g(7) by Freedman inequality, Inequality
(32b) holds since C; < | X||A|, and Inequality (32¢) holds by AM GM inequality. Therefore, it holds
simultaneously for all & € [M]:

log(T
> Cidighir <2 CiElhekldex]dr s + 2| X||Allog ( g§ ))
te[T] te(T]

< 27FH1C 4 9| X]] 4] og <1°g§T>> o,

with probability at least 1 — §, so P (Uke[M]{Zte[T] Cidy phe g > Hk}) < 4. Moreover, notice that

with probability at least 1 — p — 20 thanks to the definition of corruption robust and Azuma-Hoeffding
inequality, it holds simultaneously for all k:

Z 7 (g — q)dik

te[T)
1
= T (q" —@)27" dyk
te[T)
= 2,i,1 Z (" — qr)ds kE[hs | di 1]
te[T]

1
= 5oh1 Z FT(q* —q)de i (Elhe | deg] — hei) + Z FT(q* — q¢)de il e

te[T) te(T]

27i71 L 2111(1og(S )Zdtk+\/m+ ,Bg—i-ﬁgﬁk)maxdtk
te(T) te[T]
o (Ve (I]) i )

noticing that E [d; x (E[hekldix] — her)] = Elhrldir] — Elheglder = Elherldir] —
E [hyk|diix] = 0, since the expectation is taken w.r.t. the randomization of Algorithm E] and the
distribution generated given the external probability of receiving feedback wy.

IN

41



Under review as a conference paper at ICLR 2025

To conclude with probability at least 1 — p — 24:

ZFT((I* —q)l <wt > 1{)
te[T]
Z Z q - Qf dt k

ke[M] te[T)
1 1
< O (VBT s L+ (B + Bl X Al Tog(o57)0) s -+ log(7)C )
<O (VBT +85) vr +8C) .

with /81 > O(L+/log(T/s)). Notice that the analogous reasoning can be applied to the positive
cumulative constraints violation with parameters 3, 55, O6. [

Algorithm 4 Adapted STABILIZE Jin et al.|(2024)

Require: C,6 € (0,1)
1: Initialize M = log(T') instance of Algorithm each instance k& € [M] initialized with corruption

parameter:
O == 2""1C + 2| X||A| log (logéT))

2: fort € [T] do

3 Observe wy, probability of receiving feedback.
4 if w; > % then

5: Let k; be such that w; € (27%~1 27k

6 Choose 7, as policy proposed by instance k;
7

8

9

If the algorithm receives feedback send it to instance k; with probability 2 -

if wy < then
Propose random policy 7y

Corollary 6. Being j* such that C' € (2-7'*_1, 2]'*] then with probability at least 1 — 116 it holds:

. +
ng[%f] [E[gt,i]—rqg - az} <V BsTvr j« + Bsvr j- + 286C
te(T)

with /By = O <L|X\\/\A|ln(mTlX\lAl/a)), By = (9(|X|2\A|210g(T) log(log(T)/é))and Bs =
O (In(T)%X||A]) .
Corollary 7. Being j* such that C' € (23'*_1, 2j*] then with probability at least 1 — 110 it holds:

Z 7 (¢ —ql ) < /BiTvrj- + Povr e +2B5C,

te[T)

where \/B1 = O (L|X\\/\A|ln(T\XllA\/é)), Bz = O (|X|?|A|?log(T) log (18(T)/s)) and B3 =
O (In(T)%X||A]) .
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