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Abstract

In this paper, we derive refined generalization
bounds for the Deep Ritz Method (DRM) and
Physics-Informed Neural Networks (PINNs). For
the DRM, we focus on two prototype elliptic par-
tial differential equations (PDEs): Poisson equa-
tion and static Schrodinger equation on the d-
dimensional unit hypercube with the Neumann
boundary condition. Furthermore, sharper gen-
eralization bounds are derived based on the lo-
calization techniques under the assumptions that
the exact solutions of the PDEs lie in the Bar-
ron spaces or the general Sobolev spaces. For
the PINNSs, we investigate the general linear sec-
ond order elliptic PDEs with Dirichlet boundary
condition using the local Rademacher complex-
ity in the multi-task learning setting. Finally, we
discuss the generalization error in the setting of
over-parameterization when solutions of PDEs
belong to Barron space.

1. Introduction

Partial Differential Equations (PDEs) play a pivotal role
in modeling phenomena across physics, biology and engi-
neering. However, solving PDEs numerically has been a
longstanding challenge in scientific computing. Classical nu-
merical methods like finite difference, finite element, finite
volume and spectral methods may suffer from the curse of
dimensionality when dealing with high-dimensional PDEs.
Recent years, the remarkable successes of deep learning in
diverse fields like computer vision, natural language pro-
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cessing and reinforcement learning have sparked interest
in applying machine learning techniques to solve various
types of PDEs. In fact, the idea of using machine learning
to solve PDEs dates back to the last century (Lagaris et al.,
1998), but it has recently gained renewed attention due to
the significant advancements in hardware technology and
the algorithm development.

There are numerous methods proposed to solve PDEs using
neural networks. One popular method, known as PINNs
(Raissi et al., 2019), utilizes neural network to represent
the solution and enforces the neural network to satisfy the
PDE constraints, initial conditions and boundary conditions
by encoding these conditions into the loss function. The
flexibility and scalability of the PINNs make it a widely
used framework for addressing PDE-related problems. The
Deep Ritz method (Yu et al., 2018), on the other hand, incor-
porates the variational formulation into training the neural
networks due to the widespread use of the variational formu-
lation in traditional methods. In comparison to PINNs, the
form of DRM has a lower derivative order, but the fact that
not all PDEs have variational forms limits its applications.
Both methods hinge on the approximation ability of the
deep neural networks.

The approximation power of feed-forward neural networks
(FNNs) with diverse activation functions has been stud-
ied for different types of functions, including smooth func-
tions (Lu et al., 2021a), continuous functions (Shen et al.,
2022), Sobolev functions (Belomestny et al., 2023; Yang
et al., 2023b;a; Yarotsky, 2017), Barron functions (Barron,
1993). It was proven in the last century that a sufficiently
large neural network can approximate a target function in
a certain function class with any given tolerance. Specif-
ically, it has been shown in Hornik (1991) that the two-
layer neural network with ReLU activation function is a
universal approximator for continuous functions. More re-
cently, specific approximate rate of neural networks has
been shown for different function classes in terms of depth
and width. Lu et al. (2021a) showed that a ReLU FNN with
width O(N log N) and depth O(Llog L) can achieve ap-
proximation rate O( N —25/4[,=25/4) for the function class
C*(]0,1]%) in the L norm, which is nearly optimal. In
the context of applying neural networks to solve PDEs, the
focus shifts to the approximation rates in the Sobolev norms.
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Belomestny et al. (2023) utilized multivariate spline to de-
rive the required depth, width, and sparsity of a ReLU?
deep neural network to approximate any Holder smooth
function in Holder norms with the given approximation
error. And the weights of the neural network are also con-
trolled, which is essential to derive generalization error.
Yang et al. (2023b) derived the nearly optimal approxima-
tion results of deep neural networks in Sobolev spaces with
Sobolev norms. Specifically, deep ReL.U neural networks
with width O(N log N) and depth O(L log L) can achieve
approximation rate O(N —2(»=1/d,=2(n=1)/d) for func-
tions in W™°°((0,1)4) with W° norm. For higher or-
der approximation in Sobolev spaces, Yang et al. (2023a)
introduced deep super ReLU networks for approximating
functions in Sobolev spaces under Sobolev norms WP
for m € N with m > 2. The optimality was also estab-
lished by estimating the VC-dimension of the function class
consisting of higher-order derivatives of deep super ReLU
networks.

In this work, we focus on the DRM and PINNs, aiming to
derive sharper generalization bounds. Compared to Jiao et al.
(2021); Duan et al. (2021), the localized analysis utilized
in this paper leads to improved generalization bounds. We
believe that this study provides a unified framework for
deriving generalization bounds for methods that solve PDEs
involving machine learning.

1.1. Related Works

Deep learning based PDE solvers: Solving high-
dimensional PDEs has been a long-standing challenge in
scientific computing due to the curse of dimensionality. In-
spired by the ability and flexibility of neural networks for
representing high dimensional functions, numerous studies
have focused on developing efficient deep learning-based
PDE solvers. In recent years, the PINNs have emerged
as a flexible framework for addressing problems related to
PDEs and have achieved impressive results in numerous
tasks. Despite their success, there are areas where further
improvements can be made, such as developing better op-
timization targets (Chiu et al., 2022) and neural network
architectures (Ren et al., 2022; Zhang et al., 2020). Inspired
by the use of weak formulation in traditional solvers, Zang
et al. (2020) proposed to solve the weak formulation of
PDEs via an adversarial network and the DRM (Yu et al.,
2018) trains a neural network to minimize the variational
formulations of PDEs. By reformulating the parabolic PDEs
as backward stochastic differential equations, (Han et al.,
2018) introduced a deep learning-based approach that can
handle general high dimensional parabolic PDEs and similar
method has been used for high dimensional eigenvalue prob-
lems (Han et al., 2020). In addition, there are other methods
that combine traditional techniques with deep learning, such
as Deep Least-Squares Methods (Cai et al., 2020; Lyu et al.,

2022), Deep Finite Volume Method (Cen & Zou, 2024), and
so forth.

Fast rates in machine learning: In statistical learning, the
excess risk is expressed as the form (M)O‘, where n
is the sample size, COMP,, (F) measures the complexity of
the function class 7 and o € [%, 1] represents the learning
rate. The slow learning rate ﬁ (v = ) can be easily
derived by invoking Rademacher complexity (Bartlett &
Mendelson, 2002), but achieving the fast rate % (a=1)
is much more challenging. Based on localization tech-
niques, the local Rademacher complexity (Bartlett et al.,
2005; Koltchinskii, 2006; 2011) was introduced to statisti-
cal learning and has become a popular tool to derive fast
rates. It has been successfully applied across a variety of
tasks, like clustering (Li & Liu, 2021), learning kernels
(Cortes et al., 2013), multi-task learning (Yousefi et al.,
2018), empirical variance minimization (Belomestny et al.,
2017), among others. Variants of Rademacher complexity,
such as shifted Rademacher complexity (Zhivotovskiy &
Hanneke, 2018) and offset Rademacher complexity (Liang
et al., 2015), also offer a potential direction for achieving
the fast rates (Duan et al., 2023; Kanade et al., 2022; Yang
etal., 2019).

Generalization bounds for machine learning based PDE
solvers: Based on the probabilistic space filling arguments
(Calder, 2019), Shin et al. (2020) demonstrated the con-
sistency of PINNs for the linear second order elliptic and
parabolic type PDEs. An abstract framework was introduced
in Mishra & Molinaro (2022) and stability properties of the
underlying PDEs were leveraged to derive upper bounds on
the generalization error of PINNs. Following similar meth-
ods widely used in machine learning for deriving generaliza-
tion bounds, the convergence rate of PINNs was derived in
Jiao et al. (2021) by decomposing the error and estimating
related Rademacher complexity. For the DRM, when the
solutions are in the spectral Barron space, Lu et al. (2021c)
demonstrated the generalization error bounds of two-layer
neural networks for solving the Poisson equation and static
Schrddinger equation, but in expectation and with the slow
rates. When solutions of the PDEs fall in general Sobolev
spaces, Duan et al. (2021) established non-asymptotic con-
vergence rate for DRM using a method similar to Jiao et al.
(2021). The most relevant work to ours is Lu et al. (2021b),
which used peeling methods to derive sharper generalization
bounds of the DRM and PINNSs for the Schrodinger equa-
tion on a hypercube with zero Dirichlet boundary condition.
However, Lu et al. (2021b) assumed that the function class
of neural networks is a subset of H}, which is challenging
to achieve. For the DRM, the peeling method in Lu et al.
(2021b) cannot be applied to derive the generalization error
of the Poisson equation, as in this scenario, the population
loss isn’t the expectation of the empirical loss. For PINNs,
Lu et al. (2021b) required strong convexity and only con-
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sidered the static Schrodinger equation with zero Dirichlet
boundary conditions, which results in the loss function of
PINNs comprising solely the interior term. In contrast, our
approach does not require strong convexity and is applicable
to general linear second-order elliptic PDEs.

1.2. Contributions

* For the aspect of approximation via neural networks,
we show that the functions in 2(€2) can be well ap-
proximated in the H! norm by two-layer ReLU neural
networks with controlled weights, and similar results
are also presented for functions in B3(Q) in the H?
norm. Compared to the results in Lu et al. (2021c),
our approximation rate is faster and the Barron space
in our setting is larger than the spectral Barron space
in Lu et al. (2021c). Compared with other approxima-
tion results for Barron functions (Siegel & Xu, 2022a;
Siegel, 2023), the constant in our result is independent
of the dimension.

* For the DRM, we derive sharper generalization bounds
for the Poisson equation and Schrodinger equation with
Neumann boundary condition, regardless of whether
the solutions fall in Barron spaces or Sobolev spaces.
Our methods rely on the strongly convex property
of the variational form and a new localized analysis.
For the Poisson equation, the expectation of empirical
loss is not equal to the variational formulation, which
complicates the analysis. Additionally, for the static
Schrodinger equation, the strongly convex property
cannot be simply regarded as the Bernstein condition
in Bartlett et al. (2005), as the solutions of the PDEs
often do not belong to the function class of neural
networks in our setting. After applying a novel error
decomposition technique, we are able to utilize the lo-
cal Rademacher complexity to derive sharper bounds.

* For the PINNs, we regard this framework as a sce-
nario within multi-task learning (MTL). At this time,
there are two key points: one is that the loss functions
are non-negative and the other one is that a non-exact
oracle inequality suffices. To achieve our goal, we
extend the entropy method to derive a Talagrand-type
concentration inequality for MTL, which offers better
constants than those provided by Theorem 1 in Yousefi
et al. (2018). Consequently, similar results to those in
single-task setting can be established, yielding a non-
exact oracle inequality tailored for PINNs. Unlike Lu
et al. (2021b), which required the strong convexity, our
approach does not impose this requirement. While we
have only presented results for the linear second order
elliptic equations with Dirichlet boundary conditions,
our method can serve as a framework for PINNs for
a wide range of PDEs, as well as other methods that

share similar forms with PINNs.

* Moreover, we investigate the complexity of over-
parameterized two-layer neural networks when approx-
imating functions in Barron space, and demonstrate
meaningful generalization errors in the setting of over-
parameterization. Additionally, in the Discussion Sec-
tion, we explore other boundary conditions for the
Deep Ritz Method

1.3. Notation

For z € R%, |z|, denotes its p-norm and we use |z| as
shorthand for |z|2. We denote the inner product of vectors
x,y € R4 by x - y. For the d-dimensional ball with radius r
in the p-norm and the boundary of this ball, we denote them
by Bg(r) and B (r) respectively. For a set F that is a sub-
set of a metric space with metric d, we use N (F, d, €) to de-
note its covering number with given radius € and the metric d.
For given probability measure P and a sequence of random
variables { X} ; distributed according to P, we denote
the empirical measure of P by P,,i.e. P, = % Z?:l Ox,.
For the activation functions, we write o, () for the ReLU”
activation function, i.e., o1 (z) := (max(0,z))*. And we
use o for oy for simplicity. Given a domain Q C R?, we
denote |(2| and |0€?| the measure of 2 and its boundary OS2,
respectively.

2. Deep Ritz Method
2.1. Set Up

Let Q = (0,1)% be the unit hypercube on R? and 02 be
the boundary of €2. We consider the Poisson equation and
static Schrodinger equation on {2 with Neumann boundary
condition.

Poisson equation:

Au=Fine 2 Zoonon. o))
v
Static Schrédinger equation:
. ou
—Au+Vu=finQ, a—zOon@Q. 2)
v

In this section, we follow the framework established in Lu
et al. (2021c), which characterizes the solutions through
variational formulations. For completeness, the detailed
results are presented as follows.

Proposition 2.1 (Proposition 1 in Lu et al. (2021c) ).

(1) Assume that f € L*(Q) with [, fdx = 0. Then there ex-
ists a unique weak solution v’y € H}(Q) := {u € HY(Q) :
fQ udx = 0} to the Poisson equation. Moreover, we have



Refined Generalization Analysis of the DRM and PINNs

that
up = argmin Ep(u)
weH(Q)
2
= arg min / |Vul?de + (/ ud:r) -2 / fudz 3,
weH (Q) | /O Q Ja
3)
and that for any u € H' (),
Ep(u) = Ep(up) < [lu—uplH ) < Cr(Ep(u) — Ep(up)),
“

where Cp = max{2cp + 1,2} and cp is the Poincaré
constant on the domain ().

(2) Assume that f,V € L>®(Q) and that 0 < Vi <
V(z) < Vipae < 0o forall x € Q and some constants
Vinin and Vyaz. Then there exists a unique weak solution
ul € HY(Q) to the static Schrodinger equation. Moreover,
we have that

ug = argmin Eg(u)

uweH ()
5
:= arg min {/ |Vul|? + V|u|?dz — 2/ fud:r} ,
weH (@) LJo Q

and that for any u € H' (),

Es(u) — Es(uf)

Es(u) — Es(u)
max(1, Vinaz) ’

min(1, Viuin)
(6)

Throughout the paper, we assume that f € L°°(Q) and
V e L*(Q) with 0 < Vi < V() < Vipaz < 00. The
boundedness is essential in our method for deriving fast
rates and it also leads to the strongly convex property in
Proposition 2.1 (2). There are also some methods for deriv-
ing generalization error beyond boundedness, as discussed
in Mendelson (2015; 2018); Lecué & Mendelson (2013).
However, these approaches often require additional assump-
tions, such as specific properties of the data distributions or
function classes, which can be difficult to verify in practice.

< —UEH?F(Q) <

The core concept of DRM involves substituting the func-
tion class of neural networks for Sobolev spaces and then
training the neural networks to minimize the variational
formulations. Subsequently, we can employ Monte-Carlo
method to compute the high-dimensional integrals, as tradi-
tional quadrature methods are constrained by the curse of
dimensionality in this context.

Let {X;}7, be an i.i.d. sequence of random variables
distributed uniformly in 2. As in our setting, the volume of
Q is 1, thus the empirical losses can be written directly as

Sn,P(u)

= > (ulx)P

| = 2/ (Xs)u(

1 n

(N

and

gn S( )
DI? = 2f(X)u(Xy)),

== Z |[Vu(X
3

where we write £, p and &, s for the empirical losses of
the Poisson equation and static Schrodinger equation respec-
tively. Note that the expectation of &, p(u) is not equal to
Ep(u), which restricts the applicability of common meth-
ods, such as local Rademacher complexity, in deriving a fast
generalization rate for the Poisson equation.

DI+ V(X u(X

2.2. Main results

The aim of this section is to establish a framework for de-
riving improved generalization bounds for the DRM. In the
setting where the solutions lie in the Barron space B%((2),
we demonstrate that the generalization error between the
empirical solutions from minimizing the empirical losses
and the exact solutions grows polynomially with the under-
lying dimension, enabling the DRM to overcome the curse
of dimensionality in this context when the optimization error
is omitted. Furthermore, when the solutions fall in the gen-
eral Sobolev spaces, we provide tight generalization bounds
through the localization analysis.

We begin by presenting the definition of the Barron space,
as introduced in Barron (1993).

B(Q)={f:Q—>C:

L@ el el < oo}
C))

where the infimum is over extensions f, € L'(R%) and f,
is the Fourier transform of f.. Note that we choose 1-norm
for w in the definition just for simplicity.

I fllBs 0y == lnf

fel

There are also several different definitions of Barron space
(Ma et al., 2022) and the relationships between them have
been studied in Siegel & Xu (2023). The most important
property of functions in the Barron space is that those func-
tions can be efficiently approximated by two-layer neural
networks without the curse of dimensionality. It has been
shown in Barron (1993) that two-layer neural networks
with sigmoidal activation functions can achieve approxi-
mation rate O(1/y/m) under the L? norm, where m is the
number of neurons. And the results have been extended
to the Sobolev norms (Siegel & Xu, 2022a;b). However,
some constants in these extensions implicitly depend on
the dimension and there is a possibility that the weights
may be unbounded. To address these concerns, we demon-
strate the approximation results for functions in the Barron
space under the H' norm. Additionally, for completeness,
the approximation result in W*-°° () with TW1:>° norm is
also presented, which was originally derived in Yang et al.
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(2023b).

Proposition 2.2 (Approximation results in the H! norm).

(1) Barron space: For any f € B?(X2), there exists a two-
layer neural network f, € Fp1(5 fll82()) such that

(1, 1
1f = fmll o) < cllflls2@m Fsa) (10

where Fp, 1(B) :={Y" vio(w; -z + ;) : |wili =1,t; €
i=1

[—1,1), > || < B} for a positive constant B and c is a
i=1

universal constant.

(2) Sobolev space: Forany f € WE>(Q) withk € N, k >

2 and || fllywro) < 1, any N,L € Ny, there exists a

ReLU neural network ¢ with the width (34 + d)2%k4T (N +

1) log,(8N) and depth 56d°k* (L + 1) logy (4L) such that

1/ (2) = ¢ llw () < Clh, d)NTHETD L7200/,
(1D
where C(k,d) is the constant independent with N, L.

Remark 2.3. When approximation functions in 8%(f2), our
derived bound exhibits a faster rate than the bound of m ™2
presented in Xu (2020). Although our bound is slower than

the bound mf(%er) shown in Siegel & Xu (2022a),
it is important to note that the constant within the approxi-
mation rate of Siegel & Xu (2022a) may depend exponen-
tially on the dimension and the weights of two-layer neural
network could potentially be unbounded. In contrast, the
constant in our approximation is dimension-independent
and the weights are controlled. Moreover, our method is
also applicable to the differently defined Barron spaces in
Ma et al. (2022), yielding approximation result similar to
that in Proposition 2.2 (1).

For the convenience of expression, we write (N, L, B) for
the function class of ReLU neural networks in Proposition
2.2 (2) with width (34 +d)2%k9*1 (N +1) log,(8N), depth
56d2k?(L + 1)logy(4L) and W1° norm bounded by B
such that the approximation result in Proposition 2.2 (2)
holds for any f € WH°(Q) with || [y (q) < 1.

With the approximation results above, we can derive the
generalization error for the Poisson equation and the static
Schrodinger equation through the localized analysis.

Theorem 2.4 (Generalization error for the Poisson equation).
Let u}, € H}(Q) solve the Poisson equation and u,, p be
the minimizer of the empirical loss &, p in the function class

F.
(1) For uy € B*(), taking F = Fp, 1(5|up || 52(c2)), then

with probability as least 1 — e™*
Ep(un,p) — Ep(up)

< CM?log M (mdlog" + <1>1+32d + t) (12
- n m ’

n

where C'is a universal constant and M is the upper bound
Jor || fllze= luplls2(e)-

3d
By taking m = (%) 264+ we have
Ep(un,p) — Ep(up)

4\ Z30e0 ¢ (13)
< CM?log M <) logn+ — | .
n n

(2) For up €
q)(NvaB||u}“Wk>w(Q))r
least 1 — et

Ep(un,p) — Ep(up)

<C ((NL)2(log‘NlogL)3 N (NL)74(k71)/d + t> 7
n n
(14)
where n > C(NL)*(log Nlog L) and C' is a constant
independent of N, L, n.

Wk (Q), taking F =
then with probability at

d
By taking N = L = n*d+2:=1) | we have

Ep(tn,r) — Ep(up) < C (ndi’;zzaog me L
(15)

The generalization error for the static Schrodinger equa-
tion shares a similar form with that in Theorem 2.4, but the
proof methodology differs. Although the method for the
Poisson equation is also applicable to the static Schrodinger
equation, it is quite complicated. Unlike (7), it can be seen
from (8) that the expectation of the empirical loss for the
static Schrodinger equation is the energy functional (5) in
Proposition 2.1 (2). This allows the use of local Rademacher
complexity after employing a new error decomposition ap-
proach.

Theorem 2.5. Let uy solve the static Schrodinger and u., s
be the minimizer of the empirical loss &, s in the function
class F.

(1) For u} € B*(), taking F = Fpn 1 (5||uk | g2()), then
with probability as least 1 — ™t

Es(un.s) = Es(uy) < CM? (% () %) )

(16)
where C'is a universal constant and M is the upper bound
Jor [ fllze< l[ug 20, [V os
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3d
By taking m = (%)*®4+D, we have

3(3d+1)
Es(un,s) — Es(uf) < CM? ((Z) logn + %
(17

(2) For wuj €
(I)(N7L7B||uz'||wk°°(ﬂ))’
least1 — et

Wk (Q), taking F = =
then with probability at

Es(un,s) — Es(ugy)
2 3
S C ((NL) (logNlogL) + (NL)—4(k—1)/d + E
n n
(18)

where n > C(NL)?(log Nlog L)? and C is a constant
independent of N, L, n.

1
By taking N = L = n4d+2:=1)  we have

Es(un,s) — Eslug) < C (ndi';;z(logn)ﬁ + ;) |
(19)

Remark 2.6. By utilizing the strong convexity of the en-
ergy functional and localized analysis, we improve the con-

2k—2
vergence rate n~ 4+%—41 as shown in Duan et al. (2021)

2k—2
to n~ @+2t=2_ Furthermore, when the solution belongs to
B%(92), our convergence rate (£ )2(3d+1> is faster than n™3
in Lu et al. (2021c) and expllcltly demonstrates its depen-

dency on the dimension.

In the setting of over-parameterization (i.e. m is large
enough), the generalization bounds in (14) and (16) become
meaningless. Fortunately, the function class of two-layer
neural networks in Proposition 2.2 (1) forms a convex hull
of a function class with a covering number similar to that
of VC-classes. Consequently, we can extend the convex
hull entropy theorem (Theorem 2.6.9 in (Vaart & Wellner,
2023)) to the H' norm, enabling us to derive meaningful
generalization bounds in this setting.

Proposition 2.7. Under the same settings in Theorem 2.4
(1) and Theorem 2.5 (1), we have that

(1) with probability at least 1 — e,

l_,rﬁ
EP(Un.P) — 5p(u*P) < (d%)l_‘—sdilﬁ—l (1) 2T 3(@a+1
| n

1\ *3 ¢
; () Lt
m n

(2) with probability at least 1 — e ¢,

1 %ij 1 1+% t
= +( = +-,
n m n

2n

(20)

(M)

Es(un,s)—Es(ug) S d

where < indicates a constant depending only on the upper
bound M defined in Theorem 2.4 (1) is omitted.

Remark 2.8. Due to the equivalence between H!-error and
the energy excess as shown in Proposition 2.1, we are able to
deduce the generalization error for both the Poisson equation
and the static Schrodinger equation under the ' norm. For
example, one can derive that for the Poisson equation, if
u’ € B(Q), then

3d+2

lten,p — uPHHl(Q) < CM?logM <( )2(3‘”“ logn + )
(22)

3. Physics-Informed Neural Networks
3.1. Set Up

In this section, we will consider the following linear second
order elliptic equation with Dirichlet boundary condition.

n Q,
(23)
u=g, ondfl,

where a;; € C(Q), b, e, f € L>®(Q), g € L>(99) and
Q C (0,1)% is an open bounded domain with properly
smooth boundary.

d d
- Z aijaiju + Z blﬁlu +cu = f,

i,j=1 i=1

In the framework of PINNSs, we train the neural network u
with the following loss function.

d d

o) = [ (= 3 as@)dyula) + Y b@oula)
7,j=1 =1
+elaute) — @)+ [ (o) - o)y
o0
(24

By employing the Monte Carlo method, the empirical ver-
sion of £ can be written as

Ly (u )':
12 !
Z Z aij (Xk)0iju(Xx) + > bi( Xi)Oyu(Xy,)
i,j=1 =1
T o(Xi)u(Xy) — F(X))? + 122 ‘Z (Yi)?.
(25)

where N = (N1, Na), {Xk}ﬁgl and {Yk}gil are i.i.d. ran-
dom variables distributed according to the uniform distribu-
tion U (2) on  and U (9Q) on 012, respectively.

Given the empirical loss £, the empirical minimization
algorithm aims to seek u which minimizes £y, that is:

uy € argmin Ly (u),
ueF

where F is a parameterized hypothesis function class.
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3.2. Main Results

We begin by presenting the approximation results in the F2
norm.

Proposition 3.1 (Approximation results in the H? norm).

(1) Barron space: For any f € B3(X), there exists a two-
layer neural network f, € Fo o(c| f|lBs (o)) such that

1 = Fmll 2y < el fllgr@m™G+s2), (26)

where Fp, 2(B) :={>_ vioa(wi -z +1t;) : |wil1 =1,t; €
i=1

(2

m

[—1,1), > || < B} for a positive constant B and c is a
i=1

universal constant.

(2) Sobolev space: For any f € W*>(Q) with k > 3 and
any integer K > 2, there exists some sparse ReLU® neu-
ral network ¢ € ®(L,W,S,B; H) with L = O(1),W =
O(K%),S = O(K%),B=1,H = O(1), such that

C
s 27)
where C'is a constant independent of K, ®(L, W, S, B; H)
denote the function class of ReLU? neural networks with
depth L, width W and at most S non-zero weights taking
their values in [—B, B]. Moreover, the W?°° norms of
Sunctions in ®(L, W, S, B; H) have the upper bound H.

[f(x) — ¢(2)| 20y <

The framework of PINNs can be regarded as a form of multi-
task learning (MTL), as a single neural network is designed
to simultaneously learn multiple related tasks, involving
the enforcement of physical laws and constraints within
the learning process. In contrast to traditional single-task
learning, MTL encompasses 1" supervised learning tasks
sampled from the input-output space X1 X Y1, -+ , Xr X Vr
respectively. Each task ¢ is represented by an independent
random vector (X, Y;) distributed according to a probabil-
ity distribution p;.

Before presenting our results, we first introduce some no-
tations. Let (X7, Y)Y, be a sequence of i.i.d. random
samples drawn from the distribution p; fort = 1,--- | T.
For any vector-valued function f = (f1,---, fr), we de-
note its expectation and its empirical part as

1 & 1 &
Pf .= f;Pft, Pnf = T;PNtft» (28)

where N = (Ny,---,Np), Pfy := E[f(X:)] and
Py, ft = N% 25\21 f:(X}). We denote the component-
wise exponentiation of f as f& = (f{,---, f%) for any
a € R. In the following, we use bold lowercase letters to
represent vector-valued functions and bold uppercase letters

to indicate the class of functions consisting of vector-valued
functions.

To derive sharper generalization bounds for the PINNs, we
require results from the field of MTL, with a core component
being the Talagrand-type concentration inequality. Yousefi
et al. (2018) has established a Talagrand-type inequality
for MTL. Of independent interest, we provide a new proof
based the entropy method. Moreover, the concentration
inequality derived from this method yields better constants
compared to those offered by Theorem 1 in Yousefi et al.
(2018).

Theorem 3.2. Let F = {f := (f1,---, fr)} be a class
of vector-valued functions satisfying max sup |f:(x)| <
1T pe iy,

b. Also assume that X := (Xti)(T’N‘)

(t,8)=(1,1
of Zthl N; independent random variables. Let {o}}
be a sequence of independent Rademacher variables. If

) is a vector

T
7 sup > Var(fi(X})) < r, then for every x > 0, with
feFt=1

T

probability at least 1 — e~ 7,

sup (Pf — Pn f)
feF

. xr 4\ bx
<ot oo enfF(+2) )
(29)

where n = miny<;<7 Ny and the multi-task Rademacher
complexity of function class F is defined as

1& 1 &
sup = > — ) FfARXH]. (30)
oy 13 Yot

=1

R(.’F) = Exyg

Moreover, the same bound also holds for sup g =(Pnf —
Pf).

Remark 3.3. In comparison with the concentration inequal-
ity provided in Yousefi et al. (2018), which is stated as

sup (Pf ~ P f) < AR(F) + [+ 22 3

FeF
our result exhibits improved constants by taking o = 1.

Note that the loss functions of the PINNs are all non-
negative, which facilitates the derivation of analogous re-
sults to those obtained in the single-task context. With the
results in MTL, the generalization error for the PINNs can
be established.

Theorem 3.4 (Generalization error for PINN loss of the
linear second order elliptic equation).

Let u* be the solution of the linear second order elliptic
equation and n = min(Ny, Na).

(1) If u* € B*(Q), taking F = Fp 2(cllu*|gs()). then
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with probability at least 1 — et

1 1\t
L(uy) < cCy (2, M) <m SLAL () n t) ,

n m n

(32)
where ¢ is a universal constant and Ci(, M) =
max{d?M?,C(Tr,Q), |Q|d*>M*+|0Q|M?}, C(Tr,Q) is
the constant in the Trace theorem for Q.

By taking m = P 2T , we have
3d+2
]_ 2(3d+1) t
L(un) < cC1(2,M) ((n) logn + n) . (33)

(2) If w* € WkX(Q) for k > 3, taking F =
®(L,W,S,B;H) with L = O(1),W = O(K%),S =
O(K%),B = 1,H = O(1), then with probability at least
1—e7t

Ki(log K +1 1\
c<uN>s0< CEFEEN (%) +1).

K n
(34)
where C'is a constant independent of K, N.
By taking K = n 2R , we have
_ 2k-—4 t
Lluny) < C|n @F2logn+ — | . (35)
n

Remark 3.5. The convergence rate n~ 727 is faster than
n_% presented in Jiao et al. (2021) and is same as that
in Lu et al. (2021b) for the static Schrodinger equation with
zero Dirichlet boundary condition. However, our result does
not require the strong convexity of the objective function.
More importantly, the objective function in Lu et al. (2021b)
only involves one task. Moreover, our method can be ex-
tended to a broader range of PDEs, as our approach does
not impose stringent requirements on the form of the PDEs.

Note that in certain cases, for instance, when Q2 = (0, 1)d,
the constant C'(T'r, ) is at most d, at this time, L(uy)
in Theorem 3.4 (1) only depends polynomially with the
underlying dimension. Moreover, when solutions belong to
Barron space, similar to Proposition 2.7, we can also derive
generalization bounds in the over-parameterized setting for
PINNSs. These bounds are omitted here for simplicity.

Although Theorem 3.4 provides a generalization error for

the loss function of PINNS, it is often necessary to measure

the generalization error between the empirical solution and

the true solution under a certain norm. Fortunately, from

Lemma C.11, we can deduce that

k12

luny —u ||H%(Q)

< Ca(|[Lun = flI72(0) + lun = gll72(90)) = Callun).
(36)

Therefore, under the settings of Theorem 3.4, we can obtain
the generalization error for the linear second order elliptic
equation in the H z norm. Note that here we require the
second-order elliptic equation (23) to satisfy the strong el-
lipticity condition and the boundary to possess a certain
degree of smoothness. For error estimates similar to (36)
for a broader class of PDEs, see reference Zeinhofer et al.
(2024).

For the PINNs, we only focus on the L2 loss, as considered
in the original study (Raissi et al., 2019). Actually, the
design of the loss function should incorporate some priori
estimation, which serves as a form of stability property
(Wang et al., 2022). Specifically, the design of the loss
function should follow the principle that if the loss of PINNs
L(u) is small for some function u, then u should be close to
the true solution under some appropriate norm. For instance,
Theorem 1.2.19 in Garroni & Menaldi (2002) shows that,
under some suitable conditions for domain €2 and related
functions a;;, b;, ¢, f, g, the solution u* of the linear second
order elliptic equation satisfies that

ey < € (12 + 19l 13 ey ) - D)
Thus, if we apply the loss
Llw) = 1Lu = iz + lu =9l o 3B

we may obtain the generalization error in the H? norm.
However, this term || g||H% o%) is challenging to compute
because it also requires ensuring Lipschitz continuity with
respect to the parameters, which is essential for estimating
the covering number. We leave this as a direction for fu-
ture work. On the other hand, some variants of PINNs do
not fit the standard MTL framework. For instance, within
the extended physics-informed neural networks (XPINNs)
framework, to ensure continuity, samples from adjacent
regions have cross-correlations. The detailed theoretical
framework for XPINNs remains an area for future research.
And the detailed future directions and limitations of this
work are deferred to the Discussion section of the appendix.

4. Conclusion

In this paper, we have refined the generalization bounds
for the DRM and PINNs through the localization tech-
niques. For the DRM, our attention was centered on the
Poisson equation and the static Schrodinger equation on
the d-dimensional unit hypercube with Neumann boundary
condition. As for the PINNs, our focus shifted to the gen-
eral linear second elliptic PDEs with Dirichlet boundary
condition. Additionally, our method is adaptable to a wider
variety of PDEs, such as time-dependent ones, since our
approach is not constrained by the form of the PDEs. In
both neural networks based approaches for solving PDEs,
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we considered two scenarios: when the solutions of the
PDEs belong to the Barron spaces and when they belong
to the Sobolev spaces. Furthermore, we believe that the
methodologies established in this paper can be extended to
a variety of other methods involving machine learning for
solving PDEs.
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Appendix

The Appendix is organized into four parts: Proof of Section 2, Proof of Section 3, Auxiliary Lemmas, and Discussion.

A. Proof of Section 2
A.1. Proof of Proposition 2.2

The proof follows a similar procedure to that in Barron (1993), but the method in Barron (1993) can only yield a slow rate of
approximation. We start with a sketch of the proof. For any function in the Barron space, we first prove that it belongs to the
H'(Q) closure of the convex hull of some set. Then estimating the metric entropy of the set and applying Theorem 1 in
Makovoz (1996) (see Lemma C.4) leads to the fast rate of approximation.

For the function f € B2%((2), according to the definition of Barron space, we can assume that the infimum can be attained at
the function f.. To simplify the notation, we write f. as f, since fe|q = f. From the formula of Fourier inverse transform
and the fact that f is real-valued,

f(z) = Re /]Rd e f(w)dw
—R iwx ,i0(w)| £ d
e/Rd e e | f(w)|dw

:1éfmwwx+wwnﬂwmw (39)

_ Beos(w -z + 6(w)) "
T e e M

- [ (@),

where B = [, (1 + |w[1)?|f(w)|dw, A(dw) = w is a probability measure , ¢?(“) is the phase of f(w) and

_ Beos(w -z + 0(w))
e (R

(40)

From the integral representation of f and the form of g, i.e. (39) and (40), we can deduce that f is in the H() closure of
the convex hull of the function class

Gn(5) = {

Bcos(w -z +1t)

: REteRY. 41
T+ Y€ ’e} @D

It could be easily verified via the probabilistic method. Assume that {w;}?_; is a sequence of i.i.d. random variables
distributed according to A, then

E

1 (x) 12%%@@%4

/Q]E
%/varwcmwndx+né/QIW«?MJVg@awﬂﬁh

E T,w 2.
< [lg(@,w)l% (Q)]

|ﬂm—iihuMM?HVﬂm—igﬁmuwmﬂw

n
2B2

b

<
n

where the first equality follows from Fubini’s theorem and the last inequality holds due to the facts that |g(z,w)| < B and
|Vg(z,w)| < B forany z,w.
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Then, for any given tolerance € > 0, by Markov’s inequality,

n

17) = 3 gl

i=1

2B2

<=

P <||f($) - %ZQ(%W:‘)HH%Q) > 6) < ;QE

i=1

ne

By choosing a large enough 7 such that 27522 < 1, we have
1 n
P 1f(@) =~ g(ww)lame <e| >0,
i=1

n
which implies that there exist realizations of the random variables {w;}?_; such that || f(x) — %L > 9(z,wi)la o) <e
i=1
Therefore, the conclusion holds.

Next, we are going to show that those functions in G.,s(B) are in the H'(£2) closure of the convex hull of the function class
F5(5B) U Fy(—5B) U {0}, where

Fo(b) :i={bo(w -z +1):|w); =1,t€[-1,1]} 42)
for any constant b € R.

Note that although G.,s(B) consists of high-dimensional functions, those functions depend only on the projection of

B cos(w-z+t)

multivariate variable x. Specifically, each function g(z,w) = € Geos(B) is the composition of a one-

(I+]w1)?
dimensional function g(z) = % and a linear function z = ﬁ -z with value in [—1, 1]. Therefore, it suffices to

prove that the conclusion holds for g(z) on [—1, 1], i.e., to prove that for each w, g is in the H*([—1, 1]) closure of convex
hull of F1(5B) U FX(—5B) U {0}, where

Frb):={bo(ez+t):e=—1or1,te[-1,1]} (43)
for any constant b € R. Then applying the variable substitution leads to the conclusion for g(z,w).

In fact, it is easier to handle that in one-dimension due to the relationship between the ReLU functions and the basis function
in the finite element method (FEM) (He et al., 2018), specifically the basis functions in the FEM can be represented by
ReLU functions. To make it more precise, let us consider the uniform mesh of interval [—1, 1] by taking m + 1 points

—l=xg<r1< - <xTpy =1,

and set h = % -1 =—-1—h,xm+1 =1+ h. For 0 < i < m, introduce the function ;(z), which is defined as follows:
1 .
E(Z —zi—1), if 2z €[zi1, 2],
(=171 .
#i2) E(z”l —z), if z €[z, zipa), “44)
0, otherwise.
Clearly, the set {¢o,- - ,m} is a basis of P}, which is a vector space of continuous, piece-wise linear functions (P
Lagrange finite element, see Chapter 1 of Ern & Guermond (2004) for more details). And ¢; can be written as
o(z—2zi_1)—20(z—2z;)+0(z— 2z

Now, we are ready to present the definition of interpolation operator and the estimation of interpolation error (Ern &
Guermond, 2004) (Proposition 1.5 in Ern & Guermond (2004)).

Consider the so-called interpolation operator

Iy :ve C([=1,1]) = > _v(zi)pi € Py (46)
1=0

14
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Then for all h and v € H?([—1, 1]), the interpolation error can be bounded as

o = Zyvllp2(1,)) < B2v lL2o1a and v — (Zyv) l2e1a)) < Bllv [l2-1,1))- (47)

By invoking the interpolation operator and the connection between the ReLU functions and the basis functions, we can
establish the following conclusion for one-dimensional functions.

Lemma A.1. Let g € C%([—1,1]) with ||g®)| L~ < B for s = 0,1,2. Then there exists a two-layer ReLU network g,, of

the form
6m—1

gm(2) = Y aiolez+t), (48)
i=1
with |a;| < 22, ; € {—1,1}, 1 <i < 6m — 1 such that
4v2B
lg = gmllar(-11)) < o 49)

Therefore, g is in the H*([—1,1]) closure of the convex hull of F1(5B) U F1(—5B) U {0}.

Proof. Note that from (45) and (46), the interpolant of g can be written as a combination of ReLU functions as follows

m
Z Zz QDZ

_ ig(Zi)o(z —zi—1) —20(z — 2z;) +o(z — zi41)

h
= 50
_ 9(0)(alz = 2o1) = 20(2 — 20)) | g(z1)olz = 2) mz_:l 9(zi—1) — 29(2i) + 9(zi11) (2 — 2) 0
- h h o h A
_ 9(20) + g(zl) ; g(ZO)U(Z _ ZO) + mi g<zi*1) - 29221) + g(zi+1)o,(z _ Zz)

By the mean value theorem, there exist £y € [z, z1] and &; € [z;_1, zi41] for 1 < i < m — 1 such that g(z1) — g(20) =
g (€o)hand g(zi—1) — 29(2i) + g(zit1) =g (&)h* for1 <i<m —1.

Therefore, Z} (g) can be rewritten as
m—1
Th(9) = g(20) + 9 (Lo)a(z — 20) + Y _ g (&)o(z — z)h. (51)
i=1

On the other hand, the constant can also be represented as a combination of ReLU functions on [—1, 1]. By the observation
that o(z) + o(—z) = |z|, we have that for any z € [—1, 1]

14z 4+ 1 — 2| _U(Z—I—l)-i—o’(—z—1)+U(—Z+1)+0’(Z—1)-

1= = 52
5 5 (52)
Plugging (52) into (51) yields that
_ig oz4+1)4+o(—2—1)4+0(—2+1)+0(2—1)) Zg (&o)o z—zo)
B p 2m
T (53)
— 2¢" (&)o(z — zz)
+ PR T A S
i=1

15
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Combining the expression of I,% (g) and the estimation for interpolation error, i.e. (53) and (47), leads to that there exists a
two-layer neural network g,, of the form

6m—1
gm(2) = T (9) = Z aio(€iz +t;),
i=1

6m—1
with [a;] < 2B, 3 Ja;| < 5B, |t;| <1, € {—1,1},1 < < 6m — 1 such that
1=1

4/2B

19 = gmllar(=11]) < e

O

Although the interpolation operator can be view as a piece-wise linear interpolation of g, which is similar to Lemma 18 in Lu
et al. (2021c), our result does not require g/ (0) = 0 and the value of g at the certain point is also expressed as a combination
of ReLU functions. Specifically, the g,,, in Lemma 18 of Lu et al. (2021c¢) has the form g,,(z) = ¢+ ZZZZZ a;o(€;z +t;),
where ¢ = ¢(0) and they partition [—1, 1] by 2m points with zg = —1, 2, = 0, 22, = 1. And our result can also be

extended in W1°°([—1, 1]) norm like Lemma 18 of Lu et al. (2021c). Note that on [2;_1, 2]

Zy — 2

2= Zi—1

Ii(g)(z) =g(zi-1) A )

which is the piece-wise linear interpolation of g. Then by bounding the remainder in Lagrange interpolation formula, we
2 "
have ||Ih(g) - g||L°°[Zi—lwzi] < %Hg ||L°°[Zi—l,zi] and

+9(zi)

@) () — g ()] = | L2 g

’ ’ 54
<lg'(6) — g (=) oY
< h”g HL°°[27‘,—1,Z1’]7

where the first inequality follows from the mean value theorem.

Therefore, [|Z} (9) — gllwr. (1,1 < 2£.

Lemma A.1 implies that for any w, the one-dimension function g(z) = W is in the H'([—1,1]) closure of
convex hull of F1(5B) U F1(—5B) U {0}. Then applying the variable substitution yields that those functions in G..s(B)
are in the H'(€2) closure of the convex hull of the function class F, (5B) U F,(—5B) U {0}. Specifically, for any function

h:R — Rand w € R? with |w|; = 1, without loss of generality, we can assume that w; > 0. Then for the integral

|h(w-x)\2dac:/ Ih(w - 2)2de,

Q [0,1]
lety; =w-x,y2 = X2, -+ ,Yq = T4, We have
) 1 1 wa Y2+ Wy Ya+wi ) 1 1 )
/ |h(w - z)[*de = — / |h(y1)|°dyy - - - dya < 7/ |h(y1)["dy.
[0,1]4 w1 Jo w2 Y2+ WdYd w1 J-1

Therefore, the conclusion holds for G.,s(B). Recall that f is in the H(Q) closure of the convex hull of G.,s(B), thus we
have the following conclusion.

Proposition A.2. For any given function f in B*(Q), f is in the H'(Q) closure of the convex hull of F (5| f||2(c)) U
Fo(=5fllB2(0)) U{0}, i.e., for any € > 0, there exist m € N and w;, t;, a;,1 < i < m such that

IIf(z) — Zaia(wi x4+ t) || o) <€ (55)

i=1

where |wily = 1,t; € [-1,1],1 <i <mand ) |a;| < 5||f||2(q)-
i=1
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Proposition A.2 implies that functions in B2(£2) can be approximated by a linear combination of functions in F,(1).
Recall that 7, (1) = {o(w -z + 1) : w1y = 1,¢ € [-1,1]}. For simplicity, we write F,, for F,(1).

Then to invoke Theorem 1 in Makovoz (1996) (see Lemma C.4), it remains to estimate the metric entropy of the function
class F,, which is defined as

en(Fy) := inf{e : F, can be covered by at most n sets of diameter < e under the H* norm}. (56)
By Lemma C.6, we just need to estimate the covering number of F,, which is easier to handle.
Proposition A.3 (Estimation of the metric entropy). Forany n € N,
1

en(Fo) < cn~3d,

where c is a universal constant.
Proof. For (w1, t1), (wa,t2) € OB{(1) x [—1,1], we have
lo(wr -z +t1) = o(w2 - @+ t2)|[ 10
= /Q lo(wy -z +t1) —o(we -z + tg)\2dz + /Q |Vo(wy -z +1t1) — Vo(ws -z + t2)|2daz

< / (w1 —wa) - @+ (t1 — ta)[Pda +/ w1 L (o, w1200 = Wol s at 0y [*da
Q Q

(57)
< 2(|wr — walf + [t — t2]?) +/Q (w1 = w2) T oy ity 50y + W2 (L atty 20} — Huwn-attaz0p)|Pd

< 2(Jwr — walf + [t — t2]?) + 2fwr — walf + 2/ L wr-o46:50) — Lws-aorta0 | d
Q
< A(lwr — walf + [t — t2]?) + 2/ (o 40220) = L at 03 da,
Q

where the first inequality is due to that o is 1-Lipschitz continuous, the second and the third inequalities follow the from the
mean inequality and the fact that the 2-norm is dominated by the 1- norm.

It is challenging to handle the first and second terms simultaneously due to the discontinuity of indicator functions, thus we
turn to handle two terms separately. Note that the first term is related to the covering of 9B¢(1) x [—1, 1] and the second
term is related to the covering of a VC-class of functions (see Chapter 2.6 of Vaart & Wellner (2023) or Chapter 9 of Kosorok
(2008)). Therefore, we consider a new space G; defined as

gl = {((wvt)7l{w-w+t20}) we 83(11(1)775 € [_lv 1]}
Obviously, it is a subset of the metric space

g2 = {((wlvtl)al{wg-ertzZO}) Wi,Wwo € 83?(1),&,1‘52 S [—1, 1}}

with the metric d that for b, = ((wi,ti), I{wé.mézo}) by = ((w%,t%), Tz +t§20}),

d(b1,b2) == \/2(|W% —wilf + 1 = 81?) + [ wtoraz0r — Luzorzzoyll L2 )

The key point is that G, can be seen as a product space of 9B{(1) x [~1, 1] and the function class F; := {240}
(w,t) € OB{(1) x [~1,1]} is a VC-class. Therefore, we can handle the two terms separately.

By defining the metric d; in 9B¢(1) x [—1,1] as

dy (W} 1)), (3. 8)) = /201t — w2 + |t~ 82]2)
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and the metric ds in F; as

da (I{w;-mézowI{w%»m%zO}) = Mwt-artsz0y = Iwgorezzoy 2 ),
the covering number of G, can be bounded as

N(G2.d.e) < N@BI(1) x [-L.1].d, 5) - N (Frda, 5).

As F7 is a subset of the collection of all indicator functions of sets in a class with finite VC-dimension, then Theorem 2.6.4
in Vaart & Wellner (2023) implies

2d
N(Fi,da,e) < K(d+1)(4e)* (2>

€

with a universal constant K, since the collection of all half-spaces in R< is a VC-class of dimension d + 1 (see Lemma
9.12(i) in Kosorok (2008)).

By the inequality +/|a| + |b] < +/|a| 4+ +/|b|, we have

V2wt — 2 4 18— 212 < VE(lwh — R+ 1 2)),

therefore

N@B(1) x [~1,1],dy,¢) < N (@B, |- |, ge) N1, ge).

Combining all results above and Lemma C.5, we can compute an upper bound for the covering number of G;.

N(Gr,d,€) < N(Ga.d, §>

€

< N@BI(1) x [-1,1].d1, ) - N (Fr.da, )

4
< N@B{. |- 10 L0 N1 | L2 N (T, )
e 3d
< K(d+1)(e)™ (2) 7

where c is a universal constant.
Therefore, applying Lemma C.6 yields the desired conclusion.

Note that in Proposition 2.2, we require t; € [—1, 1) instead of ¢; € [—1, 1] due to the measurability (see Remark A.4). At
this time, the approximation result does not change. In fact, for any w € R, taking a sequence {,, } ,n that is monotonically
increasing and tends to 1, we can deduce that |lo(w - = + &) || g1 (@) — [|o(w - 2 + 1) g1 (q). It suffices to prove that

/Q |I{w»z+t7,20} - I{w~w+120}|2dx = /Q |I{w-m+tn>0} - I{L«J~w-|—1>0}|2d9j — 0.

Since the function ¢ — Iy, <4 is left-continuous for any v € R, so that Iy, 14,501 = I{w.z+1>0} forall z € €. Then,
applying the dominated convergence theorem leads to the conclusion. O

A.2. Proof of Theorem 2.4

The proof is based on a new error decomposition and the peeling method. The key point is the fact that fQ u*(z)dz =0,
thus for any u € H(Q),

</Q u(m)dm)2 = </Q(u(x) — u*(x))dm)2 < /Q(u(x) — u*(m))2dx < Ju— u*Hip(Q), (58)
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which implies that if u is close enough to w* in the H' norm, then ( fﬂ da:) is also proportionately small. Furthermore,

2
n
if u is bounded, we can also prove that the empirical part of (fQ dx) , L.e., (}1 > u(XZ)> is also small in high
i=1
probability via the Hoeffding inequality.
In the proof, we omit the notation for the Poisson equation, i.e., we write £ and &,, for the population loss £p and empirical
loss &, p respectively. Additionally, we assume that there is a constant M such that |u*|, |[Vu*|, | f| < M.

Assume that w,, is the minimal solution obtained by minimizing the empirical loss &, in the function class F, here we just
take F as a parameterized hypothesis function class. When considering the specific setting, we can choose F to be the
function class of two-layer neural networks or deep neural networks. Additionally, we assume that those functions in F and
their gradients are bounded by M in absolute value and 2-norm.

Recall that the population loss and its empirical part are

£ = [ [Vu@)Pde— [ 2f@ua)do + ( /Qu@)dx) )
and 2
= %Z Vu(X;)|? — %Zf(xi)u(xi) + (; Zu(XQ) , (60)
=1 i=1 i=1

By taking ur € argmin, ¢ r [[u — u*|| g1 (q), we have the following error decomposition:

= A (un) + A(En(un) — Enlur)) + Ap(ur) — E(u”)
E(un) — An(up) + An(ur) — E(u)
E(un) = An(un) + MEn(ur) — En(u”)) + An(u”) — ( ") (61)
= (E(un) — E(u")) = A(€n(un) — En(u”)) + AMEnlur) — (u*))
< sup[(€(u) — E(u")) = A(€n(u) = En(u™))] + MEn(ur) — En(u’)),

where the first inequality follows from the definition of u,, and X is a constant to be determined.
In the following, we estimate the two terms separately.
Rearranging the term &, (ur) — &, (u*) yields

En(ur) — E(u)

n n

S Vur (X + (jl Zufom) -2 FXur(X)
i=1 i=1

3

i=1

- [jl SV (P o+ (D (X)) izﬂxim*m)]
i 3 =1 =1 (62)
= Z (IVur(X)? = 2f (Xi)ur (X)) — (IVa* (X0 = 2f(Xi)u*(X,))]
L=11 ) ) 1 ) ,
<n ZWX”) B <n Z“*(Xz?)
= ¢p + 97,

where in the last equality, we denote the right two terms in the second equality as ¢} and ¢? respectively.

Define

h(z) = (Vur(@)]® = 2f (2)uz(2)) — (Vu* (@)]* - 2f(2)u* (),
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then by the boundedness of ur, |Vuz|, u*,|Vu*| and f, we can deduce that

app

Var(h) < P(h?) <8M?|lur — u*||}1(q) = 8M?e.,, and |h — E[h]| < 2sup |h| < 12M?, (63)

where €, denotes the approximation error in the H' () norm, i.e., €app = [[ur — u* | g1 ().

Therefore, from Bernstein inequality (see Lemma C.1) and (63), we have that with probability at least 1 — e,

n

b= MV (X — 27 (X (X0) — (Va* () — 2 (X (X))
< E[h(X)] + 24M2t63pp 4M?t

i (64)

n
2
N [24 M2t 4AM?t
= (‘:(u]:) — S(U ) — (/Q u;da:) + TGZPP + n

M3t
§0(62 +>,
n

app

where the last inequality follows by the basic inequality 2v/ab < a + b for any a, b > 0 and Proposition 2.1.

ot
> oM ) < 2¢7t
n

For ¢2, the Hoeffding inequality (see Lemma C.2) implies

1 n
pP ( E;uf(Xl) - /Qu}-(x)dx

Therefore with probability at least 1 — 2e~¢,

" 2
o = (;Zuf()ﬁ)) - (n _
1 & ’
< <n ZUF(X1)>

i=1

H
g
g*
=
N
[\v]

(65)
n 2
<2( (=) ur(z) —/ ur(z)dx| + / ur(z)dx
M?t
<Clé&,,+—
ol )
Combining the upper bounds for ¢} and ¢2, i.e. (64) and (65), we can deduce that with probability as least 1 — 3e~*,
M?t
En(ur) —En(u) S C (€2 + — |- 66
(U]:) (u )— (eapp—’_ n ) (66)
Plugging this into the error decomposition (61) yields that with probability as least 1 — 3e ¢,
E(up) —E(w™) < sup [(E(u) — E(u™)) = A(En(u) = En(u”))] + AC | €5, + - (67)
ueF

For the first term in the right of (67), we employ the peeling technique to establish an upper bound for it.

Let pg be a positive constant to be determined and py, = 2p;_; for k > 1.

Consider the sets Fj, := {u € F : pp_1 < [[u — u*|[}1q) < pr} fork > Land Fo = {u € F : [Jlu — u*|[}1 ) < po} for
k=0.
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The boundedness of the functions in F, v* and their respective gradients implies that

M2
K :=maxk < Clog —,
Po

since prc = 2% po and supye r [lu — u*||31 ) < 4M>.

Then for the fixed constant ¢ € (0, 1), set 0y, = KLH for0 < k < K.

From Lemma C.8, we know that with probability at least 1 — Jy,

sup (€(u) = E(u?)) = (Enlu) = En(u”))

u€Fy

2 2 M2py, log +
SC(QM loi@ﬂ\/ﬁ) +\/M pkal(:lg@ﬁ\/ﬁ) JrW (68)

M?log 5+ aM2p,  4b
k
1 __
* n + n 08 M)’

where «, 3, a, b are constants depending on the complexity of F (see the definitions in Lemma C.8).

Note that
pr < max{po, 2pk—1}

< max{po, 2u — u* [ 0}

(69)
< max{po, 2Cp(E(u) — £(u"))}
< po +2Cp(E(u) — E(u"))
holds for any v € Fj, and
1 1 1 2
log — = log K+l <log — + C'loglog % (70)
Ox; 1 1 0o

Therefore, setting po = 1/n, then with (69) for py, for the right terms in (68), we can deduce that the following inequality
holds for all u € Fy,.

C\/M%kozlog(%\/ﬁ)
n

< C\/MQ(po +2Cp(&(u) ;5(U*)))alog(25\/ﬁ)
cc \/M?poalog@ﬂﬁ) Lo \/2M20p(8<u> — E(ur))arlog(28y/n)
- n n (71)
(S(u) —E(u*) n 2CMszalog(2ﬁ\/ﬁ))

4C n
_EW —EW) | o \/M%oalog(?ﬁx/ﬁ) | M2Cpalog(28vi),

4 n n

< E(u) —45(u*) n C’MQC?I:ozlog(QB\/ﬁ)7

2
< C\/M poalzg(%\/ﬁ) LC

where the third inequality follows from the basic inequality 2v/ab < a + b for any a, b > 0.

Similarly, with the upper bound for log 5%-,’ i.e. (70), we can deduce that

1 *
c\/m < S E) CCpM?(log § + loglog(nd?)) )
n n

M?log 5- _ M?(log 3 + log log(nM?))
n - n

(73)
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and
2 —EWw*) CM?*Cpalog i
C M Pk logib < 8(u) E(U ) + PG 10g 77 . (74)
M 4 n

Combining (71), (72), (73), (74) and (68) yields that with probability at least 1 — §j, for all u € Fy,

(E(u) — E(u")) — 4(En(u) — En(u™))

<C <M20palog(26\/ﬁ) | CCpM?(log 5 + loglog(nd?)) M?Cpalog Z‘?) (75)

- n n n ’

Note that Zf:o 0 = 0, therefore the above inequality (75) holds with probability at least 1 — § uniformly for all v € F,
ie.,

sup(E(u) — E(u”)) — 4(En(u) — En(u™))

ueF
s <M20palog(26\/ﬁ) . CpM?2(log 1 + loglog(nM?)) . M2Cpalog ﬁg) (76)
—_ n .

n n

By taking A = 4 and § = e~! in (76), together with the error decomposition (61), we have that with probability at least
1 —4e7t,
E(un) — E(u7)
4b
<c (MQC’palog@ﬁ\/ﬁ) N CpM?(t + loglog(nM?)) N M?Cpalog 3% L M2t> ' (77)

n n n app n

From Lemma C.9, we know that

(1) when F = fm,1(5||u}3||32(g)),
b=cM,a=cmd, B =cM? a=cmd,

where c is a universal constant.

(2) when F = ®(N, L, Blju}p || wr.(a))-
b=Cn,a=CN?L*(log Nlog L), 8 = Cn,a = CN%L?*(log N log L)?,

where n > CN2L?(log N log L) and C is a constant independent of N, L.

Finally, recall the tensorization of variance:

Var[f(X1, -, Xn)] <E iVarif(X1,~- , Xn)

i=1
whenever X1, --- , X, are independent, where
Varif(zy,-- ,xn) == Var[f(xy, - i1, Xi, Tig1,- -, Tn)]

Combining this fact and the observation of the product structure of [0, 1]¢ yields that the Poincaré constant is a universal
constant.

Hence, the conclusion follows.

Remark A.4. In the proof of Theorem 2.4, we have made an implicit assumption that the empirical processes are measurable.
Typically, when considering some empirical process, corresponding functions are Lipschitz continuous with respect to the
parameters and the parameter space is separable, thus the measurability holds directly. However, in our setting where ReLU
neural networks are used in the DRM, the functions fail to satisfy the Lipschitz continuity with respect to the parameters.
Thus, it’s necessary to discuss the measurability of the empirical processes. For simplicity, we only consider the two-layer
neural networks.
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Here, we require the concept of pointwise measurability. Recall that a function class F of measurable functions in X is
pointwise measurable if there exists a countable subset G C F such that for every f € F, there exists a sequence {g,,} € G
with g,,(z) — f(z) for every x € X (see Chapter 2.3 in Vaart & Wellner (2023) or Chapter 8.2 in Kosorok (2008)).

Note that when applying two-layer neural networks in the DRM, the term Iy,,.;1¢>0; is not Lipschitz continuous with
respect to w and ¢. Fortunately, we can adapt the proof of Lemma 8.12 in Kosorok (2008) to show that the function class is
pointwise measurable. Specifically, consider the function class

g = {I{—wwgt} Pwe 3Bil(1) N Qdat € [71v 1) N Q}7
where Q is the set consisting of all rationals.
Fix w and ¢, we can construct {(w,t,,)} as follows: pick w,, € dB{(1) N Q¢ such that |w,, — w|; < 1/(2m) and pick
tm € (t+1/(2m),t + 1/m]. Now, for any = € [0, 1], we have that
I{fwm-mgtm} = I{fw-xgthr(wmfw)m}'

Since |(wm — w) - 2| < Jwm — w|1 < 1/(2m), we have that r,,, := t,, + (W —w) - & — ¢ > 0 for all m and r,,, — 0 as
m — o00. Note that the function ¢ — I, <;y is right-continuous for any u € R, so that I1_,, <.} — L{_u.2<¢) forall
x € [0, 1]¢. Thus, the pointwise measurability is established.

Therefore, for the function class of two-layer neural networks F,,, 1(B),

Fm1(B) = {Z%a(wi-x—kti) el =16 € [1,1),) |l < B},
=1 =1

we can pick 7;, w;, t; to be rationals. To prove the measurability for the empirical processes of the form sup,,¢ = (€(u) —
A&, (u)), where F is related to ReLU functions and their gradients, it remains to focus on the term P f.

Note that for u, & € F,, 1(B) with the forms

u(z) = Z’yia(wi cx+t;), u(x) = Z’%U((IJ? x4 1),

we have that
|P(|Vul? = 2fu) — P(IVa[* — 2fa))|

< C(P|Vu — Va| + Plu — 1))

<cC (Z Iyi — Fil + lwi — il1 + [ti — L] + P, art;>05 — I{@i.w+tii>o}|> .

i=1

The dominated convergence theorem implies that

Pll{w-ertZO} - I{wm-erth()}l — 0.
Therefore, with a little abuse of notation, we have sup,,c (€ (u) — A&, (u)) = sup,cg(E(u) — A&, (u)), which implies that
the empirical processes in the proof of Theorem 2.4 are measurable, as the parameters in F can be replaced by rationals.

A.3. Proof of Theorem 2.5

Proof. For the static Schrodinger equation, we can also use the method in the proof of Theorem 2.4 or other methods in Lu
et al. (2021b), Lei et al. (2025) and Farrell et al. (2021), due to the similarity between the problem and the generalization
error of L2 regression with bounded noise. However, the methods mentioned above are quite complex. Here, we provide a
simple proof through a different error decomposition and LRC, which can be easily adapted for other problems with similar
strongly convex structures.

As before, in the proof, we write £ and &, for the population loss £s and empirical loss &,, s respectively. Additionally, we
assume that |u*|, |Vu*|,|V]|,|f| < M for some positive constant M.
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Recall that

u* = argmin £(u) := / |Vul? 4+ V|u|?dz — 2/ fudx (78)
ueH () o Q

and u,, is the minimal solution to the empirical loss &, in the function class F. We also assume that sup,c lul,
sup,er |Vu| < M.

Through an error decomposition, the same as that for the Poisson equation (61), we have

E(uy) —EW) = E(un) — An(un) + AMEn(un) — En(ur)) + Apn(ur) — E(u*)
) — An(un) + A (ur) — S(u*)

=2
&
\
>
&
s
+
,><
™

n(Un ur) = En(u®)) + A& (u”) — ( Y (79)
= (E(un) = E(u?)) - A(c‘?n(un) - (u*)) + A(En(ur) - ( )
< sup|(€(u) = E(u)) = AEn(u) = En(u))] + AMEn(ur) — Enlu?)),

where the first inequality follows from the definition of u,, and A is a constant to be determined.
Let €4pp = |lur — u*|| 1 () be the approximation error.

From the Bernstein inequality, we can deduce that with probability at least 1 — e~*

2tVar(g) n tllgllLe

(En(ur) = En(u”)) — (E(ur) — E(u7)) < - 3 (80)
where
9(x) = (Vuz* + V(@) lur(@)]® - 2f(@)ur(z)) - (Vo (@) + V(2)[u* ()] - 2f(x)u" (2)).
From the boundedness of uz, u*, Vur, Vu*, f and V, we can deduce that |g| < 8 M? and
Var(g) < Pg* < cM?||ur — u*||§{1(9) = CMQEZPP‘ (81)
Therefore, plugging (81) into (80) yields that with probability at least 1 — e~*
2tcM?2e2 StM?
Enlur) —E(u*) < cegpp + L+
n 3n
; (82)
<ol & tM
= app n 9
where the first inequality follows from Proposition 2.1 and the second inequality follows from the mean inequality.
Plugging (82) into the error decomposition (79) yields that
. . M?t
E(up) —E(u) < sug[(f(u) — &) = AEn(u) — En(u™))] + Ac Eapp + - (83)
ue

holds with probability at least 1 — e~*.

Note that (£(u) — E(u*)) — A(En(u) — E,(u™)) can be rewritten as
(E(u) — E(W™)) — MEn(u) — En(u™)) = Ph— AP, h, (84)

where h(z) := (|Vu(z)|? + V(z)|u(@)]? — 2f (z)u(z)) — (|Vu* (2)|* + V(2)|u*(z)]* — 2f (z)u*(z)). And the form (84)
motivates the use of LRC.

To invoke the LRC, we begin by defining the function class
M= {(|Vu(@)]? + V(@)|u(@)? - 2f(@)u(x)) = (IVu* (@) + V(2)|u" (@) - 2f(2)u"(2)) : uw e F}
and a functional on H as T'(h) := Ph?. It is easy to check that

Var(h) < T(h) < cM?Ph, (85)
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as Ph? < cM?||lu — u* ||} gy < cM?(E(u) — E(u*)) = cM?Ph. It implies that the functional T satisfies the condition
of Theorem 3.3 in Bartlett et al. (2005).

Following the procedure of Theorem 3.3 in Bartlett et al. (2005), we are going to seek a sub-root function and compute its
fixed point.

Define the sub-root function

M*logn
n )

Y(r) := 80M>ER,,(h € star(H,0) : Ph? < r) + 704 (86)

where star(H,0) := {ah : a € [0,1],h € H} and invoking the star-hull of H around 0 is to make 1 to be a sub-root
function.

Next, our goal is to bound the fixed point of .
If 7 > (), then Corollary 2.2 in Bartlett et al. (2005) implies that with probability at least 1 — 1

{h € star(H,0) : Ph? <r} C {h € star(H,0) : P,h* < 2r},

and thus e
8
ER,(h € star(H,0) : Ph? <r) <ER,(h € star(H,0) : P,h? < 2r) + (87)
n
Assume that 7* is the fixed point of 1), then
M*41
= (") < eMPER, (h € star(H,0) : Pyh% < 27%) + cTOg”, (88)

where we use a universal constant ¢ to represent the upper bound for the constants in the definition of ¢ (r), i.e. (86).
To estimate the first term in (88), we need the assumption about the empirical covering number of H.

Assumption A.5. For any € > 0, assume that
ﬂ «
NH, Ly(P),e) < [ =] a.s.,

for some constant 3 > supy,cq | b

Then by Dudley’s theorem,
Ro(h € star(H,0) : P,h? < 2r%)
V2r*

< —E V1og N (e, star(H,0), Lo (P,))de

c ‘/F 2
—E logJ\/ JH, La(P)) ( + 1) de

Vars |
\/>/ log de
« 7 1
:cﬁ\/;/o Ulog E de
c\/a r*lo (
n S\

r*log (\]\625

where the fourth inequality follows from Lemma C.7 and the last inequality follows by the fact that 7* = (") > c%.
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/ M*logn
r* <cM - r 10g<]w2 +c - ,
. e V/np logn
r* <cM (nlog<M2>—|— n )

The final step is to estimate the empirical covering numbers of the function classes of two-layer neural networks and deep
neural networks, i.e., to determine « and 3 for F = F,, (5|u§|g2(q)) and F = ®(N, L, Bl|ug|lw1.(0))-

Therefore,

which implies

(1) When F = Fyy, 1 (5]|us |32 (2) ), estimation of the covering number of # is almost same as the estimation of G for the
two-layer neural networks in Lemma C.9 (1). It is not difficult to deduce that o = emd, 3 = cM?2. For simplicity, we omit
the proof.

(2) When F = ®(N, L, Blju%||wr.(q)), we can also deduce that « = CN?L?*(log Nlog L)?, 3 = Cn by a similar
method as that in Lemma C.9 (2).

As aresult, given the upper bound for r*, applying Theorem 3.3 in Bartlett et al. (2005) with \ = 2 allows us to reach the
conclusion. [

A.4. Proof of Proposition 2.7

Proof. (1) We first consider the setting of Poisson equation. From Lemma 2.5 in (Mendelson, 2002), we can obtain that for
bounded function class F, if

«
7p )

Rn(fefzpﬁsmgcmax{?*/a n—%rﬁ”,(zﬁp) n+} (89)

log N (F, La(P), €) <

)

then

where « > 2,0 < p < 2 and C' only depends the upper bound for the functions in F.

Compared to the original Lemma 2.5 in (Mendelson, 2002), here in (89), we provide the result with explicit dependence on
a, p.

Note that Theorem D.2 implies that « = C'd, p = 3 i +2
and the localization process in the proof of Theorem 2.4.

At this point, what we need to modify is the proof of Lemma C.8

For Lemma C.8, from (150), it suffices to estimate 1/),(11) () and wf) (), since z/)f') (&) remains unchanged.

For 1/17(12) (0), we only need to estimate the global Rademacher complexity. Specifically, from Dudley’s theorem, we have

M
Rn(F) 1/ de
l24

5%15 ©0)
_ Va1
C2-pyn

Thus,
(2) Va1
U/ (0) S \/5( f \/7 ) 91

For 1/17(11) (0), we can replace (155) with (89). Thus we can obtain Lemma C.8 under the new covering number assumption.

It remains only to mod1fy the locahzatlon process in the proof of Theorem 2.4, i.e., the procedure following equation (67).
We take pg = n~ iz , so that n™ 2p0 S =
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Then when k& = 0, (68) becomes

sup [(€(u) = E(u")) = (En(u) — Enlu))]

u€Fo
< \/a 2+pn_ﬁ+£7vp()+ tﬂ_FE
2—p 2—p/n n n
E(u) — E(u*) @\ 7 2 a +/Po tpo  t ©2)
< + n 24+ ——— +4/—+ =
4 2—p 2—p+/n n n
4
< E) —EQ) | (Va7 o fteo | ¢
4 2—p n n

where the second inequality is due to that £(u) — £(u*) > 0 and the last inequality follows from that n=! < n" T = 00-

For k£ > 0, we now only need to focus on the first term on the right-hand side of equation (89), applying Young’s inequality
with a = =

2ﬂ),b— 75 we have

cva, —1\°
tova e ($500) (07 )
ca—p" S
P a
<1<C\/a>”n—fz+12_ppk
1 [Cya\?*? _ > 12—p
< = — Pz 4 — _
_C<2 p) n++C’2pk1
Cya = _2 1 N
<o (525) 7 nb s e - s

where C' can be chosen such that the last inequality holds for all u € Fy.
Finally, by following the remaining steps in the proof of Theorem 2.4, we can conclude.

(2) For the static Schrodinger equation, since the proof utilizes the local Rademacher complexity, we only need to provide
an upper bound for the fixed point *. This can be achieved through the Dudley’s theorem, similar to (90).

O

B. Proof of Section 3
B.1. Proof of Proposition 3.1

Proof. (1) The proof mainly follows the procedure in the proof the Proposition 2.2, but the tools from the FEM may not
work for ReLU? functions. Therefore, we turn to use Taylor’s theorem with integral remainder, which enables us to establish
a connection between the one-dimensional C*? functions and the ReLU? functions. And the method has been also used in
Klusowski & Barron (2018); Xu (2020).

Recall that Taylor’s theorem with integral remainder states that for f : R — R that has k 4 1 continuous derivatives in some
neighborhood U of x = a, then forz € U

/ (k)
0 = 10+ £ e =) e LB oy [

Similar as the proof of Proposition 2.2 (1), for any f € B3(£2), we have
f@) = [ gl
Rd
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where B = [0, (1 + |w|1)?| f(w)|dw, A(dw) = (1 + |w]1)?|f(w)|/B and

~ Beos(w-z+0(w))
g(l’yw) - (1 + |OJ‘1)3

Therefore, f is in the H2(Q) closure of the convex hull of the function class

Bceos(w -z +1t)

GuosB) = { T

:wERd,tER}.

B cos(w-z+t) B cos(|w]|12+t)
(A+]wlr)? (I+]w[1)?
linear function z = ﬁ - with value in [—1, 1]. Therefore, in order to prove that f is in the H2(2) closure of the convex
hull of the function class F,, (cB) U F,,(—cB) U {0}, it suffices to prove that g is in the H?([—1, 1]) closure of the convex

hull of the function class F, (¢cB) U F,_ (—cB) U {0}, where

Note that any function g(z, w) = is a composition of a one-dimensional function g(z) = and a

Foy(b) :={bos(w-z+ 1) : [wy =1,t € [-1,1]} and F,_(b) := {boz(ez + t) 1 e = +1orl,t € [-1,1]}

for any constant b € R.

For
_ Beos(jwliz+1t)  B(cos(|w|12) cost — sin(|w];2) sint)

95 = T W E Tt )P

with z € [—1, 1], applying Taylor’s theorem with integral remainder for cos(|w|12) and sin(|w|;2) at the point 0, we have

2 z AT
cos(|w|iz) =1— sz —|—/ |w\i’sin(|w|1s)u
0

5 5 ds

and ; )
. . z—5
sin(|w|12) = |w|12 f/ |w|fcos(|w|1s)%
0

ds.

Note that 22, z, 1 can be represented by combinations of ReLU? functions, specifically

22202(z)+02(—z),z:(z+1) ;(2_1) 71:(24'1) ‘g(z_l) _ 2

Therefore, we only need to prove that the integral remainders are in the H?([—1,1]) closure of the convex hull of the
function class 7, (cB) U F} (—cB)U{0}. In the following, the constant ¢ may change line by line, but it is still a universal
constant, so we still denote it by c.

Due to the form of the integral remainder, we consider the general form h(z) = [; ¢(s)(z — s)%ds with ¢ € C([-1,1]).
By the fact that (z — s)? = (z — )3 + (—z + s)%, we have

/ ©(s)(z — 5)%ds = / o(s)(z — s)3ds + / o(8) (=2 + s)3ds == Ay + A,
0 0 0
In the following, we aim to prove that

1 1
A+ Ay = / o(s)(z — s)%ds — / ¢(—s)(—z — s)%ds := By + B,
0 0

which enables the method used in the proof of Proposition 2.2 (1) to be feasible.

(1) When z > 0, it is easy to obtain that
z 1
A = / o(s)(z — s)3ds = / ©(s)(z — s)%ds = By, and Ay = 0,B, = 0. (94)
0 0
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Therefore, A; + Ay = B + Bs.
(2) When z < 0, it is easy to check that A; = By = 0. Therefore, it remains only to check that As = Bs.

For As, we can deduce that

to= [ pto-x+ sds
o(s)(—z + 5)%ds + / o(5)(—2 + 5)2.ds (95)

o(—y)(—z — y)idy = Bs,

where the third equality follows by that [~ 1 ¢(8)(—2z + s)3 ds=0 and the fifth equality is due to the variable substitution
5= —1.

Combining (94) and (95), we can deduce that
z 1 1
h(z) = / w(s)(z — s)zds = / o(s)(z — s)ids - / o(=8)(—z — s)ids. (96)
0 0 0

The next step is to prove that A is the HQ([—I 1]) closure of convex hull of F}, (¢B) U F,_ (—cB) U{0}.
Let hi(z fo ©(s)(z — s)2ds, ha(z fo @(—s)(—z — s)2ds, then h(z) = hi(z) — ha(2).

Note that A} fo 20(s)(z — s)+ds and A ( fo 20(s)I.—s>01ds a.e., since (z — s) is differentiable for s a.e. .

Let {s;}™ ; be an i.i.d. sequence of random variables distributed according the uniform distribution of the interval [0, 1],
then by Fub1n1 s theorem

i o(si)(z — sl)
H2([-1,1])

l'hl(z _z":so<sz-><zn—sz—>il2+‘hfl(z)_z”:2so<si><n e | (-3 2 Memszupl

/ e |1t

—1 i=1 i=1 =1
/1 Var(p()(z — %) + Var2e()(z — )+) + Var(2p()I-—.>03)
C—l

2

dz

n

IN

where the last inequality follows from the boundedness of . And the same conclusion also holds for hy(z) and h(z).
Therefore, we can deduce that k is in the H?([—1, 1]) closure of convex hull of the function class . (¢cB)UF,, (—cB)U{0}.

Then applying the variable substitution yields that for any f € B3(£2) and € > 0, there exists a two-layer o5 neural network
such that

£ (x Zazgz (Wi -2+ 1) g2y < € (97)

i=1

m
where |w;[y = 1, [t;| <1, > |ai| < ¢/ f|ls() and c is a universal constant.
i=1

Just as the proof of Proposition 2.2 (1), it remains only to estimate the metric entropy of the function class

Foi={os(w-z+1t):|lwh=1,te[-1,1]}
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under the H? norm.

For (w1,t1), (w2, ta) € OBY(1) x [—1, 1], we have

loa(wy -2+ t1) — o2 (wa - @ +t2) |72 (0

= [loa(wr - @ + 1) = o9 (w2 - + t2)||72(q) + [[[2w10(w1 - & + 1) — 2wa0 (wo - 2 + t2)|[[ 720
d d

)Y l2w1wi Ly w20y — 2020025 Lyt 303 720
i=1 j=1

= (4) + (49) + (vir),
where we denote the i-th element of the vector wy, by wy; fork =1,2,1 <17 < d.

For (7), since o is 4-Lipschitz in [—2, 2],

(i) = lloz(wr - & + t1) — o9 (w2 - @ + t2) [ F2(q)
< 16]|(wr — w2) -z + (t1 — t2) |22 ©8)
S 32(|w1 — wg‘% + |t1 — t2|2).

For (1),
(ii) = [[2wio (w1 - & + t1) — 2wa0 (wa - 2 + t2)|[[ 72 (0

=4||(w1 —w2)o(wy - +1t1) +wa(o(wr - +t1) —o(we - + tg))H|H2L2(Q)

99)
<8||(wr = wa)a(wr - @+ 1)l 2 () + Blllwa(o(wr - @+ t1) — o(ws - & + t2))|[1 720
S 32|w1 - u}2|% + 16(‘(4)1 - (.AJQE + ‘tl - t2|2),
where the first inequality follows from the mean inequality and the boundedness of o.
For (i),
d d
(#8) = Y Y 1291w (wr-w 11 20) — 202025 Ly 1203 [ 20
i=1 j=1
d d
=4 Z Z [(wriw1; — w2iw2j)l{w1~m+t120} + wzz‘w2j(f{w1m+t1 >0} — I{wz.x+t220}) ”%2(52)
i=1 j=1
d d (100)
<8Y Y fwriwry — waiwaj | + (waiw2g) [ w11 20) = Newnatta 03 720
i=1 j=1
d d
<8 ) 2w — wailPlwij P + 2lwij — wajlPlwail® + (waiw2;) I wr o+t 20} — Hwpaottaz0y 1320
i=1 j=1

< 32lwr — wal? + 8| Ly 0ty >0} — I{wz-ertzZO}H%?(Q)a

where the last inequality follows from the fact that |w1| < |wi]; = 1, |wa| < |wo|1 = 1.

Combining the upper bounds for (), (i), (ii7), we obtain that

loa(ws - @+ t1) — oa(wa - &+ t2) |32 () < 112(Jwr — walF + [t1 — t2]?) + 81 [w, w41, 20 — [wpattaz0} I T2(0)- (101)
Therefore, based on the same method used in the proof of Proposition A.3, we can deduce that
en(F2) < en”
Finally, applying Theorem 1 in Makovoz (1996) (see Lemma C.4) yields the conclusion for f in B3((2).
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(2) Recall that based on the spline theory, Belomestny et al. (2023) has demonstrated the approximation rates for Holder
continuous functions with sparse ReLU? neural networks. Then Belomestny et al. (2024) extended these results for sparse
ReLU? neural networks. In fact, the approximation results also hold for Sobolev functions, we only need to replace the
Theorem 3 in Belomestny et al. (2023) with the results from Schumaker (2007) on approximating Sobolev functions with
multivariate splines. For simplicity, we omit the proof. [

B.2. Proof of Theorem 3.2

Before the proof, we first provide some preliminaries about the entropy method, which is a common method to derive
concentration inequalities. For Q = [T7_, Qx, u = [[5_; ., where i, is a probability measure, let (€2, ) be a measurable
space and A(Q)) denote the algebra of bounded, measurable real valued function on Q. For f € A, 8 € R, define the
expectation functional as

E[gelf _
Esylg] = ]E%Ieﬁf]} = Z;5;Elge?), for g € A,

where Zg¢ = E[eP/] is the normalizing quantity. Then, we can define the entropy as

Entf(ﬂ) = 6]ng[‘ﬂ — log ng.

The connection between the entropy and the exponential moment makes the entropy method popular for deriving concentra-
tion inequalities, i.e.,

5 Ent
log E[e"V 5] < / ”—’;(”)dv (102)
0 Y
holds for any f € A and 8 > 0.
For any real-valued function F on Q and y € Qy, for k € {1,--- ,n}, define the substitution operator S’; on F' as
Sg];C(F)('Tla e ,l‘n) = F(xla o Tk=1,Ys Thet1s 00 7xn)7 (103)

i.e., the k-th argument is simply replaced by y. And define the operator V_E : A — Aby

n

VIF(2) ==Y Eyup, {((F(x) - S;;’F(x))+)2] . (104)

k=1

Proof. Assume that sup sup |fi(z)| < band 7 sup Z Var(fi(X}) <r.

1<t<T z€X, feF i=
Let
7= Jgug—Z(P = P)fe = swp Z th ~Ef(X]) (105)
€ i=
and
F(x) := up fe(z?) —Efi(X (106)
( 2b fef; Zl t t t )
where n = minj<;<7 Ny and z = (21, -+ |2, .- xgt)
Define
n2 N ) )
W) = gz sup Z N2 Z fila) = BA(X))? + E(A(X]) — Ef(X)))*. (107)

Similar to Theorem 38 in Maurer (2021) for the single task, fix (z,;)1<t<7,1<i<n and assume that the maximum in the
definition of F is achieved at f = (f1,---, fr) € F.
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Then for any y, (F(x) — SLF(x)) 4 < v, fe(ei) — fi(y))4, therefore

Y
T N )
VEF() =Y S By, [((F— SEF),) }
t=1 i=1
1 &2 [/ . . 2
< 15 2 3 2B | (e = - )|
t=1 =1 L
12 o [/ 7 (i 2 2
< 7 2 2 B [(hled) — i)Y os)
1 Gn2 [/ 2
— 2 2 7 O B | (Rl ~ BAGKD - (i) - B X))
=1t =1 -
1 ) n? N .
= 7 2 3z 2 elad) — EfU(XD) + E((X)) - Efu(X)))’
1 =1

where X/ follows the distribution y, i.e., ui = pui;.
Therefore, VEF < W. Then equation (26) in Maurer (2021) yields that for 0 < v < 8 < 2,

Entp(y) < i logEe"’VfF < %ngevW. (109)

Next, we are going the prove that W is self-bounding, so that Lemma 32 (i) in Maurer (2021) can be applied to bound
Ee?"W. Assume that the maximum in the definition of W is achieved at f = (f1,--- , fr) € F, then for any y,

2 2

(W = SW). < g (Fulel) ~ ERXD) = (o) ~ BRI+ < g rlad) ~ BRL(XD)

therefore
T N,
= > Eyep, (W(x) = SYW(2))3
t=1 1=1
T 4 Ny ~ _ ~ ~ _
< 16b4ZN4ZEy~u“ (i) = ER(XD)? = (Fily) — B (X])*)?2]
nt (110)
S 16b4 Z N4 Z ft xt ]Eft ))
o
< bQZNQth 7)) — Ef (X)))?

<W.

Combining (110) with Lemma 32(i) in Maurer (2021), we have

2
wwy o VEW] _ EW]
logE[e™] < 5 +7E[W]—17’y/2. (111)
Plugging (111) into (109) yields that
w2 OB 9 EW]
Entp(y) < 7710gE[e 1< 5 77(1 77/2) =~ A= 27 2 (112)
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Combining (102) and (112), we can conclude that

B
log EeP(F—EF) < 5/ E”tf;(W) dy

EW] [P 1
<055 ), T e
_ B EW]
S 1-8/2 2

In fact, the above inequality implies that F' is a sub-gamma random variable. Thus with the following lemma, we can derive
the concentration inequality for F.

Lemma B.1. Let Z be a random variable, A, B > 0 be some constants. If for any A € (0,1/B) it holds

AN?

lOgE[ A Z - ]EZ)] (1 K B}\)

then for all x > 0,
P(Z>EZ+V2Az + Bzx) < e *.

Applying Lemma B.1 with A = E[W], B = 1/2 for F’, we can deduce that with probability at least 1 — e~*

FS]EF—f—\/Qa:EW—i—g. (114)

From the definitions of F' and Z, i.e. (106) and 105), we have Z = 2bF , then with probability at least 1 — e™*

Zg]EZ+2—b\/2x]EW+ b (115)
nT nT
Note that EZ < 2R(F) and
n2 M ‘ 4 ‘
EW 4sz sup Z Z Fo(X3) = Efo(X7))* + E(fo(X}) — Efe(X]))*
) E;‘ggZ 7 2 [0 — ERCED)? ~ ECH(X) ~ BRCX))] + 2E0(X) ~ BA(XE)'
n? o i\\2 — n? 1 1112

< 7 (285 Z ZZot fi(X)) — Efu(X]) +;332;EE<ft(Xt> ~Ef(X]) 116)

| /\

4b2 (8bE sup Z Z o (fi(X]) — EBfe(X])) + 2nTr)

A e
< 4b2 — (16bnTR(F) + 2nTr)
< ANTR(F) nTr
- b 262

where the first inequality follows from the standard symmetrization technique and the second inequality follows from the
contraction property of the Rademacher complexity.
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Plugging (116) into the concentration inequality for Z, i.e. (115), we have

7 <E7+ 22 amw 4 %
nT nT

2b AnTR(F) nlr bx
< —
<2R(F) + T\/Qm( 5 top) T o
—OR(F) +2 beR(}') + ar + ba:

/beR /.Z‘?”

+ nT
(l—i—oz)R(.’F)—i—ZU + (1+) bi,
nT o) nT

where the last inequality follows from the inequality 2v/ ab < aa + g forany o > 0,a > 0,6 > 0.

B.3. Proof of Theorem 3.4
In the following, we assume that for any f = (f1, -+, fr) € F,0< fi <b(1 <t <T).

Define

Un(F) = ngelg(Pf — Pnf).

Lemma B.2. For normalized function class F,

F, = { Tl fe}'}

and assume that for some fixed constants K > 1 and r > 0,

r
U r) < —
Then for any f € F the following inequality holds:
K
Pf < P —
Fsg—fnr+ bK
Proof. Let us consider two cases:
1: Pf? <r,
2: Pf? >r.
For the first case, f = ﬁ f € F,, therefore
Pf<P U <P
fF<Pnf+UN(F,) Nf+K 1 Nf+K
For the second case, ﬁf = PLPf € F,, thus
P L
Pf2f NPf2f+UN(-7:) Pf2f+
Basic algebraic transformation yields that
Py P
pr<pvf+ L <pypi B
bK
which implies
K
Pf< P P —
F< = NI < = N+ 5 K
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Lemma B.3. Let us consider a sub-root function 1 (r) with fixed point r* and suppose that Vr > r*,
U(r) = bR(F,). (121)
Then for any K > 1, we have that, with probability at least 1 — e, forVf € F

32Kr* n (10b + 8bK)x
b nT

K
Pf< Kilef“F (122)

Proof. The aim is to find some 7 such that Uy (F,.) < 3%, then applying Lemma B.2 yields the conclusion.
Note that the variance of functions in F, is at most r. For any f € JF,., we consider two cases:

1: Pf? <r,

2: Pf2>r.

For the first case, f = 575, f € Fr, thus Var (%f) =Var(f) < Pf2 <.

For the second case,

2 2
T T T T
Var (| ———f )| =Var (—f | <P(—=—7Ff) = :
o (5pvet) = Vor (5?) <7 (5pf) =<
Then applying Theorem 3.2 for Uy (F,) with o = 1, we have that with probability at least 1 — e~ %,

xr 5bx

< -

Un(F,) <AR(F,) +2 T
z!J( )

[ xr 5b3:
+
\/rr 49 [ xr 5bx

nT

= Af+B,

where the third inequality follows from the property of the sub-root function, i.e., ¥(r)/\/r < ¥(r*)/\/r* = /r* for any
r>r*and A = 4r+2fB Stz

Solving the equation

<4

A B =
Vit bK
yields that
bKA+ V2K2A2 + 4bKB
Vi = .
2
Thus
b2K2A2
r> > r*
2
and
r<b’K?A? + 2bK B.
Therefore by Lemma B.2, we have
K
Pf< P —
Fsgatnfe bK
< PN f+bKA?+2B
K= (123)
167r* 4x 10bx
< _
S % PNf+2bK( 02 +nT)+ T
K 32Kr*  (10b+ 8bK)x
= P .
Koiinf =t nT
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O

There remain some problems regarding the selection of the sub-root function ¢ and the computation of its fixed point. Just
as in the single-task scenario, we can take v as the local Rademacher averages of the star-hull of F around 0.

Specifically, let
14b2 log(nT)

P(r) := 16bERN{f : f € star(F,0), Pf* <r} + o ,

(124)

where star(F,0) :={af: feF,ac|0,1]}.

Note that the normalized function class F, defined in the Lemma B.2 is a subset of the function class {f : f €
star(F,0), Pf% < r}, thus (r) > bR(F,).

For the first term in the definition of (1), i.e. (124), with the following lemma, we can translate the ball in L?(P) into the
ball in L2(Py), so that Dudley’s theorem can be applied.

Lemma B.4. Let G be a class of vector-valued functions that map X into [—b, b|T with b > 0. For every x > 0 and r satisfy

14b%x
r > 160ERN{g:g € G, Pg*> <7} + T (125)
then with probability at least 1 — e™"
{9€6G:Pg*<r}Cc{gegG:Png’ <2r}. (126)

Proof. Define G, := {g*>:g € G, Pg®> <r}.

Note that ||g?||e < V%, Var(g?) < Pg* < bv?>Pg? < b?r. Then applying the Theorem 3.2 for G,. with o = 1 yields that
with probability at least 1 — e~7, for any g € G such that g € G,

b2xr  Bb3z

Png® < Pg? +4ERN{g* g€ G,Pg* <r}+2 Tt~
r Thx
<r+8ERN{g:g€G,Pg* <r}—|— + o
< 2r,

where the second inequality follows from the contraction property of the Rademacher complexity and the mean inequality.
O

Remark B.5. Although the contraction property used in the proof of Lemma B.4 is slightly different from the standard form
(see Lemma 5.7 in Mohri et al. (2018)), it is just an adaptation of the standard one.

Specifically, let ®; be [;-Lipschitz functions from R to R for ¢ = 1,--- ;m and o1, - ,0,, be Rademacher random
variables. Then for any set A C R™, the following inequality holds.

E, sup 0;®;(a;) < E, sup oilia;.
o 3ol < s > ol

For completeness, we give a brief proof.

By the Fubini’s theorem, we have

E, sup Z 0;®i(a;) = Esioiiom 1Eo,, [sup um—1(a) + om P (am)],

aeA acA
m—1
where um,l(a) = Z Uiq)i(al‘).
i=1
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From the proof of Lemma 5.7 in Mohri et al. (2018), we know

]Eam [SUP Um—1 (a) + O'm(I)m(am)] < ]Eam [sup Um—1 (a) + O'mlmam]~
acA acA

Proceeding in the same way for all other o;(i # m) leads to the conclusion. In fact, we have used the conclusion with

O, () = ]”f% in the proof of Lemma B.4.

With Lemma B.4, we can bound 7* as follows.

Lemma B.6. . 1
16b% + 14 T
r* < 1GbERN{f : f € star(F,0), Py f2 < 27} 4 22 & = og(nT) (127)

Proof. From Lemma B.4 and the fact that

1462 1 T
r* = (r*) = 16DERN{f : f € star(F,0),Pf* <r*} + b%(n),

1

we can deduce that with probability at least 1 — ——,

{f: f €star(F,0),Pf> <r*} C {f: f € star(F,0), Py f* < 2r*}.

Therefore, )
N " b 14b* log(nT
r <160 [ERn{S 1 f € star(F,0), Pyf? <2} + | + %
16b% + 14b% log(nT)

= 16bERN{f : f € star(F,0), Py f> < 2r*} + T .
n

Now, we are ready to use the Dudley’s theorem to bound the first term in the right.

Specifically, define F . := {f : f € star(F,0), Py f* < 2r}, with the samples (Xg)glgvz’%l ) fixed, define a random

process (Xy¢) e, , as

T Ne

1 1 i i

Xp= 7 23 2L oufXi) for £ = (fueoo s fr) € For. (128)
t=1 i=1
From the fact that o is sub-gaussian, we can deduce that for any A € R and f/ = (f{, ceey f,T) € Fsr
A g & i xi ! X
EAK =X _ g T 2 N 5 o U XS (X))
Ny

where K = \/7117 and

T
AF.F) = \| 7 20 3 XD — £ X)) (129

1

~

Il

-
-

-

Il

It implies that | Xy — X4 ||y, < CKd(f, f") with a universal constant C.

Then using Dudley’s theorem yields that

diam(F s, r) 24T
E sup Xy < CK/ \/1og N (Fs r,d,€)de < C’K/ \/1og N (Fs . d, €)de, (130)
0 0

FEF
where diam(F, ;) = SUPs ¢'cr. , d(f, f/)-
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Proof of Theorem 3.4: In the following, we assume that F is a parameterized hypothesis function class to be determined.
When considering the framework of PINNs for the linear second order elliptic equation as MTL, the function class in MTL
associated with F is defined as

F = {u= (|Ql(Lu(z) - f(2))*09|(uly) - 9(1))*) : uwe F}. (131)

Note that here we use notation u to represent a function in F and u to denote the corresponding vector-valued function
associated with w.

Then the empirical loss can be written as

d d

_ [ Z =) ai(Xk)0u(Xe) + Y bi(Xx)0iu(Xy) + e(Xp)u(Xe) — f(X)

i,j=1 =1

= ZPNU,

where N = (N7, N2) and n = min(Ny, Na).

The aim is to seek uy € F which minimizes £ . It is equivalent to seek w € F which minimizes Pyu i.e.,

uy € argmin Pyu. (132)
ueF

Assume that u* is the solution of the linear second order elliptic PDE and there is a constant M such that
laij|, [bil, |cl, |g], [w*|, |0su*], |05u*| < M and |ul, |Oyul, |0;u| < M forany v € F,1 <1i,j <d.

Then sup,,c » max(|Q|(Lu — f)?,09Q|(u — g)?) < c(|d>M* + |0Q|M?) := b with a universal constant c.

Therefore, with probability at least 1 — e~

t 2bt
Pyuy < Pyur < PUer?\/MJrf
2n 2n

g

n

tbPU]:
2n

(133)

< Pur+2 +

2bt
3PU}' + —
n

where ur = (|Q|(Lu, — f)2,10Q/(ur — 9)?), ur € argmin, ¢z [Ju — u* Hip(m and the second inequality follows from
Theorem 3.2 by taking F = {ur} and o = 4,T = 2, which can be seen as a vector version of the Bernstein inequality.
Here, we define the approximation error as €4y, := |lur — u*|| g2(q).

Then applying Lemma B.2 with K = 2 yields that with probability at least 1 — 2¢~!

4r*  13bt
Puy < 2Pyuy + GTT 4 1ok
n
64r*  17bt (134)
b n
which implies that
128r*  34bt

L(un) = 2Pyuy < 3L(ur) + —ol 4 228 (135)

n .
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Note that £(uz) can be bounded by the approximation error, since for any u € H?({2)

c) = [ (= ppan+ [ w-grdy

o0
2

/ Za”@ju—l—Zbau—i—cu— dx—i—/ (u—g)2dy

i,7=1 oN

2

/ Z az] 1] +Zb8 +C(U_u ) d$+/ (U_U*)zdy (136)

i,j=1 o0
<3/ S agtglu-u)| ¢ (sz—@w—u*)) Hew—u)?dot [ (- u)dy

1,5=1 i=1 o0

< 3d*M u — w* || (q) + C(Tr, ) lu = uw* |7 o)
< Bd*M? + C(Tr,2)*) lu — w* |52 (0.

where in the last inequality, we use the boundedness of a;;, b;, ¢ and the Sobolev trace theorem with the constant C'(T'r, ©2)
that depends only on the domain 2.

Thus,

L(ur) < (3d°M?* + C(Tr,Q)*)ed,, (137)
and with probability at least 1 — 2e~*

128r*  34bt
€app b +—

L(uy) = 2Pyuy < 3(3d>M? 4+ C(Tr,Q)%)e (138)

It remains only to bound the fixed point *. With Lemma B.6, it suffices to bound the covering number of F under d, which
is done in the Lemma C.10. Thus, we have the following results.

(1) For the two-layer neural networks, we know
b
log N(F,d,€) < emdlog <> , (139)
€

where c is a universal constant.

Therefore

2V/r* 2
r* < cby/ @/ log (b>de + cblogn
n € n
Im /Q\F ( ) cb? logn
log

(140)
. Cb\/i /1 g 2b b2 logn
gcbﬁ@ﬁbgfg”,
where second inequality follows from Lemma C.7.
It implies that
o< chmdlogn. (141)
n
(2) For the deep neural networks, we know
log N (F,d,e) < CK%log <f:> , (142)
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where C' is a constant independent of K.

Similar to that in (1), we have

*

r

< CK%log K + logn)
- n

(143)

with a constant C' independent of K, N, n. O

C. Auxiliary Lemmas

Lemma C.1 (Bernstein inequality). Let X;,1 < i < n be i.i.d. centered random variables a.s. bounded by b < oo in

absolute value. Set 02 = EX{ and S, = 2 > X;. Then, forall t > 0,
i=1

2
P<Sn Y t+bt> <e .
n 3n

Lemma C.2 (Hoeffding inequality). Let X;,1 < i < n be i.i.d. centered random variables a.s. bounded by b < oo in
absolute value. Set S,, = % > X, then forall t > 0,
i=1

P (Sn| > bM2t> <27t
n

Lemma C.3 (Bounded difference inequality). Let X1, - -, X,, € X™ be a set of m > 1 independent random variables
and assume that there exists ¢y, -+ , ¢y such that f : X™ — R satisfies the following conditions:
‘f(xlv"' s Lyttt 7zM)_f($1a"' s Ljy o 7xm)| S Ci,

foralli € [m] and any points x1,- -+ , T, x; € X. Let f(S) denote (X1, , X.m), then, for all € > 0, the following
inequalities hold:

_9¢2
PU(S) - BU(S) = 0 <o (3.

—2¢2
P(f(S)—E(f(S))S—E)SeXp m 92
2 i1 G
Lemma C.4 (Theorem 1 in Makovoz (1996)). Let ® := {¢1, pa, - - - } be an arbitrary bounded sequence of elements of the
Hilbert space H. For every f € H of the form

F=Y cigi, Y lei| < o0,

and for every natural number n, there is a g =, a;¢; with at most n non-zero coefficients a; and with ), |a;| < >, |c;
for which

i

If = gll < 26 (@)Y fel.

The definition of metric entropy ¢, is given in Proposition A.3.

Lemma C.5 (Covering number of 9B{(1) in the L' norm). For any e > 0,

d—1
N©OB(1),]]1,e) <2 (12) .

€

Proof. By the symmetry of B¢ (1), it suffices to consider the set
S = {(x1,---,xq) € 9B{(1),2; > 0,1 < i < d}, (144)
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as N(0B{(1),] - |1,€) < 29N(S, ] |1,¢).

Note that for (z1,--- ,24) € OB{(1), x4 is determined by 21, --- ,24_;. Thus the problem of estimating the covering
number of B¢ (1) can be reduced to estimating the covering number of

Sy={(x1,--,xg 1)1+ +rg 1 <1,a; 20,1 < <d— 1}, (145)

which is a subset of BI 1 (1).

By Lemma 5.7 in Wainwright (2019), we know N (BI (1), ] - |1, €) < (24+1)%71 < (2)971. Thus, there exists a - cover

of B{~"(1) with cardinality (£)4~* which we denote by C.. Although C'is also a §- cover of Sy, the elements in C' may not

belong to .S;. To fix this issue, we can transform C' to a subset of S and the transformation doesn’t change the property that

C'is a 5- cover of Sy. Specifically, for (y1,*+* ,ya—1) € C, we do the transformation as follows
(Y1, -, Ya—1) — (ylf{ylzo}w" ,yd—lf{yd,lzo})-
Note that
Yily, >0y + 0+ Ya-1l{y, >0y < |yl + -+ |ya—1] < 1, (146)
and for any (z1,--- ,24-1) € S1
|71 — y1lgy, >0y + - |wa—1 — Va1 Ly, >0yl <o —w1| + -+ [wa—1 — ya1l, (147)

which imply that after transformation, it is a subset of S7 and also a 5- cover of S;. For simplicity, we still denote it by C.

Now we are ready to give a e-cover of S via extending C to a subset of 9B{(1). Define C. = {(y1,- - ,¥dq) :
(Y1, ¥a-1) €Cya =1~ (y1 + - +ya-1)}-
Thus for any (x1,- -+ ,zq) € S, since (1, -+ ,z4—1) € Sy and C'is a 5-cover of S1, there exists a element of C, we denote
itby (21, -, 24—1), such that
€
lzy — 21|+ -+ |wg—1 — za—1] < 7 (148)
Note that for zg =1 — (21 + -+ + 24-1), (21, -+ , 24) € C. and

|21 — 21| + -+ + [Ta—1 — 2a—1] + [Td — zd]
=lz1— 2|+ +[va-1 —za—a| + |z — 21+ -+ 2a1 — 2a1
<2z — 21|+ F a1 — 2a-1])

€

IN

which implies that C, is a e-cover of S.
Recall that |C.| = |C| = (2)471, then N (0B1 (1), | - |1,€) < 2¢ (g)d_l =2 (%)d_l :

Note that in this lemma, our goal is not to investigate the optimal upper bound, but to give an upper bound with explicit
dependence on the dimension. O

Lemma C.6 (Equivalence between metric entropy and covering number). Let (T, d) be a metric space and there is a
continuous and strictly increasing function f : Ry — Ry such that for any € > 0,

N(T,d,€) < f(e),

Then for any € > 0,
en(T) < fﬁl(”)a

where f~ represents the inverse of f.

Proof. 1t’s obvious, since N (T, d, f~(n)) < f(f~(n)) = n. O
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| [ 4
/ log —de < 2x4/log —.
0 € X

Proof. For0 <z < 1,let f(z) = y/zlog L, g(z) = /z, h(z) = xlog L, then f(x) = g(h(z)). Note that g is increasing,

concave and h is concave, thus

Lemma C.7. Forany 0 < x < 1, we have

fQz+ (1= Ny) =g(h(Az + (1 = N)y))
> g(Ah(z) + (1 = Nh(y))
> Ag(h(z)) + (1 = AN)g(h(y))
=Af(2) + (1= Nf(y),

which means f is concave in [0, 1].

Lete = y%, then

2
vl 3 S 1
/ log —=de = (= %/ ylog —dy
0 € 2 0 Y

< Byt 2,
=13 2 %2
3.5 (1. 2%
= (2ot Z log 22
(3)22\[ 3 log—
4
< 2x4/log —,
x
where the first inequality follows from Jensen’s inequality. O

Lemma C.8 (The remaining part of the proof of Theorem 2.4). For the function class F and

G = {(IVu(@)* - 2f(@)u(x)) — (IVu*(2)* = 2f (2)u"(2)) - w € F},

we assume that for any € > 0,

b a o
N(F - N2 poys€) < (6> a.s.and N(G, || - [|L2(p,), €) < <f) a.s.

for some positive constants a,b, o, B with b > sup¢c 7 | f|, B > supyeg |gl-

Then we have that with probability at least 1 — e~*

sup (5(11,) — g(u*)) - (gn(u) - gn(U*))

ueFs

< C’(QMQ loi@ﬁ\/ﬁ) +\/M2(50¢107;g;(2[3\/ﬁ) +\/MQ& (149)

n

+M2t+ alM?6 4b
n n M

where

and C'is a universal constant.

42



Refined Generalization Analysis of the DRM and PINNs

Proof. As before, rearranging sup,,¢ 7, (€(u) — E(u*)) — (En(u) — E,(u*)) yields that

sup (£(u) — E(u")) = (Enlu) — En(u))

u€eFs

— e [ [ [09u@) = 2f(@)ute) - (90" @) - 2f(@)u ()] da

u€F(9)

- % Z [(IVa(Xo)? = 2f(Xo)u(Xy)) = (V" (Xo)? = 2f (Xo)u*(X3))]

9 Lo 2 Lo 2 (150)
+ (/ u(x)dx) - ( Z (XZ)> + (nZU*(X’)>
Q2 i=1 i=1
1 < ’ 1 — ’
< sup (P—Py)g+ sup — | = uXa) | |+ = Qe (X
9€G(5) u€F(5) [ (" ; K ;
=0 (0) + P (8) + 4 (),
where
G(0) == {(|Vu(@)]* - 2f(@)u(z)) — (|Vu*(2)]* = 2f (x)u"(x)) : w € F, [Ju—u* ||} q) < 0}
Applying the Hoeffding inequality for 1/),(13) (6), we can obtain that with probability at least 1 — e™*
2
1< 2M 2t
B35 = [ = (X <
3 (6) (n ;u (Xz)> <= (151)
For 1/)5? (0), we can deduce that
2 1 n 2
w,(f)(s:sup (/uacda:)— - w(X;
©) u€F(4) Q (@) n;( )
sup [(Pu)? — (Pyu)?]
u€F ()
= sup [(Pu)? — ((Pyu— Pu) + Pu)?] (152)
u€F(9)
= sup [2(Pu)((P — Py,)u) — (Pyu — Pu)?]
ueF(8)
< 2\/5 sup |(P_Pn)u|v
ueF(8)

where the last inequality follows from the fact that for any u € F(4),

/Qud:r = /Q(u—u*)dx < <‘/Q(u—u*)2al:r)é <.

Note that here, we only need a positive upper bound for PP (0). In (152), for fixed u € F(9), if 2(Pu)((P — P,,)u) <0,
then it is obvious that

|Pul =

2(Pu)((P — Py)u) — (Pyu — Pu)2 < 0 < 2|Pul|(P — Pp)ul;
if 2(Pu)((P — P,)u) > 0, then

2(Pu)((P — Py)u) — (Pyu — Pu)? < 2(Pu)((P — P,)u) = 2|Pul|(P — P,)ul.

Therefore, in any case, (152) holds true.
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Then, to bound 1/17(12) (9), it suffices to bound the empirical process sup |(P — P,)u|. By applying the bounded difference
ueF(5)

inequality and the symmetrization technique, we can deduce that with probability at least 1 — e~*

sup [(P— P,)u| <E sup |(P P,) u|+M\/

ueF(5) ueF (5
<2E sup |— €U +M\/ 153
u€F(8) Z (153)
1 n
< 2E sup |— eu(X;)| + My —.

The first term is the expectation of the empirical process and it can be easily bounded by using Dudley’s theorem.

Specifically,
E sup €U =ExE. sup e;u(X
ueF Z X uEFU(—F) Z
<Ex f \/log/\/ (FUF) - ||L2(Pn)7u)du‘|
12 M
< % \/log 2N(F, || - ”LQ(P"')’u)du]
/ b
< \/ﬁ/ log2+alog —du (154)
12
< —= | /log M—{—fb/ \/log du
f
§— V10g 2M + 2v/aM log 40
f
<C 1
= n OgM

where the fifth inequality follows by the fact that b > M and Lemma C.7.
Now, it remains only to bound 9} (§).

Recall that
G(8) = {(|[Vu(x)? = 2f (@)u(x)) — (|Vu* () = 2f(z)u*(2)) : uw € F,|lu—u*|}q) <8}

Therefore, we can deduce that |g| < 6M? and Var(g) < P(g?) < 4M?2§ for any g € G(J). Then, from Talagrand’s
inequality for empirical processes (Theorem 2.1 in Bartlett et al. (2005) with o = 1), we obtain that with probability at least
1—et

M?2t6  16M°t

3
sup (P — P,)g <4ER,(G(9)) + + . (155)
9€G(8) n n

Note that Pg? < 4M?2§ for any g € G(9), therefore

ER,(G(6)) <ERn(g € G : Pg* < 4M?5).

The right term frequently appears in the articles related to the LRC and can be more easily handled than the term on the left.
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By applying Corollary 2.1 in Lei et al. (2016) under the assumption for the empirical covering number of G, we know

2
ER,(g € G : Pg® < 4M26) < C (O‘M log(28v/n) \/M%‘ 105(%*/5)> : (156)

n

where C'is a universal constant.
Combining the upper bounds for w,(f) (9), 22) (6) and 1/)7(13) (6), i.e. (151), (152), (154) and (149), the conclusion holds. [
Lemma C.9. For the empirical covering number of F and G defined in the Lemma C.8, we can deduce that

(1) when F = Fy, 1(B), we have

B m(d+1) MB 32 cmd
N(F,L2(P,),€) < (2) and N(G, L*(P,), €) < (me(e)) 7 (157)
where M is a upper bound for | f| and c is a universal constant.
(2) when F = ®(N, L, B), we have
Cn CN2L2(10gNlog L)® Cn CNZLZ(logNlog L)3
N(F,L*(P,),e) < <€> and N'(G, L*(P,),€) < ( - ) , (158)

where C'is a constant independent of N, L and n > C N2L?(log N log L)3.

Proof. (1) For the function class of two-layer neural networks, recall that

m m
Fma(B) = {Z%‘U(wi cwtt) >l < B, lwih = 1,6 € [, 1)}~
i=1 i=1
Due to the Lipschitz continuity of o, we can just consider the covering number in the L°° norm.
Without loss of generality, we can assume that B = 1. Then for

m

un(@) = S ok -a+ tF) € Fa(1),k = 1,2,
i=1
we have
uy () — ua(2)| = | Y _vlow! -z +1t]) —yiow] z+17)]

hio(wi -z +t;) = oW 2 +8)]

=D 101 =)ol -z )+ (o(wf x4 t]) = owi -+ 1))

m
< 2k =2+ W(w) = wih 1t - 2D,

where the last inequality follows from that ¢ is bounded by 2 in absolute value and is 1-Lipschitz continuous.

Therefore, when
m

€ € € .
D i =A< gandlwl Wi < 4t -] < 1 <i<m,
i=1

we have that sup,cq |u1(x) — ua(z)| < €, which implies
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N(Fi(1),L3(P,),€) < N (Fma(1),L%®,€) < (g)m (E)m(d’” (E)m _ (E)m(d+1)’

€ € €
where c¢ is a universal constant.

Therefore, N'(Fp.1(B), L2(Py,),€) < (ﬁ)m(dﬂ), where we assume that B > 1.

Recall that

G ={(IVu(@)]” - 2f(@)u(z)) - (IVu" (2)|* = 2f (x)u”(2)) : u € F}.
Since u* is fixed, the estimation for the term f(z)u(x) can be conducted in the same manner as for F. Therefore, we only
need to estimate the first term.

For .
up =Y Aoz +tf) € Fn(1),k=1,2
=1

we have

V| = [Vuz?(| r2p,)

< 2[|Vur — Vua|l|22(p,)

m
< 2” Z |711w11]{w11 x+tl>0} T 71'2wi2]{w1.2-3:+t?20} ‘ HL2(P71,)
=1

m
<2 Wit asn s0p — Wil aresoy e,
i=1

=2 Z (v = 7?)%”{@-1%%20} + ’Y?(‘JJ}I{wg-zngo} - wz'QI{wf-a:thfZ()}”||L2(Pn)
i=1

m m
<2> I =4+ 2D ] W ot s0p — WP T2 ooyl L2cp,)
=1 =1

m m
< 22 i =]+ 22 77 |(Jwi = wilh + ||I{w}~x+t}20} - I{w§~m+tfzo}”L2(Pn)>v
i=1 i=1

where the first inequality follows from that |Vuy| < [Vug|; < 1 for k = 1,2 and the second, third, fourth and the last
inequalities follow from the triangle inequality.

Thus if

m
€ .
Z i =7l < 1 and |w} — Wi + HI{w}aﬁLt}ZO} - I{wf-z+t§zo}||L2(Pn) < plsism,

i=1

> o

we can deduce that [|[Vuy[* — [Vug|?||2(p,) < e
Based on same method in the proof of Proposition A.3, the L?(P,) covering number of the function class {|Vu|? : v € F}

can be bounded as onm N (d—142d)m N 3md
(5) (D) -0

Combining the result for F, we obtain that

N(G, L2 (P,), ¢) < (CI“ax(MB’BQ>)md
bl njs — 6 b

where M is a upper bound for | f| and ¢ is a universal constant.

(2) Note that the empirical covering number N'(F, L?(P,), €) can be bounded by the uniform covering number N (F, n, €),
which is defined as

N(F,n,€) := sup N(F|z,,€ | lls);
ZneXn
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where Z,, = (21, ,2,) and Flz, = {(f(z1), -+, f(zn)) : f € F}

As for the uniform covering number, it can be estimated using the pseudo-dimension Pdim(F). Specifically, let F be a
class of function from X to [—B, B]. Then for any ¢ > 0, we have

%enB Pdim(F)
N(F,n,e) < ( o )

for n > Pdim(F) (See Theorem 12.2 in Anthony et al. (1999)).
From Bartlett et al. (2019) and Yang et al. (2023b), we know that
Pdim(¥) < CN?L?log Llog N and Pdim(DV) < CN?L?log Llog N

with a constant C' independent with IV, L, where W is the function class of ReLU neural networks with width NV and depth
L.

Therefore, we can deduce that for 7 = ®(N, L, B), we have

Cn> CN?L?(log N log L)?

N(F,L*(P,),e) < (

€

and

Cn CN?L*(log N log L)?
e )

N(G, L*(P,),¢) < (

with a constant C' independent of N, L and n > CNZ2L?(log N log L)3, as the width and depth of ®(N, L, B) are
O(Nlog N) and O(L log L) respectively. O

Lemma C.10 (Estimation of the covering numbers for PINNs).

(1) For F = Fyp 2(B) with B = O(M), we have

b
log N (F,d,e) < cmdlog ()

€
with a universal constant c.
(2) For F = ®(L,W, S, B; H) with L = O(1),W = O(K%),S = O(K%),B = 1, H = O(1), we have

d K
log N (F,d,e) <CK%log | — |,

€

where C'is a constant independent of K.

Proof. Recall that

and
F = {u= (1Q(Lu(z) - f())* |0Q(uly) — 9())?) : u e F}.
(1) For the two functions u = (|Q|(Lu — f)?,|09Q|(v — g)?),w = (| (Lu — f)?,]|09| (@ — g)?) € F, where u, 4 belong

to F, 2(B) and are of the form

m
Z’}/k(fg W - T+ tg), u(x Z (T $+tk)
k=1 k=1
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respectively. We write u, w as (u1,uq) and (41, 4g) for simplicity.

As for the samples from 2 and 02, we denote their empirical measure as

1 & 1 &
.PN1 = EZ(;Xl andPN2 = EZ(SY“
=1 =1

respectively.

Now, we are ready to estimate d(u, @), recall that

_ 1 - -
d(uvu) = \/;\/lul - u1||%2(PN1) + ||U2 - U2||2L2(pN2)
1 _ _
< 5(”“1 — w2y, T lue — 2llz2(py,)),

which allows us to estimate these two terms separately.

From the boundedness of related functions, we have
lur =t ll 2Py, y = 1Q1(Lu — £)? = QUL — £)?[|22(py,)
< ed® MPIQY|L(u — @) 12 (py, )
and

luz = @2 (e, = 11021 = 9)* = 0912 = 9) | 2Py
< MO0 |[u— i 2(py,).

Therefore, it can be turned to bound || L(u — @)|[2(py,) and [lu — il L2(py, )-

For || L(u — u)|[2(py, ), applying the triangle inequality yields

d
HL(U_E‘)”LQ(PN1 ” - Z a”L] zg +Zba U_U)+C(U—U)||L2(le
2,7=1 i=1
d
<l Zau i (0= D)l z2(pyy) + 1Y 00— )| L2(pyy ) + e = D) 2(py, )
1,j=1 i=1

= A1 + Ay + As.

Note that O;u, u are Lipschitz continuous with respect to the parameters, thus for As, we have

d
A = || D 0i0i(u— 1)l L2 (py, )

i=1

<||§:b8 )| (0

= ||Z2b (Z%wkﬁ Wi - T + tr) — Yepo (@ - $+tk)> | Lo~ ()
i=1

k=1

=12 (Z Ve — Yo )wio (W - + tr) + Tewio (W - + tr) — Teopo (@ - + fk)) o< ()

i=1 k=1
m d m
<AM Yy =Bl +2M Y 11D anwio Wk - @+ tr) — ko (@ - @ + )| L (@)
k=1 =1 k=1
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where the last inequality follows from the facts that |b;| < M,1 <i < dand w; = (w}, -+ ,wd), 2?21 |wi| = 1. And we
denote the second term by Aso, then
d m
Agy =2M Y |1 Arwio(wi - + t) — Te@ho (@k - 7 + )| Lo (o)
i=1 k=1
= QMZ | Z’Yk i — @0 (W - @+ ) + e (0 (Wi - @+ 1) — o (@ - 2+ )| Lo (@)
i=1 =

d m
< 4MZZ Fllwf, — @kl +2M > ill@h|(lww — @rlr + 1tk — )

=1 k=1 =1 k=1
m m

=AM > llwr — @xl1 +2M > [Tl (lwr — @kl1 + [te — ),
k=1 k=1

where the inequality follows from the triangle inequality and the facts that o is 1-Lipschitz continuous and || || 1. (|—2,2)) < 2.

Combining the results for A5, we have

Ay SAMY e — 3l +4AM Y llwr — @rly +2M Y [il(lwk — @kl + [tk — ).
k=1 k=1 k=1

Similarly, we have

Az = |le(u — ﬂ)||L2(PN1)
m

m
<AM Y |y — Wl +4AM D Pkl (Jwk — k1 + [t — El)
k=1 k=1

and

lu—allz2(py,) <4 e — Tl + 4> Frl(lwr — @l + [tk — )
k=1 k=1

As A; involves the second derivative of o9, the method described above cannot be applied. However, we can borrow the
idea from the proof of Proposition A.3.

d
Av =) aidi(u—a)lla(py,)

ij=1

n
=2 > yhwr T AwkT (o, ot 20) — Tk Ak, a4t 20y | L2(Py, )
k=1
=2 > (yewn” Awp — Tuf ADk) -0t 50 + Tr@h ABk (I, -at6,20) — Lot 201l 22(Pyy)
k=1

m m
<2 Z "kakTAwk — ’VngA(DH +2 Z ‘7k@gA@k|||I{wk.z+tk20} — I{@k‘l+gk20} ||L2(pN1).
k=1 k=1

For the first term, we have

3

> lywwn” Awg — 3@} Awg] <Y 1wk — )" Aw| + [T (Wi Awy, — ©f Aoy
k=1 k=1

3

< Ml — il + nllwr” A(wr — @x) + oF Alwr — @)
k=1

m
<M <Z Ve = Vel + 207k [lwr —Wk|1> ;
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where the inequalities follow from the triangle inequality and the fact that for any x € dB{(1),y € R? and matrix A € R4*?
with [A(i, /)| < M(1 < 4, < d), we have |7 Ay| = |(AT2)Ty| < |ATz]olyly < Mlyly.

Thus we obtain the final upper bound for A;.

Ay <2MY (v = Tl + 21k llwk — @kl1) +2M > [kl oy w4t 201 — Lpotriezop 22 (Pyy)-
k=1 k=1

Combining all results above, we can deduce that

d(u, @) < c(d*M?|Q] + MO (v — Tl + [Tl lwr — @xl1)
k=1

) el o tr 20y — Lo -attezoy 2Py, ))-
k=1

Similar to bounding the empirical covering number of G for the two-layer neural networks in Lemma C.9 (1), the covering
number of FF under d is

<c(d2M3|Q + M|09)B>“”d _ <c(d2M4Q| +M2|aQ|))””d - (d;)cmd
— —_ 6 )

€ €

where c is a universal constant.
(2) Note that d(u, ) < Clju — | c2(q), then Proposition 1 Belomestny et al. (2024) implies that
d K
log/\/(.’F, || : ch(ﬁ),é) <CK log ? s
where C'is a constant independent of K.
Therefore, the conclusion holds. O
Lemma C.11 (Agmon et al., 1959)). Foru € Hz () N L(9Q),

2

d d
2 2
”uHH%(Q) <Cl|—- Z aij&»ju + Z b;0iu + cu + C||u||L2(é)Q)
i,j=1 i=1 H*%(Q) (159)
d d
<Calll- Z a;;j0;ju + Zbi&-u + CUH%?(Q) + Hu||%2(aﬂ) ,
ij=1 i=1

where Cq is a constant that depends only on ).

D. Discussion
D.1. Over-parameterized setting

In the context of over-parameterization, the generalization bounds for two-layer neural networks may become less meaningful
due to the term m /n. However, fortunately, the function class of two-layer neural networks in Proposition 2.2 and Proposition
3.1 forms a convex hull of a function class with a covering number similar to that of VC-classes. Consequently, we can
extend the convex hull entropy theorem (Theorem 2.6.9 in Vaart & Wellner (2023)) to the H! norm, allowing us to derive
generalization bounds that are independent of the network’s width. Theorem D.2 is a modification of Theorem 2.6.9 in Vaart
& Wellner (2023) to obtain explicit dependence on the dimension.

This section is inspired by two works Sreekumar & Goldfeld (2022) and Liu et al. (2024). Sreekumar & Goldfeld (2022)
utilizes two-layer neural networks to estimate statistical divergences and establishes a non-asymptotic absolute error bound
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using techniques from empirical processes. A key component is the estimation of the metric entropy of the closed convex
hull (see Theorem 58 and equation A.33 in Sreekumar & Goldfeld (2022)). Compared to Theorem 2.6.9 in Vaart & Wellner
(2023), Sreekumar & Goldfeld (2022) provides explicit constants with respect to the dimension d , but does not offer a proof
and is limited to the L? norm. Liu et al. (2024) considers a different type of Barron space (Ma et al., 2022) and derives
generalization bounds under path norm constraints in the over-parameterized regime. Moreover, Liu et al. (2024) provides a
slightly more detailed proof for the estimation of the metric entropy of the closed convex hull, but this is still within the L?
norm, with a O(d®) dependence on dimension d. We extend the results from the L? norm to the H! norm and establish
the explicit dimensional dependence, specifically obtaining an O(d) bound, which is the same as that of (Sreekumar &
Goldfeld, 2022).

Lemma D.1. Let F be arbitrary set consisting of n measurable function f : Q0 — R of finite H'(Q)-diameter diam(F).
Then for every € > 0, we have

2

N (ediam(F), con(F), H-(Q)) < <e + 6”62> °

2
Proof. Assume that F = {f1,---, fn}. For given A in the n-dimensional simplex. Let Y7, -, Y} be i.i.d. random
elements such that P(Y; = f;) = A; for j = 1,--- , k and k is natural number to be determined. Then we have

EY; = 3 \;fj and VEY; =EVY; = Y \;Vf;.
j=1 =1

Let Yy, = + S°¥ | Y;, then the independence implies

k
_ 1 1, .
E||Vi — EYillin ) = 13 2 ElIY: —EYi[} ) <  (diam(F))*.

i=1

Therefore, Markov inequality implies that there is at least one realization of Y}, that have H'((Q)-distance at most
k~1/2diam(F) to the convex combination Z?:l A;fj. Note that every realization has the form k! Zle fi,,» where
some functions f; in the set 7 may be used multiple times. As such forms are at most C¥ ., we can deduce that

N (k~"2diam(F), conv(F), H'(Q)) < Ck oy < e*(1+ %)k’

where the last inequality follows from Stirling’s inequality.

For 0 < € < 1, we can take k = [ %], then the monotonicity of the function e*(1 + %#)* and the fact k < 5 +1 < %
imply that

k 2\ 2
ek (1+%) §<e+”;€) . (160)

For € > 1, the right term in (160) is larger than 1, thus the conclusion holds directly. O

Theorem D.2. Let () be a probability on ), and let F be a class of measurable functions with || F||q.2 := sup || f|| g1y <
feF

o0 and

Vv
N(e| Fllos, F.HY(Q)) < C (1) 0<e<1

€

for some V> 1. Then we have

log N (€| .2, conv(F), H'(Q)) < KV(CV +2) vz <1> nE

where K is a universal constant.
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Proof. Note that every element in the convex hull of F has distance € to the convex hull of an e-net over F. Accordingly,
given a fixed e, it suffices to consider scenarios where the set JF is finite.

Set W = 2 4+ L and L = CYV||F||q,2. Then the assumption implies that F can be covered by n balls of radius at
most Ln~V for every natural number n. Form sets 71 C F2 C --- C F such that for each n, the set F,, is a maximal,
Ln~1/V -separated net over F. Thus F,, has at most n elements. We will show by induction that there exist constant Cy, and
Dy, depending only on C and V' such that sup;, C'; V Dy, < oo and for g > 3V,

logJ\/(C’kLn_W,conv(}'nkq), Hl(Q)) < Dyn, n,k > 1.
The proof consists of a nested induction argument. The outer layer is induction on & and the inner layer is induction on n.

First, we apply induction for n, i.e., for k = 1, we will prove the conclusion for each n. For fixed ng = 10, it suffices to
choose Cy Lng~™" = C1L10™" > ||F||g.2 so that the statement is trivially ture for n < ny = 10, i.e., C; > 10V C~V/V.
For 10 < n < 100, set m = | {5, thus 1 < m < 10. By the definition of F,,,, each f € F,, — F,, has distance at most
Lm~/V of some element ., f of F,,. Thus each element of conv(F) can be written as

SoXf= D wf+ Y M —Tmd),

fE€Fn fe€Fm fEFn—Fm

where iy > 0 and ) py = > Ay = 1. Taking G as the set of function f — 7, f with f ranging over F,, — Fp,,
thus conv(F,) C conv(F,,) + conv(G,) for a set G,, consisting of at most n elements, each of norm smaller than
Lm~/V then diam(G,) < 2Lm~/V. Applying Lemma 17 for G, with € defined by m~*/Ve = 1Cin™W, ie.,
ediam(G,,) < %Can*W, we can find a %Can*W-net over conv(G,,) consisting of at most

2 2 320 (2 2 2000 %
ENE” o2 eCY m 2\t '™ eCy, 1 2\
R = 1= < it NG
(e+ =) (6+ 32 (n)v) = <6+ 32 (30)"

elements, where the inequality follows from the facts that (e 4+ em:)% is increasing with respect to z > 0 and | {5 | > %%
for n > 10. Applying the induction hypothesis to F,, to find a C; Lm~" -net over conv(F,,) consisting of at most ™
elements, where we choose D; = 1. This defines a partition of conv(F,,) into m-dimensional sets of radius at most
C1Lm~". Without loss of generality, we can assume that F,,, = {fi,, fi,, - , fi,, }. For any fixed element h in the
C1Lm~" -net over conv(F,,), assume that h = Ay fi, + -+ A fi, for A= (Mg, -+, \) € R™. And we denote the ball

centered at h with H*(Q) radius C; Lm~" by
H:={A= A ) €A h=Afi, + -+ A firs I = Bl ) < C1Lm™ W},
where A is a subset of R™.
Note that
[h =Rl = IALfi + - Amfire = Afiy — - = A fin |10
< |)‘1 - /\}|||fi1 HH‘(Q) + - ':" |)‘m - /\m|||fim HHl(Q)
< (M =M+ A = A2

Thus if [[A — All; < C1CYV'm=W, then ||h — h|lg1(q) < C1Lm~W. Therefore, A C {XA € R™ : XA = A|l; <
C1CYVm~W}. By Lemma 5.7 in Wainwright (2019), we can find a $C,C*/Vn~% -net of A under the distance || - |,
consisting of at most

60101/Vm_w " n w W n
— = (12(—)")™ < (12(20 10
(;clol/vn—w (122" < (12(20)")
elements. Moreover, it yields a %Cl Ln~"-net of H under H'(Q). Select a function from each of the given sets. Then,
construct all possible combinations of the sums f + g by preceding procedure, where f is associated with conv(F,,) and g
is associated with conv(G,, ). These form a C'y Ln~" -net over conv(F,,) of cardinality bounded by

2
32(20) V n
— a2

1

2
Ct (1
en/19(12(20)") (e+32 -

<l
~
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This is bounded by e™ for some suitable choice of C. Specifically, note that for V' > 1, the term attains the maximum at
V' =1, thus it is bounded by

32-400n
2

02
n/10(19(90) % /10 ]
e 202002 e+ 5500

We can just take C; = 1000. This concludes the proof for £ = 1 and 10 < n < 100. Proceeding in the same way yields
that the conclusion holds for every n.

We continue by induction on k. By a similar construction as before, conv(F,xa) C conv(F,x—1)a) + conv(G, ) for

a set conv(G,, ) containing at most nk? elements, each of norm smaller than L(n(k — 1)?)~*/V, so that conv(G,, 1) <
2Ln =V E=a/V24/V Applying Lemma D.1 to conv(G,, ;) with e = 271£9/V=227¢/Vn=1/2 '\ye can find an Lk—2n~"-
net over conv(G,, i) consisting of at most

29 43 429
enkde? ekat -4 nv e
e+ 2 = e—ﬁ—i
( 2 ) 9% +3

elements. Apply the induction hypothesis to obtain a Cj,_; Ln~" -net over the set conv(F,(,—1)a) With respect to H HQ)
consisting at most e”*~17 elements. Combine the nets as before to obtain a Cj,_1 Ln~" -net over conv(F,, 1) consisting of
at most eP+" elements, for

1
Cp=Cr_1+ 72

—22-37.q+32-4
_ 29 31 +log(l+27V OkITV )
Dy =Dy 1 +2V kj2(%72) .

For 2({ — 2) > 2, the resulting sequences Cy and Dy, are bounded. By setting ¢ = 3V, i.e., 2(# — 2) = 2, we have
1 + 2_9]€3V+2)
k2 ’

Therefore, for any &, we can deduce that Cy, < C; + 2 and Dy, < D; + KV, where K is a universal constant. Recall that
Cy = max(10WC =1V 1000), thus sup, Ci < max(10"' C~"V 1000) + 2.

Dy = Dy + 291 + log(

Finally,

1 cev ' 1 av (1) V2
log N (|| F||g,2, conv(F), H' (Q)) < sup Dy, - < KV(CV +2)vz | — ,
k

where K is a universal constant. O
For the function class of two-layer neural networks considered in the DRM, i.e.,
F={ow-z+1t),—o(w-z+1),0:|w; =1,t€[-1,1)},

thus for any probability measure @ on [0, 1]%, we have ||F||g.2 < 3 and

3d
N(el|Fllg.2 F, H'(Q)) < C(d + 1)(4e)**! (C> :

€

where C is a universal constant.

Then, applying Theorem D.2 yields that

1 3d+2
log/\/'(e||F||Q,2,conv(]-"),Hl(Q)) < Kd () ,
where K is a universal constant.
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As aresult, in Theorem 2.5 for deriving the generalization error for the static Schrodinger equation, we can deduce that the

fixed point r* satisfies
1 3+3Ean
* :

n

(M)

which yields a meaningful generalization bound in the setting of over-parameterization.

D.2. Other boundary conditions for Deep Ritz Method

Let Q C [0,1]% be a convex bounded open set and 952 be the boundary of §2. Consider the elliptic equation on §2 with
Neumann boundary condition:

0
—Au +wu = hon Q, a—u = g on 01, (161)
n
where )
he L*(Q), ge H2(09), weL>). (162)
From the variation method, the Ritz functional can be defined by
1 2 1 2
E(u) = —|Vul|5 + zwlul]* — hu | dz — (9Tu)ds, (163)
o \2 2 o9

where T is the trace operator.

Then we can deduce that then unique weak solution u* € H'({) of (1614) is the unique minimizer of £ over H'().
Moreover, the Ritz functional possesses similar strongly convex property as described in Proposition 1. Specifically, for any
u € HY(Q),

lu = w3 o) S E(u) = ) < Jlu—u* |7 0)- (164)

At this point, to derive the fast rate for equation (161), we can employ the LRC from the multi-task learning setting. This
is due to the strongly convex property of the Ritz functional (161), which is similar to the approach used to derive faster
generalization bounds for the static Schrodinger equation. Specifically, Theorem B.3 in Yousefi et al. (2018) can be seen
as a generalization of Theorem 3.3 in Bartlett et al. (2005) to the multi-task setting, thus combining it with the error
decomposition in (79) can lead to the conclusion for the Ritz functional (163). For the sake of brevity, we omit the proof
here.

For the Robin boundary condition:
0
ut g =g on QB ERBHO, (165)

the corresponding Ritz functional retains strong convexity properties analogous to (163), provided the bilinear form remains
coercive. To approximate homogeneous Dirichlet conditions (u = 0, on 9), we can set ¢ = 0 and let 3 — 0. Since
under certain conditions, we can prove that |lug — ug|| g1 () = O(B), where ug is the solution to the Robin boundary
condition (165) and u is the solution under the homogeneous Dirichlet boundary condition.

D.3. Lower bounds

The derivation of lower bounds plays a critical role in nonparametric statistics. From the upper and lower bounds, we can
establish whether the estimator achieves minimax optimality. What Lu et al. (2021b) has achieved better than our work is
that they also derived lower bounds for both DRM and PINNSs. Their results show that the bound for DRM is not minimax
optimal, whereas that for PINNs is minimax optimal. However, the metric used in Lu et al. (2021b) to evaluate PINNS is
the H? norm, which requires strong convexity assumption on PDEs and neural network functions to belong to Hg. Such
assumptions appear too stringent.

Recent studies (Farrell et al., 2021; Schmidt-Hieber, 2020; Jiao et al., 2023; Bauer & Kohler, 2019; Kohler & Langer,
2021; Chen et al., 2022) have shown that neural network-based estimators can achieve minimax optimal rates for regression
problems under certain conditions. These bounds are estimated under the L? norm. However, for PINN, different PDEs
require distinct norms to measure the discrepancy between the empirical and true solutions, which differs significantly
from the regression framework. Consequently, lower bounds may only be discussed within the semi-norm structure of
PINNSs’ loss functions. Thus, the minimax optimality of the derived bounds for both PINNs and DRM remains an open
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question warranting rigorous investigation. Future work will examine the applicability of Le Cam’s and Fano’s methods in
this context.

D.4. Limitations and future Work

¢ In the paper, we have made the assumption that all related functions are bounded, as required for the localization
analysis. However, these assumptions can sometimes be strict. Therefore, it is crucial to investigate settings where the
boundedness is not imposed.

 Utilizing ReLU neural networks in the DRM presents optimization challenges due to the non-differentiability of the
ReLU function’s derivative. One potential approach is to employ randomized methods to tackle the objective functions,
like using random neural networks (Wang & Dong, 2024). Specifically, for a two-layer neural network, we sample
the weights of the hidden layer from a certain probability distribution, which allows us to focus solely on optimizing
the parameters of the output layer, thereby simplifying the problem to an easy optimization task. The methods for
deriving improved generalization error remain valid under stronger assumptions. For instance, when the solutions
belong to B3(Q), employing ReLU? neural networks allows us to leverage gradient descent or stochastic gradient
descent methods.

* For the PINNS, the loss functions play a crucial role for solving PDEs. It is worth paying more attention to the design
of loss functions for different PDEs. As discussed in Section 3, using the L? loss function can only yield results
in the H'/2-norm. To obtain results in the H' or H2-norm, the boundary residual term must employ the H'/2 or
H?3/2-norm. However, using the H'/2 or H3/2-norm not only complicates computations but also introduces difficulties
in deriving generalization bounds, because computing fractional Sobolev norms may render the empirical loss function
non-Lipschitz continuous with respect to the parameters (see, e.g., Definition 1.2 in Girault & Raviart (2012) for the
definition of fractional norms). In practice, we can relax the H'/2 and H*/2-norms. For instance, for the H'/2-norm,
we may use the loss function:

L(u) = ||Lu — fH%?(Q) + lu— 9||§11(09)~

Similar ideas have also been applied in elliptic surface problems (Wu et al., 2023). Moreover, the design of loss
functions is equally crucial for inverse problems (Zhang et al., 2023).

» The optimization error is beyond the scope of this paper. Gao et al. (2023); Luo & Yang (2020) have considered the
optimization error of the two-layer neural networks for the PINNs inspired by the work Du et al. (2018). However, all
these studies focus on the over-parameterized regime, relying on the lazy training property of neural tangent kernel
(NTK).

* The requirements of the function class of deep neural networks may be impractical. Achieving these requirements in
practice might be accomplished by restricting the weights of the networks, but doing so can make optimization more
difficult. Thus, it is worth exploring whether there are more efficient methods.

* The solution theory of PDEs in the Barron spaces remains unclear. Lu et al. (2021c) has addressed the problem for
the Poisson and static Schrodinger equations in the Spectral Barron spaces, yielding a priori estimates similar to the
standard Sobolev regularity estimate. As for the Barron spaces, Chen et al. (2023) has studied the regularity of solutions
to the whole-space static Schrodinger equation in 3% (IR?). However, the results of Lu et al. (2021c) and Chen et al.
(2023) do not work for B*(£2). Despite this, at least, there exists solutions in the B (), as H2T5+¢(Q) c B*(Q) for
any € > 0.
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