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Abstract

We study pricing policy learning from batched contextual bandit data under market
shift and privacy protection. Market shift is modeled as covariate shift, where
the relationship among treatments, features, and rewards remains invariant, while
privacy is enforced through local differential privacy (LDP), which perturbs each
data point before use. Viewing the off-policy setting, covariate shift, and LDP
collectively as forms of distributional shift, we develop a policy learning algorithm
based on a unified pessimism principle that addresses all three shifts. Without
privacy, we estimate the conditional reward via nonparametric regression and
quantify its variance to construct a pessimistic estimator, yielding a policy with
minimax-optimal decision error. Under LDP, we apply the Laplace mechanism and
adjust the pessimistic estimator to account for additional uncertainty from privacy
noise. The resulting doubly pessimistic objective is then optimized to determine
the final pricing policy.

1 Introduction

Data-generating Process We study an observational dataset collected from interactions with a
dynamic pricing system, following standard formulations in offline policy learning [3} 8} 10, |15} [17].
For each interaction, the system observes an exogenous context vector X’ € X = [0, 1]¢ encoding
the product’s characteristics, the customers’ information and some other confounding factors, for
example, economic indicator, weather, competitors’ treatments [21} 15, 24]. The system assigns a
treatment (action) 77 € T = [0,1] based on an unknown logging policy, characterized by the
generalized propensity score o (- | XI), which generalizes the discrete propensity Pr(T = a)
to continuous treatments [[7, 9]. In loan pricing, 7} may represent an interest rate [12]], whereas in
settings with a fixed product type, it can denote a (1 — )% discount from a baseline price [6]].
Let Y (t) € Y := [0, 1] denote the potential outcome (reward) under treatment ¢, following Rubin’s
potential outcome framework [22]]. We assume that the features, treatments, and potential rewards,
denoted (X, T, {Y (t)}+c7), follow an unknown joint distribution D¥. The observed reward is
Y := Y(TF). Thus, the observational dataset D,, = {(X, T, Y;F')}™_, consists of i.i.d. samples
from DT .

We define the conditional average outcome, or individualized dose—response function (IDRF), as
f(x,t) == E[Y(t) | X = x]. We impose the following structural assumptions on D. First, we
assume that the potential reward is sub-Gaussian and IDRF is continuous.

Assumption 1 (Sub-Gaussianity and S-Holder continuity). The potential reward Y (t) is 1-sub-
Gaussian. Moreover, corresponding IDRF is 3-Holder continuous for some 8 € (0, 1]. That is, there
exists a constant Cyy > 0 such that for all (x1,t1), (X2,t2) € X X T,

|f(x1,t1) = f(x2,t2)] < Chll(x1,t1) — (X2, t2) ]| %-
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This assumption on IDRF is weaker than those in earlier works on private dynamic pricing [25} 16, 6]
and causal dynamic pricing [24]]. Moreover, continuity of the IDRF is considered a desirable property
when estimating the causal effects of continuous treatments [18]]. To ensure that IDRF coincides with
E[Y,F|XF = x, T = t], we further assume weak unconfoundedness of the logging policy [[7].

Assumption 2 (Weak unconfoundedness). Y(t) L T | XF forallt € T.

Off-policy Learning under Covariate Shift and Local Differential Privacy We aim to learn a
policy 7 : X — T from observational data under two types of distributional shift: covariate shift and
local differential privacy. Let D denote the distribution of (X<, Y (#(X©))). Covariate shift arises
when the marginal distribution of features under D@, denoted Q, differs from that under the historical
data DT, denoted P, while the IDRF remains unchanged [23} [14]. This typically occurs when a
product enters a new market. To protect the privacy of each interaction, each observation is randomly
perturbed through a privacy mechanism represented by a Markov kernel M;(- | x,¢,y), where the
magnitude of the perturbation is controlled by the privacy parameter €. This mechanism ensures
local differential privacy, formally defined in Definition [I] (Section [3). The resulting observational
data are given by D,, := {V;}1, = {M;(XF, TP, Y, )}?:1 After the learned policy is deployed,
the system directly observes the target features X? without privacy protection, following Chen et al.
[4}16]. The goal of policy learning is to maximize the policy value, defined as the expected reward:

V(n) =E[Y(n(X9))] =E[E[Y(7(X9)) |X?]] =E [f(X?,7(X9))], (1)

where the expectation is taken with respect to the randomness in D9, DP mog,and M;,..., M,.

Previous Approaches Approaches to off-policy learning under unconfoundedness can be broadly
categorized into regression-based methods [20], reweighting-based methods [13]], and doubly robust
methods that combine the two [1, [11]]. The regression-based approach estimates the IDRF through
regression, but the resulting policy learning algorithm may not be consistent if the IDRF is misspeci-
fied. The reweighting and doubly robust approaches help mitigate this issue, and these methods are
widely adopted in existing literature on off-policy learning from observational data under distribution
shift (26} 29].

Our Contribution This paper adopts a regression-based approach but, instead of mitigating IDRF
misspecification, we leverage it to guide policy learning. Assuming Holder continuity of the IDRF,
we estimate it using nonparametric regression, which provides effective bias control at the cost of
higher variance. This variance varies across treatments, being larger for those underexplored by the
logging policy or source covariate distribution P. We formalize this with a pointwise error bound for
the IDRF estimator and use it to construct a pessimistic estimate. For a new target context X, our
policy selects the treatment that maximizes this pessimistic predicted IDRF, naturally discouraging
underexplored treatments with wider confidence intervals. We further extend this framework to the
local differential privacy setting.

2 Pricing policy without privacy

We present our policy in the non-private setting (¢ = oo), where M, ..., M,, are identity mappings
and thus D,, = D,,. We first introduce two notations for radius-h neighborhoods corresponding to a
target context x? € X and a candidate treatment ¢t € T :

Do(x9,t) = L{(IXF = 5Pl VItF —t)) < B}, Na(x8):= Y Lhi(x2,8), i = 1,...,n.
=1

We then define the pessimistic estimator for f as follows:

Proposition 1 (Pessimistic IDRF estimator). Let b > 0 be a bandwidth parameter, 5 > 0 the Holder
smoothness constant (with corresponding constant Cy), X9 € X a target context, andt € T a
candidate treatment. Define the pessimistic estimator of the reward function as

Fa o [ e Yl i(x9,t) [ 2log2n p o
fr(x%,t) = ( N}L(XQ,t) Nh(XQ,t) Cuh H(Nh(x 1) > 0). )

UnderAssumptiOnsand with probability at least 1 — 1/n, we have f,(x9,t) < f(x2,1t).



The proof of Proposition|I]is given in Appendix [C| Building on this pessimistic estimator, our policy
selects the treatment 7, (x?) as the smallest maximizer:

7 (x9) := min {t’ € arg max fn(x@, t)} . 3)

Since fh(xQ, t) is piecewise constant, changing only at the n indicator thresholds or at the domain
endpoints, it has at most 2n + 2 segments for a fixed x©. Hence, computing 7, (x%) reduces to
comparing its values across these segments. The full procedure is summarized in Algorithm 2]

We now provide a theoretical guarantee for the proposed policy learning algorithm. We begin by
introducing the assumptions required to establish this guarantee. Intuitively, successful transfer relies
on the similarity between the source data generator and the target data generator, as well as the
effectiveness of the offline policy m.g in exploring optimal treatments. Accordingly, the minimax
rate depends on two key factors: the overlap between the source and target context distributions, P
and @), and the extent of exploration performed by the offline policy. We formalize the first quantity,
which was initially introduced by Kpotufe and Martinet [[14]].

Assumption 3 (Transfer exponent). There exist constants o > 0, h >0, and Cy > 0 such that for
all x € supp(Q) and all h € (0, h),

P(Br(x)) > Cah®Q(Bn(x)). )

We denote this condition as kj,(P, Q) < «. For brevity, when the context is clear, we simplify the
notation to k(P, Q) = kj,(P, Q).

Note that any pair (P, Q) satisfies the above with &« = co. For treatments, however, we do not impose
a strict transfer exponent. Instead, we assume only that the offline policy m,g under P frequently
selects near-optimal treatments. This is a weaker assumption than in prior work in online setting [28]],
which requires exploration of the entire treatment range.

Assumption 4 (Near-optimal treatment exploration). Let y denote the joint distribution of source
context-treatment pairs (XY t¥). There exists a constant ¢ € [0, 1] such that for each x € supp(P),
there is at least one optimal treatment, denoted t'(x) € arg max;e7 f(x,t) for which:

inf ,u(Bh(X) X [tT(X) — h, tT(x) + h])
he(0,1/2] 2hP(By(x))

> C. &)

We now show that the pricing policy (3) achieves a minimax-optimal suboptimality gap.
Theorem 2. Let * € arg max, V(). Under Assumptions -l there exist h and h such that,

V(") = V(#n) = O((Cn)~ 7ararr), ©)

for sufficiently large n, where O() hides logarithmic factors. Moreover, if (n > 1, then for any
policy , there exists an instance satisfying Assumptions[IH4| such that

V(r*) = V() = Q((¢n) 7w ), @)

The proof of Theorem [2is provided in Appendix [D}]

3 Pricing policy with privacy

We now extend the pricing policy (3)) to the local differential privacy setting. We begin by formally

defining local differential privacy.

Definition 1 (Local differential privacy). Given a privacy level € > 0, let (XZP , tf , YP ) and V;
be random elements mapped to measurable spaces (X x T x Y, F) and ( Vz, B; respectlvely, for
eachi =1,...,n. Then V; is an e-local differentially private (- LDP) view of (X, tF,Y.F) if there

IR A

exists a privacy mechanism M;(-|-), which is a bivariate function on B; x (X x T % y) such that:

1. For any (z,p,y) € X x T x Y, M;(-|z,p,y) is a conditional distribution of V; given
(X7, t8.Y") = (2.p,y),

1 Y%



2. Forany A € B;, (z,p,y) — M;(A|x,p,y) is a measurable function on X x T x ), and

3. Forany (z,p,y) and (z',t',y) in X X T x Y and A € B;, the inequality M;(A|z,p,y) <
e M;(Alx',t',y") holds.

Privacy mechanism. Given a bandwidth h, let K := |1/h4t1|. Partition X x T into hypercubes
Api,-.., Ap x of side length h. Each seller i < n privatizes their datapoint (X!, ¢F) using the
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following protocol: (i) each context-treatment pair (X7, ¢1’) is encoded as a K -dimensional one-hot

vector W;, where the jth entry equals 1 if and only if (Xf) Py e Ap, ;. (ii) independent Laplace
noise is added to each entry of W; and YiP W;. The variance of the Laplace noise are both determined
by the privacy parameter ¢. See Algorithm [I] for the complete procedure. The proof of ¢ -LDP

guarantee of AlgorithmI]is provided in Proposition 1 of Berrett et al. [2]].

Algorithm 1 Privacy mechanism for ¢th observation

Require: i’s raw obsercation (X7, ¢!, V;'"), bandwidth h > 0, privacy budget € > 0
o K« [1/h(44D)] &> Number of bins
: j « index such that (X tF) € A}, ;
. W; + K-dimensional one-hot vector of length K with 1 at position j > Binning
cforj=1,..., Kdo > Laplace mechanism

Zij = YiWij+ (4V2/e)Gi;
Wi« Wi+ (4v2/e)& 5

1
2
3
4
5 draw &; ;, G 5 % standard Laplace
6
7
8: return (W;, Z;) € RE x RK

Twofold pessimistic IDRF estimator. The server receives D, := (Wi, Z;);-_, privatized by Algo-
rithm [T]and constructs a high-probability lower bound of the true reward as follows:

Proposition 3. Let € > 0 be a privacy parameter, h > 0 a bandwidth parameter, 5 > O the Holder
smoothness constant, X9 € X a target context, and t € T a candidate treatment. If (XQ, t) € Ah7 >
given an e-LDP dataset generated by Algorithm(l] define the noisy empirical measures and a cutoff

1 16 [logn
Ah] ZWZ], Ah]) nZZLﬁ ts = .

: 3 n
1=1

Then, define a private pessimistic estimator of the pessimistic reward estimator in Proposition[l|as

Pu(Any) —t. [ (2log2n)/n
ﬂn(Ah,j) + ts ﬂn(Ah,j) - ta

Fnpp(x9,1) == ( - Lhﬁ) 1(fin(An,j) > te).

Under Assumptionsand with probability at least 1 — 4/n, we have fh_er(xQ7 t) < f(x9,1).

Proof of Proposition [3]is provided in Appendix

Pricing policy. To determine the treatment, we first define the treatment gridpoints, with each point
representing the treatment of its bin, as

Sra={k=Hh: ke [[$]]} = {f )} ®

For a given context x%, our policy sets the treatment to the smallest gridpoint that maximizes the
pessimistic reward estimate f;,(x%,t):

%h’Dp(XQ) ‘= min {t' € arg max fh’Dp(XQ,{)} . 9)
teST

Upon receiving the privatized dataset, fh,Dp(xQ7 t) is a piecewise-constant function with HJ

segments for each fixed x?. Thus, determining 7, pp(x®) only requires comparing the function
values across these segments. The complete procedure is summarized in Algorithm [3]in Appendix
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A Algorithms

Algorithm 2 Non-private Off-policy Learning Algorithm

Require: Observational dataset D,, = {(XF I Y,F)}"_ |, target context x9 € [0, 1]¢, bandwidth
h > 0, Holder exponent 3 € (0, 1]
G« {0,1} > treatment grid
fori=1,...,ndo
G + G U {max(0,t — h), min(1,tF + h)}
LCB_max < —00
n(x?) < 0
for tc Gdo
LCB_now « f(x%,1) > (2)
if LCB_now > LCB_max then

A S ol

9: LCB_max < LCB_now

10: Th(x9) 1

11: else if LCB_now = LCB_max and f < 7},(x?) then
12: 7n(x) « t

13: return 7, (x)

Algorithm 3 Private pricing policy

Require: Target context x? € X = [0, 1]%, Privatized observational dataset {(W;, Z;)}"_, pro-
cessed by Algorithm 1} Holder exponent 3 € (0, 1]

Th,op(X?) < 1
Return 7, pp (x9)

1: max_reward_now < 0

2: %h’DP(XQ) —1

3:forj=1,...,[1/h] do > Minimum argmax procedure in (9):
4 i+ (j-05)h > treatment candidate (§)
5: if f;th (x%,t;) > max_now then

6: max_reward_now ¢— fh,Dp(xQ7 tj) > Proposition
7:

8:

B Technical lemmas and definitions

The following lemma provides a bound on the expectation of the reciprocal of a binomial random
variable, restricted to the event that it is positive.

Lemma 4 (Lemma 6 in[19). Let n be a positive integer and p € (0,1). Suppose U ~ Bin(n, p).
Then,
4

E[é-]l{U>0}] SE[ T

Lemma 5 (Lemma 15 in Cai et al.[3). For any a,b € [0, 1], let Bern(a) and Bern(b) denote two
Bernoulli distributions with parameters a and b, respectively. Then one has

A
KL(Bern(a)||Bern(b)) < (a(l_bi) (10)
In addition, if |b — 1/2| < 1/4, then one further has
KL(Bern(a)||Bern(b)) < 8(a — b). (11)



C Proof of Proposition [I]

In the definition of the pessimistic estimator f; (x%, t), recalled below:

Qo Z?:lYiIh,i(xQ,t)_ 2log2n 8 0
fr(x@t) ._< Ny @) AECH) Cuh” | 1(Np(x%,t) > 0), (12)
let us denote the first term as
Zz YI 1( ) )
Fn(x,p) = le,( hQ,t) 1Ny (x9, 1) > 0) (13)

This quantity can be interpreted as an empirical reward function based on the Nadaraya—Watson
(NW) estimator. By construction, fj,(x,p) = 0 whenever no source data points lie in the specified
neighborhood. In the next lemma, we provide a high-probability pointwise error bound for fh(x, p).

Proposition 6 (Pointwise error bound) Suppose Assumptions|[l|and2|hold. Fix the bandwidth h > 0.
Then, for any given target context x© € X and treatment candidate t € T, with probability at least
1 — 1/n, the following bound holds:

[Fn(x?,1) = f(x9,0)] < T{N,(x?,8) = 0} + T{Ny(x?, 1) > 0}<Lh5 + 21°g2")>

Nh (XQ 5 t
The proof of Proposition[6]is provided in Appendix[C.1}
Proof. We distinguish between the two cases Np,(x,p) = 0 and Np(x,p) > 0.

Case 1: Ny (x,p) = 0. In this case, the pessimistic estimator evaluates to fh(xQ t) = 0. Since the
reward function takes values in ) = [0, 1], it follows immediately that f,(x@,t) < f(x9,1).

Case 2: Ny (x,p) > 0. In this case, the pessimistic estimator evaluates to

_logn 45
N, h (XQ 3 t) ’
and by Proposition@ with probability at least 1 — 1/n, the error is bounded as

Fn(x9,t) = fa(x9,t) —

R logn
[P0 = o) <17+ [ s

Therefore, we have

logn =

f(XQ,t) > fh(xQ,t) - W = fh(xQ,t).

C.1 Proof of Proposition [6]

Proof. Given a target context x@ and treatment candidate ¢ € T, we have
|fh(XQ7 t) - f(XQa t)‘
S Yl (x9,t)

_ 1= ) _ Q
= TN nv1 ™ ’t)'

Z?: wY‘i]‘h,i(vat) Q
L HDOC0 e x)\

oy (x@
= |L{N,(x9,t) = 0}(0 — f(x9,t)) + L{N},(x, t) > 0}<Zﬁ—jvﬁi’g(t) ) _ f(xQ,t))‘

= 10- 1{N,(x%,t) = 0} + 1{N,(x9,t) > 0}

IA

b

oy (x@
L{Nx(x?,t) = 0}(0 - f(xQ,t))‘ + ‘IL{Nh(XQ,t) > 0}<ZZ_JIVZQC;(75) ) f(xQ,t)>

E, E;




where we recall that I, ;(x9, ) = 1{(||XF — x?||oc V [t —t]) < h}. We bound E; and E; in
order.

Bounding E;. Since || f|lco < 1, we have
FE = |]1{Nh(XQ,t) = 0}(0 - f(XQ,t))| = ]l{Nh(ant) = 0}|f(XQ7t)| < ]l{Nh(XQvt) = O}'

Bounding E,. For notational simplicity, from now on we omit 1{N,(x%,¢) > 0} multiplied in
every term. Using the triangle inequality, we decompose Ej into two terms:

@l Zim Yz‘fh,i(XQ’t)D
B < (|00 - f] | - Zmp sG],
Eo2

Ea2

where f is defined as
F(x9,t) = Nh(XQ 7 Zf (XP D) 1,.4(x9,8).
Using the following algebraic equality:

f(XQ,t) =

1 n
N, ) 2 1O O, ), (14)

we can bound F5; as follows:
By = |f(x9,t) — F(x9,1)|

(i) 1 -
< - Q) — fXP )| 1,.:(x9,t
_Nh(XQ,t);’f(X’) f( ARRL |h,(xv)
(1) 1 n 3
< - XP - xQ o Vv |tF = I (x9t
< Nh(xQ’t); (IX; = =< lti —pl)" In:(x?,1)
(@ ! ZLh I, 4(x9,t)

- Nh(XQvt) i—1 ’

1

=—— LhPN,(x9.t) = LK

NG, gy 1 L) !

where step (i) uses (T4), step (i) applies Assumption [I] and step (iii) uses the definition
Ini(x?,1) = T{(IXi — x®|o V |pi — pl) < I}

Next, we bound Es,. Using the following algebraic equality:

1 n

P P

Y = 77\,’7()(@205 Y1 (x@,t) < h},
AR A

we have
n

m Z(Yf — f(X4,p0)) Ini(x9,1)] .

By the problem setup given in Section 1] conditional on {(XF 1)}y, (V' — f(XF,tF))’s are
zero-mean independent 1-sub-Gaussians, and thus E» is the absolute value of the average of Ny, (x, t)
zero-mean independent 1-sub-Gaussians. By the sub-Gaussian concentration, with probability at

least 1 — 1/n, we have

By =

Conclusion. Collecting the bounds for F1, F2; and Fas, with probability at least 1 — 1/n, we have

|ﬁ®%w¢@%mSMM@QG=@+“M“Q”>“@”+ iﬁﬁ%)

This completes the proof of Proposition [6] O



D Proof of Theorem 2|

D.1 Proof of Upper Bound

This section proves the equation (6) in Theorem 2]

Proof. The best policy 7* € arg max, V(7)) maps each context x to an optimal treatment t*(x) €
arg maxqe7 f(x,t), with ties resolved by a fixed measurable selection ¢*. For a given target context
x@ € X, recall that we denote the single optimal treatment that satisfies Assumption as tf(x).
Conditioned on the event from Proposition[6] the suboptimality of the NW-LCB policy relative to any
optimal treatment ¢*(x) is bounded by a constant multiple of the lower confidence interval’s length.
This is shown by the following series of inequalities, that holds with probability at least 1 — 1/n:
(@) -
P98 (D)) = F(x9,7(x9) < [t (%)) = f(x,7(x))

W f(x, (%)) - F(x,7(x)
Y et () - ()

i, (x, t1(x)) > 0} + logn V(1)) > O}

Ny, (x,tT(x))

where step (i) Lemmal[l] which holds with high probability, step (i) uses the fact that both of * (x)
and tf(x) belong to arg max;c7 f(x?,p?), step (iii) uses the definition of NW-LCB policy as
the maximizer of f(x, p) for a fixed x, presented in (3), and step (iv) uses Proposition |§I at point
(x,t1(x)).

To control the suboptimality, we must control the expected length of the lower confidence interval,
taking into account the covariate shift:

V(n*) = V(z) =
E [f(X9,t1(X9)) — f(X9, 7#(X9))],
1{N,(X9),t7(X?)) > 0}
/X9, 1)

< WPE [L{N, (X9, t1(X9)) > 0}] + lognE{

15)

<hP+ lognE[l{Nh(XQ)’tT(XQ)) > O}]

VN (XQ), #(X9)
The following lemma bounds the expectation in the last display.
Lemma 7. With probability at least 1 — 1/n, we have
E[ﬂ{m (X9).11(X9) > 0}
VN (X9), #1(XQ))
Proof of Lemmal(7]is provided in Appendix[D.6.1] In Lemma([7} the expecation is taken with respect to
two sources of randomness the source context-treatment pair distribution i, which is used to construct

the prediction interval, and the target context distribution (), which governs the new contexts for
which we make a prediction.

Combining (15), (39), and Lemma([7] we have:
V(n*) = V(&) S B + (n¢h)~H/2R- 42
hiding the log factor. If we set

] S (Cnh)71/2h7(d+a)/2.

h=6 ((¢n) T ),

and
h

@ ((gn)~ 7w )
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we have

V(r*) = V(i) S (Gn) 7 4 (¢n) ™!/ (gn) " s
= (¢n)” T 4 () mrari)
< (¢n)” T,
This completes the proof of equation (6] of Theorem 2} O

D.2 Proof of Lower bound: Outline

This section and subsequent sections prove the equation (7) in Theorem [2] We use the following
version of Fano’s Lemma which does not require a metric.

Theorem 8 (Fano’s Lemma). Let © be a class of distributions. Consider a loss function L :
O x [0,1] — R, which evaluates the quality of a treatment for a given distribution. If we have
01,...,0,, € O, such that

L(6;,p)+ L(0;,p) > A, Vi#jem]teT,

we have

A1 E A 1 1
i ~ > “inf — Y 0;(¥ #i) > =1 — i110;
inf sup Ep~g[L(0,m(D))] > 5 inf 2 0; (¥ # i) 5 { Iog ( 2 2 KL(6;]16;)+1og 2)}

where the infimum on the first term is taken over all pricing policies 7, while the infimum in the
second term is taken over all measurable tests U : X — [m).

The proof of Lemma8]is provided in Appendix [D.6.2}

The proof follows the following intermediate steps:

1. Construction of problem instances,

2. Application of Fano’s lemma.

D.3 Construction of problem instances
D.3.1 Construction of domain grids and packing indices

When constructing the distributions and the reward function, we discretize the domains X and 7
using a grid with a spacing determined by a radius parameter, r € (0, 1/2). This parameter will be
specified later. The same radius r is also used to construct the index set for the packing, which is a
finite, well-separated collection of distributions satisfying the condition of Lemma8]

Context grid. We partition the context space X = [0, 1]% into a collection of hypercubes, each
with a side length of 2r. Let Sy, denote the set of centers for these hypercubes. The coordinates of
these grid points originate from r and increment with a uniform spacing of 2r. The cardinality is

|1/(2r)]%. More formally:

Swp = {x= (1,22, wa) € 0,10 | = (ki = 3) 2, ki € [| )], Vi€ [d} = {5, X0, oo |-
(16)

treatment grid. 'We partition the treatment space 7 = [0, 1] into intervals, each with a length of
r. Let Sy, represent the centers of these intervals. These grid points begin at %7’ and increase by
increments of r. The cardinality is |1/r]. More formally:

Srr={tk=br : ke [121} = {ti-plun - an

11



Packing indices. We now construct an index set that will parametrize the hard instances used in our
Fano-type argument. Following a standard technique in nonparametric statistics (see, for example,
Example 15.15 in Wainwright [27]] for a detailed exposition), we construct a local packing of the
function space (see Appendix [D.3.3|for details). First, define the integer

m = |cm /1) (18)
for a constant 0 < ¢, < 1/2. Using the Varshamov-Gilbert bound (see, e.g., Example 5.3 of
Wainwright27) , we can find a set of well-separated vectors

Q= {wib Ly C {1} (19)
with sufficiently large cardinality and separation:

V0<i<j<M, (20)

m m
logQ(M) > § and p(wiawj) 2> §7

where p(w, w’) is the Hamming distance, which measures the number of indices at which the vectors
w and w’ differ.

D.3.2 Construction of problem instances - context and treatment

Using the grids and packing index set constructed in Appendix [D.3.T} we define a collection of

distributions:
Hﬂm = {(Q7M,fw) | we Qm}- (21)

For simplicity, only the reward function f,, depends on the binary vector w € §2,,, while the
target context distribution () and source context-treatment pair distribution y remain fixed across all
instances. We first construct ) and p, and define f,, in Appendix

Target context distribution. We define the target context distribution ) by specifying its piecewise
constant density, denoted g(x). This density is constructed using small £, balls of radius r/4 and
large £, balls of radius r, both centered at the context grid points Sy, (as defined in Equation (I6)).
Formally, for any x € [0, 1]¢:

q1, ifxe ;" Bra(x}),
q(x) =< q, ifxeX\UL, B(x}), (22)
0, otherwise,

where

rd 1—mr

0 AU, B x))

d

N Leb(B,a(x)))

Source context-treatment pair distribution. We define the source context-treatment pair distribu-
tion p by first specifying the source context distribution P and then the conditional source treatment
distribution 7y¢. The source context distribution P is defined by its piecewise constant density,
p(x),which is a modification of ¢(x):

Caraqla ifx € U;ﬂ;l Br/4(xz<)a

J, ifx € Uznll B.(x}) \ Brj2(x7),
= \m ! ! 23
P =N, ifxe X\UL Bux)), @)
0, otherwise,

where the constant § is chosen to ensure that p(x) integrates to one:
~ 1—cor®qi Leb(UL, Bya(x})) — qo Leb(X \ UL, Br(x}))
Leb(UT, B, (x) \ By a(x)) |
and o and C,, are the transfer exponent and its corresponding constant, as defined in Assumption 3]

Then, we define the source treatment distribution given the source context x, denoted 7o (- | X), as a
binary pricing policy that does not depend on the context. Its conditional density o(p |x) is formally

defined as:
Cv ifpe[ﬁ_r/zaﬁ—’—r/ma

p(p1%) =19 1 ¢ , (24)
, otherwise,

d:

1—1r
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where p € Sp - be defined later. where we recall that ( is the exploration coefficient defined in .
The following two lemmas demonstrate that our constructions satisfy the assumptions for the transfer
exponent (Assumption [3) and the exploration coefficient (Assumption ).

Lemma 9 (Transfer exponent). For the source covariate distribution constructed as in 23) and the
target covariate distribution Q constructed as in 22)), the transfer exponent of P with respect to Q is
o, with corresponding constant C,.

Proof of Lemma(9]is provided in Appendix[D.6.3]

Lemma 10 (Near-optimal treatment exploration). The data collecting policy .z with conditional
density p(p|x) defined as 24) satisfies the near-optimal trearment exploration assumption with
coefficient (.

Proof of Lemma[I0]is provided in Appendix

D.3.3 Constructing the reward distributions

For both target and source data, let the random reward, conditional on the context x and treatment
p, be a Bernoulli random variable with success probability f,,(x,¢). This setting satisfies the 1-sub-
Gaussian assumption. The reward functions {f, }weq,, are constructed as follows. We begin by
defining a simple Holder continuous function.

Lemma 11. The function ¢ : Ry — [0, 1] defined by

m

1, fo<z<i,
P(z) = S (2—42)8, if3<z<3, (25)
0, otherwise,

is Holder continuous with exponent 3 € (0, 1] and Hélder constant 4.

Proof of Lemma|[TT]is provided in Appendix
Next, define the function pg : [0,1]¢ x T — [0,1/4] via

1
polx,0) = Cr* 6 (L w1 ) 26)

where Cg := min{Cy, 1}/45.

We add this ¢z function as bumps, centered at the grid points Sy - in the context space, and also at a
specific point ¢}, within S, in the treatment space. This point ¢, is defined as follows. Fix a policy
7. For any grid point p; € S7 ., define a indicator variable

IZ.(py) == 1{7(X®) € [t; —r/2,t; +7/2]}. 27)

For any policy 7, we have

[1/r] [1/r]
> Eqlig ()] = Eo| Y- 1%, =1
i=1 i=1
Therefore, by the pidgeon’s principle, there must exist at least one grid point ¢, € S, such that

BQlI% )] < 1

We denote p := t,. With this definition, we finally construct a Holder continuous reward function:

(28)

Lemma 12 (Holder continuous reward). Fix 8 in(0,1]. for any w € Qp,, the reward function
fo : X X T — Y defined as

fulxt) = 5+ D wios((x—x0), (p—5) -1 {x € By(x)}. 29)
i=1

is Holder continuous with exponent 3 and Holder constant Cg > 0.

The proof of Lemma [12]is provided in Appendix [D.6.6

13



D.4 Application of the Fano’s method

Using the problem instances constructed in Appendix [D.3] we apply Lemma §]to derive the minimax
lower bound. Appendix demonstrates that these instances are sufficiently separated in the
parameter space by providing a lower bound on the sub-optimality gap.

D.4.1 Lower bounding the sub-optimal gap

The functions ¢, ¢g, and f,,, defined in Equations (23)), (26)), and respectively, are designed to
satisfy the lemmas [T3] [T4] [T5] [T7)and Corollary [T6] which will lower bounding the sub-optimal gap.
We begin with Lemma|I3] which states that the constructed reward function is not entirely composed
of bumps, but features flat regions in both context and treatment when they are r/2 away from the
grid points used for its definition.

Lemma 13 (Flat regions). For any w € ., the reward function f,,(x,t) defined in 29) has a value
of 1/2 under the following conditions:

(i) Foranyx € X \U;~, B,/2(x}) and any p € [0,1], we have fo,(x,t) = 3.
(ii) Foranyp € [0,1]\ [p — 1/2,p+ r/2] and any x € X, we have f.(x,t) = 1.

The proof of Lemma(13]is omitted because it follows directly from the fact that ¢(z), defined in (23)),
vanishes for z > 1/2, and that 3 (x,1), defined in @]) is constructed using the max norm.

Next, the following lemma demonstrates the existence of the minimum optimal treatment.
Lemma 14. For any w € §,,,, the minimum optimal treatment, denoted as

pl (x) := min {t’ € arg m[ax] fu(x, t)} , (30)

p€l0,1
is well-defined.
The proof of Lemma[T4]is provided in Appendix

Next, the following lemma states that when the context is sufficiently close to one of the grid points,
the minimum optimal treatments corresponding to different bump directions are well-separated.

Lemma 15 (optimal treatment separation). Given w € Q,,, and x € X, if there exists i € [m] such
thatx € B, /4(x7):

1. Ifw; = —1, then p},(x) = 0.

2. Ifw; = 1, then pl,(x) = p — r/4.
Proof of Lemma|[T3]is provided in Appendix

For the next lemma, we define the function h : 7 — {0, 1} to characterize indicate whether the
treatment p falls outside the flat region.

) i=1{pe (5-5.5+5]}.

2 2
The following is a corollary of Lemma|[T3]

Corollary 16. Fix x € X and two distinct w,w' € Q,,. If there exists an index i € [m] such that
w; # w) and x € B,;4(x}), then exactly one of pl,(x) and t,,(x) lies in the flat region presented in
LemmalI3] while the other lies outside it. More formally,

h(pl, (%)) # h(ts (x)).

The next lemma states that for contexts and treatments sufficiently close to grid points, the sub-
optimality gap directly reflects whether the optimal treatment and the chosen treatment p fall into
different regions (either flat or bump regions).

Lemma 17. For any w € Qu,, x € UL B, ja(x), and p € UL s = r/a,pr + r/4], the

following holds:
fo(%,05(x)) = fu(x,1) = Cor1{h(p,(x)) # h(p)}.

14



The proof of Lemma [I7]is provided in Appendix [D.6.9]
To use Lemma([I7] it will be useful if we can only consider policies that only assignes treatments
r/4-close to the gridpoints St ., defined in (T7).
Lemma 18. For any treatment policy w, for any x € X, if
[1/r]
r(x) e | (pf —r/2.p0 +7/2\ o} — /4l +1/4]), G1)

i=1
then there exists a policy 7' with
[1/7]
7' (x) € U [pf —r/4,pf +r/4],

i=1
and satisfies

fo(x,7'(x)) > fu(x,7(x))
Proof of Lemma [I8]is provided in Appendix [D.6.10}

Conclusion. By Lemma [I8 when lower bounding the sub-optimal gap, it suffices to consider
treatment policies where

[1/7]
m(x) € |J [p; —r/4,p; +r/4] forallx € X. (32)
i=1
For any policy r satisfying (32) and for any w € ,,, let us define
SubOpt (, Q,w) = Ew [fu(X?, p[,(X?)) — fu (X, m(X?))] (33)

where E,, denotes the expectation under the distribution (Q, u, f.,) defined in Appendices - ID.3.2and
[D33] By Lemmal[I7} we have that

SubOpt(7, Q,w) = Car’Eey [ 1{A(pL(X?)) # h(m(X?)}{X? € | ] B, a(x})}

= Cpr” Y Eu [1{h(pL,(XP)) # h(x(X9))}L{X? € B, u(a])}] .
i=1

Therefore, for any policy 7 satisfying (32) and for any w # w’' € Q,,, if we set r =
(Cn)~1/(d+14+26+) then we have

SubOpt(ﬂ' Q,w) + SubOpt (7, Q,w")

= Cpr” ZE (L{h(r5,(X9)) # h(n(X9))} + L{h(pe (X9)) # h(n(X9)})1{X? € By ja(a])}]

> C,BTBZE [1{h(p5(X9)) # h(pey (XD)IXE € By ja(a)}]

1=1

(4 m

> Cpr? Y B, [L{wi # W} 1{XC € B, 4(2})}]
i=1

= Cpr™ p(w, o)

(447)

m
> Cgrdth—
g

> (Cn)fﬁ/(d+1+2ﬁ+a)' (34)
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where step (%) uses Corollary step (%) uses the piecewise construction of target context distribution
in (22)), step (ii4) uses the cardinality of the packing in (20), step (iv) uses the definition of m given
in (T8), and step (v) uses r = (¢n)~ 1/ (d+1+26+a),

D.5 Upper bounding the distribution distance

For each problem instance indexed by w € §2,,,, its full joint distribution is denoted by 6,,,, which we
formally define as follows.

Definition 2. Fix a policy . Denote the source data as DY := {XF pP Y,F'}1 | and the target
data as D9 = {X@ 7(X?), Y}, which represents a single time horizon. For each w € Q,y,, let

0w be the joint distribution of the random variables in DY and D?, which is induced by 11, Q, fu,
and .

The data generating process under 0, ., and associated notations, are defined as follows:

* The source data D is generated as follows. A source context X’ is drawn from the source
context distribution P, with density p(-). The source treatment p!” is drawn with respect to
the conditional density (- | X*'). The reward is drawn from Bernoulli( f.,(X{", p;’)), with
likelihood denoted as ¥¢_ (- ; x, p).

* The target data D is generated as follows. A target context X< is drawn form the
target context distribution @, with density ¢(-). The treatment for X< is deterministically
set as m(X?). Rewards are drawn from Bernoulli( f,, (X%, 7(X?))), with likelihood
Iy, (-3 X9, m(X9)).

The following lemma offers a method to compute the KL divergence between the distributions of two
problem instances.

Lemma 19 (Divergence decomposition). Fix a policy w. Fix one w € Q,,,. For any ' € Q such that
w’ # w, The KL divergence between 0., . and 0., . is decomposed as follows:

KL(gw/m, Ow,ﬂ) = KLQ + KLp,

where
- 05, (V"5 XEpf)
KLP = FE log < = y
v ; Or, (V5 XTpf)
and
KLy = F 1 ﬁfu/ (YQ i XQ’ TF(XQ))
@T R G, (Ve X R(XQ) )|

Proof of Lemma|[I9]is provided in Appendix

To use Fano’s method, now we have to bound each of KLp and KLg.
Lemma 20. The KL divergences defined in Lemma|l 9 are bounded from above as follows:

KLp <m(np2htitatd KLy S myrd 1428, (35)

The proof of Lemma[20]is provided in Appendix [D.6.12]
We chose the radius parameter r as

r= (Cn)—1/(d—',—l—',—2,8—i—o¢)7
as we did in Appendix Then we can further bound KLp as follows:

KLp <mCn ((Cn)fl/(d+1+2/3+a))d+1+2ﬂ+a

=m(¢n(n)"t=m

7

and bound KL as follows:

— m(cn)7(d+1+26)/(d+1+26+a) S m.

KLo <m ((Cn)fl/(d+1+2ﬁ+a)>d+1+25

16



The final inequality holds because since d, 5 > 0 and o > 0, the exponent —(d + 1+ 23)/(d + 1 +
26 + a) is negative, and the term ({n) =~ (+1+428)/(d+1+28+0a) ig therefore bounded by 1 for ¢n > 1.

By Lemmas [I9]and 20] we have
KL(Ow' r, 0u,r) < m ¢ nrdtit2Ata o pd 28 <

The average KL divergence over the set of problem instances is:

1 1
i > KL(Owr Our ) S i > m=m g logy(M)
1E€EQ,jEQm, 1€Qm,,jEQm,

where the last inequality, up to a constant, uses log, M > m/8 from 20).

Based on the small KL divergence of our selected problem instances (as shown above) and their
parameter separation of (¢n)~#/(4+1+26+0) (as shown in (34)), Lemmalg|gives us:

inf sup B [f(XQ,1(X?)) — f(X2,7(X2)] 2 (¢n)” e
T 0uw€Ha,,

This concludes the proof of equation (7) of Theorem 2]

D.6 Proof of the Supporting Lemmas
D.6.1 Proof of Lemmal7l

Proof. To bound the expectations, we apply the law of iterated expectations. Specifically, we first
condition on the target context X% and then analyze the inner expectation with respect to the source

context-treatment pairs (X, #F)_,, which are drawn i.i.d. according to ;. Conditioned on X,

the optimal treatment ¢(X“) becomes deterministic. In this case, the quantity N}, (X9, t7(X?)),

which is a transformation of (X, #F)™_,, follows a binomial distribution with number of trials n
and success probability

o(X9) == p(Br(X?) x [tT(X?) — h, t1(X?) + h)).
By Assumption[d] we have the lower bound
o(X?) > 2¢hP (Br(X?)). (36)

Using this distribution and bound, we now proceed to analyze E;. We apply Lemmad]to bound the
ratio of an indicator function of a binomial random variable to the value of that random variable:

1{N(X9 (X)) > 0} _q
i \/Nh(XQ,tT(XQ))

@ [ ] [N (X9, 11(XQ)) > 0}
=Eq |E, \/ Nh(XQ,tT(XQ)) XQ‘|‘|

E, =Eq |E,

E

“w

1{ N, (X@,t1(XQ)) > 0} X
N, (X9, 11(XQ)) |

(iéi) & 1
~ Q[m(XQJ

(iv) 1
: %EQ [2n<hP (Bh(XQ»]

(iv)

1 1
wm\/EQ el e

where each step uses:
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(7) the indicator is the same as its square root,

(iii) Lemma

)
(1) repeated application of the Jensen’s inequality,
)
(iv) the bound in (36).

All that remains is to control the expectation

ke [P<Bh1<xcz>>} |

To do this, we invoke the transfer exponent assumptlon (Assumption [3).Let A/ denote a a minimal
h/2-net of [0, 1]¢. Using the fact that |N| < h~9, we have

1 1
o | 5y = ). PUBG0) 9%
(%) h—o
: /0 e md%"

w
/ Q(Br(x)) Bh Q)
1

z%./;f/Bh/z (z) m
1
ZEZJ\//Bh/g(z) m dQ(X)
—« ; )
- zgf;f Q(Bh/Z(Z)) /Bh/Z(z) dQ(x)
—« ; ]
- z;\f Q(Bh/2(Z))Q(Bh/2( )
=B
< h—(d+a)’ n

~

—h dQ(x)

(iii)
< he

where each step uses:
() &(PQ) <o,
(i) [0,1] € U,epr Brya(2)
(iii) x € By 2(z) implies By, 2(z) C By (x), thus we have 1/Q(By,(x)) < 1/Q (B 2(2))
Therefore, combining @) and @), we have the following bound for Ej:
By S (¢nh)~Y/2pm(dte)/2, (39)

D.6.2 Proof of Lemma(§
Proof. We have for any policy T,

$up ey [L(0,7(D))] = sup Ep-p, [L(0:, 7(D))]
fcO ze[m]

> —ZEDNPQ QZ,W(D))]
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Now denoting ¥ (D) = arg min, ¢, L(0;, 7(D)), we get
1 A .
L(85,m(D)) = S (L(6;, 7(D)) + LB (py, m(D))) = SHU(D) £ i},
where I is the indicator function. Thus,

Epep,, [L(0:,m(D))] = — P, (¥ # i),

| >

taking summation over ¢, we get the first inequality. The second inequality follows from Proposition
15.12 and equation (15.34) of Wainwright [27]]. O

D.6.3 Proof of Lemma/9]

Proof. The proof follows the same steps as the proof in Appendix C.1 of Wang et al. [28]]. We include
it here to show that the transfer component assumption holds even with our different definition of
q(x) in 22)), which does not incorporate the exploration condition.

Assumption [3|requires that its condition holds for all x in the support of ). Given that the equation
([22) constructs the support of @ to be the union of the set | J;" ; B,/4(x}) and X \ ;" Br(x]}), we

K3
only need to verify the assumption for x in these two non-overlapping regions. First we consider a

small radius of h < 3r /4 for each of these two regions:

The case where i < 3r/4 and x is contained in a small ball. In this scenario, x € B, /4(x})
for some i € [m]. By the construction in (22)), the density ¢(x) is zero in the annulus between the
r/4-ball and the r-ball. This means the measure of the ball By, (x) under @ is given by:

Q(B(x)) = ¢1Leb (Bh(x) N BT/4(x2‘)) . (40)

On the other hand, the construction in (23) shows that the density p(x) s non-negative (specifically,
9) in the annulus between the 7 /2-ball and the r-ball. It follows that the measure of By, (x) under P
is bounded as follows:

(2) (i1)
P(Bpu(x)) > Cor®giLeb (Bp,(x) N B,j4(x})) = Car®Q(Bu(x)) > Coh®Q(By(x)),
where step (¢) uses (@0) and step (47) uses h < 3r/4.
The case of h < 3r/4 and x is not contained any large ball. In this scenario, we have x €

X\ U;":l B,.(x}). This means that Bj(x) does not overlap with any of B, ,4(x})’s. By the
construction in (22)), this means the measure of the ball By, (x) under () is given by:

Q(Bn(x)) = qo Leb (Bh<x) N (XN U Br(x;*)))- (41)

On the other hand, the construction in (23) shows that the density p(x) s non-negative (specifically,
d) in the annulus between the r/2-ball and the r-ball. It follows that we have

P(Bp(x)) = Q(Bn(x)) = Cah®Q(Bn(x)),

where the last inequality uses h < 3r/4and 0 < C,, < 1.

The case of 3r/4 < h < 1. Since the constructions of ¢(x) and p(x) in 22)) and (23) implies that
P(B,(x})) = Q(Br(x})) forall j € [m]. We can leverage this to verify that the above inequalities
hold for 3r/4 < h < 1.

Combining the results from all cases, the transfer exponent of the constructed source context distribu-
tion with respect to the target context distribution is «, with the corresponding constant C,.

O
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D.6.4 Proof of Lemmal9l

Proof. The proof follows the same steps as the proof in Appendix C.1 of Wang et al. [28]. We include
it here to show that the transfer component assumption holds even with our weaker definition of
exploration condition in Assumption 4}

Pick ¢'(x) as the minimum optimal treatment defined in (30). As shown in Lemma |14} this minimum
value is guaranteed to exist. Recall that our construction of p(p | x) in equation (24) does not depend
on x. Therefore, for any x € X and a given r € (0, 1], we have that:

1—1r¢
1—r

,u([tT(x) -, tT(x) + 7] X Bp(x)) = P(Br(x)) 2r min{g, } = P(Br(x)) 2r¢,

where the last equality holds because

_1—r§_§(1—r)—(1—r§) ¢—r¢—1+r¢ (-1

= = = <0.
¢ 1—r 1—7r 1—r 1—r —
As aresult, the exploration coefficient defined in Assumption 4] for the constructed source context-
treatment pair distribution equals (. O

D.6.5 Proof of Lemma (1]

Proof. To prove that the function ¢(z) is Holder continuous, we need to show that there exists a
constant C' such that for any 21, zo € R, we have |¢(21) — ¢(22)| < C|z1 — 22|°. We will analyze
this by considering the different intervals where z; and 22 can be.

Case 1: 21, 20 € [1/4,1/2]. In this interval, the function is defined as ¢(z) = (2 — 42)?. We will
use the inequality |a” —b°| < |a —b|? fora,b > 0and B € (0,1]. Leta = 2 —42; and b = 2 — 4z5.
Since z1, 22 € [1/4,1/2], we have a, b € [0, 1], so the inequality applies.
|6(21) = d(z2)] = (2 = 421)” — (2 — 422)°
< 12— 420) - (2 42))f

= ‘422 — 4Zl|'8
= [4(z2 — 21)I
= 4B|Zl — 22|ﬁ.

This shows that on the interval [1/4,1/2], the function is Holder continuous with constant 47

Case 2: z1, 25 are in different intervals. We now consider the cases where z; and z, are not in the
same interval. Without loss of generality, assume z; < z2. The only nontrivial cases are when one
point is in an interval where the function is constant and the other is not.

Subcase 2.1: z; < 1/4 and 2y € [1/4,1/2]. Here, ¢(z1) = 1 and ¢(z2) = (2 — 422)”. We have
|6(21) = d(2)| =1 — (2 — 420)°
<1—(2—4(z +d)°
=1—(2— 4z —4d)?

where d = zo — 21 > 0. A simpler approach is to use the fact that the maximum value of the
function’s derivative is at the endpoints of the intervals. We have |¢(z1) — ¢(22)| = 1 — (2 — 423)?
and |21 — 29| = 22 — 21. Since 21 < 1/4 < 29, we have 29 — 21 > 29 — 1/4 = (425 — 1) /4. This
implies 4(29 — 21) > 423 — 1. The function f(z) = 1 — 2% on [0, 1] is convex, so 1 — 2 < 3(1 — )
for 3 < 1. Let’s use the inequality 1 — 2% < (1 —z)” forx € [0,1]. Letx = 2 — 4z, € [0, 1].

|6(21) = d(22)| =1 = (2= 42)° < (1 - (2~ 422))" = (422 — 1)/
Since zg — 21 > 2o — 1/4, we have 4(29 — 21) > 429 — 1, 50 4%|29 — 21|? > (425 — 1)P. Thus,
|p(21) — B(22)| < 4P|z — 22/P.
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Subcase 2.2: z; € [1/4,1/2] and z > 1/2. Here, ¢(21) = (2 — 421)” and ¢(22) = 0. We have
|p(21)—d(22)| = (2—421)P. Since z; € [1/4,1/2] and 2o > 1/2, we have |21 — 25| = 22— 21. Also,
zo—2z1 > 1/2—21 = (2—42z)/4. This implies 4(z2 — z1) > 2 — 42z,. Taking the 5-th power of both
sides, we get 47 (2o — 21)P > (2 — 421)” = |¢(21) — ¢(22)|. Thus, |¢(21) — ¢(22)| < 48|21 — 2|P.

Subcase 2.3: z; < 1/4 and z; > 1/2. In this case, |¢p(z1) — ¢(22)] = |1 — 0] = 1. Also,
since z; < 1/4 and zo > 1/2, we have |z; — 23] = 20 — 21 > 1/2 — 1/4 = 1/4. Taking the
B-th power, |21 — z5|® > (1/4)7. Multiplying by 47, we get 4%|z; — 2,|% > 45(1/4)? = 1. So,
6(21) — ¢(22)| = 1 < 47|21 — 20|

In all cases, the inequality |¢(21) — ¢ (22)| < 4°|21 — 22|® holds. Therefore, ¢(z) is Holder continuous
with exponent 3 and Holder constant 47, O

D.6.6 Proof of Lemma(12]

Proof. By the construction in 29), it suffices to show that the function 5 : X x T — [0,1/4]
satisfies Assumptionwith respect to the Holder constant Cy > 0. For any (x,t), (x/,t') € X x T,
we have that

lop(x,t) = pp(x', )] = Cpyr|p(max{||x]| oo, |p[}/7) — ¢ (max{[|x’[|oo, [t']} /)] (42)
Since ¢ is a Holder continuous function with Holder constant 48 it follows that

lps(x,) = pa(x', 1) < 47Cyr|max{||x]|oc, |p|}/r — max{[|x||oc, [t']}/7]
= 47C,,, [max{]|x , |p|} — max{||x'[|, [t']}]
(i)
< 470, max{{|[xl|oc — X' llso], [Ip| = [¢'I[}

(#4)
< 450w maX{Hx — X' oos [P — t/\}

< Cumax{|jx — x'l|oc, [p — ']},

where step () uses a basic inequality | max(a,b) — max(c,d)| < max(Ja — ¢|, |b — d), step (i)
uses the reverse triangle inequality, and step (iii) holds since Cy,, = (C/4”) A (1/47). Thus, for
any w € €,,, the reward function f,, satisfies Assumption [I| with respect to the Holder constant
Cy > 0. O

D.6.7 Proof of Lemma (14

Proof. For any w € €, by our construction, the reward function f,,(x, t) is continuous with respect
to p for any fixed x € X. Since the domain for the treatment, 7 = [0, 1], is a compact set, the
Extreme Value Theorem guarantees that a maximum value, M, is attained. The set of all treatments
that achieve this maximum value, known as the arg max set, can be expressed as the preimage of
the closed set { M } under the continuous function f,,(x,-),i.e., {t € T | fu(x,t) = M}. Since the
preimage of a closed set by a continuous function is still closed, arg max set is a closed subset of
the compact domain 7, and thus is also compact. Finally, because the arg max set is a non-empty
compact set of real numbers, it is guaranteed to contain a minimum element. Therefore, the minimal

optimal treatment, p[, (x), is well-defined. O

D.6.8 Proof of Lemma (13

Proof. Since x € By 1)a(x},7/4) for some i € [m], by definition of the L..-norm ball, we have
lx — x¥|loc < r/4. Due to the 2r-spacing of the grid points Sl0,1)¢, and the localization of the
reward function’s bumps within r-balls, the reward function simplifies to a single bump. We now
analyze the two cases for w;:

Case 1: w; = —1. The reward function becomes f.,(x,t) = 3 — g (x — x}, p — p). To maximize
this function, we must minimize the non-negative term ¢ (x — x}, p — p). The function ¢g, defined
in (26) is zero when its argument z := I max{|x — x] ||, [p — p|} satisfies z > 1/2. This is

equivalent to max{||x — x|/, |[p — P|} > 7/2. Given that ||x — x}|| < 7/4, this condition
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simplifies to requiring |p — p| > r/2. We need to find the lowest treatment p that satisfies this
condition. As p belongs to the grid point set St ., which starts from /2, it holds that p > r/2.
Consequently p = 0 is the smallest ¢ € T that satisfies |p — p| > r/2, since |0 — p| = p > r/2.
Therefore O is the optimal treatment.

Case 2: w; = 1. The reward function becomes f.,(x,t) = 3 + ¢g (x — x}, p — p). To maximize
fw(x,t), we must maximize g (x — x}, p — p). The maximum value of ¢g is achieved when
its argument z = L max{|[x — x}||o, [p — p|} satisfies 0 < z < 1/4. So, we need max{||x —

X} ooy [P — DI} < r/4 Since Hx — Xf||oo < /4, the condition simplifies to |p — p| < r/4. The
smallest such p is p — r/4, if it is nonnegative. Since p > r/2, we have p — r/4 > r/4 > 0, ensuring
this is a valid non-negative treatment. Therefore p — /4 is the optimal treatment. This completes the

proof of Lemma I3} O

D.6.9 Proof of Lemma

Proof. We first note that x € Bjg 1ja(x},r/4) for some i € [m]. If w; = —1, we have p],(x) = 0 by
Lemma Since 0 ¢ (p — /2,5 + /2], we have h(p{,(x)) = 0. Therefore,

Fuo(%,0L,(%)) = fulx,8) 2 Cor®1{|p — | < r/2}

= Cyr’h(p)
= Cyr"L{h(p},(x)) # h(p)}-
where step (i) uses p € UL /7] [p} —r/4,pf +r/4].
Next, if w; = 1, we have p},(x) = p — /4 by Lemma and h(p},(x)) = 1. Hence,
fuo(x, L, (%)) = fu(x,) = Cor®[1 = {|p — p| < r/2}]
= Cyr’[1 — h(p)]

= CyrP1{h(pl,(x)) # h(p)}.

D.6.10 Proof of Lemmal(l§

Proof. Let us assume that 7(x) € [p; —r/2,p} +r/2]\ [pf —r/4,p; + r/4] for some i € [[1/7]].
We will analyze this situation by considering two primary cases based on the location of x.

Case 1: x € [0,1]%\ ", Bx(z},r/2) Ifx lies outside the union of the balls Bx (z},r/2), then,
in accordance with Lemma([I3] the reward function f.,(x,t) evaluates to 1/2 for all w € €,,, and
for any treatment p € [0, 1]. This implies that the specific treatment chosen has no influence on the
resulting reward. Therefore, we are at liberty to select 7' (x) such that it falls within the desired
interval:

7' (x) € [pf —r/4,p; +1/4].
Case 2: x € |}, Bx(z},r/2) We consider the cases of w; = 1 and w; = —1.
Case 2.1: w; =1 We proceed by examining two distinct sub-scenarios:

» If p; # p: Recall that the treatment grids St ., defined in (I7), have 7-spacing. Thus for
any treatment p € [p; — r/2,p; + r/2], we have |p — p| > r/2 Thus by Lemma 13] the
reward function value remains the same for any p € [p; —r/2,pf +r/2]. Consequently, by
setting 7' (x) € [pf — r/4,p} + /4], the reward associated with 7/ will be identical to that
of 7.

 If p; = p: The positive bump of the reward function, formally represented by (4 as defined
in (26) and (29), is a non-increasing function of the distance between p and ¢}. Thus, if we
choose
m'(x) € [p; —r/4,p] +1/4],
this selection positions 7’(x) closer to p than 7(x). Consequently, the reward function value
for 7’ will be no greater than that for 7.

22



Case 2.2: w; = —1 We proceed by examining two distinct sub-scenarios:

» If pf # p: Consistent with the reasoning in Case 2.1, we can safely choose 7/(x) €
[p; —r/4,p] +r/4].

» If p; = p: The negative bump of the reward function, formally represented by —¢g as
defined in and (29), is a non-decreasing function of the distance between p and p;.
Thus, if we opt for

7'(x) € [p; —r/4,p; +7/4], forsome j # i,

this selection places 7’(x) further from p than 7(x). As a result, the reward function value
for 7/ will be no greater than that for 7. This completes the proof of Lemmal[18]

D.6.11 Proof of Lemmal[l9

Proof. Let 9, . the density corresponding to the distribution ¥, , defined in Definition [2| It can be
expanded as

D (DP.D9) = ¢(X9) 0y, (Y X2, 7(X)) {ﬁpocf) o |XP) 05, (V) Xf,pﬁ}

t=1

Corresponds to D@

Corresponds to DF

For any w’ € €, and a reference w € €),,,, we have the following computation, due to cancellations:
dbeyr I, (Y9, X9 7 " O AED ¢

log ( =22Z(DP, D?) | = log for ( +Zlog s pi) .
Ay = 191‘»“,(}/9;XQ7 19f (Y,P; XP pP)

Taking the expectation with respect to 6,/ -, we obtain

KL(aw’,ﬂ'vew,ﬂ') = ]Ew/ |:10g ((;liee ul (DP DQ)):|

9r, (Y9, X9, m(X9 (VP XP,
o |10g fu ( ( )) +E, ZlOg = t pt)
7‘9fw (YQ§ XQJT(XQ)) Y Xt » Pt )
=KLg + KLp.

This completes the proof of Lemma [I9]
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D.6.12 Proof of Lemma[20]

Proof. We start by bounding KL p from above:
" 19f /( f 7pf
KLP = Eu/ 10g ( =
[Z vy, (Y;i ) Xt » Pt

r)
7)
_ iEw/ [1og <19fw/(YtP5 Xf»pf)ﬂ

V5, (Y Xﬁpf)

t=1
= Eo [log( X, =x| p(x)dx
Z/H )

Vg, (Ve x,pf)

Byja(x

< Z Z P(B,/4(x})) 2r¢ KL(Bernoulli(1/2 + Csr?) || Bernoulli(1/2 — Cgr?))
t=1 jelmi #e;
(iid)
< 32nr¢(Cpr’)? > P(Balx)))
JE[M]:w)#w;
(iv)
< 32 C’g Coanim p2Btitatd

()

28+1+a+d
< (mnr®? ;

where

* step (i (i) uses the cancellation inside the log due to Lemma|I3] and the construction of p(x)
given in (23)), which is zero on the annulus between the r/2-ball and the r/4-ball,

* step (4¢) uses the construction of the conditional distribution p(p | x), which is independent
of x, given in (24), where p(p |x) = ( forp € [p — /2, p + 7 /2], and the construction of
the reward function given in (29),

* step (iii) uses Lemma 3]

* step (iv) uses the construction of p(x) given in (23), which is equal to Cpr®q; =
Cor®t?/Leb(B,4(x})) inside the r/4-balls,

* step (v) uses the fact that C, and C'z do not depend on n, m,  or (.
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Next, we switch our gears to bounding KL from above, using similar arguments as above:

| Vg, (Y9 X9, 7(X9))

8\, (Y2, X2, 7(XQ))

B o ﬁf,(YQ'Xﬂ'(x)) Q — x| alx) dx
- /[]E {1 : (my@ x w(x») X% = ] 1) d

KLg = E.

@) S 1w (x -7 r o Vg, (V25 %, 7(x)) Q = x| g(x) dx
S T 16009 € =25+ oo (Gt S ) X =t
(? Z Q(Byja(x})) Ewr [I ' (p)] KL(Bernoulli(1/2 + Czr”)||Bernoulli(1/2 — Cgr?))

je[m]:wfj;éwj
(#i1) -
< 32057 YT Q(Brj(x)))EellZ (5)]
je[m]:w;;éwj
(iv)
< 32057mrd+25

[1/7]
@)

< ,r,d+1+2ﬁm

~

where

* step (i (7) uses the cancellation inside the log due to Lemma|13] and the construction of ¢(x)
given in (22)), which is zero on the annulus between the r-ball and the r/4-ball,

* step (i%) uses the definition in (27) and the construction of the reward function given in (29),
* step (i) uses Lemmal]

 step (iv) uses the construction of ¢(x) given in (@2), which is equal to ¢ =
r¢/Leb(B,4(x})) inside the r/4-balls, and the inequality (28),

* step (iv) uses 1/|1/r] < r and the fact that Cg does not depend on n, m or r.

This completes the proof of Lemma [20] O

E Proof of Private Upper Bound

E.1 Proof of Proposition 3|
Proof. Given a target context x? € X and treatment candidate ¢ € T, let us assume (x?,t) € Ay,
without loss of generality. Let us define the empirical measures as

n

1
fin(An;) ::EZ]I((Xf,tf))EAhJ), w(Apj) == ZY]I (XF.tF) € Any).  43)

i=1

We define a binning-based analogue of the non-private pessimistic estimator introduced in Proposition

~ n(Ap 2log2
it (20 R i

Following the proof strategy in Appendix [C] it is straightforward to show that, with probability at
least 1 — 1/n,

Frin(x9,t) < f(x9,1).
Therefore, it suffices to show that, with probability at least 1 — 3/n,

fh,DP(XQa t) < fh,BIN (x9, ).
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Since &; ;’s and ({7 ;s are are i.i.d. standard Laplace scaled by 4+/2/¢. Each variable is sub-exponential

with parameters (v, ) = (8v/2/¢,8+/2/¢), so their average over n terms is sub-exponential with
parameters (v, a) = (8v/2/(ey/n),8v/2/(en)). Therefore, by sub-exponential tail bound, we have

Un(Ap,j) — vn(Ap,j) < to with probability at least 1 — 1/n, (45)
fin(An,j) — pn(Ap ;) <t with probability at least 1 — 1/n, (46)
tn(Ap,j) — fin(Ap ;) <t with probability at least 1 — 1/n, 47)
where we recall
16 [logn
te=— .
€ n

The case of pi,(An ;) = 0. In this case, we have fj, in(x@, ) = 0. We also have, with probability
atleast1 —1/n,

- - i), . 16 [logn =
pn =0 = [in — fin = fin % /~Ln<? TgL = fh,DP(XQvt):Oa

where step (¢) uses (@6)). Since the range of the reward function is [0, 1], we have, with probability at
least 1 — 1/n,

Frop(x9,t) < frpin(x9,t) < F(x9,0).

The case of i, (Ap,j) > 0 and fi,, < t. In this case, we have fh’Dp (x@,t) = 0. Since the range of
the reward function is [0, 1], we have, almost surely,

frop(x9,t) < f(x9,1).

The case of pin,(Ap,;) > 0 and fi, > t. In this case, it suffices to show that, with probability at least
1—-3/n,

fin(Anj) + te fin(Ang) —te = pn(Ang) | pa(Any)
To this end, it suffices to show that, with probability at least 1 — 3/n,
Un(Ap,j) —te < vn(An;),
fin(An,j) +te = pn(Anj),
fin(An,j) = te < pn(Anj),
which are equivalent to @3), 7)), and (@6). This completes the proof of Proposition 3] O

Un(Any) —t- | (2log2n)/n < Un(An,;) (2log2n)/n
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