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Abstract

Quantifying uncertainty in deep regression models is important both for under-
standing the confidence of the model and for safe decision-making in high-risk
domains. Existing approaches that yield prediction intervals overlook distribu-
tional information, neglecting the effect of multimodal or asymmetric distributions
on decision-making. Similarly, full or approximated Bayesian methods, while
yielding the predictive posterior density, demand major modifications to the model
architecture and retraining. We introduce MCNF, a novel post hoc uncertainty
quantification method that produces both prediction intervals and the full condi-
tioned predictive distribution. MCNF operates on top of the underlying trained
predictive model; thus, no predictive model retraining is needed. We provide exper-
imental evidence that the MCNF-based uncertainty estimate is well calibrated, is
competitive with state-of-the-art uncertainty quantification methods, and provides
richer information for downstream decision-making tasks.

1 Introduction

Deep regression models have been widely used in applications involving the prediction of continuous
variables [1], including drug discovery [2], credit scoring [3] and energy forecasting [4]. Despite their
broad adoption, safety-critical applications, like medical diagnostics [5], entail high-stake decisions,
mandating the development of robust deep regression techniques that equip decision-makers with
complementary knowledge about the predictive uncertainty of a regression model.

Uncertainty quantification methods (UQ) are fundamental in establishing the predictive uncertainty
of regression models [6]. Recent advances target primarily the investigation of epistemic uncer-
tainty (caused by the lack of evidence or knowledge during training) and aleatoric uncertainty (the
irreducible uncertainty due to data stochasticity). Building on the foundational work in quantile
regression [7], Monte Carlo Dropout (MCD) [8] and deep ensembles [9] leverage dropout layers
and multiple functionally-equivalent models, respectively, to approximate at inference time a deep
Gaussian process and estimate the predictive distribution. Both methods, however, incur extra com-
putational overheads and suffer from inefficient sampling, particularly at the predictive distribution
tails [10]. Bayesian-based approaches that perform full Bayesian estimation [11] or its variational
counterpart [12], albeit rigorous in uncertainty incorporation in the posterior distribution, incur
prohibitive computational costs for any modern deep learning model. Conformal prediction (CP) [13]
yields statistically rigorous uncertainty intervals that contain the ground truth based on a user-defined
error rate [14], but its reliance on a calibration dataset restricts its applicability.

Motivated by the need for rigorous UQ in safety-critical applications, we introduce MCNF, a post hoc
distribution-free UQ method for deep regression models underpinned by contextualized normalizing
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flows (NF). MCNF uses a trained deep regression model equipped with dropout layers and yields
statistically rigorous uncertainty intervals arising from the full predictive density function. Under the
hood, MCNF exploits MCD sampling more efficiently to produce a prediction set per input leveraging
key statistical information (e.g., mean, variance) to condition (contextualize) the normalizing flow
[15]. Our experimental evaluation using a diverse set of datasets and state-of-the-art UQ methods
[14, 16] demonstrates that MCNF achieves competitive results in terms of marginal coverage while
also having lower error values and narrower intervals. Its applicability to deep learning architectures
other than feed-forward regression networks is also showcased. Similarly to CQR [14] and MCCP
[16], MCNF operates at inference time while also being capable of representing arbitrarily complex
uncertainty distributions, which neither CQR nor MCCP support. Our concrete contributions are:
• The MCNF method for the uncertainty quantification whose estimates are in the form of a
distribution-agnostic predictive distribution.
• A comprehensive MCNF evaluation against state-of-the-art UQ methods (MCD, CQR, MCCP) on
various standard benchmarks and a physicochemical dataset.
• A prototype open-source MCNF tool and case study repository, available at https://github.
com/alexiatoumpa/MCNF.

2 Related Work

Uncertainty Quantification (UQ) in deep regression models remains an open-ended question [10].
Quantifying uncertainty in deep learning models enables reasoning about the model’s confidence
in its predictions. Quantile Regression (QR) [7] constructs prediction intervals by modeling the
relationship between a set of independent variables and quantiles of target variables. A typical
approach for UQ is training Bayesian Neural Networks (BNNs) [17], comprising neural networks
with a probability distribution for the model parameters that learn the predictive posterior of the target
variable. Although the output probability distribution of a BNN captures the model uncertainty, BNNs
are computationally-intensive, demanding significantly more training time than other methods [11].

Monte Carlo Dropout (MCD) [8] samples weights in each layer using a binomial distribution at
the selected dropout rate. Each forward pass produces a new estimate coming from the predictive
posterior, which approximates Bayesian inference of a Gaussian process [18]. This technique draws
parallels to deep ensembles [9], but shares weights across model realizations.

Variational inference approximates full Bayesian approaches by introducing a family of distributions
that make the modeling problem tractable, commonly amortizing the parameters of the posterior [19]
with an auxiliary function trained on the data.

Conformal Prediction (CP) [13, 20] is a distribution-free, non-parametric forecasting method which
exploits past experience to determine the level of confidence for new predictions. CP produces
prediction intervals indicating the confidence level of the model, which is inversely-related to the
interval size [21]. Conformal Quantile Regression (CQR) [14] combines quantile regression with
conformal prediction techniques, aiming to construct prediction intervals without distributional
assumptions. MCCP [16] combines Monte Carlo dropout and conformal prediction techniques by
dynamically adapting the conventional MCD with a convergence condition and employing advanced
conformal prediction techniques for the synthesis of robust prediction intervals.

3 Preliminaries

Normalizing Flows (NF) [22, 23] is a modeling framework for the characterization of arbitrarily
complex probability distributions, often referred to as target distribution pX(x), where a set of
invertible and differentiable transformations is applied over simple probability density functions
(e.g., uniform, standard normal) or a base distribution pZ(z). NF samples can be drawn from the
target distribution by sampling from the base distribution and applying the set of transformations that
convert the latent variable Z into the original random variable X, and estimating the density for a
given value of the random variable X.

Let X ∈ Rd be a random variable with an intractable probability density function and Z ∈ Rd another
random variable with a known and tractable probability density function. Let also g = g1 ◦ · · · ◦ gL
be a set of L differentiable and invertible functions composition (i.e., a flow) such that X = g(Z).
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The density function of the target random variable can be expressed in terms of the base density by:

pX(x) = pZ(g
−1(x))

L∏
l=1

∣∣det (Jgl(g−1
l (x)

)∣∣−1
(1)

Since NFs can estimate the density function, they can be trained by maximizing the likelihood with
respect to the parameters of the transformation functions of the given data [15].

Neural Spline Flows (NSF) [24] are a type of transformation flow that fulfills the NF requirements
of invertibility and differentiability [15]. Monotonic rational-quadratic splines endow the transforma-
tions with high non-linearity and flexibility, where the support vector (or knot) widths and heights
and the derivatives of the polynomial on the internal knots are estimated using a neural network with
learnable parameters. These transformations can easily integrate conditions to model conditioned
density functions pX(x|c), where c is the condition (or context) vector.

4 MCNF

Monte Carlo Normalizing Flow (MCNF), whose high-level workflow is shown in Fig. 1, enables
quantifying the predictive uncertainty for regression tasks. Let D = {x, y}N denote a dataset of
size N for a regression task, where x and y are the predictor vector and the predicted variable,
respectively. Then, in MCNF, the predictive posterior distribution p(y|x,D) resulting from the Monte
Carlo Dropout (MCD) [8] is calibrated post hoc and is fully decoupled from the training of the
predictive (base) model that describes the data. Thus, MCNF separates the modeling task from
UQ, and employs MCD to derive prior estimations, leveraging the commonly used dropout as a
regularization technique in deep learning architectures.

MCNF, like CP [14], estimates p(y|x,D) without making distributional assumptions about the
uncertainty. Specifically, we achieve this distribution-free concept by applying Normalizing Flow
(NF) [15] as a downstream post-processing of the MCD-generated samples. Rather than modeling the
predictive variable directly, MCNF uses the NF to describe the distribution of the prediction errors
conditioned on the prior prediction, propagating the epistemic uncertainty encoded by the MCD prior
estimate and combining it with the aleatoric uncertainty of the underlying process.

4.1 Formal description

MCNF uses estimates from MCD (yMCD) as a latent variable acting as a prior to the actual predictive
distribution. Thus, we express the predictive probability distribution p(y|x,D) by marginalizing the
joint probability distribution p(y, yMCD |x,D) over the prior.

p(y|x,D) =
∫

p(y, yMCD |x,D) dyMCD =

∫
p(y |yMCD,x,D)p(yMCD |x,D) dyMCD

= Ep(yMCD |x,D) [p(y |yMCD,x,D)]
(2)

Therefore, the predictive distribution is expressed in the form of a mathematical expectation of the
conditional distribution p(y|yMCD,x,D). Since Equation (2) is intractable, we resort to Monte Carlo
approximation to estimate the predictive distribution of y, resulting in:

p(y|x,D) = Ep(y |yMCD,x,D) [p(y |yMCD,x,D)] ≈
1

nMCD

nMCD∑
i=1

p(y |y(i)MCD,x,D) (3)

where nMCD is the number of prior samples to approximate the predictive distribution.

To account for the epistemic uncertainty propagation from the prior to the predictive distribution,
we introduce the change of variable, δ = y − yMCD, which reflects the prediction error. Hence,
the conditioned probability distribution is now expressed in terms of δ instead of y, given by
p(δ|yMCD,x,D). This change does not affect the calculation of Equation (2) nor Equation (3), due to
the linearity of the transformation, so p(y |yMCD,x,D) = p(δ |yMCD,x,D). Therefore, Equation (3)
can be expressed in terms of δ as:

p(y|x,D) ≈ 1

nMCD

nMCD∑
i=1

p(δi |y(i)MCD,x,D) (4)
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Figure 1: Overview of the proposed MCNF UQ method for regression tasks. First, a set of samples
is drawn using Monte Carlo Dropout (MCD). These samples are used to build a context vector that
encodes the MCD predictive posterior and, ultimately, the input observation using a convenient
set of summary statistics. These summary statistics are provided to the Normalizing Flow-based
model as a context. Depending on the task, either a requested number of samples can be drawn from
the Normalizing Flow by sampling the base distribution and submitting those samples through the
forward pass, or the likelihood of the input observations can be assessed.

Accordingly, the prior distribution can be approximated using the Monte Carlo Dropout sampling
process, while the conditioned distribution of the prediction errors, δ, is modeled through the
normalizing flow, F−1 (δ, yMCD,x) ∼ pθ,ψ(δ |yMCD,x,D) providing an efficient correction of the
prior. In the latter expression, θ and ψ are, respectively, the flow transformation parameters and the
base distribution parameters.

4.2 Building the MCNF Context

In MCNF, the prediction errors are conditioned on the prior estimate yMCD and the observed input
features (or descriptors) x. These two variables configure a context vector c that should be fed to the
normalizing flow head of MCNF as a context to locate and scale the predictive distribution. Through
this contextualization, MCNF defines a convenient procedure so that the context definition is agnostic
to the input data structure, and in such a way that MCNF can still be applied post hoc. To accomplish
this, we define a proxy, h(x), over the input descriptors based on an internal representation of the
regression model, ϕ, with its learnt parameters, Ξ, ϕ(x; Ξ). This approach leverages the feature
extraction made by the regression model and uses it to define a proper context for the normalizing flow.
Since one or more layers may be selected at different depths, this becomes a tunable hyperparameter
of MCNF that directly impacts the dimensionality of the context vector. This procedure normalizes
the shape of the proxy, which helps to generalize the method.

The context vector should be completed by virtue of the latent variable: the prior estimate yMCD.
In practice, we observed that achieving numerical stability and computational efficiency entailed
replacing each sample generated using MCD by the estimates of the two first moments of the prior
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distribution. Thus, the context vector is expressed as follows:

c =
{
ȳMCD, log s

2 (ȳMCD) , h(x)
}

(5)

where ȳMCD and log s2 (ȳMCD) are the sample estimates of the expectation and variance of the prior
distribution.

Finally, we adapt the definition of the density function of the predictive distribution described in
Equation (4) according to the proposed context vector (Equation (5)) to obtain our working equation.

pθ,ψ(y|x,D) ≈
1

nMCD

nMCD∑
i=1

pθ,ψ(δi |ȳMCD, log s
2 (ȳMCD) , h(x),D) (6)

Note that Equation (6) is not equivalent to Equation (4). However, considering the hypothesis of
normality of the distribution estimated with MCD, we assume that using the first two moments of
the distribution of the latent random variable allows us to obtain a reasonable approximation of the
marginalized distribution.

4.3 MCNF Training

MCNF training is based on the forward Kullback-Leibler divergence DKL (Equation (7)) [15]. This
is equivalent to minimizing the negative log-likelihood of the training data with respect to the model
parameters θ (for the transformation flows) and ψ (for the base distribution).

LNL(θ,ψ) = DKL

[
py|X(y|x)∥pθ,ψ(y|x,D)

]
= −Epy|X(y|x) [log pθ,ψ(y|x,D)] + const.

≈ − 1

N

N∑
n=1

log pθ,ψ
(
g−1 (yn; c,θ)

)
+ log

∣∣det Jg−1 (yn; c,θ)
∣∣+ const. (7)

It is well established that minimizing the log-likelihood may lead to model overfitting and deformed
distributions. This leads to uncalibrated uncertainty estimates, which become more apparent for
low-uncertainty effects corrupted by large outliers. To rule this out, we regularize Equation (7) by
weighing observations proportionally to the prior density. Since MCNF provides post hoc corrections
of the MCD predictive posterior, we use this as the prior and reformulate LNL(θ,ψ) as:

LNL(θ,ψ, τ) = −
N∑

n=1

wn

(
log pθ,ψ

(
g−1 (yn; cn,θ)

)
+ log

∣∣det Jg−1 (yn; cn,θ)
∣∣)

where wn = σ

(
− log pMCD (yn|xn)

τ
; τ

)
∈ (0, 1)

(8)

By introducing wn in Equation (8), we scale the importance of each observation in a mini-batch
according to its departure from the prior. We use a softmax function σ(·) such that weights fall within
the (0,1) interval. To mitigate the effect of a highly informative prior, as for MCD, we temperature
scale the softmax function using a hyperparameter τ . Accordingly, the effect of outliers can be
mitigated without affecting the fitting of the regular data. We note that Equation (8) reduces to
Equation (7) when τ →∞ (reflecting a design decision when there is knowledge that outliers are
absent from the data).

Mini-batches are constructed by resampling the MCD samples to account for the variability encoded
by the prior. Further details are provided in Algorithm 2 in the Appendix.

4.4 MCNF Inference

MCNF operates hierarchically, i.e., samples need to be drawn from the predictive model using MCD
to generate the context prior to assessing the predictive distribution of the uncertainty using the
Normalizing Flow head. This means that to generate nNF samples from the approximated predictive
distribution pθ,ψ(y|x,D), we first need to generate nMCD samples from the base model ϕ(x,Ξ). We
will refer to this set of samples as the prior or warm-up samples.

The required input data to make estimates according to Algorithm 1 consist of the number of prior
samples nMCD, as well as the architecture of the Normalizing Flow F−1(δ, c) and the number of
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Algorithm 1 Steps involved in a full forward pass of the proposed MCNF method for inference

Input: D = {xn, yn}NTest
n=1

Parameters: nMCD, ϕ(x,Ξ), F(δ, c), nNF

Output: ypred and/or pθ,ψ(y|x,D)
1: Run nMCD forward passes of ϕ(xn,Ξ) times using MCD for every every observation, xn.
2: Collect hidden states, h(xn), generated in each forward pass.
3: Aggregate hidden states from the forward passes.
4: Generate context vector, cn according to (5).
5: Feed cn to F(δ, cn)
6: Draw nNF samples, δn = {δk,n}nNF

k=1, from zk,n ∼ p0,ψ(Z)→ δk,n = F(zk,n, cn)
7: Estimate yn as yn = yn,j(k),MCD − δn,k, where j(k) ∼ U(1, nMCD)

8: Estimate each sample density feeding F−1(δn,k, cn) into (6)
9: return {yn,k}nNF

k=1 and {pθ,ψ(yk,n|xk,n,D)}nNF

k=1}
|D|
n=1
∈ R|D|×nNF

samples requested to characterize the approximate predictive distribution nNF. The inference process
starts by building the context c. This entails drawing the requested nMCD samples from the regression
model ϕ(x,Ξ) using MCD, which are then summarized to generate the sample mean and log-var
to partially construct the context. Since every forward pass on ϕ(x,Ξ) produces one proxy of the
input, we average these estimates to complete the context vector c. Then, the context vector is
given as an input to F−1(y, c) (line 5). For sampling tasks, we first generate samples from the NF
base distribution zn,k that are then submitted through the forward pass to obtain δn,k = F(zn,k, cn)
and then correct the prior yn,j(k),MCD with the sampled prediction error to finally get yn,k (line 8).
During the same forward pass, the Jacobian of the transformation flows is also assessed, enabling
likelihood estimation by solving Equation (1) for pθ,ψ(yk,n|xk,n,D). For density estimation tasks,
an observation yn is passed along with the context vector cn. Then, the likelihood is calculated by
running the reverse pass of the NF (Equation (1)).

5 Evaluation

Base Predictive Model. The base predictive model is a Deep Quantile Regressor (DQR) comprising
a batch normalization input layer, two fully connected layers (with ReLU nonlinearities and dropout
layers with rate 0.1) and an output layer with three linear units for the quantiles q = {0.05, 0.5, 0.95}.
The model is trained for 100 epochs using the Adam optimizer, a custom pinball loss function that
aggregates the quantile errors, and a batch size of 32. We fixed the learning rate to 5e-4 and the
weight decay regularization factor to 1e-6. For the training and testing sets, we use an 80:20 split.

Probabilistic Model. The Normalizing Flow component of MCNF uses a sequence of two Neural
Splines flows [24], with a 3-layered multilayer perception comprising 64 hidden units which produces
the 16 support vectors of the spline transformation and their inner derivatives. As a base distribution,
we use a factorized Gaussian distribution with trainable parameters ψ. The context size is determined
by the size of the input proxy plus the two statistics (sample mean, and log-var) used to summarize
the MCD samples, i.e., (|h(x)|+ 2). To keep the computational overhead related to the prior Monte
Carlo Dropout sampling low, we set nMCD = 50. The training includes the same partition as the base
predictive model, using a batch size of 32 with the Adam optimiser and a 0.001 learning rate. We set
τ = 1e10 to instantiate Equation (8), giving the same weight to all observations in a mini-batch.

Comparative Methods. We assessed MCNF against five state-of-the-art UQ methods that also use the
predictions from the base predictive DQR model for uncertainty estimations. Thus, MCQR involves
resampling 1000 times DQR using MCD and averaging the q={0.05, 0.95} quantile outcomes to
yield the prediction intervals. MCD derives pMCD(y|x) by resampling from the median (q = 0.5)
in DQR 1000 times, resembling the conventional Monte Carlo Dropout uncertainty quantification
method. MCD is the only other method that can also produce a predictive distribution. We also used
Conformalized Quantile Regression (CQR) [14], which applies a non-conformity score to DQR to
conformalize the prediction intervals, and Monte Carlo Conformal Prediction (MCCP) [16], which
conformalizes the prediction intervals obtained with MCQR. Both CP-based methods used 20% of
the test set for calibration and prediction intervals aimed at achieving a 90% marginal coverage. Note
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that for all the considered UQ methods that employ MCD sampling, the aleatoric term of the original
formulation [8] is left out as it is used to propagate the epistemic uncertainty only.

Benchmarks. Adopting the evaluation procedure from CQR [14] and MCCP [16], we used the fol-
lowing datasets to evaluate MCNF: the Boston Housing dataset [25] (506 observations, 14 attributes);
the Concrete dataset [26] (1030 observations, 9 attributes); the Abalone dataset [27] (4177 observa-
tions, 11 attributes); the Tertiary Protein Structure dataset [28] (45730 observations, 10 attributes); the
wave energy dataset [29] (63600 observations, 149 attributes), and the superconductivity dataset [30]
(21263 observations, 81 attributes). These datasets were obtained from [31]. Similar to [14], and to
examine the MCNF’s ability to capture the uncertainty of complex distributions, we also include
two synthetic datasets: the dataset from [14] with univariate predictor samples and few large outliers
(termed Romano-Original) and an extension (termed Romano-Mod) with a multimodal distribution.

Performance Metrics. To compare the performance of all methods, we used the metrics reported
below. We report results across 20 independent runs of the MCNF training procedure described to
account for randomness. The training/test partitioning was generated per run and held constant to
train both the base predictive model and the comparative methods (MCNF, CQR, MCCP, MCCQR).

•Marginal coverage signifies the proportion of the test set over which the predicted quantile intervals
include the ground truth, given by C(X,Y ) = 1

N

∑N
i=1 1{yi ∈ [qα(xi), q1−α(xi)]}, where qα(xi)

and q1−α(xi) are the predicted quantiles given xi and α = 0.05.

• Interval size signifies how well the prediction intervals capture the aleatoric and epistemic un-
certainties, with smaller intervals denoting easier inputs and larger intervals harder ones, given by
∆̃(X,Y ) = medianN

i=1(q1−α(xi)− qα(xi)), where qα, q1−α and α are as above.

• Accuracy assesses if the prediction intervals under- or overestimate uncertainty, specified by the
mean absolute error (MAE) for α = 0.5 and given by MAE(X,Y ) = 1

N

∑N
i=1 |yi − q0.5(xi)|.

5.1 Results Summary

Accuracy and coverage. Table 1 summarizes the performance results of our evaluation. MCNF
overall yielded the smallest MAE, closely followed by MCD, indicating that training the NF MCNF-
component helps improve the accuracy of the predicted interval. MAEs for the other methods are
larger, usually by one order of magnitude, compared to MCNF and MCD. This is expected since the
prediction adjustment carried out in the CP-based methods CQR and MCCP is homogeneous for both
upper and lower intervals, which is only useful when the distribution is close to a Gaussian.

Considering marginal coverage C, we observe that all methods, except for MCD, provide values close
to the theoretical 90% coverage, showing similar capabilities and some degree of conservativeness.
This is especially true for the conformalized methods (i.e., CQR and MCCP) for the smallest datasets
(Boston housing and Concrete). However, MCD does not account for aleatoric uncertainty and, thus,
the intervals generated from the quantiles of its predictive distribution are highly non-conservative.
For larger datasets, the miscalibration of the conformalized methods becomes smaller and more stable
as the number of observations to calibrate the prediction intervals increases. MCNF outperforms
its MCD counterpart, highlighting the benefits of providing post hoc corrections over the latter. In
addition, MCNF is computationally more efficient than MCD, especially when the number of samples
to approximate the predictive distribution increases.

Interval size. Although all methods show some sensitivity to the actual uncertainty associated with
the given dataset (as shown by the variability of the interval sizes ∆̃ in Table 1), MCNF yields the
smallest interval sizes while maintaining the expected 90% marginal coverage. While MCD also has
small interval sizes, its marginal coverage is much worse than the other methods, failing to meet the
expected threshold. Likewise, CQR and MCCP, in order to achieve the 90% through conformalization,
yield conservative intervals which are reflected to their corresponding interval sizes. Accordingly,
MCNF provides the best tradeoff between coverage and interval size, showing smaller interval sizes
for similar marginal coverages.

Complex distribution. Unlike the multivariate datasets examined so far (e.g., Boston housing,
Concrete), the Romano-Original and Romano-Mod univariate synthetic datasets allow for a clear
visual comparison in reconstructing the data distribution. Figure 2 shows the prediction intervals from
MCNF, MCD, and MCCP, alongside the predictive distributions across the predictor variable x. The
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Table 1: Experimental results by dataset and metric over 20 runs. Methods are in columns; each cell
shows mean ± std of coverage (C), median MAE (M̃AE), and median prediction interval size (∆̃).

Data Metric CQR DQR MCCP MCD MCQR MCNF NF
B

os
to

n
H

.
C 0.957±0.044 0.950±0.031 0.961±0.036 0.726±0.059 0.949±0.032 0.904±0.043 0.782±0.062

M̃AE 0.454±0.248 0.315±0.040 0.439±0.196 0.078±0.009 0.318±0.040 0.078±0.009 0.073±0.009

∆̃ 0.820±0.481 0.543±0.034 0.777±0.404 0.254±0.023 0.541±0.032 0.409±0.038 0.277±0.034

C
on

cr
et

e C 0.938±0.039 0.952±0.012 0.942±0.041 0.601±0.048 0.949±0.014 0.920±0.021 0.814±0.038

M̃AE 0.355±0.044 0.372±0.039 0.375±0.038 0.113±0.012 0.378±0.038 0.085±0.012 0.084±0.008

∆̃ 0.660±0.078 0.689±0.033 0.682±0.102 0.290±0.016 0.688±0.034 0.491±0.031 0.366±0.026

A
ba

lo
ne C 0.904±0.025 0.915±0.014 0.898±0.030 0.341±0.027 0.914±0.014 0.886±0.017 0.874±0.023

M̃AE 0.344±0.036 0.350±0.031 0.344±0.038 0.100±0.005 0.354±0.031 0.099±0.007 0.098±0.005

∆̃ 0.574±0.047 0.586±0.026 0.569±0.048 0.132±0.007 0.587±0.025 0.514±0.020 0.507±0.050

Pr
ot

ei
n C 0.899±0.009 0.922±0.009 0.901±0.010 0.354±0.018 0.921±0.009 0.927±0.006 0.887±0.018

M̃AE 0.935±0.041 0.952±0.038 0.937±0.042 0.245±0.010 0.952±0.039 0.202±0.009 0.186±0.008

∆̃ 1.827±0.022 1.861±0.019 1.828±0.019 0.406±0.011 1.857±0.019 1.781±0.033 1.673±0.062

W
av

e C 0.898±0.009 0.962±0.008 0.900±0.008 0.828±0.017 0.964±0.006 0.938±0.030 0.807±0.149

M̃AE 0.005±0.001 0.008±0.001 0.005±0.001 0.001±0.0003 0.008±0.001 0.002±0.001 0.002±0.001

∆̃ 0.010±0.001 0.016±0.002 0.010±0.001 0.009±0.0003 0.016±0.002 0.013±0.001 0.006±0.001

Su
pe

r C 0.899±0.012 0.934±0.006 0.902±0.014 0.482±0.019 0.934±0.007 0.912±0.009 0.866±0.011

M̃AE 0.283±0.026 0.299±0.025 0.289±0.024 0.110±0.006 0.303±0.024 0.103±0.005 0.096±0.004

∆̃ 0.847±0.032 0.879±0.028 0.857±0.028 0.270±0.014 0.888±0.026 0.791±0.035 0.679±0.044

R
-O

G C 0.915±0.024 0.900±0.019 0.911±0.030 0.239±0.035 0.901±0.020 0.926±0.014 0.912±0.019

M̃AE 2.208±0.150 2.176±0.134 2.200±0.152 0.511±0.103 2.182±0.134 0.406±0.206 0.496±0.154

∆̃ 3.631±0.207 3.567±0.159 3.604±0.181 0.348±0.037 3.573±0.159 3.321±0.232 3.371±0.234

R
-M

O
D C 0.912±0.028 0.948±0.027 0.918±0.032 0.540±0.0513 0.966±0.015 0.952±0.015 0.876±0.039

M̃AE 0.201±0.029 0.234±0.039 0.223±0.032 0.074±0.008 0.274±0.036 0.067±0.006 0.060±0.012

∆̃ 0.424±0.059 0.495±0.029 0.401±0.035 0.138±0.011 0.505±0.029 0.438±0.026 0.382±0.031

So
lu

bi
lit

y C 0.922±0.078 0.860±0.046 0.947±0.047 0.537±0.038 0.910±0.025 0.891±0.045 0.831±0.044

M̃AE 0.749±0.289 0.490±0.115 0.836±0.185 0.221±0.019 0.637±0.108 0.207±0.014 0.215±0.024

∆̃ 1.700±0.601 1.155±0.108 1.685±0.345 0.504±0.038 1.289±0.108 1.184±0.154 1.021±0.132

Romano-Mod dataset exhibits heteroskedasticity and varying distributions of the predicted variable
for different x values. MCNF effectively captures the multimodality of the predicted variable y for
small x, transitioning to a unimodal distribution as x increases. This result is further corroborated
by the overall better results achieved by MCNF against CQR, MCCP and DQR across the marginal
coverage C, interval size ∆̃ and MAE in both Romano-Original and Romano-Mod datasets.

Predictive Model Impact. Since MCNF is a post hoc UQ method, we evaluated the impact of
the base predictive model on MCNF’s performance. Thus, we assessed the performance using a
well-trained predictive model and an underfitted model on the Concrete, Superconductivity, and
Protein datasets. Selecting the well-trained predictive model entailed training 15 predictive models of
the same architecture, for 100 epochs each, and selecting the model with the lowest RMSE. Similarly,
selecting the underfitted model entailed training 15 predictive models for 6 epochs and selecting the
model with the highest RMSE. Figure 3 shows the coverage and confidence interval for these two
experiments, with results for the well-trained predictive model presented with a darker color and
results for the underfitted model shown with a lighter shade color. Although the marginal coverage
between the two predictive models and across most UQ methods (except from MCD) are similar
and around the 90% threshold, the confidence interval plots (bottom) indicate that a well-trained
predictive model provides, expectedly, narrower interval sizes. More importantly, though, even with
an underfitted predictive model, MCNF yields narrower interval sizes than the state-of-the-art UQ
methods and the coverage values are comparable to the well-trained predictive model. Accordingly,
these results demonstrate that MCNF can adapt its UQ estimate based on the quality of the predictive
model.

Epistemic uncertainty propagation. The performance metrics for MCNF without propagating the
epistemic uncertainty through prediction errors via MCD sampling are shown in the last column
of Table 1 (reported as NF). To produce these results, the MCNF workflow remains the same
but prediction errors are not resampled. It is noteworthy that with this setup, there is a general
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Figure 2: MCNF predictions (y) against the synthetic Romano-Mod dataset, generated as described in
the Appendix. Blue circles represent data observations within the 90% marginal coverage of MCNF,
whereas the pink circles fall outside this range. The orange interval delineates the MCNF smoothed
marginal coverage (superimposed over the unsmoothed interval, in gray). The broken green line
represents the median marginal coverage. The ridge lines represent kernel density estimates of the
predictive distributions for the MCNF samples (gray) and the prior MCD samples (black).

Figure 3: (best viewed in color) Coverage and confidence interval results for a well-trained predictive
model (dark colored) and an underfitted predictive model (light colored).

performance decay for across all datasets included in the evaluation. When this source of uncertainty
is not explicitly propagated, the prediction intervals deduced from the predictive distribution are
consistently narrower than those obtained with the full MCNF.

5.2 MCNF application on Graph Neural Networks

We demonstrate the generalizability of MCNF to other deep learning model architectures through
its application on a Graph Neural Network (GNN) predictive model [32] to make structure-based
predictions of the physicochemical properties of molecules. The GNN model features three graph
convolution layers based on the message passing mechanism, followed by an average readout layer to
combine node-level encodings into a graph-level encoding. The next layers are a batch normalization
layer to center and scale graph-level encoding, and a sequence of two dense layers of 300 neurons
each (first a linear layer, then a second applying ReLU). Dropout was applied globally at a rate of
0.15. We use the Solubility dataset [33] that includes solubility data of 829 drug-like molecules.
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We challenge MCNF by making it retrieve context for the NF component using an internal repre-
sentation of a pre-trained GNN. Therefore, the parameters of the GNN remain constant while fitting
the NF component of MCNF. The results for this experiment are shown at the bottom of Table 1.
The obtained results are in agreement with those observed for the other datasets (Boston housing,
Concrete, etc.) using deep regression models. In particular, all methods exhibit good performance in
terms of marginal coverage, except for MCD. Among the well-calibrated methods, MCNF stands out
by providing the best trade-off between coverage C, prediction interval sizes ∆̃ and MAE.

6 Conclusion and Future Work

MCNF is a post hoc method that quantifies uncertainty in deep regression models by estimating the
predictive distribution of the predicted variable. To achieve this, MCNF utilizes pre-trained deep
regression models with dropout layers and models prediction errors using a shallow normalizing
flow to correct prior MCD estimates. Through a comprehensive experimental evaluation comprising
diverse datasets and state-of-the-art UQ methods, we demonstrate that prediction intervals from
MCNF are well-calibrated, with smaller median sizes, providing richer information than baseline
methods. The approach generalizes well to pre-trained GNNs, showing good calibration and adaptivity.
Additionally, we mitigate the negative impact of outliers on the forward Kullback-Leibler divergence
loss function by using MCD before weighing observations in a mini-batch. Future work could involve
extending the MCNF formalism to classification problems and further characterizing the knowledge
arising from the predictive model and its underlying assumptions. Furthermore, we will investigate
techniques to improve the computational efficiency of MCNF by reducing the number of required
MCD samples and coupling it with more efficient alternatives for building the prior knowledge.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The claims of contributions made in the abstract are properly supported by the
evaluation section of the manuscript.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The conclusion section outlines the limitations and direction for future work
of MCNF.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [NA]

Justification: The paper does not present any theoretical results.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The experimental results are described in full detail: the datasets used, the
model architecture, the hyperparameters for training and testing MCNF.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: We provide prototype open-source MCNF tool and case study repository.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: All training/testing setup details, as well as model architecture, are described
in the manuscript, to support reproducibility.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: The experimental results have been run multiple times, thus the mean and
standard deviation values of the reported metrics are presented.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide details regarding the computational setup used for our evaluation
in the Appendix.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have reviewed the NeurIPS Code of Ethics, and preserve
anonymity.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader Impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The manuscript has no societal impact of the work conducted.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
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• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The work presented does not pose any risks of misuse.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Owners of the assets and contributors are properly credited, and the appropriate
license is used.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The code base for MCNF will be made public. This is made available with
appropriate instructions and documentation.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: There was no crowdsourcing involved in this work, nor research with human
subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: There was no crowdsourcing involved in this work, nor research with human
subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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A MCNF Training

Mini-batch strategy

Algorithm 2 Mini-batch building scheme to train the Normalizing Flow head of MCNF
Inputs: D = {xn, yn}Nn=1 {yi,MCD}nMCD

i=1
Parameters: b ≡ batch size
Output: d

1: Initialize d = {}, and J = {1, ..., N}
2: while |J | > 0 do
3: Initialize di = {}
4: for k ← 1 to b do
5: Generate a random index, n ∼ U(1, |J |) and pick (xn, yn)
6: Generate a random index i ∼ U(1, nMCD) and draw yn,i,MCD
7: Calculate prediction error δn = yn − yn,i,MCD
8: Aggregate n-th observation to current mini-batch, di = di ∪ {(xn, δn)}
9: Update indices set, J = J \ {n}

10: Update mini-batches set, d = d ∪ di

During MCNF training, in order to effectively propagate epistemic uncertainty to pθ,ψ(y|x,D) when
the latter is approximated as in Equation (6), we bootstrap the prediction errors. To this end, each
mini-batch used to evaluate the gradients of the module based on the NFs is obtained by bootstrapping
on a set of nMCD samples, {yi,MCD}nMCD

i=1 , previously generated from the distribution p(yMCD|x).
Thus, the original training dataset D = {xn, yn}Nn=1 is further processed at each iteration of the
training steps to recalculate the prediction error δn , as indicated in Algorithm 2. Consequently, the
implemented mini-batch construction strategy enables every mini-batch to have a different realization
of the prediction error per observation at each iteration.

B Synthetic dataset

Romano-Mod dataset. A univariate stochastic process is introduced, by adapting the equation
provided in Appendix B in [14]. The distribution that characterizes the uncertainty incorporates
heteroskedasticity, which is a particularly relevant validation case to test whether the method adapts
correctly to the local distribution of the data. The updated stochastic process is given:

y = Poisson (sinx+ ∆) + (βϵ1 + b) · x+ δ(u ≤ ū) · γ · ϵ2 (9)

where δ() represents the Delta Kronecker function and ϵ1 and ϵ2 follow a standard Gaussian dis-
tribution. The parameters of the model are β and ∆, which condition the heteroskedasticity of the
uncertainty distribution, as well as γ and ū, which control the magnitude and rate of outliers in the
sample generated. We introduce b to induce a linear correlation between the predictor x and the
predicted variable y. Table 2 summarizes the values used for these parameters and Figure 4 illustrates
the data generated.

Table 2: Parameters for the creation of the synthetic dataset.
Data Parameters

∆ β b ū

Romano-Original 0.1 0.05 0.0 0.0
Romano-Mod 0.1 0.05 2.0 0.0
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τ=100, b=0, γ=25 τ=100, b=2, γ=150

τ=50000, b=0, γ=25 τ=50000, b=0, γ=150

Figure 4: Visualisation of the synthetic data produced based on Equation (9).

C MCNF performance details

C.1 Adaptivity of prediction intervals

In terms of prediction interval adaptivity, all examined UQ methods, including MCNF, are sensitive
to the uncertainty inherent in the data, as evidenced by the variability of the quantiles of the interval
sizes shown in Table 3. MCD has the narrowest intervals but covers a much smaller proportion of
the true values, achieving a very poor coverage overall. Considering the UQ methods that perform
well and converge to the expected marginal coverage (90%), MCNF provides the narrowest intervals
and maintains similar marginal coverage to the other methods. Quantile MAE (MAEq), where
MAEq(X,Y ) = 1

N

∑N
i=1 |yi − q0.05(xi)|+ |yi − q0.95(xi)|, which provides additional evidence of

the improved trade-off between coverage and interval sizes for MCNF, exhibits smaller values for
similar marginal coverages.

C.2 Ablation study

C.2.1 Hyperparameter study

We also examined the performance of MCNF for the following hyperparameters: number of epochs
(epochs ∈ {20, 50, 100, 150}) , number of normalizing flow samples (nNF ∈ {100, 200, 500}), and
number of Monte-Carlo Dropout samples (nMCD ∈ {50, 100, 150}). For this evaluation, we employ
the same prediction model across all tests, which was selected based on the lowest RMSE value, as
described in Section 5.1.

Initially, we evaluate the number of epochs specified for training MCNF, examining epochs ∈
{20, 50, 100, 150}, as shown in Figure 5, whilst keeping the number of normalizing flow samples and
Monte-Carlos Dropout samples fixed to nNF = 500 and nMCD = 50, respectively. Figure 6 illustrates
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Table 3: Prediction interval sizes ∆̃v(X,Y ) for v ∈ {0.05, 0.25, 0.5, 0.75, 0.95}, where
∆̃v(X,Y ) = Qn

i=1(q0.95(xi) − q0.05(xi))[v] and Quantile MAE, where MAEq(X,Y ) =
1
N

∑N
i=1 |yi − q0.05(xi)|+ |yi − q0.95(xi)|) for all UQ methods and datasets.

Data Metric CQR DQR MCCP MCD MCQR MCNF NF
B

os
to

n
H

.

∆̃0.05 0.650 ± 0.481 0.374 ± 0.031 0.605 ± 0.409 0.172 ± 0.018 0.373 ± 0.030 0.300 ± 0.027 0.163±0.019

∆̃0.25 0.730 ± 0.482 0.458 ± 0.030 0.690 ± 0.407 0.212 ± 0.018 0.456 ± 0.029 0.352 ± 0.033 0.218±0.030

∆̃0.5 0.820 ± 0.481 0.543 ± 0.034 0.777 ± 0.404 0.254 ± 0.023 0.541 ± 0.032 0.409 ± 0.038 0.277±0.034

∆̃0.75 0.971 ± 0.494 0.695 ± 0.058 0.932 ± 0.400 0.318 ± 0.029 0.692 ± 0.057 0.507 ± 0.059 0.363±0.047

∆̃0.95 1.315 ± 0.520 1.048 ± 0.084 1.269 ± 0.401 0.497 ± 0.054 1.044 ± 0.081 0.834 ± 0.092 0.617±0.132
MAEq 0.824 ±0.482 0.551 ±0.038 0.785 ±0.402 0.279 ±0.023 0.549 ±0.037 0.428 ±0.037 0.295±0.029

C
on

cr
et

e

∆̃0.05 0.430 ± 0.081 0.461 ± 0.019 0.458 ± 0.105 0.183 ± 0.015 0.463 ± 0.019 0.298 ± 0.027 0.193±0.024

∆̃0.25 0.542 ± 0.075 0.574 ± 0.030 0.569 ± 0.097 0.238 ± 0.014 0.573 ± 0.030 0.394 ± 0.025 0.283±0.024

∆̃0.5 0.660 ± 0.078 0.689 ± 0.033 0.682 ± 0.102 0.292 ± 0.016 0.688 ± 0.034 0.491 ± 0.031 0.366±0.026

∆̃0.75 0.832 ± 0.099 0.859 ± 0.052 0.852 ± 0.115 0.382 ± 0.028 0.858 ± 0.052 0.621 ± 0.053 0.469±0.027

∆̃0.95 1.045 ± 0.103 1.076 ± 0.068 1.072 ± 0.113 0.528 ± 0.049 1.072 ± 0.066 0.818 ± 0.091 0.676±0.068
MAEq 0.636 ±0.079 0.667 ±0.040 0.663 ±0.102 0.329 ±0.026 0.666 ±0.039 0.472 ±0.032 0.352±0.020

A
ba

lo
ne

∆̃0.05 0.357 ± 0.044 0.367 ± 0.020 0.349 ± 0.045 0.077 ± 0.007 0.370 ± 0.020 0.294 ± 0.017 0.277±0.030

∆̃0.25 0.446 ± 0.046 0.457 ± 0.025 0.439 ± 0.048 0.109 ± 0.007 0.459 ± 0.025 0.380 ± 0.019 0.371±0.039

∆̃0.5 0.574 ± 0.047 0.586 ± 0.026 0.569 ± 0.048 0.132 ± 0.007 0.587 ± 0.025 0.514 ± 0.020 0.507±0.050

∆̃0.75 0.748 ± 0.043 0.757 ± 0.027 0.739 ± 0.048 0.163 ± 0.007 0.758 ± 0.027 0.744 ± 0.040 0.724±0.045

∆̃0.95 1.117 ± 0.037 1.128 ± 0.038 1.109 ± 0.046 0.249 ± 0.013 1.127 ± 0.040 1.098 ± 0.052 1.092±0.046
MAEq 0.551 ±0.043 0.562 ±0.021 0.544 ±0.045 0.222 ±0.008 0.563 ±0.021 0.499 ±0.017 0.494±0.039

Pr
ot

ei
n

∆̃0.05 0.709 ± 0.080 0.744 ± 0.078 0.720 ± 0.081 0.113 ± 0.015 0.749 ± 0.080 0.341 ± 0.046 0.270±0.048

∆̃0.25 1.549 ± 0.035 1.585 ± 0.026 1.557 ± 0.032 0.227 ± 0.019 1.584 ± 0.026 1.244 ± 0.111 1.155±0.152

∆̃0.5 1.827 ± 0.022 1.861 ± 0.019 1.828 ± 0.019 0.406 ± 0.011 1.857 ± 0.019 1.781 ± 0.033 1.673±0.062

∆̃0.75 2.010 ± 0.023 2.044 ± 0.022 2.009 ± 0.020 0.524 ± 0.009 2.038 ± 0.022 2.061 ± 0.026 1.933±0.044

∆̃0.95 2.249 ± 0.032 2.284 ± 0.036 2.250 ± 0.032 0.762 ± 0.015 2.279 ± 0.038 2.393 ± 0.043 2.230±0.043
MAEq 1.349 ±0.048 1.383 ±0.041 1.354 ±0.047 0.576 ±0.014 1.382 ±0.041 1.172 ±0.059 1.048±0.088

W
av

e

∆̃0.05 0.004 ± 0.001 0.010 ± 0.001 0.004 ± 0.001 0.005 ± 0.000 0.010 ± 0.001 0.008 ± 0.001 0.003±0.001

∆̃0.25 0.007 ± 0.001 0.013 ± 0.002 0.007 ± 0.001 0.007 ± 0.000 0.013 ± 0.002 0.010 ± 0.001 0.004±0.001

∆̃0.5 0.010 ± 0.001 0.016 ± 0.002 0.010 ± 0.001 0.009 ± 0.000 0.016 ± 0.002 0.013 ± 0.001 0.006±0.001

∆̃0.75 0.020 ± 0.001 0.026 ± 0.002 0.020 ± 0.001 0.012 ± 0.000 0.026 ± 0.002 0.022 ± 0.002 0.016±0.002

∆̃0.95 0.040 ± 0.002 0.046 ± 0.003 0.041 ± 0.002 0.021 ± 0.001 0.047 ± 0.003 0.043 ± 0.004 0.039±0.005
MAEq 0.009 ±0.001 0.015 ±0.002 0.010 ±0.001 0.009 ±0.0002 0.016 ±0.002 0.013 ±0.001 0.006±0.001

Su
pe

r

∆̃0.05 0.163 ± 0.015 0.196 ± 0.012 0.165 ± 0.014 0.058 ± 0.007 0.196 ± 0.012 0.141 ± 0.014 0.096±0.008

∆̃0.25 0.286 ± 0.015 0.318 ± 0.012 0.289 ± 0.015 0.111 ± 0.006 0.319 ± 0.011 0.270 ± 0.024 0.220±0.012

∆̃0.5 0.847 ± 0.032 0.879 ± 0.028 0.857 ± 0.028 0.270 ± 0.014 0.888 ± 0.026 0.791 ± 0.035 0.679±0.044

∆̃0.75 1.769 ± 0.058 1.802 ± 0.061 1.768 ± 0.059 0.479 ± 0.020 1.799 ± 0.061 1.471 ± 0.089 1.336±0.078

∆̃0.95 2.074 ± 0.060 2.105 ± 0.063 2.066 ± 0.059 0.735 ± 0.031 2.097 ± 0.064 2.087 ± 0.106 1.988±0.071
MAEq 0.610 ±0.025 0.641 ±0.025 0.612 ±0.029 0.292 ±0.007 0.642 ±0.024 0.566 ±0.023 0.462±0.022

R
-O

G

∆̃0.05 1.764 ± 0.181 1.698 ± 0.145 1.751 ± 0.207 0.110 ± 0.040 1.708 ± 0.146 1.832 ± 0.345 1.846±0.269

∆̃0.25 2.374 ± 0.225 2.309 ± 0.200 2.361 ± 0.222 0.138 ± 0.046 2.316 ± 0.196 2.852 ± 0.193 2.785±0.239

∆̃0.5 3.631 ± 0.207 3.567 ± 0.159 3.604 ± 0.181 0.348 ± 0.037 3.573 ± 0.159 3.321 ± 0.232 3.371±0.234

∆̃0.75 4.262 ± 0.245 4.198 ± 0.225 4.249 ± 0.226 0.458 ± 0.035 4.209 ± 0.223 4.211 ± 0.091 4.093±0.124

∆̃0.95 4.516 ± 0.297 4.446 ± 0.276 4.505 ± 0.281 0.557 ± 0.037 4.463 ± 0.276 4.373 ± 0.098 4.296±0.129
MAEq 2.615 ± 0.350 2.583 ± 0.350 2.597 ± 0.242 1.117 ± 0.166 2.589 ± 0.350 2.977 ± 0.395 2.886±0.254

R
-M

O
D

∆̃0.05 0.329 ± 0.043 0.340 ± 0.025 0.319 ± 0.041 0.079 ± 0.007 0.339 ± 0.025 0.230 ± 0.016 0.188±0.016

∆̃0.25 0.382 ± 0.042 0.392 ± 0.023 0.372 ± 0.041 0.105 ± 0.007 0.391 ± 0.022 0.300 ± 0.025 0.235±0.036

∆̃0.5 0.491 ± 0.042 0.495 ± 0.029 0.483 ± 0.042 0.141 ± 0.006 0.494 ± 0.029 0.438 ± 0.026 0.382±0.031

∆̃0.75 0.543 ± 0.045 0.543 ± 0.031 0.535 ± 0.042 0.168 ± 0.007 0.543 ± 0.030 0.511 ± 0.025 0.458±0.034

∆̃0.95 0.661 ± 0.044 0.660 ± 0.036 0.656 ± 0.044 0.201 ± 0.009 0.660 ± 0.038 0.599 ± 0.036 0.528±0.048
MAEq 0.364 ± 0.064 0.433 ± 0.028 0.332 ± 0.037 0.187 ± 0.012 0.434 ± 0.029 0.350 ± 0.032 0.288±0.034

So
lu

bi
lit

y

∆̃0.05 1.157 ± 0.633 0.610 ± 0.076 1.153 ± 0.369 0.266 ± 0.021 0.756 ± 0.081 0.614 ± 0.084 0.446±0.075

∆̃0.25 1.423 ± 0.611 0.867 ± 0.083 1.416 ± 0.365 0.380 ± 0.033 1.030 ± 0.086 0.933 ± 0.130 0.765±0.122

∆̃0.5 1.700 ± 0.601 1.155 ± 0.108 1.685 ± 0.345 0.504 ± 0.039 1.289 ± 0.108 1.184 ± 0.154 1.021±0.132

∆̃0.75 2.055 ± 0.582 1.511 ± 0.142 2.020 ± 0.338 0.618 ± 0.044 1.616 ± 0.139 1.500 ± 0.164 1.293±0.160

∆̃0.95 2.693 ± 0.600 2.156 ± 0.214 2.603 ± 0.373 0.749 ± 0.043 2.220 ± 0.206 1.972 ± 0.152 1.723±0.255
MAEq 1.665 ± 0.590 1.124 ± 0.087 1.636 ± 0.335 0.597 ± 0.031 1.242 ± 0.085 1.119 ± 0.118 0.951±0.114

the results of evaluating the different normalizing flow sample values nNF ∈ {100, 200, 500}, setting
epochs = 100 and nMCD = 50. Lastly, Figure 7 visualizes the ablation results for the different Monte-
Carlo Dropout sample values nMCD ∈ {50, 100, 500}, whilst training the MCNF for epochs = 100
and sampling nNF = 500 normalizing flow samples. Our results demonstrate that all tested nMCD
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Figure 5: Evaluation of MCNF on Boston Housing, Abalone, and Concrete datasets for different
epoch values (20, 50, 100, and 150).

values perform similarly in terms of the coverage metrics, and the difference in the confidence interval
and the median MAE is negligible. Similar observations have been derived for the various epoch and
nNF values evaluated.

C.2.2 Outliers handling: testing impact of τ hyperparameter

As outlined in recent UQ survey papers [6], UQ methods can be impacted by outliers. Thus, we
investigated the performance and response of MCNF to outlier data. Table 4 shows experiments
carried out for different τ , b and γ value combinations on MCNF coverage (C), median MAE (M̃AE),
and Quantile MAE (MAEq). We observe that MCNF was sensitive to outliers when the effect size
was close to zero, which likely results from biasing of the maximum likelihood estimator. The effect
size relates to the degree of correlation between the feature variables and the response variable. We
sought to mitigate this impact, given that low effect sizes (as well as sporadic large outlier values)
frequently characterize data sets in many disciplines.

To test the impact of different τ values in Equation (8), with respect to changing effect size, we
synthesize data (Section B) by modulating the slope (b) of the governing generative process to
generate multiple sets of simulated data (Figure 8), where b ∈ {0, 0.1, 0.2, 0.3, 1, 2}. As the scale
of the outliers relative to the rest of the data also changed with the slope, we modulated the γ
parameter to keep the outliers in the same approximate range. The outliers proportion was 1%.
For each level of slope, we predicted from the MCNF method using the following τ values τ ∈
{102, 2 · 102, 3 · 102, 103, 2 · 103, 5 · 103, 104, 105, 106}. The data distributions are shown in Figure 8.

Generally, the marginal coverage increases with the value of τ as the effect of the temperature scaling
assigns equal importance to outliers and non-outliers. However, this comes at the cost of overly
conservative prediction intervals and less adaptivity to the uncertainty in the data. No single value
for τ can be considered universally optimal, as shown in Figure 8. This hyperparameter should be
fine-tuned, potentially using a calibration set. When the ratio of the outlier magnitude over the effect
size becomes smaller (larger values of the slope in this case) the importance of the former on the
regular maximum likelihood procedure decreases, and values of τ can be smaller.
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Figure 6: Evaluation of MCNF on Boston Housing, Abalone, and Concrete datasets for different nNF
values (100, 200, and 500).

Figure 7: Evaluation of MCNF on Boston Housing, Abalone, and Concrete datasets for different
nMCD values (50, 100, and 500).
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Table 4: Evaluation of the impact of outliers for different τ , b, and γ value combinations on MCNF
coverage (C), median MAE (M̃AE), and Quantile MAE (MAEq).

τ b γ C M̃AE MAEq

100 0 25 0.8100 0.2061 1.3039
100 0.1 25 0.7883 0.1845 0.9799
100 0.2 25 0.7900 0.2307 0.9087
100 0.3 25 0.8200 0.1271 0.7115
100 1 100 0.8917 0.1040 0.4217
100 2 150 0.9117 0.2258 0.0474

200 0 25 0.8067 0.2887 1.4055
200 0.1 25 0.8467 0.3229 1.2045
200 0.2 25 0.8567 0.1541 0.9818
200 0.3 25 0.8800 0.1594 0.8330
200 1 100 0.9350 0.1284 0.7240
200 2 150 0.9333 0.0625 0.2758

300 0 25 0.8467 0.2001 1.3449
300 0.1 25 0.8467 0.3229 1.2045
300 0.2 25 0.8783 0.1607 1.3490
300 0.3 25 0.8800 0.1594 0.8330
300 1 100 0.9283 0.1070 0.4160
300 2 150 0.9283 0.0570 0.2793

1000 0 25 0.9067 0.6610 1.9665
1000 0.1 25 0.8867 0.1307 1.1857
1000 0.2 25 0.9017 0.1413 0.9706
1000 0.3 25 0.9133 0.1875 0.8647
1000 1 100 0.9283 0.0978 0.3980
1000 2 150 0.9367 0.0640 0.2923

2000 0 25 0.9000 0.2752 1.6500
2000 0.1 25 0.9400 0.1788 1.4421
2000 0.2 25 0.9233 0.1430 1.1068
2000 0.3 25 0.9183 0.1163 0.8374
2000 1 100 0.9350 0.0807 0.4679
2000 2 150 0.9467 0.0576 0.2600

5000 0 25 0.9083 0.8049 1.6046
5000 0.1 25 0.9467 0.1651 1.2981
5000 0.2 25 0.9300 0.2350 1.1888
5000 0.3 25 0.9183 0.2916 0.7965
5000 1 100 0.9200 0.0957 0.4036
5000 2 150 0.9500 0.0439 0.3584

10000 0 25 0.9200 0.3249 3.4255
10000 0.1 25 0.9467 0.1651 1.2981
10000 0.2 25 0.9133 0.1299 1.0917
10000 0.3 25 0.9300 0.1082 0.8284
10000 1 100 0.9417 0.1113 0.5516
10000 2 150 0.9400 0.0632 0.2897

50000 0 25 0.9800 0.2216 6.4337
50000 0.1 25 0.9450 0.1666 1.7998
50000 0.2 25 0.9667 0.1667 1.8143
50000 0.3 25 0.9433 0.1299 1.2884
50000 1 100 0.9417 0.1113 0.5516
50000 2 150 0.9400 0.0599 0.3046

100000 0 25 0.9867 0.3689 7.2465
100000 0.1 25 0.9867 0.2644 6.5211
100000 0.2 25 0.9800 0.2321 2.9301
100000 0.3 25 0.9650 0.1731 1.8576
100000 1 100 0.9500 0.1085 0.5747
100000 2 150 0.9833 0.0654 0.6146
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Figure 8: MCNF marginal coverage with respect to τ for different slope b values.
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