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Abstract

Distributionally robust optimization (DRO) is a powerful framework for training robust models
against data distribution shifts. This paper focuses on constrained DRO, which has an explicit
characterization of the robustness level. Existing studies on constrained DRO mostly focus on
convex loss function, and exclude the practical and challenging case with non-convex loss function,
e.g., neural network. This paper develops a stochastic algorithm and its performance analysis for
non-convex constrained DRO. The computational complexity of our stochastic algorithm at each
iteration is independent of the overall dataset size, and thus is suitable for large-scale applications.
We focus on the general Cressie-Read family divergence defined uncertainty set which includes
x2-divergences as a special case. We prove that our algorithm finds an e-stationary point with
an improved computational complexity than existing methods. Our method also applies to the
smoothed conditional value at risk (CVaR) DRO.

1. Introduction

Machine learning algorithms typically employ the approach of Empirical Risk Minimization (ERM),
which minimizes the expected loss under the empirical distribution Fy of the training dataset and
assumes that test samples are generated from the same distribution. However, in practice, there
usually exists a mismatch between the training and testing distributions due to various reasons, for
example, task domains differences [3, 8]; minority group samples [15, 17] and adversarial attacks
[14, 25]. Such a mismatch may lead to a significant performance degradation.

This challenge spurred noteworthy efforts on developing a framework of Distributionally Robust
Optimization (DRO) e.g., [2, 31, 34]. In DRO, one seeks to optimize the expected loss under the
worst-case distribution in an uncertainty set of distributions. Specifically, DRO aims to solve the
following problem:

inf sup Eg~q {(z;5), (D
T Q~U(Py)

where U (F) is an uncertainty set of distributions centered at Py, P is the empirical distribution
of the training dataset, £ is the loss function, and x is the optimization variable. For example, the
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uncertainty set can be defined as

U(P) :=1{Q : D(Q| P) < p}, 2)

where D is some distance-like metric, e.g., Kullback-Leibler (KL) divergence and x? divergence,
and p is the uncertainty level. In practice, for ease of implementation and analysis, a relaxed formu-
lation of eq. (1), which is referred to as the penalized DRO, is usually solved [20, 23, 28, 35]:

inf sup Egq ¢(z;S) — AD(Q|| F), €)
ToQ

where A > 0 is a fixed hyperparameter that needs to be chosen manually. In contrast to constrained
DRO in eq. (1), a regularization term is added to the objective function to keep the distribution )
and the distribution F; close, and the hyperparameter ) is manually chosen beforehand to control the
tradeoff with minimizing the loss. From a Lagrangian perspective, the dual problems of these two
formulations in eq. (1) and eq. (3) are similar. But for the penalized DRO, the Lagrangian multiplier
A is chosen beforehand, whereas in the constrained DRO, A needs to be optimized, and thus the
problem is more challenging. Compared with the penalized DRO setting, the constrained DRO
problem in eq. (1) requires that the distribution () to be strictly in the uncertainty set. Therefore, the
obtained solution from the constrained DRO is minimax optimal for distributions in the uncertainty
set, whereas it is hard to get such a guarantee for the penalized DRO relaxation.

In this paper, we focus on the challenging constrained DRO problem in eq. (1). In particular,
we study the practical non-convex loss functions and focus on the general Cressie-Read family
divergence defined uncertainty set [9, 20], which includes, e.g., x? divergence, as a special case
(see Section 2 for more details). We also investigate the smoothed conditional value at risk (CVaR)
DRO problem. More importantly, we focus on the practical yet challenging large-scale scenario,
where Fj is the empirical distribution of N samples and NV is very large. Our contributions can be
summarized as below:

* In this paper, we generalize the analysis of the subsampling bias in [23] to the general Cressie-
Read family. We further develop a Frank-Wolfe update on the dual variables in order to bound
the gap between the objective and its optimal value given the optimization variable x and the
biased estimate.

* The dual form of constrained DRO is neither smooth nor Lipschitz, making the convergence
analysis difficult. We design an approximation of the original problem, and show that it is
smooth and Lipschitz. The approximation error can be made arbitrarily small so that the
solution to the approximation is still a good solution to the original. We then prove the
strong duality of the approximated problem. Moreover, our strong duality holds for any (-
divergence DRO problem.

* We design a novel algorithm to solve the approximated problem and prove it converges to
a stationary point of the constrained DRO problem with computational complexity at each
iteration being independent of the training dataset size. Our proposed algorithm converges to
a stationary point faster than existing methods [12].

Related work: ¢-divergence DRO problems [1, 6] were widely studied, for example, CVaR in
[7, 33, 36, 37], X2—divergence in [13, 16, 23], KL-divergence in [18, 28, 29] and Sinkhorn distance
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[39]. However, the above studies are for some specific divergence function and can not be extended
directly to the general Cressie-Read divergence family. The general ¢-divergence DRO problem
was studied in [20] but their method is for the penalized formulation and does not generalize to
the constrained DRO. The general ¢-divergence constrained DRO problem was studied in [9, 10,
26]. However, the above studies are for convex loss functions. To the best of our knowledge,
our work is the first paper on large-scale non-convex constrained DRO with the general Cressie-
Read divergence family. We note that the KL DRO was studied in [29], which however needs an
exponential computational complexity. We achieve a polynomial computational complexity for the
Cressie-Read divergence family.

2. Preliminaries and Problem Model

2.1. Notations

Let s be a sample in S5 and Py be the distribution on the points {si}g\il, where N is the size of the
support. Denote by A™ := {p € R"|>_"" | p; = 1,p; > 0} the n-dimensional probability simplex.
Denote by x € R the optimization variable. We denote by 1x(z) the indicator function, where
Ix(z) = 0 if 2 € X, otherwise 1x(x) = oo. Let £ : R? x $§ — R be a non-convex loss function.
Let || - || be the Euclidean norm and (¢)+ := max{t,0} be the positive part of ¢ € R. Denote V,
by the gradient to z. For a function f : R? — R, a point 2 € R? is said to be an e-optimal solution
if |f(z) — f(z*)| < ¢, where f(z*) is the optimal value of f. If the function f is differentiable, a
point x € R? is said to be first-order e-stationary if ||V f(x)|| < e.

2.2. Assumptions

In this paper, we take the following standard assumptions that are commonly used in the DRO
literature [9, 23, 28, 29, 36, 39]:

* The non-convex loss function is bounded: 0 < ¢(z;s) < B for some B > 0, Vz € Rd, s € 5.

* The non-convex loss function is G-Lipschitz such that |{(z1;s) — l(x2;s)| < G||z1 — x2|
and L-smooth such that ||V, £(21;5) — V l(x2; 8)|| < L|lz1 — x| for any 21, 2o € R? and
s € 5.

2.3. DRO objective and its dual form

DRO problems shown in eq. (1) under different uncertainty sets are fundamentally different. Con-
sider the uncertainty set defined by (-divergence D, (Q||FP), which is one of the most common

choices in the literature and can be written as Dy, (Q||Py) = [ ¢ ( ) dFy, where ¢ is a non-

negative convex function such that (1) = 0 and go( ) = +oo forant ¢ < 0. Then let the uncertainty
set U(Fy) :={Q : Dy (Q||Po) < p} where p > 0 is the radius of the uncertainty set.

In this paper, we study the general Cressie-Read family of ¢-divergence [5, 38], where oy (t) :=
% k € (—o0,+00) \ {0,1}. Let k. = ;. This family includes as special cases x>-
divergence (k = 2) and KL divergence (k — 1). When k > 2, the conjugate function of ()
(which will be introduced later) is not smooth, thus the problem becomes hard to solve even in the
penalized formulation [20]. In this paper, we focus on k € (1, 2] (k. € [2,00)).

Solving (1) directly is challenging due to the sup over (). In [26], a finite-dimensional vector q
was used to parameterize the distributions in the uncertainty set since ) < P, for ¢-divergence.
Then the DRO problem becomes a convex concave min-max problem. This method can be extended
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to the case with non-convex loss function by applying the algorithms for non-convex concave min-
max problems [24, 30, 40]. However, the dimension of distribution in the uncertainty set is equal
to the number of training samples. Thus, the computational complexity at each iteration is linear in
the sample size and is prohibitive in large-scale applications.

To obtain a complexity independent of the sample size, one alternative is to use its dual. By du-
ality, we can show that the DRO objective (1) can be equivalently written as [23, 34] inf,, inf\>0 jer
Es~p, [)\goz (W) + \p+ ﬁ] , where ¢} (') = sup,{t't — ¢ ()} is the conjugate function of
¢k (t'). In this way, the optimization problem under an unknown distribution is rewritten into one
under a known distribution. The subsampling method can then be used, which leads to a complexity
independent of the sample size (which will be introduced later). For the Cressie-Read family in
(2.3), the corresponding objective can be written as

lngZ{)??fERF(x; An) = Eswp, [f(x; A3 S)}, “

where f(x; \;n;s) = W(ﬁ(w’; S) — n)’i*/\lfk* +A (p + ﬁ) + 1. Therefore, we reformu-
late the DRO problem as one to minimize an objective function under a known distribution, where
subsampling method could be used to reduce the complexity.

3. Analysis of Constrained DRO

3.1. Smooth and Lipschitz approximation

For A € [0,+00),n € R, the objective function F'(x; A; ) is neither smooth nor Lipschitz. Thus
it is difficult to implement gradient-based algorithms. In the following, we will construct an ap-
proximation of the original problem so that the objective function F'(x; \; ) becomes smooth and
Lipschitz by constraining both A and 7 in some bounded intervals.

Since the loss function is bounded such that 0 < ¢ < B, we can show that there exists an upper
bound A which only depends on k, p and B such that the optimal value A* < \. In this paper, we do

not assume that \* > X\o > 0 as in [39]. Instead, we consider an approximation with A € [Ag, A,
and show that the difference between the orignial and the approximation can be bounded. We can

show corresponding optimal n* € [—7, B], where j = A (W) F~ The proof can be found
in Appendix B.
We show that the difference between the original and the approximation can be bounded in the

following lemma.

Lemmal Va2 € R%L0 < )\ < A infy e o Nmer—n B F (@A) — infasoger F(z; Ain)| <
2)\0p.
The proof can be found in Appendix C. Lemma 1 demonstrates that the non-smooth objective

function can be approximated by a smooth objective function. A smaller Ao makes the gap smaller
but the function “’less smooth”.

3.2. Convexity and smoothness on parameters

The advantage of our approximated problem is that the function is smooth in all z, A, and n. More-
over, We find that the objective function is convex in A and 7 though the loss function is non-convex
in z in the Lemma 3. The proof can be found in Appendix D.
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4. Mini-batch Algorithm

Existing constrained stochastic algorithm for general non-convex functions [12] can be used to solve
the approximated problem directly. However, their method optimizes y = (x; \; 1)) as a whole. It
can be seen that the objective function is non-convex in y and the computation complexity to get the
¢- stationary point is O(e~3F<75).

In Lemma 3, we show that F'(z;z) is L,-smooth in z and L,-smooth in . Moreover, L, ~
O(N\y F+=1) which is much larger then L, when ) is small, since L, ~ O(Ny 1) If we optimize
all the parameters together, we need to implement non-convex algorithms to optimize a smooth
function with a large smooth constant, which is not computationally efficient. However, if we
optimize x and z separately, though L, > L, which requires more resources to optimize z, the
convexity in z makes it faster to converge to the optimal value of z.

This motivates us to consider a stronger convergence criterion. Instead of finding the ¢- station-
ary point for F'(y), we can find (x, A, ) such that |V, F (z; A\;n)| < €, [ F(z; A\;n) — infysoay
F(z; N;n')| < e. We then provide our Stochastic gradient and Frank-Wolfe DRO algorithm (SFK-
DRO), which optimizes = and z separately (see Algorithm 1). Define D = max., .,em [|21 — 22|,
o= (k_;)k* ko(B 4+ ) LGN\, A = F(x1;21) — infy e pm F(z; 2) and C is a constant such
that C' > DL,. The convergence rate is then provided in the following theorem.

Theorem 2 With a suitable mini-batch size n, ~ O\ 2™ e2),n, ~ O(e™*) and a =
%,)\0 = é, for any small ¢ > 0 such that DL—LIZ ~ O(e?) > 2and % ~ O(e) < 1, at most

T = 16CAe2 ~ O(\g™ 7' e2) iterations are needed to guarantee a stationary point (zy1; 2y )
in expectation: E||V F(xpy1;2¢)| < €, E HF(xt/_H; zp) — infr>omer F (e 415 A n)H <e

The proof of Theorem 2 can be found in E and relies on the following lemma for our subsampling

) f(xqu;s") is build to estimate F'(x; 2) =

method. When we optimize z, an estimator f,(z,z) =)

Es-p, [ flx; 2,8 )] . Though the estimator is unbiased, in our Frank-Wolfe update process [11, 19,

22] we need to estimate min F'(z; z) via Emin f,(x; z). In lemma 4, we show that this gap can be
bounded by a decreasing function of the sample batch n, and is independent of the total number of
samples and can be found in Appendix F.

5. Smoothed CVaR

Our algorithm can also solve other DRO problems efficiently, for example, the Smoothed CVaR
proposed in [20]. The CVaR DRO is an important (p-divergence DRO problem, where p(t) = T 1y
T

if0 <t < % and 0 < p < 1 is some constant. The dual of CVaR is non-differentiable, which is
undesirable from an optimization viewpoint. To solve this problem, [20] proposed a new divergence
function, which can be seen as a smoothed version of the CVaR. Their experiment results show
the optimization of smoothed CVaR is much easier. However, [20]’s method only works for the
penalized formulation of DRO. We show that our method can solve the constrained smoothed CVaR
and and the complexity to get the e-stationary point is O(¢~"). The detailed proof can be found in
Appendix G.

6. Numerical Results

In this section, we verify our theoretical results in solving an imbalanced classification problem.
In the experiment, we consider a non-convex loss function and k is set to be 2 for the Cressie-
Read family. We will show that 1) to optimize the same dual objective function, our proposed
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H Class 0 1 2 3 4 5 6 7 8 9 H

EMR 77.64 86.19 6933 54.03 5153 47.05 87.66 8535 87.12 83.15
SFK-DRO 76.11 84.71 66.18 5495 58.65 49.36 89.06 84.03 88.41 83.09
PAN-DRO 74.92 85.62 6572 52.69 5583 49.50 88.85 84.06 88.68 81.29

Table 1: Test Accuracy of each class for imbalanced CIFAR 10.

algorithm converges faster than the general Proximal Gradient Descent(PGD) algorithm [12]; 2)
The performance proposed algorithm for the constrained DRO problem outperforms or is close to
the performance of the penalized DRO with respect to the worst classes. Both of them outperform
the baseline. The details can be found in Appendix H.

Training Loss Test Loss
2.25
—— ERM
2.00 —— SFKDRO
—— PANDRO
1.75 — PGD
0 1.50
5 1.25
1.00
0.75
0.50
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Epoch Epoch
Figure 1: Training curve of classification task. Figure 2: Test curve of classification task.

Results. In Figure 1, 2, we plot the value of the CE loss using different algorithms through
the training process. It can be seen that to optimize the same dual objective function with the
same learning rate, the PGD algorithm converges slower than our proposed DRO algorithms, which
matches our theoretical results. Moreover, compared with ERM, the DRO algorithms have higher
training losses but lower test losses, which demonstrates they are robust. We also provide the test
accuracy of trained models in Table 1. It can be shown that for class 4, 5, 6, the accuracies are the
lowest due to the limited samples. For these classes, the performance of our SFK-DRO algorithm
for the constrained DRO is better or close to the performance of PAN-DRO for the penalized DRO.
Both DRO algorithms outperform the vanilla ERM algorithm.

7. Conclusion

In this paper, we developed the first stochastic algorithm for large-scale non-convex stochastic con-
strained DRO problems in the literature with theoretical convergence and complexity guarantee. We
developed a smooth and Lipschitz approximation with bounded approximation error to the original
problem. Compared with existing algorithms, the proposed algorithm has an improved conver-
gence rate. The computational complexity at each iteration is independent of the size of the training
dataset, and thus our algorithm is applicable to large scale applications. Our results hold for a gen-
eral family of Cressie-Read divergences. It is of future interest to generalize our results to other
distance-like metric, e.g., KL divergence, Wasserstain distance.
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Appendix A. SFK-DRO algorithm

Algorithm 1 SFK-DRO
Input: Iteration number K, initial point (x1, z1), sample numbers n,,n., step size «, and one
constant C'

1: Lett =1

2: whilet < K do

3:  randomly select n, samples and compute Vg f5 (24, 2¢) = Y12y %’;Zﬂs’)
Tiy1 = 1 — Vg fo(t, 21)
randomly select n, samples and compute V, f,(z¢41, 2¢) =
ey=arg minee (e, Vo f2 (2115 2t))
dt = €t — Z¢

<dt, -V fz($t+1; Zt))

7 min { }
10 241 = 2 + ’Ytdt
11: t=t+1
12: end while

S Vo f(zet152t555)
j=1 Nz

R A U

t' = argming |V fo (245 20) |2 + g2
Output: (x4 1, 2¢)

Appendix B. Bounds on the parameters

Proof Firstly, we show for bounded loss function ¢, the optimal value A* has an upper bound. If
A* = 0, then absolutely it has an upper bound. Otherwise, denote by A*(n) for the optimal value of
A given 1 and \* = \*(n*). We then have VF'(x; \*(n);n) = 0 since F'(x; \;n) is convex in \
and 7 (which will be shown in ). Denote by w = (k(k — 1)p + 1)’% It then follows that

1

N() = (k = D Eser, [(Ues$) =) | )
If n* > 0, then \*(n*) < (k — 1)w™!B.

If n* < 0, combine (4) and (5), the objective changes into

f P (IE (2 S) — ’“*)”k*+
xlvrylem (z3m) = w (Es~p, (€(x;S) —n)Y n-

For the optimal value n*, we have V, F'(x; n*) = 0. It follows that

VWF($§ 77*)
1k

=—w (ESNPO(E(x§ S) — 77*)]-?) h
X (IESNPO(E(:L';S) — 77*){1*_1) +1=0.

10
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Therefore, we have
1L Esen(fw:8) — )

_ L
[Esr (6 8) — )
*|k*—1

1

IS

In
T (BA )t

where the last inequality is due to the fact that ¢(z; S) is bounded. Since w > 1, we have that

(l)k*l—lB
* < w
"] < Ee==
Thus, from (5) we have that
(l)ﬁ _
M<(k-—1w 14— | B=), (6)
1— (Lym-

where ) only depands on the parameter & and the upper bound on the loss function B. In addition,
for any fixed A, for the optimal value 7* (), we have V, F'(x; A\; n*(\)) = 0. Thus, we have

" _ _ k
Es~p, |(U(2;8) —n ()\))]i* 1] = AF 1m-

1

kk* . ) ®=T This completes the proof.

Since A € [\o, \], we have n* € [—7, B], where 7j = A (W

Appendix C. Proof of Lemma 1

Proof We consider the following question first:

sup  Egug l(z;S) — XDy, (Q| Fo).
D (QIlPo)<p

Suppose ((s) = 51% ((‘Z)), then the question can be written as

sup/ﬁ(ac;S)C — Xowr(Q)dPy
¢=0

S't'/Wk(C)dPO < P,/Cdpo =1

The Lagrangian of the above problem can be written as

L xim) = / 03 S)C — (Mo + M) — nCdPy

+ Ao+

11



LARGE-SCALE NON-CONVEX STOCHASTIC CONSTRAINED DISTRIBUTIONALLY ROBUST OPTIMIZATION

The problem is equivalent to

sup inf L(x;(;A;n).
up o, (z; G A m)

Since the Slater condition holds, we can exchange the positions of sup and inf thus getting the dual
form

inf Ao+ sup [ €ai S)C— O+ Nu(€) — nGdF,
A20,n ¢=0

Since the maximum operation can be moved inside the integral ( Theorem 14.60 of [32]), we have
that

sup / @3 S)C — (Mo + Ner(C) — ncdPy
¢=0

- / sup (3 5)¢ — (o + A)pr(C) — nCdPo
¢=0

-/ sup ClA(a: 8) ] = (o + Ner(OdFy

= [ (o N (@wi 8) = myap
For each A > 0 we get (Ap(¢))* = A¢*(§). Therefore, the objective function changes into

£(x; S) —n) .

inf Eq. *
)\IZDOW)\p—F’I?—F()\O‘*')\) s P090k< Mo+ A

‘We then have

inf F(x;0m) — Aop
AE[)‘Ov)‘]vne[_ﬁvB}
Lx;S) — 7 .
(A)") . )\o)P+77}

= sup  Egug l(x;5) — MoDy, (Ql ), @)
Dy, (QIIPo)<p

= inf Eg. O
RS v = i [ #k(

where the first equality is due to the definition of F, \* € [\o, \|,n* € [—7, B], and the second
equality is due to the strong duality we provide above. Moreover, we have

sup  Egg l(z;5)
D, (QllPo)<p

—  sup  Egeqg l(w;S) — XDy, (Q| Po)
De, (Q|lPo)<p

< Aop- ®)

Combining (4),(7) and (8), we complete the proof. |

12
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Appendix D. Lemma 3 and its proof
Lemma 3 Define 2 = (\,n) € M, where M = {(\,n) : X\ € [Mo,\,n € [~7, B]}. Then
Vo € Rz € M, the objective function F(x;z) is convex and L,-smooth in z, where L, =

+ 2(B+77) + B+77 ifk, =2and L, = @k*(k* —-1) <(§:jr)f* + (B+ﬁ)k*2> he =2
0

)\k*—l

>\0

Moreover, the objective function F(x; z) is Ly-smooth in x, where L, = = (= 1) k. )\(1) ks (B +
mF2((ke = 1)G* + (B + 1) L).

Proof From (4) we only need to prove ¢(z;2) = Esp, {(E(x; S) — )k )\1*’“*} is convex and
smooth in z and smooth in z.
Firstly, we have

Vad(w;2) = (1 - ko)Bsep, | (€z: S) — )i ]

and
Vib(:2) = —kEsp, | (6es S) = m)f A H

If k.. = 2, the problem becomes a x-DRP problem and V, ¢(z) is not differentiable when /(z; 5) —
n = 0. For any 21 = (A1;m), 22 = (Ag;m2) where A1, Ay € [Ao, \], we have that for any fixed
s€%anda € [0,]1]

2M A2 (€(5 8) — )+ (E(5 8) —m2)+
< A (U(w;8) —m2) T + A5(E(m;8) — )3
Thus, we have
Mg (a®(C(x;s) —m)T + (1 —a)*(L(z; s) — m2)?

+2a(1 — a)(l(w; s) — m)+ (U5 5) — 12)4)
<(a(l = a)X + (1 = a)’ M) (U 5) — 112)7

+ (a(l — a)A3 + a* A h2) (L(x; 8) —m)3 ©)
In addition, we have
(U(w;s) — am + (1 — a)m)?.
<a®(U(w;s) —m)§ + (1 —a)*(U(x;5) —12)%
+2a(1 — a)(U(z;s) — m)+ (C(; ) 12)+- (10)

Combine (9) and (10), we can get

ay + (1 —a)X2 (C(;8) —am = (1 - a)mp)}
< <;1(€(x; s)—m)7 + 1/\_261(6(:15; s) — 772)1) ' an

13
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Take expectations for both sides, we have
d’ (Iﬂ’ az1 + (1 - Q)ZQ) < a¢(.fC, Zl) + (1 - a)¢(x, 22)7

which demonstrates both ¢(z; z) and F'(x; z) is convex in z. We then show F' is smooth in z. We
have that

“vz¢($, 21) - VZ¢($, 22))”

_|op (Clzss) —m)s  (L(x5s) —m2)y
s~Fo )\1 A2
4 g 771) (U s) — 12)%
s~Py )\%
(4(z; ) m)+ . (Uz;8) —m2)+
‘2]ESNPO [ )\1 A
s) —m2)+  (U(x;8) — o)+ |
(U(z;s) —m)T  (Uass) —m2)i
Es —
e [ X2 X7
+ e (0(z;s) —m2)2 (U= s) — )%
= [ TR %
2l —m2| | 2(B+17) 2(B +1)
< + M= do| +
B + 1)
+ ()\377)’)\1 = A
0
2  4(B+7)  (B+n)?
<= — 22]|.
—<M+ Y ¥ |21 = 2|

Therefore, ¢(x; z) is )\% + 4(@”7) + (B;ﬁ)Q -smooth and F'(z, z) is %0 + Q(Ej\jﬁ) + (B;;?)Q -smooth
. 0 0 0 0
in z.

If k. > 2, V,,¢(2) is differentiable. We can get the Hessian matrix of ¢ with respect to z as:

ko (b — V)Egeop, |(0(23 ) — m)kex—h1] |
" k(b — 1)Eg~py :(ﬁ(w; S) — m)kemInhe
ki(ks — D)Esmp, |(U(z;S) — n)li*—l)\—k:* ’
(ks = Vs, [(6(28) — )l =201

Suppose a1, as are the eigenvalues of H. We have
ar +az = tr(H) = k(ky — m%%[

(Uw: 8) = mh AT (U §) — )2 |

>0

14
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and
aray = det(H) = k2 (k. — 1)>A 72
% (Bsmr, (03 ) — 1) By (€5 S) — )l ™
— (Bser(ta:5) ™)) > 0.

Thus H is semi-positive definite which demonstrates ¢ is convex in z. Moreover, the smooth con-
stant should be the largest eigenvalue. Therefore we get

(k — 1)k (B+ @)k (B +q)k2
L,=—" k(k.—1

Now we prove the objective is L;-smooth in z. Firstly, we have

Vad(@:2) = kA Egop, [(z(x; S) — n)’f:—lvxe] .
For any x1, x2 we have that

[Vag(z152) = Vag(z2; 2))||

<k AT Egap, [(U(215S) — n)k 1V ol(215 S)
— (U(x2; S) — )=tV (213 9)] ||
+ kAR | Esp, [(f(xQ;S) )
X (Vgl(xe;S) — Val(x1; S }H

Since we have

(€15 8) = m) ™ = (Caa; S) = )|
<(B+ )" 2|[0(x15.8) — E(aa; S|
(ke = DB + )" 2Clar — 2],

where the first inequality is because both ¢(x;.S) and 7 are bounded. And the second inequality is
due to the fact that ¢ is smooth. Thus we have that

(s ) — )™ = (Uaras S) — )™
<k (B4 )52k — DGy —
A (B 4 7 Ly — )

Therefore, ¢(a; 2) is ku A"k (B-47)k*~2((k.—1)G2+(B+7) L)-smooth and F'(z, z) is E=D" j \1=k+ (B4

7)*2((k. —1)G? + (B + 1) L)-smooth in z.
[

15
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Appendix E. Proof of Theorem 2

Proof For the update of x, we have that
Tip1 = T — AV fo (@5 21).
Since F'(z, z) is Ly-smooth in z, we have

F(l‘tﬂ; Zt)
SE(x4;20) + (Vo F (245 20), Tep1 — )

L
+ f”ﬂﬂtﬂ — x|
=F(w4;2¢) — aV fo(xe; 20) TV F (245 2¢)

2
a’L
+ 9 x”vxfx($t;zt)”2

=F(24;2t) — aVy fo(x; 20) TV F (245 2t)

a?L,
+ 5 vafx(xﬁ Zt) — Vo Fo(; 2¢) + vam(trt; Zt)H2

SF (w45 2t) — aVa fo(2e;20) TV F (245 2¢)
+ & Lo ||V fo(e; 2¢) — VaFu(ae z) |2
+ aQLxHVxe(xt;zt)HQ. (12)

Given x; and z;, take the expectation for both sides of (24), we have that

E[F (24415 2¢) |21, 2]
<F(m4520) — o[ Vo Fy (45 2) ||
+ &P L[| Vo fo (i 20) — VaFu(@s; 20| |20, 2]
+ 02 Ly ||V o Fy (245 20) |2 (13)

Ifa< ﬁ we have that o2 L, < 5 and

«
§\|Va:Fa:($t; 2)||? <F(z4;2) — E[F (24415 20) |t 2]

2

2 g
+ « Lmi7
Ty

where the inequality is because V, f(z; z;8) < (kfkl)k* k(B + ﬁ)k*_lG/\(l)_k* = o is bounded.
After that, we take expectations for both sides and we have

SE [IVoFa(w: 2)[17] <E[F (2 )] — E[F (21413 )]

2
+a?r, 7. (14)

€T

16
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For the update of z and V- € [0, 1], we get an affine invariant version of the standard descent Lemma
((1.2.5)in [27])

fz(ﬂftﬂ; Zt+1)
2

<fol@rn; z) + YV fo(@ign; 22), de) + %C,

where C' > DL,. In our algorithm we have v, = min {%, 1} and

9 _ DIV-f. (v
C DL,

E—1)k* (ke —1) \ —kx
- (p+ goemy) + TN

= L.

Since L, ~ O(\y k*_l) thus for small Ao we have %t < 1. Consequently, we can assume vy = ‘g

and we have
fz($t+1; Zt+1)
(#)?

<Felaiz) = Got-5C. (1s)

Since f,(x; z) is convex in z, we have that g; > f,(x¢11; 2¢) — mingep f» (24415 2). Take expecta-

tions for both sides of (15), we have that
(16)

2
B |45 | < Bl (i) ~ ELF ot 20

By recursively adding (14) and (16), we have that

1 & o g?
—E [[|[VoFe( !
p 2 eIl £ 3
< Floiz) —ElF(@ri1; 2041)] +062in2.
T Ny
Since DL, ~ O()\_k*_l) and L, ~ O(Aak*ﬂ), we can find \g small enough such that C' >
DL, >2L,. Seta = 5 we then have that

T
1 o 2CA  Luo?
;leE Vo Ey (25 )| }‘HE [Qt} < T + nC

N

From Jensen’s inequality, we have that

20A  L,o>
E[||V,FEy (2 24E < == 2
(Ve Fe(ze )l + E [ < 7+ o C

el
N

o~
Il
—_

17
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When we set T = 16CAe 2 ~ O\ ¥ te2) n, = 82}‘; , for some ¢ € [1,T] we have

E[| V. Folan 2l < 5

and
Elge] <
Since F'(z; z) is Ly-smooth in z, we have that
[VaFa (@415 2t) — VaFo(ae 20) || < Lol — |
< Lya||Va fa (e 2) |-
In addition,
E[|[Va fo (@t 20)]|%)
<S2E[||Va fo(@i; 2t) — Vo Fu(xe; Zt)H2‘xt7 2]
+ 2E[|| Vo F (45 20) ]

2 2
<i+ Ce
=9 4L,
Thus
L Ce?2 ¢
E[Lea|| Ve fo(ze; 20)|]] < Fx *+ AL, < 5

since C' > 2L,.. Therefore, we have

E[[|VaFy(es1; 20)|]] <€

In addition, we have
9t > fo(Tiq152¢) — min fo (24415 2).
zeM

Given x4 and z;, take expectations for both sides and we have
Elgs|Te41, 2] > F@i4152) — E [Hg}\f/lt Jo(@g1; Z)] :
z

By Lemma 4 we can getan, ~ O(e~*) such that 3B/1 + k(k Atlog(n.) < Sifk, =2

4n,

1 *
or3B(1+k(k—1)p)x (n—lz + m) = < §if ky > 2, we have

o

zEM

inf [F(2¢4152)] — E Llen/\f/t fz($t+1;Z)H <

By Lemma 1, when \y = we have

8 ]

€
inf F(x; \sm) — inf F(a; )\ < -.
AE[Ao,\],n€E[—7,B] ( n) A>0,n€R ( 77)’ 4

Thus we have

F(xiq1521) — /\>ion£€RF(x; An) <e. a7n

which completes the proof. |
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Appendix F. Lemma 4 and its proof

1

Lemma 4 For any bounded loss {, |inf ,c pq [F (4415 2)] — E [inf e fo(241; 2)]| < O(ny™ F).

The (20) of [23] provides an inverse-cdf formulation of the DRO problem. By implementing the
inverse-cdf formulation, the (42) and remark 1 of [23] show that

min [F(z; 2)] — E [fenﬁ fa(; Z)] ’

0
< rll&ll (B - 1(B)) Ik (18)

wherer € R := {r: [0,1] = Ry | [} r(8)dB = 1and [} o(r(8))dB < p}, h = 3Bmin {\/% 1}
and the second inequality is due to the Holder’s inequality. Note this inequality holds for any fixed

x, no matter whether the loss function is convex or not.

Since fol or(r(B))dB < p, we have that

Irll} < 1+ k(k = 1)p. (19)
Moreover, we have that
18- h(B))IIf:
L 1
nz 3B 1
= 3B)Fd ok [ ————dg. 20
[ enras+ [P Gmas 0)
For k.. = 2, we have
4 + log(n,
18- h(B)Y I3 = (3my2 28] a1
Ty
and if k£, > 2, we have that
1 1 9 n0.5k*—1 -1
11K ks
18 - h(B))[ly; < (3B) <nz T ok 2 n0sk )
< (3B)k (1+ )1 (22)
- 2k—1(k, —2) ) n,’
Combine (18),(19),(21) and (22), we can get the lemma and complete the proof.
Appendix G. Proof of smoothed CVaR
The divergence function of smoothed CVaR is
tlog(t) + =L log(=£8) t e [0, L);
%@):{ og(t) + 15 log (152, ¢ € [0,) 03
400, otherwise.
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The corresponding conjugate function is

. 1
@5 (t) = m log(1 — p+ pexp(t)). 24)
The objective function is then written as

inf inf Fy(z;A\;n)

z A>0,neER
l(x;8) —n

3 )+ Ap+1]. (25)

=Es~p, | AP (

We will show that there exist upper bounds for the optimal values A* and 7" later. There exists a
A > 0 only depends on u, B and p such that \* € [0, \] and n* € [0, B].

This objective function is non-smooth when A — 0. Therefore, we take a similar approach

as the one in Section 3.1 to approximate the original problem with A € [Ag, A]. We bound the
difference in the following lemma.

Lemma 5 Yz € R%, A\ > 0,

inf Fo(x; \im) —  inf Fo(z; A < 2\op.
AE[Xo,A],n€[0,B] ( 77) AS07ER ( 17)’ 0p

The proof is similar to Lemma 1 thus is omitted here.

In addition, we will show that Fy(z; z) is L’-smooth and convex in z, where L., ~ O(\g?) if
A € [Xo, A Also it is easy to get Fi(x; 2) is L/-smooth in 2, where L/, ~ O()\;?). Similar to eq.
(42) and Remark 1 in [23], we can prove that

’fell}}[ [Fo(zt41;2)] — E [geuﬂg fs(@eq1s Z)] | ~ O(n; ). (26)

We then use Algorithm 1 directly and the complexity to get the e-stationary point is O(e~").
Proof Bounded parameters: We have

Vit (t) = & pexp(t)
’ pl—p+pexp(t) —

1
7

and

2 *(t):l (1 — p) exp(t) <L

a l(zS) —

vnFs(x;)‘; 77) =1- IESNPOSOSI( ( )\) 77)
1 b S) —

V%Fs(x;)‘; 77) - AESNPOQPSH(()\)”)'

If n > B, then V, F(x; \;n) < 0. If n < 0, then V,, Fy(z; A;n) > 0. Thus n* € [0, B].

20
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VaFs(z;Aim) =p + Esp, [SOZ(
oz S) —
R kL)

VREGi i) = g [ (U 0w ) - 2.

The second-order demonstrates that the F(x; \;n) is convex in A\. We then show that A* has an
upper bound. If V) Fg(x; A\;n) > 0 when A — 0, then \* = 0. If V\Fs(x; A\;n) < 0 when A — 0,
since both *(t), p¥'(t) are increaing with ¢, we have that

VaFs(z;s \m) > p+ oh(—— (27)

N~ A
Since we know g(\) = p + ¢i(=E) — }% is increasing with A and g(\) < O when A — 0,
g(A) = p > 0 when A — oo. Thus we can find A > 0 that g(\) = 0. Moreover, the value of A only
depends on p, B and p.

Smoothness: fix z, the Hessian matrix of F(x; z) with respect to z as:

: st :
AEs~ el (L50)

. LEsop, |@r (A3 "><<
T AzEswpo so*”(“m ) (U(x; S) — >,
1) (65

B ]ESN Py SO*”(

Suppose a3, a4 are the eigenvalues of H;. We have a3 + a4 > 0 and aza4 > 0. And the function is
L-smooth and convex in z, where L, ~ O(X\;?) if A € [\o, A]. Also it is easy to get Fy(z; \;n) is
L/ -smooth in x, where L/, ~ O(\;?).

Bounded gap: denote fy(z,2) = > 1=, ! (ITZ;S), in order to use algorithm 1 directly, we need to

estimate min F'(z; z) via E min f,(z; z) and bound the gap. From the (42) and remark 1 of [23], we
have that

min [Fs(2t4152)] — E LHEl}\T}[ fs(@e41; Z)] ‘

1
< / (r(8) — r(1))(8 - h(B))'dB (28)
0

wherer € R := {r: [0,1] = Ry| [} r(8)dB = 1and [} o4(r(8))dB < p}, h = 3B min {, [, 1}
Since fol ws(r(B))ds < p}, we have that r(5) < l for any Moreover, we have that

/( ))dB = / BBd6+SB/ \/;dﬁ
?f+63(\/2—%)
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Thus the gap | min e aq [Fs(2141;2)] — E [minzen fs(zi41;2)] | ~ O(ng%P). We then can use
algorithm 1 directly and the complexity to get the e-stationary point is O(e~"). |

Appendix H. Experiments

In this section, we provide the details of our experiments.

Tasks. We conduct experiments on the imbalanced CIFAR-10 dataset, following the experi-
mental setting in [4, 20]. The original CIFAR-10 test dataset consists of 10 classes, where each of
the classes has 5000 images. We randomly select training samples from the original set for each
class with the following sampling ratio: {0.804,0.543,0.997, 0.593, 0.390, 0.285, 0.959, 0.806,
0.967,0.660}. We keep the test dataset unchanged.

Models. We learn the standard Alexnet model in [21] with the standard cross-entropy (CE)
loss. For the comparison of convergence rate, we optimize the same dual objective with the PGD
algorithm in [12]. To compare robustness, we optimize the ERM via vanilla SGD. In addition, we
propose an algorithm PAN-DRO, which fixes A and only optimizes 7 and the neural network. Thus
it gets the solution for the penalized DRO problem.

Training details. We set A\; = 1, = 0, \¢p = 0.1, —7 = —10, and the upper bounds
A = 10, B = 10. To achieve a faster optimization rate, we set the learning rate o = 0.01 before the
first 40 epochs and a = 0.001 after. The mini-batch size is chosen to be 128. All of the results are
moving averaged by a window with size 5. The simulations are repeated by 4 times.

Appendix I. Complexity of PGD
I.1. Cressie-Read family

In the PGD algorithm [12], y = (z;A;7n) is optimized as a whole. From Lemma 3, we know
F(y) = F(z;2) is Ly-smooth in z and L,-smooth in x. Moreover, it is not hard to show that
Vi F(x;2)is Ly,-Lipschitz in z and V, F(x; z) is L,-Lipschitz in z, where L., L, ~ O()\ak* ).
Therefore, we have
IVyF(y1) = VyF(y2)|| =1V F (215 21) = Vo F(2a; 20) | + [[V2F (215 21) = Vo F(22; 22|
SV F (215 21) = Vo F(21; 22)[| + [ Vo F (215 21) — Vo F (215 22) |
+ Ve F (215 22) — Vo F (225 22) || + |V F (215 22) — V. F (225 29) |
SLaz|z1 = zall + Lall21 — 22l + Leallz1 — @l 4+ Lalz1 — 22|
<(Ly + Lz + Loz + Lza)ly1 — 12]l.

Thus, F'(y) is Ly-smooth in y, where L, = L, + L, + Ly, + L.y ~ O()\ak*_l). According to
Corollary 3 in [12] and A\g ~ O(€), we can get the e- stationary point with the number of iterations
T~ O()\gk*_le_Q) and batch size n, ~ O(A\72#+¢=2). Thus, the total complexity is O(e~3k+~9).

I.2. Smoothed CVaR

Similar to Cressie-Read family, we can show that F(y) is Lj-smooth in y, where L; ~ O(\y 3.
According to Corollary 3 in [12], we can get the e- stationary point with the number of iterations
T ~ O(\y*¢~2) and batch size n,, ~ O(A\~2¢~2). Thus, the total complexity is O(e ™).
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