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Functional Subspace, where language models can use vector algebra to solve
problems

Anonymous Authors1

Abstract
Large language models (LLMs) were invented for
natural language tasks such as translation, but they
have proved that they can perform highly complex
functions across domains. Additionally, they have
been thought to develop new skills without being
trained on them. These learning capabilities lead
to LLMs adoption in a wide range of domains.
Thus, it is imperative that we understand their
operating mechanisms and limitations for proper
diagnostics and repair. The earlier studies pro-
posed that high level concepts are encoded as lin-
ear directions in LLMs activation space and that
the geometry of embeddings have semantic mean-
ings. Inspired by these studies, we hypothesize
that LLMs may use subspaces and vector algebra
in subspaces to perform tasks. To address this
hypothesis, we analyze LLMs’ functional mod-
ules and residual streams collected from LLMs
engaging in in-context learning (ICL), one of the
emergent abilities. Our analyses suggest that 1)
LLMs can create subspaces, where evidence can
be accumulated and 2) ICL tasks can be solved
via simple algebraic operations in subspaces.

1. Introduction
The explosive growth in LLMs applications indicates that
LLMs are highly capable learners (Naveed et al., 2025;
Laskar et al., 2024; Minaee et al., 2025). After being pre-
trained to predict the next tokens, LLMs can be fine-tuned
for complex tasks. Notably, a line of studies suggests that
fine-tuning may not be strictly necessary, as LLMs can ob-
tain “emergent” abilities (Matarazzo & Torlone, 2025; Lu
et al., 2024; Brown et al., 2020; Wei et al., 2022). Pretrain-
ing does not aim to train LLMs to write code, but still, after
pretraining, they can generate code. However, it remains
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poorly understood how LLMs can generalize and develop
emergent abilities, making the diagnosis of LLMs’ oper-
ations almost impossible. Before LLMs are being fully
utilized in safety-critical domains, we need a better under-
standing of the principles behind LLMs’ generalization and
emergent abilities to diagnose and repair their operations.

To this end, we investigate how LLMs support in-context
learning (ICL), one of LLMs’ emergent abilities (Brown
et al., 2020; Wei et al., 2022). ICL allows users to recon-
figure LLMs to perform specific tasks without retraining or
fine-tuning. For instance, a pretrained LLM can function
as a thesaurus to an input prompt query, if the input prompt
provides a pair of synonyms. ICL tasks are often simpler
than general tasks such as coding, but LLMs still need to
1) extract task information from input prompts and 2) ap-
ply the information to answer users’ queries. These two
basic functions are essential for LLMs to interpret users’
intentions and generate correct responses, which means that
investigating ICL may lead us to a better understanding of
how LLMs perform more general tasks.

Our study is inspired by two lines of studies. First, linear
representation hypothesis posits that high level concepts are
encoded as linear directions in LLMs’ activation space (Park
et al., 2023; Jiang et al., 2024). According to this hypoth-
esis, tokens (i.e., sub-words) associated with ‘happiness’
are mapped onto vectors pointing to a ‘happy’ direction,
and those associated with ‘unhappiness’ are mapped onto
vectors pointing to a ‘sad’ direction. Second, the geometry
of word embeddings may be linked to semantic meanings.
For example, in the embedding space, the word ‘king’ can
be converted to the word ‘queen’ if it is subtracted by ‘man’
and added by ‘woman’ (Mikolov et al., 2013b;a).

Based on these studies, we hypothesize that LLMs can
support ICL by projecting input tokens into a subspace,
where a desired task can be solved by using vector algebra.
To address this hypothesis, we use principal component
analysis (PCA) and linear regression analysis to determine
the existence of a LLM subspace, where the answer can
be inferred by vector algebra. Our empirical evaluations
suggest that ICL tasks can be considered vector algebra
problems in some of the LLMs’ subspaces.
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Subspace and LLMs

Q: happy
A: sad

Q: top
A: bottom

Q: fast
A:

5 examples

Test query

Equal attention score
=

A B

happy : sad fast :

A single example

Test query

...

Figure 1. ICL prompts. (A), The structure of the used ICL prompts.
(B), The structure of a single example ICL with uniform attention
score Aij . This panel illustrates how symbols qi, si, ai are mapped
onto ICL tokens.

2. Subspaces naturally generated by LLMs
In this section, we discuss how transformers’ functional
modules generate subspaces and use them to support ICL.
Section 2.1 briefly discusses ICL tasks used in this study. In
Sections 2.2, 2.3, 2.4, we show how LLMs’ functional mod-
ules generate subspaces, how evidence can be accumulated
and how ICL tasks are translated to vector algebra problems,
respectively.

2.1. ICL tasks

Brown et al. (2020) found that LLMs can infer correct an-
swers, if they are exposed to a few examples demonstrating
a desired task; see (Wei et al., 2022) as well. When a few
pairs of synonyms are included in the input prompts, LLMs
can return a synonym to the last query word. Thus, ICL
prompts contain multiple examples demonstrating desired
tasks and a query. In our study, we use the dataset generator
released by an earlier study (Todd et al., 2024) to create
ICL prompts for 4 different tasks, antonyms, synonyms,
countries-their capital cities (country-capital), and English-
French words. All 4 tasks can be demonstrated with two
words separated by a separator. Throughout this study, we
refer to them as queries, separators and answers. For all
tasks, we provide 5 example pairs of queries and answers
and a single test query (without a corresponding answer)
and direct LLMs to find its counterpart using example pairs.
Each query and answer are marked by the separators, ‘Q:’
and ‘A:’ respectively (Fig. 1A).

2.2. Transformer blocks and subspaces

LLMs first convert words in input prompts into tokens
(i.e., sub-words) and use a sequence of transformer lay-
ers to progressively process them, each of which consists
of self-attention (SA) layer and Feed-Forward Network
(FFN) (Vaswani et al., 2023). A transformer layer l re-
ceives inputs hl−1 from its previous layer and generates
hl using its own SA and FFN. As the transfer layer uses

residual connections, hl can be recursively expressed as
hl = hl−1+al+ml(al+hl−1) (Meng et al., 2023), where
al and ml denote the output of SA layer and FFN in trans-
former layer l, respectively.

2.2.1. FEED FORWARD NETWORKS AS ASSOCIATIVE
MEMORY

How do LLMs support ICL? We made two notes on FFNs’
potential roles. First, the two consecutive tokens in the
language prompts are semantically related. That is, for a
given token, there are a finite number of possible choices
for the next token. Second, the earlier studies (Geva et al.,
2021; Meng et al., 2023; 2022) suggested that FFNs work as
associative memory, storing pairs of keys and values. That
is, FFNs can retrieve a preconfigured value for a given key,
as associative memory does. These observations can lead
us to assume that FFNs may learn possible answers for a
given input. Importantly, we also note that a single word
(i.e., entity) can be linked to a number of different words
depending on the context. The city of London is the capital
city of the United Kingdom but is also well known as the
global financial hub. That is, instead of a single associated
value, FFNs should memorize multiple associated values
for a single key to succeed in supporting language tasks.

Notably, FFNs in LLMs consist of two synaptic layers,
(w1st and w2nd) and one hidden layer of memory cells mi

(Eq. 1).

mi = Σjw
1st
ij xj ,

Ok = Σiw
2nd
ki g(mi),

(1)

where g is the activation function. If an input hi activates a
single mi only, the output Ok is the second synaptic layer
weight w2nd

ki originating from mi, scaled by g(mi). hi,
however, likely activate multiple mis, and thus, the output
is likely the weighted sum of w2nd

ki (values of associative
memory in (Meng et al., 2023)). That is, the outputs of FFNs
exist in a space Sl spanned by w2nd

ki . Vectors in subspace
Sl can be decomposed into a set of components, and we
propose that these components can correspond to potential
predictions (i.e, values associated with keys). Additionally,
since LLMs use residual streams, they can store potential
predictions of all individual layers.

2.2.2. SELF-ATTENTION SELECTOR OF SUBSPACES

Even if LLMs can encode multiple predictions for a given
input using subspaces in residual streams, they still need to
choose the right one to make the proper response depending
on the context defined by the neighboring words. In LLMs,
SA layers mediate interactions between tokens (i.e., words),
making it natural to assume that SA layers can generate
the context and allow transformers to choose the correct
prediction aligned with the context. SA layers evaluate

2
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attention score Al
ij , which determines the strength of the

influence of token i onto token j (Eq, 2).

Al
ij = (Kh⃗l−1

i )T ·Qh⃗l−1
j (2)

Then, SA layer’s outputs alij on token j are modulated by
value matrix V .

alij =
1√
d
softmax(Al

ij)V hl−1
i (3)

, where softmax is estimated over i to normalize the influ-
ence from all tokens i, and d is the model dimension, which
indicates the size of residual streams1.

2.3. Accumulating evidence in subspaces

It has been observed that the accuracy of LLMs and the num-
ber of examples are positively correlated, which suggests
that LLMs may effectively accumulate the evidence pre-
sented in ICL prompts. To gain insights into the mechanism
underlying this evidence accumulation and the potential
roles of subspaces, we consider a simple scenario, where
LLMs can access a single in-context example (Fig. 1 B).
For simplicity, we consider 5 tokens (T0, T1, T2, T3 , T4),
which correspond to the first query (q0), the first separator
(s1), answer (a2), the test query (q3) and the last separator
(s4).

For layer l and the last place (i.e., the place of the last
separator), the input of the FFN can be summarized as Eq.
4.

xl
j≡4 =hl−1

j +Σi=4
i=0a

l
ij≡4 (4)

, where alij denotes attention score and hl denotes the resid-
ual stream in layer l. As our goal is to gain insights into
how LLMs accumulate evidence, we further simplify at-
tention score alij by assuming that all 4 preceding tokens
(T0, T1, T2, T3) are equally important 2. In this ideal case,
ali4 = αV hl−1

i , where α = 1/(4
√
d). Together with the

fact that hl−1
i can be decomposed into potential answers

Anl−1
i s , we obtain the following (Eq. 5):

xl
j≡4 =hl−1

j + αV {Σkβ0kAn0
k

+Σkβ1kAn1
k +Σkβ2kAn2

k

+Σkβ3kAn3
k}

(5)

, where Ani
k encode the possible answers of FFNs for a

given input token xi; where k runs for all possible answers,

1For brevity, we ignore the output matrix O here
2As T4 is a separator, which does not mediate semantic mean-

ings, we assume that it does not have meaningful self-influence on
T4.

and βik is a constant. As the pretraining aims to train LLMs
(and FFNs as well) to predict the next tokens, the possible
number of Ani

k is finite, as the two consecutive tokens are
semantically related with each other. We note that the first
query (q0) and separator (s1) can predict the answer (a2)
due to the semantic relationships between query and answer
tokens. Thus, one can expect some of An0

k, An1
k and An2

k

to be overlapped, and their intersections {Ãnk} can make
the first query and separators (q0 and s1) predict the answer
a2. With intersections {Ãnk}, we can reorganize xl

j=4 as
follows (Eq. 6):

xl
j≡4 =hl−1

j +

+ αV ΣmÃnm{Σkβ0k + β1k + β2k}
+ αV {Σkβ0kAn0

k

+Σkβ1kAn1
k +Σkβ2kAn2

k

+Σkβ3kAn3
k}

(6)

In Eq. 6, one can see that the evidence can be effectively
accumulated along {Ãnk}. Eq. 6 may be valid only under
an ideal condition, but we still can speculate that {Ãnk} in-
tersections of possible answers also exist in general cases, in
which multiple examples have non-homogeneous influence
on the last token3 and allow LLMs to accumulate evidence
in examples. Further, we argue that {Ãnk} could be the
bases for subspaces, where the evidence could be effectively
accumulated.

To address this possibility, we use PCA to obtain a subset
of potential bases for LLMs’ activation space, which can
model {Ãnk}.

2.4. ICL as a vector operation

ICL tasks are usually simple and may be readily realized
by vector operation. Let’s consider a case, in which ICL
examples are pairs of antonyms, and thus LLMs need to
convert the last query into its antonym. If LLMs can map all
examples in the prompt onto vectors in a subspace, where a
semantic meaning is represented by a unique direction and
the antonyms are mapped onto vectors pointing in opposite
directions, LLMs can find the antonym of the last query by
simply reversing the direction of the query word.

If LLMs use vector algebra to solve ICL tasks, an answer
token (⃗a) can be described as a linear function of a query
token (q⃗) and a separator token (s⃗) (Eq. 7).

a⃗ = α′q⃗ + β′s⃗ (7)
3Keep in mind that we are assuming a single example and that

a query, a separator and an answer in this example have homoge-
neous relevance above.
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Based on this line of reasoning, we conduct linear regression
analysis along 30 principal components using scikit-learn
(Pedregosa et al., 2011). If a⃗ is well described by linear
function of q⃗ and s⃗, the quality of linear regression would
be high. Otherwise, its quality would be low. Below, we
examine R2 to evaluate the quality of linear regression along
30 principal components (i.e., the potential bases for LLMs’
subspaces).

3. Empirical evaluation
In this study, we probe 6 pretrained LLMs publicly avail-
able: GPT-j-6B (Wang & Komatsuzaki, 2021), Meta-Llama-
3.1-8B(Grattafiori et al., 2024), OLMo-2-0325-32B(OLMo
et al., 2024), Phythia-12B(Biderman et al., 2023), gemma-
3-27b-it (Team et al., 2025) and GPT-NEOX-20B(Black
et al., 2022). All models are instantiated and tested with
the publicly available machine learning libraries, Pytorch
(Paszke et al., 2017) and Transformers (Wolf et al., 2020).

3.1. Principal components as potential bases for
subspaces

Since residual streams of LLMs store all hidden representa-
tions, we analyze them to identify subspaces (i.e., compo-
nents). Specifically, we created 200 ICL prompts for 4 differ-
ent tasks (Todd et al., 2024), antonyms, synonyms, countries-
their capital cities (country-capital), English-French words.
Each prompt contains 5 examples and 1 question, and
queries and answers are separated by separators (‘:’); see
Fig. 1A. In the experiment, we collect residual streams of
all tokens from all layers, while LLMs process ICL prompts.
After collecting residual streams, we convert them into 2D
arrays. Each row of the arrays is a residual stream, and
thus the size of the row vectors is the same as the model
dimension d. For instance, the model dimension d of Meta-
LLama-3.1-8B is 4096. The number of rows is the same
as the total number of tokens. As some words are tok-
enized into multiple tokens, the exact number of tokens vary
from one model to another. As the residual streams are
not bounded, each row is normalized to have a unit norm.
Additionally, all columns are centered, as it is required for
PCA.

Next, 30 principal components are evaluated using scikit-
learn, an open-source machine learning library(Pedregosa
et al., 2011). Fig. 2 shows the accumulated explained
variance for 30 principal components. As shown in the
figure, 40− 90% of variability is accounted for by just 30
principal components, although d ≈ 5000, suggesting that
LLMs can be mapped onto low-dimensional subspaces.
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Figure 2. The explained variance accounted for by 30 principal
components. x-axis denotes principal components, and y-axis
denotes the cumulative explained variance. (A), The explained
variance evaluated from LLMs engaging the antonym task. In the
panel, 6 models are clarified using different colors (see the inset).
(B)-(D), the same as (A), but the task is synonym, country-capital
and English-French, respectively.

3.2. ICL Tasks translated as vector algebra problems in
subspaces

Although 30 principal components can explain the major-
ity of residual streams’ variances, it cannot guarantee that
LLMs would use them to support ICL. Thus, to further test
whether LLMs actively utilize subspaces, we ask if the an-
swer token a⃗ can be a linear combination of query q⃗ and
separator s⃗ tokens. When the words are tokenized into mul-
tiple tokens, only the last tokens of query and answer words
are used in this analysis, which is consistent with the earlier
studies (Todd et al., 2024; Yang et al., 2024; Meng et al.,
2023).

Specifically, for a transformer layer l and a principal com-
ponent PCi, we project answers, queries and separators in
1000 examples (5 in-context examples in 200 prompts) to
obtain a⃗li, q⃗

l
i, s⃗

l
i and regress a⃗li into q⃗li, s⃗

l
i (Eq. 8).

a⃗li = αq⃗li + βs⃗li, (8)

where a⃗li, q⃗
l
i, s⃗

l
i denote 1-d vectors whose length is 1000 (5

in-context examples in 200 prompts).

To evaluate the quality of regression and identify a subspace,
where the answer token can be described by the linear combi-
nation of query and separator tokens, we use R2. When the
regression is perfect, R2 = 1. By contrast, R2 approaches
−∞, when the regression fails. That is, if R2 is close to 1,
the principal component can be a basis for a subspace that
we aim to identify. Fig. 3 shows R2 collected from all layers
of 6 models engaging in the ‘antonym’ task. For clarity, we
clip R2 smaller than −1 to −1. Across all 6 models, R2 is
high along with a few components. That is, answer tokens
are well approximated by linear combinations of query and
separator tokens (Eq. 8) in a subspace spanned by these
components, supporting that LLMs do use subspaces and
that ICL tasks can be solved via simple vector operations.

We made two more observations. First, R2 is low in early
layers and becomes higher in late layers, raising the possibil-
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Figure 3. Quality of linear regression evaluated. R2 is evaluated
using LLMs engaging in ‘antonym’ task. x-axis denotes the trans-
former layer, and y-axis denotes the principal components. (A)-(F)
show R2 estimated from GPT-j-6B, Meta-Llama-3.1-8B, OLMo-
2-0325-32B, Phythia-12B, gemma-3-27b-it and GPT-NEOX-20B.
For clarity, R2 smaller than −1 is clipped to −1.

ity that the early layers of LLMs gradually transform LLM’s
activation (sub)-spaces into subspaces, where ICL can be
solved by simple vector operations. Second, the principal
components with high R2 appear to be largely consistent
across the layers. For instance, R2 is consistently high along
component 9 of GPT-NEOX-20B (Fig. 3A).
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Figure 4. The same as Fig. 3, but the task is country-capital.

These observations suggest that the components with high
R2 encode the concept ‘antonym’, which is consistent with
linear representation hypothesis (Park et al., 2023) but fur-
ther suggests that 1) there are multiple directions associated
with concepts and 2) actual computations associated with
concepts occur according to these directions. We repeat the
same analysis with 3 more tasks and observe the equivalent
results with different tasks, ‘synonym’ (Fig. 4), ‘country-
capital’ (Fig. 5) and ‘English-French’ (Fig. 6).

If LLMs do utilize subspaces and vector operations in it,
one can expect that tokens are clustered together depending
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Figure 5. The same as Fig. 3, but the task is English-French.
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Figure 6. The same as Fig. 3, but the task is synonym.

on types. We test this possibility by visualizing answer,
separator and query tokens in 3D subspace spanned by the
top 3 principal components according to R2. In this analysis,
we choose a single layer with the highest R2 from individual
models engaging in 4 tasks (Figs. 7, 8, 9 and 10). As shown
in the figures, answer, separator and query tokens are well
clustered with the same token type, and the token types are
separated from other types. These results suggest that tokens
encode task specific information (i.e., query, separator or
answer), confirming that the subspace is associated with
LLMs’ decision making.

4. Discussion
Can LLMs use subspaces to solve ICL tasks? We analyze
LLMs’ functional modules under an ideal condition, and
our analysis suggests that LLMs architecture may natively
create subspaces and use them to accumulate evidence. Our
empirical evaluation further shows that ICL tasks can be
solved by vector algebra in low dimensional subspace(s) of
LLMs. ICL tasks may be simpler than general tasks given
to LLMs, but ICL still requires LLMs to extract task infor-
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Figure 8. The same as Fig. 7, but the task is country-capital.
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Figure 9. The same as Fig. 7, but the task is English-French.
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Figure 10. The same as Fig. 7, but the task is synonym.

mation and apply them to solve unseen questions, which is
essential for LLMs to succeed in more general tasks. This
means it may be possible for LLMs to use subspaces to
perform general tasks.

If LLMs rely on subspaces for their operations and decision-
making, identifying subspaces associated with desired tasks
and probing interactions among them may provide us with
new ways to evaluate, diagnose and intervene in LLMs’
operations. In our study, we choose ICL, since ICL prompts
are supposed to mediate the same contextual information,
and thus, a single subspace aligned with it would likely be
dominant. As a result, identifying the subspaces becomes
relatively straightforward.

However, when LLMs engage in general tasks, multiple
subspaces would interact with one another in complex ways,
which makes probing subspaces associated with LLMs’ op-
erations rather difficult. An effective way to overcome this
challenge would be to develop a new set of benchmarks that
could probe LLMs’ subspaces. To this end, it is necessary
to build datasets that provide explicit and extensive contex-
tual information, which can be used to identify ‘functional’
subspaces. We believe that such benchmarks will advance
our understanding of LLMs’ operating principles including
generalization and emergent abilities.
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