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Abstract

Modern optimizers can produce parameter updates with radial components that increase weight
norms during training. Since excessive weight-norm growth is closely related to poor generaliza-
tion, controlling the geometry of updates provides a natural form of regularization without redesign-
ing the optimizer itself. We propose Regularizing Optimizer Updates via Feasible-Set Projection, a
simple update constraint applied at the final stage of optimization. Given a raw update from a base
optimizer, we project it onto the half-space of directions that are orthogonal to or inward-facing
with respect to the current parameter vector, thereby suppressing norm growth while preserving
the tangential component of the optimizer’s update. The proposed constraint is compatible with
general optimizer updates and introduces no additional hyperparameter tuning. In this work, we
apply the proposed constraint to Adam and compare it against AdamW, showing that it provides
one-step norm control, a bounded parameter-norm trajectory, and improved generalization in our
experiments.

1. Introduction

Controlling the magnitude of model parameters has long been recognized as a key factor in gen-
eralization. In particular, excessive growth of weight norms is often associated with increased ca-
pacity or complexity, which can adversely affect generalization bounds and empirical generaliza-
tion [1, 12, 14]. To mitigate this issue, modern optimization methods commonly incorporate explicit
regularization mechanisms such as /5 regularization [9, 12] or decoupled weight decay [13]. These
approaches penalize the magnitude of parameters and have become standard components in training
deep neural networks [6].

However, conventional norm-based regularization mechanisms are agnostic to the geometric
relationship between the parameter vector and the optimizer update. They shrink parameters inde-
pendently of whether the update direction increases or decreases the parameter norm. In addition,
standard weight decay applies a constant penalty coefficient uniformly across all parameters, even
though different parameters or parameter matrices may benefit from different amounts of regular-
ization [8]. This uniform treatment ignores the structure of the optimization dynamics and often
requires careful hyperparameter tuning.

In this work, we propose a simple yet effective alternative that directly constrains the geom-
etry of parameter updates. Our method enforces a constraint based on the relationship between
the current parameter vector and the update direction, suppressing only the norm-increasing radial
component while preserving the tangential component responsible for optimization. The proposed
constraint is applied at the final stage of the update and is therefore compatible, in principle, with a
wide range of optimizers, including Adam [11], Lion [5], and Muon [10], without introducing ad-
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ditional hyperparameters. In this work, we instantiate the proposed constraint on top of Adam and
compare the resulting method against AdamW, focusing on whether geometric update constraints
can provide norm control and generalization benefits without an explicit weight-decay coefficient.
This yields a unified, optimizer-agnostic regularization mechanism that controls parameter norm
growth through update geometry rather than explicit penalization.

Together, our formulation provides a closed-form projection rule, norm-control guarantees, and
ImageNet-1K evidence against a tuned AdamW baseline, positioning feasible-set projection as a
simple geometric regularization mechanism for optimizer updates.

1.1. Background

Weight decay is a standard mechanism for controlling parameter norms during training. For stochas-
tic gradient descent, /> regularization and weight decay lead to equivalent updates, but this equiva-
lence breaks down for adaptive optimizers because the /5 term is transformed by adaptive precon-
ditioning. Decoupled weight decay addresses this issue by applying parameter shrinkage separately
from the optimizer update [13]. This separation avoids mixing objective and regularization gradients
in Adam’s moment buffers [2].

Recent methods further make norm control update-dependent or geometry-aware. Cautious
Weight Decay (CWD) applies decay only to coordinates where the parameter and optimizer update
have aligned signs, yielding a coordinatewise masking rule [4]. AdamO instead uses a radial—
tangential decomposition of optimizer dynamics, where radial updates handle norm control while
Adam-style adaptive preconditioning is confined to the tangential subspace [3]. Our method follows
the same broad goal of geometry-aware norm control, but it does not apply coordinatewise masking
or redesign the optimizer dynamics. Instead, it leaves the base optimizer update intact and applies a
final-stage feasible-set projection to the full update.

2. Method

We formulate our method as a final-stage modification of the update direction produced by a base
optimizer. Rather than changing the loss function, adding an explicit penalty term, or modifying the
internal states of the optimizer, our method takes the raw optimizer update as given and replaces it
with a feasible update direction. The goal is to preserve the original optimizer update as much as
possible while preventing directions that increase the radial component of the parameter vector. We
first define this feasible-set projection and derive its closed-form update rule, and then show that the
resulting update yields a bounded parameter-norm trajectory.

2.1. Feasible-Set Projection

Let wy € R™ denote the current parameter vector, and let A; € R™ denote the raw update direction
produced by a base optimizer. We define the constrained update direction d; as the closest feasible
direction to A4, and update the parameter by

Wiy1 = Wy — Nedy, (D

where 7, denotes the step-size at iteration ¢. The constrained direction d; is obtained by solving

1
di = in —|ld— A? 2
(= arg min 5| el 2
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where the feasible update set is defined as
C(wy) = {d € R™: (wy,d) >0} . 3)

Thus, the base optimizer proposes A, while our method applies the feasible direction d;.

The constraint in Eq. (3) excludes update directions whose application would increase the radial
component of the parameter vector. Since the actual parameter displacement is —1,d;, the condition
(wy, dy) > 0 ensures that the displacement is orthogonal to, or inward-facing with respect to, the
current parameter vector.

When (wy, A;) < 0, the raw optimizer update is infeasible and is projected onto the boundary
of the feasible set,

0C (wy) ={d € R" : (w,d) =0} .

The corresponding boundary projection is

(we, Ay)

<wt, Wt

Hoc(w,) (At) = Ap — wt. 4

Therefore, the constrained update admits the closed form

Ata <wt7 At> Z 07
dy = &)
Hac(w) (At),  (we, Ag) < 0.

Thus, if the raw optimizer update is already feasible, it is left unchanged. If it is infeasible, only the
radial component responsible for increasing the parameter norm is removed, while the tangential
component is preserved. Algorithm 1 summarizes the resulting final-stage projection applied to a
base optimizer. The derivation of Eq. (4)—(5) from Eq. (2) is provided in Appendix A.

2.2. Bounded Parameter-Norm Trajectory

We next show that the proposed feasible-set projection prevents unbounded growth of the parameter
norm under bounded-update and square-summable step-size assumptions. Assume that

1A <G forallt, > nf <o (6)
t=0

Under these assumptions, the proposed update yields a bounded parameter-norm trajectory:

sup ||lwrl|| < oo. (7
>0

This boundedness result shows that, under the stated assumptions, the proposed constraint pre-
vents the parameter norm from diverging. Since controlling weight norms is closely related to
capacity control and generalization in neural networks [1, 12, 14], such norm stabilization provides
a theoretical basis for expecting improved generalization. The proof of Eq. (7) is provided in Ap-
pendix B.
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Algorithm 1: Blockwise Feasible-Set Projection for a Base Optimizer

given: learning rates {7 ey C Rso, initial parameters z1 = {mgz) }L_ |, base optimizer O
initialize time step ¢ < 1;
while not converged do
gt < STOCHASTICGRADIENT(x¢);
Ay O(gt) s // raw update direction from the base optimizer
for/=1,...,Ldo
FUMING

4 {4 4
0 (0 A

l 4 4
10 (40, 0y
if sg) < 0 and r,g[) > 0 then

(0)
dgﬁ) - Al(tf) _ 5t 0,

Tt o
0
end
¢ [ [
o9, e aff) — .
end
t+—t+1;

end
return optimized parameters x;

3. Experiments

3.1. Experimental Setup

We evaluate the proposed feasible-set projection on ImageNet-1K using a ViT-B/16 backbone [7].
We compare Adam equipped with the proposed feasible-set projection against AdamW. Detailed
training settings, including data augmentation, learning-rate schedule, and batch size, are provided
in Appendix C.1.

Baseline and proposed method. The AdamW baseline uses learning rate 3 x 10~* and weight
decay 0.1, selected by the hyperparameter sweeps in Appendix C.2. For the proposed method, we
apply feasible-set projection to the update produced by Adam at the final update stage, using the
same learning rate 3 x 10~%. No explicit weight decay is used for the proposed method.

3.2. Results

Table 1 summarizes the comparison between AdamW and Adam with the proposed feasible-set
projection, denoted as Adam + FSP. The top table reports the best validation accuracy, final vali-
dation accuracy, and mean epoch time, while the bottom panels show the validation accuracy and
validation loss curves averaged over three seeds.

Adam + FSP achieves higher validation accuracy than AdamW in both best and final metrics.
AdamW improves faster during the early stage of training, whereas Adam + FSP continues to im-
prove in the later stage and eventually reaches higher validation accuracy. The validation loss curve
shows a similar late-stage behavior: Adam + FSP achieves lower validation loss after the mid-to-late
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Table 1: ImageNet-1K results with ViT-B/16.
Method Best Acc. Final Acc. Epoch Time (s)

AdamW 0.7738 £0.0015  0.7729 £0.0014 595.52 +0.84
Adam + FSP 0.7816 £ 0.0012 0.7807 £0.0012 607.96 £ 1.48

Validation Accuracy (Mean * Std) Validation Loss (Mean * Std)
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training phase. This supports the view that feasible-set projection can act as an effective regular-
ization mechanism by constraining norm-increasing radial components while preserving the opti-
mizer’s update structure. Additional norm-trajectory analyses in Appendix C.3 further support this
interpretation by showing that Adam + FSP maintains substantially smaller matrix-weight norms
than AdamW under the same training setting.

4. Conclusion and Discussion

We proposed Regularizing Optimizer Updates via Feasible-Set Projection, a simple final-stage up-
date constraint for controlling parameter-norm growth. Instead of adding an explicit penalty term
or modifying the internal dynamics of the base optimizer, the proposed method projects the raw
optimizer update onto a feasible set determined by the current parameter vector. This removes
norm-increasing radial components while preserving the tangential component of the update. We
showed that the resulting update provides one-step norm control and yields a bounded parameter-
norm trajectory under the stated assumptions.

Empirically, we instantiated the method on top of Adam and compared it against AdamW on
ImageNet-1K with ViT-B/16. The results show that Adam with feasible-set projection achieves
higher validation accuracy and lower late-stage validation loss than AdamW in our setting, sug-
gesting that update-geometry-based regularization provides a promising additional mechanism for
controlling parameter-norm growth.

There are several directions for future work. First, although the proposed constraint is optimizer-
agnostic in formulation, our experiments in this work focus on an Adam-based instantiation. Apply-
ing the same feasible-set projection to other optimizers such as Lion and Muon is an important next
step. Second, our current method removes the need for an explicit weight-decay coefficient, but it
may also be useful in combination with a small amount of weight decay. Future experiments will
investigate whether weak additional weight decay further improves generalization when combined
with feasible-set projection.
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Appendix A. Projection Derivation

We derive the closed-form solution of the projection problem for w; # 0:

) 1
dy = arg demcl(rul)t) §Hd — A%, Cwy) = {d e R : (wy,d) > 0} .

Define .
P2 =A% gld) 2~ d),

Then the problem can be written as

d; = arg rndin f(d) st g(d) <O0.

)

©))

(10)

Since f is strongly convex and the feasible set is convex, the minimizer is unique. Moreover, for

this convex problem, any point satisfying the KKT conditions is a global minimizer.
The KKT conditions are

A >0,
Ag(d) = =M w,d) =0,
g(d) = —(wy,d) <0
From (i), we obtain
d= At + dwy

Hence,
(we, d) = (Wi, Ay + Awy)
= (we, Ag) + A ||
Case 1: (ws, A¢) > 0. We have
(we, d) = (we, Ag) + Mwe|* = AfJwe|* > 0.

By complementary slackness,
A(wt, d> =0.

If (wy, d) > 0, then complementary slackness immediately implies
A=0.

If (wy,d) = 0, then
0= (wy, d) > AlJwe[* > 0.

Hence,
)\||wt||2 =0.

For w; # 0, this implies A = 0. Therefore, in either case,
A=0.
Substituting A = 0 into d = A; + Aw;, we obtain
di = Ay

@
(i)
(iii)
(iv)

an

(12)

(13)

(14)

15)

(16)

a7

(18)

(19)
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Case 2: (w;, A¢) < 0. Since
<wt,d> = (wt,At> + )\Hth2 Z 0,

it follows that

_ <wta At>
w2
Since (wy, Ay) < 0, we have
A> 0.
Therefore, from A{w;, d) = 0, it follows that
(wt, At)
(wy,d) =0, A= ————.
[
Substituting this into d = A; + Awy, we obtain
dy = A, — (Wi, Ay) L= A — <U1t,At>w
[l 2 (we, wy)
Thus,
<U)t, At>
II A) = Ay —
aC (wy) (At) C )
Combining the two cases, we obtain
Atv <wta At> 2 07

dy =
Moc(uw,) (Ar),  (we, Ar) <O0.

Appendix B. Proof of Bounded Parameter-Norm Trajectory

(20)

@2y

(22)

(23)

(24)

(25)

(26)

We prove that the proposed feasible-set projection yields a bounded parameter-norm trajectory un-

der the assumptions in Eq. (6). Recall the update rule
W1 = we — Medy.
Taking squared norms gives

wi]|? = llwe — nedy|?
= [lwell* = 2me(wr, di) + 07 ||de |-

Therefore,

lwea |l = llwell® = =2me{we, de) + 0| del>.

Since d; € C(w;) by construction, we have
<U)t, dt> Z 0

Also, since n; > 0, it follows that
—277t<wt, dt> S 0

27)

(28)

(29)

(30)

(€29)
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Hence,
lwesr||* = llwel® < nFllde]|. (32)

Moreover, from the closed-form update in Eq. (26), the projected update satisfies
[ldel] < [|Ad]l- (33)

Indeed, if (wi, A¢) > 0, then d; = A;. Otherwise, d; = Iy (w,)(A¢) is obtained by removing the
component of A; parallel to wy, and hence its norm cannot exceed that of A;. Thus,

lwegal® = llwel® < w7l A, G4

Equivalently,
[wea ]| < Jlwell® + n7 | Al (35)

Assume that ||A;|| < G for all t. Then
lwegtl® < [lwel|* + G0 (36)

Iterating this inequality from ¢ = 0 to 7" — 1 gives

T—1
lwrl* < flwol® + G2 Y
=0
o0
< Jlwol® + G*> 7. 37)
t=0
By the square-summability assumption,
o0
> i < oo (38)
t=0
Therefore,
[e.e]
lwrl® < flwol®> + G*) nf < oo forallT. (39)
t=0
Consequently,
sup [lwr|| < cc. (40)
T>0

This proves the bounded parameter-norm trajectory.

Appendix C. Experimental Details and Hyperparameter Selection

C.1. Training Details

Training protocol. All models are trained for 150 epochs with a global batch size of 1024. We
use a cosine learning-rate schedule with 7 warmup epochs. The learning rate is set to 3 x 10~ for
both methods, with Adam hyperparameters 81 = 0.9, 5o = 0.999, and € = 1079, All results are
reported over three random seeds, {0, 1, 2}.

10
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Data augmentation and regularization. For training, we use random resized cropping, random
horizontal flipping, and ImageNet normalization. For validation, images are resized to 256, center-
cropped to 224 x 224, and normalized using the same ImageNet statistics. We additionally use
Mixup with a = 0.8, CutMix with o = 1.0, label smoothing with coefficient 0.1, and stochastic
depth with drop-path rate 0.1. Dropout is set to 0.0.

C.2. Hyperparameter Selection

Before the final comparison, we perform a learning-rate sweep and a weight-decay sweep for the
AdamW baseline. We first sweep the learning rate over {3 x 10745 x 1074, 7 x 10~} without
weight decay and select 3 x 10~* according to validation accuracy. Using this learning rate, we
then sweep the AdamW weight decay and select 0.1 as the final baseline value.

Table 2: Learning-rate sweep for the AdamW baseline. The best learning rate is selected according
to validation accuracy.

Learning rate  Final val. loss Final val. acc. Best val. loss Best val. acc.

3.0x 107* 1.0806 0.7648 1.0792 0.7650
5.0 x 1074 1.0971 0.7628 1.0956 0.7630
7.0 x 1074 1.0988 0.7591 1.0963 0.7593

Table 3: First weight-decay sweep for AdamW with learning rate 3 x 10~4.

Weight decay Final val. loss  Final val. acc. Best val. loss Best val. acc.

1.0 x 1072 1.0760 0.7694 1.0722 0.7697
3.0 x 1072 1.0855 0.7656 1.0806 0.7667
5.0 x 1072 1.0742 0.7698 1.0615 0.7702
7.0 x 1072 1.0642 0.7702 1.0489 0.7704
1.0 x 107! 1.0548 0.7724 1.0493 0.7729

Table 4: Second weight-decay sweep for AdamW with learning rate 3 x 102,

Weight decay Final val. loss Final val. acc. Best val. loss Best val. acc.

1.0 x 1071 1.0455 0.7748 1.0407 0.7748
1.2 x 1071 1.0492 0.7733 1.0432 0.7733
1.5 x 1071 1.0282 0.7730 1.0256 0.7733

Across the two weight-decay sweeps, weight decay 0.1 achieves the highest validation accuracy
and is therefore used for the AdamW baseline in the final comparison.

11
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Figure 1: Single-seed training dynamics and total matrix-weight norm trajectory under the same
ImageNet-1K ViT-B/16 setting as the main experiment. Adam + FSP maintains a sub-
stantially smaller matrix-weight norm than AdamW after the early training phase, despite
using no explicit weight decay, while achieving competitive late-stage validation perfor-
mance.

C.3. Norm-Control Behavior

To further examine the norm-control effect of feasible-set projection, we track the Frobenius norm
of trainable matrix-valued weights under the same ImageNet-1K ViT-B/16 setting as the main ex-
periment. Figure 1 reports the single-seed training dynamics and total matrix-weight norm trajec-
tory. Adam + FSP maintains a substantially smaller matrix-weight norm than AdamW after the
early training phase, despite using no explicit weight decay. This supports the interpretation that
feasible-set projection suppresses norm-increasing radial components in practice.

Figure 2 further reports the block-wise norm ratio between Adam + FSP and AdamW. The
ratios are mostly below one after the early training phase, indicating that the norm-control effect is
distributed across Transformer blocks rather than being driven by a single layer.

LLM Usage

Large language models were used only as writing aids to improve clarity, grammar, and organiza-
tion. The theoretical ideas, proof strategy, experimental design, and interpretation of results were
developed and directed by the authors. All technical content and final manuscript decisions were
reviewed and approved by the authors.
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Block-wise Matrix-Weight Norm Ratio: Adam + FSP / AdamW
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Figure 2: Block-wise matrix-weight norm ratio between Adam + FSP and AdamW. Each entry
shows the ratio HWZ-I;SPH r/ HW{}dame r for Transformer block ¢ at epoch t. Values
below one indicate smaller block-wise norms under Adam + FSP. The ratios are mostly
below one after the early training phase, suggesting that the norm-control effect is broadly
distributed across Transformer blocks.
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