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Abstract
Modern deep learning models require immense computational resources, motivating research into

low-precision training. Quantised training addresses this by representing training components in
low-bit integers, but typically relies on discretising real-valued updates. We introduce an alternative
approach where the update rule itself is discrete, avoiding the quantisation of continuous updates
by design. We establish convergence guarantees for a general class of such discrete schemes, and
present a multinomial update rule as a concrete example, supported by empirical evaluation. This
perspective opens new avenues for efficient training, particularly for models with inherently discrete
structure.

1. Introduction

State-of-the-art deep learning models comprise hundreds of billions of parameters and require size-
able computational and memory resources. As models continue to scale, hardware constraints be-
come a central challenge, motivating research into low-precision computation and memory-efficient
designs. Among such approaches, quantised training [2, 6, 7] seeks to train models using low-
precision numerical representations (e.g. 8-bit, 4-bit, or even 2-bit integers) for various components
of training. Recent work has demonstrated that quantised training is feasible at scale [3, 5, 11], with
stability issues addressed through a variety of techniques.

A common trait of these approaches is that updates are first computed in real values and then
discretised via a quantisation function, usually based on rounding (e.g. round-to-nearest or stochas-
tic rounding). In this paper, we propose an alternative route: instead of discretising continuous
updates, we assume from the outset that the update function itself is discrete (integer-valued). Our
broader motivation is to identify models where directly discrete updates offer greater efficiency than
quantisation. We expect such cases to arise in particular when training non-real-valued systems such
as arithmetic or Boolean circuits, as developed in [13, 14], and in binarised neural networks [12].
A more systematic exploration of such schemes is left for future work; in this paper, we focus on
laying the mathematical foundations of our approach.

Perhaps the work closest in spirit to ours is BOLD [10]: it introduces a fully-discrete update
scheme that completely eliminates the need for floating point latent values, yielding a significant
savings in memory requirements during both training and inference. BOLD relies on a bespoke
backpropagation framework tailored to boolean architectures, with convergence analysis specific to
that setting. By contrast, our aim is to provide a general framework for discrete updates under rela-
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tively weak assumptions; these encompass boolean-specific methods such as BOLD, while opening
up a broader space of discrete training schemes. We return to the comparison in Section 3.

Our contribution is structured as follows. Section 2 introduces the assumptions underlying
discrete update schemes and presents our main mathematical result: a convergence theorem. Section
3 provides a concrete example of such a scheme, which we then evaluate empirically in Section 4.

2. Discrete Gradient Updates and their Convergence

The standard stochastic gradient update may be written with learning rate sequence αk, update
function g and random variable ξk, as

wk+1 ← wk − αk · g(wk, ξk).

In contrast, we seek an update that can be computed with simple, performant fixed-precision oper-
ations. We propose the following scheme.

Definition 1 (Discrete Stochastic Gradient Update)

wk+1 ← wk − ḡ(wk, ξk)

where ḡ : Rd → Sd ⊆ Zd is a ‘discrete’ (i.e., integer-valued) function.

We now focus on showing convergence of such scheme. It is convenient to follow the framework
of the work [1], which focuses on convergence of (standard) stochastic gradient update. In a nut-
shell, we ‘discretise’ the assumptions used in [1], and follow a similar proof strategy to demonstrate
convergence of discrete gradient update. The first requirement is Lipschitz continuity of gradients
of the objective function F (cf. Assumption 4.1, [1]), as follows.

Assumption 2 (Lipschitz-Continuous objective gradients) The objective function F : Rd → R
is continuously differentiable and the gradient function of F , namely ∇F : Rd → Rd, is Lipschitz
continuous with Lipschitz constant L > 0, i.e.

∥∇F (w)−∇F (w̄)∥2 ≤ L ∥w − w̄∥2

for all w, w̄ ∈ Rd

This implies the following inequality, shown in [1, (4.3), Appendix B]).

F (w) ≤ F (w̄) +∇F (w̄)T (w − w̄) +
1

2
L ∥w − w̄∥22 (2.1)

The second assumption poses requirements on the update.

Assumption 3 (Update bound) Let ḡ be a discrete gradient update as defined in Definition 1, αk

a sequence of learning rates, and F an objective function satisfying Assumption 2.

(a) The sequences of iterates wk is contained in an open set over which F is bounded below by a
scalar Finf [1, Assumption 4.3 (a)]
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(b) There exist scalars µ > 0, M ≥ 0, and MG > 0 such that:

∇F (wk)
TEξk [ḡ(wk, ξk)] ≥ αkµ ∥∇F (wk)∥22 (2.2)

Eξk

[
∥ḡ(wk, ξk)∥22

]
≤ αkM + α2

kMG ∥∇F (wk)∥22 (2.3)

Conditions (a) and (b) are similar to [1, Assumption 4.3], except in (b) we directly assume a bound
on the second moment instead of deriving it from bounds on the 2-norm and variance. This will
allow our proof of convergence to closely mirror the approach in [1, Theorem 4.8]. We are now
ready to state our convergence result under these assumptions.

Proposition 4 Let F be a (possibly non-convex) function, and fix αk = ᾱ for all k ∈ N where

0 < ᾱ ≤ µ

LMG

Then we have

E

[
1

K

K∑
k=1

∥∇F (wk)∥22

]
≤ 2(F (w1)− Finf)

Kµᾱ
+

LM

µ

K→∞−−−−→ LM

µ

Proof From Proposition 9 (Appendix A) and by assumption on ᾱ we have

Eξk [F (wk+1)]− F (wk) ≤ −(µ−
1

2
ᾱLMG)ᾱ ∥∇F (wk)∥22 +

1

2
ᾱLM (Proposition 9)

≤ −1

2
µᾱ ∥∇F (wk)∥22 +

1

2
ᾱLM (Assumption on ᾱ)

Taking the total expectation, we obtain

E [F (wk+1)]− E [F (wk)] ≤ −
1

2
µᾱE

[
∥∇F (wk)∥22

]
+

1

2
ᾱLM

Now telescoping the sum for k ∈ {1 . . .K},

Finf − F (w1) ≤ E [F (wK+1)]− F (w1)

≤ −
K∑
k=1

(
1

2
µᾱE

[
∥∇F (wk)∥22

]
+

1

2
ᾱLM

)

= −1

2
µᾱ

K∑
k=1

E
[
∥∇F (wk)∥22

]
+

1

2
ᾱKLM
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Now rearranging,

1

2
µᾱ

K∑
k=1

E
[
∥∇F (wk)∥22

]
≤ F (w1)− Finf +

1

2
ᾱKLM

K∑
k=1

E
[
∥∇F (wk)∥22

]
≤ 2(F (w1)− Finf)

µᾱ
+

KLM

µ
(Divide by 1

2µα)

E

[
1

K

K∑
k=1

∥∇F (wk)∥22

]
≤ 2(F (w1)− Finf)

Kµᾱ
+

LM

µ
(Divide by K, E Linearity)

K→∞−−−−→ LM

µ

Note the term LM
µ does not involve the learning rate ᾱ, in contrast to [1, Theorem 4.8]. This is

the error bound resulting from the use of discrete weights, as common in other work on quantized
learning [8–10].

3. Example: Multinomial

We now study a specific discrete gradient update ḡ satisfying Assumption 3. Briefly, the idea is that
ḡ(wk, ξk) samples from a ‘zero-inflated’ multinomial distribution whose probabilities are propor-
tional to the gradient vector, while the ‘zero inflation’ incorporates a learning rate.

Definition 5 (Zero-inflated multinomial) Let n ∈ N represent a number of trials, 0 ≤ r ≤ 1 a
probability, and q ∈ Rd be a discrete probability distribution. Write y ∼ ZIMultinomial(n, r, q) to
mean the random variable equal to x1:d, where x ∼ Multinomial(n, p), and

p0 = 1− r

pi = rqi for i ∈ {1..d}

Note that
∑d

i=0 pi = p0+
∑d

i=1 pi = (1−r)+r
∑d

i=1 qi = 1 and so p indeed defines a discrete
probability distribution. The first and second moments of the zero-inflated multinomial are given in
Proposition 10. We can now define a discrete update ḡ using the ZIMultinomial.

Definition 6 (ZIM update) Fix constants 0 ≤ r ≤ 1 and c > 0. Define ḡ(wk, ξk) := x ⊙
sign(∇F (wk)) where:

x ∼ ZIMultinomialξk(n, r, q)

q :=
|∇F (wk)|+ c∑d

i=1 (|∇F (wk)|+ c)
=
|∇F (wk)|+ c

∥∇F (wk)∥1 + cd

The (non-zero-inflated) probabilities q are designed such that the expectation of ḡ is proportional to
the gradient. The dimension of the weights is denoted d, and c is a Laplace-smoothing-like factor
ensuring that q is defined when wk = 0. The ZIM update satisfies Assumption 3 as follows.
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Proposition 7 for ZIM update ḡ(wk, ξk) there exist scalars µ = n√
dL+cd

, M = n, and MG =

n2 − n such that:
∇F (wk)

TEξk [ḡ(wk, ξk)] ≥ αkµ ∥∇F (wk)∥22
and

Eξk

[
∥ḡ(wk, ξk)∥22

]
≤ αkM + α2

kMG ∥∇F (wk)∥22

Proof Propositions 12 and 11 (Appendix B) give µ and αk,M,MG, respectively.

We can therefore specialise Proposition 4 to prove convergence of the ZIM update: Recall that

E

[
1

K

K∑
k=1

∥∇F (wk)∥22

]
≤ 2(F (w1)− Finf)

Kµᾱ
+

LM

µ

K→∞−−−−→ LM

µ

Then taking r = ᾱ and substituting µ = n√
dL+cd

, M = n

E

[
1

K

K∑
k=1

∥∇F (wk)∥22

]
K→∞−−−−→ Ln

n√
dL+cd

= L(
√
dL+ cd)

Compare this to the discrete update used in BOLD [10], whose convergence bound is propor-
tional to dL versus our

√
dL2. Our bound is tighter when the Lipschitz constant L grows slowly

relative to model dimension d. As a concrete example, take L = 17 from [4, Figure 3(a)] for the
single layer MNIST network with 100 hidden units, then calculate our bound as 1.4×106 compared
to 2.7× 106 for BOLD.

4. Empirical Evaluation

We conclude with an empirical1demonstration of convergence for our approach, compared to Stochas-
tic Gradient Descent (SGD). It is clear that both the simple convolutional and larger ResNet models
converge. Although our method pays a 0.5% − 1% accuracy penalty (reflecting the ‘noise floor’
discussed in Section 2), it works ‘out of the box’ with existing architectures. We view these results
as a proof of concept. Going forward, we expect that not only can significant improvements be
made by modifying the architectures and update schemes used, but also that our method opens the
door to the possibility of fully discrete learning systems.
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Appendix A. Lemmas for Section 2

We will now give a proposition analogous to [1, Lemma 4.2] under Assumption 3.

Proposition 8 Let ḡ be a discrete update satisfying Assumption 3. Then we have

Eξk [F (wk+1)]− F (wk) ≤ −∇F (wk)
TEξk [ḡ(wk, ξk)] +

1

2
LEξk

[
∥ḡ(wk, ξk)∥22

]
Proof Following [1, Lemma 4.2], we have

F (wk+1)− F (wk) ≤ ∇F (wk)
T (wk+1 − wk) +

1

2
L ∥wk+1 − wk∥22 By (2.1)

≤ −∇F (wk)
T ḡ(wk, ξk) +

1

2
L ∥ḡ(wk, ξk)∥22 Def. 1

Taking expectations of both sides and noting that F (wk) does not depend on ξk, we obtain the result:

Eξk [F (wk+1)]− F (wk) ≤ −∇F (wk)
TEξk [ḡ(wk, ξk)] +

1

2
LEξk

[
∥ḡ(wk, ξk)∥22

]
(Linearity of E)

Similarly, we can give a proposition analogous to [1, Lemma 4.4]. The sole difference is the
final term: theirs contains an α2

k, whereas ours only has an αk.

Proposition 9

Eξk [F (wk+1)]− F (wk) ≤ −(µ−
1

2
αkLMG)αk ∥∇F (wk)∥22 +

1

2
αkLM

Proof

Eξk [F (wk+1)]− F (wk) ≤ −∇F (wk)
TEξk [ḡ(wk, ξk)] +

1

2
LEξk

[
∥g(wk, ξk)∥22

]
(Proposition 8)

≤ −αkµ ∥∇F (wk)∥22 +
1

2
αkLM +

1

2
α2
kLMG ∥∇F (wk)∥22

(Assumption 3)

≤ −(µ− 1

2
αkLMG)αk ∥∇F (wk)∥22 +

1

2
αkLM
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Appendix B. Lemmas for Section 3

Proposition 10 (First and Second Moments of ZIMultinomial) If y ∼ ZIMultinomial(n, r, q) then...

E [y] = nrqi

E
[
∥y∥22

]
= nr + r2(n2 − n)

d∑
i=1

q2i (
∑

i qi = 1)

Proof The first moment calculation is straightforward: E [yi] = E [xi] = nrqi. The second is as
follows:

E
[
∥y∥22

]
= E

[
d∑

i=1

y2i

]
(Definition of ∥ · ∥22)

=

d∑
i=1

E
[
y2i
]

(Linearity of E [·])

=

d∑
i=1

E
[
x2i

]
(yi = xi, underlying multinomial counts)

=
d∑

i=1

(
npi + n(n− 1)p2i

)
(xi ∼ Binomial(n, pi))

= n
d∑

i=1

pi + n(n− 1)
d∑

i=1

p2i (Algebra)

= nr

d∑
i=1

qi + n(n− 1)r2
d∑

i=1

q2i (pi = rqi)

= nr + r2(n2 − n)
d∑

i=1

q2i (
∑

i qi = 1)

Proposition 11 (First and Second Moments of ZIM update) The first and second moments of
the ZIM update ḡ(wk, ξk) are

E [ḡ(wk, ξk)] =
nr

∥∇F (wk)∥1 + cd
(∇F (wk) + c sign(∇F (wk)))

E
[
∥ḡ(wk, ξk)∥22

]
= nr + r2(n2 − n)

d∑
i=1

q2i
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Proof

Eξk [ḡ(wk, ξk)] = Eξk [x⊙ sign(∇F (wk))] (Definition of ḡ)

= sign(∇F (wk)) ⊙ Eξk [x] (sign(∇F (wk)) is deterministic)

= sign(∇F (wk)) ⊙ (nr q) (E [x] = nrq (Prop. 4.2))

= nr sign(∇F (wk)) ⊙
|∇F (wk)|+ c

∥∇F (wk)∥1 + cd
(Definition of q)

=
nr

∥∇F (wk)∥1 + cd

(
∇F (wk) + c sign(∇F (wk))

)
. (|u| ⊙ sign(u) = u)

And

Eξk

[
∥ḡ(wk, ξk)∥22

]
= Eξk

[
d∑

i=1

ḡ2i

]
(Definition of ∥ · ∥22)

=
d∑

i=1

Eξk

[(
xi sign(∇F (wk)i)

)2] (ḡi = xi sign(∇F (wk))i)

=
d∑

i=1

Eξk

[
x2i

]
(sign(u)2 = 1)

=

d∑
i=1

(
npi + n(n− 1)p2i

)
(xi ∼ Binomial(n, pi))

= n
d∑

i=1

pi + n(n− 1)
d∑

i=1

p2i (Algebra)

= nr + r2(n2 − n)
d∑

i=1

q2i (pi = r qi,
∑

i qi = 1)

Proposition 12 There exists a µ such that

∇F (wk)
TEξk [ḡ(wk, ξk)] ≥ αkµ ∥∇F (wk)∥22

with αk = r and µ = n√
dL+cd

.

Proof By Lipschitz-continuity and Cauchy-Schwarz, we have ∥∇F (wk)∥1 ≤
√
dL. Deriving,

∇F (wk)
TEξk [ḡ(wk, ξk)] = ∇F (wk)

T nr

∥∇F (wk)∥1 + cd

(
∇F (wk) + c sign(∇F (wk))

)
=

nr

∥∇F (wk)∥1 + cd

(
∥∇F (wk)∥22 + c ∥∇F (wk)∥1

)
≥ nr

∥∇F (wk)∥1 + cd
∥∇F (wk)∥22 (c ∥∇F (wk)∥1 ≥ 0)

≥ r
n√

dL+ cd
∥∇F (wk)∥22 (Lipschitz Continuity, Cauchy-Schwarz)

= αkµ ∥∇F (wk)∥22
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