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ABSTRACT

This paper explores stochastic adaptive gradient descent, i.e., stochastic AdaGrad-
Norm, with applications to linearly separable data sets. For the stochastic
AdaGrad-Norm equipped with a wide range of sampling noise, we demonstrate
its almost surely convergence result to the £2 max-margin solution. This means
that stochastic AdaGrad-Norm has an implicit bias that yields good generaliza-
tion, even without regularization terms. We show that the convergence rate of the

direction is o(1/ In"= n). Our approach takes a novel stance by explicitly char-
acterizing the £2 max-margin direction. By doing so, we overcome the challenge
that arises from the dependency between the stepsize and the gradient, and also
address the limitations in the traditional AdaGrad-Norm analysis.

1 INTRODUCTION

With the growth of computing power in recent years, various models like neural networks have
gained the ability to perfectly fit training data. These models, exceeding the data’s capacity, are
referred to as over-parametrized models. Over-parametrized models often exhibit numerous global
optimums, yielding a zero training loss, yet exhibiting substantial disparities in test performance (Wu
et al., 2018} |Chatterj1 et al., 2022). Fascinatingly, investigations have indicated that optimization
algorithms tend to converge towards those optimal points associated with a good generalization
(Zhang et al} 2021). This intriguing phenomenon is referred to as the implicit bias of optimizers
and is widely speculated to exist (Neyshabur et al.| 2014; |Zhang et al., 2005} |Keskar et al.l 2017}
Wilson et al.| 2017).

Evidence of implicit bias has been established under different settings. For the linear classification
task with cross-entropy loss, |Soudry et al.|(2018)) demonstrate that gradient descent (GD) converges
to the £2 max-margin solution. This solution is also called the hard support vector machine (hard
SVM) solution, which is commonly known. This revelation underscores that even fundamental opti-
mizers like GD have an implicit bias. Subsequent endeavors have extended their work, adapting GD
into stochastic gradient descent (SGD), momentum-based SGD (mSGD), and deterministic adap-
tive gradient descent (AdaGrad-Diagonal) (Gunasekar et al. (2018); |Qian & Qianl (2019); Wang
et al.| (2021bfa); [Wu et al.| (2021))). However, to the best of our knowledge, there is no work that
proves the existence of implicit bias in the stochastic AdaGrad-Norm method. It is worth doing this
since this method is widely used in most of the practical systems Duchi et al.| (2010); [Streeter &
Mcmahan| (2010); |[Lacroix et al.[(2018), machine learning, and so on.

The iterates generated by the stochastic AdaGrad-Norm method enjoy the following dynamics (see
Streeter & Mcmahan|(2010); /Ward et al.| (2020)):
2 g
Sp =81+ va(envgn)H v Ong1 =0, —

where ¢(f) refers to the objective function, Vg(6,&,) is an unbiased estimation of the gradient
Vg(0) with {&,} being mutual independent. S,, is the cumulative stochastic gradient norm, and
ag > 0 represents the constant step size. We define a o-filtration F,, := 0{61,&1,&2,...,6n—1}.- A
critical question then arises:

Can stochastic AdaGrad-Norm converge to the £? max-margin solution?

If the answer is true, we can show that stochastic AdaGrad-Norm has an implicit bias.
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Formulation of the convergence We investigate the linear classification problem with linearly
separable data set {(z;, )} ,, where y; € {0,1}. The £ max-margin solution set #* /|| 0*|| as the
set of all unit vectors that maximizes the margin between positive data (y; = 1) and negative data

(y; =0),ie.,

0" { 0 ’ - rsen(yi — 0.5)(z] ¢)
—— =4 — | € argmax min { : } , (2)
16l 16]] geR? 1IN Il

where || - || denotes ¢ norm. Denote the cross-entropy loss g(6) = %Zfil g(0,x;), where

g(0,2;) = —y;In(9;) — (1 — y;) In(1 — §;) and §; = ﬁ Our main goal is to show that

running stochastic AdaGrad—Normon the cross-entropy loss g(6) obtains ﬁ — Hg—iu a.s.,
For a detailed description of the problem formulation and its background, please refer to Section 2}
Challenges in Analyzing stochastic AdaGrad-Norm Compared to SGD, mSGD, and determin-

istic AdaGrad-Diagonal, the analysis of stochastic AdaGrad-Norm presents distinct challenges aris-
ing from the following four aspects.

(I) Given the o-algebra F,,, the adaptive step size g /+/> 1, [Vg(0;,&)|? in Equation
is a random variable, and is conditionally dependent of Vg(0,,,£,). Handling the terms

%Vf(@n)TVg(Qn, &¢n) and g—éHVﬂHm fn)H2 becomes complicated due to this condi-
tional dependency, where f(0) := 1 — ((676*)/((||0] + 1)]/6*]|)) and 6* is a max margin
vector. In fact, the conditional expectation terms cannot be straightforwardly calculated by

;SLan(Hn)TVg(Q,L) and g—§ Ee¢, (HVg(Hn, ) H2> This challenge has been effectively

resolved in (Jin et al.l 2022; [Faw et al., 2022; Wang et al., 2023). [Faw et al.| (2022) ad-
dressed this issue by scaling down 1/1/S,, to 1/+/S,—1 + [ Vg(6,)||2. InJin et al./(2022);
Wang et al.|(2023), authors transformed 1/+/S,, into 1/1/S,_1 + 1/+/Sn—1 — 1//S, to
obtain a new recurrence relation, where the conditional dependence issue no longer exists.
The technique employed in Jin et al.| (2022) to solve this issue is also utilized in the proof
of this paper.

(II) Even when demonstrating the last-iterate convergence of the objective function ¢g(6,,) — 0,
it only implies 6,, — oo, leaving the limit of the £? max-margin direction, i.e., 6,,/(/0,]],
unknown. Since the £2 max-margin direction is important in some machine learning prob-
lems, such as classification, we must conduct additional effort to establish convergence of
the £? max-margin direction. Moreover, the relevant techniques used to prove the last-
iterate convergence for stochastic AdaGrad-Norm cannot be directly applied to establish
the corresponding results for implicit bias. We will explain why the techniques cannot be
transferred in Section [ after Theorem [.1]

(IIT) Previous results on the implicit bias of SGD and mSGD are based on the assumption that
the sampling noise is chosen properly (see Section 3 for more details). Specifically, they
assume the strong growth property holds for the sampling noise, i.e., E¢, [[Vg(0,&,)[]? <
M| Vg(6,)||*. In contrast, the stochastic AdaGrad-Norm method is not related to the
choice of sampling noise. Thus, the strong growth property is not required in our anal-
ysis.

(IV) For the stochastic AdaGrad-Norm, the properties of the generated iterate points 6,, are
sensitive to the distance between 6,, and the stationary point. Such a challenge does not
exist in previous settings. For example, considering deterministic or stochastic algorithms
under a quadratic growth condition, this challenge is successfully bypassed by considering
the dynamic system in different segments. However, for the stochastic AdaGrad-Norm, the
segment of iterates near and far from the stationary point is highly random, making the
previous technique unavailable. Therefore, it becomes challenging in this setting,

Related Works There are only a few work that is related to this topic. For example, [Soudry et al.
(2018) prove that GD converges to the £? max-margin solution for linear classification tasks with
exponential-tailed loss. Their result is improved by [Nacson et al.| (2019) latterly. For SGD and
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momentum-based SGD, Wang et al.[(2021a) prove the convergence to the £? max-margin solution
for linear classification task with exponential-tailed loss and regular sampling noise.

For deterministic AdaGrad-Diagonal, (Soudry et al., 2018} |Gunasekar et al., 2018}; |Qian & Qianl
2019) claim that it does not converge to the £? max-margin solution as the non-adaptive methods
do (e.g. SGD, GD). Instead, for stochastic AdaGrad-Norm, Jin et al.| (2022) presents the last-iterate
convergence. Wang et al.| (2023) and Faw et al.|(2022) obtained the convergence rates of stochas-
tic AdaGrad-Norm. The characterization of the converging point (like implicit bias) of stochastic
AdaGrad-Norm remains unknown.

Contributions In this paper, we present a conclusive response to the aforementioned question.
Specifically, we provide rigorous proof demonstrating the convergence of the stochastic AdaGrad-
Norm method to the £2 max-margin solution almost surely. This result emphasizes that the resultant
classification hyperplane closely conforms to the solution obtained through the application of the
hard Support Vector Machine (see Theorems #.2] and .3).

In comparison to previous works that mainly focused on regular sampling noise Wang et al.|(2021b)),
our study stands out by its ability to handle a wide range of stochastic settings (Assumption
[B-I). Specifically, our study can be applied to any stochastic algorithms with bounded noise, i.e.,
Vg(0,&,) = Vg(0) + &, (for some &, sup,,~ [|€x]| < +00), and the stochastic algorithms with
regular sampling noise. -

Our technical contributions are summarized as follows:

(I) We begin by adopting a divide-and-conquer approach, simultaneously applying a specific
indicator function at both ends of the stochastic dynamical system. This novel approach
allows us to analyze the generated iterate points’ properties properly. When the iterate
point is close to the stationary point, we leverage second-order information from the loss
function to provide a deeper characterization of the algorithm’s behavior. Conversely, when
the iterate point is far from the stationary point, we establish a local strong growth property.
Combining these two scenarios, and by exploiting the separability property inherent in the
dataset, we conclusively demonstrate that the AdaGrad-Norm algorithm converges towards
a max-margin solution.

(II) In a parallel line of investigation, we employ the martingale method to establish the almost
everywhere convergence result. This pivotal outcome enables us to convert the convergence
order of the partition vector into an order related to the iterates’ norm, specifically, Hg—”u —

12 - . . .
H‘Z—*” " = 0(]|6x]7*) (V0 < a < 1) a.s.. By combining this result with the earlier
amplitude findings, we ultimately derive the convergence rate of the partition vector as

| = o(lnf% n) (Ve>0) a.s..

ming <k, | ToxT — To=T

2 PROBLEM FORMULATION

In this section, we give the detailed formulation of our aimed problem. We consider the linear
classification problem with linearly separable data set {(z;,v;)}~ ,, where y; € {0,1}. Here,
separability means that there exists a vector §y € R%, such that for any y; = 1, ] z; > 0, and for
any y; = 0, 0 x; < 0. Meanwhile, we call f, as a margin vector. The setting has been considered
in many existing works (Soudry et al.|(2018)); Wang et al.| (2021a)); (Qian & Qian/ (2019)).

Denote | - || as the ¢2 norm. Denote the £ max-margin solution set 8* /||6*|| as the set of all unit
vectors that maximizes the margin between the positive data (y; = 1) and the negative data (y; = 0),
which can be formulation by Equation 2] Equivalently, it is also common in the literature to denote

% = {ﬁll 6 € argmingega {||9|| | sgn(y; — 0.5) (¢ x;) > 1, Vz}} The two definitions are

equivalent.

. N
We set the cross-entropy loss as our loss function, i.e., g(6) = + Y., g(0,2;), where g(0,z;) =
—yiIn(g;) — (1 — y;) In(1 — g;) and g; = ﬁ This loss function is widely used in logistic

regression. This is a special case of the exponential-tail loss, as discussed in [Soudry et al.| (2018));
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Wang et al|(2021a). Since the choice of cross-entropy loss does not affect the validity of our
analysis, while the use of exponential-tail loss does increase many tedious notations, we present
our results under the logistic regression setting in the rest of this paper for brevity. Our results can
easily be generalized to the stochastic AdaGrad-Norm method with tight exponential-tail loss ﬂ For
function g, we have the following property.

Property 1. The gradient of the loss function, denoted as V g(0), satisfies Lipschitz continuity, i.e.,
V01, 03 € R thereis |Vg(01) — Vg(0a)| < c||6y — 02|, where c is the Lipschitz constant of the
Sfunction Vg(6).

Due to the particularity of classification problems, the global optimal point do not exists. When 6,,
tends to infinity along a certain margin vector, the value of the loss function tends to zero. For any
e > 0 and any margin vector e, there exists a positive constant Ny associated with e, such that for
any 6/]/0]] = e and ||0]| > No, we have g(0) < ¢, i.e.,

g(0) =0,

where e is a margin vector of the data set {(x;,y;)}/ . However, we are more interested in the case
that e is a £2 max-margin vector, which has better generalization.

lim
[16]]—=4-o00,0/|0]|=€

In the following, we will give the convergence results of the stochastic AdaGrad-Norm method,
described in , with the aforementioned objective function g(9).

3 NOISE MODEL ASSUMPTION

The results we are going to present hold for the natural noise model induced by mini-batch sampling.
Nevertheless, to incorporate a broader family of noise model, such as the bounded variance model,
we present a general noise model under which we derive our main results.

We first give our assumption on the unbiased estimation Vg(6, &,,) of the gradient. Here, unbiased-
ness implies that E¢, Vg(6,&,,) = Vg(0).

Assumption 3.1. There exist My > 0, a > 0, such that the variance of Vg(6, &) satisfies
2 2
Ee, [Vg(8.6.)|]" < Mo[|Vg(9)]” +a.
Meanwhile, there exist 5y > 0, K > 0, such that when g(0) < &, there is |[Vg(0,&,)|| < K.

Remarkably, the Assumption [3.1] differs from that in the existing works on the implicit bias of
stochastic algorithms, in which regular sampling noise is taken into consideration. In contrast, we
consider all estimation noise in the assumption, which includes the regular sampling noise (see the
following remark).

Regular Sampling Noise The regular sampling noise is given by

Vg(0,&) = == Y _ Vg(0,7)
zeC;

where C; is a randomly selected mini-batch from the given data set. Through Lemma 8 in
Wang et al| (2021b), we know that sampling noise satisfies the strong growth condition, i.e.,

Ee, [IVg(6,&)[> < M| Vg(0)]°.

Since any subset (mini-batch) of a linearly separable data set is separable, we know that § satisfying
g(0) < 0o is a margin vector of {z;,y;} by Lemma[A.I0| with o = (In2)/2N. Then by Lemma

[A28] we have

\C\

1 k
V906,601l = ol 32 V96| < 157 2 Vo0 2| < i 3 9(6:2)
zeC, " zeo, Y zeo,
faN ’“2 2 _ %

< g(0) < :
TR RANTA I

Hence the regular sampling noise satisfies Assumption [3.1]

"We will demonstrate the easiness of this generalization in Appendix
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4 MAIN RESULTS

Now, we are ready to present our main results. Below, we present the last-iterate convergence result
of stochastic AdaGrad-Norm, which was first proven by Jin et al.| (2022).

Theorem 4.1. (Theorem 3 in|Jin et al|(2022)) Suppose that Assumption 31| holds. Consider the
classification problem with the cross-entropy loss on a linearly separable data set (Section ). For
the stochastic AdaGrad-Norm method given in Equation[l|equipped with step size oy > 0 and initial
parameter 01 € RY, we have g(0,) — 0 a.s., and ||0,,|| — +oo a.s..

This proof to this theorem can be found in [Jin et al.| (2022)), but in order to make the paper self-
contained, we provide the proof of this theorem in Appendix Below, we point out that the
method in Jin et al.[ (2022) cannot be directly applied to the analysis for the implicit bias. The
authors Jin et al.[(2022) construct a recursive iterative inequity therein for g(6), i.e.,

9(Ont1) —g(0n) < +cn 3)

n—1

with 37 ¢, < 400 and k > 0. Then, their goal is to prove that the difference between
[Vg(6,41)% and || Vg(0,,)|* becoming sufficiently small as the iterations progress. To do so, they
try to bound [[Vg(0n+1)I1> = [[Vg(0,)[* via g(6n+1) — g(0n) and inequity [[Vg(0)[* < 2cg(6)
for Lipschitz constant ¢ of Vg. However, to obtain the implicit bias, the techniques in [Jin et al.
(2022) become unsuitable due to the nuanced nature of our constructed Lyapunov function, i.e.,
16,0/ [6.]) — 6" /[/6° |2 Specifically, the terms V(|6 /[16, | — " /116" [[[2) T Vg (8, €,)/+/S,r and
10, /116051 — 6% /1|6%|]|? lack a clear and evident quantitative relationship, making it difficult for us
to obtain Equation [3] Consequently, novel methods and techniques become imperative to address
this challenge.

Next, we present the almost surely convergence analysis of the £ max-margin direction 6,, /|6, ]|.

Theorem 4.2. Suppose that Assumption [3.1] holds. Consider the classification problem with the

cross-entropy loss on a linearly separable data set (Section[2). For the stochastic AdaGrad-Norm

method given in Equationequipped with step size ag > 0 and initial parameter 0, € R%, we have
On 0*

— a.s.
1Ol ll6=

where 0% /||0* || is the £* max-margin solution.

In Theorem [4.2] we prove that the stochastic AdaGrad-Norm method has the implicit bias to find
the £2 max-margin solution.

Since the full proof is long, we move it to Appendix A proof sketch now follows, offering an
overview of the core arguments constituting the proof.

Proof Sketch. Given

070"
foy=1- 0
161+ 1
with * := 6* /||6* ||, which tends to Hﬁ - \Iz:\l ‘2 as § — +oo. We then prove f(6,,) — 0 a.s..

Step 1: In this step, we construct a recursive inequality for f(6,,). We derive that

o 0, _ 0,070" Ta

where

n =

A 0,076"\ T
M o Vg(9 g ) 1 . 1 + TnO‘(Q)HVQ(enagn)H2
(A ESE ORI /S VB S

af TVg(0n, &) | N2maxician{[z]?} [[Vg(8n)]?
(10n]] + 1)2+/Sp_1 2k2In” 2 Sn_1

3
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where T,, is defined in Equation It can be shown that 3" "> E(G,,) < +oo (see the specific
proof in Appendix[B:9). Thus, we focus on studying the first term on the right-hand side of Equation
4l

Step 2 In this step, we focus on decomposing the first term in Equation [}

06,11 — 250N T g 0,) Vs = 6T 1]
E(( (AR ) s,”)g (Nﬁlz‘/’z (AEDE )
::E( n)7

where the definition of f,, (6, 2;) can refer Equation[41)in Appendix and v; := sgn(y; — 0.5).
We then prove that the right-hand side of the above inequality is negative. Denote the index of the
support vector as i,, := {i|i = argminj<;<n wien%i/nenu}, and i,, is a element of i,,. Then we
have 3 l%o > 0, such that

n =

ACEMICY (Zw(” g,
e " "

N([|0n +1)* i
N ) 5)

; Vi On @i 57
R DB v (T E o ) )

idtin

where d,, ; := |6, z;| /|0, . The first term of the above inequality is negative.

Step 3: In this step, we give a bound of the second term of Equation[5} We employ the divide and
conquer method to handle the second term of Equation[5] We also classify the discussion based on

the distance between the partition vector 6, /||6,,|| and the max-margin vector 6*. As a result, we
construct two events C;7 := {||(6,/[10n]) — 0% = L}, C := {I|(65/10x]]) — %] < L}. In the
case where C;; occurs, that is, when 6/||]| is to 6%, we have the following geometric relationship
lemma:

Lemma 4.1. Let {x;}Y | be d-dimensional vectors. Then there is a vector my such that

0T 2o|/10]| := mini<i<n {|0T2|/||0]|}. Let 6%/||6*| as the max-margin vector. Then there
exists 6o > 0, 7 > 0, such that for all 0/10|| € U(0*/||0*H 00)/{60* /11011 }, where U (0* /1|6*||, do)
means 0y-neighborhood of vector 0* /1|0*||, it holds 9\|03|0\L ﬁ 3 JEan —ﬁ Lol (Vi€ [1,N)).
Through this lemma we can obtain following inequity:
Py QanEi AxT A U
- — < -
; Ie. lni= e ) (0 T+0) \ 16| 0" ;) < kOCNH%H i
iin
- Nr 0, " z; A
+ ko L o G*Tx-n s
16 ’
where U is an undetermined constant. Similarly, where C;" occurs, we get
1/% en—rxi AxT N'Ml 2 N on Ty AxT
1 —0* ') < no_ ¥ g
; e I (o v W 700 L B o S By R A |
itin
where M, is a constant. Combining, we get
Vi O @i st .o N8 wi, N M,
_ ) < no_ Rt
;e(dn,i—dn,i")(|en|+1) 0] 0* ' x; _(kor+k1) 161 0" "z, |+ o 10T
1¢iy,
A U
+ kN ——.
[0l +1

By adjusting the value of U, we can always cancel out the first term with the half of the negative
term in Equation[5] and then we only need to prove that the remainder term can be neglected. That
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is to prove
+00 ) >
fac-(enaxi )HonH N - M,y A U
E : = A + ko¢N——) | < +o0.
; <N(||9n+1ll)2\/ﬂ (G ||9n||+1))

Step 4 In this step, we will prove the convergence of the series sum in the final step of the third step.
We prove this conclusion by the following lemma:

Lemma 4.2. Consider the AdaGrad Equation[I|under our problem setting in Section|2|and Assump-
2
tionﬂ We have for any ag > 0, o > 0, 61, there is Y _, E ( 1Vg(0r)l ) < 400,

V/Sk—19(0x) In'* (g(6x))

Step 5 Through the above steps, we have obtained the following recursive formula:

1 fa,(0n,3,)||0n]] On xz AT
E(f(Ons1]Fn) — f(On) < —5 - N (0 —0" x| +cp,
" 2 N([6 + 1])? ﬁz 16

where Z:g ¢n < +00. According to the martingale difference sum convergence theorem, we can
conclude that f(6,,) convergence almost surely. Then, we prove by contradiction that this limit can
only be 0. We assume that this assumption is not 0, and immediately derive a contradiction from the
following result:

+oo “+oo

n > q In |01 — In (|6, ]]) — = 400 a.S..
2 N(0all +1)y/Sn Z " Z HGnIIZS
Therefore, we have proved this theorem. O

The previous works (Soudry et al.l 2018} |Gunasekar et al., 2018} |Qian & Qian, [2019) point out
that the £ max-margin direction of the AdaGrad method depends on the initial point and step
size. Hence, it is not as predictable and robust as the non-adaptive methods (e.g., SGD, GD).
However, the claim only holds true for the deterministic AdaGrad-diagonal method, which is de-
scribed by the system 0,41 = 0, — nGn /*Vg(0,,), where G,, € R?* is a diagonal matrix
such that, Vi : G,[i,i] = >.7_, (Vg(x)[i])* . Nonetheless, it is crucial to emphasize the sub-
stantial distinctions inherent in the properties of the algorithm under discussion when compared to
the stochastic AdaGrad-Norm method. Specifically, the stochastic AdaGrad-Norm method main-
tains a uniform step size consistently across all components, leading to fundamental differences
in the analytical methods and techniques that are used to prove the convergence of these two algo-
rithms. For the AdaGrad-diagonal algorithm, we are able to compute the key component, denoted as
~V£(0,) " (0,41 — 0,,), which determines the update direction of the decision boundary, analogous
to Equation[d2] This computation yields the following expression:

E(V f(0 )TGTVQ(@ )
0,7 G s — 0°T G ||
([10n |l + 1)2

sgn(y; — 0.5) fz, (0, x;) <

2))-

Here, we have omitted higher-order terms from consideration. It is worth noting that, given the
diagonal matrix structure of GG,, with distinct diagonal elements, as the iterations progress, our pur-
suit effectively converges towards identifying the max-margin vector associated with the dataset

=E
(N\/ n 1 Z
enTG;Ezi O A
2([10n ] + 1)

*

_1
{Go? - wi, y; 1Y, This differs from the previous result.

Finally, we present the convergence rate analysis of the stochastic AdaGrad-Norm method, as shown
in Theorem[A. 4]
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Theorem 4.3. Suppose that Assumption holds. Consider the classification problem with the

cross-entropy loss on a linearly separable data set (Section [2). For the stochastic AdaGrad-Norm

method given in Equationequipped with step size oy > 0 and initial parameter 6, € R?, we have
1—e

mini<p<n |0/ [0k — 6*/0*]l]| = o(1/In"= n) (VO < e < 1) a.s.. where 6*/0*|| is the L*

max-margin solution.

l—e
This theorem presents the convergence rate 0(1 / In"2" n) Ve > 0 a.s. of the £2 max-margin
direction. This achievement is also new to the literature.

Comparative analysis against corresponding GD results, given by |Soudry et al.|(2018), reveals that
the convergence rate for both g(6,,) and 6,,/||0,, || within stochastic AdaGrad-Norm is comparatively
slower. This observation isn’t unexpected, as the stochastic AdaGrad-Norm method uses a decreas-
ing step size, which will be much smaller than that used in GD as iteration grows. However, for GD,
one has to verify whether the step size « satisfies o < 287102 (X) (Soudry et al. (2018)), where
X is the data matrix, omax (+) denotes the maximal singular value and £ is a constant characterized by
loss function g. This checking rule requires an extra burden of hyperparameter tuning. In contrast,
the stochastic AdaGrad-Norm method uses simple step sizes.

The proof strategy of this theorem is very similar to that of Theorem #.2] We only need to replace
the function f() in the proof of Theorem@.2)with [|6]|* - f(6) (V0 < o < 1).

Proof. For any 0 < a < 1, we construct a function 7(0) := ||0||* - f(#) (0 < a < 12, where
f is defined in Equation Then we calculate Vr(#), acquiring Vr(0) = V(]|0]|%) ' f(0) +
aygr-f(0)
10T

(VLO)T]0]> = o=+ 10|V £(0), and || V27 (0)|| = O((]|0] + 1)%~2). Meanwhile, we
assign the Lipschitz constant of V27 () as c¢1. Then we get

7(0n+1) — 7(0n) < VT(97L)T(011+1 —0n) + Hvzr(an)” NOns1 — gn”z +c1l|fnt1 — 0n||3
ao(ggag) " V9(n: €n) S (6n) V() Vg(On: &) B[ Vg(0n, &)

< —a = (16 do
VS |6t ! VS (10nll + 1)2~S,
v 07’747 n 2
2N AT
(6)
. 0—0"116.. 0 0 o’ 6*
Notice that V f(6,,) = TonT+02 — 3802 ||TeeT — 0 BN ESIEE For the first term and

second term in the right-hand of Equation[6] we know that

E (aao(ﬁ;])TVQ(ena §n) f(0n) QOVf(G,L)TVg(Qn, &n)

A L G S
ao(7521) " Vg (0n) f(0n 2 T 2
VAR VS 2([10nll +1)2 [1all2 ({165

where H,, is defined in Equation Through Theorem we know the vector 6,,/||0,,|| tend to

-
the max-margin vector almost surely, which means "nl%ﬁi") < 0 when n is sufficient large. Then,

_E (aao(ﬁgﬂ)—rv.g(envfn)f(en) aOVf(Hn)TVg(en,fn)

o )
O, \T
- (1 _ a) ao(m) Vg(en)f(en) i He HaH
B VSullOn |~ " "
Qg (16,12 10, Vg(6y)]
0,,||% 1-— - On
MY it (e ] M TN et

2
Qg H9nH2 ) |0;V9(9n)‘

11| 8 N
100 —H e
VoMl + 12 10l “ 1 A

Vg(6,)|?
§07,,||“Hn+0( [V )
Sn—lg(on) In (g(en))

+ [0
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Through Equation[52] we have

Sn-19(0,) n* " (g(6,))
Then we use Lemma .2l and obtain
™= (a ( ‘9”) Vg(ena gn)f( n) aOVf(Qn)TVg(Gn, fn)

—E + 116,11 ]:n>
2 N AR 162 /o .

2
< O< V(00 ) <+ a.s..
n=1

\ S 1g rz hlz a (971))

For the third term in the right-hand of Equation[6] we have 3 Q; > 0, such that

= 2]V (b, &) V(0,012 X V(B )12
Z <@ Z——QZ

(H9H+12 aS 12a ) 12a )Sn

IV9(On, 6n) IP9(0n) v

g nysSn

+ .
o 3 Tt
For the fourth term in the right-hand of Equation[6] we know
“+oo
v 9717 n

Z 37” 9(535 ) < 400 a.s. 9)

n=1
Substitute Equation[]} Equation[8|and EquationP]into Equation[6} we get

+oo
Z (E (T(9n+1)|]‘-n) - T(9n)) < 400 a.s..

n=1
By The Martingale Convergence Theorem, we get lim,,_, - 7(0,) < +0o a.s. That is, for any
0 < a < 1, we have
f(6n) =O([0x]7%) a.s
By the arbitrariness of «, we know the O can be written as o, so

Ok 0* ‘ (
k__ —0
16kl 1l6* ]
Through Lemma[A.4]and Lemmal[A.8] we know

n |0k ) :o(ln_% min g(6x)) (VO<a<1) as

1<k< 1<k<n

min
1<k<n

2 1
=0(n"1) a.s..

1<k<n

k
min g(0x) < \/ min {IIV9(9k)II P < >
= V-1
As a result, we know

l1—e

b o = n) (Ve>0) as

— — —— || =o(Iln"
o~ Tl =
This completes the proof. O

min
1<k<n

5 CONCLUSION

This paper focuses on the convergence analysis of the stochastic AdaGrad-Norm method, a widely
used variant of the AdaGrad method, with linearly separable data sets. While previous perspectives
often suggest that AdaGrad’s convergence might hinge on initialization and step size, our findings
present a contrasting view. Specifically, we establish that stochastic AdaGrad-Norm exhibits an
implicit bias, consistently converging towards the £2 max-margin solution, even without regulariza-
tion terms. Furthermore, we present the convergence rates for the £2 max-margin solution, offering
comprehensive insights into the algorithm’s convergence dynamics.
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A USEFUL LEMMAS

Lemma A.1. (Lemma 6 inlJin et al|(2022)) Suppose that {X,,} € R? is a non-negative sequence
of random variables. If it holds that Y~ (E (X,) < +oo, then 31" o X,, < +00 holds almost
surely.

Lemma A.2. (Wang et al., 2019) Suppose that { X,,} € R% is an L, martingale difference sequence,
and (X, Fy,) is an adaptive process. Suppose it holds that

STE(IX2) < 400, or S E(|X0l2|Far) < +oc.
n=1 n=1
Then, it holds Z;ozo X} < +00 almost surely.

Lemma A.3. (Lemma 13 inJin et al|(2022)) Consider the AdaGrad Equation[Ijunder our problem
setting given in Section 2| and Assumption[3.1] It holds that for any oy > 0, 61,

S (Lol ) < o

ey
Lemma A.4. Consider the AdaGrad Equation [I) under our problem seiting in Section [2| and As-
sumption[3.1} We have for any cg > 0, 01, there is

Z]E(HV\/QTIH ><+oo and Z HT/? < 400 a.s..

Lemma A.S. Consider the AdaGrad Equation [I] under our problem setting in Section [2] and As-
sumption and function f(0) := 1 — \ﬁiﬂiﬁa where 0% (||6*|| = 1) is a max margin vector. We
have for any ag > 0, 01, 319 > 0, Mo > 0, such that

. (Vf(9n);: o))

fx, ((gn,.%‘l )|9n|| 1 (Hn—rzl AxT ) To MO
<E > Vi =0, |+ +—
- (N<|en||+1>2 S\ 2V e T ) T 1 e
4 Nmaxicien{llzl*} (HV g(0:)|I? >
Snfl 7

4cln2
where ; := sgn(y; — 0.5) and
f(eaxi)a lfyl :O,
cx), iy =1,

f0,z;) =

1+ e—s8n(yi—0.5)0Tx;

Lemma A.6. z; and x5 are two d-dimensional. Then there is a vector 6 € R® which hold
|9Tx1’/||9|| < |0 x2|/)|0]l. We assign 6 := argmingg| g7, |=j07 2oy 0]l Then there exists
09 > 0, 7 > 0, such that
QTCCQ 9*$2
1o lle=|
Sfor any 0 satisfying 0/||0| € U(6*,d0)/{0*}.
Lemma A.7. (Lemma 10 inlJin et al.|(2022)) Suppose f(x) € C* (x € RN) with f(x) > —oo and
its gradient satisfying the following Lipschitz condition

IVf(z)~ Vi) <cle—yl,

GT.’El 9*1'1

<7 -
e e

(10)

then¥ zo € RY, there is ,
[V £ (xo)||” < 2¢(f(z0) = £7),
where f* = inf,c gy f(2).

12
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Lemma A.8. {Z;,4;} is a linear separable data set and §(0) is the loss of logistic regression. Then
we have that if 0 is a margin vertor of {Z;, §; }, the loss function will hold that

k19(0) < [VG(O)|| < k24(0),
where k1 > 0, ko > 2 are two constant.
Lemma A.9. For a linear separable data set S, we assum its max-margin vertor as 0* /||6* |, Then
exists a constant &g > 0, making for any 0/||0)| € U(6*/||0*||,0), 0/ 0| is a margin vector.
Lemma A.10. Ifa vector 6 € R% is not a margin vector, it will make g(6) > (In2)/N.

B PROOFS OF LEMMAS AND THEOREMS

B.1 THE PROOF OF LEMMA [A 4]

Proof. Based on calculations, it is easy to observe that when [|[Vg(8)| — 0, there is || V2g(0)|| =
O(||Vg(0)||) (Here, the norm represents the maximum eigenvalue of the Hessian matrix.). That
means existing do > 0, 0; > 0, such that for any ||Vg(8)| < 01, there is |[V2g(8)|| < do||Vg(8)]|.
Then we assign 8, := min{In2/N, &, /ko}. Lemmaand Lemma we know when ¢(0) <
81, there is [|[V2g(0)| < do|[Vg(6)]|. Then we define S%2) := {0]g(#) < by := min{do,d1}},
where &, defined in Assumption 1. We know that within the set S(%2) | the Hessian matrix is Lipschitz
continuous. We define ¢ as the Lipschitz constant of the Hessian matrix. We consider an event

B, = {6, € S(®2)}. Meanwhile, we assign its complementary event as 87(1_). Then, through the
third-order Taylor expansion, we have

_1 042V29n-V9n,n2
1, (9(0ns1) — 9(6)) < — 15, a0Sn ¥V g(0,) Vg0, ) + 15, 2NV I0n) |- [IVG(n &)

Sn
1y, T80 )1
Si
Combining Assumption [3.1] we can get
aVg(0n) " Vg(0n, &n) < 1 1 >
1 en - on S *1 n +1 ﬂt -
B, (9(0n+1) — 9(0n)) B N st 5=~ Uan .
doad | Vg(0)ll - [IV9(0ns &) K a3 Vg(On, &)1
+ an g + 13n 3 R

where g = «q 51 K. For the third term on the right side, we have

doad|[Vg(0n)]| - [Vg(6n: )| 200do Ko doa|[Vg(0n)]l - [[Vg(0n: )|
1 =1 On 1
B, S Vg(6n)] < i S
200do Ko doad[Vg(0n)| - Vg6 )2
1{ |Vg(0.n)| > 1 .
- (n o0 = 7 >Bn S
(12)
Then we can acquire
72 ) 2 o 2
1, POBIVION N9 61 _ o 2y, 19900 6]
% 4 Vg @)1V (0, En)II*
2K2 " V Sn
Substitute above inequity into Equation|[I1] and make the mathematical expectation, getting
1 onIVg(@n)IQ) ( 1 1 )
E(1p,(9(0nt1) —9(0n)) ) < —zE(13, —F——— | +H E - —
(B,L(g( +1) = 9( ))) B (B \/ﬂ 0 m NEN .

i ((K + 2&3K2>|v9<9n,5n>||2>,
Sz

13
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We make E (13, (9(0n+1)) 0 E (15, (9(0n41)) + E (A8, —18,,1)(9(65+1)), acquiring
E (15, (9(0n11)) — E (15,9(0)) )

1 o[ Vg(0n)]? 1 1
=T3¢ (15" N ) Tk (\/snl - \/?) (14)
AT 72 12 2
+E ((CK —+ 2d0K;g|V.g(9n7 gn)” ) _E ((IBn N 18n+1)(g(9n+1))~

‘We notice

~E (15, = 15,,,)9(0n11))
= —E((1s, ~ 18,15,,,)9(60041)) — E (18,15, — 18,,,)9(0n11) )
< min{do,é1} - E ((1& - lsnl&m)) + min{do,d1 } - E <(18n16n+1 - 1Bn+1))
= min{do, 51} - E (15, — 1, ).
we getting
E (15, (900:11)) ~ E (15,906,)) ) < —%E (1Bn‘w> . ( 51 _ &)

n—1
o (R 2BRVol0n )
Sz
Then we make a sum, acquiring

+00 2
\%
ZE <1 Oz0||g(n)||> < +o0. (15)
n=1 \ Snfl
Then we consider the case when B,(f) occurs. We know Vg must hold the Lipschitz condition; we
assign its Lipschitz constant as c¢. Then we get

) — min{éo, 51} : E (an - an+1)'

O‘(Q)C||v9(9na§n)||2
S .

n

137(() (9(0n+1) - g(en)) < —1357)04051,75Vg(9n)TVg(9m§n) + 135;)
First, we have

. a0V g(0.) Vg (O, &) oy cad || Va0, &)
1) (g Bns) — 9(60)) < —152° 9(8:)"Vg( §)+lgn)%“ 9(0n, )|

VS, 2 Shn
2
(1 [[Ven. &) V(6|
<15 <M+1 N + (M + 1= Vin
2 | Vg, &0)||”
#1690 (o, €0 - VAT 990 | 1) 5 Tl
1(*)@ M 1 va ”*1 H Hv
< B, 2( + )( Snfl \/7
Lo (1 V98, &0)[|" W >H ( DT M+ )] Vg0
B g \ M +1 S, /S, Sn_1
>cao 1V9(6n: )|
+1 5 S, + X,
(16)
where X, is defined as follow
X 1= 1g) =2t =Vg(0)" (Vo (62) — V(0. E2)),
n—1

14
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and M := 2M + 2(a/k$535) — 1. Then we can find
996> = [ V9(6s) + (V9(01) ~ Vo (6,-))]

2ac Vg(On—1,&n— )2 a7
< va(en—1)|’2+ \/%HVQ n—1 HHVQ n— 17£n 1 ||+C2 2“ Snl 1 : H :
Then we multiple M + % on the both side of above inequity, acquiring
2 2ac
(M+ S)IFa)]” < (ar+ )HVg )| +(M+ )ﬁOHVg )| V90—, 60|
2 QHVQ n— 17£n 1)”
+<N[+2) Sn—1 '
Noting
2apc 1 12 ”Vg(en— 7£n— )”2
<M+ )\/OiHv.g(en—l)HHVQ(an—lagn—l)H < §||Vg(9n—l)’|2+2(M+§) 0%02 Snlfl - .
We get that
1 1 IVg(0n-1,&—1)|?
(M+3) 9900 < (1) [Vg(0) +< (M+§) afet+(M+3) e > bl
that is
Moy 2
(M ~1)[[Vg(6:)] +W||V oll
2 2 IN? 9 9 2\ IVg(On 1,60 1)
< —[|[Vg(0n)||” + (M + 1)||Vg(0n-1)|” + (Q(M—i- 5) age” + (M+ 2) 0) 5. .
Then we multiple lg_n) /+/Sn—1 on both side of above inequity, and noting where lg) = 1, there is
Mo + 3252 2 1
B VO 2 7 BV (6, )17,
getting
2
_ () [[Vg(6)]] ) 1 ( (—)Vg(f’n»fn)”Q>
(M 1)E<13n \/ﬁ +M+1E 15 S .
NI S [IVe@a-0)|I”
<-E (1 )M>+ M+1 E(l( >) (18)
= < B m ( ) Bn /75n_1
1\2 1 HIVg(On_1,&n—1)|?
+<%M+2)%8+<M+2ﬁ%®E<%ﬂ|ﬂféf”ﬁ|>

Substitute it into Equation[I6] we get

E (lgn+l (9(9"+1)) —E (lgg_n)g(Gn))) < —% E (153;)HV9(9")H>
)II”

V Sn—l

+ 2.2 1 2 2 — C(] Qn ,

+E(12;;20(%1)<HV9<9;—_11>H HV%QH )) CZOE(IIVQ(%TZE”)HQ)

+ E ((IBn - 18n+1)(g(0n+1))‘
Then we use inequality 2a”b < Allal|? + 1||6]|* (A > 0) on Equationto get

IVg(#n)|”
2(M +1)

3wl

[Vg(@n)[|* = [|Vg(tn1)|” <

2024 (M + 1
+ %HVQ(%—L

(20)
— fnfl)”?

15
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Multiple both sides of Equationby I(BTL) /+/Sn—1 and notice S, < S,,_1 < Sy, then we have

o (Vg ”  [[Vaon)|”
IBH( VSn o )

< lg/)HVg(Gn_l)HZ ade (2M+3)1( )

v n—1is n—
2(M + 1)/S, st [IVg(Onr. €nn)
150157 [[Vg(0n0)|” 1¥g(0)|

+ag) —1g) 1)

2(M +1)\/Sn_2 2(M +1),/S, 2 on
alc (2M+3)1< )
+ - ||Vg n— 17§n 1)”
S:
(=) 2 2
L, [V DI [[V9(ns)]
2M+1)/Sace T2AM +1)y/Ss
a3c?(2M + 3)1
+ - ( ) ||v.g n— lagn I)H .
s:
Substitute Equation 21]into Equation[I8] acquiring
B0, () - B (15 0,)) < -0 (1) Vol I )
N
1 2 1 Vg n 7§n 2
+(2<M+2> 04(2)62+(M+2)62043)E( B)H G Szl Bl )
(22)

2 Vg(0,,En)l? a?2c?(2M +3)(M + 1)1
4 g (1990 ENIPY | g (WM EM VL) o e
2 Sn 252 —1

PRl e ) (18’” 2(Hf\ji 17;1?9” _2>'

We know when B~ occurs, through Lemma there is || Vg(0)|| > 0% := k1 - min{do, 61 }. That
means

E ([Vg(0n, &)lIP| Fn) < M| Vg(6)|* +a < <M+ 5,2> NFICH]

- Vg0 &) a . (Ve
Do (1 PG ) < ey )= (R )

Through Lemmal[A-3] we can get

. (HWéiwlf) ok (ngwllz) i

We back to Equation[T4] we can get

So we get

E((1s, —1s,,,)(9(0ns1)) <E (lsng(@n))) E (137“( (9n+1)> +t0E< Sl - — )

B ((éf% + 2d%f%2>||v9(en,sn>2)
Si

(23)

16
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which means

ZE - Bn+1)(g(€n+1)) < 400 (24)
Substitute Equation 23]and Equatton 24]into Equation[22} and make a sum, we get
_ Vg(0,)|?
Z E (15330‘09()) < +00. (25)
) n—1

n=1

Combine Equation[I3|and Equation 25} we get
v 2
Z]E(Oéo g(0n)l ) < 400
\Y4 Sn 1
With this, we complete the result. O

B.2 THE PROOF OF LEMMA[A_S]

Proof. We can get

N
R 1 X 1 X 1
6) = N 2_4: (y’ In (1 + esgn(%Oﬁ)@T@) + (1= 5)In (1 T 1+ ee(3i—05)07 ))

Due to 6 is a margin vector, we can get

1 & 1
0=y o (1 )

Since 1/(1 + €l @) € (0,1/2), we can get following inequality

2In2 <1 1 < 1
Tl g el = M\ T e al ) S T T eletal

That means

N
1 1 2In2 1
— — < <
N 2 Trara <90 ST 20

On the other hand, we can calculate

N i )
Z 1+e 0T &, —Yi )T

i=1

1V90)] =

Due to 6 is a margin vector, we can get

N
oo 1 —sgn(y; — 0.5) .
Va(0)[ = N ZW ifl-
First, we use the norm inequality, getting
N
A 1 —sgn(y; — 0.5) _ maxi<i<n{ %}
- — e sl <
IV90l = 5| 2 = e ] < ~ Z 1+e\ew

Second, we assume 6* /||6*|| is the max margin vector of this data set, we gettmg

N «T
1 > i Z 1 i 0
N — 1+ el6T ]

16

ZN: —sgn(y; — 0.5) _

N

>N
- N Z; 1+ el0T&l

Then we can get

N
. 1 maxi<;<n{[|Z: }
_ 1 < E
N Zﬂ e = Vel N 1+e'9” " 0

Combining Equation[26|and Equation[27} we can get the result.

%

)
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B.3 THE PROOF OF LEMMA[A.T10Q]

Due to 6 is not a margin vector of the data set {z;,v;},, we know that there is at least one data
(x;,y;) has a wrong classification which is formed by ¢. That means

—y;In(g;) — (1 —y;) In(1 — g;) > 1n2,
so we can get

1 & In2
g(0) = N Z (yiln(gs) + (1 — ys) In(1 — §s)) > N

B.4 THE PROOF OF LEMMA [A.6]

Proof. Obviously, since 0% := argmingg|o7a,|=|9Tx,} I0ll, We can get rank{z;,z2} =
rank{x1, x2,0*}. Then we assign S := span{x1, x5 }. For any vector 6, we assign the vector which
6 projects on S as §’. Without loss of generality, we can think 0 "oy =0 "zy > 0. (if0* Tz; <0,

we can construct a new vector z; := —x; to substitute x;.) Then we assign
0" 6
2T e
0y 0Ty
I T T PN T T
¢ := arccos s ,
lenerl

In order to prove Equation|10} we just need to prove exists o, > 0, making the binary function

_ |zl [cos(er — ) cos(¢) — cos(er)|
lz2ll cos(p2) — cos(ia + @) cos(¢)

D(p, ¢) <, (YO<@, ¢<dp). (28)

Absolutely, when ¢ and ¢ are small enough, we can cancel the absolute value, i.e.,

]l [cos(pr — @) cos() — cos(in)]

D:0) = o]l coslpa) = cos(r + ) cos(d)
That means
limsup D(.6)
©—0,0—0
. [z1]| | cos(pr — ) cos(¢) — cos(p1) cos(¢)| 4 | cos(ip1) cos(p) — cos(e1)|
< limsup .

0,60 || T2|| cos(ip2) — cos(pa + ) cos(¢)

< Lol snlen) st

= [l sin(p2) " cos(2)

That means we can take

7i=2 1 - max { S%n(gol)’ cos(1) }
sin(ipz2) * cos(yps)
to make Equation [T0]holding. -

B.5 THE PROOF OF LEMMA [4.1]

Proof. The proof is similar to those to obtain the arguments in the proof of Lemmal[A.6] [

18
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B.6 PROOF OF LEMMA[4.2]

Proof. Given two unary function y;(z) = —1/a|lnz|* (0 < z < 1/4), yo(z) = 1 (x > 1/2).
We know that there is a smooth connecting function y3(x) (1/4 < = < 1/2), making the following
function
«a : In2
—1/a|lnz|*, ifx< %
y(z) =<1, ifx >1
ys(x), |
is an infinite order continuous function.
We construct a function
h(8) == y(9(0)), (29)

and a set SO = {010 < g(0) < 6}. We make 6 = (In2)/N. Then we use the taylor expansion

and the structure of ¢, getting that for any (1) € S @) and 0@ € R?, there exists three positive
constants dy, d; and do, making

h(0)) = n(6™) < VA@EM)T (0 — o)) + [0 — o))

H9<1>H2 (30)
+ o6 — 67,

where ¢ is a constant that can not affect the result. For convenience, we assign

2
doOéO

T, = .
16 |1

We construct an event A,, := {6, € S (3)} (6 = (In2)/N). Combining Equation , we get
14, (h(9n+1> - h(9n>) < IAHVh(en)T(Hn+1 = 0n) + 14, Ty [|Ons1 — 9n||2
+ &l|Ont1 — 971”3

oy, (V) V0 6) | TP | ol Vol &)
Vg0 (g TS, S

Then we get
lAn (h(9n+1) ( n))

€2y

(Vg(0,)) V(b &) T, Vg(6n, )| o[ Vg(6n, &)
< -1 +1 +1 3
= *‘"F < [ n(g(0,))[ e A Sn A 3
L (V9(6.)) ' V(0. €0) y (ngn))TVg(emsn) 1 1
" Sn19(0n) In(g(@n)) e M g0 (g(0a)) e \\/Suy VS
+1A”Tn|\v9<59mfn>\|2 41, 0aBIVg(En )P

Then we use an identical equation, i.e.,

lAnh(enJrl) = IAV,L+1h(9n+1) + (lAn - lAr,L+1)h(9n+l)7

getting
lAn+1 h(an-‘rl) - lAnh(an)
1 (V90) V&) (T960) Vo) (11
T T/ Sn19(0n) | In(g(6,) [ " 9(0,) In(g(0n)) [+ So1 VS, (32)
2 3
b1y, DIV STy cwonvi(fmgmn (L~ Ta (e,

19
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We make the mathematical expectation on the both side of Equation[32] getting

E (1./471,+1h(0n+1>) —E (I.Awh(en))

~ LB (ngn))TVg(en,gn) | 1
- E(IA“ Siaen @ ) T\ M e e \ e
{E (“W) Tk (un 003 V9(0r, )|

3
Sr

)—IE((IA” —lAn+1 h (011 )
(33)

For the second item in Equation [33]right, through Assumption [3.1] there is

E <1An

1

9(6n)| (g (6n)) [+
Next we get
~E (L4, = L) hl0ns)
= —E((La, -

S _
In (min{d, 1})

1

=——F1—E(1
In (min{d, 1}) (14,

We make the sum of Equation[33] getting

E(14,,,1(0ns1)) —E (Lih(61)) < =Y E

Vg Qk

1
Ak g(05) In(

(ngn))Tngn,sn) <

—1a,,,)

Vg(gk,&c)

T %))géola(\/sli—\/%). (34)

1An1An+1)h(9n+1)) _E ((1AH1ARH - 1An“)h(en+1))
1

1
E ((1"4" - l'A"LlAn+1)) +

—E( (141 -1
ln(min{5, %}) <( AT A"H))

(35)

1, (]
* Sk-19

k=2

Ti||Vg( 9ka§k)|2>

2
+ ZE (1Ak
(

9(O))[H e

(ek>1n<g<ak>>|1+a>
1 _ 1

., 0001(]||V9(9k75k)||3>

k=1 S
- ZE lAk 1Ak+1 (9k+1))
We can get that
||v9 Bl <E(Lh(6))
Su19(6,) | n(g(@,)) e ) = T
+§”;E

k

1 (1/“ 9(6) [ In(g

+ E

NE

<1 Tr||Vg(Or, &)
A

k Sk

1

NIE

E
I
—

20

Qk |1+a

)JrZE(l

E <(1Ak _ 1Ak+1)h(9k+1)>.

(Vg(6r)) v9(9k7£k)< 1 1

VSk—1 m)

(36)

k=1

coa||Vg(0 k,ﬁk)B)
S

T olw

)
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For the third term in the right side of Equation 36| we have
- T3 |IVg Ok Ek) ||2> - ( >d0||v9(9ka§k)||2
E(ly, ————————— El1 < kg(0y) | 2l
Z ( A S, Z A\ S < kg(0k) 0]+ S,
- 1 i d0||V9(9k7§k)||2
SR (14,1 —— > kg(0 )
2 (A' (o 2 o) “ et

dokg(0%) |V g(0r, &) - 4do||Vg (0, &)1
< E(1 E .
it < o 101> Sk i Zl SiIn' T Sy

taking proper k, we can make

< Tr||Vg(Or, &)|?
2B (L“’“ 5 )

k

2 n
< Tl[Vy(01, &)l [Vg(6) | (4do|vg Ok, k) 2)
—+ E E + E E
Skflg(gk” ln( (Qk |1+O‘ Sk‘ In Sk‘pra

=2

1o Vg (6) . [t 1 2
<1y (1, [, vidy [ e DV
2 Sr_19(61)| In(g(0%) | +) s, o/Ing| S

k=2
(37)

Substitute Equation[34] Equation [35|and Equation[37]into Equation[36] getting
+o0 2
V(0
SE( 14, [Ve@n)] — | < +oe. (38)
2 S 19(0) In(g (@)1
For the event A, := {6,, ¢ S(S)} (6 = (In2)/N). Combining Equation Through Lemma

we have
" (17, VO ISste0l?
\ £ o, (39
kZ:Z <Ak Sk—19(0)| In(g(0x)) |1t Z /S (39)

where ¢ is a constant which can not effect the result. We calculate Equation [38Equation [39]

getting
" V9@l N
ZE< Sk_19(0%)| In(g(0x)) |-+ < +oo. (40)

k=2
O

B.7 PROOF OF LEMMA[A3]

Proof. We know

1 & 1 1
9(0) = N (yL In <1 + e—sen(yi—0.5)0T x; ) + (1 —y)In (1 1 + e—sen(yi—0.5)0T z; )) ’

i=1

We defined

1
f(0 xl) = 1+e —sgn(y;:—0.5)0 T a;
and
fu 0, we):= {1 — [0, ify; =1 @b

We can calculate the gradient
1
6) =% Zl foi(0,20)x
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Then we get

Vi(0:.)TV9(0n,6)\ 0110 — 25N T vg(6,) o "Vg(6,)
_]E< Sy >_E<< (0] +1)2 ) s )" <<||0n||+1>2) N

910 = 5\ T Va6,) 1
. < (161 +1)2 ) s ) C\vyEs <e I+ 1) )Zs‘c’“ 0 = 0.5)fai (O, i)

IN
=

( 6.1 - S ) Vg (0,)
T ) Vo
9*\\9 | — GHZ ﬁ’
E<N AEDE > ngn — 05)fo (B ) )

n 1

an i — 0.5) f. (0 )<W>T )
Nﬁl & S N 70 IS Ve M

ﬁ

E

Sgn *05 fr,(enax)

0 o* 0n " x5 *T
Tonll —0 |0, |
(16 + 1)

GnTxi — é*—r.%'l”@nn GnTIi

(zvﬁlzsg“ ‘0””“(9”’“( W0+D7 210 + 17

N
1 0, ;i — 0Tz 0,
Sgn(yz_05)fxl(0mmz) B ’ Z” || +B’rla
NS, &

O

|
=

—b*

)

IN

E

(10nll + 1)

(42)
where

ﬂn
‘an—rm”

*n X ngn fT (en’«TT) (||9n||+1)2

07L

—b*
|0l

=E (1(9” is not a margin vector

2>
through Lemma[A-10} we know following inequity

maxlgigN{Hl'i”z}

<
i < :

‘E (1(971 is not a margin vector)

=)
Snl

2
E (1(9n is not a margin vector) Vg é n)| )

n—1

N2 max;<;<n{||zi||*} .
22 1In* 2

_ M maxgiondlnl? g (llVg(Hn)II2>

= 2k? In* 2 Sn-1

For convenient, we assign

)anTxi — 0% T 2|0, |

, 43
AEDE )

Hni iJx 97171
mzwl g

where 1; = sgn(y; — 0.5). We denote the index of the support vector as i, := {i|i =
arg minj<;<n wiﬂnTxi/HGnH}, and 17,, is a element of i,,. Then for H,,, we have 3 ky > 0, such

22
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that

0, :cz H*szHH |

(6]l +1)2

H, = fx, 0n7xz)

T Isz
||9 || ( n .’1?1 NxT ) (enTxi NxT )
1Jx; en; _9 i iJx; 9717 7 7_9 [
N[00+ 1175 (;M O\ g~ 87 ) + L e Oz (g =0T

iy,
Jz, (emxz ||9 || < On xz HT fo; (0, x5) enT«Tz‘ AT
= . i -0 + > i -0z
N(||0n +1]))2y/S ZEZI (16l Z Jai, (Ons i)\ [|0n]]
fa: (O ||0 | ( On xz AxT ) 2 )y <9nTxi AT )
4 -0 % +k -0 [ )
N(||6n + 1||) \/Sn g;w [0 ]] v 0% e(dn,i=dn,in)(1021+1) \ |16, *

where d,, ; == |0,, ;| /||0,,|. Through Lemma we know that there exists 6; > 0, # > 0 making

when [|(6,,//|0,]) — é*” < £ := min{;, b0}, (% is defined in Lemma b for any j # iy, there
is 16Ta, A

— 0%z |.
H9|| "
‘We construct two events

0 N 0 .
RIS Py Y e H n—
{Hwnu } { [0,

and their characteristic function as 1.+ . Natruely, we can separate H,, as

T
0'z;

_ *

.
191l ’

<7

<£}7

=1o-H, + 14+ Hy. (44)

For lc; H,,, we have

1

fas, (Ons @i,,) On 171 AxT
0 T
2 16

)16 ||
- H, <1,-
Cn n = n
N[0l +1)2y/Snr (16,

; Vi O xi st
e koD i D o ) )

idtin

In Equation A5} we know the first term in the bracket is negative. For the second term, we have

(45)

N ’L/) 0 T:L‘ N
7 n 7 Ax T
lei D g XOTD =0 Tw ) =1 Y0 (U(dni = dus)(16a]] 4+ 1) < 0)
i=1,i¢in € 161 i=1,i¢i,

~ i, O Ti st
+1((dpyi = d i) (|00 ]| +1) > U)) elni—dn o) 0T+ \ [0 0*Tx; ).
. (46)
where U > 0 is an undetermined constant. We know where

(dn,i = dni,)) (10l +1) < U,

which means

(9T£E- ~ GT;L'- N n ng.
; n Z_G*Ti <1 n z_g*Ti> . Q*Ti_u
d’(nenn 9”) (nenn g 0) ( v ||en>

0, z; - 0lx; 0, 0 x; A
S 1( n 2 —G*T.’Ei Z 0) . ( nwt _ 'nYin + nin G*Txin +0*Tx7,n _ Q*T{EZ)
[0 16nll  [16a] 16,1

U
< (@ni—dng,) < ——.
_( n,t L,in) — HQTLH +1
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On the other hand, Due to the characteristic function 1,-, we can confine Equation @ on the set
C,, . That means

Wy onTxi AxT
1.- Z 1((dn,i = dn,i,, ) (0]l +1) < ) i)W+ \ [0, 0"z
liln (47)

<¢N

v
0] +1°
and

~ Yi O, wi ot
Zl((dn,i_ i, ) (100l +1) > U)e(dm dn 0 ) (100 1+1) (|9n| —0" @i

i (48)
N 911 in A
< 7 ;i T
(2%
We substitute Equation M8 and Equation[#7|into Equation 46} getting
N T .
i On T ot o U
0T ) < keN———
Z eni=duc) 0T+ \ [16,]] Ti) =R g T 1
i=1,idi, (49)
- Nr QnTxln AT
—0" x|
([2]

We substitute Equatzon @l into Equation[d3] acquiring

x; ena 1 gn nT 7 7 U
o Hy < 1, Lo O ) 18] <¢( xn_w%%kw

 N(||6n]l +1)21/Sn-1 16, ] 16al+1

).

We take the undetermined constant U = In (2/%0 N 73), getting 3 M > 0, such that

Jai, O @i )10n]l (1 ( O i, T ) M
1. H,<1.- n - —i, n i, |+ |- (50)
e N (16 +1)%/S01 \ 2 161 6] +1
For 1.+ H,, in Equation@ we can use the similar techniques (from Equation @to Equation @ to
acquire M1 > 0, shuch that

fr' (e’mxl )||9n|| 1 ( nTxl T ) Ml
1.+H, <1 . - —;, n_f* i, | + —=5— |- 51
et = ler N+ 02y \27 Ul o] ey
Then we calculate Equation Equation getting 379 > 0, My > 0, such that
fz,- (en’xl )HQWH 1 ( nTzz T ) To MO
Hn S e - *1/%” - 0* xvn + + 7 . (52)
N(HonH + 1)2 V Sn—l 2 ”9 ” ||97l|| +1 e’ 10l

With this, we complete the proof. O

N7 enTz
—l—ko T .Tn

—Q*T
(|6l

Zi,

B.8 PROOF OF THEOREM [4.]

Proof. For the sequence {S,, }, we separate the proof into two situation. The first situation is .S,, <
+00. In this situation, we use Lemma[A-4]and Lemma[A.2] getting

2
IV
Sn—l
Combine lim,,, 4 o Sy, < +00, getting
Vg (6n)|| — 0. (53)
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Then we consider the second situation S,, — +o00. Through Equation[13|and Equation[19] we can

get g(Ony1) — 9(0n) as 1

—— + 1,
0 5 (54)

where G > 0 is a constant and T}, is a sequence which satisfies Z

9(Ons1) —g(0n) < @

Tn < 400 a.s.. Then we

n=1

can get
Z - *Z (IVg(0n, &)I12|Fn) = Mo Vg(0)|>
n=2 V n 1 a n=1 Sn—l

1 *i E (| Vg, &)1 Fn)
a n=2 \% Sn*l
_ Z Vy( 9m€n |2 41 f E (IVg(0n, &)1 Fn) — 1V 9(0n, )11
V a n=2 \% Sn*l
where G = +i°; M0||Vg(0n)||2/a«/5n_1 < +4oo a.s.. Next we aim to prove
o °,1/y/Sn_1 = +00 a.s. by contradiction. We assume Z:i’; 1/4/Sn—1 < 400 a.s.. Then
through Lemmal[A.J] we get that

1 X E ([Vg(0n. &) 112 Fn) = IV9(0n, &0)|12
a 2 |S,21

—Go (55)

- Co,

n=2

is convergence a.s.. Substitute it into Equation[53] acquiring

\V4 n 1
) (56)
(IVg(n, Fn) — IVg(0,,
SZ _72 H g n&n”’ ) ” g(l&n)” + G < 400
n=2 V 7’1 n=2 \/Sn_l
Howeve, we know
\Y% 97 n 2 oo 1
Z” 9(0n, &)l S = / —dz = +oo.
V n 1 aJs, \/E
It contradicts with Equation @ That means
Z = +00.
2V n 1
Combining it with
2
Z ”V\/gi” < 40 a.s., (57)
we acquire that there is a subsequence {||Vg(0g, )||?} of {|[Vg(6,)||?} which satisfies that
. 2
Jim[[V(0r,)]” = 0. (58)

Next we aim to prove lim,, 1 |Vg(6,)||> = 0. It is equivalent to prove that {||Vg(6,,)||?} has
no positive accumulation points, that is to say, Vey > 0, there are only finite values of {||Vg(6,,)]| }
larger than eg. And obviously, we just need to prove VO < ey < r, there are only finite val-
ues of {||Vg(6,)||} larger than r. We prove this by contradiction. We suppose 30 < e < a,
making the set S = {||Vg(6,,)||> > a} be an infinite set. We assign the Lipschitz coefficient of
Vg(0) (0 € R?) as c. Then we assign b = ¢/8c and define 0 = min{b,e/4}. Due to Equa-
tion we get there exists a subsequence {6, } of {6, } which satisfies |[Vg(8,,)|]| < o. We

rank S as a subsequence {||Vg(6,,)||?} of {|[Vg(6,)||*}. Then there is an infinite subsequence
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{IIVg(0m, )II*} of {[[Vg(6rm,.)||*} such that Vn € N, 3, n,, € (m;, m;,,,). For convenient,
we abbreviate {m;_} as {zn} "And we construct another infinite sequence {gy, } as follows

g1 = max {n pp<n< min{mil:mil >p1 b HVg(@n)H < o},

@2 = min {n in > qy, HVg(Gn)H > e},

(on—1 = mMax {n smin{m;, : my, > gan—3} < n < min{m; : m; > min{m;, : m;, > qan—3s},
[Vg(0n)]| < o},

g2n, =min {n:n > g1, ||Vg(9n)|| >e}.

Now we prove that 3Ny, when ¢a,, > Ny, ithas e < ||Vg dan H < r. The left side is obvious (the

definition of ¢2,,). And for the right side, we know ||Vg qon—1 || < e. It follows from Equatlon I
that

2
0041 = 0> = S| Vo (6, )]

2
< 5 (IVa0n. 0] ~E (90106 |7.))

S’Z{: (MOHVg(@n) ||2 + a).

Through previous consequences we can easily find that

400 a? , iy ] ,
2 (Sno (”Vg On, &) ||” —E (| Vg0, &) |].‘n))+ oMo!\gjgl(e )| >

n=2
< 400 a.s..

Note that a%a/Sn_l — 0, a.s.. We conclude

1641 — Onl| = 0 a.s.. (59)

Then we get [[|Vg(0ns1) (% = [IV9(0n)l2] < [IVg(Ons)ll = [Vg@I” < [IVg(Ons1) —
Vg(0,)|1? < ¢||fns1 — On] = 0 a.s.. Then through Lemma we get

IVg(0n) 1 < 2¢9(0n) (1 € [a2n-1, d2n])-
Then we get

¢—0<||V9lu)|I” = V90 DI < 2¢9(04,.) = |V9(Bas )|

g2n—g2n—1—1
= <2C Z g(GQ2n—1+i+1) - g(9q2n—1+i)> + 209(0%71—1) - va(9q2n—l)H2'

i=0
From Equation[54] we obtain
1 N

— +1T,.
V S(I2n—1+7;

9O 1 1it1) — 9(0ga, 1 +i) < o

So there is
G2n—q2n—1—1 ~ q2n—Qq2n—1—1

e—o< Z Z TQanl‘i’Z‘

_l’_
i=0 SQ2n71+i i=0 (60)
+2¢(0g,, 1) — || V9(0a )|

Due t0 [|[Vg(0y,, . )|> < 0 < b, so we get that g(,,, ,) < e/8c. Substitute it into Equation
We get
g2n—Qg2n—1—1 G2n—q2n—1—1

S em—a Y T
i=0 q2n—1+1 i—0

(61)
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Due to 57> T, is convergence almost surely. So we get that %2791~ 7, /5 0a.s. by
Cauchy’s test for convergence. Combining 1/,/5,, ,+i — 0 a.s., we get

q2n—q2n—1—1 q2n—q2n—1—1 N
0
Tyor_1+i = — Q.5., (62)

N - &
—_— > ) — —Y— — ~

so there is
“+oo q2n—q2n—-1—1 1
— | =+ a.S.. (63)
nz::]_ ( ; V SQ27L1+i>

But on the other hand, we know ||V g(0y,, ,+:)|| > o (i > 0). Together with Equation we get

+§ (lIanzZn11 1 ) . lJroo <112nqzzn11 W)
n=1 i=1 qun 1+ On:1 i=1 V San—1+i

27||Vg H < 400 a.s..

713 VSnl

It contradicts with Equation[63] so we get that |[Vg(6,,)|| — 0 a.s.. Combining Equation 53} we
get |[Vg(6,)| — 0 no matter S,, < 400 a.s. or S, = +oo. Through Lemma[A.10] and Lemma
IA.8l we get g(0,,) — 0 a.s.. In the case of linear separable data set, g(fn) — 0 a.s. implies

Onll = +0 a.s.. O

(64)

B.9 PROOF OF THEOREM[4.2]
Proof. We assign 0* := 0* /[|0*||. Then, we assign

o7 o
f)=1— ————. (65)
1) UES

Then we use the taylor expansion on f(0,11) — f(0n), getting

f(9n+1) - f(en) < vf(en)T(en-&-l - ‘gn) + Tn‘len-ﬁ-l - 9n||2
00V (6 Vg0, &) | Taod| V(b &)

VS Sn
7aovf(9n)Tv9(0na§n) + aoé*—rv.g(enagn) (66)
B Sp-1 (Hen||+1)2 Sp-1
jx 0,07 6"
+(9 1911 = Thar ) a0 Vgl6 @( 1 >+Tna3||v9<amsn>||2
(||0nH+1)2 ’ vV n 1 \/Sn Sn ’

where
1 1

T, :=¢ + ,
CO<(9n| +1)2  ([1nall + 1)2>

where ¢ is a constant which can not effect the result. For convenience, we assign
Hx 0,07 6"
G s ( L ) L TuatlIVg(0n, &)
(16 + 1) ’ V1 VS, Sy,

a0l Vg0, &) N?maxicicn{||z]?} Ivg(® )1
Iou + 12v/5s TEITRE -

n =

Then we make the mathematical expectation of Equation [66] getting

E (f(6nt1)) —E (f(6,)) < o E (H,) +E (Gy), (67)
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where H,, is defined in Equation[A3] Then we make a sum of Equation[67] acquiring

%iEpﬂgqumm+iEmw

k=2

obviously,

9| FICATED SEIEA

“+o00

—ZE

0116 — %t L0390 )]
i) st e (e - ) [+ S (BT

( (oall+12 ) ™ Vi1 VS. Z S

QOQ*TVQ(GTUSH) ) + NmaxlSiSN{”IiH } ZE < |Vg ”2)’

+
nz:2 ( ||9n||+1)2\/5n—1 4cln2 V n 1
(68)
and for the first term on the right side of the above inequality, we have 3 T > 0, such that
) i 0,076%\ T
Sk ”M“wuow%@< 1 1>
2 (6 +1)2 Vo V5
1
E V (On, &n .
Z (‘ [ ﬁ))
Through Assumptionand Lemma we can get that 3 Ty > 0, 71 > 0, such that
1
TS E|[Vg(n,én
> (Il =)
1 1
<TY E(I(IVgOn)ll < 60)||Ve(On&n -
> ( I96(6.)1 < 80) Va6, (5= ﬁ))
(69)
1 1
+TY E | I(]|Vy( > 00)||Vg(0n,&n -
Z ( I9(6.)1 > 60) Va6, (—5— ﬁ)>

21 R |v9<en>|2)
< — + T E| ———— | < +00.
=105 2; < N >

For the second term in Equation[68] Through Assumption [3.1]and Lemma.2] we have

T a0|v9(6na€n)|2)

> s (el
O‘OHVQ 0na§n H2 O‘OHVQ amfn)HQ
(ZE< Qo)+ ZE( 0usall + 125, )) = e

For the third and forth term of equation [68] we can use Lemma[A-4] and Lemma [.1] to prove their

are convergence. That means 3 K > 0, such that

ZE 1<+OO

(70)

Through equation 52} we get
foi, Onszi O]l (1 (9nTiEi ST ) o M,
Hn S in n ;. n 70* xin + —+ 7 . 71
NI+ 1250 \ 27 T Bt et ) 0D
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Substitute Equation[T1]into Equation[T0} we getting
+§E 1/}zn||0n||fx7,, (O, 5,) (é*Tx _ 6?nTlﬁin)
iz ANl +1)%v/Sn " 8l

+oo +00 ~
S 100 fz., (On,xi,,) ( To ) 100l fz:, (On,@i,,) My
S 2K + 2 El1l.- n n . + E in n )
DY ( (o] + 125 Tl 1)) 2

= \ N0l +1)2/Spy 1ol
Then we calculate the third term of Equation E 671 We know when 0,, € A7, there is
16l 2 [ 1
< ko 2 = ko 1+1°
(16l +1)3 In"(g(6n)) |In(g(0n))]

where ko is a constant where can not effect the result. Combine Lemma We can get

L fZEin (enaxin) . T0 (0 )
T;E<IC"N||9TLI\/K <||9n||+1)> klZE(mun( ()11 < +oo.

Similarly, through Lemma[.2] we can get

+oo v
971, i enai
ZE< 0l o, Ons 1) My ><+OO.

n=2 N(Han” + 1)2 Sn_1 es' 101
That means we can get

+oo T

i en x; 0717 i A n 4
I USR CARAE) P
= \ N+ 110a])2/Sn-1 (16l

We simplify the above inequality, getting

+oo T
on T; ena % A n i
g (Mol Onri) fioo, 0T}
n=2 N(||9n|| + 1)2 V Sn—l H9n||
Through Lemma[AT] we have
+o00o T
10nll fz., (On,2i,) | T On
n = Yy — | < 400 a.s (72)
Z N(Hen” + 1)2 \Y4 Snfl HenH
We back to Equation[66] We make a sum of Equation[66] getting
~ T f* T
" 0710l 1) — BT a0 V(0. &)
f On :f 1) + . :
o) =100+ 2| —— (5512 V5%
(73)
+ Z éa%HVg(Qn,fn)Hz.

S,
k=1 n

For the first series sum, we have

" 61,6, 0* n % ROh 6° N\ T
Z 0 (l|0kll + 1) — 0w aOVg 9k,§k Z 9 (0]l + 1) = H T aoVg(0)
(e T e S

" X 0r0n 0"\ T
Z (16 + 1) — TouT 0 Vg(Or, &) Vg, k) n ch
—~ (N0l + 1) Sk—1 VSk ’

where {(,,} is a martingale difference sequence. Through Equation 69} Equation[72] and Lemma
[A72] we can get

" N 0,0, 0"\ T
Z 0% ([16k]l + 1) — 051 aoVg (O, &)
2\ e V5,
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convergence a.s.. Meanwhile, through Equation[T2} we have

no|. g 2 n L 9 2
el Va(Or, k) ( 1 1 ) o IVa(Or, &)
< + < 400 a.s..
2 S 2\t e S

That means

Zn: ca ||Vg 91@7&)”2

is absolute convergence a.s.. Naturally, itis convergence a.s.. Until now, we already prove two series
sums in Equationare both convergence a.s.. That means f (Qn) is convergence a.s.. We assign

ci= lim_f(6n) o
where ¢ < +o00 is a random variable about the trajectory. Through Theorem [4.1] we know
160, ]] = +o0.
That means 0 )
li 6]l + 1 =1 a.s
notoo |6y
: 0Tor
o 1= T = m f) = e
so we can get that
0, 12
Il =2¢ a.s.
n=too |01

Next we aim to prove that ¢ = 0 by contradiction. We assume ¢ > ¢’ > 0. Then we can conclude
that

A enT [
lim (0" Ty, — Tin | r(c) >0 a.s..
n—+o0 ||9n||
We can further conclude that
+o00 T +o0
an i ona 1 A~ en 7 6%7 1
) 19% o, O, 211) T, — | > (e N e = Jas, On 21, a.s.. (74
N(||9n||+1>2\/ Sn—l HGHH n— 2NH971||m

We can get

Z fa"m(envxzn) A/f ||0n||frm(0n71'm)
=5 N|Onll/Sn—1 N([[0nll +1)21/Spn—1

where 7/ > 0 is a constant. Then we can get

+oo +o0
‘n = > q In ||6,, —1In|l6, = +00 a.s.,
2 Nl + 1pEy 2 (1Ol = nl6a]) - Z T

where q; > 0 and g are two constants will can not effect the result. That means

io ||9n||f:vln (9n7xin) T HnTxin - 1o
= N0l +1)*/Sn— il ’
which is contradict with Equation[73] That means
n_l)r_{loo HGnH —0*|| =0 a.s.,
that is
0 0*

— a
6nll 116l
With this, we complete the proof.
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B.10 GENERALIZING TO TIGHT EXPONENTIAL-TAIL LOSS

We show how our technique remains applicable when dealing with tight exponential-tail loss. This
demonstration reinforces the enduring relevance of Lemma [A.8|under the exponential-tail loss set-
ting.

Before we give the main steps, we give the definition of ’tight exponential tail loss’, by adopting the
definition in |Gunasekar et al.| (2018)).

Definition Consider a general classification problem, ie., L(w) = 227:1 l(ynwTz,), where
{zn, yn}i:  is a dataset and labels y,, € {—1,1} . Suppose the gradient [’ (u) satisfies:

Vu>uy: U'(u) <c(l+e " +")e *

, _ _ (75)
Vu>u_: l'(u) >c(l—e""")e ",

where uy > 0, u— > 0, a > 0 are three constants, and limy,_, { oo [(u) = limy,— 100 '(u) =
0, (u) < 0, then we call £ a tight exponential-tail loss (refer to Assumption 2, Definition 2, and
Assumption 3 in|Gunasekar et al.|(2018)) for reference).

By solving the corresponding differential equation, we derive

Vu>uy: l(u) <de™ ™, Yu>u_: l(u) > e (76)

By combining the aforementioned inequalities and VL(w) = 25:1 U'(wt) T 2n)ynzn, we can
derive a similar result to Lemma [A.§] under the tight exponential tail loss’ setting. We will then
clarify it.

The left side of Lemma is derived as follows. Since {z,,yn} is a linearly separable
dataset, it has a maximum margin vector w*. The margin vector w* satisfies the separation of
Yo = 1, (W)Tx, > 0and y, = —1, (w*)Tx, < 0.In addition, it has a lower bound
r := min, {||(w*)Tz,|} . Then, we acquire

N
||V‘C ” = Zl ynw xn YnTn|| = ’(W*)T Zl/(ynw(t)Txn)ynxn
n=1
N
= || Z l/(ynw(t>Txn)yn(W*)TxnH-
n=1
Due to the conditions y,, = 1, (w*)Tx, > 0Oandy, = —1, (w*)Tz, < 0, all the signs of
{yn(w*) 'z, } are the same. Then, we get
IVL@O)| = Zl (ynw(t xn Ynw” Tay Z ||l Ynw(t)" an)|| - Han*TwnH

> o 3 I s 2l

For the right side of Lemma@ we use the triangle inequality, i.e.,

N
_qu’(th

IVL(w

xn YnTn

where 7 > ( is a given scalar.

According to Equation[76|and Equation[T5} we can observe that Lemma[A.§]still holds.
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