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Abstract

Characterizing how neural network depth, width, and dataset size jointly impact model
quality is a central problem in deep learning theory. We give here a complete solution
in the special case of linear networks with output dimension one trained using zero noise
Bayesian inference with Gaussian weight priors and mean squared error as a negative
log-likelihood. For any training dataset, network depth, and hidden layer widths, we find
non-asymptotic expressions for the predictive posterior and Bayesian model evidence in
terms of Meijer-G functions, a class of meromorphic special functions of a single complex
variable. Through novel asymptotic expansions of these Meijer-G functions, a rich new
picture of the joint role of depth, width, and dataset size emerges. We show that linear
networks make provably optimal predictions at infinite depth: the posterior of infinitely
deep linear networks with data-agnostic priors is the same as that of shallow networks
with evidence-maximizing data-dependent priors. This yields a principled reason to prefer
deeper networks when priors are forced to be data-agnostic. Moreover, we show that
with data-agnostic priors, Bayesian model evidence in wide linear networks is maximized
at infinite depth, elucidating the salutary role of increased depth for model selection.
Underpinning our results is a novel emergent notion of effective depth, given by the
number of hidden layers times the number of data points divided by the network width;
this determines the structure of the posterior in the large-data limit.

1 Introduction

1.1 Background

A central aim of deep learning theory is to understand the properties of overparameterized
networks trained to fit large datasets. Key questions include: how do learned networks use
training data to make predictions on test points? Which neural network architectures lead
to more parsimonious models? What are the joint scaling laws connecting the quality of
learned models to the number of training data points, network depth and network width
[GIST20, KMHT20, BDK*21, RBCF21)?

The present article gives the first exact answers to such questions for a class of neural
networks in which one can simultaneously vary input dimension, number of training data
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points, network width, and network depth. This is significant because the limits where these
four structural parameters tend to infinity do not commute, causing all prior work to miss
important aspects of how they jointly influence learning. Our results pertain specifically to
deep linear networks

fla)=wEAD oDy (1.1)

with input dimension Ny, L hidden layers of widths Ny, and output dimension Ny,1 = 1. As
a form of learning we take zero noise Bayesian interpolation starting from a Gaussian prior on
network weights W e RNexNe—1 and empirical mean squared error over a training dataset
of P examples as the negative log-likelihood. Deep linear networks, while linear in x, are non-
linear in their parameters and have been extensively studied as models for learning with neural
networks using both gradient-based methods [ACGH19, [ACHI1S8, [SMG14, [SSL22| [Kaw16|] and
Bayesian inference [LS21) ZVP21l ZVTP22].

Since we are considering an output dimension of 1, we may write f(x) = 87z for a vector
6 € RNo. What differentiates our work from a classical Bayesian analysis of Gaussian linear
regression is that as soon as L > 1 the components of 6 are correlated and non-Gaussian
under the prior. Predictions f(z) on inputs = orthogonal to inputs from the training data
therefore differ under the prior and posterior. Specifically, as shown in Figure [I, we may
decompose 6 = )| + 0 into its projections onto directions spanned by the training data and
their complement. By our Bayesian construction, 6| is responsible for fitting the training
data. Due to the correlations under the prior between 6 and 6, however, information from
the training data will influence the posterior distribution of 8,. It is precisely this data-
dependent extrapolation displayed by deep linear networks with L > 1 that differentiates
them from the linear models obtained by taking L = 0.

1.2 Relation to Prior Work

To put our work in context, we briefly summarize prior approaches to understanding learn-
ing with neural networks. The neural tangent kernel (NTK) and other kernel-based mod-
els [DLT™18, [DZPS19, [AZLL19, JGHIR| [LZB22] reduce neural networks to linear models.
Training by gradient descent or Bayesian inference consequently does not affect predic-
tions f(z) of test inputs orthogonal to the training dataset. Moreover, the NTK regime
only considers the limit of infinite width with finite depth and dataset size. More recent
work [Hanl8 [HN20b, [HRI18, [HN20al ILNR22, RYH22, [Yai20] shows that feature learning
emerges when taking depth and width to infinity simultaneously with the effective prior
depth Aprior = L/N (see ) determining both the behavior under both gradient descent
and Bayesian inference. Still, such analyses are restricted to finite dataset size P (or more
precisely dataset sizes that are much smaller than both network depth and width).
Phenomena such as double descent [BHMM19, BHX20|] and benign overfitting [BLLT20]
appear in linear models when taking width, dataset size, and dataset dimension to infin-
ity simultaneously [HMRT22l, MZ22, [ALP22| [AP20, [ASS20, MM19, MMM21]. However, as
mentioned previously, these linear models do not learn to make data-adaptive predictions in
directions not already present in the training data. Moreover, such approaches are restricted
to studying fixed depth. Other approaches consider neural networks in the mean-field limit
IMMN18, RVE1S| [CB18 [SS20l [SS211 [YS21, [PN21, [YH21]. In this regime, networks do make
data-adaptive predictions f(x;). However, mean-field limits have only been considered at



fixed depth and recast optimization in terms of complex non-linear evolution equations, whose
dependence on the training data is typically difficult to access.

The literature most directly related to the present article studies Bayesian inference with
either non-linear [LBNT18, IAPP*22 [HNPSD22| [CKZ23, INR21, [SR21] or linear networks
[ZVP21, NBR™21, [ZVTP22| [LS21]. These works consider only the regime where depth is
either fixed or much smaller than both width and size of the training dataset. We find,
in contrast, that the full role of depth in model selection and extrapolation can only be
understood in the regime where depth, width, and dataset size are simultaneously large.
Finally, our results are the first to characterize the behavior of deep neural networks at any
joint scaling of depth, width, dataset size, and dataset dimension. In this sense, they can be
viewed as giving exact expressions for the predictive posterior over deep Gaussian processes
[DL13] with Euclidean covariance in every layer.

1.3 Overview of Results

Our first result, Theorem below, gives exact non-asymptotic formulas for both the predic-
tive posterior (i.e., the distribution of f(z) jointly for all inputs 2 when W are drawn from
the posterior) and the Bayesian model evidence in terms of a class of meromorphic special
functions in one complex variable called Meijer-G functions [Mei36]. These results hold for
arbitrary training datasets, input dimensions, hidden layer widths, and network depth. They
represent a novel enlargement of the class of priors over 6 for which posteriors can be com-
puted in closed form. In particular, they show that zero noise Bayesian inference is exactly
solvable for deep Gaussian processes [DL13] with Euclidean covariances.

To glean insights from the non-asymptotic results in Theorem [3.1}, we provide in Theorem
new asymptotic expansions of Meijer-G functions that allow us to compute expressions for
the Bayesian model evidence and the predictive posterior under essentially any joint scalings
of P, Ny, L in the large-data limit where P — oo with P/Ny — ag € (0,1). To understand
the role of depth, we consider regimes in which L either stays finite or grows together with
P, Ny.

We focus in this article on zero-noise, or interpolating, posteriors that fit the training
data exactly (see and the discussion in Optimal Extrapolation). For parametric models
interpolation often causes overfitting at large sample sizes. An important empirical [ZBH™17]
and theoretical [BLLT20, BHMM19, [HMRT22] observation, however, is that in many non-
parameteric overparameterized models, such as the deep linear neural networks we study, this
does not occur. Our results therefore give new information about the joint effects of depth,
width, and sample size on the nature of interpolating models.

What emerges from our analysis is a rich new picture of the role of depth in linear networks
in determining the nature of extrapolation and Bayesian model selection, given by maximizing
the Bayesian model evidence, i.e., the likelihood of the training data under the posterior (cf
§4, §5 in [Mac92]). We present here an informal explanation of our main results, starting with
Theorem which implies the following:

Takeaway: Evidence-maximizing priors give the same Gaussian predictive pos-
terior for any architecture in the large-data limit.

This distinguished posterior represents, from a Bayesian point of view, a notion of optimal
extrapolation. Indeed, because f(x) is linear in z, it is natural to decompose

T=x+T1, xERNO,
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Figure 1: The input space RN is decomposed into directions Span {z;} spanned by inputs
from the training data and its orthogonal complement. The minimal ¢5 norm interpolant is
the intersection between the space of interpolants (i.e., the dashed line showing all § satisfying
6T x; = y; for all i) and Span {z;}. When generating predictions f(z) = 7z, the parameter
vector ¢ can be decomposed into its projections ¢ and 6, onto Span {z;} and Span {z:}*
respectively. When fully trained, 6| will equal .. Circles centered at the origin represent
equi-probable lines for the prior over #, which is always radial but non-Gaussian for any L > 1.

where x| is the projection of z onto directions spanned by inputs from the training data,
and x| is the projection of x onto the orthogonal complement (like the decomposition of § in
Figure .

Predictions under the evidence-maximizing posterior at test input x are Gaussian and
take the form ,

fla) ~ N (efx, [0-I% Imll2> , (12)
ap

where 6, is the minimal norm interpolant of the training data (cf. Figure [ and (3.5))). As
we explain in Optimal Extrapolation below, the deterministic mean Olel appears because,
by construction, our posteriors are concentrated on # that interpolate the training data (see
(2.4)) and thus we must have 6 = 0.. The scalar ||9*H2 /ap, in contrast, sets a data-
dependent variance for making predictions in directions orthogonal to inputs in the training
data. This particular value for the variance is the most likely given that our posteriors are
necessarily isotropic in directions orthogonal to the training data. Moreover, the approximate
normality of the evidence-maximizing posterior at large sample sizes is due to the fact that the
coordinates of a spherically symmetric random vector in high dimensions are approximately
Gaussian (see the discussion just below ([2.10])).

In general, a linear network that maximizes Bayesian evidence, and hence produces the



posterior , may require the prior distribution over network weights to be data-dependent.
In machine learning contexts, we hope instead to find optimal but data-agnostic priors. The-
orems and (in combination with Theorem show this is possible in linear networks
with large depth. Informally they give:

Takeaway: Wide linear networks (at comparable depth, width, number of data
points) with data-agnostic priors give the same predictive posterior as shallow
networks with optimal data-dependent priors.

This result highlights the remarkable role of depth in shaping the posterior over predictions
in directions of feature space orthogonal to those present in the training data. This can only
happen in non-linear models such as deep linear networks. Quantifying how large network
depth must be to ensure optimal extrapolation is explained in Theorem (3.8 which provides
universal scaling laws for Bayesian posteriors in terms of a single parameter that couples
depth, width, and dataset size. Informally, we have the following:

Takeaway: Consider linear networks in the regime 1 < depth, dataset size <
width. With data-agnostic priors, the posterior depends only on the effective
posterior depth

(network depth) x (dataset size)

A =
post network width

As Apost — 00, evidence grows and the posterior converges to the evidence-
maximizing posterior (|1.2]).

Since Apost determines both the bias and the variance of the posterior, the preceding takeaway
can be viewed as a scaling law relating depth, width, and training set size [RBCT21} IGJS™20),
KMH™20, BDK™21]. In particular, it shows that for large linear networks it is Apost, rather
than depth, width, and dataset size separately, that determines the quality of the learned
model.

As the preceding statement suggests, at least with data-agnostic priors and wide linear
networks, maximizing Bayesian evidence requires large depth, as measured by Apest. More-
over, evidence maximization is not possible at finite Apost. The final result we present (see
Theorem concerns maximization of Bayesian evidence — a principled method of com-
paring different architectures [Mac92] — and is summarized as follows:

Takeaway: With data-agnostic priors and width that is proportional to dataset
size, Bayesian evidence is maximal in networks with depth equal to a data-
dependent constant times width.

Mis-specification of this constant only results in an order one decrease in evidence and does
not affect the posterior. In comparison, a network with smaller depth has exponentially
smaller evidence and a suboptimal posterior. The preceding takeaways give perhaps the first
principled Bayesian justification for preferring neural networks with large depth, albeit in the
restricted setting of linear networks.

We then state our first result, Theorem in This gives an exact non-asymptotic
formula for the characteristic function of predictive posterior and the model evidence in terms
of Meijer-G functions. We complement this in §3.2] by giving in Theorem [3.2] asymptotic
expansions for Meijer-G functions. The next collection of results, provided in details the



model evidence and posterior as number of datapoints, input dimension, width, and depth
tend to infinity in various regimes. The results in §3.3.1] pertain specifically to the analysis
of networks with a finite number of hidden layers in the regime where number of training
datapoints, input dimension, and width tend to infinity. The main result is Theorem
In contrast, and consider regimes in which depth also tends to infinity. The
main result is Theorem Finally, contains simple corollaries connecting our results to
scaling laws for the generalization error (Theorem and double descent (Theorem .

2 Preliminaries

2.1 Setup

We fix a training set with P examples
XN() = (.1‘17]\[0, Ce ,.Z'P,NO) S RN(’XP, YNO = (yl, .. .,yp) € RP.

We will assume Xp, has full rank. Since we study zero noise posteriors supported on the
models that minimize the likelihood , we assume also that 1 < P < Ny. Otherwise,
the set of minima of the likelihood consists of a single 6 and our posteriors would have zero
variance. A key role in our results will be played by the minimal £5-norm solution to ordinary
linear least squares regression of Yy, onto X:

0., :=argmin||0]], s.t. 07 Xy, = Y,. (2.1)
geRNo

Further, we fix Ny,..., Nz > 1 and consider fitting the training data (Xp,,Yn,) by a linear
model
fz)=0TzeR, 6,zecRN

equipped with quadratic negative log-likelihood

1 2
/.:(9 ’ XNO,YNO) = 5 HHTXNO — YNOHQ (22)
and a deep linear prior
0 ~Pprior <= 0=wWEHD . ) (2.3)
in which )
w0 g RNexNe—1 Wi(f) NN(O, g > independent,
Ny

where o > 0. Our goal is to study the posterior distribution over the set of §# € RN that
exactly fit the training data. Explicitly, writing dPpior(€) for the prior density, we study zero
noise posteriors

d]P)pOSt (9 ’ L7N€7O-27XN07YN0) (24)
— lim derior (0 | N(),L,NE,O'Q) €xXp [_Bﬁ(e ‘ XN()vYNo)]
) B—o0 Z5 (XN[))YN() | L, Ng,O’Q) '



Writing Epos[-] for the expectation with respect to the posterior (2.4]), we describe the pos-
terior by giving exact formulas for its characteristic function

Z(t)
Z5(0)’

IEpost [exp {_Zt ' 0}] = t, NS RNO? (25)

where Zoo(t) = Zoo(t | L, Ny, 02, Xn,, Yn,) is the zero-temperature partition function given
by taking 8 — oo in

,3 L+1 ) L+1 N, ) L+1
Z5(t) = Aﬁ/eXp [— SIY =TT wWOXI; o6 = ||WOL| [[aw®. 26)
=1 =1 =1

The normalizing constant Ag cancels in the ratio (2.4) and in any computations involving
maximizing ratios of model evidence (see §4.3).

The denominator Z,(0) is often called the Bayesian model evidence and represents the
probability of the data (X, Yn,) given the model (i.e., the depth L, layer widths Ny, ..., N,
and prior variance o2). As detailed in §4, §5 of [Mac92], maximizing the Bayesian model
evidence is therefore equivalent to maximum likelihood estimation over the space of models
and gives a principled way to select among different models, all of which interpolate the
training data. Before stating our technical results we briefly explain how to compute effective
depth and how to reason about optimal extrapolation in linear networks.

2.2 Effective Depth

The number of layers L does not provide a useful measure of complexity for the prior distri-
bution over network outputs f(x) = 72 when @ is drawn from the deep linear prior ([2.3)).
This is true in both linear and non-linear networks at large width (see e.g., [Han18|, HN20a,
Han22| [RYH22] for a treatment of deep non-linear networks). A more useful notion of depth
is

L
1
Aprior = effective depth of prior := E A (2.7)
¢
/=1

and it is indeed Aprior that plays an important role in our results. Let us provide a brief
justification for why Aprior is a natural measure of complexity for the prior. With N7 =
-+~ = N = N, Theorem 1.2 in [HP21] shows that when o2 = 1, under the prior, the
squared singular values of (W(L) e W(l))l/ Y converge to the uniform distribution on [0, 1].
Hence, only the squared singular values of (W(L) e W(l))l/ " lying in intervals of the form
[1 — CL™1,1] correspond to singular values of W& ... WM that remain uniformly bounded
away from 0 at large L. At least heuristically, this implies that W& ... WO is supported on
matrices of rank approximately A;ﬁor

Viewing )\;rlior as a natural measure of the number of degrees of freedom in the prior
motivates the introduction of a posterior effective depth

L

P P
>\pOSt = -1 = - . (28)
)‘prior (=1 NK

We do not know this for sure since uniformity for the distribution of singular values at the right edge of
the spectrum does not follow from a result only about the global density of singular values.



Apost 18 a ratio between the number of degrees of freedom in the training data (given by the
number of training data points) and in the prior. We’ll see in Theorem that it is precisely
Apost that controls the structure of the posterior.

2.3 Optimal Extrapolation

This section explains key structural properties of Bayesian posteriors in linear networks.
Consider the model f(z) = 72 and decompose the parameters 6 = 0) + 0. as in Figure
Since zero noise posteriors fit the training data, we have

0 ~ Ppost — 9” = 9*7]\[0,

where 0, y, is the minimum-norm interpolant (2.1). Moreover, the prior over ¢ is invariant
under all orthogonal transformations and the likelihood is invariant under arbitrary transfor-
mations of #. Hence, in distribution

d
GN]P)Post - 0, = UHHJ_Hv (29)

where u is independent of ||#, || and is uniformly distributed on the unit sphere in col( Xy, )+ C
RNo. The only degree of freedom in the posterior is therefore the distribution of the radial
part ||0 L[| of the vector 6. Given a test data point x = x| + x1, we find

0 ~ Ppost — f@) = Oung) zy + 100 - u" 2y

The distribution of || || controls the scale of predictions for data not spanned by the training
set, i.e., for the task of extrapolation. For example if z = x| € col(Xy,), then f(z) has zero
variance since it is determined completely by the training data. More generally, by the
Poincare-Borel Theorem (see [DF87, [Borl4]) we have for Ny, P > 1 that

2
@) = N((&,No)%, rm?M). (210

Indeed, since 6, = 6,/]|6.|| € RNo~P is rotationally invariant under the posterior, the
Poincare-Borel Theorem (e.g. Theorem 2 in [21] together with the fact that the mixing
measure 4 is precisely a point-mass at 1 by (1) in [DF87]) shows that the joint distribution
of any fixed (or even slowly growing) number of marginals 5{3:1, .. ﬁka} is approxi-
mately Gaussian when Ny — P is large In particular, since predictions under the posterior
are of the f(z;0) = GH x|+ [10L]] HL.’I}J_ and [|0,|| is independent of 6, we see that in the
high-dimensional regime Ng, P > 1 the finite-dimensional distributions of the posterior are
approximately normal.

At L = 0, the prior and posterior distributions over [|#||? are identical, preventing any
feature learning from occurring. For L > 1, all components of 6 are correlated under the prior,
allowing information from the training data to be encoded into 6. We shall see (Theorem
that Apost quantifies how much information the model learns about 6. In particular,
increasing Apost causes the posterior distribution of |6 ||* to be more and more concentrated

around a particular value:

16217 =~ 1164351 (1 — a0)/ac.



This special choice of scale maximizes Bayesian evidence, in accordance with the first takeaway
described in the Introduction. It corresponds to the natural estimate for the true signal
strength ||v]|* under a zero noise generative process y; = v”z; in which z; are isotropic, given
that one observes only the projection v)| = 6. n, of v onto directions in the training data.

3 Main Results

3.1 Non-Asymptotic Results

We are now ready to formulate our first main result (Theorem , which expresses the
partition function Z(t) defined in in terms of the Meijer-G function; this allows the
Bayesian evidence and predictive posterior to be written in exact closed form for any choice
of network depth, hidden layer widths, dataset size, and input dimension. Compared to prior
work using either iterative saddle point approximations of integrals encoding the Bayesian
posterior [LLS21] or more involved methods such as the replica trick [ZVTP22], our method
provides a direct representation of the network posterior via the partition function in terms
of a single contour integral without specializing to limiting cases. Additional quantities, such
as the variance of the posterior, are simply expressed as a ratio of Meijer-G functions. We
shall later recover known limiting cases and uncover new asymptotic results from expansions
of the Meijer-G function (Theorem .

Theorem 3.1 (Predictive Posterior and Evidence). Fiz P, L, Ny,..., Ny > 1, 0 > 0 as well
as training data Xpn,,Yn,. Fizt € RN and write

t=t,+tL, t) € col(Xn,), to ECO](XNO)J‘

Define 4M = HeL:o 202 /Ny and introduce the following shorthand for the Meijer-G functions
(see with parameters given by layer widths:

0 2 0 2
aE+10 [ 10|l - R A WL | -
LS +k ) OL+1\ " um | BB 4k, A4k )

0,L+1 AM
The partition function Zs(t) of the predictive posterior defined in (2.6) is

Zoo(t) = (H(;lj‘2>§exp (=i (B, g, B)] ﬁr <]\2[g>_

=1
> 2k 10,5
Z ko L1,0 [ 1105, —

In particular, the Bayesian model evidence Z,(0) equals

(47T)P/2 L+1,0 [ 110« NOH2 -
GL1o [Nl o =) (3.2)
loIP T e () 7\ AV Ty

Further, given x € RNo | the mean of the predictive posterior is

EPOSt [f(.%')] = (9*,N0)Txa (3'3)




while the posterior variance Varpest [f(x)] is
GLH10 0. ||
0.L+1\ " anr - i1
oo (Lol | — Y
0,L+1 AM g’ g

where x) is the projection of x onto the orthogonal complement of the span col(Xn,) of the
training data.

P
2

N2

2M ||z ||”

(3.4)

See §4.4] for a proof.

3.2 Asymptotic Results

To evaluate the predictive posterior and evidence in Theorem [3.1]in the limits where Ny, P, N,
(and potentially L) tend to infinity, we require novel expansions of the Meijer-G function
obtained by the Laplace method. We are interested in regimes where Ny, P grow and will
assume a mild compatibility condition on the training data: for all oy € (0,1), we assume
there exists constant ||0,|| such that

li 0, — [16.]], 3.5
Jlm el = o] (35)
P/No—ap€(0,1)

where the convergence is in distribution. This assumption is very generic and is (for example)
satisfied for a Gaussian data model where inputs are Gaussian

XNoz(xi,Noai:L"-ap)a xi,NONN((),ZNO) iid,
outputs are linear plus noise
Y = Vg XNy + €ngs Vivg ~ Unif (S | ey ~ N (0,021n,) ,

and the spectral density of the design matrices Xy, converges weakly as Ny — oo to a fixed
probability measure on Ry with finite moments.
To minimize notation, we report here the expansions in terms of a single layer width

N = Ny = --- = Np, but expansions with distinct Ny (and to higher order) are provided in
the proof (§4.5)).

Theorem 3.2 (Asymptotic Expansions of Meijer-G). Set Ni,...,Np = N and define N =
(N1,...,Nr). Suppose that the training data satisfies (3.5). In different limiting cases such
that { P, N} — oo with fized P/Ny = oy, we evaluate the quantities

0, n,|I?
log G := log ngi’(l) <H 4]]\\20“

0.8 ||
A(log G)[k] :=log G¢ 11! <| | 4’]1\20 !

_ 0. N H2 _
—og GEH10 116, _
Y +k ) L VT VAR

We will see in each case that to leading order log G does not depend on k while A(log G)[k]
does.

w2
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(a) Fiz L < o0, a,0% > 0. Suppose P, N — oo with P/N — «.. Then,

N N * *
logG:—a log i —i—log(l—i-z—)—(l—i-i)
2 2 o o
NL

+ 5 []og (J;T) +log (1+2,) — (1+ z*)} (3.6)

plus an error of size O(1) and
Alog G)[k] = kL [log <];]> +log(1 + z*)} , (3.7)

plus an error of size O (1/N), where z, > min {—a, —1} is the unique solution to

[1611”

Zx L
(1 + E) (1+2)" = S gy

(3.8)

(b) Fiz Aprior, & > 0 and suppose L = A\prioy N, P, N — 0o, P/N — «, 02 =1. Then,

~ Aprior N2 N Na Na

)\priorN

T

:_ log (JQV) + log(27r)] +0(1)

and, up to an error of size O (1/N),

A(log G)[k] =k | Aprior N log (g) + log <H9*|\2>] ) (3.10)

Qo

(¢) Fiz Apost > 0. Suppose N, P,L — oo with LP/N — Apost, 02=1and L/N — 0. Then,

P P Apost N N N
logG—Z[log<2>—1]+ 2 P[log<2)—1]

P A ost b
+5 {log(l +t) — t <1 + p;)}

Apost N [N P P
14t )log (1+ =t ) — ¢
+ B [P<+Nt)og(+Nt> t]

+0(1), (3.11)

and
N ~ (1
A(log G)[k] = k | Llog 5 + Apostts | + O ~ ) (3.12)
where t, is the unique solution to
eMvostte (1 4 1,) = |67 /ao. (3.13)
In all the estimates above, O(1) = O(max{log P,log N}) suppresses lower-order terms of

order 1, up to logarithmic factors; similarly, O(1/N) = O(max{log P,log N}/N). Suppressed
terms are included in §J.9
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3.3 Model Selection and Extrapolation

We combine our non-asymptotic formulas for the posterior and evidence from Theorem
with the Meijer-G function expansions from Theorem to investigate two fundamental
questions about Bayesian interpolation with linear networks. Together they give, at least in
the restricted setting of deep linear networks with output dimension 1, a principled reason to
prefer deeper networks.

e Model Selection. How should we choose the prior weight variance o2, model depth L
and layer widths N,7 Recall that the Bayesian model evidence Z(0) from repre-
sents the likelihood of observing the data (Xn,,Yn,) given the architecture L, N, and
the prior weight variance o?. Maximizing the Bayesian evidence is therefore maximum
likelihood estimation over the space of models and gives a principled method for model
selection. We shall see that data-agnostic priors maximize the evidence for networks
with infinite Apest, while shallower networks require data-dependent priors.

e Extrapolation. How optimal is the posterior of a linear network? Predictions on inputs
from directions orthogonal to the training data are determined by the distribution 6 .
At Apost = 0, its prior and posterior coincide. As Aot increases, however, we shall find
that information from the training set mixes into € | and ultimately maximizes evidence,
producing optimal extrapolation.

For simplicity, we report our results here in terms of a single hidden layer width N =
Nj = -+ = Ng. The general form with generic Ny, as well as related results not stated here,
are available by direction application of the general expansions in §4.6] For convenience, we
define

v = 16.]* /. (3.14)
As elsewhere, we emphasize that we focus on the regime
P/NU — Qp € (0, 1)

as P, Ng — co. When ag > 1, Theorem still holds but immediately yields that 0 = 0, n,
almost surely since #;, = 0. As described by and stated rigorously in the predictive
posterior in the regime P < Ny is Gaussian with variance determined by |6 J_H2, which
converges to a constant. We rewrite this posterior in the form

f@) = N(ue,veX)), = (Ting, 1=1,...,k)
for free scalar ¢, scalar uy, and k x k PSD matrix ¥, given by

1 1
<%No’ xj,N0>
ZJ_ P ——

My 1= <0*7N()7x>7 N[) _p

in the limit P, Ny — oo and P/Ny — ag € (0,1). The following results report the Bayesian
evidence and value of ¢ under different join scalings of P, N and L. First, we observe that
maximizing Bayesian evidence always results in the posterior corresponding to ¢ = 1 (proven

{1.6).
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Theorem 3.3 (Universal Maximal Evidence Posterior). Fiz L,Ny...,Ny > 1, o® > 0,
oo € (0,1), and consider sequences of training data sets Xy, € RNoXP Yy € R such that

P, Ng — o0, P/No—)Oé()

and (3.5) holds. Let Z(0) denote the limiting Bayesian model evidence. The following
statements are equivalent:

(a) 0% mazimizes Z»(0), and
(b) the posterior over predictions f(x) converges weakly to a Gaussian N (ps, v ).

We emphasize that Theorem holds for any choice of depth and hidden layer widths.
At finite depth, we shall see that identifying the evidence-maximizing prior o2 requires knowl-
edge of the data-dependent parameter v. In contrast, infinite-depth networks have evidence
maximized by o2 = 1, allowing them to successfully infer v from training data despite a data-
agnostic prior. We proceed to consider different joint scalings of P, N and L in Theorems
and which follow directly from writing the partition function in terms of the Meijer-G
function (Theorem and applying the suitable asymptotic expansion (Theorem .

3.3.1 Finite Depth

We present here a characterization of the infinite-width posterior and model evidence for
networks with a fixed number of hidden layers.

Theorem 3.4 (Posterior and Evidence at Finite L). For each Ny, P > 1, consider training
data Xn,,Yn, satisfying (3.5). Fiz constants L >0, 0® > 0 and suppose that

P,Ny,N = 00, P/Ny— ap€ (0,1), P/N — ac(0,00).

In this limit, the posterior over predictions f(x) converges weakly to a Gaussian

N (u*, v (1+ Z)l) ,

where z, s the unique solution to

v
o 2(L+1)

= (1 + %‘) (14 2z)", 2z >max{-1,—a}. (3.15)

Additionally, we have the following large-P expansion of the Bayesian model evidence
P P * *
log Zoo(0) — = llog <> +log (1 + Z—) - (1 + z—)
2 2 «o «o

6.1
log ( 47

+ O(max {log P,log N'}).

L
+ T [log (1 + Z*) — Z*]

In regimes where z, tends to zero, the posterior will converge to the evidence-maximizing
posterior independent of the architecture and prior. By , this occurs for instance in the
limit of infinite depth with ¢ = 1 or when v = ¢2£+1Y . This last condition corresponds to
maximizing the Bayesian evidence Z,(0) at finite L.

13



Corollary 3.5 (Bayesian Model Selection at Finite L). In the setting of Theorem the
Bayesian evidence Z(0) satisfies:

02 = argmax Z.(0) = y A (3.16)
log(v)
L, = Zx(0) = -1 1
argznax (0) Tog(02) (3.17)

In particular, given a prior variance with sgn (v — 1) = sgn (6% — 1) satisfying |0? — 1| < ¢,
the optimal depth network satisfies L, > |log(v)|/e.

To put this Corollary into context, note that in the large-width limit of Theorem [3.4] there
are only two remaining model parameters, L and o2. Model selection can therefore be done
in two ways. The first is an empirical Bayes approach in which one uses the training data to
determine a data-dependent prior o2 given by . The other approach, which more closely
follows the use of neural networks in practice, is to seek a universal, data-agnostic value of
o2 and optimize instead the network architecture. The expression shows that the only
way to choose o2, L to (approximately) maximize model evidence for any fixed v is to take
0% ~ 1 with sgn (02 —1) =sgn(v—1) and L — oo. Hence, restricting to the data-agnostic
prior 02 = 1 naturally leads to a Bayesian preference for infinite-depth networks, regardless
of the training data. This motivates us to consider large-N limits in which L tends to infinity,
which we take up in the next two sections.

3.3.2 Infinite Depth

We fix 02 = 1 and investigate extrapolation and model selection in regimes where N, L, P —
oo simultaneously.

Theorem 3.6 (Posterior and Evidence at Fixed Aprior). For each No, P > 1, consider training
data Xn,, YN, satisfying (3.5)). Moreover, fix Aprior,a € (0,00), g € (0,1). Suppose that
Ny =---= Ny =N and that

P,NZ,L—>OO, P/NO — «y, P/N—>a, L/N—))\prior.
In this limit, the posterior over predictions f(x) converges weakly to a Gaussian
N (,U*7 VEJ_) )

which is independent of o, Aprior- Additionally, the evidence admits the following asymptotic
expansion:

P P L
log Z~(0) = 3 [log <2> —1—1log <Hi7rH)

This result highlights the remarkable nature of data-driven extrapolation in deep networks.

+ O(max {log P,log N}).

Corollary 3.7 (Optimal Learning by Deep Networks). In the setting of Theorem the
posterior distribution over regression weights 0 is the same in the following two settings:

o We fixr L > 0, take the data-dependent prior variance o, that mazrimizes the Bayesian
model evidence as a function of the training data and network depth as in (3.16)), and
send the network width N to infinity.

14



o We fix Aprior > 0, take a data-agnostic prior 0% =1, and send both the network depth
L := Aprior - N and network width N to infinity together.

This corollary makes precise the statement that infinitely deep networks with data-agnostic
priors performs as optimally finite depth networks with fine-tuned data-dependent priors.

In the we find that the ratio of model evidence at fixed depth to the model evidence at
infinite depth vanishes like exp[—O(N)]. In comparison, mis-specifying the value of constant
Aprior only results in an O(1) ratio of model evidences, and it does not affect the posterior to
leading order. We conclude that, at 02 = 1, wide networks with depth comparable to width
are robustly preferred to shallow networks.

3.3.3 Scaling Laws for Optimal Learning

To emphasize the similarity between dataset size and depth, we take the limit of L, P, N — oo
while holding LP/N constant. This results in a scaling law for feature learning that only
depends on Apest, as seen in the following theorem.

Theorem 3.8 (Posterior and Evidence at Fixed Apost). For each Ny, P > 1, consider train-
ing data Xn,,Yn, satisfying (3.5). Moreover, fiz constants Apost > 0, ag € (0,1), 02 = 1.

Suppose that Ny = --- = N, = N and suppose that
P P L LP
PjNZ’L%OO’FO_}a(LN_>07N_>O’W_>Ap05t.

In this limit, the posterior over predictions f(x) converges weakly to a Gaussian N (M*, vy (14 t*)_l),
where t, is the unique solution to

v = (1 +t*)e)‘Dostt*’ t* > _1

Additionally, we have the following asymptotic expansion for the Bayesian model evidence

P P P 0, 2
=5 (2] )5 ()

P 1 ~
+ ) [log(l +ty) —ti — 2)\posttz] + O(max {log P,log N,log L}).

In the limit Apost — 00, Theorem [3.8] implies that optimal feature learning is rapidly
approached — specifically, like the harmonic mean of 1 and Apost/logr. Bayesian model
selection also drives Apost to infinity.

Corollary 3.9 (Bayesian Model Selection at Fixed Apost). In the setting of Theorem the
Bayesian evidence Z(0) is monotonically increasing in Apost. Specifically,
dlog Zso(0)  Pt?
aApost 4

> 0. (3.18)

These results provide simple scaling laws that apply independently of the choice of dataset,
demonstrating the behavior of the predictor’s posterior distribution and model evidence in
terms of Apost. The coupling of depth and dataset size in Apost provides a novel interpretation
of depth as a mechanism to improve learning in a manner similar to additional data: larger
datasets and larger depths contribute equally towards aligning the prior o2 = 1 towards the
correct posterior.
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3.4 Properties of Deep Linear Networks

We relate our work to prior results in the literature: variance-limited scaling laws [BDK™21]
and sample-wise double descent [BHMM19, BHX20, [ZVTP22]. To make the discussion con-
crete, we shall focus on the architecture introduced in Theorem where depth, width, and
dataset size scale linearly with each other to produce a posterior that exhibits optimal feature
learning given prior o2 = 1.

3.4.1 Variance-Limited Scaling Laws

We examine the scaling behavior of model error in the infinite-width or infinite-dataset limits.
The work of [BDK™21] shows that the difference between the finite-size loss and the infinite-
size loss scales like 1/ for x = N or P while the other parameter is held fixed (P or N,
respectively). Here, we demonstrate an analogous scaling law when N o P o L. Similarly
to the results of [BDK™21|, this scaling law is independent of the choice of dataset and
consequently provides a universal insight into how performance improves with larger models
or more data. The proof is found in

Theorem 3.10 (Variance-Limited Scaling Law). For each Ny > 1 consider training data
Xno, Y, satisfying (3.5). Fix constants Aprior > 0, > 0, 0> = 1. Suppose that Ny = -+ =
Np = N, that L = Aprior N and number of data points satisfies P = Na. Then, as N — oo,

w%mumnzg&meV@W+§+OCﬁ§»

where C € R is a universal constant.

3.4.2 Double Descent

We demonstrate double descent in ag = P/Ny consistent with previous literature [ZVTP22].
As a concrete example, we shall consider a Gaussian data model and evaluate double descent
for the posterior of optimal feature learning; this posterior is achieved by, for example, deep
networks with 02 = 1 (Theorem , or finite-depth networks with data-tuned priors o2

(Theorem [3.4). The proof is found

Theorem 3.11 (Double Descent in ag). Consider generative data model
T € RNO NN(O7I)7 Yi = Vor; + €iy € NN(0702)7 H‘/OHQ =1

and posterior distribution N (p.,v¥ ). We have error

ag 1—ag
bl
L_ 52 ag > 1

€

Evoxe |(f(@) = Vor)?| =

{1—a0+ L J?, ag < 1

ap—1

which diverges at ag = 1.

4 Discussion

Neural networks are non-linear functions of their parameters, making an analytic understand-
ing of their properties difficult. Here, we adopted the simplification of studying linear neural
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networks, which remain non-linear in their parameters but are more tractable. To conclude,
we emphasize three limitations of our work. First, we consider only linear networks, which
are linear as a function of their inputs. However, they are not linear as a function of their
parameters, making learning by Bayesian inference non-trivial. Second, we study learning
by Bayesian inference and leave extensions to learning by gradient descent to future work.
Finally, our results characterize the predictive posterior, i.e., the distribution over model pre-
dictions after inference. It would be interesting to derive the form of the posterior over
network weights as well.
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4.2 Background

In this section, we introduce background and results needed for our proofs. Specifically,
§4.2.1]recalls basic definitions and asymptotic expansions for Gamma and Digamma functions
(§4.2.1)), §4.2.2 recalls the moments of Gamma random variables, and §4.2.3| defines Meijer-G

functions and introduces their basic properties.

4.2.1 Gamma and Digamma Functions

We will need the following asymptotic expansions for Euler’s Gamma function
oo
I(z) = / t*~le7tdt,  R(z2)>0
0

and Digamma function ¢ (z) = di logI'(2) (see Equations 6.1.7, 6.3.13 in [AS64]):

z

Proposition 4.1. We have the following analytic asymptotic expansion for the Gamma func-

tion
1
logT' (2) ~ (z - 2) log(z) — z + const+ O <\z\_1) , as |z| — oo. (4.1)
In particular, we also have
d
oM (2) = d—logI‘ (z) ~log(z) + O(|z| ™), as |z| = oco. (4.2)
z

Both expansions hold uniformly on sets of the form |z| < m— ¢ for a fized 6 > 0.
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4.2.2 Gamma Random Variables

We will need the following well-known exact formulas for the moments of Gamma random
variables, which follow directly for the formula for their density:

zF1  —x/0
x e , x>0
DenX(;(;) = {g(k)ek o :

X ~T(k,0), k,6>0
and the definition of the Gamma function.

Proposition 4.2. Let k,0 > 0 and suppose ¢ ~ I'(k,0). Then for any t € R we have

etI‘(k—i-t)

==

In particular
E [e—iﬂog ¢] — exp [—itlog +log T (k — it) — log D(k)] (4.4)
is a meromorphic function of t with poles on the negative imaginary axis:
t=—i(v+k), v=0,1,2,....
4.2.3 Meijer G-Functions

The Meijer-G function is defined as the contour integral

a ) _ ;Ti/czsx(s)ds, (4.5)

X(s) == H;nzlr‘(bj —s) HZ:1F(1 —ap+s)
Gmmpr T (L =bj+8) [Ti_py1 T (ax +9)

P.q
Gmm (2

where

and C is a Mellin-Barnes contour in the complex plane that separates the poles of I'(b; — s)
from those of T'(1 — ai, + s) (see Figure [2)).
We will need several properties of Meijer-G functions, which we now recall.
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]

-inc

Figure 2: This article concerns only the case when ay,b; are real. The poles of I'(b; — s)
(black dots) extend to infinity along the positive real axis when b; are real. Similarly, the
poles of 1 — aj, + s (black squares) extend to infinity along the negative real axis when b; are
real. The contour of integration (solid black line) in starts at —oo, keeps the poles of
I'(b; — s) to the right, keeps the poles of I'(1 — aj, + s) to the left, and ends at +ioco.

Proposition 4.3. For n,w > 0, We have
; a,a _ ~mun—1 a
GpLr <:U b a > = Gp—l,q—l <:L’ b ) (4.6)

o —WT,,—O MmN a a—1,mmn+1 (71 a,a
/0 e TGl <7]x b)dx:w 1GJDJFLQ (w b ) (4.7)

m,n a _ rmm -1 1-b
G <Z b ) =G (z 1—a ) (4.8)
m,n a __ ymn P +a
LG <z b > =Gyl (z ' p+b ) (4.9)
1,0 a? -
Gola 4 |y v )T Ju () (4.10)
2072
d" a 0,a
h n _ ~mn+1 )
S P (z b ) = Gpitgh (Z ‘ b, h ) (4.11)
> m,n a 1,V c _ 1 n+up,m+v [ W =b1, ..., =bm, ¢, =bmy1, .., _bq
/0 Gy <77m b )GUJ (w:c d )dm an+a,p+T <77 ‘ —a1,...,—an,d, —api1,...,—0ap
(4.12)
[Tt (e | g Yo (er | Gy Jar (413
) y Yo ) » Vg

k
:i(—a) cmttnst1 [ l—a,a1,...,an,k—a—di+1,....k—a—dy+1,an41,...,0
k! ptutlatutl bi,....bmk—a—c+1,...;k—a—c,+L,k—a+1,byy1,...,bq
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For (4.13]) we require

larg(o)|, larg(w)| < 7
and
—min{R(b1),...,R(bp)} < R(a) < 2 —max{R(a1),...,R(a,)} —max{R(c1),...,RN(ct)}.

Finally, fix L > 1 and
ke,0; > 0, {=1,...,L

and let
o¢¢ ~ T (ke,0p) independent.

We have for every y > 0

L L
1l oy - _ -
Hr(@) < Go <A ‘ Bl k-1 ) =Denpp (), A= Heg. (4.14)

4.3 Setup
As described in the main text, rather than working with the posterior distribution

— lim dPprior (0 | No, L, Ng,02) exp [—BL(O | Xny, Yivo)]
) B—o0 Zﬁ (XNQaYNQ | L,Ng,O'Q) ’
(4.15)

d]P)pOSt (0 | L7 N470-27XN07YN0)

we work with the characteristic function of the posterior:

Zoo(t ‘ La N€7027XN07YN0)
Zoo(o | L’NK7U21XN07YN0)’

Epost [exp {—it - 0}] = t=(t1,...,tn,) € RO, (4.16)

Here, Ejost[-] is the expectation with respect to the posterior (4.15). We have defined for
B > 0 the partition function Zg(t) = Zs(t | L, Ny, 02, Xn,, Yn,) by

L+1 N, . ,3 L+1 ) L+1
o = Y4 YA . ¢
Zs(t) = Aﬁ/exp [—Z 5oz WOl =5l = TTwWOX|;—io-¢| [Taw® (417)
/=1 /=1 /=1
and set
Zoo(t | L, Ny, 0%, Xn,, Y, ) = BILH;O Zs(t | L, No,o?, Xng, Yivg)s
where

Ap = det(XF, Xn,) /% (2n8)"/?

and Yy, | is the projection of Yy, onto the orthogonal complement to the row span of Xy, .
The denominator Z(0) is often called the Bayesian model evidence and represents the prob-
ability of the data (Xu,, Yn,) given the model (i.e. depth L, layer widths Ny,..., Nz and
prior scale 02). Note that the constant Apg cancels in the ratio and in any computations
involving maximizing ratios of model evidence.
The effective depth of the prior is measured by L/N; more precisely, by
Lo
Aprior = Aprior (N1, ..., N) = effective depth of prior := N, (4.18)
(=1
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Beyond the justification of effective rank provided in the main text, we offer related intuition
here to justify calling Aprior the effective depth. Aside from the simple multiplicative depen-
dence on o2, the norm of § under the prior depends at large N, L only on Apier. For instance,
a simple computation (Equation (9) in [HN20b]) shows that with o2 = 1

A
i 2 _ a2
. log ||0]] N( 27)\>7
Aprior(]\ll7"'7‘]\[[/)‘))‘

where the convergence is in distribution. Due to the rotational invariance 6, we thus see that
with 02 =1, it is Aprior; as opposed to L, that gives a full description of the prior. Moreover,
taking Aprior — 0 (even if L — o00) gives the same (Gaussian) prior over predictions 67z as
one would obtain by simply starting with L = 0.

As argued in the main text by the Poincare-Borel lemma, the posterior in the large-data
limit will always have the form of a normal distribution. We formalize this statement here,
taking 0, n, to be the minimum-norm interpolant

0sn, = argmin ||0]|, s.t. 67 Xy, = Yay. (4.19)
6eRNo

Lemma 4.4 (Asymptotic Normality of Posterior). For each Ny, consider a collection of k > 1
test points
XNy, = (Tjing, 7 =1,...,k).

Suppose that

e For each ap € (0,1) there exists a vector p = (pixj, j = 1,...,k) € R* such that

ij{fiorgoo (04N> Tj,Ny) = [hosj almost surely. (4.20)
P/N()—)OL()E(O,l)

e For each ag € (0,1) there exists a positive semi-definite k X k matriz ¥, such that

1
I <.i,.i> —¥ Imost surely, 421
pim <N0 —5 \ZiNo Z5No ik i almost surely (4.21)

P/No—a0€(0,1)

where ij,No denotes the projection of xj onto the orthogonal complement of the column

space of Xny.
Assume that the convergence of the posterior for HQJ_H2 in the large-N limit satisfies
101L1]* = v(1 — ao)e
for some constant c. Then the distribution over posterior predictions evaluated on Xp,
f(xn,) = (aT$j7N07j21,...,k), 6 ~ Ppost
converges weakly to a k-dimensional Gaussian:

f(xng) = N (s, veXy). (4.22)
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4.4 Proof of Theorem [3.1]
Recall that, by definition,

Zﬂ(XNO,t) = A,BEprior exXp

B L+1
Gl TTwox - st |
=1

where
. N, N,
XNy = (@jNg, J=1,...,k) SR, x5 8, € R™,

the expectation is over Wi(f) ~ N(0,0%/Ny_1) and
Ag = det(XTX)"/2 (228)F/2.
The first step in proving Theorem [3.1] is to write
Y =0TX,

where here and throughout the proof we suppress the subscripts in Xy, Y, 0« n,- This
yields

L+1
Z3(XNy» t) = AgEprior [exp [—guefx - T w“x||; i f(xNO),t>” : (4.23)
=1

Next, since f(x) is a linear function of x, we have
(f(xng), ) = f (xnv - 1),
and hence, suppressing the dependence on Ny, we will write
Zg(xXny, t) = Zg(x,1) =: Zg(x), T =X, - t.
To prove we first derive the following expression for Zg(x) for general .

Proposition 4.5. For any 3 > 0, the partition function Zg(x) equals
L -1
Ny :
EI_IIF <2> exp [—zH*TxH]

Xt(r— 2
« /f dC exp !—“ (r— )] +ioT¢
col(X)

26

1.1
GLL (Mw Ml

N
=3
0 )

where X1 is the pseudo-inverse of X and

L
202
A4M = —_
Ny
£=0

Proof. We begin the proof of Proposition by integrating out the final layer weights W (£+1)
and introducing a dual variable t € R”, as in the following.
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Lemma 4.6. Write

We have

Zp(z) = det(X T X)1/2 /R i Eprior

B o’ 2
exp! 2B2+ 0T Xt — NLHXLH—xLH dt, (4.24)

Proof. From the following identity

el (x|

we conclude

B

exp[ (L+1) XLH }

- s |- -2

[ e e i
_/(QWﬁ)P/QeXp[ %Ht!l +Zt(9*X W X) _

I
Substituting this into (4.23]) we find

Zg(x) = (27‘(‘2?13/2/ Eprior [exp [ (GTXt WL+ (XLt—}—xL)) ||22 ”

Now we compute the expectation over the final layer weights W&+ by completing the
square:

2

2]

3

2ot [,

202 9 iy (XLt + ”3L) =

[\

202

[HW L+1) _ i (XLt+:c )

o? 2
—EHXLHQULHQ-

This yields

Zs(z) = Aﬁ/ Eprior |€xp —M—H‘HTXt— il || X5t + ||| | de
B (27[',8)13/2 RP prior 2/6 * 2NL
completing the proof. O

For each fixed t, note that
X4t =w® oW (Xt + ).
Hence, the expectation

2
IEprior [QXP [_;M HXLt'Fl‘LHz:H
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equals the Laplace transform
Lo, (M'||Xt+a|?)

of the random variable

L
oo}
/=1

where u is any unit vector (the distribution is the same for any u since W! is rotationally
invariant) evaluated at || Xt + 2|/ times

2
WO AN (0, Iy ,) ndependent, (425

Thus, we obtain

2
Zg(x) = det(XT X)1/? / dt exp [—’;E +i0lXt| Loy, (M' | Xt + :UHQ) , (4.26)

To proceed we rewrite the Laplace transform in the preceding line in terms of a Meijer-G
function.

Lemma 4.7. Let Qn,1, be defined as in (4.25). Then,

L -1
N, N N
Loy, (1) = (Hr(;)) eh <2LT' 1-5 ,.(.).,1 v )
=1

Proof. The density of Q%i is known from [ZVP21]:

91-L/2 to [ P2 _
= Gor | = _ _ .
= R Iy

Hence, the density of @ N,L is

1

_ 1/2
POnN L (p) = 2p1/2pQN,L (r'7)
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where in the last step we’ve used (4.9). Hence,
o0
—rp~LO [ P
‘CQN,L(T) :/ € pG07L <2L
0
Ny
—(p (=
() (%
Ny
((3)r (3
2
N
-((3)r (%
2
where we’ve used (4.7)) and (4.8)). O
Combining the preceding Lemma with (4.26]) gives

dp
N, N
2L 1 ,21—1)

- GLJ 1 0
LE\2lr | Bp —1,... 20 1

) »
) ffz(z; 5l y)
)) e

G )

7

det(XTX)1/2 N 1M
HeLzlr <%) R 26 ' 0
(4.27)
where

L
202
4M = —
1%
=0
To complete the proof of Proposition we write
T=x)+ T, x| € col(X), w1 € col(X)*.

Note that X gives an isomorphism from R? to im(X). Thus, we may change variables to
write Zg(x) as
_N
2
o)

L -1 t
Hr(?) /degexp [—HXMCH +i01'¢
=1

where X the pseudo-inverse of X. Finally, note that

@ﬂm+mﬁ

1 + 22 = ||¢ + 2y | |* + =L

Hence, changing variables to 7 = ¢ + x| yields the following expression for Zg(x):

L —1 T 2 N
N, , X (rt—z , 1N
HF (;) exp [—i0] z)|] x / dCexp |— X 5 )l +1i07¢ GiLl (MH(]Q + M|z, |]? 0 2 )
=1 col(X) B
This is precisely the statement of Proposition O

By taking 8 — oo in Proposition we see that

exp [—i0T x )
Zoo(z) = L[F(]VZH)]/RP exp [i6]¢] GlLLl (MHCHQ + M ||z |?

-3 d 4.28
)F ) )
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In order to simplify this expression further, we pass to polar coordinates

: 1-3
/Rpexp [i03¢) Gr (M!C\|2+M\m!2 )’ )d<

o0 _N
:/ pPt {/ exp [ipH*TQ] d@} GiLl <Mp2 + M ||z, |]? ‘ 1=3 ) dp.
0 SP-1 ) 0

By the definition of the Bessel function and the relation (4.10)), we have

[, exolioT6] o = )72 (o 0.1)7 5 T2 (1621

_P-2 9
:(QW)P/2<P2H€*H2> 1 Gé: (P 16417

4
2119 2 N
— 2nP2G1Y (P !\4*” T >
' T2
We therefore obtain
1- N
[ exwlioe] Gk (MG + 0 o 02)
RP
_pp [T 7G10 p |0 M M 1-5 d
— HE prMlasl? |17 ) dp
0
P2
4\ 13/2/oo 1o [ 164 1—N>
=|—= s Gy’ 2 |d
(HG*HQ) 0 0,2 4 0 14
£ o0
_(_4 27TP/2||9*||2 L0 p 1101 1-5 dp
6./ AM  Jo 02\ 4M 0 ~
We now apply (4.13) to find
/m 1o [ Pl
o 22\ 4M

— 1 NF 1o [ 11047
:ZH(_MH“M Gori1 | 1ar

k=0

b

N
5 0) G (Mp + 31 [ P
2

- 1L
- 0) G (o4 0l
2 Y

[®)

— 1-N
P—2 0) GiLl <P+MH@1HQ ’ 02 )dp
5

P—-2 N .
2:2+k—1>

1-%
) )
16-11°

k
P/2 M 2 L+1,0
<ue P > Zk' (Al ) G““( 1

Putting this all together yields

L —1 oo 2
[ Am 2 Ny 1 Nk 1,0 [ 110«]
Zoolw) = <!|9*|2> [Ir <2> ZE< Ml ]l ) Gori1 | 1ar

/=1 k=0

Therefore,

[ e li6c) Gk (MG + M o

P N .
2,2+k>

completing the proof. O
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4.5 Proof of Theorem [3.2]

In this section, we derive several apparently novel asymptotic expansion of the Meijer-G
functions of the form

2 2

e (1812 | =\ o (161
0,L+1 T Y0,L+1

AL\ aMm | 5,5 +k AL\ AM

Our first step is to obtain a contour integral representation of the Meijer-G functions
we are studying. To state the exact result, consider the following independent I' random
variables:

B . 4.29
?%+h”w%+k> (4.29)

r %+k+1,%), j=1,....L

5~ 2 ,
r(E+1% ), 1=0

(4.30)

As we recalled in §4.2.2) the moments of ¢; can be explicitly written in terms of I' functions.
Moreover, the Meijer-G functions (4.29) can be interpreted, up to a scaling factor, as densities
of the product of products of ¢;’s. This is allows us to obtain the following

Lemma 4.8. Fiz L, N, Ny,..., N1, > 1 as well as ||0«|| > 0 and define M by

L
9 2
amM = T[22 (4.31)
Ny
=0
For any N > 1 we have
b N8 prro (10P | - (BTl (X )
engg-p, (1) = 75 =Go i | 1y PN g 5 1 H -5 Tkt
1
=5 Cexp [®(2)] dz, (4.32)
where C C C is the contour that runs along the real line from —oo to oo and
202 ayg F(£+1—i2)
®(z) = —izlog ( > + log (2
P l6.]7 L(5+1)
L 2 r (& +k+1- zz)
2
+3{ —izlog (;) +log 2 R . (4.33)
pt ! r (TE Ty 1)

Proof. We use the relationship (4.14)) between G functions and densities of products of Gamma
random variables to write

L -1 -1 2 2
Ny P 1011 1,0 [ 1104]]
H[F <2+k+1>] [F <2+1>} i Gy 11 i

(=1

PN ) = Deng,...¢p, (1).

202
For any positive random variable X with density dPx, we have

dPx (t) =t~ dPyog(x) (log(t)).
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Hence,

Deng,...g, (1) = Densgr 14, (0)

is proportional to the density of a sum of independent random variables evaluated at log(1) =

0. Further, recalling (4.4)), we find by Fourier inversion that

% /_ Z exp [®(1)] di

L —1 -1 2 2
Ny P 017 1,0 [ 110«]]
H[F <2+k+1>] [F (2+1>] i Gy 1

P N )
272+k>

202 r(L+1—it
@():—ztlogl—ztlog( g _0 >+1og <(21)>

P le.? L(5+1)
L 2 F(%+k+1—it>
+ —Ztlog< 7 >+log . (4.34)
g; N r(%+k+1)

O]

Note that (4.43)) expresses G' as a contour integral of a meromorphic function exp(NW)

with poles at
—%—k—l—y, veN, me{P,Ny,...,N.}.

Our goal is to evaluate the contour integral representation (4.32)) for the Meijer-G function

using the Laplace method. To do so, we will use the following standard procedure:

1. Contour deformation: C into a union of several contours C; U ---UCg. Contours C1,Cr
are non-compact, whereas the contours Co,...,Cr_1 do not extend to infinity. We will
need to choose the contours Cs,...,Cr_1 so that exactly one of them passes through

what will turn out to be the dominant critical point (. of ¥ and does so in the direction
of steepest descent. Moreover, on the contour Co, the imaginary part of the phase will
be constant (in fact equal to 0).

2. Localization to compact domain of integration: Show that the integrand exp [NVU(z)] is
integrable and exponentially small in IV on the contours C1,Cg. In particular, for any
K >0, we will find that modulo errors of size O(e™® ") we may therefore focus on the
integral over Ca,...,Cr_1. The ability to choose K will be important since the entire
integral is exponentially small in N.

3. Computing derivatives of ¥ at (,: Now that we have reduced the integral (4.32)) to a
compact domain of integration it remains only to check that the critical point is non-
degenerate, to compute ¥((,), 4 = U(¢,), L5W(¢,), and to apply the Laplace method.

) dZ2
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We now proceed to give the details in the case when
P P
L is fixed, N :=min{Ny, P, N;} — oo, N, € (0,1), N T ac (0, 0).
0

This is a generalization of case (a) of Theorem To proceed, we make the change of
variables ¢t +— Nt in (4.32]) to get that

10 oo (6P | - PN [ (e N
4M GO,L+1 4M g,%—kk) F 2 +1 i +]€+1 = 27( exp[N\Il( )]d
(4.35)

where

202 ap 1 F(B—i-l—iNz)
U(2) = —izlog [ -0 ) 4+ 1 2
) w%<PWW>+N%< r(&+1)

+ Z zzlog( > + Nl N . (4.36)
yt r(%+k+1)

With this rescaling, we now deform the contour of integration as follows by fixing constants
0, T > 0 (the value of T' will be determined by Lemma and the value of § will be determined
by (4.48)) and the sentence directly after it) and deforming the contour C as follows

4
c ~ Jg,
§=0

where

Co = Co(T) = (—o0, =T

C1 = C1(T, Cs) = linear interpolation from — 7 € R to —iCs € iR

Co = Co(Cs) = [—iCs,iCy]

Cs = C3(T, Cs) = linear interpolation from iCs € iR to T' € R

Cy =Cy(T) =T, ),
where p N N

1 L
U5 =0 mm{QN N 2N}

See Figure @ In order to evaluate the integral over each C;, it will be convenient to introduce

L
= Uy(2)
=0

where

, 202 1 I'(L+1-iNz) _
—’LZlOg(%Hz(hg)‘i‘Wlog (12(123_’_1) s K—O
F(?+k+1—u\/z)> : (4.37)

: 202 1 _
_ZZlOg<M>+N10g<F(A;Z+k+1) E—].,,L

The following Lemma allows us to throw away the contribution to (4.43|) coming from Cy, Cy.

\I/g(z) =
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-1C

Figure 3: Deformed contour of integration for the proof of Theorem

Lemma 4.9. There exist ¢, Ty > 0 such that

RW
sup (2) < —¢, YT > Tp. (4.38)
|z|>T 1+ |Z’
z€R
Moreover, for any T,§ > 0, writing
Sner ={2€C| |2| <T,3(z) > Cs}, (4.39)

there exists C > 0 such that

sup max{\\ll(zﬂ : ‘d\ll(z)

ZESN,(;,T dZ

} <C. (4.40)
Proof. To show both (4.38) and (4.40) we will use the asymptotic expansion
1
logT' (2) ~ (z - 2) log(z) — z + const + O (\z\_1> , as |z| = oo, (4.41)

which holds uniformly on sets of the form |z| < m — € for a fixed € > 0. With ¥, defined in
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(4.37)), we find for each ¢ = 1,..., L that uniformly over z € R

, 202 1 Ny , Ny
Uy(z) = —izlog <Ne> +N <logF <2+k—|—1 —zNz) —logTl <2+k+1>>
202 N,
= —iz [—1+log (U) + log (£+k+1—iNz>}
N, 2

. <N”2+1 +k+1> log (1—”\72 )+0(N—1)

N Nkt

, 2Nz Ny 2Nz 1 _
= —iz |—1+1log(c?) +log (1 — + L1 : Nt

”[ log(o”) + °g< N, )] 2N Og( N 1+ 2(1;V+1)> FOWT)

4
21Nz 21Nz

_ _ 2 . e 1
= zz[ 1+log(a)+log<1 N, >]+2N1 ( N, >+O(N ).

Obtaining a similar expression for £ = 0 and summing over ¢ proves (4.40). Moreover, for
{=1,...,L we obtain uniformly on z € R

2iNz Ny 2INz 1
v = 1-— —log |1 — N
RU,(2) = zarg ( 2 ) s tos[1- 2 o)
Note that for Ty sufficiently large there we have
21N

|z2| >Ty = arg(l-— i sgn (z) < s RUy(2) < . ] . (4.42)

Ny 4 8
A similar analysis applies to £ = 0 and completes the proof of (4.38)). O

Estimate (4.38)) in the previous Lemma shows that, for any K, > 0 there exists 7' > 0 such
that

— / exp [NV¥(z _N exp [NU(2)] dz + O(e” 5V). (4.43)
C1(T,Cs)UC2(Cs)UCs(T,Cs)

To evaluate the right hand size of (4.43|), we derive the following uniform asymptotic expansion
for ¥(z).

Lemma 4.10. Fiz §,T > 0 and define Sy s as in (4.39)). Then, uniformly over Sy s, we
have

W(e) = B(=) + L U(e) +O(N ),
where
. L .
~ . 20Nz 20Nz
U(z):=1iz [log( L+1 >+L+1 log (1— Iz >—£§::llog<1— N, >] (4.44)
. il 21Nz 71 2iNZ
oN OB o8 N,
. L .
~ 1 21Nz 1 20Nz
‘P(z).—210g<1— 5 >+<k+2>;log<1— N, > (4.45)
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Proof. This follows directly from expanding ¥,(z) using (4.1) for each £ =0,..., L. O

Combining the preceding Lemma with (4.43) shows that for any K > 0 there exists
T,6 > 0 so that

% /C exp [N¥(2)]dz
N

- exp [N\Tf(z) + \Iz(z)} dz (1+ O(N™1)) + 0(e XNy (4.46)
2T Je(T,05) U2 (Cs)UCs(T,Cs)

Moreover, differentiating yields
d ~ LETRS llog< 16,17 ) g <1 - 2@'Nz> _ibg (1 B 22’]\72)] .
dz o2(L+1) o P Ny
Computing the real part of both sides show that
d 2ANz\ & 2iNz
R <dZ\IJ(z)> = arg (1 -5 > +;arg (1— N, > .

Since all the arguments have the same sign, we conclude that the real part of \I/ vanishes
only when z = i( for ¢ € R. Further,

L 500)) - 16:]° 2NC| |y

which vanishes on Cy if and only if {( = (, is the unique solution to

L
e INC, 2NC.
Indeed, observe that the right hand side of the equation on the preceding line increases mono-
tonically in ¢, from —oo to 400 as (, varies in (— min {%, %, ce ]2\7—]@} ,00). Computing
the correction to the saddle point, we differentiate
d (= 1= 1611 4 2NC
N el - — _ 'S 'S
J(d( <\If(zC)+N‘Il(zC)>> log< AL, | Tlos 142 1 N,
1 1 142k
TN 2 + P/N + ; Ny 1+ 2CN5/N]

and set the derivative to zero at ( = (i + (e /N, giving

1

Wee 1 +ZL: 2 s N 1+2k
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This is solved by

126 + P/NI7" 4 (1 + 2k) 3226 + No/NJ ™!
2 [2G+ P/NJ71+ 352G + Ng/NJH

o = — (4.48)

Hence, by choosing ¢ sufficiently small, we can ensure that Co contains the unique solution to
(18) of Theorem [3.2] of the main text. Further, a direct computation shows that

R R

proving that that i(, is a non-degenerate critical point of 0. Defining (y = (x + (s /N and

To(Go) = B(io) + - (iCo),

the Laplace method gives

N
log Den oeo,(0) =log | — / exp [N¥(z)] dz
S togec ) (27? C1(T',C5)UCs (C5)UCs (T,Cs)

= NUg(¢o) + %log (2\17’((0))

_ A N
—N{(p [log( 2L+ g +L+1-log —|—2C0 E log 1—1—2@@
L
N | P N Ny N
+ 5 Nlog <1 +2C0P> + W K_E 1 log <1 + 2<OM>]

L
1 N 1 N
+ 3 log <1 + QCOP) + (k‘ + 2) ;1 log (1 + 2<0N€>

1 1 1
+ 3 log(N) — 5 log(27m) — 3 log

L 2
2+ P/N T ; 20 + N/Ng] ‘

Taking
Ny=N, P=aN

and observing that

lo el = Llog(1+2¢) + 1o 14 2%
& o2(L+1) o & * & o

simplifies the density to

log Dens-s ... (0) = g [a <10g <1 2@) ) 2@) + L (log (1+2¢.) — 2@)} + %log(N) _ %log(w)

(6% [0
| 2, 1 1 | L
- “) Llog (1+2¢) — -1 .
+2log< a>+<k+2> 0g(1+26:) =5 Og(a+2c*+1+2§*)
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Solving for the G-function given (4.14)), we conclude that

N Na
log G = logDens~r. 4,4, (0) + Llog [F (2 +k+ 1>] + log [F (2 + 1)]

2
— log HH;!) — Llog (2]12> — log <]2\;O;>
)] +L [log <];[> +log (1+2¢)—(1+ 2@)] }

= E {a [log <Na> + log (1 + 2C*> — (1 + 26«
2 2 «Q o

L(2k —1 N L L s
+ (2) [log <2> + log(1 + QC*)} + 5 log(2m) — 5 log <1 " ﬁi?g L) '

The leading order part of this expression reproduces (16) of Theorem of the main text,
and taking differences between the value at a fixed k£ and at k = 0 gives (19). Note that at
L =0, direct computation gives

10, Noe . Nao Na 116,
log G = — X 272 0 T [ o 20 4 Jog 1L
o8 oo 202+ 2 08 202+ o8 ag |’

which we see is reproduced by the above. The derivations of the formulas in cases (b) and (c)
of Theorem are very similar to those of (a). So we indicate only the salient differences,
starting with case (b). We will actually consider the following somewhat more general regime:

P 1
N =min{Ni,..., Ny} =00, P,No,N,L =00, = = ao, > — = Aprior,
with ap € (0,1) and Aprior € (0,00). Our starting point is again Lemma The first
modification in the proof is that we must redefine the contours Cj, j =0, ..., 4 by replacing

T T/L.

Next, Lemma [£.9] now reads.
Lemma 4.11. There exist ¢, Ty > 0 such that
RU(z)

sup < —c, VT > Tp. (4.49)
lzi>1/L 1+ |2
z€R
Moreover, for any T, > 0, writing
Snrsr ={2€C| |2| <T/L,3(z) > Cs}, (4.50)
there exists C' > 0 such that
d
sup max{|\l’(z)|, —U(z) } < C. (4.51)
2€SN,L,5,T dz

The proof of Lemma [4.11] is essentially identical to that of Lemma [4.9] with the main
difference being that the analogous estimates in (4.42)) must now be summed from ¢ = 0 to
¢ = L, which involves a growing number of terms. In each term, for T sufficiently large, the
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real part of Wy(z) is bounded above by —c* (1 + |z|) as soon as |z| /L > T. As a result, the
previous Lemma shows that, for any K,§ > 0 there exists T' > 0 such that

N

N
— [ exp[NVY(2)]dz = —
2T Je (T/L,C5)UC(Cs)UCs(T/L,Cs)

5 exp [NU(2)] dz + O(e %), (4.52)
T Je

Next, exactly as in the derivation (4.47) and (4.48), we find that ¥ has a unique critical
point ¢, + 1 Cex + O(N ~2) along Cy and no critical points along C1(T'/L, Cs) and Co(T/L, Cs).
Moreover, recalling that 02 = 1 in this regime, a direct inspection of (4.47) and (4.48) reveals
that there is a constant Cy > 0 so that
1 1
<Ci|l=4+—=).
<c.(1+3)

This allows us to choose d in the definition of Cy to be independent of L, N, P, Ng. The
remainder of the derivation is a direct computation of the value, first derivative, and second
derivative of W at the its critical point followed by a straight-forward application of the Laplace
method. Namely, the critical point of ¥ on the contour Cy takes the form

1

d 1
— V(i) =0 <= (=CG+ —Cu+ON?),
(i) § = Gt 3G +O(N )
L. c e . N -1
where the critical point is given in terms of Aprior = Z£:1 N,

C*:O

L 1 16|
e = — 1 —(2k+1
C 2 [)\prior ©8 ( Qg ( )

The corresponding critical value is given by

2
. 1 A rior 1 HG*H2
U it =G | | =2 2k +1— 1 ,
<Z (C * Ng >> 4N ( * )\prior °8 (&%)

and the Hessian is, to leading order,

d? . 1
diellf (3 C* + NC** - _2N)\prior < O,

showing that i(,«/N is a non-degenerate critical point. Including the terms from the Gamma
function prefactors, we obtain the G function

L
o [ 1164117 - Ny Ny P P L
’ (=1
L 2
1 Ny 1 P 1 ICAL
+<k 2>;log<2> 210g<2)+<k: 2>log< "

2
1 1 0. 1
B E)‘Prior - 4>\prior llog (HQ(N )] - 5 log(2/\Prior)'
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When specialized to the case when Ny = --- = N, = N, these are the results stated in (19)
and (20) of Theorem |3.2| Finally, for case (c), we our results apply to the regime where

P 1
N =min{Niy,..., Ny} =00, P,No,N =00, <= = aq, Py — = Aposts

with ag € (0,1) and Apost € (0,00). The analysis in this case mirrors almost exactly case (b),
but we use the variable substitution ¢ — Pt when changing from ® to ¥, and use the fact
that both P/N and L/N vanish. Here, we record only the result:

2
log GLH10 (HH*H

0,L+1 AM

where t, is the unique solution to

2
e)\postt* (1 +t*) — HQ*H .
Qg
When specialized to the case when Ny = --- = N = N, this gives the results stated in (21)
and (22) of Theorem [3.2] This completes the proof of Theorem [3.2 O

4.6 Proof of Theorem [3.3

Consider the setup from Theorem [3.1] We adopt the notation

e v PN\
FTUAM T 22 \ 2

so that we have variance

GL+1,O<
[l )% ([0, ]2 O\
Varpou [f(2)] =

2 z L0 -
0L+1 \# | P Ny N
25 20572
L+1,0 -
2 Go,L+41 (Z P 1N N >
_ HxJ-H ||0 ||2 2 )20 2
- *
0,L+1\? | P N Ny,
2520572
A Bayes-optimal o2 implies
Oo? dz 0.L+1 ga%w 7%




Using the identity

d —b1 ym,mn a —1-b1 ym,n
e [z 'GLy <z bz >] =—z "Gyt 2

which holds when m > 1, we find that
a
] Z ) -Gy <z

@Gp,é <Z bz > = [ble,;] (Z
- L+1,0
P N Np > = GO,L+1 (Z

and thus
P _ 1410 -
7GOL’1 z N . (453)
2 Obt o, 5t R T N

3 Dy D
To show both directions of Theorem it hence suffices to show that to leading order in the
large-P limit,

L+1,0 - L+1,0 -
GO,L+1(Z‘_1 NlmNL) GO,L+1<Z PNl“_NL>
2 DR L) _ 20 20 2 — (454)
L+1,0 - L+1,0
Go 41 <Z P N Np > Go 141 (Z
which ensures variance
[Eml 2 [EIIATs
Varpost[f(x>] - < HH H P = NO Oj() *

T B
This simultaneously sets the predictor variance to v¥ that we recover above. Conversely, if
the variance is given by v | to leading order, (4.54) implies that 9Z.,(0)/0c? = 0.

To show (4.54)), we evaluate a saddle point approximation of the relevant G function

L+1,0 -
GO,L+1 (Z P N Np )
5 R

with constant L, Ni,..., Ny. Similarly to the result of Lemma we use the density of
independent I' random variables

ap
b1 +1,ba,...,b4

ap
b1+1,b2,...,bq

T &+1E), j=1,....L

P(5+k+1,2005), j=0

Gj ~

Note that unlike in Lemma [4.8] these variables offset P by k, not N;. The density is thus

0. 0.1 - p TETL (N -
5tk 5 2 P 2

Den¢0~~¢L(1) = AM COL+L\ 40

1

= 5 L)z
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where C C C is the contour that runs along the real line from —oo to co and

202 T(L+k+1—i
@(z)——izlog( g a0 >+log< (3 + ZZ))

D 2 P
P 16, L(§+k+1)
L 002 r(%+1-iz)
+ Z —izlog <N> + log
=1 ¢ F(%—kl)

The fixed point equation d®(i¢)/d¢ = 0 is solved by (. satisfying

L
N Ny _ 161

(=1

i.e., by ¢, = O(1). Directly applying Laplace’s method
log 5 [ exp[B(2)]dz = B(z.) - ; log(2m) ~ 5 log @' (2
og — [ ex 2)|dz = ®(z,) — = log(27) — = lo 24
8oy |, 5 log 5 1og
and evaluating the ratios in (4.54]), we find
L+1,0 - L+1,0
GO,L+1 <Z P_ 1 N Ny > Go,L+1 <z
2 = log
L+1,0
Gori1 (Z

- L+1,0
P N Ny ) Go 11 <Z
55 By D
which we note is independent of ¢ to leading order. That is, the large dataset overwhelms
the prior, causing all choices of 02 to become optimal. This completes the proof.

705 N2> 2 1

1 P2y —log(=)+0(=
o8 — ) Og<P>+ <P>’
P N N,
g HLgh

4.7 Model Evidence

In the infinite-depth case L = ApiorN as N, P — oo, we find that not only does setting
02 = 1, A\prior > 0 give desirable posteriors, but it also enjoys a significant preference with
respect to model evidence.

Corollary 4.12 (Bayesian Preference for Infinite Depth). As in the setting of Theorem 6,
fiz Aprior > 0. For each fized L > 0

N Zoo (0| L,N; = N,0% =1, Xn,, Yng)

li ¢ =1

NS00 " Zeo (0] L= Npwion, Ne= N, 02 = 1, Xng, Yag)
where I

« Zs Zs
o= =g s (1+3) - 5] - G lostl 42 -
satisfies ¢ < 0, and z, is defined as in (3.8) of Theorem i.e.,
14 Zx L
T = (1 n E) (142", 2z >max{-1,—a}. (4.55)
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This shows that, when o2 = 1, any choice of Aprior Tesults in exponentially greater evidence
than a network with finitely many hidden layers in the large-N limit. We omit the proof,
since it is a direct manipulation of the reported evidence in the main statement of Theorems
4 and 6.

Moreover, the Bayes-optimal depth is given by an O(1) choice of Apyior. That is, unlike
in the finite-depth limit where L, — oo when using an ML prior, choosing L = O(N) has an
attainable optimal depth that maximizes Bayesian evidence.

Corollary 4.13 (Bayes-optimal infinite depth). In the setting of Theorem 6, we have

Aprior,s = /1 + log(v)? — 1 = arg max lim Zoo (O | L, Ny, 0% = 1,XNO,YNO) .
by P,Ng—)OO
P/No—ﬂloE(O,l)
/\prior(lenyNL)‘))\

Moreover, for any X\ > 0, there exists ¢ > 0 such that we have

Zo (0| L=NAN,=N,02=1,Xn.,Y
c< lim (0] ¢ U No: Yivo) <1

P,N;—o00 Zoo (0 ‘ L= N)\pm’or,*yNE = N, o2 = I,XNO,YNO) -7
P/N()—)Otoe(o,l)

i.e., the ratio of evidences is lower-bounded by a constant.

Proof. In Corollary we compute the Bayes-optimal neural network depth by maximizing
Bayesian evidence [Mac92]. A similar computation to the following is used to find Bayes-
optimal parameters throughout the main text; we provide the proof to Corollary as an
example. To evaluate 0log Z/0Aprior = 0 for the partition function given by Theorem [3.1} we
take the partition function with Ny = --- = N, = N obtained from case (b) of Theorem

P 47 P P 1 P
108 700(0) = 5 los (ne ||2> ] [l‘)g (2) - 1} R (2)

1 1 AR
— 5 10g(2)\pr10r) - m (Aprlor + IOg < o ’

and we evaluate the derivative with variable substitution v = ||6.]|?/ay, yielding

0log Z,(0) log(¥)? — Aprior(2 + Aprior)
a)\prior B 4)\2

prior

=0.

Solving gives

Aprior,x = \/ 1+ logQU —-1>0.

Moreover, the second derivative is

0?log Z(0) _ Aprior — log? v
ON2 2 ’

prior prior

which at Aprior,« is

821 ZooO >\ri0r* 1
ng (0) _ _ Aprior.s + <0.
O\

2
prior 2 )\prior, *
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Hence, Bayesian evidence is maximized at Aprior« = O(1).
Moreover, evaluating the evidence at a different choice of fixed Aprior such that Aprior 7#
Aprior,«, We see that the evidence ratio is

| . . I 1 1612\ \?
og Zoo(07 Aprior) - 108; Zoo(oa )\prior,*) = _5 10g P - I )\prior + 10g o0
prior,* prior
1

+ Do, Qorions +1082)%,

which is a constant. O

4.8 Proof of Theorem [3.10l

In order to prove Theorem we expand A(log G)[k] in the case of L = A\prior N, P/N =
«, 02 =1 to higher order than reported in Theorem Specifically, we find

2
- B L1,0 [ 1104]|
R +1 ) log Go.L1 ( aM

N
= ApriorV log <2> + log(v) + %

0.
A(log G,k = 1) :=log Gyt 1) (IIMD

Kl |
w|Z
~—

for
8Apri 1 1
c = ——pnor +2(1+log(v)) + | — + log(v) 1_ og(v) '
3 (0% )\prior
Applying Theorem [3.7] the difference in variance compared to infinite N is
Varpos, [(@)] — Jim_ Varpes [(2)] = <051 o 1o 5 o 7
aTpost x Ninoo al'post x)| = NV 1 X N X P X I

4.9 Proof of Theorem [3.11]
To prove Theorem we begin with the bias-variance decomposition:

B 9 B Al
(f(x) = Vom)* = (B — Vo) s

where x| = x — )| and
T) = im(X)im(X)Tz.

Consider first the case when o9 < 1. Then
0. = Vo +e(XTX)1XT.
Thus, the error introduced by the bias is
2 _
E [(G*xn — V().’L‘) } =K [(Vg%‘L)Q] + E [(6(XTX) 1XT.%'H>2]

= E [(Vox)? — 2(Vox)(Voay)) + (Vo)?] + o2 [||(XTX) 7 X Ty [|?]
=1—ag+o’E [|(XTX)"' X 7] .
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We observe that, for Xt = (XTX)71 X7,

E[I(XTX)"'X Tz |?] =E [Tr (xT| (XT)TXT:C|):|

—E [Tr <<XT)TXTJJ|.7:T|>:|

7))

_1—040'

Hence, the bias is

E [(H*xn - Vox)z} =1—-a+ o2, (4.56)

1—0&(] €

The error introduced by the variance is

2 2
g (L I0AT) — L (19602 + 16207 X7 2) (el + I — 2im() 7))
= L2208 [laf? (14 02 (X7X) " XT?)]
— (o= 1) (o [IXT0 X)),

Observing that

E [H(XTX)—1XT||2} =E[Tr (X"X)"'XTXx(X"X)™ )] =E[Tr (XTX)™ )] = : @0
—
from the —1st moment of the Marchenko-Pastur distribution for oy < 1, we obtain
—Vor)2=1- ——1) (14—
(e) = Vor) a0+1—a006+<040 ) < Jr1—04006>
o?
= — — Qo+ .
o 1—ag
In the case of ap > 1, the variance is zero since ||z ||?> = 0. Given
0. =Vo+eXT(xxT)™1,
the total error originates from the bias, i.e.,
(F(2) = Vor)* = E [(e(XTX) "' XT2)?]
o2
= € 4.57
p— (4.57)

similarly to the bias computation for o < 1.
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