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Abstract

In this work, we investigate the merits of explic-
itly optimizing for inference time algorithmic per-
formance during model training. We show how
optimizing for inference time performance can im-
prove overall model efficacy. We consider generic
inference time objectives with k samples, with a
focus on pass @k and majority voting as two main
applications. With language model training on
reasoning datasets, we showcase the performance
trade-off enabled by training with such objectives.
When training on code generation tasks, we show
that the approach significantly improves pass @k
objectives compared to the baseline method.

1. Introduction

Traditionally, the performance of machine learning system
can be improved via either training time or inference time
algorithm. At training time, knowledge is distilled into
model weights via gradient descent (Bottou, 2010). At
inference time, a fixed model is queried multiple times to
deliver a better prediction than a single model call.

Though model training and inference time compute im-
proves model performance, their scaling properties differ
significantly. For example, Lerer et al. (2020) has demon-
strated that for the game of Hex, scaling inference time
compute can match performance at increased training bud-
get, while at a fraction of the cost. More generally, inference
compute has proved effective at various machine learning
applications, even if the underlying model has been trained
extensively. Notable examples include board game (Silver
et al., 2014; 2018), competitive pokers (Brown & Sandholm,
2018;2019), general game (Lerer et al., 2020; Bakhtin et al.,
2022), competitive programming (Li et al., 2022) and lan-
guage modeling (Jaech et al., 2024; Guo et al., 2025).

“Equal contribution 'Meta GenAl *Meta FAIR. Correspon-
dence to: Yunhao Tang <yt2541@columbia.edu>, Kunhao Zheng
<kunhao @meta.com>>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

Kunhao Zheng>*

Gabriel Synnaeve?> Rémi Munos?”*

Usually, model training does not explicitly account for the
downstream inference time algorithm. It is clear that there
is a trade-off: this helps avoid premature specialization,
but might also risk not benefiting from the inference time
algorithm fully had we known the algorithm in advance.

In this work, we investigate the impact of training explicitly
for the inference time algorithm. We focus on pass@k and
majority voting, two influential yet relatively simple infer-
ence time objectives. The pass@#£ objective arises when the
task has verifiers and the system can retry it k times. Major-
ity voting is even more broadly applicable: devoting more
inference time compute to have different solutions and se-
lecting the most voted one. We demonstrate how such objec-
tives can be optimized via stochastic gradient descent, and
built as part of an online reinforcement learning algorithm
(Section 3). We carry out extensive ablations that showcase
the trade-off of different objectives, such as an improved
inference time performance when the training algorithm is
aware of the inference time algorithm (Section 5): we show
that when training on mathematical reasoning datasets such
as MATH, as well as challenging code generation datasets
such as CodeContests, new algorithmic variants achieve
significant gains on inference time objectives of interest.

2. Reinforcement learning for language model

A language model can be understood as a policy 7y in the
context of reinforcement learning (RL) (Sutton & Barto,
1998). Given a prompt z, the policy generates a response
y, which then gets assessed by a human user. Usually, the
objective is to optimize 7y such that certain reward function
r(x,y) that captures human preference (HF) is maximized
(Christiano et al., 2017; Ziegler et al., 2019; Ouyang et al.,
2022; Bai et al., 2022). Formally, consider the average
reward optimization problem

m;lx Ex~p,y~7r9(~\$) [T(Iv y)] )

where p is a distribution over prompt set. Below, when
the context is clear we will omit the dependency on the
prompt z. Given samples y drawn from 7y, we can construct
stochastic gradient estimates to the policy gradient (Sutton
et al., 2000) to iteratively improve the policy. Note that for
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simplicity, we have omitted the regularization prevalent in
the RLHF formulation (Ouyang et al., 2022).

Inference time objectives. At inference time when the
model is deployed, one might adopt a procedure different
from training time to obtain better performance. Depending
on the application, different inference time objectives are
desired. One important class of inference time objective
is pass @k, where the model is given a budget of k gener-
ations at test time. Though quite a lenient metric, pass@¥k
is especially useful for difficult problems (e.g., (Li et al.,
2022)) that allow for trying multiple times. It also approx-
imates best-of-k assuming access to a good reward model.
Formally,

ST

where r; = r(x,y;) denotes the reward for generation y;.
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Another important example of inference time technique is
majority voting. The model is still given a budget of k
generations and outputs a single solution for assessment.
In general, majority voting is applicable if the generation
y = (¢, a) can be decomposed into a chain-of-thought ¢ and
a final answer a. The reward scores only the final answer
r(x,y) = r(z,a), i.e., for problems with short and verifi-
able answers. It has proved highly effective at leveraging
inference time compute for improved performance in var-
ious domains (Wang et al., 2022; Lightman et al., 2023).
Concretely, the majority voting objective is

E(c; a0k mmo (o) [r(maj(ar, ... ax)))],

where the operation maj(-) extracts the majority element
from a set of items. We assume random tie breaks in case
more than one element takes the majority.

We will focus on these two objectives as they are self-
contained given a language model. There are alternative
inference time methods such as best-of-k with access to
auxiliary models (e.g., reward models) (Uesato et al., 2022;
Lightman et al., 2023) which we do not discuss.

3. Optimizing Language Models for Inference
Time Objectives using RL

These inference time objectives share a key feature: they
all use k£ samples. We propose a general formulation of
k-sample objectives that can be optimized by stochastic
gradient descent.

In general, we consider the k-sample objective

Eyoys mmo ey U (@ y1--9x))] 1)
defined through a function f : X x Y x V... = R. Here
f is an aggregation function that can process an arbitrary
number of generations. It is clear that both pass@k and
majority voting objectives are special cases.

3.1. Unbiased stochastic gradient estimate

To optimize for the objective in an unbiased way with
stochastic gradient descent, we can sample &k generations
iid. (y;)%, ~ mg(-|x) and construct the gradient estimate
akin to REINFORCE (Williams, 1992)

k
f(x,y1..yx) Z Vo log mo (yi|z).

i=1

Importantly, here we sum over the weighted gradient of
log probabilities across k samples. This is in contrast to
a k-sample policy gradient estimate that averages over k
samples. The key difference is that these k& samples are
coupled through the aggregation function f. As a result,
such a gradient estimate has high variance on the order of
O(k) (Fallah et al., 2020a; Tang, 2022) that increases with
the number of samples k, as opposed to O(k~!) in k-sample
average policy gradient estimate.

Henceforth for notational simplicity, we let f(y) be a short
hand notation for f(x,y;...yx) and let f(y_;) be a short
hand notation for leaving out generation i: f(y_;) =
f(z,y1.-Yi-1, Yit1.--yx). We also drop the dependency
on x when the context is clear.

For variance reduction, we propose the leave-one-out con-
trol variate that results in the following gradient estimate

k
> (F(y) = f(y=i)) Vologmo(yilz). 2

i=1

The effective advantage function A; = f(y) — f(y—:)
measures the contribution that y; has on improving from

f(y-i)to f(y)

Lemma 1. (Unbiased leave-one-out gradient estimate)
The gradient estimate with the leave-one-out control variate
in Eqn (2) is unbiased.

Proof. Forany i, E [f (y—:) Vg logme(y;|z)] = 0 since all
k samples are independent, hence the proof is concluded.
O

Let us examine a few special cases to make concrete the
concept of leave-one-out gradient estimate.

Average reward: f(y) = 3% . In this case, the
form of the policy gradient estimate is equivalent to the
leave-one-out control variate proposed in a number of prior
work that tackles k-sample average objectives (Kool et al.,
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2019; Mnih et al., 2016).

k k
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Pass@k: f(y) = max(ry...ry). With pass@Fk, the advan-
tage function for generation ¢ reduces to A; = max(r1.x) —
max(r_;). In contrast to the previous example, the advan-
tage A; here is non-negative. In fact, if we assume the
reward is ordered as ra) < re) <. <) wecan rewrite
the gradient estimate equivalently as

(ray — rk—1)) Vo log mo(yg|2),

i.e., the advantage is non-zero only for the best generation
Y(x)- The advantage is effectively the difference between the
best and the second best reward. Such a rewrite is sensible
because, if the second best and the best reward are the same,
there is no incentive in updating the policy.

To impart more intuition on the sparsity of the learning
signal, consider a binary reward problem for pass@k: we
expect the learning signal to be more dense when the average
solve rate is at O(k™!). If the solve rate is higher, the
problem is too easy; otherwise the problem is too hard. In
both cases, the learning signal decreases for the gradient
estimate.

Majority voting: f(y) = r(maj(a)). Here, we will
adopt the notation for a := a1.; and a_; for the leave-one-
out variant. With majority voting, the advantage function for
generation i is A; = r (maj(a)) — r (maj(a_;)), measuring
the impact of answer a; on the majority voted answer a.
Assume that all m < k unique answers are sorted in their
count |a(;)| as a1y < ...agm), then (maj(a_;) # (maj(a)
if and only if a; = a(,,) and |a()| = |a(m—1)| + 1, since
this is the only case where the leave-one-out voted answer
changes. In other words, the advantage is all-zero in case
a particular answer |a,,,)| dominates the count such that
la(my| > |a(m—1)| + 1 since there is no incentive in updat-
ing the policy.

3.2. Trading-off further variance reduction with bias

In general, with the leave-one-out control variate, the advan-
tage estimate becomes more sparse. Indeed, the effective
advantage A; measures the impact of a individual sample
on the global objective. For example, for the pass@#k, A;
is only non-zero for the reward maximizing generation; for
the majority voting, A; is non-zero only when it is possible
to alter the majority voted answers.

Intuitively, these observations imply that the update has high
variance. However in a sense, the leave-one-out control
variate (Eqn (2)) marks a near optimal trade-off between
simplicity and variance reduction for an unbiased gradient
estimate. To reduce variance further, we can introduce bias:
by subtracting the mean of all advantages, this produces a
general gradient estimate

K2

k
(f(y) = f(y—i) — A) Velogmo(ys|z).  (3)
=1 A;

% Zf:l A =
1 Zle f(y) — f (y—;). By construction, the new advan-
tage A; = A; — A is zero-mean and arguably the new esti-
mate has even lower variance. However, such an estimate

introduces a bias to the objective it optimizes.

where the additional baseline is A =

Lemma 2. (Objective of the biased gradient estimate)
The gradient estimate with zero-mean advantage function
in Eqn (3) optimizes for an alternative objective

k
1
Eiyk  ~mo(lz) [k E f(Y—i)] : “
i=1

Proof. The gradient bias comes from the baseline term
which evaluates to E [Zle —AV@W@(%‘%)}. A simple
algebraic manipulation shows that the aggregate gradient
expectation is

k k
E Z % Zf(}’—j)v9 log 7o (yi|z)

which is the unbiased gradient estimate to the objective

E {Zf:l %Z?:l f(yfj)}- O

The objective differs from the initial k-sample objective
in Eqn (1) - it measures the leave-one-out k£ — 1-sample
objective f (y_;) averaged over all k samples. The bias is
hence

Lk
Bk ~mo(lz) [f (v) - T > Fly-i)
i=1

Let us characterize the bias in a few special cases. For the
average reward case f(y) = ¢ Zle r; there is no bias.
This is compatible with the fact that the advantages A; are

already zero-mean. The bias is non-trivial in general.

Pass@k. Recall that the samples are ordered r(;) <
T(2) < ...T(x)- We can write explicitly the new objective for
the biased gradient estimate in Eqn (4) as

k—1 1

El=——rmw+ 10—
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Figure 1. Comparison of different gradient estimates in a bandit case. We set up a bandit problem with |))| = 100 possible actions and
each reward r(y) is a deterministic scalar sampled from unit Gaussian. We compare three algorithmic variants: the mean policy gradient,
the pass@Fk policy gradient and its biased variant. All algorithms apply £ = 4 samples per update with learning rate = 1.0. Overall, we
see that the baseline gradient makes the fastest improvement on the mean performance, when graphed against the learning steps (left plot);
however, it is generally less KL-efficient than other k-sample alternatives (middle plot). When measuring the pass@k performance, the
k-sample gradient estimates lead to significantly faster improvements (right plot).

which is a convex combination of the best and the second
best reward. The bias is hence %E[r(k) — 7(k—1)] Which
is the gap between the best and the second best reward.
Though such bias vanishes as & increases, it also means that
the overall gradient estimate has sparser signal. It is less
insightful to make explicit the new objective for the majority
voting case, which we detail more in Appendix B.

3.3. Additional discussions

We provide further discussion on the property of the k-
sample gradient estimate.

Interpolating mean and general k-sample objectives.
We see that by subtracting the mean of the k-sample advan-
tage in Eqn (3), we manage to recover a smoother average
of leave-one-out objective (Eqn (4)). In fact, by taking this
approach this approach further and constructing leave-n-out
objectives, we can construct an interpolation between the
original k-sample objective and the mean objective. See
Appendix B for more discussions.

Effect of increasing number of samples k. For the base-
line policy gradient, varying the number of sample k does
not impact the expectation of the gradient estimate. The
corresponding gradient estimates always approximate the
gradient of the mean performance. Increasing the value of &k
helps reduce variance of the estimate, but has a diminishing
effect when the batch size is large enough. For the k-sample
objectives, varying the value of k changes the objective it-
self. For the pass@Fk objective, increasing k means that we
care increasingly about the extreme values (i.e., max values)
of the reward distribution. For the majority voting objective,
as k — oo, we optimize for the margin likelihood that the
final answer a is matched against a*. We will ablate the
empirical impact of k in Section 5.

Empirical study on a bandit case. To better illustrate
the property of the k-sample gradient variants, we inves-
tigate the behavior of various policy gradient estimates
in the bandit setting. There are a total of || = 100 ac-
tions and each incurs a deterministic reward r(y) sampled
from a unit Gaussian. We consider softmax parameteri-
zations 7p(y) o exp (f(y)) and all algorithmic variants
apply k = 4 samples for the update and identical hyper-
parameters and initializations. Figure 1 shows the evaluated
performance of different variants over time.

When measuring the mean performance, the mean policy
gradient algorithm clearly maximizes the performance at a
faster rate. However, when graphed against the KL diver-
gence KL (g, mer) against the initial policy m.r, we see
that the pass @k gradient estimate (Eqn (2)) and its biased
variant (Eqn (3)) is more KL-efficient (Gao et al., 2023).
This follows from the fact that the k-sample gradient esti-
mates have more conservative updates compared to the mean
gradient. In general, maximizing the mean performance can
also improve pass @k performance as we observed in the
plot. In this case, the other two algorithmic variants are by
design more efficient.

4. Related work

We discuss how our approach relates to prior work.

Other multi-sample objectives. Multi-sample objectives
have been considered extensively in the variational inference
literature (Raiko et al., 2014; Burda et al., 2015; Mnih &
Rezende, 2016). Using terminologies from this work, they
consider k-sample objectives of the following form

1 o= pla, 1)
o (k' ; q(x,yi)ﬂ

E
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Figure 2. MATH training pass@k 8B model. We compare three baselines: regular mean policy gradient algorithm and two variants of
pass @k policy gradient algorithms (unbiased and biased). We split the performance across MATH difficulty level and report the mean
performance and pass @4 performance over time. We observe that as training progresses, pass @k policy gradient algorithms seem to

display a slight advantage over the baseline algorithm.

where p, q are usually two distributions. Such an objective is
by design a lower bound to the marginal likelihood, which is
often considered the ultimate objective (Burda et al., 2015).
In gradient-based meta-learning, the k-sample objective
takes the following form (Finn et al., 2017; Fallah et al.,
2020a;b; Tang, 2022)

J<e+

where g(z,y;) € R? is meant to be a gradient update to the
vector € R? and .J : R? — R is a scalar function. In both
cases, the effective aggregate function f is a transformation
of the average function. Intuitively, such objectives are
smoother than pass@k and majority voting. The specific
structure of this objective also produces gradient estimate
that trades-off bias with variance (Fallah et al., 2020b; Tang
et al., 2021), complementary to our development here.

E

T =

k
Zg(m,yi)ﬂ

Leave-one-out control variate. The leave-one-out con-
trol variate has been studied in Mnih & Rezende (2016) for
variational inference, and in Kool et al. (2019); Ahmadian
et al. (2024) for improving the mean objective in a REIN-
FORCE algorithm. As an alternative, Mnih & Rezende
(2016) analyzed the control variate v; == Ey_, [f(y)|yi]
which accounts for the credit assigned to other £ — 1 sam-
ples in an expected sense. Such an objective can be espe-
cially useful for the k-sample objectives in our case since
the advantage A; = f (y) — v; is by construction zero-mean
and arguably has lower variance. However, estimating such
quantities introduces additional overhead in practice.

Optimizing for inference time objectives. Concurrently,
Balashankar et al. (2024) proposed to optimize for pairwise
win rate based on best of k sampling. Under certain condi-
tions, they showed that the objective is equivalent to the reg-
ularized RL problem with a transformed reward, which can
be approximately optimized. Amini et al. (2024) pursued a
similar approach but noticeably took a log transformation
of the score. Such an objective is not possible to estimate in
an unbiased, instead, a variational approximation is needed.
Chow et al. (2024) proposed to optimize best of k perfor-
mance for applications where a scoring function (or verifier)
is available during training. Both work have shown merits
in accounting for inference time objectives during training.

5. Experiments on mathematical reasoning

Throughout, we focus on the mathematical reasoning dataset
MATH (Hendrycks et al., 2021) where the prompt = con-
sists in asking the model a mathematical question with a
short-form ground truth answer a* available. Given the
model generation y = (¢, a) which typically consists of a
step-by-step chain-of-thought reasoning ¢ and a proposed
answer a, the reward is computed as a match between a and
a*. We adopt Sympy (Meurer et al., 2017) to automatically
match the answers and assign a reward of » = 1 if there
is a match and » = —1 otherwise. As such, the objective
E[r] also measures the average accuracy of the policy. We
train on models on the MATH training set with various ob-
jective alternatives introduced above. During experiments,
we provide the model with a system prompt that asks for a
step-by-step solution, followed by a final answer.

Our main experiments are based on the 8B model from the
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Figure 3. Ablation with number of samples k. We vary the number
of samples k for each gradient update for the pass @k objective. We
observe a more efficiency gains for the pass@k gradient estimates
compared to the policy gradient baseline. Importantly, note that as
k varies, the pass@Fk algorithm changes its objectives.

Llama 3 model family (Dubey et al., 2024) though we also
carry out ablations on models of other sizes. We apply on-
line policy gradient algorithmic variants and investigate their
performance during training. All variants apply identical
hyper-parameters such as that they all apply £ = 4 samples
for gradient estimations, which we detail in Appendix A.

5.1. Training performance

Pass@Fk. Figure 2 shows the training performance of a few
algorithmic variants over time. The MATH dataset contains
5 difficulty levels (the easiest is level 1 and the hardest level
5). We break down performance based on the levels and
report both mean performance and pass@k = 4.

A few observations are in order: when measuring the mean
performance, the mean policy gradient seems to obtain a
slight improvement over algorithms that aim for the pass@#k
performance. Meanwhile, the dedicated k-sample gradient
estimates generally perform better in pass@4. The biased
variant (green) seems to generally strike a trade-off between
the pass@k gradient estimate (blue) and the baseline, which
is compatible with the theoretical designs. The breakdown
shows that for pass@k, most performance difference comes
from the more difficulty categories than easy ones. This
might be explained by the fact that since the k-sample gradi-
ent estimates update policy more conservatively, they tend to
have relatively more updates for the more difficult prompts,
compared to the mean policy gradient.

Majority voting. In a similar vein, Figure 15 shows the
training performance of a few algorithmic variants. We
break down performance by difficulty level and measure
both the mean performance and the majority voting at k = 4
performance. Interestingly, under this set of comparison, the
policy gradient algorithm with majority voting at k = 4 al-

gorithm (blue) seems to obtain a better training performance
overall, both in terms of the mean and the majority voting
at k performance. Meanwhile, the biased variant seems to
perform similarly as the policy gradient baseline.

The breakdown also shows that most improvements seem to
come from higher level of difficulty compared to the easier
categories. This might be explained via a similar argument
as the pass@Fk algorithm: the k-sample gradient estimates
tend to have sparser advantage and hence less update for the
model over a fixed number of training steps. This makes
them slightly more KL-efficient since they focus more on
more challenging problems.

5.2. Ablations

We carry out ablations along a few dimensions of interest.

Number of samples k. We first ablate with the number
of samples k used for constructing the gradient estimates.
Throughout, we still apply the same hyper-parameter includ-
ing batch size as the base experiments. We focus on the
pass@Fk objective here and discuss more about the majority
voting objective in Appendix A.

Figure 3 shows the training performance as we vary the
number of samples k € {2, 8}. Overall, we observe that as
k increases, there is no discernible difference in the perfor-
mance of the policy gradient estimates. However, increasing
k seems to make the pass@Fk sample estimates more KL-
efficient, i.e., k = 8 obtains a better performance than k = 2
given a fixed KL budget. The performance improvement
over the policy gradient estimate is also quite significant.
However, though the pass @k algorithm is more KL-efficient
as k increases, they tend to also deviate less from the ref-
erence policy s With a fixed number of learning steps.
This means that to achieve a target level of pass@Fk perfor-
mance, the regular policy gradient baseline, despite being
less KL-efficient, can still retain an advantage due to its
faster deviation from the reference policy.

Model size. We also replicate similar experiments across
a few other model sizes: 3B and 70B, both from the Llama
3 model family. We notice that 3B model tends to dis-
play a similar trend of performance trade-off compared to
the 8B: the specialized k-sample estimates tend to outper-
form baselines on k-sample objective during training, while
slightly under-performing for the mean performance. The
performance improvement also mostly stems from the more
difficult subset of the dataset.

The performance trade-off for the 70B case is less clear.
The policy gradient baseline remains performant even for
the k-sample objectives. We suspect that this is because
the MATH dataset is a relatively simple task for the 70B
model (Yue et al., 2024). Indeed, both the pass@k = 4 and
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Figure 4. HARP training pass @k 70B model. We observe that the regular policy gradient estimate improves over the pass@k variants for
the mean performance metric, while under-performing on the pass@k objective. Such a trade-off is less significant for the MATH dataset,
where we speculate that the 70B model is too powerful and learning signals are too sparse to make a difference.

majority voting at k = 4 are ~ 90% for the MATH training
set. This implies that the k-sample gradient estimates will
not produce much signal, given a fixed training budget.

Training on HARP. In light of the previous observation,
we examine HARP dataset (Yue et al., 2024), a carefully
curated math dataset consisting of hard problems. Though
HARP was meant for evaluation, we monitor algorithmic
variants’ training performance as a sanity check. Fig-
ure 4 shows the results for the pass@Fk objectives. For
the pass@k = 4 objective, we observe a significant im-
provement of k-sample gradient estimates compared to the
baseline algorithm. The mean performance of various algo-
rithms is similar, as expected. We also observe improvement
in the majority voting metric, as well as for the 8B model -
though the improvement appears less significant compared
to the 70B case. This might be because the HARP dataset is
too difficult for 8B models. See results in Appendix A.

5.3. Evaluation performance

Throughout evaluation on the MATH test set, we apply a
temperature sampling with 7 = 1,topp = 1 to be iden-
tical to the training setup. In Figure 14 we showcase the
evaluation metrics for the pass@k objectives. We show
the majority voting metrics in Appendix A. We noted that
training and evaluation performance are not perfectly cor-
related - we speculate this might be because since regular
policy gradient estimate performs more effective updates
during training, it makes up for more generalization gap
from training to evaluation.

In particular, the policy gradient baseline performs quite
well for the evaluation pass @4, despite being slightly out-
performed by the k-sample pass@k gradient estimates at

training time. We also note that, as training progresses, the
policy gradient estimate tends to regress on pass @k when
k is large (k € {16,64}), arguably due to impacts from
sample diversity.

6. Experiments on code generation tasks

For code generation, we conduct our experiments on Code-
Contests (Li et al., 2022), a competitive programming bench-
mark containing 13k problems as training set and evaluate
on the valid and test set. Similar to previous work (Xu et al.,
2024; Gehring et al., 2024), we use ar = +1/ — 1 reward
indicating whether the Python code solutions pass all the
given tests that come with the dataset. Due to the challeng-
ing nature of CodeContests, we use Llama 3.1 70B Instruct
model and optimize for pass@8 metrics on the CodeCon-
tests training set. To measure generalization, we also re-
port the performance on another competitive programming
benchmark, TACO (Li et al., 2023) on the easy and hard
split, for which we have decontaminated the CodeContests
training set against TACO eval set.

Figure 5 shows a clear trade-off between optimizing for
pass@1 and pass@8 on CodeContests valid and test set.
This trade-off generalizes in-domain to TACO easy and
hard split. Across all evaluation set, mean policy gradient
achieves the best pass@1 performance (or mean perfor-
mance). However, it also clearly degrades on pass @8 as the
training progresses. In clear contrast, pass@k policy gra-
dient achieves the best pass@8 performance. The pass@k
performance improves since the onset and remains so over
the course of training. We do not observe a significant differ-
ence between different pass @k gradient variants, since they
both achieve much better performance than the baseline.
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Figure 5. Code generation task evaluation performance. We observe a clear trade-off between pass@1 and pass@8 on CodeContests and
TACO using Llama 3.1 70B - mean policy gradient achieves the best mean (pass @ 1) performance, while pass @k gradient variants clearly

achieve much better performance fo the pass@k performance.

Table 1. The pass@Fk performance of Llama 3.1 70B Instruct on CodeContests valid/test set up to pass@100. Models are trained on
CodeContests training set. The pass@F objectives optimize for k = 8.

. CodeContests / Valid CodeContests / Test
Method Variant
pass@1 pass@10 pass@100 pass@1 pass@10 pass@100

mean 24.6 329 38.1 26.2 35.1 39.8
Policy Gradient pass@k 21.7 42.2 54.9 20.6 41.7 51.8

biased pass @k 18.0 38.4 54.2 19.3 39.5 519

mean 20.0 27.5 335 249 34.6 41.1
PPO pass@k 19.2 37.3 52.4 21.2 41.4 51.0

biased pass @k 21.6 41.7 55.8 22.6 45.1 56.3

Integration with PPO. We also investigate how the k-
sample gradient variants can be combined with much more
sophisticated algorithmic stack to illustrate its generic practi-
cal utility. Note that the pass @k objective can be seamlessly
integrated into other policy gradient variants, such as PPO
(Schulman et al., 2017), which adds clipping and an addi-
tional value function that serves as the baseline. Figure 6
shows the performance of using PPO. We can observe that
PPO with pass@]1 objective enters in high-KL regime at the
end of the training, due to the fact that its update generally
leverages much more dense signals. The sparse nature of
pass@E objective keeps the policy under low-KL regime
and maintains higher pass @8 performance. For the purpose
of training language models with fixation on the reference
policy (Ziegler et al., 2019; Ouyang et al., 2022), pass@Fk
objectives achieve a balance for the performance metrics.

Model size. We also include the experiment result with
Llama 3.1 8B Instruct model in Appendix A.4. Compared to
70B, the performance differences across training objectives
are less pronounced. We posit that the model size and the
benchmark play a crucial role; for 8B model, the average
pass@1 on CodeContests is modest, resulting in sparse
reward signal. Intuitively, pass@ k objective will zero out the
advantage for problems solved more than once. Therefore,
we expect the difference to widen as the dataset contains
more problems that the model is able to solve multiple times.

6.1. Generalization to different % for evaluation

We investigate the impact of different training objectives,
when combined with increased inference time budget. Con-
cretely, we study how pass @k performance scales with the
number of samples £ at evaluation time.



Optimizing Language Models for Inference Time Objectives using Reinforcement Learning

CodeContests/valid CodeContests/test

TACO/easy TACO/hard

24 A
®
& 22
%]
©
o
201 gsw
18 Ao T u T
1073 1072 107! 10°
45.0
401 s 4251 441
© 40.0 4 421
©3s 37.51 401
%]
2 35.0 381
30 A
32.5 361
] 34 A
25‘ T T T T T 300 T T T T T T T T T T T T T T T
1073 1072 107! 10° 10% 1073 1072 107! 10° 10! 1073 1072 107! 10° 10% 1073 1072 107! 10° 10!
KL(mt, Mref) KL(1T, Mref) KL(m, Mref) KL(m, Mref)

—e— mean PPO

pass@k PPO

—e— biased pass@k PPO

Figure 6. PPO code generation evaluation results with Llama 3.1 70B. We combine k-sample gradient estimates with a PPO implementation
stack and compare with the default mean policy gradient baseline. We see that biased pass@Fk gradient estimate especially achieves a
good performance trade-off. Details of how the k-sample gradient variants are combined with PPO can be found in Appendix A.4.

Table 2. The pass@k performance of Llama 3.1 70B Instruct on TACO easy and hard split up to pass@100. Models are trained on
CodeContests training set. The pass@k objectives optimize for £ = 8. When integrated with pass@£k and biased pass @k updates, both
policy gradients and PPO have improved pass @k performance, especially for large values of test time k.

Method Variant TACO/easy TACO/hard
pass@1 pass@10 pass@100 pass@1 pass@10 pass@100
mean 29.9 345 38.2 8.1 9.9 11.8
Policy Gradient pass@k 29.6 43.2 48.9 7.8 144 18.0
biased pass @k 26.7 42.5 51.5 7.0 14.3 21.9
mean 27.5 353 39.5 7.3 8.8 11.1
PPO pass@k 28.0 41.6 49.5 7.6 14.2 18.7
biased pass @k 27.2 44.8 53.8 7.7 14.6 21.3

We show in Table 1 and Table 2 the pass @k performance
across different k£ of Llama 3.1 70B Instruct model trained
using different objectives. Models are trained with 6400
gradient update steps. For pass@Fk objective, models trained
to optimize pass@¥k (k = 8) can generalize to pass rate with
different k up to k = 100. Amazingly, the performance
improvements scales with k: for both CodeContest and
TACO, the improvements go from 5 — 10% at & = 10 to
10 — 20% at k = 100. In general, improvements on hard
and test splits are a bit less than improvements on easy and
validation splits.

Generalization to £k = 100 at test time. We show in
Table 1 and Table 2 (in the Appendix) that Llama 3.1 70B
Instruct model trained to optimize pass@k (k = 8) can gen-

eralize to pass rate with different £ up to & = 100, with
over +10% solve rate improvement over the baseline. on
validation and test set.

7. Discussion and limitations

Lots of efforts remain to adapt the training methods to in-
ference time objectives beyond this work. Applying the
methodology here naively would incur large computational
burden (Silver et al., 2016; 2018; Brown & Sandholm, 2018;
2019). Furthermore, many recent inference time algorithms
do not treat each sample equally, such as self-correction,
reflection and more complicated logic (Yao et al., 2022;
Huang et al., 2023; Asai et al., 2023). This requires careful
algorithmic improvements for better credit assignment.
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Impact Statement

This paper presents work whose goal is to advance funda-
mental algorithmic development. There are many potential
societal consequences of our work, none which we feel must
be specifically highlighted here.

References

Ahmadian, A., Cremer, C., Gallé, M., Fadaee, M., Kreutzer,
J., Pietquin, O., Ustiin, A., and Hooker, S. Back
to basics: Revisiting reinforce style optimization for
learning from human feedback in llms. arXiv preprint
arXiv:2402.14740, 2024.

Amini, A., Vieira, T., and Cotterell, R. Variational best-of-n
alignment. arXiv preprint arXiv:2407.06057, 2024.

Asai, A., Wu, Z., Wang, Y., Sil, A., and Hajishirzi, H. Self-
rag: Learning to retrieve, generate, and critique through
self-reflection. arXiv preprint arXiv:2310.11511, 2023.

Bai, Y., Kadavath, S., Kundu, S., Askell, A., Kernion, J.,
Jones, A., Chen, A., Goldie, A., Mirhoseini, A., McKin-
non, C., et al. Constitutional ai: Harmlessness from ai
feedback. arXiv preprint arXiv:2212.08073, 2022.

Bakhtin, A., Brown, N., Dinan, E., Farina, G., Flaherty, C.,
Fried, D., Goff, A., Gray, J., Hu, H., et al. Human-level
play in the game of diplomacy by combining language
models with strategic reasoning. Science, 378(6624):
1067-1074, 2022.

Balashankar, A., Sun, Z., Berant, J., Eisenstein, J., Collins,
M., Hutter, A., Lee, J., Nagpal, C., Prost, F., Sinha, A.,
et al. Infalign: Inference-aware language model align-
ment. arXiv preprint arXiv:2412.19792, 2024.

Bottou, L. Large-scale machine learning with stochastic
gradient descent. In Proceedings of COMPSTAT 2010,
pp. 177-186. Springer, 2010.

Brown, N. and Sandholm, T. Superhuman ai for heads-up
no-limit poker: Libratus beats top professionals. Science,
359(6374):418-424, 2018.

Brown, N. and Sandholm, T. Superhuman ai for multiplayer
poker. Science, 365(6456):885-890, 2019.

Burda, Y., Grosse, R., and Salakhutdinov, R. Importance
weighted autoencoders. arXiv preprint arXiv:1509.00519,
2015.

Chow, Y., Tennenholtz, G., Gur, 1., Zhuang, V., Dai, B.,
Thiagarajan, S., Boutilier, C., Agarwal, R., Kumar, A.,
and Faust, A. Inference-aware fine-tuning for best-of-

n sampling in large language models. arXiv preprint
arXiv:2412.15287, 2024.

10

Christiano, P. F.,, Leike, J., Brown, T., Martic, M., Legg,
S., and Amodei, D. Deep reinforcement learning from
human preferences. Advances in neural information pro-
cessing systems, 30, 2017.

Dubey, A., Jauhri, A., Pandey, A., Kadian, A., Al-Dahle,
A., Letman, A., Mathur, A., Schelten, A., Yang, A., Fan,
A., et al. The llama 3 herd of models. arXiv preprint
arXiv:2407.21783, 2024.

Fallah, A., Mokhtari, A., and Ozdaglar, A. On the con-
vergence theory of gradient-based model-agnostic meta-
learning algorithms. In International Conference on Arti-
ficial Intelligence and Statistics, pp. 1082—-1092. PMLR,
2020a.

Fallah, A., Mokhtari, A., and Ozdaglar, A. Provably conver-
gent policy gradient methods for model-agnostic meta-
reinforcement learning. arXiv preprint arXiv:2002.05135,
2020b.

Finn, C., Abbeel, P.,, and Levine, S. Model-agnostic meta-
learning for fast adaptation of deep networks. In Interna-
tional Conference on Machine Learning, pp. 1126-1135.
PMLR, 2017.

Gao, L., Schulman, J., and Hilton, J. Scaling laws for reward
model overoptimization. In International Conference on
Machine Learning, pp. 10835-10866. PMLR, 2023.

Gehring, J., Zheng, K., Copet, J., Mella, V., Cohen, T., and
Synnaeve, G. Rlef: Grounding code llms in execution
feedback with reinforcement learning. arXiv preprint
arXiv:2410.02089, 2024.

Guo, D., Yang, D., Zhang, H., Song, J., Zhang, R., Xu, R.,
Zhu, Q., Ma, S., Wang, P, Bi, X, et al. Deepseek-rl: In-
centivizing reasoning capability in llms via reinforcement
learning. arXiv preprint arXiv:2501.12948, 2025.

Hendrycks, D., Burns, C., Kadavath, S., Arora, A., Basart,
S., Tang, E., Song, D., and Steinhardt, J. Measuring math-
ematical problem solving with the math dataset. arXiv
preprint arXiv:2103.03874, 2021.

Huang, J., Chen, X., Mishra, S., Zheng, H. S., Yu,
A. W., Song, X., and Zhou, D. Large language mod-
els cannot self-correct reasoning yet. arXiv preprint
arXiv:2310.01798, 2023.

Jaech, A., Kalai, A., Lerer, A., Richardson, A., El-Kishky,
A., Low, A., Helyar, A., Madry, A., Beutel, A., Car-
ney, A., et al. Openai ol system card. arXiv preprint
arXiv:2412.16720, 2024.

Kool, W., van Hoof, H., and Welling, M. Buy 4 reinforce
samples, get a baseline for free! 2019.



Optimizing Language Models for Inference Time Objectives using Reinforcement Learning

Lerer, A., Hu, H., Foerster, J., and Brown, N. Improving
policies via search in cooperative partially observable
games. In Proceedings of the AAAI conference on artifi-
cial intelligence, volume 34, pp. 7187-7194, 2020.

Li, R, Fu, J., Zhang, B.-W., Huang, T., Sun, Z., Lyu, C,,
Liu, G., Jin, Z., and Li, G. Taco: Topics in algorithmic
code generation dataset, 2023. URL https://arxiv.
org/abs/2312.14852.

Li, Y., Choi, D., Chung, J., Kushman, N., Schrittwieser, J.,
Leblond, R., Eccles, T., Keeling, J., Gimeno, F., Dal Lago,
A., et al. Competition-level code generation with alpha-
code. Science, 378(6624):1092-1097, 2022.

Lightman, H., Kosaraju, V., Burda, Y., Edwards, H., Baker,
B., Lee, T., Leike, J., Schulman, J., Sutskever, 1., and
Cobbe, K. Let’s verify step by step. arXiv preprint
arXiv:2305.20050, 2023.

Meurer, A., Smith, C. P., Paprocki, M., éertl’k, 0., Kirpicheyv,
S. B., Rocklin, M., Kumar, A., Ivanov, S., Moore, J. K.,
Singh, S., Rathnayake, T., Vig, S., Granger, B. E., Muller,
R. P, Bonazzi, F., Gupta, H., Vats, S., Johansson, F.,,
Pedregosa, F., Curry, M. J., Terrel, A. R., Roucka, v.,
Saboo, A., Fernando, I., Kulal, S., Cimrman, R., and
Scopatz, A. Sympy: symbolic computing in python.
PeerJ Computer Science, 3:¢103, January 2017. ISSN
2376-5992. doi: 10.7717/peerj-cs.103. URL https:
//doi.org/10.7717/peerj—-cs.103.

Mnih, A. and Rezende, D. Variational inference for monte
carlo objectives. In International Conference on Machine
Learning, pp. 2188-2196. PMLR, 2016.

Mnih, V., Badia, A. P., Mirza, M., Graves, A., Lillicrap,
T., Harley, T., Silver, D., and Kavukcuoglu, K. Asyn-
chronous methods for deep reinforcement learning. In
International Conference on Machine Learning, pp. 1928—
1937, 2016.

Ouyang, L., Wu, J., Jiang, X., Almeida, D., Wainwright, C.,
Mishkin, P., Zhang, C., Agarwal, S., Slama, K., Ray, A.,
et al. Training language models to follow instructions
with human feedback. Advances in neural information
processing systems, 35:27730-27744, 2022.

Raiko, T., Berglund, M., Alain, G., and Dinh, L. Tech-
niques for learning binary stochastic feedforward neural
networks. arXiv preprint arXiv:1406.2989, 2014.

Schulman, J., Wolski, F., Dhariwal, P., Radford, A., and
Klimov, O. Proximal policy optimization algorithms.
arXiv preprint arXiv:1707.06347, 2017.

Silver, D., Lever, G., Heess, N., Degris, T., Wierstra, D., and
Riedmiller, M. Deterministic policy gradient algorithms.
In ICML, 2014.

11

Silver, D., Huang, A., Maddison, C. J., Guez, A., Sifre, L.,
Van Den Driessche, G., Schrittwieser, J., Antonoglou, 1.,
Panneershelvam, V., Lanctot, M., et al. Mastering the
game of go with deep neural networks and tree search.
nature, 529(7587):484-489, 2016.

Silver, D., Hubert, T., Schrittwieser, J., Antonoglou, 1., Lai,
M., Guez, A., Lanctot, M., Sifre, L., Kumaran, D., Grae-
pel, T., et al. A general reinforcement learning algorithm
that masters chess, shogi, and go through self-play. Sci-
ence, 362(6419):1140-1144, 2018.

Sutton, R. S. and Barto, A. G. Reinforcement learning: An
introduction, volume 1. MIT press Cambridge, 1998.

Sutton, R. S., McAllester, D. A., Singh, S. P., and Mansour,
Y. Policy gradient methods for reinforcement learning
with function approximation. In Advances in neural in-
formation processing systems, pp. 1057-1063, 2000.

Tang, Y. Biased gradient estimate with drastic variance
reduction for meta reinforcement learning. In Inter-
national Conference on Machine Learning, pp. 21050-
21075. PMLR, 2022.

Tang, Y., Kozuno, T., Rowland, M., Munos, R., and
Valko, M. Unifying gradient estimators for meta-
reinforcement learning via off-policy evaluation. arXiv
preprint arXiv:2106.13125, 2021.

Uesato, J., Kushman, N., Kumar, R., Song, F., Siegel, N.,
Wang, L., Creswell, A., Irving, G., and Higgins, I. Solv-
ing math word problems with process-and outcome-based
feedback. arXiv preprint arXiv:2211.14275, 2022.

Wang, X., Wei, J., Schuurmans, D., Le, Q., Chi, E., Narang,
S., Chowdhery, A., and Zhou, D. Self-consistency im-
proves chain of thought reasoning in language models.
arXiv preprint arXiv:2203.11171, 2022.

Williams, R. J. Simple statistical gradient-following al-
gorithms for connectionist reinforcement learning. In
Reinforcement Learning, pp. 5-32. Springer, 1992.

Xu, S., Fu, W,, Gao, J., Ye, W,, Liu, W., Mei, Z., Wang,
G., Yu, C,, and Wu, Y. Is dpo superior to ppo for
Ilm alignment? a comprehensive study. arXiv preprint
arXiv:2404.10719, 2024.

Yao, S., Zhao, J., Yu, D., Du, N., Shafran, I., Narasimhan,
K., and Cao, Y. React: Synergizing reasoning and acting
in language models. arXiv preprint arXiv:2210.03629,
2022.

Yue, A. S., Madaan, L., Moskovitz, T., Strouse, D., and
Singh, A. K. Harp: A challenging human-annotated math
reasoning benchmark. arXiv preprint arXiv:2412.08819,
2024.


https://arxiv.org/abs/2312.14852
https://arxiv.org/abs/2312.14852
https://doi.org/10.7717/peerj-cs.103
https://doi.org/10.7717/peerj-cs.103

Optimizing Language Models for Inference Time Objectives using Reinforcement Learning

Zheng, K., Decugis, J., Gehring, J., Cohen, T., Negrevergne,
B., and Synnaeve, G. What makes large language models

reason in (multi-turn) code generation? arXiv preprint
arXiv:2410.08105, 2024.

Ziegler, D. M., Stiennon, N., Wu, J., Brown, T. B., Radford,
A., Amodei, D., Christiano, P., and Irving, G. Fine-tuning

language models from human preferences. arXiv preprint
arXiv:1909.08593, 2019.

12



Optimizing Language Models for Inference Time Objectives using Reinforcement Learning

APPENDICES: Optimizing Language Models for Inference Time Objectives using
Reinforcement Learning

A. Hyper-parameters and experimental details

We experimented with the Llama 3 model of size 3B, 8B and 70B (Dubey et al., 2024). All experiments are conducted with
identical hyper-parameter settings: we always apply a batch size of B = 64 prompts per update, and sample k£ = 4 distinct
generations per prompt by default. All training and evaluation sampling are conducted at a temperature of 7 = 1 and with
top-p = 1.

We train on the MATH training set with 7500 examples and evaluate on the test set with 5000 examples (Hendrycks et al.,
2021). A supervised fine-tuning on the training set is conducted to warm up the RL training. As part of the ablation, we also
train on the HARP dataset, which consists of about 4300 examples of difficult math problems harvested from a few public
sources (Yue et al., 2024).

For both training and evaluation, we provide system instructions that ask the model to generate a response with step-by-step
solution, followed by a final conclusion phrased as the final answer is followed by the answer predicted by the model. This
is consistent with the prompt structure discussed for Llama models (Dubey et al., 2024; Yue et al., 2024).

A.1. Ablation on number of samples %

Pass@Fk. Figure 7 shows the full results for the ablation results. We see as k increases, the k-sample gradient estimates
produce performance improvements on the pass @k objective. More significant improvements are observed for the more
difficult split of the dataset.
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Figure 7. Ablation with number of samples &k for majority voting. We vary the number of samples & for each gradient update for the
pass@Fk objective. We observe a more efficiency gains for the pass@Fk gradient estimates compared to the policy gradient baseline.
Importantly, note that as k varies, the pass @k algorithm changes its objectives.

Majority voting. Figure 8 shows the ablation results for the majority voting based results and k-sample gradient based
algorithm. We observe a slight improvement of the k-sample based algorithms over policy gradient baseline, though the
impact of the number of samples £ is less signficant compared to the pass@#£ case.

A.2. Training on HARP

We train both 8B and 70B on the HARP dataset, with both the pass@k and majority voting based algorithms and objectives.
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Figure 8. Ablation with number of samples &k for majority voting. We vary the number of samples & for each gradient update for the
pass@k objective. We observe a modest efficiency gains for the pass@#k gradient estimates compared to the policy gradient baseline but
the impact of the number samples k is less significant.

8B model. Figure 9 and Figure 10 show the results for the pass@#k and majority voting respectively. Overall, we see
that the regular policy gradient algorithm is modestly outperformed by the k-sample based algorithms, in terms of the
KL-efficiency trade-off against the training performance.

However, one observation that is compatible with prior results, is that the regular policy gradient algorithm tends to allow
the policy to deviate more from the reference policy using a fixed number of updates compared to the k-sample based
algorithms. This presents a practical trade-off - if we want to obtain a good level of performance with a fixed number of
training steps, the policy gradient algorithm might be a better option since it is more compute-efficient.

70B model. Figure 11 shows the HARP training results for the majority voting case. We see that the improvement is
less clear for both the mean and the majority voting performance - the three algorithmic variants seem to obtain similar
performance, with the k-sample policy gradient algorithm obtaining a very slight advantage over others.

A.3. Evaluation

Figure 16 shows the evaluation performance for the majority voting on MATH, using the 8B model. Across the various
baselines we compare, we note that the biased k-sample policy gradient algorithm seems to slightly outperform the policy
gradient algorithm as KL is large, though the policy gradient algorithm itself is clearly a strong baseline.

The unbiased k-sample policy gradient algorithm seems to slightly underperform on evaluation, which contrasts the strong
training performance in Figure 15. We speculate that this suggests an intriguing interaction between the training and testing
performance worthy of further investigation: likely the merits of such k-sample based algorithms depend on the nature and
the size of the dataset, which is better tested out in practical applications.

A.4. Experimental details and additional result on CodeContests and TACO

Experimental details. We experimented with Llama 3.1 8B and 70B Instruct model. For both model we use the same
hyperparameters. We use a learning rate 2e 7, constant learning rate scheduling with 50 warmup steps and weight decay of
0.1. We sample k& = 8 generations per prompt. We update the model with a mini batch size 2 with sequence length 8192
and train in total 8k gradient update steps. In training, sampling is conducted at a temperature of 7 = 1 and with top-p = 1.
In evaluation, we sample at a temperature of 7 = 1 and with top-p = 0.95. Both pass@1 and pass@8 are estimated out
of 20 samples. We evaluate the correctness of generated Python code using the official codebase of Li et al. (2022). Our
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Figure 9. Training reward for pass@k on the HARP dataset for 8B model. We can see observe relative performance efficiency of k-sample
gradient variants compared to the baseline method. The gains are overall less significant compared to the 70B model, whose model
capacity is more suitable for the challenging HARP dataset.

asynchronous online training decouples the training and the inference, for which we include an importance sampling term to
correct the slightly off-policy nature between current policy and the behavior policy. The original CodeContests training
set contains 13328 problems. We follow the decontamination process presented by Zheng et al. (2024) to decontaminate
CodeContests training set against TACO evaluation set. We further remove problem instances with less than 5 test cases.
This results in total 12275 problems which we use to train our model.

Integrating with PPO. We can integrate advantage clipping and an additional value model V; to serve as an additional
baseline. Given a problem z, we sample multiple responses {y1,y2, ..., yx } from 7y, the training objective aims to
maximize the following objective:

T70) = By i (T 4y (T Y )]

old >

TO1q (y|$) T 014 (y|$
k
1 o molyilr) o ( mo(yi|z) > )
= - min | ————A; clip(| ———=,1—¢,14+¢ | 4; |,
k ; (71—90111 (yllx) ' T o1 (y1|a:) '

A; = R — Vy (),
where R; takes the following different forms according to the training objective:

Mean(pass@1) training objective: R; = 1;

Pass@F training objective: R; = max r; —max 7;
GE{L,...k} j#i
1k
Biased pass@Fk training objective: R; = max r; —max r; — — max r; —max 7;
Je{1,....k} J# k= Lie{t, .k} i#k

with r; being the +1/ — 1 binary reward of whether the code y; is correct. We train the value model V,, to minimize the
following clipped value loss:

.1 )
LV(g) =& [2 ma (Vi () = Ba)”, (clip (Vi (), Vi () — 0, Vi () + ) — Rfﬂ .
We set € = a = 0.2 in our experiments.
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Figure 10. Training reward for majority voting on the HARP dataset for 8B model. Overall, the training performance improvement is less
significant compared to the pass@k case.

Llama 3.1 8B Instruct Performance. For Llama 3.1 8B Instruct model, we show in Figure 12 the performance of
using mean policy gradient, pass @k policy gradient and biased pass@F policy gradient. We also show in Figure 13 the
performance when integrating the training objective with PPO.

B. Additional discussion
B.1. Biased objective for majority voting

Following the recipe to derive biased k-sample objective for the k-sample objective, we discuss the case for majority voting.
Assume there are m unique answers and they are ordered by count a(;), € [m]. It is not difficult to show that, the resulting
objective is a weighted objective of the most common and second most common answer

E[P(y) -7 (am)) + (1 = Py)) -7 (a@m-1)]

where P(y) is the probability that the leave-one-out majority voted answer is the second most common answer. Intuitively,
the leave-one-out majority voted answer can either be a,,,) (When for example |a ()| > |a(m—1)| 4 2) or the second most
COMMON answer a(,, —1)-

B.2. Interpolation between k-sample objectives and mean objective

We have hinted at the observation that the biased k-sample objective is a smoother objective than the original k-sample
objective. The biased objective also approaches the mean objective % Zle r; which is arguably the most smooth objective
one can construct.

Leave-p-out objectives. Extending the idea of leave-one-out further, we discuss leave-p-out, which depicts a spectrum
of objectives interpolating the original k-sample objective and the mean objective. We focus on the pass @k objective as
follows

1
okl ®
p s€S,
where S, is the set of all subsets of p indices from {1,...,k}, with (’;) being its cardinality. Notice that for p = 0 we

recover the initial problem of the pass@k objective. For p = 1 we get the de-meaned objective introduced in the previous
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Figure 11. Training reward for majority voting on the HARP dataset for 70B model.

section. For p = k — 1 we get the problem of maximizing the expected rewards. For p = 2 we get the objective

max 77| ,
1#{i,j}

2
k(k — 1)E ;

A practical implementation of a gradient estimate of the objective (5) can be written as the de-meaned gradient using the
advantages max; r; — max;g, r; for s € Sp. Indeed:

1
VE |7 Zl?asxrz
(P) €5
1
i€{l,....k} » =rs
1
=E (k,l) Z Zvlogﬂ(yi)> (k) Z%%}/{T’
L\ p—1 sES, \i€s » s'es,
- | X (X vees ) | 7 )
= <k71> : og (Yi k) I’Z.r%a;(rl r?élsxrz
p—1 sES, \i€s ») s'ES
:;E Z ZVIOgW(y') maXT-—maX'r-—i Z Ao
(k—l) ™ ‘ T i 7 i¢8 i (k) s
p—1 sESp \i€s N ") e,
=:As

For example, the corresponding gradient for p = 2 is

i#]

ﬁEW Z (Vilogm(y;) + Vogn(y;))

maxr; — max 7] —
l I¢{i,j}

=i j

2
Kk —1)
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Figure 12. Llama 3.1 8B Instruct performance on CodeContests and TACO. We compare 3 methods: the mean policy gradient with
leave-one-out control variate that optimizes for pass@1, the pass@Fk policy gradient and the biased pass@k policy gradient with mean
advantage serving as the baseline.

Algorithm 1 Online policy optimization
1: INPUT policy 7y
while ¢t =0,1,2... do
(1) Sample prompt x ~ p
(i) Collect k trajectories per prompt (y;)¥_, from 7y (:|x) for all i € {1,2...k}.
(iii) Update policy parameter 6 based on one of the gradient variants above (Eqn (2) or Eqn (3)).
end while

AN ANl

Softmax objectives. An alternative approach to interpolate between k-sample objective and the mean is to through
softmax. For example, consider the objective

E

k
ZPW]
i=1

where p; o< exp(/5r;) is the softmax distribution scaled by parameter 3 > 0. The above objective approaches mean when
B = 0 and pass@k when  — co. We find that the softmax objective tends to produce much more learning signal than
pass @k, since its advantage estimates are generally more dense.

In general, we might also make use of leave-one-out softmax objectives as baselines for variance reduction as opposed
to leave-one-out pass@k. This makes sure that the optimization objective is intact while introducing generally smoother
signals.
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Figure 13. Llama 3.1 8B Instruct performance on CodeContests and TACO. We incorporate the PPO training objective and compare 3
variants: the vanilla PPO objective that optimizes the pass@ 1 performance, the pass@k objective and the biased pass @k objective with
mean advantage serving as the baseline.
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Figure 14. MATH test 8B model. We carry out evaluation on the MATH test set, using the same sampling hyper-parameter as the training
time. We observe that the regular policy gradient baseline obtains a strong performance for pass@k with k € {1,4}. However, as k
increases, it tends to be outperformed by the k-sample gradient variants largely due to a more significant drop in the sample diversity.
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Figure 15. MATH training majority voting 8B model. We compare three baselines: regular mean policy gradient algorithm and two
variants of majority voting policy gradient algorithms (unbiased and biased). We observe the unbiased majority voting policy gradient
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algorithm improves slightly over the other two alternatives.
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Figure 16. MATH test 8B model for majority voting. We carry out evaluation on the MATH test set, using the same sampling hyper-
parameter as the training time. We observe that the regular policy gradient baseline obtains a strong performance overall, though slightly
outperformed by the biased k-sample gradient algorithm. The original unbiased k-sample gradient algorith, despite performing better at
training reward, is slightly underperforming for evaluation.
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