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ABSTRACT

Biological and artificial neural networks develop internal representations that en-
able them to perform complex tasks. In artificial networks, the effectiveness of
these models relies on their ability to build task-specific representations, a pro-
cess influenced by interactions among datasets, architectures, initialization strate-
gies, and optimization algorithms. Prior studies highlight that different initializa-
tions can place networks in either a lazy regime, where representations remain
static, or a rich (or feature-learning) regime, where representations evolve dy-
namically. Here, we examine how initialization influences learning dynamics in
deep linear neural networks, deriving exact solutions for ‘\-balanced’ initializa-
tions—defined by the relative scale of weights across layers. These solutions cap-
ture the evolution of representations and the Neural Tangent Kernel across the
spectrum from the rich to the lazy regimes. Our findings deepen the theoretical
understanding of the impact of weight initialization on learning regimes, with im-
plications for continual learning, reversal learning, and transfer learning, relevant
to both neuroscience and practical applications.

1 INTRODUCTION

Biological and artificial neural networks learn internal representations that enable complex tasks
such as categorization, reasoning, and decision-making. Both systems often develop similar repre-
sentations from comparable stimuli, suggesting shared information processing mechanisms (Yamins
et al.}2014). This similarity, though not fully understood, has drawn interest from neuroscience, Al,
and cognitive science (Haxby et al.| 2001} |Laakso & Cottrell, [2000; Morcos et al., 2018} [Kornblith
et all 2019; Moschella et al., 2022)). The success of neural models relies on their ability to ex-
tract relevant features from data to build internal representations, a complex process that in machine
learning is defined by two regimes: lazy and rich (Saxe et al.l 2014} Pennington et al., 2017} |Chizat
et al., |2019; |Bahri et al., [2020).

Lazy regime. The /lazy regime follows from a fundamental phenomenon in overparameterized neu-
ral networks: during training, these networks frequently remain near their linearized form, undergo-
ing minimal changes in the parameter space (Chizat et al.,[2019). Consequently, they adopt learning
dynamics akin to kernel regression, characterized by the Neural Tangent Kernel (NTK) matrix and
exhibiting exponential learning behavior (Du et al.,[2018; Jacot et al.| 2018} |Du et al., [2019; |Allen-
Zhu et al., 2019ajb; Zou et al., [2020). This behavior, known as the lazy or kernel regime, typically
occurs in infinitely wide architectures and can be triggered by large variance initialization (Jacot;
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Figure 1: A minimal model of the rich and lazy regimes. A. We examine a deep and wide linear
network trained using gradient descent starting from an initialization characterized by a relative
scale parameter A — which characterizes the difference in the weight covariance between the first
and second layers. B. Network output for an example task over training time, starting from a range
of relative scale values. The dynamics are influenced by the initialization. Solid lines represent
simulations, while dotted lines indicate the analytical solutions derived in this work. C. A network
with LeCun weight initialization (LeCun et al.,|1998)) in the infinite width limit becomes \-balanced,
as WI'W, — W WT approaches the scaled identity matrix.

et al., 2018; [Chizat et al.| |2019). While the lazy regime offers valuable insights into how networks
converge to a global minimum, it does not fully account for the generalization capabilities of neural
networks trained with standard initializations. It is, therefore, widely believed that another regime,
driven by small or vanishing initializations, underpins some of the successes of neural networks.

Rich regime. In contrast, the rich feature-learning regime is characterized by a NTK that evolves
throughout training, accompanied by non-convex dynamics that navigate saddle points (Baldi &
Hornikl |1989; [Saxe et al., [2014; 2019b; |Jacot et al., [2021)). This regime features sigmoidal learning
curves and simplicity biases, such as low-rankness (Li et al., |2020) or sparsity (Woodworth et al.,
2020). Numerous studies have shown that the absolute scale of initialization drives the rich regime,
which typically emerges at small initialization scales (Chizat et al., 2019} |Geiger et al.,2020). How-
ever, even at small initialization scales, differences in weight magnitudes between layers can induce
the lazy learning regime (Azulay et al.l 2021} |[Kunin et al.| 2024)) — highlighting the significance
of both absolute scale (initialization variance) and relative scale (difference in weight magnitude
between layers) in generating diverse learning dynamics (Atanasov et al.| 2022)). Beyond absolute
scale and relative scale, additional aspects of initialization can profoundly affect feature learning,
including the effective rank of the weight matrices |[Liu et al.| (2023b), layer-specific initialization
variances [Yang & Hu| (2020); [Luo et al.| (2021)); [Yang et al.| (2022)), and the use of large learning
rates |[Lewkowycz et al.| (2020); [Ba et al.| (2022); |Zhu et al.|(2023)); |Cui et al.| (2024)). These findings
illustrate the effect of initialization on inducing complex learning behavior through the resulting
dynamics. Here we develop a solvable model which captures these diverse phenomena.

Despite significant advances, these learning regimes and their characterization are not yet fully un-
derstood and would benefit from clearer theoretical predictions, particularly regarding the influence
of prior knowledge (initialization) on the learning regime. In this work, we address this gap by
deriving exact solutions for the learning dynamics in deep linear networks as a function of network
initialization, providing one of the few analytical models of the rich and lazy regimes in wide and
deep neural networks (Xu & Ziyin, [2024; | Kunin et al.| 2024 [Tu et al.| 2024])). To illustrate the dra-
matic effect of initialization and the kind of phenomenon we build a theory for, we consider a two-
layer linear network parameterized by an encoding layer W; and a decoding layer W, (FiglTA).
This network can be initialized with different relative scalings, such that W1W1T - WQTWQ,
W, WT < WI'W,, or W, WT = WIW,, while maintaining the same absolute scale. As
shown in Fig[IB, the choice of relative scaling can result in drastically different learning trajecto-
ries and representations and the theory we develop over the course of this paper describes these
effects. Through these solutions, we aim to gain insights into the rich and lazy regimes, as well as
the transition between them during training, by examining the impact of relative scaling. As shown
in Fig[T|C and further proved in Appendix [A.3] initialization methods used in practice, such as Le-
Cun initialization in wide networks, approximate the relative scaling initialization explored in this
paper, making it relevant to machine learning community as further demonstrated by Kunin et al.
(2024). We consider applications relevant to machine learning and neuroscience, including continual
learning (Kirkpatrick et al., [2017} |[Zenke et al., 2017} |Parisi et al., 2019), reversal learning (Erdeniz
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& Atalay}, 2010) and transfer learning (Taylor & Stone|, 2009 Thrun & Pratt, 2012} |[Lampinen &
Ganguli, [2018; |Gerace et al.| [2022)).

Our contributions.

* We derive explicit solutions for the gradient flow, internal representational similarity, and
finite-width NTK in unequal-input-output two-layer deep linear networks, under a broad
range of \-balanced initialization conditions (Section [).

* We model the full range of learning dynamics from lazy to rich, showing that this transition
is influenced by a complex interaction of architecture, relative scale, and absolute scale,
extending beyond just initialization absolute scale (Section[5).

* We present applications of these solutions relevant to both the neuroscience and machine
learning communities, providing exact solutions for continual learning dynamics, reversal
learning dynamics, and transfer learning (Section [6).

2 RELATED WORK

Linear networks. Our work builds upon a rich body of research on deep linear networks, which,
despite their simplicity, have proven to be valuable models for understanding more complex
neural networks (Baldi & Hornikl [1989; [Fukumizul [1998; Saxe et al., 2014). Previous research
has extensively analyzed convergence (Arora et al. 2018a; Du & Hu, 2019), generalization
properties (Lampinen & Gangulil 2018} [Poggio et al., [2018; [Huhl |2020), and the implicit bias of
gradient descent (Arora et al. [2019a; Woodworth et al., 2020} |Chizat & Bachl |2020; Kunin et al.,
2022)) in linear networks. These studies have also revealed that deep linear networks have intricate
fixed point structures and nonlinear learning dynamics in parameter and function space, reminiscent
of phenomena observed in nonlinear networks (Arora et al.| [2018b; [Lampinen & Gangulil [2018).
Seminal work by Saxe et al.| (2014) laid the groundwork by providing exact solutions to gradient
flow dynamics under task-aligned initializations, demonstrating that the largest singular values
are learned first during training. This analysis has been extended to deep linear networks (Arora
et al., 2018bj 2019a; [Ziyin et al.l [2022) with more flexible initialization schemes (Gidel et al.,
2019; |Tarmoun et al., [2021} |Gissin et al., [2019). This work directly builds on the matrix Riccati
formulation proposed by |[Fukumizu| (1998) and [Braun et al.| (2022) which extends these solutions
to wide networks. We extend and refine these results to obtain the dynamics for a wider class
of A-balanced networks to more clearly demonstrate the impact of initialization on rich and lazy
learning regimes also developed in Tu et al.| (2024) for a set of orthogonal initalizations. Our
work extends previous analyses (Xu & Ziyin, 2024} Kunin et al., 2024) of these regimes to wide
networks. Previous studies leveraged these solutions primarily to characterize convergence rates;
however, our work goes beyond this by providing a comprehensive characterization of the complete
dynamics of the system (Tarmoun et al.| [2021])).

Infinite-width networks. Recent advances in understanding the rich regime have largely stemmed
from examining how the initialization variance and layer-wise learning rates must scale in the
infinite-width limit to maintain consistent behavior in activations, gradients, and outputs. Several
studies have employed statistical mechanics tools to derive analytical solutions for the rich popula-
tion dynamics of two-layer nonlinear neural networks initialized using a mean-field parameterization
(Mei et al., 2018}; |[Rotskoff & Vanden-Eijnden) 2018};|Chizat & Bach, |2018; |Sirignano & Spiliopou-
los, 2020; Rotskoff & Vanden-Eijnden, |2022; |Sirignano & Spiliopoulos},|2020). Other methods for
analyzing deep network dynamics include the NTK limit, where the network effectively performs
kernel regression without feature learning (Jacot et al.| 2018} |Lee et al.| 2019} |Arora et al., [2019b)).
Furthermore, these approaches typically require numerical integration or operate within a limited
learning regime, and are unable to describe the learning dynamics of hidden representations. In-
stead, our work provides explicit analytical solutions for the dynamics of the network and its NTK
in the finite-width case (Jacot et al., 20215 Xu & Ziyin, 2024; |Kunin et al., [2024; (Chizat et al.,[2019).

3 PRELIMINARIES

Consider a supervised learning task where input vectors x,, € R, from a set of P training pairs
{(Xn,¥n)}E_1, need to be mapped to their corresponding target output vectors y,, € R™o. We learn
this task with a two-layer linear network model that produces the output prediction

yn =Wy, Wx,, (D
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with weight matrices W; € R¥»*Ni and W, € RNo*Nn where N}, is the number of hidden
units. The network’s weights are optimized using full batch gradient descent with learning rate n
(or respectively time constant 7 = %) on the mean squared error loss £(3,y) = 1 (|[y — y||*).

where (-) denotes the average over the dataset. Our objective is to describe the entire dynamics of
the network’s output and internal representations based on the input covariance and input-output
cross-covariance matrices of the dataset, defined as

P P

-1 .1

ST _ 5 E xp,xL € RVi*Ni and 3T = - E ynxL € RNoxNi, 2
n=1 n=1

and the initialization W5(0),W1(0). We employ an approach first introduced in the foundational
work of [Fukumizu| (1998) and extended in recent work by Braun et al.| (2022), which instead of
studying the parameters directly, considers the dynamics of a matrix of the important statistics. In
particular, defining Q = [W; WQT]T € RWitNo)xNn 'we consider the (N; + N,) x (N; + N,)
matrix . S

T _ W1W1</) Wi W, (/)

Q0= [Wiw!) wowi() ®
which is divided into four quadrants with interpretable meanings, and where ¢t € R represents
training time. The approach monitors several key statistics collected in the matrix. The off-diagonal
blocks contain the network function Y (t) = W, W, (¢)X. The on-diagonal blocks capture the
correlation structure of the weight matrices, allowing for the calculation of the temporal evolution of
the network’s internal representations. This includes the representational similarity matrices (RSM)
of the neural representations within the hidden layer, as first defined by |[Braun et al.| (2022),

RSM; = XTW]W, ()X, RSMp =Y (W, WI ()Y, 4)

where + denotes the pseudoinverse; and the network’s finite-width NTK (Jacot et al.| [2018]; |[Lee
et al.,[2019; |Arora et al., 2019b)

NTK = Iy, @ XTW!/W, ()X + W,WI(t) @ XTX, (5)
where Iy, is the N, x NN, identity matrix and ® is the Kronecker product. Hence, the dynamics of
QQT describes the important aspects of network behaviour.

4 EXACT LEARNING DYNAMICS

We derive an exact solution for QQ7 offering insight into the learning dynamics, convergence
behavior, and generalization properties of two-layer linear networks with prior knowledge.

Assumptions. To derive these solutions we make the following assumptions:
* A1 (Whitened input). The input data is whitened, i.e. pILCI

e A2 (A-Balanced). The network’s weight matrices are A-balanced at the beginning of train-
ing, i.e. WIW3(0) — W;W1(0)T = AL If this condition holds at initialization, it will
persist throughout training (Saxe et al., 2014} |Arora et al., 2018a). For completeness, we
prove this in Appendix

* A3 (Dimensions). The hidden dimension of the network is defined as Nj, = min(N;, N,),
ensuring the network is neither bottlenecked (N, < min(N;, N,)) nor overparameterized
(Ny, > min(N;, N,)).
These assumptions are strictly weaker than prior works (Fukumizul [1998} Braun et al.l 2022;
Kunin et all 2024; Xu & Ziyin, 2024). The main distinction between our work and prior
works is that both [Fukumizu| (1998) and Braun et al.| (2022) assumed zero-balanced weights
(W1 (0)W1(0)T = W, (0)"W,(0)), while we relax this assumption to A-balanced. The zero-
balanced condition restricts the networks to a rich setting. We develop solutions to explore the
continuum between the rich and the lazy regime. While some works, such asTarmoun et al.[(2021),
have considered removing this constraint, their solutions remain in an unstable and mixed form.
Other studies, such as | Xu & Ziyinl (2024) and Kunin et al.| (2024), have similarly relaxed the
balanced assumption but were limited to single-output neuron settings. See Appendix [A.2] for a
further discussion on each of these works’ assumptions and their relationship to ours.

Lemmas and definitions. To derive exact solutions we start by presenting the main lemmas which
we prove in the appendix.
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Lemma 4.1. Under assumptions and the gradient flow dynamics of QQT (t), with initalization
QQT(0) = Q(0)Q(0)T can be written as a differential matrix Riccati equation

~4(QQ") = FQQ” + QQTF - (QQT)2,  where F - <_31Ni (%WF)' ©6)
dt sve o 2,

As derived in |[Fukumizu| (1998)) and extended in Braun et al.| (2022)), whenever F' is symmetric and
diagonalizable such that F' = PAPT, where P is an orthonormal matrix and A is a diagonal
matrix, then the unique solution to this matrix Riccatti equation is given by

t

62A; .
2A

t

QQ"(t) = "7 Q(0) ) PTQ(O)] Q(0)"e"~. )

I+QO0)T'P (

In Appendix we prove that this equation is the unique solution to the initial value problem
derived in Lemmafor any value of A. However, as discussed in Braun et al.|(2022)), the solution
in this form is not very useable or interpretable due to the matrix inverse mixing the blocks of
QQT. Additionally, we need to diagonalize F'. To do so we consider the compact singular value

decomposition SVD(iy‘”) = USVT, Here, U € RMoXNu denotes the left singular vectors, S €
RN *Nu the square matrix with ordered, non-zero eigenvalues on its diagonal, and V e RNixNn
the corresponding right singular vectors. For unequal input-output dimensions (IV; # N,), the right
and left singular vectors are not square. Accordingly, for the case N; > Nj, = N,, we define
U, € RNoXINo=Nil g5 a matrix containing orthogonal column vectors that complete the basis for
I~J, i.e., make [ﬁ U l] orthonormal, and v s RYixINo=Nil a5 a matrix of zeros. Conversely,
when N; = N, < N,, then v 1 1s a matrix containing orthogonal column vectors that complete
the basis for V and U is a matrix of zeros. Using this SVD structure we can now describe the
eigendecomposition of F'.

Lemma 4.2. Under assumptions the eigendecomposition of F = PAPT is

- (TG aG) VG AG) ViV, % o) ®
V2 \UG+HG) -UG-HG) V2U,)’ 0 oA AL ’

where the matrices S o AL, H ,and G are diagonal matrices defined as:

,57/\: S’Q—}—)jl7 AL:Sgn(NO_Ni)illNO_NYM fI:sgn()\) ‘S}‘_Sj, é:% (9)
V 4 2 ' Sx+ 8 VI+ H?
Main theorem. Thanks to the eigendecomposition of F' we can separate the solution provided in
equation [/|into four quadrants. Following an approach used in [Braun et al.| (2022), we will find it
useful to define the following variables of the initialization that will allow us to define the product
PTQ(0) more succinctly,

B=W,0) UG+ HG)+W,(0)V(G - HG) € RNV»*Nn (10)
C=W,0)"0U(G-HG)-W,(0)V(G+HG) c RNV»*Nn_ (11)
D = W,(0)7U, + W,(0)V, € RNwxINo=N:|, (12)

Using these variables of the initialization, this brings us to our main theorem:

Theorem 4.3. Under the assumptions of whitened inputs ({I), A\-balanced weights ({2), and no bot-
tleneck , the temporal dynamics of QQT are

QQ” (1) = Zi (DAY ZT(t) Zi(t) AT () Z (1)
Zo(t) A L) ZL(t) Zo() A ()ZL (1))
with the time-dependent variables Z (t) € RN*Nn, Zy(t) € RNo*Nu and A(t) € RN»XNn

Zy(t) = %f/(é —~ HG)S BT - %V(é +HG)e 5+CT +V M7 D7, (13)
~ = ~ = St 1~ = ~ = St ~ t
Zy(t) = %U(G + HG)eS 7 BT + JUG - HG)e 5 =CT + U M7 DT, (14)
25, —28,t _ ALt
Alt)=1+B TN pr o ery p (2 pr (15)
45)\ 45)\ )\J_
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Colored

The proof of Theorem[d.3]is in Appendix [B] : |colored
With this solution we can calculate the ex- : § o Analytical
act temporal dynamics of the loss, network \ : :
function, RSMs and NTK (Fig.[2A, C) over
arange of A-balanced initializations.

Implementation and simulation. One is-
sue with the expression we derived in The-
orem.3|is that it can be numerically unsta-
ble when simulating it for long time ¢t > 0
as it involves taking the inverse of terms
that involve exponentials that are diverging
with ¢. If we make the additional assump-
tion that B is invertible, then we can rear-
range this expression to only use exponen-
tials with negative coefficients, which we
derive in Appendix [B.3] In the next sec-
tion we will discuss the significance of B
being invertible at initialization on the con-
vergence of the dynamics. Simulation de-

tails are in Appendix [E-7] 20000 2P 0 20000
Training Steps Training Steps Training Steps
5 RICH AND LAZY LEARNING A2 A=0 A=2

Next, we use these solutions to gain a
deeper understanding of the transition be-
tween the rich and lazy regimes by exam-
ining the dynamics as a function of A\ — the
relative scale — as it varies between positive
and negative infinity. We investigate four
key indicators of the learning regimes: the
dynamics of singular vectors, the structure
and robustness of the representations, and the evolution of the NTK.

Dynamics of the singular values. Here we examine a A-balanced linear network initialized with
task-aligned weights. Previous research (Saxe et al., [2019a) has demonstrated that initial weights
that are aligned with the task remain aligned throughout training, restricting the learning dynamics
to the singular values of the network. This setting offers a valuable opportunity to build intuition
about the impact of \ on the dynamics of learning regimes, extending beyond previous solutions
(Tarmoun et al., [2021}; |Varre et al., [2024).

Theorem 5.1. Under the assumptions of Theorem d.3|and with a task-aligned initialization, as de-

fined in Saxe et al.|(2013), the network function is given by the expression WoWy(t) = US(t)VT
where S(t) € RVv*Nu js a diagonal matrix of singular values with elements s,,(t) that evolve
according to the equation,

Figure 2: A. The temporal dynamics of the numerical
simulation (colored lines) of the loss, network func-
tion, correlation of input and output weights, and the
NTK (row 1-5 respectively) are exactly matched by
the analytical solution (black dotted lines) for A =
—2. B. A = 0 Large initial weight values. C. A = 2
initial weight values initialized as described in[E7]

Sa(t) = 84(0) + Yo (t; A) (80 — 54(0)), (16)

where 3, is the « singular value of S and ~y,,(t; \) is a A\-dependent monotonic transition function
Sor each singular value that increases from v,(0; \) = 0 to lim;_, o 74 (t; \) = 1 defined explicitly
in Appendix|C_1| We find that under different limits of \, the transition function converges pointwise
to the sigmoidal (A — 0) and exponential (A — +00) transition functions,

A
e2far — 1

i . _ e IAE
Tt 1 /\Erfoofya(t,)\) —1l—ce . 17
5a(0)

The proof for Theorem [5.1] can be found in Appendix As shown in Fig. 3B, as A approaches
zero, the dynamics resemble sigmoidal learning curves that traverse between saddle points, charac-
teristic of the rich regime (Braun et al., 2022). In this regime the network learns the most salient
features first, which can be beneficial for generalization (Lampinen & Gangulil 2018)). Conversely,
as shown in Fig. BJA and C, as the magnitude of X increases, the dynamics become exponential,
characteristic of the lazy regime. In this regime, all features are treated equally and the network’s

i :
lim o (t; \) —
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Figure 3: Simulated and analytical dynamics of the singular values of the network function with
relative scale of A, X = —2,B. X\ = 0, or C. A = 2, initialized as described in Appendix [E.7}

dynamics resemble that of a shallow network. Notably, similar effects have been observed previ-
ously in the context of large absolute scales (Saxe et al.l|2019a)) independently of the relative scale.
Overall, our results highlight the critical influence the relative scale A has in shaping the learning
dynamics, from sigmoidal to exponential, steering the network between the rich and lazy regimes.

The dynamics of the representations. We now consider how the representations of the individual
parameters W7 and W5, change through training. We note that under A-balanced initializations there
is a simple structure which persists throughout training that allows us to recover the dynamics of the
parameters up to a time-dependent orthogonal transformation from the dynamics of QQ7 (t).

Theorem 5.2. Under assumptions [2| if the network function WoWy(t) = U(t)St)VT(t)
is full rank, then we can recover the parameters Wy(t) = U(t)S2(t)RT (t) and Wy(t) =
R(t)S1(t)VT(t) up to time-dependent orthogonal transformation R(t) € RNw*Nn ywhere

Sx(t) = 1/S2(t) + 2T and

Sl( ) ((SA( ) )\I) Omax(O,NifNo)) ’ SQ(t) = ((Sk(t) =+ )\21) Omax(O N,—N; )) (18)

The effective singular values S of the corresponding weights are either up-weighted or down-
weighted depending on the magnitude and sign of A, splitting the representation into two parts.
This division is reflected in the network’s internal representations. With our solution, QQ7 (¢),
which captures the temporal dynamics of the similarity between hidden layer activations, we
can analyze the network’s internal representations in relation to the task. This allows us to
determine whether the network adopts a rich or lazy representation, depending on the value of
A. Assuming convergence to the global minimum, which is guaranteed when the matrix B is
non-singular, the internal representation satisfies W7 W, = ng\?T and WoW1 = fjggij
with WoW,; = USVZ. Theorem in the Appendix provides a detailed proof of this limiting
behavior. To illustrate this, we consider a hierarchical semantic learning task{ﬁ introduced in [Saxe
et al.| (2014); Braun et al.| (2022), where living organisms are organized according to their features

(Fig. EIA). The representational similarity of the task’s inputs (VSVT) reflects this hierarchical

structure (FigEIA). Similarly, the representational similarity of the task’s target values (USUT)
highlights the primary groupings of items. When training a two-layer network with relative scale
A equal to zero and task-agnostic initialization (Mishkin & Matas, 2015), the input and output
representational similarity matrices (FigldB) match the task’s structure upon convergence. As
derived in Theorem the network is guaranteed to find a rich solution regardless of the absolute
scale , meaning WIW; = VSV and W, WI = USU7, as shown in Fig. . Hence, the
network learns task-specific representations. We also show that as A approaches either positive
or negative infinity, the network symmetrically transitions into the /azy regime. As demonstrated
in Theorem and illustrated in Fig. 4] the representations converge to an identity matrix for
both large positive and large negative values of A— emerging in the output representations for
large positive A and input representations for large negative A. This convergence indicates that
the network adopts task-agnostic representations. Meanwhile, the other respective RSMs become
negligible, with scales proportional to 1/\. Therefore, as shown in Theorem the NTK becomes
static and equivalent to the identity matrix in the limit as A approaches infinity. However, the
downscaled representations of the network remain structured and task-specific. Intuitively, in this

'In this setting, the network has equal input and output dimensions
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Figure 4: A. A semantic learning task with the SVD of the input-output correlation matrix of the
task. (top) U and V represent the singular vectors, and S contains the singular values. (bottom) The
respective RSMs as USU " for the input and V.SV T for the output task. B. Simulation results and
C. Theoretical input and output representation matrices after training, showing convergence when
initialized with values of A equal to —2, 0, and 2, according to the initialization scheme described in
Appendix D. Final RSMs matrices after training converged when initialised from random large
weights. E. After convergence, the network’s sensitivity to input noise (top panel) is invariant to A,
but the sensitivity to parameter noise increases as A becomes smaller (or larger) than zero.

setup, the larger weights function as an identity-like projection, while the smaller weights adapt
and align to the task. However, due to their relative scale compared to the larger weights, their
contribution to the NTK remains negligible. This property could be beneficial if the weights are
later rescaled, such as during fine-tuning, potentially enhancing generalization and transfer learning,
as we will demonstrate in Section [f] We compare this to the scenario where both weights are
initialized with large Gaussian values, leading to lazy learning that maintains a fixed NTK but lacks
any structural representation, as illustrated in Fig. D. We further discuss the relationship between
the scale and the relative scale in appendix Furthermore, in the infinite-width regime, where
weights are initialized from a Gaussian distribution with large variance, averaging effects cause
both input and output representations to approximate identity matrices. In this scenario, the network
learns in the lazy regime with a fixed Neural Tangent Kernel (NTK). This behavior contrasts with
the dynamics observed in the current setting since both input and output representations are task
agnostic. Consequently, we propose a new lazy regime, which we refer to as the semi-structured
lazy regime. We note that these existing regimes preserve only the input or output representation,
resulting in a partial loss of structural information. In the nonlinear setting, this behavior is not
expected to hold, as an additional factor comes into play in the computation of the NTK: the
activation coefficients of the nonlinearity, as demonstrated in |Kunin et al.| (2024). In that case large
relative weight (large positive \) leads to a rapid rich regime. All together, we find that initialization
will determine which layer in the network the task specification features resides in: layers initialized
with large values will be task-agnostic, while those initialized with small values will be task-specific.

Representation robustness and sensitivity to noise. Here we examine the relationship be-
tween the learning regime and the robustness of the learned representations to added noise
in the inputs and parameters. The expected post-convergence loss with added noise to the
inputs is determined by the norm of the network function (Braun et al., 2025), which in our
setting is independent of \. Specifically, if we add zero-centered noise {x with variance o%

to the inputs, then the expected loss is(L)., = o% Zf\i’l S? + ¢, where c is a constant that
depends solely on the statistics of the training data (Figure dE, Appendix [C.3). However, if
instead noise is added to the parameters, the expected loss scales quadratically with the norm
of the weight matrices (Braun et al) 2025), which in our setting depend on A. In particu-
lar, zero-centered parameter noise {w, and &w, with variance o%; results in an expected

loss of(L) ey, e, IN;ow|Wall% + 2Nood |[Wi|[% + $N;N,Noo* + ¢, with norms

Wil = 352 (Va2 40 40) and [Wallp = 3T (/15740 - a) . This

implies that, under the assumption of equal input-output dimensions, networks initialized with
weights such that A = 0, corresponding to the rich regime, converge to solutions that are most robust
to parameter noise (Figure @E, Appendix [C.3). In practice, parameter noise could be interpreted as
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Figure 5: A. Schematic representations of the network architectures considered, from left to right:
funnel network, square network, and inverted-funnel network. B. The plot shows the NTK kernel
distance from initialization, as defined in [Fort et al, (2020) across the three architecture depicted
schematically. C. The NTK kernel distance away from initialization over training time.

the noise occurring within the neurons of a biological network. Hence, a rich solution may enable a
more robust representation in such systems.

The impact of the architecture. Thus far, we have found that the magnitude of the relative scale
parameter A determines the extent of rich and lazy learning. Here, we explore how a network’s
learning regime is also shaped by the interaction of its architecture and the sign of the relative
scale. We consider three types of network architectures, depicted in Fig.[5JA: funnel networks, which
narrow from input to output (N; > Nj = N,); inverted-funnel networks, which expand from input
to output (V; = Nj < N,); and square networks, where input and output dimensions are equal
(N; = N, = N,). Our solution, QQ7, captures the dynamics of the NTK across these different
network architectures. To examine the NTK’s evolution under varying \ initializations, we compute
the kernel distance from initialization, as defined in [Fort et al.| (2020). As shown in Fig. E]B we
observe that funnel networks enter the lazy regime as A — oo, while inverted-funnel networks do
so as A — —oo. The NTK remains static during the initial phase, rigorously confirming the rank
argument first introduced by |[Kunin et al.| (2024) for the multi-output setting. In the opposite limits
of )\, these networks transition from a lazy regime to a rich regime. During this second alignment
phase, the NTK matrix undergoes changes, indicating an initial lazy phase followed by a delayed rich
phase. We further investigate and quantify this delayed rich regime, showing the NTK movement
over training in Fig. [5[C. This behavior is also quantified in Theorem [C.6] which describes the rate
of learning in this network. In Appendix we further explore the impact of the architecture as
a function of the absolute and relative scale. Intuitively, the delayed onset of the rich regime occurs
because no least-squares solution exists within the span of the network at initialization. In such
cases, the network enters a delayed rich phase, where A tends toward infinity, with the magnitude
of X\ determining the length of the delay. At first, the network exhibits lazy dynamics, striving
to approximate the solution. However, as constraints necessitate adjustments in its directions, the
network gradually transitions into the rich phase. For square networks this behavior is discussed
in Section Across all architectures, as A — 0, the networks consistently transition into the rich
regime. Altogether, we further characterize the delayed rich regime in wide networks.

6 APPLICATIONS

In this section, we apply the exact solutions for the learning dynamics in deep linear networks de-
scribed in Section[d]to illustrate several phenomena relevant to machine learning and neuroscience.

Continual learning. Continual learning, as thoroughly reviewed by [Parisi et al| (2019), has
long posed a significant challenge for neural network models in contrast to biological networks,
particularly due to the issue of catastrophic forgetting (McCloskey & Cohen, |1989; Ratcliff] [1990;
French, [1999). Similarly to the framework presented by |Braun et al.| (2022), our approach describes
the exact solutions of the networks dynamics trained across a sequence of tasks describing the entire
continual learning process. As detailed in Appendix [D.T} we demonstrate that, regardless of the
chosen value of A, training on subsequent tasks can result in the overwriting of previously acquired
knowledge, leading to catastrophic forgetting.

Reversal learning. During reversal learning, previously acquired knowledge must be relearned,
necessitating the overcoming of an earlier established relationship between inputs and outputs. As
demonstrated in Braun et al.| (2022), reversal learning theoretically does not succeed in deep linear
networks as the initalization aligns with the separatrix of a saddle point. While simulations show
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that the learning dynamics can escape the saddle point due to numerical imprecision, the process
is catastrophically slowed in its vicinity. However, when ) is non-zero, reversal learning dynamics
consistently succeed, as they avoid passing through the saddle point due to the initialization scheme.
This is both theoretically proven and numerically illustrated in Appendix [D.2] We also present a
spectrum of reversal learning behaviors controlled by the relative scale )\, ranging from rich to
lazy learning regimes. This spectrum has the potential to explain the diverse dynamics observed in
animal behavior, offering insights into the learning regimes relevant toneuroscience experiments.

Transfer learning. We consider how different A initializations influence generalization to a new
feature after being trained on an initial task. As detailed in Appendix [D.3] we first train each
network on the hierarchical semantic learning task described in Fig. |4 We then add a new feature
to the dataset, and train the network specifically on the corresponding item while keeping the rest of
the network parameters unchanged. Afterwards, we evaluate the generalization to the other items.
We observe in Appendix Fig. that the hierarchical structure of the data is effectively transferred
to the new feature when the representation is task-specific and A is zero. Conversely, when the
input feature representation is lazy (A < 0), meaning the hidden representation lacks adaptation, no
hierarchical generalization is observed. Strikingly, when X is positive, the hierarchical structure in
the input weights remains small but structured, while the output weights exhibit a lazy representation
and the network generalizes hierarchically. Specifically Fig. [D.3] shows that the generalization loss
on untrained items with the new feature decreases as a function of increasing A. Therefore, as A
increases, networks more effectively transfer the hierarchical structure of the network to the new
feature for untrained items, leading to an increase in generalization performance. This indicates that
the lazy regime structure (large A values) can be beneficial for transfer learning.

Fine-tuning It is a common practice to pre- train neural networks on a large auxiliary task before
fine-tuning them on a downstream task with limited samples. Despite the widespread use of this ap-
proach, the dynamics and outcomes of this method remain poorly understood. Our study establishes
a theoretical basis for the success of fine-tuning, particularly how changes in A-balancedness initial-
isation after pre-training affect performance on new datasets (see Appendix [D.4). We consistently
find that finetuning performance improves and converges more quickly as networks are re-balanced
to larger values of Apr and, conversely, decreases as Apr approaches 0 as shown in Fig. Our
work examines the fine-tuning dynamics of two-layer linear networks. While simple, these architec-
tures are commonly utilized for fine-tuning large pre-trained language and vision models, notably
in Low-Rank Adapters (LoRA) (Hu et al. 2022) as further discussed in Appendix While a
detailed exploration of fine-tuning performance in practice as a function of initialization lies beyond
the scope of this work, it remains an important direction for future research.

7 DISCUSSION

We derive exact solutions to the learning dynamics of deep linear networks. While our findings ex-
tend the range of analytically describable two-layer linear network problems, they are still limited by
a set of assumptions. In particular, relaxing the assumptions that input covariance must be white and
that initialization must be A\-balanced could bring the analysis closer to practical applications in ma-
chine learning and neuroscience. Moving towards the nonlinear setting would also make the findings
more applicable in real-world scenarios. Despite these limitations, our solutions provide valuable
insights into network behavior. We examine the transition between the rich and lazy regimes by
analyzing the dynamics as a function of A—the relative scale—across its full range from positive
to negative infinity. Our analysis demonstrates that the relative scale, )\, is pivotal in managing this
transition. Notably, we identify a structured /azy regime that promotes transfer learning. Building on
previous work (Kunin et al.| [2024) that shows these findings extend to basic nonlinear settings and
practical scenarios, our theory suggests that further exploration of unbalanced initialization could
optimize efficient feature learning. We leave for future work, the extension of this initialization to
deep networks. Future work will focus on extending the application of the solution to the dynamics
of fine-tuning and linear autoencoders.
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A PRELIMINARIES

A.1 APPENDIX: BALANCED CONDITION

Definition A.1 (Definition of A-balanced property (Saxe et al.|(2013)), Marcotte et al.[(2023))). The

weights W1, Wy are A-balanced if and only if there exists a Balanced Coefficient A € R such that:
B(Wy,Wy) = W Wy - Wi W = I (19)

where B is called the Balanced Computation.

For A = 0 we have Zero-Balanced given as A4 (). W1(0)W(0)T = W, (0)TW(0).

Theorem A.2. Balanced Condition Persists Through Training
Suppose at initialization

W2(0)"W2(0) — W1 (0)W1(0)" = AL (20)
Then forallt > 0
W2 ()" Wa(t) — Wa(t)Wy(t)" = A 1)
Proof. Consider:
T
T% [WQ(t)WQ(t)T — W1 (t)Wl (t)T] = <T(;ZtW2(t)) WQ(t) + WQ(t)T <7':thW2(t))
T
— (Tdtwl(t)> Wl(t)T — Wl(t) <T;itW1(t))
= Wi(t) (zyz — Wy (t) W (1) ! Wo(t)
+ Wa(t)T (zy —Wa()W, (t)f)“’) Wi(t)
~ W) (S~ Wa()Wa ()5 ) Wi (1)
—Wit) (zy W, (t)Wl(t)im) Wa(t)
=0
Note that Wo (t)T Wa(t) — W1 (t)W1(t)7T is conserved for any initial value . O

A.2 DISCUSSION ASSUMPTIONS

Whittened Inputs. Although the whitened input assumption is quite strong, it is commonly used
in analytical work to obtain exact solutions, and much of the existing literature relies on these so-
lutions |[Fukumizu| (1998)); Braun et al.| (2022); |Kunin et al.| (2024). While relaxing this assump-
tion prevents the exact description of network dynamics, [Kunin et al.| (2024) examine the implicit
bias of the training trajectory without relying on whitened inputs. If the interpolating manifold is
one-dimensional, the solution can be solved exactly in terms of A. Their findings demonstrate a
similar quantitative dependence on ), governing the implicit bias transition between rich and lazy
regimes. Furthermore, recent advancements, such as the ’decorrelated backpropagation” technique
introduced by Dalm et al.| (2024) which whitens inputs during training, showing that optimizing for
whitened inputs can actually be done in practice and improve efficiency in real-world applications.
Importantly, This study highlights that in certain real-world scenarios, whitening can provide a more
optimal learning condition. This approaches emphasize the potential advantages of input whitening
for downstream tasks, reinforcing the validity of our assumption.

Dimension. Previous works imposed specific dimensionality constraints. For example: [Fuku-
mizu| (1998)) assumed equal input and output dimensions (N; = N,) while allowing a bottle-
neck in the hidden dimension (N, < N; = N,). Braun et al.| (2022) extended these solutions
to cases with unequal input and output dimensions (/N; # N,) but restricted bottleneck networks
(N}, = min(N;, N,)) and introduced an additional invertibility condition on the B. In our work we
allow for unequal input and output N; # N, and do not introduce an additional invertibility assump-
tion. This flexibility expands the applicability of our framework to a wider range of architectures.
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Full rank Previous work by Braun et al.| (2022), imposed a full-rank initialization condition, de-
fined as rank(W2(0)W1(0)) = N; = N,. However, this assumption is not necessary in our
framework.

Balancedness Assumption A significant departure from prior works is the relaxation of the bal-
ancedness assumption: Earlier studies, such as [Fukumizu| (1998) and [Braun et al.| (2022) assumed
strict zero-balancedness (W1(0)W1(0)T = W,(0)1'W3(0)), which constrained the networks to
the rich regime. Our approach generalizes this to A-balancedness, enabling exploration of the con-
tinuum between the rich and lazy regimes. While some efforts, such as [Tarmoun et al.| (2021),
have explored removing the zero-balanced constraint, their solutions were limited to unstable or
mixed forms. In contrast, our methodology systematically studies different learning regimes by
varying initialization properties, particularly through the relative scale parameter. This allows con-
trolled transitions between regimes, advancing understanding of neural network behavior across
the spectrum. Other studies, such as |[Kunin et al| (2024) and Xu & Zheng| (2024) have also re-
laxed the balancedness assumption, though their analysis was restricted to single-output neuron
settings. We emphasize the importance of this balanced quantity by rigorously proving that, in the
averaging limit, standard network initializations (e.g., LeCun initialization [LeCun et al.| (1998),
He initialization) lead to A-balanced behavior in the infinite-width limit. Specifically, the term
W1 (0)W1(0)T = W,(0)TW,(0) converges to a scaled identity matrix. Furthermore, previous
studies have demonstrated that the relative scaling of A significantly impacts the learning regime in
practical scenarios, highlighting the crucial role of dynamical studies of networks as a function of
this parameter.

A.3 RANDOM WEIGHT INITIALISATIONS AND A-BALANCED PROPERTY

Throughout this work, we assume that initial weights are A-Balanced. However, in practice, weights
are not initialized with that goal in mind. Usually, a weight matrix W is initialized with some
random distribution centered around 0, with variance inversely proportional to the number of layers
on which W has a direct effect (Glorot & Bengio| (2010)), [LeCun et al.| (1998)), He et al.| (2015)).
In this section, we show that many common initialization techniques lead to A-Balanced weights
in expectation. Furthermore, as the size of a network tends to infinity, these random weights are
A-Balanced in probability.

We do this by first finding the expectation and variance of the balance computation for two
adjacent weight matrices, W, and W, initialized under a normal distribution with zero mean.
Subsequently, we describe how network structure and size can impact the expectation and variance
of the balance computation.

Theorem A.3. [Random Weight Initialization Leads to Balanced Condition] Consider a fully
connected neural network with L layers. Each layer has N; neurons, and the weights of each layer
W, is a matrix of dimension (N, Ni11). The matrix W; = (wy ,,,) where wy ,,, ~ N(0,02),

2

where o} is determined based on the initialization technique. Then the following hold for all i €

[1,L—1]:

I E [W5-1Wi+1 = WiW] = (Ni207, — Nio?)1
2. Var [W£1Wi+1 — WlWZT] = (Ni+20';1+1 + Niaf)]B%, where B is a square matrix with

fours across the diagonal and ones everywhere else.

Note that in the case L = 3, Ny = ¢, N1 = h, Ny = o with ¢, h, o being the input, hidden and output
dimensions respectively as defined in the main text.

Proof of Theorem|[A.3]
w11 wy 2 e W1, Ny o
w2 1 Wa 2 e W2 Ny 4o
Let Wiy, = ) . ) 22)
WN;y1,1 WN;p,2 "7 WNq,Nigo
= (@1 Wa ENH2)
withw; = (wy j, ws ; w 0T
J 1,55 W25+ WNiy1,5) -
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Then,

w;
r w3
Wi+1Wi+1 = . (El wy - ENH—Q)
E%wrz
<E17E1> <w1aw2> t <E1’ENH-2>
<E27@1> <E27w2> o <@2>EN1'+2
<ENH,27E1> <EN1+2)E2> U <wNi+27wNi+2>

Now, consider (w;,w;) with i # j,

Nit2

wzaw] E Wk Wk, j

Niy2

E [(w;,w;)] Z Wi Wk, j

7+2

- E wklwkj

2
Niy2
=E Wk,; Wk, 5

k=1
[Nt Nit2
_k 1 k=1 1>k
Nit2 Nit2
Z Elwy wi ;] +2 Y Elw i JElwg ;]Bw ;JEfw, ;]
k=1 I>k
Ni+2
k=1
= (Nit2)ojiy

Similarly, consider (w;, w;):
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Nijo2
(Wi, ;) = Y wi
k=1
s
E[(@;,w)] =E | Y wi;| = NisoE [w};] = Nisaok,,,
k=1

Var (@3, W) = E | (@,,))°| - E|(@,, )]

2
Niyo2
_ 2 2 4
=E | Y wii] | - Mok,

2
Nii2

_ 2 2 4

=E E Wi 4 _Ni+20Ni+1

k=1
_Ni+2 Nit2 Nijo
_ E 4 E E 2
=K wk,z +2 wk zwl 7 N 20-N1+1
k=1 k=1 I=k+1

Ni+2 Nit2 N1+2
= w + 2 w w ] — N2 o4
- k, ’L k, z l,i i+2% Njq1

k=1 k=1 l=k+1

2 4

= Nij2(307%, ) T (Nig — Nig2)on,,, — N+2‘7N,Jrl
= 4Ni+20Ni+1

Hence
E [Wi£1Wi+1] = (Ni+20i2+1) I
Var [W 1 Wigi1] = 4 (Niy2) 0y B

For the case for W;, notice we can express W; W as (W.I)T(WT'). Hence we can use the proof
above, with W/ it = W . In this case the matrix Wz’ 1 has shape (NV;, N;+1), and each element
of the matrix has variance o?. We have:

E [W,; W] = Nio?1

Var [W; W] = N;o!B

By assumption, W;, W; 1 are independent. Hence Cov(W;, W;11) = 0. We can use this prop-
erty together with linearity of expectation:

E [Wzﬂ—lwi-l—l - W'LTW’L] - (Ni+20'i2+1 — Nlaf) I

Var (W, Wip1 — WIW;] = (Nijool, + Nio}) B
This completes the proof. O
In neural network training, proper weight initialization is crucial for ensuring stable gradients
during backpropagation, which helps to avoid issues such as vanishing and exploding gradients.
The goal of weight scaling is to maintain appropriate variance across layers, enabling efficient and

effective learning (Glorot & Bengio|(2010)). The weights are typically initialized to be random and
centered around 0O to break symmetry and ensure that different neurons learn different features.

Some of the most commonly used initialization methods are detailed below:
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* LeCun Initialization (LeCun et al.[(1998)): Weights are initialized using a normal distri-
bution with a mean of 0 and a variance of ﬁ, where [V; is the number of input units in the

layer. Mathematically, the weights w are drawn from A (0, Ni)

* Glorot Initialization (Glorot & Bengio| (2010)): Weights are initialized using a nor-
mal distribution with a mean of 0 and a variance of ﬁNH, where NN; is the number
of input units and V,;; is the number of output units. This method balances the vari-
ance between layers with different widths. Mathematically, the weights w are drawn from

2
NO, wv)-

* He Initialization (He et al.| (2015)): Weights are initialized using a normal distribution
with a mean of 0 and a variance of N%, where NN; is the number of input units in the layer.
This method is particularly suited for layers with ReLU activation functions. Mathemati-
cally, the weights w are drawn from N (0, Nl)

* Scaled Initialization (Rahnamayan & Wang| (2009)): Weights are initialized using a
normal distribution with a mean of 0 and a variance of ]‘f,—i, where N; is the number of input

units in the layer and «; is a parameter specific to each layer. Mathematically, the weights
w are drawn from A (0,

These initialization methods help ensure that the network starts with weights that facilitate stable and
efficient learning, avoiding the common pitfalls of poorly initialized neural networks. Using (A.3),
we can calculate the respective Expectations and Variances of the Balanced Computation under the
different initialisations:

(677

N;/°

Initialization Var(IUﬁ,ln) Val‘(w}‘vml) E[WZHWM - W, W7 Var[WiTHWHI - W, W1
1 1 Nita Niyo 1
LeCun Niga N (N'Hrl 1) I <N;‘+1 ™ B
2 2
2 Nijo _ N; : 2 . 2
Glorot NoiNis | NoEN | 2 (NWHVHz Nio1 t; WNive (wiwgs) T Ni\wrna:) B
_2 2 Nigs _ Nigz | 1
He e 2 2 (NM 1) I 4 (Nf“ + N,> B
2 2 2 2 2\ 2
Qg1 o Nij2 2 2 ; Qi1 A R
Scaled s of (N2za2, - a?)1 (Verz (52) + N () OB

Table 1: Comparison of Variance and Expectation of Balanced Computation for Different Weight

Initializations

Fig.[6]shows a numerical example of how the Balanced computation would look like for initialising
weights with LeCun, He, Scaled and Glorot initialisations using N; = 160, N;;; = 80, N;j4o =
120. With these numbers of nodes in each layer one can appreciate how the Balanced Computation
on the weights is visually similar to a scaled identity matrix. In Fig. [7] We show how the sign of

the scaled identity changes with the dimentions NV;, N; 11 N;o.
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=== Glorot > 0
Ratio = 1 I Ratio —-- Scaled > 0
—-- LeCun, He >0

NifN;+1

Figure 7: Impact of Network Structure on sign of balanced coefficient for different initialisations.
Lecun, He and Scaled initialisations depend solely on the ratio of the sizes of the output and hidden
layers. Scaled initialisation’s dependence is affected by the parameters o1, ;. Glorot initialisa-
tion’s sign depends on both ratios.

State-of-the-art models such as (Krizhevsky et al| (2012)), [Liu et al.| (20234)) use more than 10,000

nodes in each hidden layer. This implies that if we wished to perform some mathematical analysis
on these models, assuming the initial random weights are A-Balanced would be a very close
depiction to reality. In addition, these models often have a different number of nodes per layer, so
understanding the effect of the relationship between N;, N; 1, and N, is crucial.

Specifically, we aim to understand how changes in the relative width of layers 7,7 + 1,7 + 2
affect the Balanced Computation: suppose N;,; = kN, for some & € Rt and N;,» = rN; for
some r € R*. Then we can express the table above in terms of %, r, and IN; only:

Initialization | Var(wy, ) | Var(wy ) | E[W/ Wiy — WiW[I] | VarWh, Wi — W,W/!]
LeCun o N% (r-1)1 7 (= +1)B
Glorot A NG 2 (kir - k%rl) ! N (W Bl m) ’

He T ~ 2(r-1)1 »(E=+1)B
Scaled 7:]\71 Ja\fi2 (Fafy —af)1 NL (mkgjl + af) B

Table 2: Comparison of Variance and Expectation for Different Initializations

From Table 2] we can observe that as the number of nodes in each layer tends to infinity, while
the ratios between the number of nodes in each layer (r, k) are maintained, the variance of the
Balanced Computation tends to zero. Hence the Balanced Computation converges in probability to
A-Balanced weights.

Further, Table [2| shows that a larger value of r will lead to a higher value of A in every one
of the initializations displayed. Moreover, a larger k£ has the opposite effect. In addition, we can
observe that in some initializations there are limits as to what value A can take (such as in LeCun
A > 0).

Some special cases of r and k are interesting to consider to gain an intuition of how chang-
ing these values influences the Balancedness of the Weights. In the table below, we consider the
cases:

1. r = k: the three layers of the network have the same number of nodes.
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2. r — 0, k fixed: N; >> N,;12, N;11, the first of the three layers is much larger than the
other two layers.

3. r — o0, k fixed: N;yo >> N;, N;y1, the last of the three layers is much larger than the
other two layers (k is fixed).

4. k — 0, r fixed: the middle layer is exceedingly small, N; ;1 << N;, N; ;2

5. k — oo, r fixed: the middle layer is much bigger than the other two layers, N;;1 >>
Ni;Nito

2
6. r = Q(Zi : the inner and outer layers have a ratio proportional to the scale factors of each
i+1
weight layer. This case is important for Scaled initialization.

Initialization r=k r—-0|r—soco|k—s00| k=0 |r= afil
LeCun 0 -1 71 -1 1 -
Glorot 0 21 21 0 —k%_ll -

He 0 —of | 2(p)T | -2 | 2(5)I :
Scaled (@2 —a)I | =21 | 2o 1| —all | fo2.41 0

Table 3: Comparison of Variance and Expectation under Different Conditions

From Table |3| above one can appreciate the impact network structure can have on the Balanced
Computation of the weights of each layer. One can also see that there are many cases when the
Balanced computation does not equal 0, both in the limit of r, k and not in the limit.

We have showed that although the Balanced property is only preserved in Linear Networks,
it occurs at initialisation for large networks which utilise some of the most common weight
initialisation techniques.

These findings provide motivation to better understand the relation between the Balanced
Computation of a Network, its structure and the regime it will learn in. If we are able to understand
the relation between A\-Balanced weights and Rich and Lazy Learning in Linear Networks, one
might be able to approximate these results to the nonlinear case.

A possible future application might be the ability to heavily influence a network’s learning
regime by altering the relative width of its layers, its activation functions or weight initialisation
techniques used for each layer.

In order to better understand the effects of A on the learning dynamics and learning regime
of the network, we first study aligned A-Balanced networks.

A.4 SCALE VS RELATIVE SCALE

A straightforward intuition for the scale and the relative scale can be gained by considering the scalar
case where N; = Nj, = N, = 1. In this scenario, it is easy to ensure that w% = w% satisfies A = 0
while allowing for different absolute scales. For instance, wy; = wo = 0.001 or w; = wy = 5. In
such cases, the absolute scale is clearly decoupled from the relative scale. However, in more complex
settings, the relative scale and absolute scale interact in non-trivial ways. While our study primarily
focuses on the effects of relative scale, the influence of absolute scale is inherently embedded within
our framework through the definitions of B, C, and D (see Equations@l). Howeyver, this influence is
not immediately apparent from the main theorem. A clearer distinction between the roles of relative
and absolute scale can be observed in Theorem We investigate first how ), the relative scale
parameter, governs the transition between sigmoidal and exponential dynamical regimes. A similar
argument applies to absolute scale, which appears explicitly as s, (0) in these equations. Consider
the case when A = 0, the dynamics of s, reduce to the classical solution of the Bernoulli differential
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equation. In the limiting case where s, (0) — 0, the system exhibits classic sigmoidal dynamics
(characteristic of the rich regime), whereas the limit s,(0) — oo yields exponential dynamics
(characteristic of the lazy regime).

We performed an experiment to further examine the interplay between relative weight scale, absolute
weight scale, and the network’s learning regime in the general setting. We define the absolute scale
of the weights as the norm of WoW ;. We generate random initial weights of a given relative and
absolute scale and train the network on a random input-output task. We compute the logarithmic
kernel distance of the NTK from initialization and the logarithmic loss throughout training. We plot
these values in a heat map for A in [—9, 9] and relative scale in (0, 20]. We repeat this procedure
for three architectures: a square network (N; = 2, N;, = 2, N, = 2), a funnel network (N; =
4, N, = 2, N, = 2), and an anti-funnel network (N; = 2, N, = 2, N, = 4). These are the same
architectures as in Figure [5]in the main text.

In all three different types of networks, at the start of training, the model loss depends entirely on an
absolute scale, not the relative scale. Throughout training across networks, the learning dynamics
are intricately influenced by both the absolute and relative scales and fully captured by our theoretical
solution. In the square network, the loss increases with absolute scale but decreases with relative
scale, as shown in Fig[8] Similarly, the kernel distance phase plot exhibits an intricate relationship
with the relative and absolute scales, as illustrated in Fig5] Strikingly, for large imbalanced A,
even at small scales, the network transitions into a lazy regime. The funnel and anti-funnel network
architectures demonstrate antisymmetric behavior as shown in Fig.[9|and Fig. Here, we focus on
the anti-funnel network for brevity. The evolution of the loss reveals that negatively A initializations
first converge, whereas positively A initializations retain larger loss values. Additionally, the kernel
distance attains its maximum for positive \, aligning with the results outlined in section [5] At
convergence, the loss across all networks stabilizes uniformly, irrespective of initial conditions,
confirming consistent convergence. This outcome aligns with the theoretical expectation for linear
networks under gradient flow, which predictably converge to the same solution. Furthermore, in
square networks, the kernel distance depends exclusively on the relative scale A and peaks at A = 0
(results corresponding to the green curve in Fig.[5B.) This observation illustrates that the regime at
A = 0 is consistently rich, independent of the absolute scale as predicted by our theoretical results in
[C3] For funnel and anti-funnel networks, the kernel distance exhibits an antisymmetric pattern. In
the anti-funnel network, the kernel distance depends mostly on A, achieving high values for positive
A and approaching zero for negative A (matching the results in Fig. 5B ( pink line)). Conversely,
in the funnel network, the kernel distance is high for negative A and approaches zero for positive
A, corroborating the results in Fig. 5B. (blue line). These results emphasize the interplay between
relative and absolute scales, highlighting their critical roles in determining the system’s behavior.
Altogether, the absolute scale and relative scale of the weights play a critical role in describing the
phase portrait of the learning regime, as first demonstrated in the [Kunin et al.|(2024) paper on ReLU
networks.
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Figure 8: Square network: Phase plots showing (left) the logarithmic kernel distance of the NTK
from initialization and (right) the corresponding logarithmic loss as functions of the relative scale A
and the absolute scale. (Top to bottom) Different time steps during training ¢t = 1, ¢ = 20, ¢ = 100.
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Figure 9: Anti-funnel network: Phase plots showing (left) the logarithmic kernel distance of the
NTK from initialization and (right) the corresponding logarithmic loss as functions of the relative
scale \ and the absolute scale. (Top to bottom) Different time steps during training ¢ = 1, ¢ = 400,
t = 4000.
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Figure 10: Funnel network: Phase plots showing (left) the logarithmic kernel distance of the NTK
from initialization and (right) the corresponding logarithmic loss as functions of the relative scale
A and the absolute scale. (Top to bottom) Different time steps during training ¢ = 1, ¢ = 400,
t = 4000.

B APPENDIX: EXACT LEARNING DYNAMICS WITH PRIOR KNOWLEDGE

B.1 APPENDIX: FUKUMIZU APPROACH
Lemma B.1. We introduce the variables

_ Wl r_ [WiwW, WIwWZ
Q—[WJ and QQ —[W2W1 WoWT |- (23)

Defining

_AT (2T
the gradient flow dynamics of QQT (t) can be written as a differential matrix Riccati equation
d
72(QQT) =FQQ" +QQ"F - (QQ")”. (25)

Proof. We introduce the variables

_ (Wi r_ [WiWy Wiwg
Q= [Wg] and QQ° = WoW, WoWI | (26)
We compute the time derivative
dwW7{ dw, dW7{ dW
+LQqt) =~ [ Wit Wi S Wt WlTTZ] . 27)
dt Wy W, AW Wiy, T AW
Using equations 18 and 19, we compute the four quadrants separately giving
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= (Z¥" — WoW )WL W + W] W1 (29 — WoW)) 29)
= (2 TW,o,W, + WIWTsvr - WIwWIw,w, — (WoW,)TW,W, (30)
= () TW,W, + WI WISy - WIWIW,W, - WIW, WI'w, - \Wi'w,, @31

. (d‘;‘f Wl + w7 dzg) = 32)
= BV — Wo W) Wo W5 + W W, (397 — WoWy)” (33)
= (S¥)TW, W5 + WIW, (59)7 - WIW WT W] - WIWIW, W, (34)
T (dZQ Wi+ W, d:;fl ) = (35
= (2¥" - WoW ) WIW, + WoWI (2% — W,oW,) (36)
= SVWIW, + WoWIS¥ — WoWIW, W, — WoW, W W (37
(‘”V?wg LW, de) _ (38)
dt dt
(£ — WoW ) WIWE + Wo W, (S — WoWy)7 (39)
= SWIWE + WoW, (54)T - W, W, WIWT - WoW, (WoW)T (40)
CSWIWE  WaWs (597 - WaW,WIWE - Waw,wEwWE )
= SWIWE 4 W W, (577 WoW W W~ Wo W W, W AW, W @2)
Defining -
P ng (Zgj)q 7 (43)

the gradient flow dynamics of QQ () can be written as a differential matrix Riccati equation
d
72 (QQT) =FQQ" +QQ"F - (QQ")”. (44)

We write T%(QQT) for completeness

[\v)

d oo _[-3 ET [WIwW, WIW,] | [WIwW, WIW,]" [-3 ()T
5 2 W1 2 W35 2 W1 2 W5 )
C[WIw, WIw,]?
WoW,  WoW7

iyw % W2W1 VVQVV%1 W2W1 WQW%

_[WIw, WTW,| [WIw, WI'Ww,
WoW, WoWI| [Wow, W,WT

:[3 (iW)T] [W?Wl waz} +[W¥“W1 W?%]T[é (iW)T}
(46)

_[-3WIW, + (Zv)TWo W —3WTW, + (Sv7) T W,y W
| EEWTIWL + WL W YvWTIWYE + WL, WT
SWIW, + WIW,(599)T AWT W, + WT Wy (Sve)T
—SWIW, + WoW, (32v5)T SWLoWT + WoWH (sve)T
_[wWiw, WIw,] [Wiw, Wiw,
WoW, WoWI| [Wo,W, W,o,WT

N 47)
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_[-3WIW, + (Zv) "W Wy —3WTW, + (Sv7)TW,y W
T SEWIW, + SWL W, SVWTWL + SWoWT

—AWIW, + WI'W,(Zv)T  SWTIW, + WIW,(Zv0)T
+ | _Awr Syz\T A T T (Swa\T 45)
—§W2 W, + Wng(Ey ) §W2W2 + W2W2 (Zy )
_ W{W1W{W1 + WlTW2W2TW1 WfW1W?W2 + W?WgW%Wg
W2W1W?W1 + W2W§W2W1 W2W1W{W2 + WQW%WQW%
O

The four quadrants of 27| are equivalent to equations [31] [34] [37] and 2] respectively.

B.2 QQT DIAGONALISATION
Lemma B.2. If F = PAPT is symmetric and diagonalizable, then the matrix Riccati differential

equation %(QQT) = FQQT + QQTF — (QQ™)? with initialization QQT (0) = Q(0)Q(0)”
has a unique solution for all t > 0, and the solution is given by
e2Ar 1

2A

3

-1
QQ”(t) = 7 Q(0) )PTQ(O)] Q(0)TeF~. (48)

I+Q(0)'P (
This is true even when there exists A; = 0.

Proof. First we show that there exists a unique solution to the initial value problem stated. This is
true by Picard-Lindelof theorem. Now we show that the provided solution satisfies the ODE. Let

L =¢FrQ(0)and C = I+Q(0)T P (%) PTQ(0) such that solution QQ” (t) = LC~*L”.
The time derivative of QQ7 is then given by

d T d 17T d, i\ yT 4 d 7
— =—(L L L— L L —(L 4
2(QQ7) = L(LCLT + L2 (0TI + DO L (L) (49)
Solving for these derivatives individually, we find
d _d g L Fpt B
ﬂ(L) =€ (0)=Fe (0)=FL (50)
L ——crdeiet - —cqorpt (ZU ST pramet en
dt dt dt 2A
We consider the derivative of the fraction serpately,
d €2A£ —1I 2A L
— _— = T 2
dt ( 2A ) ‘ ©2)

this is true even in the limit as A\; — 0. Plugging these derivatives back in we see that the solution
satisfies the ODE. Lastly, let ¢ = 0, we see that the the solution satisfies the initial conditions. O

B.3 F DIAGONALIZATION
Lemma B.3. The eigendecomposition of F = PAPT where

_ 1 ({/@IQIC}‘) V(G +HG) ﬁ‘?l) A= %A _% 8 (53)
V\U(G+HG) UG -HG) ViU,) 0 0 AL

and the matrices S Y AL, H ,and G are the diagonal matrices defined as:

S —\/§2+i21 AL =sgn(N, —N-)ﬁl H = sgn()\) 5x=5 G- 1 (54)
A 4 5 1 g o 127 g g)\—FS, m

Beyond the invertibility of F', notice from the equation (Fukumizu solution) we need to understand
the relationship between F' and Q(0). To do this the following lemma relates the structure between
the SVD of the model with the SVD structure of the individual parameters.

Proof. We leave for the reader by computing
F = PAPT (55)
O
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B.4 SOLUTION UNEQUAL-INPUT-OUTPUT

Theorem B.4. Under the assumptions of whitened inputs, [I| lambda-balanced weights[2} no bottle-
neck the temporal dynamics of QQT are

Z,1A71ZT 7z A1 ZT
QQT(t) = (Z;AlZ% Z;Alzz) )

where the variables Z1 € RN:>*Nn Zo € RNoXNn gnd A € RN *Ne gre defined as

Z1(t) :%V(é —HG)S B” - %f/(é +HG)e S 7CT +V A7 VIW, (0)7 (56)
Za(t) :%r]’(é L HG)S BT %U(é CHG)e SECT 4 UL AT TTW,(0) 57)
62‘57*%71 T 6725_)‘%71 T T GAiﬁf:[ =T
At)=I+B| ——— | B — _ Au% _ Au%
() + < 15, C A C' +W,3(0) U, N U1 W1 (0)
_ ALr 1) -
+ Wi (0)V (‘3M> VIW,(0)7 (58)

Proof. We start and use the diagonalization of F' to rewrite the matrix exponential of F' and F'. Note
that PTP = PPT =1 and therefore PT = P!,

t
Pt
Fr =pedpT

s\t
_ 1 [V(c‘;—ﬁlc‘;) V(G+HG) \/Evi] _;)AL RS [V(G—Flc‘;) V(G+HG) ﬁVL}
T~ V2 UG+ HG -UG-HG V22U, e T R 5 UG+ HG) -U(G-HG) V2U,
0 0 e T
S g s B CARL N Sro |1 [UG-8G WG+ HE) ]T v [Tr] a2 [\A]T
T V2 |U0(G-HG) -UG+HG 0 —SaE 2 1O G+HG) -0G-HG) V2 0, AL
= 0eMF 0o+ 2Mmer L M7 (59)

FTFef T —F ! = 0e*70T0A 107 0e2 7 0 — OA'O” + M(e* 7 —T)(AL)'M”.

(60)
F = OAO” +2MX M7 (61)
v .17
Where M = % {~ L} . Placing these expressions into equation gives
U,

QQT(t) = [0er* OT + 2MeM%MT} Q(0)

[
[I + %Q(O)T (0 (2 ~1) A'O7 + MM F ~DAT'MT) Q(O)} T @
Q(0)* [OeA% 0" + 2MeM%MT]T
L . T
o= (U659 Y EON (wre)
1 ((é —~HG)VTWT(0)+ (G + ﬁé)ﬁTW2(0)>

~ V2 \(G+HG)VTWT(0) — (G — HG)UTW,(0)
1 BT
-5(%)
where
B=W,0) UG+ HG)+W.(0)V(G - HG) € RN»*Nn (64)
C=W,0)"U(G - HG) - W(0)V(G+ HG) € RV»*Nn (65)
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_ 1 (V(G-HG)eS V(G+HG) e S+ 66)
2\UG+ HG)eS s —U(G - HG)e 5+
ocrorqu L (UG- HGS VG AG 5L ) ()
2\U(G+HG) S UG- HG)e S+ | \-C”
1 (V(G-HG)eSH BT —V(G+ HG)e S +CT
=5l A L A Sat BT L TS Ern — St T (67)
2\UG+HG)eS BT +U(G - HG)e 5+ C
2M6AL?MTQ(O)ZQL \:[J_ eAL T t i \:/—J_ T Wl(O)T
V2 (UL e*r| V2 UL W (0)
_ VJ_@AL%VE _ 0 B Wl(O)T
- 0 U, M =0T | Wa(0)
_ [ViersVIw, (0)T
T UL T TUTWL(0)
(68)
Putting it together we get the expressions for Z; (t) and Z3(t)
02207 1 2Me T M| Q(0) =
_1(V(G-HG)eS*BT - V(G + HG)e 5+ C7 F@eMi\*{{wl(O)T 69
2 \U(G+HG)eS BT + UG - HG)e 5+CT U, M7 UTW,(0)

—_

~ = ~ = 5, 1~ = ~ = 5, L nd t
Z,(t) ==V (G — HG)e%*7 BT — FV(G+ HG)e 5=CT +V A= VIW, (00T (70)

— N

~ X ~ = 5, t 1~ - ~ J ot ~ b~
Zy(h) =;U(G + HG)eS =BT + SUG - HG)e > :CT + U M 7UTWL(0)  (71)
We now compute the terms inside the inverse

Q(0)"M(e*7)AT'M” Q(0)

O R
AL it)‘ll\"{l{/ﬁwl(o)T]
AT UL UT Wy (0)

= (W10 VL= ATVIW, (0)T + Wa(0)TT LA P AT TT W, (0) )| (72)

[W1(0) W(0)7] [

aormcncan-somin waor 5[5 2] (6] ]

Vo] [ALVIVIWL(0)T
U, | [ AT'ULUTW,(0)
= [W1(0)VIAT'VIW,(0)T + W5 (0)TT AT UTW,(0)] (73)

= [W1(0) W2(0)7] [
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Now
Ja070 (4 ) a0l < fim -l 1w ()
- % (B (9% 1) (S)'BT — € (7255 ~1) (S)) ' C”
Putting it all together

2537 — 1 €257 1 ~ CA I
A)=I1+B|——|B"-C|—"on——— 1 CT+W,(0) U, [ ———— | U7
(t) ( 15, ) < 15, > 2(0)" UL X

1
1
3 AT T\ o T
+ W (0)V, [ —— | VIW(0)
AL
So, final form:
QQ'(t) =
V(G- HG)eS*BT — V(G + HG)e > +CT + V_ M VIW(0)T
%U(é + HG)eS BT + %U(C} — HQ@)e 5+CT + U M7 UTW,(0)
25}: _ —QS)\% _
1+ (B (< BT o =T er
4 S S
T i AT 3 et —1 T T B
+W,(0)' U, TW3(0) +W1(0)V ViW(0)
AL AL
g = ndilgad 3t g = ndilgad 3t i t < T
%V(G - HG)esf?BT - %V(G + HG)e—Sf?CT + Vet VIw, (0)T
UG+ HG)eS =BT + U (G — HG)e 5+ CT + U A+ UTW,(0)
(76)
O
B.5 STABLE SOLUTION UNEQUAL-INPUT-OUTPUT

Theorem B.5. Given the assumptions of Theorem further assuming that B is invertible and
defining e+ T = sgn(N, — Ni)%, the temporal evolution of QQT is described as follows:

QQY(t) =2 [efsﬁB*lB*Te*S}%
—28, N -5\t .
(=) L sitprig (C0 T orpTeSit
48, 48

A
— e FBTIWL(0)TU LA TT Wy (0)B~Te5r+

(77)

e Fe T T BTIWL(0)T T AT TTW,(0)B T 57

2
S.t A
+e S Te2

t
T

B 'W,(0)V AT VIW,(0)TB Te 5+
- - s -1
— e SIBTIWL (VL ATVIWL (0B Te S| 2T

WW{(G-HG) - (G + ﬁé)e*SA%CTB*Te*S&ﬂ +V VIW, (0)B Ter 7o~ 57
iU [(G‘ +HG

)+ (G — I;Ié)e_SA%CTB_Te_SAﬂ + fh_fJfWg(O)TB_Te’\L%e_g*%

(78)
32

(75)
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Proof. We start from

QQ'(t) =
V(G- HG)e>*BT — V(G + HG)e > +CT + V M VIW(0)T
UG+ HG)eS =BT + iU (G — HG)e 5= CT + U A= UTW,(0)
255t _ —28,t _
1+ (B[ BT ¢ 1) er
4 S S\
At 1 ~ ~ At 1 T T -
W00 | - IW:(0) + Wi () Vs | —— | VIW1(0)
e EBT —LV(G+ HG)e S +CT + \ﬁeMi\”ffwl(o)Tﬂ

(79

We extract B—Te=5*% from all terms as exemplified bellow

V|(G-HG)~ (G+HG)e >+CTB Te S+ .,
( ) : BTeS = (80)

OeAt/ToTQ(O) — b - ~ AN —Sht AT p—T .—Sy &
U|(G+HG)+ (G- HG)e +CTB e 5+

N =

and rewrite the dynamis as

QQ'(t) =
W(G-HG) - V(G+HG)e S:CTB Te 57 + V, A7 VIW(0)T B Te 5+
UG+HG)+iU(G - HG)e 5 7CTB Te 57 + U M rUTW,L(0)B Te 57

- - —25, ¢ . —25,t -
e T B 1B Te 57 —i—1 7I—e~ i —eSTBC S —— iT -1 CTB Te 5+
S)\ S)\

~ BAJ‘% . | ~ 5t
(O)TUJ_ X U{WQ(O)B_T6_5*7

AT -1\ op T p-T —Syt -
T VTWL(0)T B Te St

LU(G+HG) +LU(G - HG)e 5+ CTB Te 57 + U, A7 UTW,(0)B Te 527

(;V(é _HG) - V(G + HG)e S\ CTB T4 4 VleMinwl(O)TBTe?Aiﬂ
(81)
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Qr (1) =
%f/ (G- HG)—(G+HG)e S CTB Te 95| 4+ V VIW, (0)B Tedte S
LU (G +HG) + (G~ HG)e S CTB Tt | 4+ UL TIW,(0)T B Tere e 52t

— t _ — _S, t
[6 SA"'B lB Te Sx ¢

I— e 257 c eSS~ 1
+ —_— 7675A?B71C’ —_— CTB T SA?
48, 48,

—e‘S**B "W, (0)7T, AT OT W, (0B Te 57
Fe T TBTIWL(0)TU AT OTW,(0)B T 57
+ e EAEBTIWL (VAL VTW (0B Te

— S IBTIWL )V IAT VW (0)TB Te S5 |

V(G- HG)~ (G + HG)e OB e 54| 4 V. VIW, (0B Ter foSit !

U |(G+HG) + (G~ HG)e S+ CTB Tt | 4 UL OTWy(0)T B-Ters fe5it
(82)
where e} 7 = sgn(N, — N;)3 is a scalar O

B.5.1 PROOF EXACT LEARNING DYNAMICS WITH PRIOR KNOWLEDGE UNEQUAL
DIMENSION

We follow a similar derivation presented in |Braun et al.|(2022) and start with the following equation

QQ” (1) = [0er 70T + 2 FMT| Q(0)

L

-1
145007 (0 (4 —1)AT0T M —DAIMT) Q)| s

Cc-1
Q(0)” [0e* 70T + 2Mer - F M7 |

R
=LC 'R, (84)

Substituting our solution into the matrix Riccati equation then yields

d
72 QQ" =FQQ" +QQ'F - (QQ")’ (85)
= T%Lc_lR ZFLC 'R+ LC'RF - LC"'RLC™!R. (86)
Using the chain rule 9(AB) = (0A)B + A(9B) and the identities
d d d
7A—1 :A_lfAA_l S tA :AtA:tAA
dt( ) (dt ) and o (e"?) e e (87)
d d
T%QQT = TaLC_lR (88)
d 1 d 1
—r aL C 'R+ 7L dtc R (89)
d d d
=7(—=L)C 'R+ 7LC™ R L(—-C 'R, 0
T(dt) +7 (dt >+T (dt > (90)
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Next, we note that

oro_ L (VIG-HG) V(G+HG) \' 1 (V(G-HG) V(G+HG)
L \UG+HG) -UG-HG®)) AL \UG+HG -UG-HG)
(92)
—1 (93)
_ 1 [V(G-HG) V(G‘JrfIé)} 1 [VL}
TM = B - o/ R - 4
© \/5{ UG+ HG) —-UG-HE| V5|0, ©4)
1[(G-HG)T™VTV, +(G+ HG)TUTT, ©5)
T2 (G+HG)TVTV, - (G- HG)TUTT,
=0 (96)
and
T _i vT 17T Y(Q_I?C?) V~(C~1‘~ ~~~~)
Moo= VI Uilllgeime —ve-mo ©7)
_L[VIV(G-HG)+UTU(G+ HG) 98)
2 |[VIV(G+HG)-UTU(G - HG)
-0 99)
we get
d~r__d 1
T7QQ =75 (LCT'R) (1
_ (4 1 d
T(dtL)c R+7L<dtC R> (101)
= iL C 'R+ 7LC™ dR + 7L dc R (102)
="\ & T dt ™\ :
with
d 1 ALt AT Al e LagT -1
T(dt )C R—T<O A7 0O +2M2 LT M )Q(O)C R (103)
- (OAe ¢0T+MM1€M¢MT) Q(0)C'R (104)
= (0A, 0T + 2MA, M) (oeA% or + 2M6M%MT) Q(0)C™'R (105)
=FLC 'R, (106)
1 (d -1 T A f/\LI
7LC (dtR>:TLC Q(0)” (o eATAOT 4 2Me 2TM> (107)
=LC1'Q(0) (oeAiAoT +2Me*F )\;IMT) (108)
T
=LC 'RF (109)
and
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7L (dcl> R=-—7LC! <C‘litc> C 'R (110)

=-LC!|r=

;Q(O)TO2%62A5AA*IOTQ(O) (111)

+ T%Q(O)TZL%Me}‘L%AL At MTQ(O)] C 'R

= -LC'[{Q(0)T0e**~0TQ(0) + 2Q(O)TMe>‘L:MTQ(O)} C 'R
) (112)

= -LC'[Q(0)T0e** 0T 0er+ 0T Q(0)

+2Q(0)T0eMrr OTM * -+ MTQ(0) (113)
0
+2Q(0)"Mer * MTO e 07 Q(0)
0

+4Q(0)"MeM M MM *MTQ(0)[C'R
= -LC'RLC'R. (114)
Finally, substituting equations[T03] and [TT0]into the left hand side of equation [86|proves equal-
ity. ]
C RICH-LAZY

C.1 DYNAMICS OF THE SINGULAR VALUES

Theorem C.1. Under the assumptions of Theorem and with a task-aligned initialization given
by W1(0) = RS, VT and W5(0) = US>RT, where R € RNv*Nn s an orthonormal matrix, then
the network function is given by the expression WoW(t) = US(t)VT where S(t) € RN»*Nn s
a diagonal matrix of singular values with elements s, (t) that evolve according to the equation,

Sa(t) = 84(0) + Vo (t; A) (80 — 54(0)), (115)

where 3, is the o singular value of S and Yo (t; ) is a A-dependent monotonic transition function
Sor each singular value that increases from y,(0; \) = 0 10 lim;_, o Yo (t; A) = 1 defined as

5x,a8),a sinh (2§>\?a:) (sasa ) cosh 23>\ a — (EQSQ + )‘72)
Sx,a8x,q sinh (2§>\7a ) (sasa ) cosh (25>\ o ) + 84 (80 — Sa)

where 5y o0 = 1/52 + );TZ, Sxa = 1/Sa(0)% + %2, and so, = $4,(0). We find that under different

limits of A\, the transition function converges pointwise to the sigmoidal (A — 0) and exponential
(A — £o0) transition functions,

Ya(t; A) = ;o (116)

T S 2o r 1 as A — 0,
Ya(t; A) = O] . (117)
1—e M= as A — +oo
Proof. According to Theorem [.3] the network function is given by the equation
WoWi(t) = Zo(t) A~ () Z] (1), (118)
which depends on the variables of the initialization B and C. Plugging the expressions for a task-

aligned initialization W7 (0) and W5(0) into these variables we get the following simplified expres-
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sions,
B =R (S:(G+HG)+5 (G- HG)), (119)
Dgp
C= R(Sg(é—ﬁé) - sl(é+ﬁé)), (120)
Dc

where we define the diagonal matrices Dp and D¢ for ease of notation. Using these expressions,
we now get the following time-dependent expressions for Zs(t), A=1(t), and Z(¢),

Lo (o o g e
Zi() = 5V ((G —HG)S Dy — (G + HG)e’SWDC) RT (121)
1 ~ ~ ~ = J ot ~ ~ = J ot
Z5(t) = §U((G+HG)65*?DB+(G—HG)6*SA?DC) RT (122)
6257*% —1 ) 725}7 -1 -
At:RI+7~D—7DR 123
(t) 15, B 15, c (123)

Plugging these expressions into the expression for the network function, notice that the R terms
cancel each other resulting in following equation

((é—ﬁé)e*rDB—(G—f—HG) S’MDC) G +HG)S FDp + (G - HG)e™

WoWi(t) = U

a+ (252) by - (=552 2
(124)

S(t)
Notice that the middle term is simply a product of diagonal matrices. We can factor the numerator
of this expressions as,

(G2 — H2G?)e*S F D, + ((é _HG:? (G + ﬁé)?) DypDec — (G2 — H2G?)e 25+ D2,

(125)
We can further factor this expression as,
G2(1 - H?) (625351)?3 - e*”l%Dg) —4G?HDyDc. (126)
Putting it all together we find that S(¢) can be expressed as,
GA(1- H?) (97 D% - e 7251 D) ~ 4G*HDpDc
S(t) = g ; T ; (127)
a+ ( S ) D = ( S ) e
Now using the relationship between H and G we use the following two identities:
~ ~ S ~o A
G*1-H* = i, 1G’H = — (128)

S S
Plugging these identities into the previous expression and multiplying the numerator and denomina-
tor by S\ gives,
S (625A%D§3 - 6*25*5D%) — ADpD¢

S(t) = — — — . (129)
48, + 2937 D% — e725 7 D2, + D% — D%
Add and subtract S (4§ \+ D2 — DZB) from the numerator such that
i S (45& + D2 - D?g) + ADpDe
S(t)=8 - (130)

A4S\ + 2527 D% — ¢ 257 D2 + D2 — D%
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Using the form of Dp and D¢ notice the following two identities:

A /& 4 (- A2
DypDe = & (S - 5251) , D%-D%=_ - (55251 + I) (131)
S S 4
From the second identity we can derive a third identity,
- S /-
A4S, + D% — D2, =4z (5—5251) (132)
A
Plugging the first and third identities into the numerator for the previous expression gives,
4524+ X°1) [ &
) U (5 858))
S(t) =8 — (133)

4S) + 2537 D% — 257 D2, + D2, — D2
Multiply numerator and denominator by % and simplify terms gives the expression,

N S
S(t) =58~ —5—g—7—— ~
)"+ 5 (294D} — 291 D) - (D} - D2)

(S - 5251) . (134)

Thus we have found the transition function,

S (9D} - 94 DZ) + % (D2 - D})
Yt A) = = (

— — = — . (135)
Sx (2537 D% — e_QSA?DQC> + 5 <4S>\ + D% — D%)
We will use our previous identities and the definitions of D% and D? to simplify this expression.
Notice the following identity,

'S7>‘ 25,1 2 —28,t 2 5 . c t = A2 ~ t
T(e Dy —e TDC) = 5,5, sinh ZSA; + SS(O)—}—ZI cosh 2.5';;
(136)
Putting it all together we get
$\Sy sinh (25}3) + (55(0) n A;I) cosh (25}3) - (55(0) + A;I)
Yt A) = (137)

S8y sinh (zs}ﬁ) + (95(0) + Agx) cosh (zs}g) + 8 (g - s<0))

We will now show why under certain limits of A this expression simplifies to the sigmoidal and
exponential dynamics discussed in the previous section.
Sigmoidal dynamics. When A = 0, then S) = S and S, = S(0). Notice, that the coefficients for

the hyperbolic functions all simplify to §5(0). Using the hyperbolic identity sinh(z) + cosh(z) =
e”, we can simplify the expression for the transition function to

) = 55(0)§ejS¢ -550)
SS(0)e25% — §8(0) + S2

(138)

Dividing the numerator and denominator by SS (0) gives the final expression.

Exponential dynamics. In the limit as A — +oo the expressions S, — % and S\ — %‘
Additionally, in these limits because );TQI > S§5(0) then (S’S(O) + ATZI) — %21. As a result of
these simplifications the coefficients for the hyperbolic functions all simplify to /\721. As a result we
can again use the hyperbolic identity sinh(x) + cosh(z) = e® to simplify the expression as

2 t 2
SIS

Y(t;A) = (139)

ANt 4§ (s - S(o)) '

. . . . 2 . . . .
Dividing the numerator and denominator by )\T results in all terms without a coefficient proportional
to A2 vanishing, which simplifying further gives the final expression. O
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C.2 DYNAMICS OF THE REPRESENTATION FROM THE LAZY TO THE RICH REGIME

The lazy and rich regimes are defined by the dynamics of the NTK of the network. Lazy learning
occurs when the NTK is constant, rich learning occurs when it is not. (Farrell et al.|(2023))

The NTK intuitively measures the movement of the network representations through training. As
shown in (Braun et al.| (2022))), in specific experimental setup, we can calculate the NTK of the
network in terms of the internal representations in a straightforward way:

NTK = Iy, @ XTWIW, ()X + Wo,WT (1) @ XTX (140)

In order to better understand the effect of A on NTK dynamics, we first prove some theorems in-
volving the Singular Values of the A-balanced weights, and the representations of a A-balanced
network.

C.2.1 LAMBDA-BALANCED SINGULAR VALUE
Theorem C.2. Under a A-Balanced initialization [2] if the network function WoWy(t) =
U(t)S(t)VT(t) is full rank and we define Sx(t) = \/S2(t) + )‘TZI. , then we can recover the

parameters Wy (t) = U (t)So(t)RT (t), Wi (t) = R(t)S1(t)VL(t) up to time-dependent orthogo-
nal transformation R(t) of size Ny, x Ny, where

Sl(t) = ((Sk(t) - %)% Omax(O,Ni—NO)) SQ(t) = ((Sk(t) + %)

[N

OmaX(O,NO—Ni))
(141)

Proof. We prove the case N; < N, and N, = min(N;, N,). The proof for N, < N; follows the
same structure. Let USV T = W, (t)W(t) be the Singular Value Decomposition of the product
of the weights at training step t. We will use Wy = Ws(t), W1 = W (¢) as a shorthand.

We write the initialisation for our setting WoW; = US VT, We therefore can write without loss
of generality the weight matrices Wy = US>2G2 and W1 = G1S: V7. In this case we requiere
that Go = G ' and §1 S, = S.

We assume the balanced property such that Wi Wy — Wi W' = A\I. We know this holds for
any t since this is a conserved quantity in linear networks. The matrices W W7 and W1'W, are
symmetric, which consequently implies that their singular vectors are orthogonal. Consequently, in
our specific scenario, we require that G; and G5 are orthogonal matrices and it follows that

G, =G;'=GT (142)
G, =G| =RT (143)
We can write Wy = USsRT, W, = RS, VT, where R is an orthonormal matrix and S5, S; are
diagonal (possibly rectangular) matrices.
Hence
RSTS;RT — RS, S| R" = )\I (144)
STS, — 8,8, =\l (145)

The matrices S1, Ss, have shapes (Np,, N;), (N,, Np,) respectively. We introduce the diagonal ma-
trices S of shape (Np,, N;), S5 of shape (NV;, N},) such that the zero matrix has size (N, — N;, Nj,)

S1=(8), S2= (502) (146)
Hence

STS, — 8,8, =l (147)
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From the equation above and the fact that S’l 52 = S we derive that:

(148)

s <\/A21+482+AI>2 B <\//\21+4S2—)\I>2
2 = 5 1= B
2 2

Hence

Nl

1
VAZI+45242I | 2 R
W2 =U (( 2 ) ) ,RT, Wl =R ((AZI+§SZ)\I> Omax(O,NiNo)) VT
(149)
O

Omax(O,No —N;)

C.2.2 CONVERGENCE PROOF

With our solution, QQ (), which captures the temporal dynamics of the similarity between hidden
layer activations, we can analyze the network’s internal representations in relation to the task. This
allows us to determine whether the network adopts a rich or lazy representation, depending on the
value of \. Consider a A\-Balanced network training on data %% = USV”. We assume that the
convergence is toward global minima and B is invertible

Theorem C.3. Under the assumptions of Theorem the network function converges to UsSv”
and acquires the internal representation, that is W1 W1 = VS?VT and WoW1 = US3U7T
Proof. As training time increases, all terms including a matrix exponential with negative exponent

in Equationvanish to zero, as Sy = S isa diagonal matrix with entries larger zero
As training time increases, all terms in the equations vanish to zero. Terms in Equation|/7|decay as

lim e VS22 E g, (150)

t—o00
and
. G2y 221t
tlggoehfe VST 2, (151)

where Sy = S isa diagonal matrix with entries larger zero
Therefore, in the temporal limit, eq. [77]reduces to

. T W Wl( ) WTwT( )
Jim QQ () = Jlim [W;Wl(t) WIW, (1) (152)
(G- HG) ~,1—1~~~~T-H~T
[ (HGJFG)M (V(G-HG)" (UHG+G)T] (153
_ Ff@ HG)S\(G - AGQ)™NT V(G- HG)S\(HG+G)TT7
T |OHG + G)S\(G - HG)™VT UHG + G)S\(HG + &)TUT|"

(154)

S EAnG AL Fren Sa(l—H?) .

— H H = ZA\ - ) 1
i o ~ )

S\ (G- aG = 2UFH)  S\CH) V482 1221 - I 156

1+ H? 1+ H? 2

i o ~

S\ G+ aG? = 2UFH) | S\CH) V482 4 )21 + Al s,

1+ H? 1+ H? 2

, T WIW,(t) WIWL(t)
A QT = Iy {lewm WIWa (1) (158)

VS2VT  VSOT

= [ﬁsw stngT]‘ (159)
O
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C.2.3 REPRESENTATION IN THE LIMIT

Theorem C.4. Under the assumptions of Theorem training on data 3Y* = USVT, as A — oo
the representation tends to

- A 0 N\ 1~ S2 0 o -
W- WT =U max(0,No—N;) UT WTW =V maz(0,N; —N,) VT
272 (Omax(O,No—Ni) 0 ! ! A OmaX(O,NifNo) 0
As A — —o0
1 S? 0 3 7 - I 0 -~ .
W, WT = __U max(0,N,—N;) UT WTW -V max(0,N; —N,) vT
2rh2 A (Omax(O,No—Ni) 0 ’ ! ! OmaX(O,NifNo) 0
As A — —o0
1 S? 0 2\ 7 - I Ormas (0., — -
W WT = —7U maX(OsNole) UT WTW — V de(O}Nl NU) VT
2 A (Omax(O,NO_N,i) 0 ' ! ! 0max(O,N,Lv—No) 0

Proof. We start from the representation derived in and using the Taylor expansion of f(x) =
V1 + 22, we compute

~\ 2
= S
Vorr 4§21 1+(%) +u
. _

160
9 (160)
A 25)° | o(A1)) + AL
1 25 - -
(14 (23) +oh) + W e -
2 2 I\l
Hence
VA2 4482 4T VN 4482401 S? S2
lim =\, lim = —=—— (162)
A—00 2 A——o00 2 |)\| A
Similarly,
VAI4482 - |\ —-)  S? s
= — A 163
5 5+ B +O(\™7) (163)
VAT 4482 -1 §? VXM 44821 §?
lim = —, lim =—==-) (164)
A—roo 2 AT A—m— 2 |A]
Since U,V are independent of \:
. T _ 17 . T
}\Erziloo WoWwy =U (}\Eriloo Sg> U (165)
lim Wi{w, =V ( lim sl> vT (166)
A—too A—too
O

As |A] — oo, one of the network representations approaches a scaled identity matrix, while the
other tends toward zero. Intuitively, this suggests that the representations shift less and less as ||
increases. Next, we demonstrate that the NTK becomes progressively less variable as |A| grows and
ultimately converges to zero.

C.2.4 NTK MOVEMENT
Relationship between A and the NTK of the network

Theorem C.5. Under the assumptions of Theorem [B.3] consider a linear network training on data
>v* = USVT. At any arbitrary training time t > 0, let Wy (t)W,(t) = U*S*V*T. Then,
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1. Forany X € R:

T VA214+48*2 )1 0 T
NTK(0) =1y, @ XTV 75 0 vTx
VA2I+485*2 401 0 (167)
+U ((2) o) U9 XTX
T VA2I4+4S8*2 )1 0 T
NTK(t) =1y, @ X' V* ((2) 0) v*
(168)

VA2I4+48*24 A1
+U" ]

8) U o XTX
2. As A — oo:

NTK(t) — NTK(0) — (INO @ XTV*§2?Vv* X — Iy ® XTVS2VTX) -0

(169)

>l =

3. As A — —oo:

1/ - _
NTK(t) = NTK(0) = 5 (USQUT 0 XTX - U*§2U*" o XTX) S0 (170)

Proof. Follows by substituting the expressions for the network representations in terms of A\ from
(Braun et al.|(2022))’s expression for the NTK of a linear network. Similarly, follows from substi-
tuting the limit expressions for the network representations and the fact that the Kronecker product
is linear in both arguments. O

The theorem above demonstrates that as |A\| — oo, the NTK of a A-Balanced network remains
constant. This indicates that the network operates in the lazy regime throughout all training steps.
The A-balanced condition imposes a relationship between the singular values of the two weight
matrices. Specifically, if W5 and W are A-balanced and satisfy Wo W, = X, then for arbitrary
singular values a;, b;, and s;, the following relations hold:
af—b?:/\, ai~bi:Si.

As ) increases, the value of b; must decrease. In the limit as A\ — oo, a? — X and b? — 0. From
the first equation, when b? — 0, a? — \. Since these equations apply to all singular values of the
matrices, it follows that for all 7, af — A, leading to the conclusion that:

WIw, = I,
as expected. Consequently, the task representation becomes task-agnostic in Wy. The intuition here
is that the weights are constrained by the need to fit the data, which bounds their overall norms. The
A-balanced condition further specifies a relationship between these norms, and as | A| increases, this
constraint tightens, driving W toward the identity matrix. In this regime, the network behaves sim-
ilarly to a shallow network, with X acting as a toggle between deep and shallow learning dynamics.
This finding is significant as it highlights the impact of weight initialization on learning regimes.

C.3 REPRESENTATION ROBUSTNESS AND SENSITIVITY TO NOISE
As derived in (Braun et al., 2025), the expected mean squared error under additive, independent and

identically distributed input noise with mean ; = 0 and variance o2 is

P
1
<2p D IWaW (x; + &) — yi|§> = 02 [[WaW1[|% + ¢, (171)

=1 éx

where ¢ = %Tr(f)yy) - %’I‘r(f]yxf]WT) is a noise independent constant that only depends on
the statistics of the training data. In Theorem we show that the network function converges to

USVT and therefore .
o2 ||[Wo Wi |7 = 07| |[USVT|Z

= o%lISIE

Np,
_ 2§ :"2
= 0x Sz

i=1

(172)
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As derived in (Braun et al., [2025)), under the assumption of whitened inputs (Assumption E]), in the
case of additive parameter noise with £ = 0 and variance 0%, the expected mean squared error is

P
1
<2P S (W o+ &w,) (Wa + Ew,) —yz—|§>
i=1 Ew ,wy

(173)
1 2 9 1 2 o 1 4
Using Theorem [C.3] we have
||W1||% = Tr(W1TW1)
VAL + 482 + AT
=Tr
2 (174)
1 [
- = A2 4482 + A
and ) ’
[[Wa|[p = Tr(W2 W3 )
V2L 4482 — AT
=Tr +
2 (175)

Np,
_ % (Z’\/Auzxéfx).
=1

To find the A that minimises the expected loss, we substitute the equations for the norms, take the
partial derivative with respect to A and set it to zero

9(L)

Ewq€w,y !
Lo
o
Ny, Np,
]. 2 3 2 o2 ]- 2 a 2 Q2 _
©4Niawa/\<i1\/>\ +45fA)+ZNooWa ;\/)\ +482 4] =0
Nh Nh )\ (176)

g\ — N;N, + N, + N,N, =0

A
Np

ey A =
i=1 1/)\24—45?

It follows, that under the assumption that N; = N,, the equation reduces to

Ni_No
N, .
"N, FN,

Np \

;,/A2+4§§

We note, that the denominator is always positive and therefore, that the left-hand side of the equation
is always larger zero for any A > 0, and smaller than zero for any A < 0. The euqation is therefore
only solved for A = 0.

=0. (177)

C.4 EFFECT OF THE ARCHITECTURE FROM THE LAZY TO THE RICH REGIME

Theorem C.6. Under the conditions of Theorem [B.5] when A > 0, the network enters a regime
referred to as the delayed-rich phase. In this phase, the learning rate is determined by two competing

exponential factors:
G2 2271t
e>‘¢£e_‘/sz+ CIL

o~ V82 +AEIL

and
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As X increases, various parts of the network display different learning dynamics: some components
adjust rapidly, converging exponentially with )\, while others adapt more slowly, with their conver-
gence rate inversely proportional to )\, leading to a slow adaptation.

Proof. The solution to Theorem is governed by two time-dependent terms:
e VERARL  nd At VETHALE
The first term exhibits exponential decay approaching zero as time progresses:
lim e™V St 0.
t—o0
In the limit as lambda gets large the rate of learning is given by
VAL +48% I

lim ~ > - " 2 (178)

A— 00 2 2 ’
The second term also decays over time

. t /G242t
lim eMre VS HTIz =

t—o0

but in the limit as lambda gets large the rate of learning is given by

iy VATH482 -1 87
Pl 2 )

Thus, as A increases, the convergence rate slows for certain parts of the network, while other
components continue to learn more quickly. This explains the delay observed in the delayed-rich
regime. O

(179)

D APPENDIX: APPLICATION

D.1 APPENDIX: CONTINUAL LEARNING

We build upon the derivation presented in|Braun et al.| (2022) to incorporate the dynamics of contin-
ual learning throughout the entire learning trajectory. Utilizing the assumption of whitened inputs,
the entire batch loss for the ¢th task is

1
Li(T;) = >p [WoW,1 X, — Y[

1
o5 T (WaWi X, - Y4 ) (Wo Wi X - Y3 |))

2P
1 1 1
=5p T (WoW X, XTI (WoWy)T) — T (WoW X, Y]) + 5p I (Y.Y!)
1 -~ 1, /<
= 3 T (Wa Wy (WoWy)T) = Tr (W W B0 ) 4 o T (50)

1 - cur\ L eyme 1 /&,
1 (w5 (waws 57 -5 4 (51

?

2

-7, (e o),

F

c

Hence, the extent of forgetting, denoted as F for task 7; during training on task 7 subsequent to
training the network on task 7;, specifically, the relative change in loss, is entirely dictated by the
similarity structure among tasks.

Fi(T;, Te) = Li (Te) — L (T;)

1 YT YT 2
o -

F

2 1 -
boo g [Waws -
F 2

1 S YT S YL 2
2 sz - F)’

2 ~
- ngwl _ s
F
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It is important to note that the amount of forgetting is a function of the weight trajectories. Therefore,
we have analytical solutions for trajectories of forgetting as well.

A Task 1 Task 2 Task 3
0.5 —_—]
§ 0.0
| Seess
-0.5 - ‘=}’°’°‘
5 -
B
o STTTTIIIIIIIIT! 2  eeeecennreenns L .......
[72]
o
|
0 T T T T
0 5000 10000 15000 20000

Training Steps

Figure 11: Continual learning. A Top: Network training from small zero-balanced weights across
a sequence of tasks (colored lines represent simulations, and black dotted lines represent analytical
results). Bottom: Evaluation loss for the tasks in the sequence (dotted lines) while training on the
current task (solid lines). As the network optimizes its function on the current task, the loss on
previously learned tasks increases.

Figure. [D.] panel was generated by training a linear network with N; = 5, N}, = 10, N, = 6
subsequently on four different random regression tasks with N = 25. The learning rate was n =
0.05 and the initial weights were small (¢ = 0.0001).

D.2 APPENDIX: REVERSAL LEARNING

As first introduced in[Braun et al.| (2022)), in the following discussion, we assume that the input and
output dimensions are equal. We denote the i-th columns of the left and right singular vectors as u;,
1, and v;, v;, respectively.

Reversal learning occurs when both the task and the initial network function share the same left and
right singular vectors, i.e., U = U and V = V, with the exception of one or more columns of the
left singular vectors, where the direction is reversed: —u; = ;.

It is important to note that if a reversal occurs in the right singular vectors, such that —v; = v,, this
can be equivalently represented as a reversal in the left singular vectors, as the signs of the right and
left singular vectors are interchangeable.

In the reversal learning setting, both B = S;UTU(G + HG) + $;VTV(G — HG) and
C =SUTU(G - HG) — S;VTV (G + HG) are diagonal matrices.

In the case where lambda is zero, the same argument given in [Braun et al| (2022) follows, the
diagonal entries of C are zero if the singular vectors are aligned and non zero if they are reversed.
Similarly, diagonal entries of B are non-zero if the singular vectors are aligned and zero if they are
reversed. Therefore, in the case of reversal learning, B is a diagonal matrix with 0 values and thus
is not invertible. As a consequence, the learning dynamics cannot be described by Equation 56
However, as B and C are diagonal matrices, the learning dynamics simplify. Let b,, c;, s; and S;
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denote the i-th diagonal entry of B, C, S and S respectively, then the network dynamics can be
rewritten as

Ve [ n o s e
WoW, (1) = iU [(G + HG)eS BT + (G - HG)@—S/\?CT)
1 S, % & 1 &t ~ -1
S+ B (9 —1)SUIBT — o (P -1 ST aso
1 ~ ~  ~ ot ~ ~ o~ 5t ~
S (@ HG)S B — (G + AG)e5+C) VT
Ni Sy, L _oz, .t
_ : _ t}i%efs,\u tclfe 28xi 7 I _ ﬁio? (8D
T dsa; A bIePNTS T —bIS — clen BNTE + sy
— L sx;bZ8i — s),C78e Bix .
B 5L Sai L = .t ~ ¢ w;v;
o1 ASye BT S)\ib? (1 — 6725’“?) + SMC? <6725)\i7 _ 6745,\z‘;>
(182)

It follows, that in the reversal learning case, i.e. b = 0, for each reversed singular vector, the
dynamics vanish to zero

~ 48,1t
—8);Co5;e ST

lim — — — ;v =0. (183)
1720 48, sem N7 4 sic? (e—QSM? - e—4SM:>

Analytically, the learning dynamics are initialized on and remain along the separatrix of a saddle
point until the corresponding singular value of the network function decreases to zero and stays
there, indicating convergence to the saddle point. In numerical simulations, however, the learning
dynamics can escape the saddle points due to the imprecision of floating-point arithmetic. Despite
this, numerical optimization still experiences significant delays, as escaping the saddle point is time-
consuming Lee et al.[(2022). In contrast, when the singular vectors are aligned (¢ = 0), the equation
governing temporal dynamics, as described in [Saxe et al.| (2014), is recovered. Under these con-
ditions, training succeeds, with the singular value of the network function converging to its target
value.

N; 2~ 2~
. Sxib%8); ~ ~ SxibiSxi -
lim g — i mA — v = %uivf (184)
t—o0 Pl 4§/\i672SM; + S,\ib? (1 _ 6725’\’7?) Sxib;

= 8§V, (185)

In summary, in the case of aligned singular vectors, the learning dynamics can be described by
the convergence of singular values. However in the case of reversal learning, analytically, training
does not succeed. In simulations, the learning dynamics escape the saddle point due to numerical
imprecision, but the learning dynamics are catastrophically slowed in the vicinity of the saddle point
as shown in figure[D.2].

In the case where )\ is non-zero, the diagonal of C are also non-zero; this is true regardless of
whether they are reversed or aligned. Similarly, the diagonal entries of B remain non-zero whether
the singular vectors are aligned or reversed. Therefore, in the case of reversal learning, B is a
diagonal matrix with elements that are zero. In figure
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Figure 12: Plot showing the steps to convergence for two tasks: (1) the reversal learning task and (2)
a randomly sampled continual learning task across a range of A values. The reversal learning task
exhibits catastrophic slowing at A = 0.

D.3 APPENDIX: GENERALIZATION AND STRUCTURED LEARNING

We study how the representations learned for different A initializations impact generalization of
properties of the data. To do this, we consider the case where a new feature is associated to a
learned item in a dataset and how this new feature may then be related to other items based on prior
knowledge. In particular, we first train each network (for different values of —10 < A < 10) on
the hierarchical semantic learning task in Section [5|and then add a new feature (e.g., ‘eats worms’)
to a single item (e.g., the goldfish) (Fig. [D.3]A), correspondingly increasing the output dimension
to represent the novel feature. In order to learn the new feature without affecting prior knowledge,
we append a randomly initialized row to W5 and train it on the single item with the new feature,
while keeping the rest of the network frozen. Thus, we only change the weights from the hidden
layer to the new feature which may produce different behavior depending on how the hidden layer
representations vary based on A. After training on the new feature-item association, we query the
network with the rest of the data to observe how the new feature is associated with the other items.
We find that as \ increases positively, the network better transfers the hierarchy such that it projects
the feature onto items based on their distance to the trained item (Fig. @B,C). For example, after
learning that a goldfish eats worms, the network can extrapolate the hierarchy to infer that another
fish, or birds, may also eat worms; instead, plants are not likely to eat worms. Alternatively, as A
becomes more negative, the network ceases to infer any hierarchical structure and only learns to map
the new feature to the single item trained on. In this case, after learning that a goldfish eats worms,
the network does not infer that other fish, birds, or plants may also eat worms.

Interestingly, this setting highlights how asymmetries in the representations yielded by different A
can actually benefit transfer and generalization. This can be shown by observing that the learning
of a new feature association only depends on the first layer W;. Let ¢, denote the vector of the

representation of the new feature f across items ¢ in the dataset. Additionally, let wgf ' be the new

row of weights appended to W4 which map the hidden layer to the new feature. Following [Saxe

et al. (2019b), if wéf )T is initialized with small random weights and trained on item II-, it will
converge to

w" = HIWT /|[W. H; |3 (186)
gy = (HW{W . H)/|W.H;|3 (187)

From this we can see that differences in the representations of the new feature across items ¢ s across
A are only influenced by W.

In the case of the rich learning regime where A = 0, the semantic relationship between features
and items is distributed across both layers. Instead, when A > 0, the second layer Wy exhibits
lazy learning, yielding an output representation Wy W1 of a weighted identity matrix. However,
the first layer W still learns a rich representation of the hierarchy, albeit at a smaller scaling.
Furthermore, rather than distributing this learning across both layers, in the A > 0 case, all learning
of the hierarchy occurs in the first layer, allowing it to more readily transfer this structure to the
learning of a new feature (which only depends on the first layer). Thus, in this case, the ‘shallowing’
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of the network into the first layer is actually beneficial. Finally, we can also observe the opposite
case when A < 0. Here, rich learning happens in the second layer, while the first layer is lazy and
learns to represent a weighted identity matrix. As such, these networks do not learn to transfer the
hierarchy of different items to the new feature.

@B N

What else eats worms?

Loss

WIW,

0.00

Figure 13: Transfer learning for different A. A A new feature (such as ‘eats worms’) is introduced
to the dataset after training on the hierarchical semantic learning task (Section [5). A randomly
initialized row is added to W and trained on a single item with the new feature (for example, the
goldfish), with the rest of the network frozen. The network is then tested on the transfer of the new
feature to other items, such that items closer to the goldfish in the hierarchy are more likely to have
the same feature. B The generalization loss on the untrained items with the new feature decreases
as A increases. C As ) increases positively, networks better transfer the hierarchical structure of the
data to the representation of the new feature.

D.4 APPENDIX: FINETUNING

It is a common practice to pretrain neural networks on a large auxiliary task before fine-tuning
them on a downstream task with limited samples. Despite the widespread use of this approach,
the dynamics and outcomes of this method remain poorly understood. In our study, we provide a
theoretical foundation for the empirical success of fine-tuning, aiming to improve our understanding
of how performance depends on the initialization. We’re interested in understanding how changing
the A-balancedness after pre-training may impact fine-tuning on a new dataset. We use Apr to
denote how networks are first initialized prior to pretraining, and A g to how they are re-balanced
after pre-training and before fine-tuning on a new task. Similar to the previous section, we first train
each network (for different values of —10 < App < 10) on the hierarchical semantic learning task.
We then change the A-balancedness of each network (for different values of —10 < App < 10) and
retrain on a new dataset to observe how this impacts fine-tuning for different values and compare to
networks that are not re-balanced to some Apr (Apr = @) after initial pre-training.

In particular, to reset the A-balancedness of a pretrained network to App, we rescale the singu-
lar values of each layer (S7, S2) using the singular values of the entire network function (S =
UTW,;W, V), while keeping the left and right singular vectors of the network unchanged.

We consider three different tasks to fine-tune the networks on. In the first, we add an existing
feature from one item to another item in the hierarchy in order to disrupt the structure of the left
and right singular vectors. In the second task, we consider the same reversal learning task discussed
in Appendix [D.2] where one column of the right singular vectors are reversed such that —v; = ;.
Finally, we consider a scaled version of the hierarchy where each singular value is scaled by 2.
Across all the tasks we consider, we consistently find that fine-tuning performance improves as net-
works are re-balanced to larger values of Apr and, conversely, decreases as App approaches 0.
Networks re-balanced to Apr = 0 also learn more slowly compared to |Apr| > 0. Interestingly,
when studying networks that are not re-balanced prior to finetuning (Apr = (; but are first initial-
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ized prior to pretraining to Apr), we see that they perform similarly on the new tasks to networks
that are re-balanced to A\pr = A\pr.

Figure 14: Fine-tuning performance on three tasks for different re-balancing Apr. A After training
on the hierarchical semantic learning task (Section EI), networks are re-balanced and trained on one
of three tasks: adding an existing feature from one item to another item in the hierarchy (left), the
reversal learning task in Appendix (center), or a scaled version of the hierarchy where each
singular value is scaled by 2 (right). B Change in loss on the new task across different Apr for
different A p7. As Apr approaches 0, the loss on the new task increases across all A p7. Interestingly,
networks that are not re-balanced prior to fine-tuning (A7 = 0)) perform similarly to networks that
are re-balanced to the same values (A7 = Apr). C Dynamics of the loss across the first pre-training
task and the new fine-tuning task. Networks re-balanced to A p7 = 0 consistently learn slower across
all tasks compared to networks that are re-balanced to larger magnitude values (|Apr| > 0

)

In this work, we derive the precise dynamics of two-layer linear. While straightforward in design,
these architectures are foundational in numerous machine learning applications, particularly in the
implementation of Low Rank Adapters (LoRA . A key innovation in LoRA is to
parameterize the update of a large weight matrix W € R**® within a language model as AW = AB,
the product of two low-rank matrices A € RY*" and B € R"*¢, where only A and B are trained.
To ensure AW = 0 at initialization, it is standard practice to initialize A ~ N(0,0?) and B = 0
(/Hu et al.| (2022); Hayou et al.| (2024). It is noteworthy that this parameterization, AW = AB,
effectively embeds a two-layer linear network within the language model. When r < d, this initial-
ization scheme approximately adheres to our A-balanced condition, with o2 playing the role of the
balance parameter \. Investigating how the initialization scale of A and B influences fine-tuning
dynamics under LoRA, and connecting this to our work on A-balanced two-layer linear networks
and their role in feature learning, represents an intriguing avenue for future exploration. This per-
spective aligns with recent studies suggesting that low-rank fine-tuning operates in a “lazy” regime,
as well as work examining how the initialization of A or B affects fine-tuning performance Malladi
et al] (2023)); [Hayou et al (2024). Our framework offers a potential bridge to understanding these
phenomena more comprehensively. While a detailed exploration of fine-tuning performance lies
beyond the scope of this work, it remains an important direction for future research.

E IMPLEMENTATION AND SIMULATIONS

The details of the simulation studies are described as follows. Specifically, N;, Ny, and N, represent
the dimensions of the input, hidden layer, and output (target), respectively. The total number of
training samples is denoted by IV, and the learning rate is defined as n = +

T
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E.1 LAMBDA-BALANCED WEIGHT INITIALIZATION

In practice, to initialize the network with lambda-balanced weights, we use Algorithm [E.T| In this
algorithm, « serves as a scaling factor that controls the variance of the weights, allowing for adjust-
ments between smaller and larger weight initializations.

Algorithm 1 Get \-balanced

1: function GET_LAMBDA_BALANCED(, in_dim, hidden_dim, out_dim, o = 1)
2 if out_dim > in_dim and A < 0 then

3 raise Exception(’Lambda must be positive if out_dim ¢ in_dim’)

4: end if

5: if in_dim > out_dim and A > 0 then

6.

7

8

raise Exception(’Lambda must be positive if in_dim ;, out_dim’)

end if
: if hidden_dim < min(in_dim, out_dim) then
9: raise Exception(’Network cannot be bottlenecked’)
10: end if
11: if hidden_dim > max(in_dim, out_dim) and A # 0 then
12: raise Exception("hidden_dim cannot be the largest dimension if lambda is not 0”)
13: end if
14: W1 < o - random normal matrix(hidden_dim, in_dim)
15: Wy < o - random normal matrix (out_dim, hidden_dim)
16: [U, S, Vt] — SVD(W2 . Wl)
17: R < random orthonormal matrix (hidden_dim)

18: SZequal,dim — \/(\/ A2 +4.52 4 )\) /2
190 Sleguatdim ¢ \/ (VAT T 457~ ) /2

20: if out_dim > in_dim then

21: S92 Szequal,dim 0

' L 0 Ohidden,dim—in,dim
22- S1 « Slequal,dim

’ 0
23:  elseif in_dim > out_dim then
24 S1 «— Slequal,dim 0

' L 0 Ohidden,dim—out,dim
25: 52 «+ [SQunal,dim 0]
26: end if

27: init Wo < U-S2-RT
28: init. Wy < R-S1-Vt
29: return (init W7y, init_W5)
30: end function

E.2 TASKS

In the following, we describe the different tasks that are used throughout the simulation studies.

E.2.1 RANDOM REGRESSION TASK

In the random regression task, the inputs X € R¥:*¥ are generated from a standard normal dis-
tribution, X ~ N (u = 0,0 = 1). The input data X is then whitened to satisfy +-XX* = L
The target values Y € RNe*¥ are independently sampled from a normal distribution with variance
scaled according to the number of output nodes, Y ~ N (yu = 0,a = ﬁ) Consequently, the

network inputs and target values are uncorrelated Gaussian noise, implying that a linear solution
may not always exist.

E.2.2 SEMANTIC HIERARCHY

We use the same task as in [Braun et al.| (2022) and modify it to match the theoretical dynamics.
The modification ensures that the inputs are whitened. In the semantic hierarchy task, input items
are represented as one-hot vectors, i.e., X = %. The corresponding target vectors, y;, encode the
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item’s position within the hierarchical tree. Specifically, a value of 1 indicates that the item is a left
child of a node, —1 denotes a right child, and 0 indicates that the item is not a child of that node.
For example, consider the blue fish: it is a blue fish, a left child of the root node, a left child of the
animal node, not part of the plant branch, a right child of the fish node, and not part of the bird,
algae, or flower branches, resulting in the label [1,1,1,0,—1,0,0,0]. The labels for all objects in
the semantic tree, as shown in Figure ] A, are given by:

101 01 1 1 1 1 17
1 1 1 1 -1 -1 -1 -1
1 1 -1 -1.0 0 0 0
O 0 0 0 1 1 -1 -1

Y=8x1 1 0 0 0 0 0 0 (188)
00 1 -1 0 0 0 0
00 0 0 1 -1 0 0
00 0 0 0 0 1 -1

The singular value decomposition (SVD) of the corresponding correlation matrix, v is not unique
due to identical singular values: the first two, the third and fourth, and the last four values are the
same. To align the numerical and analytical solutions, this permutation invariance is addressed by
adding a small perturbation to each column y;, for i € 1, ..., IV, of the labels:

0.1
Yi=Yi- (1+z’) ; (189)

resulting in singular values that are nearly, but not exactly, identical.

E.3 FIGURE 1

Panels B illustrates three simulations conducted on the same task with varying initial A-balanced
weights respectively A = —2, A = 0, A = 2. The regression task parameters were set with (¢ =
\/ﬁ) The network architecture consisted of N; = 3, N, = 2, N, = 2,with a learning rate of
n = 0.0002. The batch size is N = 10. The zero-balanced weights are initialized with variance
o = 0.00001. The lambda-balanced network are initialized with sigmazy = /1 of a random
regression task with same architecture.

On Panel C , we plot the ballancedness W2 (0)7 Wy (0) — W1 (0)W(0)T for a two layer network
initialised with Lecun initialization with dimension N; =40 ,N,= 120 ,N,=250

E.4 FIGURE 2

Panel A, B, C illustrates three simulations conducted on the same task with varying initial A-balanced
weights respectively A = —2, A = 0, A\ = 2 according to the initialization scheme described in[E.7]
The regression task parameters were set with (¢ = 1/10). The network architecture consisted of
N; = 3, N, = 2, N, = 2 with a learning rate of = 0.0002. The batch size is N = 10. The
zero-balanced weights are initialized with variance o = 0.00001. The lambda-balanced network are
initialized with sigmaxy = /1 of a random regression task with same architecture.

E.5 FIGURE 3

Panel A, B, C illustrates three simulations conducted on the same task with varying initial A-balanced
weights respectively A = —2, A = 0, A\ = 2 according to the initialization scheme described in[E.7]
The regression task parameters were set with (¢ = 1/12). The network architecture consisted of
N; = 3, N, = 3, N, = 3 with a learning rate of n = 0.0002. The batch size is N = 5. The
zero-balanced weights are initialized with variance o = 0.0009. The lambda-balanced network are
initialized with sigmaxy = /12 of a random regression task with same architecture.

E.6 FIGURE 4

In Panel A presents a semantic learning task with the SVD of the input-output correlation matrix
of the task. U and V represent the singular vectors, and S contains the singular values. This
decomposition allows us to compute the respective RSMs as USU T for the input and V.SV T for
the output task. The rows and columns in the SVD and RSMs are ordered identically to the items in
the hierarchical tree.
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The results in Panel B display simulation outcomes, while Panel C presents theoretical input and
output representation matrices at convergence for a network trained on the semantic task described
in |Braun et al.| (2022); Saxe et al| (2013),. These matrices are generated using varying initial -
balanced weights set at A = —2, A = 0, and A = 2, following the initialization scheme outlined
in The network architecture includes N; = 8, N, = 8, and N, = 8 with a learning rate
of n = 0.001 and a batch size of N = 8. Zero-balanced weights are initialized with a variance
of o = 0.00001, while A-balanced networks are initialized with 0, = \/1 based on a random
regression task with the same architecture.

Panel D illustrates results from running the same task and network configuration but initialized with
randomly large weights having a variance of o = 1.

In panel E, we trained a two-layer linear network with N; = N, = N, = 4 on a random regression
task for A € [-5,—4,-3,—2,-1,0, 1,2, 3,4, 5] to convergence. Subsequently, we added Gaussian
noise with 4 = 0,0 € [0,0.5, 1] to the inputs (top panel) or synaptic weights (bottom panel) and
calculated the expected mean squared error.

E.7 FIGURE 5

Panel A illustrates schematic representations of the network architectures considered: from left to
right, a funnel network (N; = 4, N}, = 2, N, = 2), a square network (N; = 4, N, =4, N, = 4),
and an inverted-funnel network (N; = 2, N, = 2, N, = 4).

Panel B shows the Neural Tangent Kernel (NTK) distance from initialization, as defined in|Fort et al.
(2020), across the three architectures shown schematically. The kernel distance is calculated as:

(Ko, Ky)

S(t)=1— —Lwhe
( Kol Bl

The simulations conducted on the same task with eleven varying initial A-balanced weights in
[—9, 9]. The regression task parameters were set with (o = v/3). The task has batch size N = 10.
The network has with a learning rate of = 0.01. The lambda-balanced network are initialized with
oxy = /1 of a random regression task.

Panel C shows the Neural Tangent Kernel (NTK) distance from initialization for the funnel archi-
tectures shown schematically with dimensions N; = 3, N, = 2, and N, = 2. The simulations
conducted on the same task with twenty one varying initial A-balanced weights in [—9,9]. The re-
gression task parameters were set with (o = /3). The task has batch size N = 30. The network
has with a learning rate of 7 = 0.002. The lambda-balanced network are initialized with cxy = /1
of a random regression task.
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