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Abstract
Low-precision training has become crucial for reducing the computational and memory costs of

large-scale deep learning. However, quantizing gradients introduces magnitude shrinkage, which
can change how stochastic gradient descent (SGD) converges. In this study, we explore SGD
convergence under a gradient shrinkage model, where each stochastic gradient is scaled by a factor
qk ∈ (0, 1]. We show that this shrinkage affect the usual stepsize µk with an effective stepsize µkqk,
slowing convergence when qmin < 1. With typical smoothness and bounded-variance assumptions,
we prove that low-precision SGD still converges, but at a slower pace set by qmin, and with a
higher steady error level due to quantization effects. We analyze theoretically how lower numerical
precision slows training by treating it as gradient shrinkage within the standard SGD convergence
setup.

1. Introduction

Deep learning models [13] have grown rapidly in size, while the amount of training data has in-
creased exponentially with the development of the Internet [20]. Training such large-scale models
requires substantial GPU memory and computational resources [22], motivating the widespread
adoption of low-precision and mixed-precision training. Modern accelerators typically compute
gradients in low precision (such as FP16, FP8, or FP4) [3, 15, 23, 27, 29] for speed and memory
efficiency, while maintaining model parameters and accumulators in full precision (FP32). This hy-
brid approach is now standard practice in large-scale training pipelines but introduces an important
numerical side effect. Low-precision gradients do not preserve their original magnitudes faithfully.
Quantization maps many small values to coarse levels or zero, causing what we refer to as a system-
atic shrinkage of gradient magnitudes during backpropagation. If g denotes the true full-precision
gradient, the quantized gradient produced by FP16/FP8/FP4 arithmetic can be written as g̃ = q g+ε,
where q ∈ (0, 1] is a shrinkage factor and ε represents quantization noise. In practice, FP16 intro-
duces only mild shrinkage, whereas lower precisions such as FP8 or FP4 exhibit substantially larger
contraction of gradient magnitudes because of their limited dynamic range. Since optimizers apply
the update w ← w − µg̃, this shrinkage reduces the effective stepsize from µ to µeff = µq, thereby
slowing optimization and increasing the steady-state error compared to FP32 training. Although
convergence of low-precision SGD has been established in several works [2, 7, 30], the direct math-
ematical effect of shrinkage on the convergence rate has not been clearly isolated.

In this work, we explicitly incorporate the shrinkage factor q into the classical SGD conver-
gence framework [1, 12, 18]. By tracking how q modifies the descent inequality, the second-
moment bounds, and the resulting convergence rate, we show that low-precision arithmetic effec-
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tively rescales the stepsize and slows down training. Our analysis provides a simple theoretical
explanation for the empirically observed slowdown in FP16/FP8/FP4 training and suggests how
stepsize scheduling should be adapted in such low-precision regimes. A comprehensive overview
of low-precision techniques is provided in Appendix 2.

Our contribution. We analyze mixed-precision training under a gradient-shrinkage model and
show that quantized gradients induce an effective stepsize µq that slows convergence and enlarges
the error floor. To highlight this central implication of our analysis, we formally state the following
key observation:

“Low-precision training reduces the effective stepsize to µq, thereby requiring a larger nominal
stepsize to attain faster convergence.”

By incorporating the shrinkage factor directly into the standard SGD convergence proof, we
derive explicit bounds quantifying this slowdown and support the theory with short numerical ex-
periments demonstrating the shrinkage in commonly used low-precision formats.

2. Related Works

Large neural network model has led to remarkable performance improvements [20], but also raised
concerns over computational cost, energy efficiency, and accessibility. To address these, various
compression and acceleration techniques have been proposed, including quantization [5, 17], prun-
ing [11, 14], and knowledge distillation [16]. These approaches reduce model size, memory usage,
and inference cost, often with minimal accuracy loss.

Reducing the precision of weights, activations, and gradients is an effective way to cut memory
and computation requirements [6, 9]. Low-precision formats can be floating-point (e.g., FP16, FP8,
FP4) [3, 15, 22–24, 27–29] or fixed-point [4]. While fixed-point offers speed and memory benefits,
it often suffers from limited dynamic range, especially for complex tasks [21]. Mixed-precision
training [22] combines low-precision computations with high-precision accumulations to maintain
accuracy, and has been widely adopted in modern hardware, including NVIDIA GPUs and Google
TPUs [19]. Specialized accelerators such as BitFusion [26] and FPGA-based solutions [25] further
optimize low-precision execution.

Low-Precision Training Error. Prior work has attributed the accuracy degradation in low-precision
training to several numerical effects. Earlier analyses [8] show that quantization introduces addi-
tional stochastic noise that limits statistical accuracy when left uncompensated. Subsequent stud-
ies [10] report that coarse quantization perturbs activation distributions, leading to bias shifts that
are especially harmful in architectures with sensitive activation statistics. Other investigations [31]
observe that low-bitwidth networks are more prone to suboptimal minima, suggesting that reduced
precision inherently complicates optimization.

While these studies primarily focus on noise amplification, activation distortion, or architectural
sensitivity, our work offers a complementary and distinct perspective. We show that low-precision
arithmetic induces a systematic shrinkage of gradient magnitudes, which directly reduces the effec-
tive stepsize during optimization. By incorporating this shrinkage into a standard SGD convergence
framework, we provide a clean mathematical explanation for the slower convergence and elevated
error floor observed in low-precision training.
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3. Problem Setup

Notation. We follow the standard SGD convergence proof [1]. The expectation over all sources
of randomness (data sampling and quantization) is written E[·], while the conditional expectation
given the σ-algebra Fk of all randomness up to iteration k is E[· | Fk]. At iteration k, the stochastic
gradient is g(wk, ξk) = ∇F (wk; ξk) and the low-precision gradient is g̃(wk, ξk) = qk g(wk, ξk) +
εk, where the shrinkage factor qk ∈ [qmin, qmax] ⊂ (0, 1] and the quantization noise εk satisfies
E[εk | Fk] = 0 and E[∥εk∥22] ≤ σ2

ε . If the nominal stepsize is µk > 0, the effective stepsize is µkqk.

Figure 1: Quantization effect on a slowly decay-
ing gradient-like function g = e−0.2x

without AMP or loss scaling.

Problem Setup. We minimize the expected
loss F (w) = Eξ[ℓ(ξ, w)] over w ∈
Rd, where ξ is drawn from data distri-
bution D. The optimization goal is to
find w∗ ∈ Rd such that F (w∗) =
minw F (w). In the full-precision setting,
SGD updates parameters via wk+1 = wk −
µk g(wk, ξk), where g(wk, ξk) = ∇F (wk; ξk)

and ξk
i.i.d.∼ D. In low-precision for-

mats (e.g., FP16, FP8, FP4), the update be-
comes wk+1 = wk − µkqk g(wk, ξk) −
µk εk,.

Figure 1 illustrates this phenomenon for
a smoothly decaying gradient-like signal g,

showing how quantization maps many small values to zero or coarse levels, thereby reducing the
overall magnitude. From FP16 to FP4, the shrinkage factor q decreases noticeably, and the gradient
curve deviates more from the FP32 baseline. The q values were computed by measuring the ratio
∥g̃∥2/∥g∥2 after quantizing g to each format without AMP or loss scaling.

Under standard convergence assumptions [1] but with the low-precision modifications above,
the descent inequality effectively replaces µk by µkqmin, leading to slower convergence when
qmin < 1, while the noise term εk adds extra variance to the error floor. In the next theoretical
analysis section, we show that low-precision SGD still converges under these conditions by adapt-
ing a basic proof of SGD convergence [1], and highlight how the stepsize shrinkage impacts the
convergence speed.

4. Theoretical Analysis

We prove SGD convergence, showing that low-precision SGD converges more slowly, using two
key ingredients: (i) smoothness of the objective and (ii) bounds on the first/second moments of
the stochastic gradients {g̃(wk, ξk)} under the standard SGD proof of convergence [1]. Here, for
notational simplicity, we denote Eξk,µk,εk [·] by Eξk [·].

Assumption 1 (Lipschitz-continuous objective gradients) The objective F : Rd → R is con-
tinuously differentiable, and its gradient ∇F is L-Lipschitz continuous: ∥∇F (w) − ∇F (w̄)∥2 ≤
L∥w−w̄∥2 where ∀{w, w̄} ⊂ Rd. This condition ensures that the gradient does not vary too rapidly
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with respect to w, a standard requirement for convergence analysis. A direct consequence is

F (w) ≤ F (w̄) +∇F (w̄)⊤(w − w̄) +
1

2
L∥w − w̄∥22, ∀{w, w̄} ⊂ Rd. (1)

Assumption 2 (First and second moment limits with quantization) The objective function and
SGD satisfy the following:
(a) The sequence of iterates {wk} is contained in an open set over which F is bounded below by a
scalar Finf . This requires F to be bounded below in the region of iterates.
(b) There exist scalars µG ≥ µ > 0 and qmin > 0 such that, for all k ∈ N. This ensures −g̃(wk, ξk)
is a sufficient descent direction with magnitude comparable to ∇F (wk) but reduced by qmin,

∇F (wk)
⊤Eξk [g̃(wk, ξk)] ≥ qminµ∥∇F (wk)∥22, (2)

∥Eξk [g̃(wk, ξk)]∥2 ≤ qmaxµG∥∇F (wk)∥2. (3)

(c) There exist scalars M ≥ 0 and MV ≥ 0 such that, for all k ∈ N, where M̃ := q2maxM+Mε and
M̃V := q2maxMV + Mε,V account for quantization noise. This bounds the variance of g̃(wk, ξk),
allowing it to be nonzero at stationary points and grow quadratically for convex quadratics

Vξk,qk,εk∥g̃(wk, ξk)∥2 ≤ M̃ + M̃V ∥∇F (wk)∥22, (4)

Assumption 3 (Strong convexity) The objective F : Rd → R is strongly convex: there exists
c > 0 such that

F (w) ≥ F (w) +∇F (w)⊤(w − w) +
1

2
c∥w − w∥22, (5)

for all (w,w) ∈ Rd ×Rd. This implies F has a unique minimizer w∗ ∈ Rd with F∗ := F (w∗), and

2c (F (w)− F∗) ≤ ∥∇F (w)∥22 for all w ∈ Rd. (6)

Lemma 1 Under Assumption 1, the iterates of SGD with low-precision gradient g̃(wk, ξk) satisfy,
for all k ∈ N,

Eξk [F (wk+1)]− F (wk) ≤ −αk∇F (wk)
⊤Eξk [g̃(wk, ξk)] +

1

2
α2
kLEξk [∥g̃(wk, ξk)∥22]. (7)

Lemma 2 Under Assumptions 1 and 2, the iterates of SGD satisfy, for all k ∈ N,

Eξk [F (wk+1)]− F (wk) ≤ −qminµαk∥∇F (wk)︸ ︷︷ ︸
stepsize shrinkage

∥22 +
1

2
α2
kLEξk [∥g̃(wk, ξk)∥22], (8)

≤ − (qminµ−
1

2
αkLM̃G)︸ ︷︷ ︸

stepsize shrinkage

αk∥∇F (wk)∥22 +
1

2
α2
kLM̃. (9)

Theorem 3 (Strongly Convex Objective, Fixed Stepsize with Quantization) Under Assumptions 1,
2, and 3 with Finf = F∗, we suppose SGD uses the low-precision gradient g̃(wk, ξk) satisfying
0 < ᾱ ≤ µq

LM̃G
, where µq := qminµ. Then, for all k ∈ N,

E[F (wk)− F∗] ≤
ᾱLM̃

2cµq
+ (1− ᾱcµq)

k−1︸ ︷︷ ︸
stepsize shrinkage

(
F (w1)− F∗ −

ᾱLM̃

2cµq

)
, (10)

−→
k→∞

ᾱLM̃

2cµq
=

1

qmin

ᾱLM̃

2cµ
(11)
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Note that when qmin < 1, the reduced factor µq = qminµ makes (1 − ᾱcµq)
k−1 decay at a slower

rate, thereby reducing the convergence speed. Specifically, since µq appears in the denominator of
the limit term ᾱLM̃

2cµq
, a smaller µq increases this term, leading to a larger asymptotic error bound.

For stepsizes αr = α12
−r, the bound is E[F (wkr+1) − F∗] ≤ 2Fαr and Fαr := αrLM̃

2cµq
requiring

kr+1 − kr ≈ log 3
αrcµq

= O(2r), with the Robbins–Monro condition
∑∞

k=1 αk = ∞ and
∑∞

k=1 α
2
k <

∞.

Theorem 4 (Strongly Convex Objective, Diminishing Stepsizes with Quantization) Under As-
sumptions 1, 2, and 3 (with Finf = F∗), suppose that SGD with the low-precision gradient g̃(wk, ξk)
is run with a stepsize sequence αk = β

γ+k , β > 1
cµq

, γ > 0, such that α1 ≤ µq

LM̃G
, where

µq := qminµ. Then, for all k ∈ N, the expected optimality gap satisfies

E[F (wk)− F∗] ≤
νq

γ + k
, (12)

where νq := max
{

β2LM̃
2(βcµq−1) , (γ + 1)(F (w1)− F∗)

}
. Since µq appears in the denominator of

β2LM̃
2(βcµq−1) , a smaller µq reduces the denominator and thus increases the bound.

Based on Theorem 4, when qmin < 1, the reduced effective coefficient µq = qminµ makes the
O(1/k) convergence rate slower and increases the constant factor in the bound.

Remark 5 (Convergence Under Quantization) Even though quantization introduces the shrink-
age factor qmin < 1 and reduces the effective coefficient µq = qminµ, which slows the O(1/k)
convergence rate, Theorem 4 still guarantees convergence. Since the bound νq/(γ + k) tends to
zero as k →∞, the optimality gap satisfies E[F (wk)− F∗]→ 0. Thus, low-precision SGD contin-
ues to converge to the optimum, with the shrinkage factor influencing only the speed of convergence.

Comparison with full precision. In the full-precision case (qk ≡ 1, εk ≡ 0), the same argu-
ment yields E[F (wk) − F∗] ≤ ν

γ+k and ν := max
{

β2LM
2(βcµ−1) , (γ + 1)(F (w1)− F∗)

}
. Relating

the noise-dominated terms, we define the inflation factor ρ := M̃
M ·

βcµ−1
βcµq−1 (> 0), so that is

β2LM̃
2(βcµq−1) = ρ · β2LM

2(βcµ−1) . Consequently where A := β2LM
2(βcµ−1) , B := (γ + 1)(F (w1)− F∗),

νq = max{ρA, B}, ν = max{A, B}, (13)

In particular, if ρ ≥ 1 (e.g., when qmin < 1 and M̃ is sufficiently large relative to M so that
M̃/M ≥ βcµq−1

βcµ−1 ), then νq ≥ ν and thus ν
γ+k ≤

νq
γ+k for all k ∈ N. This makes explicit that

quantization (via µq and M̃ ) weakens the bound compared to full precision.

5. Experimental Results

We trained a ResNet-50 model on CIFAR-10 for 100 epochs with a batch size of 256 and compared
the behavior of SGD under different gradient precisions. Figures 2 (A) and (B) use a stepsize of
1×10−4 and show that FP32, FP16, and FP8 produce nearly identical training dynamics, while FP4
exhibits noticeably slower loss reduction and lower test accuracy, reflecting the effect of gradient
shrinkage on the effective stepsize.
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Figure 2: Training curves for ResNet-50 on CIFAR-10 over 100 epochs. (A) Train loss using FP4,
FP8, FP16, and FP32 quantized gradients with a stepsize of 1× 10−4. (B) Test accuracy
under the same setting. (C) Train loss using FP4 gradients with an increased stepsize of
5× 10−4. (D) Test accuracy for FP4 with the larger stepsize.

Figures 2 (C) and (D) repeat the FP4 experiment with a larger stepsize of 5 × 10−4. In this
setting, FP4 recovers much faster descent and substantially improved accuracy. These results empir-
ically confirm that the degradation observed in low-precision training arises primarily from stepsize
shrinkage and can be mitigated by increasing the nominal stepsize.

6. Conclusion

Our analysis establishes that the slowdown in low-precision SGD arises fundamentally from the
gradient shrinkage factor qmin < 1. By incorporating this factor into the descent inequality and
the moment bounds, we show that the effective stepsize becomes αkµq with µq = qminµ, directly
scaling down the rate at which the iterates approach the optimum. This modification yields slower
convergence in both the fixed-stepsize and diminishing-stepsize regimes and increases the asymp-
totic error floor.

Our proof follows the classical SGD convergence framework and isolates a simple and explicit
mechanism, namely stepsize shrinkage, that explains why lower numerical precision leads to re-
duced optimization speed. The accompanying experiments further validate this effect: FP4 training
converges more slowly under the same nominal stepsize, while increasing the stepsize compensates
for shrinkage and restores behavior comparable to higher-precision training. Together, these the-
oretical and empirical findings clarify the role of gradient shrinkage in low-precision optimization
and offer practical guidance for selecting stepsizes in mixed-precision training.
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and optimizing asynchronous low-precision stochastic gradient descent. In Proceedings of
International Symposium on Computer Architecture, 2017.

[7] Christopher De Sa, Megan Leszczynski, Jian Zhang, Alana Marzoev, Christopher R. Aberger,
Kunle Olukotun, and Christopher Ré. High-accuracy low-precision training. arXiv preprint
arXiv:1803.03383, 2018. doi: 10.48550/arXiv.1803.03383.

[8] Christopher De Sa, Megan Leszczynski, Jian Zhang, Alana Marzoev, Christopher R Aberger,
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Appendix
Assumption 1 (Lipschitz-continuous objective gradients) The objective F : Rd → R is con-
tinuously differentiable, and its gradient ∇F is L-Lipschitz continuous: ∥∇F (w) − ∇F (w̄)∥2 ≤
L∥w−w̄∥2 where ∀{w, w̄} ⊂ Rd. This condition ensures that the gradient does not vary too rapidly
with respect to w, a standard requirement for convergence analysis. A direct consequence is

F (w) ≤ F (w̄) +∇F (w̄)⊤(w − w̄) +
1

2
L∥w − w̄∥22, ∀{w, w̄} ⊂ Rd. (14)

Assumption 2 (First and second moment limits with quantization) The objective function and
SGD satisfy the following:
(a) The sequence of iterates {wk} is contained in an open set over which F is bounded below by a
scalar Finf . This requires F to be bounded below in the region of iterates.
(b) There exist scalars µG ≥ µ > 0 and qmin > 0 such that, for all k ∈ N. This ensures −g̃(wk, ξk)
is a sufficient descent direction with magnitude comparable to ∇F (wk) but reduced by qmin,

∇F (wk)
⊤Eξk [g̃(wk, ξk)] ≥ qminµ∥∇F (wk)∥22, (15)

∥Eξk [g̃(wk, ξk)]∥2 ≤ qmaxµG∥∇F (wk)∥2. (16)

(c) There exist scalars M ≥ 0 and MV ≥ 0 such that, for all k ∈ N, where M̃ := q2maxM+Mε and
M̃V := q2maxMV + Mε,V account for quantization noise. This bounds the variance of g̃(wk, ξk),
allowing it to be nonzero at stationary points and grow quadratically for convex quadratics

Vξk,qk,εk∥g̃(wk, ξk)∥2 ≤ M̃ + M̃V ∥∇F (wk)∥22, (17)

Assumption 3 (Strong convexity) The objective F : Rd → R is strongly convex: there exists
c > 0 such that

F (w) ≥ F (w) +∇F (w)⊤(w − w) +
1

2
c∥w − w∥22, (18)

for all (w,w) ∈ Rd ×Rd. This implies F has a unique minimizer w∗ ∈ Rd with F∗ := F (w∗), and

2c (F (w)− F∗) ≤ ∥∇F (w)∥22 for all w ∈ Rd. (19)

Lemma 1 Under Assumption 1, the iterates of SGD with low-precision gradient g̃(wk, ξk) satisfy,
for all k ∈ N,

Eξk [F (wk+1)]− F (wk) ≤ −αk∇F (wk)
⊤Eξk [g̃(wk, ξk)] +

1

2
α2
kLEξk [∥g̃(wk, ξk)∥22]. (20)

Proof From Assumption 1,

F (wk+1)− F (wk) ≤ ∇F (wk)
⊤(wk+1 − wk) +

1

2
L∥wk+1 − wk∥22 (21)

≤ −αk∇F (wk)
⊤( qk g(wk, ξk) + εk︸ ︷︷ ︸

stepsize shrinkage

)
+

1

2
α2
kL ∥ qk g(wk, ξk) + εk︸ ︷︷ ︸

stepsize shrinkage

∥22. (22)

Taking expectations over (ξk, qk, εk), with wk fixed, yields (20).

10
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This bound expresses the expected one-step change as the sum of a descent term and a curvature-
dependent penalty, both influenced by qk and εk. If g̃(wk, ξk) is unbiased, then

Eξk [F (wk+1)]− F (wk) ≤ −αk∥∇F (wk)∥22 +
1

2
α2
kLEξk [∥ qk g(wk, ξk) + εk︸ ︷︷ ︸

stepsize shrinkage

∥22]. (23)

We guarantee SGD convergence when the stochastic directions and stepsizes make the right-
hand side of (20) bounded by a deterministic term that ensures sufficient descent in F . This requires
constraints on the first and second moments of {g̃(wk, ξk)} to limit the effect of the last term in
(23). We restrict the variance of g̃ as Vξk,qk,εk [g̃(wk, ξk)] := E

[
∥g̃(wk, ξk)∥22

]
− ∥E[g̃(wk, ξk)]∥22.

Together with the variance of g̃, these give the second moment bound:

Eξk

[
∥g̃(wk, ξk)∥22

]
≤ M̃ + M̃G∥∇F (wk)∥22 M̃G := M̃V + q2maxµ

2
G ≥ (qminµ)

2 > 0. (24)

The next lemma extends Lemma 1 under Assumption 2.

Lemma 2 Under Assumptions 1 and 2, the iterates of SGD satisfy, for all k ∈ N,

Eξk [F (wk+1)]− F (wk) ≤ −qminµαk∥∇F (wk)︸ ︷︷ ︸
stepsize shrinkage

∥22 +
1

2
α2
kLEξk [∥g̃(wk, ξk)∥22], (25)

≤ − (qminµ−
1

2
αkLM̃G)︸ ︷︷ ︸

stepsize shrinkage

αk∥∇F (wk)∥22 +
1

2
α2
kLM̃. (26)

Proof From Lemma 1 with g̃, we have

Eξk [F (wk+1)]− F (wk) ≤ −αk∇F (wk)
⊤Eξk [g̃(wk, ξk)] +

1

2
α2
kLEξk

[
∥g̃(wk, ξk)∥22

]
(27)

≤ −qminµαk∥∇F (wk)∥22︸ ︷︷ ︸
stepsize shrinkage

+
1

2
α2
kLEξk

[
∥g̃(wk, ξk)∥22

]
, (28)

which yields (25). Applying Assumption 2(c) and the bound in (24) gives (26).

Theorem 3 (Strongly Convex Objective, Fixed Stepsize with Quantization) Under Assumptions 1,
2, and 3 with Finf = F∗, we suppose SGD uses the low-precision gradient g̃(wk, ξk) satisfying
0 < ᾱ ≤ µq

LM̃G
, where µq := qminµ. Then, for all k ∈ N,

E[F (wk)− F∗] ≤
ᾱLM̃

2cµq
+ (1− ᾱcµq)

k−1︸ ︷︷ ︸
stepsize shrinkage

(
F (w1)− F∗ −

ᾱLM̃

2cµq

)
, (29)

−→
k→∞

ᾱLM̃

2cµq
=

1

qmin

ᾱLM̃

2cµ
(30)

11
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Note that when qmin < 1, the reduced factor µq = qminµ makes (1 − ᾱcµq)
k−1 decay at a slower

rate, thereby reducing the convergence speed. Specifically, since µq appears in the denominator of
the limit term ᾱLM̃

2cµq
, a smaller µq increases this term, leading to a larger asymptotic error bound.

Proof From Lemma 2, for all k ∈ N we have

Eξk [F (wk+1)]− F (wk) ≤ −
(
µq −

1

2
ᾱLM̃G

)
ᾱ∥∇F (wk)∥22 +

1

2
ᾱ2LM̃ (31)

≤ −1

2
ᾱµq∥∇F (wk)∥22 +

1

2
ᾱ2LM̃ (32)

≤ −ᾱcµq (F (wk)− F∗) +
1

2
ᾱ2LM̃, (33)

where (33) follows from the strong convexity bound (19). Subtracting F∗ and taking expectations
gives E[F (wk+1)−F∗] ≤ (1− ᾱcµq)E[F (wk)−F∗]+

1
2 ᾱ

2LM̃. Subtracting ᾱLM̃
2cµq

from both sides
yields

E[F (wk+1)− F∗]−
ᾱLM̃

2cµq
= (1− ᾱcµq)

(
E[F (wk)− F∗]−

ᾱLM̃

2cµq

)
. (34)

Since 0 < ᾱcµq ≤
cµ2

q

LMG
≤ cµ2

q

Lµk
= c

L ≤ 1, repeated application of (34) gives the bound in (29) and
the claimed limit.

For stepsizes αr = α12
−r, the bound is E[F (wkr+1) − F∗] ≤ 2Fαr and Fαr := αrLM̃

2cµq
requiring

kr+1 − kr ≈ log 3
αrcµq

= O(2r), with the Robbins–Monro condition
∑∞

k=1 αk = ∞ and
∑∞

k=1 α
2
k <

∞.

Theorem 4 (Strongly Convex Objective, Diminishing Stepsizes with Quantization) Under As-
sumptions 1, 2, and 3 (with Finf = F∗), suppose that SGD with the low-precision gradient g̃(wk, ξk)
is run with a stepsize sequence αk = β

γ+k , β > 1
cµq

, γ > 0, such that α1 ≤ µq

LM̃G
, where

µq := qminµ. Then, for all k ∈ N, the expected optimality gap satisfies

E[F (wk)− F∗] ≤
νq

γ + k
, (35)

where νq := max
{

β2LM̃
2(βcµq−1) , (γ + 1)(F (w1)− F∗)

}
. Since µq appears in the denominator of

β2LM̃
2(βcµq−1) , a smaller µq reduces the denominator and thus increases the bound.

Proof From the choice of αk, we have αkLM̃G ≤ α1LM̃G ≤ µq for all k ∈ N. Applying Lemma 2
and the strong convexity property, for all k ∈ N:

Eξk [F (wk+1)]− F (wk) ≤ −
(
µq −

1

2
αkLM̃G

)
αk∥∇F (wk)∥22 +

1

2
α2
kLM̃ (36)

≤ −1

2
αkµq∥∇F (wk)∥22 +

1

2
α2
kLM̃ (37)

≤ −αkcµq (F (wk)− F∗) +
1

2
α2
kLM̃. (38)

12
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Subtracting F∗ and taking expectations yields

E[F (wk+1)− F∗] ≤ (1− αkcµq)︸ ︷︷ ︸
stepsize shrinkage

E[F (wk)− F∗] +
1

2
α2
kLM̃. (39)

We prove (35) by induction. For k = 1, the definition of νq guarantees (35). Assume (35) holds for
some k ≥ 1. Substitute into (39) with k̂ := γ + k:

E[F (wk+1)− F∗] ≤
(
1− βcµq

k̂

)
νq

k̂
+

β2LM̃

2k̂2
(40)

=
k̂ − βcµq

k̂2
νq +

β2LM̃

2k̂2
(41)

=
k̂ − 1

k̂2
νq −

βcµq − 1

k̂2
νq +

β2LM̃

2k̂2︸ ︷︷ ︸
≤0 by def. of νq

(42)

≤ νq

k̂ + 1
, (43)

where the last inequality uses k̂2 ≥ (k̂ + 1)(k̂ − 1). Thus, (35) holds for k + 1, completing the
induction.

Based on Theorem 4, when qmin < 1, the reduced effective coefficient µq = qminµ makes the
O(1/k) convergence rate slower and increases the constant factor in the bound.
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