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Abstract

We introduce Decoupled SGDA, a novel adap-
tation of Stochastic Gradient Descent Ascent
(SGDA) tailored for multiplayer games with in-
termittent strategy communication. Unlike prior
methods, Decoupled SGDA enables players to
update strategies locally using outdated oppo-
nent strategies, significantly reducing communi-
cation overhead. For Strongly-Convex-Strongly-
Concave (SCSC) games, it achieves near-optimal
communication complexity comparable to the
best-known GDA rates. For weakly coupled
games where the interaction between players
is lower relative to the non-interactive part of
the game, Decoupled SGDA significantly re-
duces communication costs compared to standard
SGDA. Additionally, Decoupled SGDA outper-
forms federated minimax approaches in noisy,
imbalanced settings. These results establish De-
coupled SGDA as a transformative approach for
distributed optimization in resource-constrained
environments.

1. Introduction

Several real-world problems in diverse areas, such as eco-
nomics and computer science, can frequently be described
as N-player differentiable games (Von Neumann & Mor-
genstern, 2007). While players may have competing ob-
jectives, the aim is to identify an equilibrium, a strategy
where no player benefits from deviating unilaterally. Exam-
ples of such games in machine learning include Generative
Adversarial Networks (GANs, Goodfellow et al., 2014),
adversarial robustness (Madry et al., 2017; Shafahi et al.,
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2019; Robey et al., 2023) and multi-agent reinforcement
learning (e.g., Lowe et al., 2017; Li et al., 2019).

Several gradient-based methods have been proposed for
solving minimax problems (Korpelevich, 1976; Popov,
1980; Balduzzi et al., 2018; Nouiehed et al., 2019; Chav-
darova et al., 2020; Kovalev & Gasnikov, 2022). One of
the most widely used is the gradient descent method. In the
context of 2-player zero-sum minimax games, this approach
is referred to as Gradient Descent Ascent (GDA), where the
minimizing player (u—player) takes descent steps and the
maximizing player (v—player) takes ascent steps.

In some situations, however, players may not have direct
access to their opponents’ exact strategies. The u—player
might only have a noisy estimate of v when updating its
parameters, and vice versa. In extreme cases, players might
operate with outdated strategies from their opponents, with
limited opportunities to synchronize. We refer to this sce-
nario as games with intermittent strategy communication
(ISC-games). Here are a few illustrative examples:

* Corporate competitors. Companies frequently adjust
their strategies based on individual objectives and the
strategies of their competitors. For instance, Netflix
may need to lower its prices if a competitor like Max
reduces its subscription rates (Jagadeesan et al., 2022).
Corporations may occasionally release (noisy) general
information about their strategies, giving each com-
pany an imperfect understanding of its competitor’s
actions. Alternatively, companies might hire experts to
estimate competitor strategies using publicly available
data, although this process is expensive and infrequent.

* N-agents with restricted communication. In con-
trol theory, applications involving drones or robots are
modeled with NV-player games (see Spica et al., 2020;
Laine et al., 2021; Zhou et al., 2021, and references
therein). However, due to factors like long distances or
limited battery life caused by weight constraints, com-
munication between agents regarding learned strategies
is costly and can only occur intermittently.

In summary, this paper focuses on the following questions.
e Can players effectively learn and adapt locally in ISC-

games when relying on noisy or outdated opponent
strategies?
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* How do the convergence rate and communication costs
of the proposed optimization method compare to the
baseline, and can communication costs be significantly
reduced?

To address the first question, we propose an extension of
the gradient descent method where agents perform local up-
dates while using outdated strategies from their opponents.
In minimax problems, we term this approach Decoupled
SGDA, and in N-player games, it is Decoupled SGD. The
second question is examined by analyzing the convergence
rate of Decoupled SGD(A) and identifying a specific class
of problems, called Weakly Coupled Games, where commu-
nication speed-up (acceleration) can be achieved.

Contributions. Our contributions include:

* We introduce Decoupled SGD(A), the first method de-
signed for ISC-games, where each player performs local
updates using outdated opponent strategies.

* We analyze its convergence in both the strongly-convex
strongly-concave (SCSC) setting and in [N -player games
where each player’s utility is strongly convex.

* We introduce a non-standard set of assumptions to mea-
sure the coupling of the players’ objectives. This allows
us to identify a specific regime, termed Weakly Coupled
Games, where Decoupled SGD(A) demonstrates commu-
nication acceleration compared to the baseline GD(A),
by removing the dependency on player conditioning.

* We show that Decoupled SGDA can even outperform the

optimal first-order method for solving SCSC games in

terms of communication rounds under a slightly stronger
assumption than weakly coupled games.

Our method achieves robustness to noise imbalance,

a significant limitation of existing federated minimax

methods.

We study the convergence of Decoupled SGDA for

quadratic minimax games with bilinear coupling between

the players, providing additional in-depth insights into
the algorithm’s convergence behavior.

* Through numerical experiments, we validate the practical
benefits of Decoupled SGDA in non-convex GAN train-
ing, federated learning with imbalanced noise, and in
weakly coupled quadratic minimax games, showcasing
its versatility.

* We propose a novel heuristic (Ghost-SGDA), detailed
in Appendix G, to further accelerate the convergence of
Decoupled SGDA by leveraging predictive updates for
opponent strategies. Our numerical results demonstrate
its practical effectiveness, showing that Ghost-SGDA
can achieve faster communication efficiency and conver-
gence even in highly interactive games. This heuristic
opens a promising new direction for distributed optimiza-
tion, potentially going beyond the theoretical guarantees
proven in this work.

To simplify the exposition, the main body of the paper fo-
cuses on the minimax setting, while the extension to N-
player games is presented in Appendix C.

1.1. Related Works

Our work' draws from multiple lines of work, and herein,
we review these and discuss the difference with federated
learning. Appendix E gives additional discussion and lists
works on decentralized optimization. The latter are further
from our work in that there is no centralized communication,
and nodes communicate with neighbors.

Game optimization. Nemirovski (2004); Nesterov (2007)
achieve a rate of O(%) for convex-concave minimax
problems. For strongly-convex-strongly-concave games,
(i) Thekumparampil et al. (2019) combine Nestrov’s Ac-
celerated Gradient and mirror-prox and achieve @(%)
rate of convergence, (ii) Wang & Li (2020) explore ideas
from accelerated proximal point and achieve a linear rate,
and (iii) Kovalev & Gasnikov (2022) propose a method
with O(y/kyFy log 1) rate of convergence which matches
the lower bounds (Zhang et al., 2022b; Ibrahim et al., 2020).
Several works focus on accelerating the convergence of
GDA (Lee et al., 2024; Zhang et al., 2022a). Quadratic
games with bilinear coupling are studied in (Zhang et al.,
2021). Nouiehed et al. (2019) propose a method that per-
forms multiple first-order steps on only one of the param-
eters to solve minimax problems. Tsaknakis et al. (2021)
study a generalized minimax problem with linear constraints
coupling the decision variables. Tseng & Yun (2009) study
coordinate gradient descent method for minimizing the sum
of a smooth and separable convex function. Jain et al. (2018)
and Yoon & Ryu (2021) present algorithms with accelerated
O(1/k?) rates for smooth minimax optimization and estab-
lish the optimality of this rate through a matching lower
bound. In the context of multi-player games, several works
have explored multi-agent reinforcement learning in a dis-
tributed setting, where agents update their policies without
access to the policies of others (Lu et al., 2021; Sayin et al.,
2021; Jiang & Lu, 2022). Independent and concurrent work
by Yoon et al. (2025) also considers decoupled updates for
equilibrium computation in N-player games. While we both
address this setting (see Appendix C), their method does
not achieve the same communication efficiency as ours. See
Remark 4.6 for a detailed comparison.

Federated learning. Building on the foundational work
of McMahan et al. (2017), numerous works have explored
distributed minimization, or federated learning, across var-
ious settings (e.g., Stich, 2019a; Koloskova et al., 2020;
Karimireddy et al., 2020; Woodworth et al., 2020a;b). In

!An early version of this work was presented at an ICML 2024
workshop (Zindari et al., 2024).
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the context of minimax optimization, Deng & Mahdavi
(2021); Sharma et al. (2022); Zhang et al. (2024) extended
the so-called Local SGD (Stich, 2019a) to the minimax set-
ting, achieving convergence rates for different classes of
functions in both heterogeneous and homogeneous regimes.
Although both Federated Minimax and Decoupled SGDA
are designed to solve minimax optimization problems in a
distributed fashion, their approaches to achieving this are
fundamentally different. Refer to Section F.1 for more de-
tails.

2. Setting and preliminaries

In the main body of the paper, we focus on the two-player
setting, as this allows us to clearly present the key ideas and
insights of our approach. The extension to the more general
N-player games is detailed in Appendix C. Specifically,
we consider the following saddle-point problem over X =
X, x X,, with X, = R X, = R%:

min max f(u,v
ueXx, veXx, f( ’ )7

(SP)
where f: X — R is a differentiable function. Its solution
is defined as a point x* = (u*,v*) € X satisfying the
following variational principle: f(u*,v) < f(u*,v*) <
f(u,v*) for all (u,v) € X. In ISC-games, players often
have access only to the outdated strategies of their oppo-
nents. To address this in our analysis, it is useful to define
the following operator Fx(x): X — X, which incorpo-
rates a reference point X = (@1, v) € X—typically the most
recent synchronization point—to account for this delay:

FX(X) = (Vuf(u7‘_’)a —Vyf(l_l,V))7
F(X) = (Vuf(uv V), 7vvf(u7 V))7

X, Xe X,

xex. P

In the special case of X = x, we recover the definition
of the commonly used operator F(x) = Fiz_x(x) =

(vuf(u’ V>7 _vvf(u7 V))

Notation. Bold lower and upper case denote vectors and
matrices, respectively. We often denote the two players
asu € (X, = R%)and v € (X, = R%). The product
space X = X, x X, = R? (with d = d, + d,) con-
sists of vectors x = (u,v) € R? where u € X, and
v € X,. For a differentiable function f: X — R, we
denote partial gradients at a point x = (u,v) € X w.r.t.
the corresponding variables by V, f(x) and V, f(x), re-
spectively, so that V f(x) = (V. f(x), V, f(x)). (-, -) de-
notes inner product. We assume that the spaces &, and
X, are equipped with certain Euclidean norms, ||u|, :=
(P,u,u)/? and ||v||, := (P, v, V)2, respectively, where
P, and P, are given symmetric positive definite ma-
trices. The norm in the space X is then defined by
x|l = (cullull2 + ao|v|?)/? where v, ., > 0; thus,

x| = (Px,x)Y2, where P is the block-diagonal matrix
with blocks «, P, and a, P, (P = diag(a,Py, a,Py)).
The parameters «,,, o, can be seen as scaling factors for
players that can be optimized separately. One can easily
assume P, = P, =1, P =Tand o, = @, = 1 and
recover the common euclidean norm ||x|| = 4/{x,x). The
corresponding dual norms are defined in the standard way:
ng”u,* = maXHuHu:1<guvu> = <gu7P;1gu>1/2 (8u €
Xu)s lgollo,s = maXHvHv=1<gv,V> = <gv7qulgv>1/2
(g € A,), and ||g||4 := max”xH=1<g,x> = (a%‘”g“| i,* +
Llgu 20" = (& P ') (g = (gu. &) € X).

Now we outline the necessary assumptions for establishing
the convergence of our method.

Assumption 2.1 (Strong monotonicity). Operators Fx and
F from (1) are strongly monotone with parameters fi, 1 > 0,
i.e., for all x,%,x’ € X, the following inequalities hold:

(Fx(x) = Fx(x),x = x') > fix = x'|?,

2
(F) - Fx)x -5 > ulx—x]2. O

We can show that i = min{pu, /o, ty/a} (Proof in
Lemma B.5) where p,, is the strong convexity parameter of
f inu and p, is the strong concavity parameter of f in v.

Assumption 2.2 (Lipschitz smoothness). Operators Fx and
F from (1) are Lipschitz with parameters L and L, i.e., for
all x,x’, % € X, the following inequalities hold:

| Fr(x) — Fx(x')|l« < Lllx — /||,

/ , (©)
[1F(x) = F(X)[l« < Llx —x'||.

While we assume both operators are smooth, Lemma B.2
shows that L < L.

Assumption 2.3. The norm of the difference between oper-
ators Fk from (1) is upper bounded with parameter L. for
for all x,x € X as follows:

[Fx(x) = F(x)[ls < Lelx — x| ©)

It is possible to show L. = 1/\/aya, max{Lyy, Ly}
(Proof in Lemma B.6) where |[V,f(u,v) —
Vuf(W,V)|lusx < Luwllv — V|y and [V, f(u,v) —
Vo f(@, V)|« < Lyy|lu — u'|],. Here, we take the
derivative with respect to one variable while varying the
other. We will demonstrate in Section 4 that this constant
plays an important role in communication acceleration as it
quantifies the interaction level of the game. In fact, L. can
be much smaller than L and can be even zero. We show it
always holds that L, < L (Proof in Lemma B.2).

For the reader’s convenience, we also present Tables 2 and 3
in the appendix, summarizing our notations.
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Assumption 2.4. There exists finite constants 52 such that
forall x,x € X:

E¢ [|Gx(x,€) - Fx(x)[3] < a°. ©)

where Gx(x,£) is an unbiased stochastic gradient or-
acle that each player has access to with the property
E[Gx(x,€)] = Fx(x).

As we assumed that the above inequality holds for all x €
X, we also cover the common operator F' and we denote

G(X, f) = Gi:x(x? 5)

3. Decoupled SGDA for two-player games

In this section we introduce Decoupled SGDA and explain
its motivation.

Common Approach: Stochastic Gradient Descent As-

cent (SGDA). A standard way for solving (SP) is as fol-
lows: L
X1 =Xt — P G(Xt»€)7
_( Vuf(u,v;8) (©)
Clx8) = (—vvf(u, vig))

for a given positive definite matrix P.> However, in a dis-
tributed setting, the players need one round of communi-
cation to exchange their parameters (u;, v;) in every step
of the method. This is because SGDA requires the most
recent parameters from each player to take an step. In many
real-world scenarios, however, communicating at every step
may not be feasible due to the high cost.

Communication Efficient Strategy Exchange. To alle-
viate this communication issue, earlier works proposed so-
called local update methods that reduce the amount of com-
munication by performing local parameter updates for each
player separately. For these methods, it is common to as-
sume that both players—the minimization player u, and the
maximization player v—have access unbiased stochastic
oracles G, (x,§), Gy(x,€) : X — X, with the property
Ee[Gu(x,8)] = F(x), E¢[Gy(x,§)] = F(x) and follow-
ing bound on the variance of the noise:

{Egnuau(x,@]u — [FOLullZ4] < 02,
Ee[I[Gu(x.6)]0 — [FX)][I2,.] < 02, o
{Eg[II[GU(X,f)]u —[FEOL2.] < 02,
Ee[I[Go(x.&)]u — [F)]ul2.4] < 02,

Here, we use the operator [-]; to denote the coordinates cor-
responding to player i € {u, v}. Both players could perform

*In optimization literature, the matrix P is known as the pre-
conditioning matrix. For simplicity, we can assume P = I without
disrupting the flow of the paper.

K > 1 updates on a local copy of the parameters. After
every communication round, local variables are initialized
as X; = X; = Xy, and updated as:

Gu (X%—iv Ei4i),
=0
1 ®)
Gv (X;)-HW gt-&-i) .

u LU
Xi+k = Xy

X?—&-K = Xg - ’Y(avPv)_l

The local variables are then synchronized in a communica-
tion round, x;4  := 3 (X, x + X}, ;). This is a standard
approach in distributed optimization. However, this method
does not apply to our setting, as we would need to assume
that the stochastic noise of the oracles 02, and o2, are
bounded.

Decoupled SGDA: Communication Efficient with Reli-
able Information. We are considering a setting where the
two players may not have access to their opponent’s strate-
gies or gradients, and only assume that the private compo-
nents of the gradients have bounded variance, see Assump-
tion 2.4. This reflects real-world challenges where it is hard
to share reliable (with bounded noise) information between
the communication rounds. For this setting, we therefore
propose that each player should only use the reliable infor-
mation, that is [G,(x,&)], for player u, and [G,(x,&)],
for player v, and wait for the communication round to get
reliable information about the other players. We introduce
the oracle Go(x,§) = Gz=x;(X,§) for i = {u,v} where
xg = (ug, vo) refers to the parameters of each player at the
beginning of the round. Now we can write the update rule
of our method as:

K-1
XTI.( = XS - ’YP_l Z GO(XZ‘jaé—t)a
=0 ©

o = ({Ge bl ) = (50 o)

Here, the index ¢ denotes the local update step in the current
local update phase, and the superscript r indexes the local
phases. One communication round is needed for exchanging
the updated parameters (u;, v’ ) when passing to the next
round. Here we allow the variances o2, and o2, to be
arbitrarily large and we only need 6% < 02, + o2, to be
finite which is an advantage of our method compared to
local update methods.

Method. We formalize our method in Algorithm 1. De-
coupled SGDA has a round-wise update scheme allowing
each player to share his parameters only once in a while. At
the beginning of each round r, each player receives the most
recent parameters of the other player. Then all players start
taking K local steps and updating only their own parameters
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Algorithm 1 Decoupled SGDA for two-player” games

1: Input: step size v, initialization xg = (ug, v¢), number
of rounds R, number of local GD steps K, o, o, P?
forre {l1,...,R} do

forte{l,...,K}do
u;Jrl A u; - W(QuPu)_l
Vi — Vi +7(a,Py)

2:

3

4 fay, v €)
5:

6: end for

7

8:

9:

Vu
Vo f(ug, viig)

Communicate (u’;, v’ ) to each player
end for
Output: x2 = (uf}, v&)

“The extension to N-player games is displayed in Appendix C
in Alg. 2.

>The constants Q, Oy, P are determined by the vector norm
that we specity. For simplicity, the reader can assume that o, =
a, = 1land P, = P, = 1. These terms are included for the sake
of completeness, though they are not essential for the main results.

using the information they received at the beginning of the
round from other players. Note that our method is a general
framework and one can use any first-order method to take
local steps and not just the GD steps as illustrated here. The
extension to N-player games is displayed in Appendix C in
Alg. 2.

Intuition. To provide some intuition on why Decoupled
SGDA might work, consider that the objective of minimax
games (SP) can be written as:

f(u,v) =g(a) — h(v) +r(u,v) (10)

where g(u) and h(v) represent the independent contribu-
tions of each player, and captures the interaction between
them. Note that in this formulation, r(u, v) cannot be de-
composed in the same way as f, as it specifically captures
the interdependent aspects of u and v.

In the special case when r(u,v) = 0, i.e., there is no
interaction, the problem does not require any communica-
tion: the optimal solution can be found by minimizing g
and h separately. A method like SGDA is, therefore, not
a good choice in this setting, as it requires to communicate
parameters (u, v) in every step of the method, although this
is unnecessary. In contrast, when the coupling r(u, v) is
significant, then optimizing g and h separately might not be
a good strategy. Decoupled SGDA aims to find a balance
between the two extremes. In the following, we will charac-
terize some settings where Decoupled SGDA provably uses
significantly fewer communication rounds than SGDA or
other baselines (see also Table 1).

Extensions of Decoupled SGDA (Appendix G). It is
clear that our method is a general framework, providing
flexibility for various modifications and adaptations. For

instance, our method allows for any first-order update rule
to be applied for the local steps like GDA, Extra Gradient
(EG), and Optimistic Gradient Descent Ascent (OGDA).
Note that in this work, we focused on GDA updates, leaving
the analysis of other methods for future work. Moreover,
in Section G, we present Ghost-SGDA, where each player
aims to estimate the other player’s parameters using the so-
called Ghost Sequence, which leads to further acceleration
in terms of the number of rounds.

4. Convergence Guarantees

We could analyze our method under the common smooth-
ness assumptions in the literature (see Appendix B.2 for
the details). However, these assumptions are often overly
pessimistic in distributed settings, as they fail to account
for the interaction level between players. Specifically, they
treat games with high and low interaction identically, yield-
ing the same convergence rates in both cases. In contrast,
we introduce an important parameter L. (see Assumption
2.3) that quantifies the interaction level of the game. This
allows us to achieve communication acceleration in games
with low interaction through a novel proof technique (see
Section B.1). To formalize this, we first introduce the notion
of Weakly Coupled Games / Regime and then provide the
convergence guarantee for our method.

Given a strongly-convex strongly-concave (SCSC) zero-
sum minimax game f(u, v), we define the coupling degree
parameter s, for this game as follows:

Ko 1= — (11)
m

This variable measures the level of interaction in the game.
A smaller value of k. indicates less interaction. For any
f(u,v), we say the game is Weakly Coupled if:

(12)

| =

Ke <

We say the game is Fully Decoupled if x. = 0, which im-
plies that #(u, v) = 0 (see Eq. (10) and Lemma B.3). These
games are an extreme case of weakly coupled games. In
weakly coupled games, each player’s dynamics are mostly
driven by their own pay-off function, with little influence
from the other player.

Theorem 4.1. Forany R > 1 and any K > # log <%),
after running Decoupled SGDA for a total of T = KR
iterations on a function f, with the stepsize v < % in the
weakly coupled regime (4k. < 1), we get a rate of:

8keT 2

R * 12 2
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Table 1. Comparison of Communication Complexity and Acceleration Condition for Different Methods. Speed up lists the conditions
under which Decoupled SGDA achieves acceleration relative to the respective method. Note that for simplicity and in order to compare
our results with other works, we consider P, = P, =1, P =Tand oy, = o, = 1.

Communication Complexity

Method (Fully Decoupled)

Communication Complexity

(General Bound) Speed Up

GDA

+ log L
(Lee et al., 2024) (Ku + Ko) log ¢

(Fu + Ko + K2 )log 1

uv

ke < 1 (weakly coupled)

(Mokﬁg?fgjzozm (R + ro0) log ¢ (Ru + ko) log ¢ e < 30/1 — mareaEeT
(Lin erﬁzozo) oty log® 1 VRuRy log? L ke < 3\l = e
(Kovalev 8]:(C)}/::r/1[ikov, 2022) Ruky log % VEuky log % Ke S % 1- \/ﬁ
(Y}:j: S;i.s,(;?zs) wlog ¢ w? log ¢ #e < (weakly coupled)
Decoupled SGDA (ours) 0 min {ﬁ log 1, k2 log %}

Moreover, For any R, K > 1, after running Decoupled
SGDA for a total of T = KR iterations on a function f,
with the stepsize v < min {%, ﬁ} in the non-weakly
coupled regime, we get a rate of:

2—2

E[|xf — x*||?] < D? exp<f%KR) + 227
1

where D = ||xg — x*||.
Corollary 4.2. Decoupled GDA with a stepsize of v = E%
converges to the saddle point without any communication

on fully decoupled games (k. = 0) if K — 0.

Fully Decoupled Games. For the sake of comparison, we
define the condition numbers?®: , = 5“, Ky = ﬁ“, and
u v
_ - _Lc - L
Kuv = Kou = e We also use « e The most

recent rate proposed for GDA (Lee et al., 2024) requires
O ((Ku + kv)log 1) rounds of communication when the
game is fully decoupled. A major drawback of GDA and
several other common methods in this setting is that poor
conditioning in one of the players (large r,, k,) signifi-
cantly increases the number of communication rounds. In
contrast, our method overcomes this issue by utilizing local
steps, effectively eliminating the dependency on players’
conditioning.

Corollary 4.3. With the choice of v = % if the game is
weakly coupled we get:

82 ik

Bl et ' |7] < D*exp(~(1-4ke) )+ o

Consequently, to reach E[||x% — x*||?] < ¢, it suffices to

5 -
perform R = max{ 4_1Kc log(22-), %} rounds

NVuf(u,v) — Vuf(a',v)| < Luflu — || and
Vo f(u,v) = Vo f(u, V)| < Lo[lv = V|

2
with K = L=
12223

min{ 3£, ﬁ log(max{2,
not weakly coupled we get:

log(&%). Moreover, with the choice of v =
WD KR})} if the game is

o2

2 =2
R * (|12 2 K g
E[lxg —x*|?] < D exp(—mR) + KR’

Consequently, to reach E[||x% — x*||?] < ¢, it suffices to
2 2 X Z2
perform R = % log(%) with K = %

Weakly and Non-Weakly Coupled Games. The main
property of our rate for weakly coupled games is the ab-
sence of k,, Ky, Or kK, which can be very large even if the
player interaction is low. We are able to capture this effect
due to differentiating between different smoothness param-
eters. In addition, mathematically identifying the regime
in which we can benefit from low interaction and achieve
communication acceleration is another important aspect of
our work. This stands in contrast to most popular methods,
whose communication complexity always depends on the
quantities k., K, or k (see Table 1), which can be overly
pessimistic, especially in the weakly coupled regime. More-
over, for non-weakly coupled games, our rate recovers the
standard O(x? log(1/e)) rate for GDA from (Zhang et al.,
2022a; Azizian et al., 2020).

Noise Term. Our method does not depend on o, Or Gy,
allowing them to be arbitrarily large. In contrast, existing
federated minimax methods assume these quantities are
bounded, which may not hold in many real-world settings.
In the weakly coupled regime, & is multiplied by &, a small
quantity, reducing the effect of noise. In the non-weakly
coupled regime, we can mitigate noise by taking more local
steps. Herein, we state the communication complexity of
our method and compare it with GDA as the baseline.
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Figure 1. Trajectories (top row) and distance to equilibrium over synchronization rounds (bottom row) of GDA (K = 1) and
Decoupled SGDA with K = {25} on the (13) problem (d = 2). C in (13) is a constant here—the larger, the stronger the interactive
term. Left-to-right: decreasing the constant ¢ € {10, 3.5,2,7,0}. The markers denote the local steps and star the solution. See § 5 for

discussion.

Corollary 4.4. For any K > % log (é) after running
Decoupled SGDA on a weakly coupled game, we have the
following communication complexity in order to achieve €
accuracy in the noiseless setting:

Decoupled GDA
1 1
o( 10g))
1 — 4k, o8 €
Moreover, Decoupled SGDA in the weakly coupled regime

always has better communication complexity compared to
the baseline GDA. In other words, —— < Ky + Ky + K2,

> 1—4k.

GDA

O((/iu + kiy + K2,) log %)

Vs.

Table 1 compares our method with other first-order methods
in terms of communication complexity in both the fully
decoupled and weakly coupled regimes. It is clear that in
the fully decoupled regime, our method outperforms all
other methods. Furthermore, it is expected to compare
our method with GDA by considering it as the baseline
because our method uses GD local updates (and not updates
using EG or momentum). In Corollary 4.4, we stated that
we always have a better complexity compared to GDA in
the weakly coupled regime. However, we can show that
under a slightly stronger assumption, our method achieves
better communication complexity than the optimal first-
order method for solving SCSC games.

Corollary 4.5. For any SCSC zero-sum minimax game with
1

a better communication complexity than FOAM which is
the optimal first-order method for solving SCSC games. In
another word, if ﬁ & o/Kqy Ky, our method achieves sig-
nificant communication acceleration compared to FOAM.

coupling degree k. < % 1-— our method achieves

Corollary 4.5 shows that our method can even outperform
the optimal first-order method in terms of communication

: 1/ 1
rounds. The assumption s, < 54/1 Jioes can recover

the weakly coupled condition if max{k,,, x,} — 0. Al-
though the rate O(\/kyk, log(1/e€)) is optimal and matches
the lower bound from (Zhang et al., 2022b), large condition
number of players (k,, k) can increase the communication
overhead significantly.

Remark 4.6. The recent work of Yoon et al. (2025) consid-
ers a similar method in the general N-player setting (we
also address this case in Appendix C) and establishes a

linear convergence rate of O ((M"‘“ ”é/“) log(1/ e)) ,

o
where ¢ denotes the star-cocoercivity constant and Ly, =
max{Lq,...,Lyn} is the largest smoothness parameter
among the players. For the class of p-strongly mono-
tone and L-Lipschitz continuous operators considered
in our work, it holds that Lmaxm < /¢ (see Yoon
et al. 2025, Appendix D), which simplifies their rate

to O (ﬁ log(l/e)) . In general, one has the bound ¢ <

LTLQ (Facchinei & Pang, 2003), which implies a worst-case

convergence rate of O(x2log(1/€)), offering no commu-
nication acceleration. While acceleration is theoretically
possible when / is small, the improvement is limited: since
L < ¢, the best achievable rate is O(xlog(1/e)). In the
fully decoupled setting, this matches the convergence rate
of GDA (Lee et al., 2024), which, as discussed earlier, is
suboptimal. By contrast, our method requires only a single
round of communication in this regime (see Corollary 4.2),
demonstrating a significant advantage. A key distinction
between the two works is in how interaction between play-
ers is modeled. Our analysis introduces and leverages the
coupling parameter L., which more directly captures the
interaction structure and leads to sharper communication
complexity bounds.
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Figure 2. Number of rounds (log-scale; lower is better) to reach epsilon accuracy for varying Amax(C) in (13). Left: Decoupled
GDA with different K -values and GDA (K = 1). Right: comparison between GDA, Decoupled GDA, Optimistic GDA (Popov, 1980),

Alternating GDA and Extragradient (Korpelevich, 1976).

5. Experiments

In this section, we evaluate the empirical performance of De-
coupled GDA. For all experiments described in this section,
we provide additional implementation details (and hyperpa-
rameters) in Appendix 1.

5.1. Quadratic Games

Herein, we consider the following problem class:

min max
u v

%<u7 Au) — %<v, Bv)+{(u,Cv), (13)

where u, v € R%, and A, B, C are % X % positive definite
matrices. We will use varying C to control the players’
interaction.

Figure 1 illustrates the performances of Decoupled SGDA
on the (13) for varying numbers of local steps K and dif-
ferent intensities of the interactive term of (13). The results
show that as the interactive term weakens, Decoupled SGDA
converges more quickly than the GDA baseline (KX = 1).
Additionally, with a stronger interactive term, increasing
the number of local steps K leads to faster convergence for
the same number of synchronization rounds. Figure 2 de-
picts the performances over a spectrum of payoff functions
controlled by the constant matrix C in (13). In the Weakly
Coupled Game regime, highlighted by shading, Decoupled
SGDA outperforms the baseline GDA. In Figure 2 (right),
we compare it with other optimization methods, demon-
strating that Decoupled SGDA achieves similar results with
significantly fewer communication rounds in the weakly
coupled regime.

5.2. Communication Efficiency For Non-convex
Functions

While our theoretical focus was on SCSC games, in this
section, we explore if our insights extend to broader problem
instances. We focus on a Toy GAN non-convex game as

follows:
muin mgx{E¢~N(o,z) [¢TV¢] -

(14)
Ey a0, [(00) v ()] + M Juf® = Ao[vI?}
where u € R%, v € R%. Figure 3 shows the smallest
gradient norm (lower is better) each algorithm can achieve
for a fixed number of communication rounds, with vary-
ing values of 1/\. As X decreases, the regularization terms
dominate, making the game less interactive (similar to the
weakly coupled regime). When A increases, reducing in-
teraction, Decoupled GDA achieves a much lower gradient
norm with the same number of communication rounds. This
demonstrates that Decoupled GDA efficiently solves non-
convex problems in settings analogous to the weakly cou-
pled regime by leveraging local updates to reduce communi-
cation. This experiment highlights the method’s capabilities
beyond SCSC games. The trajectory of Decoupled GDA it-
erations for this non-convex minimax problem can be found
in Appendix H.1. Decoupled SGDA with gradient ap-
proximation. Herein, we compare Decoupled SGDA with
Federated Minimax, aka (8). We study environments with
gradient oracles with unbalanced noise unbalanced noise.
Each player has access to a gradient oracle that provides
low-variance noise for their own gradients but high-variance
noise for the remaining players. In the quadratic game in-
troduced earlier, each oracle adding zero-mean Gaussian
noise to the gradient. The variance differs between gra-
dients for a player’s own parameters (diagonal variance)
and those of others (off-diagonal variance). Equation 7 for-
malizes this. In both experiments, we kept the diagonal
variance (02,,, 02, constant, while varying the off-diagonal
variance (02, 02, ) in the second experiment. Figure 4 com-
pares Decoupled SGDA and Local SGDA, the latter being
the most commonly used method for federated minimax
problems (Deng & Mahdavi, 2021). It depicts the small-
est gradient norm each algorithm achieves within a fixed
number of communication rounds across different scenarios.
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Figure 4. Lowest gradient norm reached by Decoupled SGDA
and Local SGDA for a fixed number of communication rounds
using unbalanced noisy gradient oracles. Left: Decoupled
SGDA vs. Federated Minimax for varying values of ||C|| and fixed
variance. Left: Decoupled SGDA vs. Local SGDA for varying
levels of off-diagonal variance noise (0yv, Tvu). Se€ 5.

The left plot demonstrates how both methods perform in
games with varying levels of interaction. When the inter-
action is weaker, Decoupled SGDA achieves significantly
lower gradient norms with the same number of communi-
cation rounds. The right plot highlights the effect of noise
variance, showing that while high noise negatively impacts
Local SGDA, it has minimal to no effect on Decoupled
SGDA. In the presence of imbalanced noise, the results sug-
gest that switching from local SGDA to Decoupled SGDA
is beneficial, even for highly interactive games.

5.3. Communication Efficiency in GAN Training.

Figure 5 compares Decoupled SGDA with baseline meth-
ods in terms of FID score over communication rounds. The
results show that Decoupled SGDA converges faster and
requires fewer communication rounds than standard GDA
and its variants. This advantage is particularly evident on
the CIFAR-10 and SVHN datasets, where increasing the
number of local steps (K) leads to lower FID scores. These
findings highlight the efficiency of our approach in reducing
communication overhead while maintaining strong perfor-
mance in complex, non-convex tasks such as GAN training.

n of FID vs Rounds (Dataset: svhn)

— ke1i60m
k=2

Comparison of FID vs C

Rounds (Dataset: cifar10) Compari
k=160 |

— k=3

log scale)

W

Communication Rounds

Figure 5. y-axis: FID scores (log scale; lower is better) during
GAN training, versus z-axis communication rounds. Left:
results on the CIFAR-10 (Krizhevsky, 2009) dataset. Right: results
on the SVHN (Netzer et al., 2011) dataset.

6. Conclusion

We proposed Decoupled SGDA, an effective optimization
method for games with intermittent strategy communica-
tion, particularly suited for settings with weak interaction
between players or imbalanced noise levels. Our theoretical
and empirical results show that Decoupled SGDA outper-
forms traditional methods like Local SGDA in terms of
communication efficiency and robustness, and extends be-
yond strongly-convex strongly-concave (SCSC) games to
non-convex settings. Its adaptability to varying interaction
and noise makes it a valuable tool for federated and decen-
tralized optimization.

Several future directions remain. One could explore varying
K across players or adapting other game optimization meth-
ods (e.g., Extra-Gradient) to broader settings without re-
quiring strong convexity. Moreover, the decoupled updates
naturally lend themselves to privacy-sensitive applications,
as players do not need direct access to others’ parameters,
reducing risks from gradient sharing (see Zhu et al., 2019;
Zhao et al., 2020; Wei et al., 2020, and references therein).
Future work could investigate privacy-preserving extensions
and further develop Ghost-SGDA to enhance performance
in decentralized and privacy-constrained environments.
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Table 2. Summary of Symbols for Two-Player Games

Symbol Definition Mathematical Definition
L Smoothness parameter for operator F'(x) |F(x) — F(xX)|l, < L|x—x|
L Smoothness parameter for operator Fx(x) | Fr(x) — Fx(x)|l, < L||x — x|
L. Difference between Fx(x) and F(x) |Fx(x) = F(x)||, < L¢||x — x|
L, Smoothness parameter with respect to u Vif(u,v) = Vi f(@, V)|, < Lullu—u',
L, Smoothness parameter with respect to v Vo f(u,v) = Vo f(u,v)|, . < Lollv—v],
Ly Interaction smoothness parameter IVuf(u,v) = Vuf(u, v, . < Luw [V =V,
L, Interaction smoothness parameter for v with respect to u (IVof(u,v) =V, f(,v)|, . < Loy [Ju -1,
I Strong convexity parameter for u f',v) = f(u,v) +{V,f(u,v),u’ —u) + & [[u’ - ul?
Ly Strong concavity parameter for v fla,v') < f(u,v) +{Vf(u,v),v —v) = B ||v/ — va
i Strong monotonicity parameter for Fx(x) (Fg(x) — Fg(x'),x —x') = ji||x — x/||?
W Strong monotonicity parameter for F'(x) (F(x) = F(x),x =)= px — x|
Ke Coupling degree of the game %
Table 3. Summary of Symbols for N-Player Games
Symbol Definition Mathematical Definition
L, Upper bound for diagonal elements L;; Vi fn(x) = Vi fu(x+ Uyhy,) Hn,* < f/n||hn\\7,,
L, Upper bound for off-diagonal elements L;; for i # j Vo fn(x) = Vi fru(x + 202, Uih) 5 < Zn||2#nUihi||
L. Difference between F'(x) and Fx(x) |F(x) — Fr(x)|l, < Le||x — x|
L Smoothness parameter for operator F (x) | Fx(x) — Fe(x)|l, < L||x — x|
L Smoothness parameter for operator F'(x) |F(x) — F(x')||, < L|x—x|
i Strong monotonicity parameter for Fk(x) (Fg(x) — Fx(x'),x — x> = fi||x — ¥/||?
I Strong monotonicity parameter for F'(x) (F(x) — F(x'),x —x') > p|x — x|
n Strong convexity parameter for f,(x) Vo fn(X) = Vo fu(x + Updy), x™ — X = pp [|x™ — x7|2
Ke Coupling degree of the game %

B. Missing Proofs for Section 4

Lemma B.1. Let {r:}i~o be a sequence of numbers satisfying:
rep1 < (1 —ay)re + b

for constants a,~y,b > 0 assuming ay < 1. After unrolling the recursion K times we get:
x b
re < (1—ay)® + p

13
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Proof.

=

-1
rg < (1-— cw)K + (1 —ay)'~yb
0

4 b
(1—an)'yb < (1—a9)" + -

D8 1

<(L-ay)®+
i=0

-
|

Lemma B.2. For the parameters L, L and L. from Assumptions 2.2 and 2.3, we can say L. < L and L < L.

Proof. Recall that:
[1F(x) = F(x)[[« < Llx = x|
[P (%) = Fe(x)]l« < Lllx — x|
[Fx(x) = F(X)[lx < Le[lx — x|
we start with the definition of the || Fx(x) — F(x)]||+:
1 _ 1 _
17 (x) = Pl = — [[Vuf (u,v) = Vaul (w95 . + - IVof(u,v) - Vo @)l .

1 1
< — |Vuf (V) = Vuf (095, + — Vol (0.v) = Vo f (.97,

1 N 1 2
IVl )~ Ve @)+ [Vl () - V@)l
_\ 12 _ 2
= [F(u,v) = F(u,v)[; + [ F(u,v) = F(a,v)]
< Ly llv =il + Loy Ju = afl; = L2 x - x|
which means that we can upper bound || Fx(x) — F'(x)||2 by the constant L at the worst case. However, the constant L,. that
we use can be much smaller. Next, for the the inequality || Fx(x) — Fx(x')||+ we have:

2
v, %

1 1
| Fr(x) — Fx(x)||« = — |[Vuf(u,v) - Vuf(u’,\’/)Hz’* +— |Vof(@,v) =V, f(a,v)|

VA

Oéi Hvuf(u7‘7) - vuf(ulvv)Hz,* + ai vaf(lLV) - vvf(ulvv)HQ

v,

2
v, %

2

+ ai ||va(ﬁ,v) -V, f(u, V/)H + ai ||Vuf(ﬁav) - V. f(u, V/)Hu’*

= [|[F(u,v) - F(',9)|2 + | F(a,v) — Fa,v)|
< 220y Ju— | + Po v v/ = 22 x|

which means we can upper bound || Fx(x) — Fx(x')||« by the constant L in the worst case. However, the constant L can be
much smaller. O

Lemma B.3. Given a SCSC game f(u,v). If the parameter L. from Assumption 2.3 is zero, the game is fully decoupled

and players do not interact.

Proof. Recall that a game can be expressed as:

fu,v) =g(a) — h(v) +r(u,v).

We only need to show that L. = 0 implies (u, v) = 0. This means that each player’s payoff is affected only by their own

strategy. Also, recall that L. = \/0417 max{Lyy, Ly}, where Ly, and L,,, are defined as follows:

Hvu.f(u7 V) - vuf(uvvl)‘ U,k
vaf(ua V) - vvf(u/7V)Hv,*

< Lyyllv — V/va
< Lyy|lu — '],

14
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Since it is clear that if L. = 0, then L,,,, = L,, = 0, the right-hand side of the above inequalities must be zero. Now, we
rewrite the left-hand side of these inequalities in terms of the functions g, h, and r, which must also be zero:

IVuf(,v) = Vi f(a, V) lus = [Vug(a) + Vur(a, v) = Vug(a) = Vur(w, v') u

= |[Vur(u,v) = Vyr(a, v/) ||y -

For the above expression to be zero, either r(u,v) = 0 or V,r(u,v) = V,r(u,v’) must hold. However, the latter is
impossible, as it implies that (u, v) depends only on u, which contradicts our assumption (if a term depends only on u, it
is already captured in g(u)). The same thing can be shown in the same way with respect to player v. O

Lemma B4. Ler X, x',x* € X be such that Fx(x') = F(x*) = 0. Then,

[Ix" —x*|| < ke || — x| - (16)

Proof. From Assumption 2.1 and the Cauchy—Schwarz inequality, it follows that ||Fk(x') — Fx(x*)|| = g||x’ — x*||.
Hence,

* 1 * 1 * L ey * gl
Ix" = x| < = [[Fx(x) = Fx(x")[| = = [F(x") = Fx(x")l| < = & = x"[| = ke [|x — x| O
K K Iz
Lemma B.5. For any X € X, the operator Fx is [i-strongly monotone with
o= min{ﬂ—u, &}
Ay Ay

Proof. Recall that function f is p,,-strongly convex in u and p,,-strongly concave in v meaning that:

(Vuf(u,v) =V f(0,v),u—u') = pyflu—u'|?
<va(u,v) - va(u,v/),vl —-v)= UUHV - V/||12;

Therefore,

(Fx(x) = Fx(x),x —x')
= <vuf(u7 ‘_’) - vuf(u/7‘_’)vu - Ll/> + <vvf(ﬁ7v) - vvf(ﬁ7 V,)7V/ - V>
M,

> fly|lu— u/Hi + ||V — V/||12; = OTO‘u”u —u
u v

/”2 Ho /||2
u v

>min{@,&}||x—xl||2. O
Qg Oy
Lemma B.6 (two-player). For any x,X € X, parameter L. can be expressed as:

1
Lc = maX{Lu1)7 Lvu}-
iy Oty

Proof. Recall that:

Luy|lv— V/Hv

||vuf(uvv) - Vuf(“av/)nu,*

<
||vvf(uvv) - va(u',v)Hv,* <

Luy|lu = 'l

Next we have:

1P~ B2 = — IVuf(.v) = Vuf (@92, + — [Vaf(uv) = V@ v,

2 2
Lz o L 2

< Loy o+ Do g
2 9 L2 9
= —ay v -V, + oy lu-al,
vy uQy
< L12w L12)u —112 —12 _L2 - 2 O
<ma{ Lo B b oy 9l 4 u - wl] = 22 - 17
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Lemma B.7 (two-player). Let X, x5, x* € X be such that Fx(x{) = 0 and F(x*) = 0. Then k. can be expressed as:

max{4 /O‘“ L fee L } (17)
oy o

Proof. Indeed,

2 2
||X6*X*||2 :O‘u||u/*U*Hu+O‘v||V/*V*HU
« B 2 « _ _ 2
< ;; Hvuf(u/av) - vuf(u’(7v)||u’* + ;12} ’V,Uf(lLV/) - vvf(uv V*) "u,*
u v
_ Ay * * * =\2 Qy * * — *\ 12
=3 [Vuf(a®,v*) = Vi f(u vV)”u,* + = [Vof(u,v*) =V, f(a,v )”y,*
:u’u ,uu
L2 L2
Sl L e L
MU/ 'U
o, L? o, L?
= o [V = VL + 2, o — )
Q2 Quy 42
L? L?
< max {"‘““ Lo v } [ v = v¥[12 + a fa— u* 2] = K2 — x*|%. O
app? o

B.1. Proof of Theorem 4.1 in Weakly Coupled Regime

In this section, we provide the proof of convergence for our method in the weakly coupled regime. In contrast to the
common assumptions and proof techniques, we utilize our new parameter L., which quantifies the level of interaction in
the game. We demonstrate that if the fraction Z= is sufficiently small (i.e., the game is weakly coupled), we can achieve
communication acceleration. This aspect is often overlooked in the analysis of games, as existing works tend to disregard
the possibility that player interactions might be very low which results in a pessimistic rate. We start with the following
auxiliary lemma.

Lemma B.8. For any x§ € X that satisﬁes Fo(xt) = 0 where Fy(x) = Fr—x,(x), after K steps of Decoupled SGDA

starting from xy with a stepsize of v < L2 , we have:

2 K * (|2 ’762
E lhere = x1°] < (0= 9 Bl = x511° + 5 (18)

Proof. We start by upper bounding the iterates generated by our method from x{ at a time step 0 < ¢ + 1 < K using the
update rule of our method. Recall that G (%, &) = Gx—x, (X, ) where x¢ = (ug, vp).

* — x[|2
a1 = x5* = [Jxe — 7P~ Go 1, &) — x|
*12 2 *
=[x = xg[I” + 97 [1Go (%, ) . — 27(Go (¢, &), Xt — x5)-
By taking the conditional expectation on previous iterates we have:
)2
Be, [Ixe41 — xgl

< flxe = x50 + 7 [ Folxe) = Fo(x)llz — 2v(Fo(xe) — Fo(x), x¢ — x5) + 776

< (1=2v0 +7°L7) |Ix = x5||* + 776
With the choice of v < % and taking the unconditional expectation we have:

E [xer1 = x5||* < (1 =) E % — x5||* + %6

After unrolling the recursion for K steps using Lemma B.1 we have:

K-1
E|xx —x3|> < (1 =y Ellxo — x3|I° + . (1 —yi)'*6>
1=0

=2
_ N Yo
< (L) E o — x5+ 12

16
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Now we are ready to prove the main theorem.

Theorem B.9. For any R, K > % log (%) after running Decoupled SGDA for a total of T = KR iterations on a

Sfunction f, with the stepsize v < % in weakly coupled regime (4. < 1), we get a rate of:

8ya2 Ke
m 1 — 4k,

Bl - x*[*] < D* (ase)" +
where D = ||xg — x*||.

Proof. We start by upper bounding the following term where x; = (uy, v;) is the parameters of players at some round r
after ¢ local steps.

cien =31 < 2 fxeen — x| + 2 x5 — x| (19)

where x§ € X satisfies Fx(x{) = 0. Recall that Fx(x{)) = (V. f(ug, v), =V, f(@, v})). The point uj) is the minimizer of
f given a fixed v = v meaning that uf; = arg minyex, f(u, v) and v is the maximizer of f given a fixed u = @ meaning
that v = arg maxycx, f(Q,v). Note that we know such minimizer and maximizer exists as the function is strongly convex
in u and strongly concave in v.

For the first term we use Lemma B.8 and we get:
* 12 \K * 12 762
[ R O Tl

Putting this back in (19) gives us:

E [x;1 — x"||*

— *12 * * (12 2’76’2
<2(1—va)" E|jxo — x§||° + 2E ||x§ — x*[|* + =—
~ . . 2~vG2
<201 =)  Blxo — x3|* + 26 E [[x0 — x*||* + T

— * — * * * 2 6-2
<41 =) E |xo — x*[* +4(1 = y) B |Ixg — x*||* + 25 E || x0 — x*||* + -
~ . ~ . 2~G2
<A1 =) E [0 — x*|* + (4(1 — 7i1) K ke + 260) E[|xo — x| + T
K K a2 2702
< (4(1 — )" + A1 =) ke + 2’%) Ellxo —x*[|" + ——
2752

< (dexp (—yiaK) + dexp (—yjiK) ke + 2k0) E || xo — x*||* +

where we used Lemma B.4 in the third line. Now we need to make sure that 4 exp (—yaK) < k. < 1 which is implied by

K> 2Llog (i) Next we have:
Vi Re

252

E ||x;41 — x*||2 <4k E||xo — x*||2 +

The above recursion can be re-written in terms of two consecutive rounds:

=2
E|x"+! - x*H2 <Ak E|x"—x*|? + 09"

After unrolling the recursion for R rounds using Lemma B.1 we have:

17
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-9 R )
E | = x| < (450) B o = x| + 2 3% (4
=1

Note that we assumed the game is weakly coupled which implies that 4. < 1. Finally we have:

—9 R )
E||x" - X*H2 < (4k) P E %o — x*||* + 2770 Z (4k.)"
i=1

=2
< D? (4r,) 4 DT _Fe

L 1— A4k,

B.2. Proof of Theorem 4.1 in Non Weakly Coupled Regime

We start with some auxiliary lemmas.
Lemma B.10. Ler {r;:}+>0 be a non-negative sequence of numbers that satisfy

b t
ree1 < (1—ay)re + a Z ri+ey?,

i=max{0,t—K+1}
for constants a > 0, b, c = 0 and integer K > 1 and a parameter v = 0, such that ary < % Ifb < 7, then it holds
a \t 2c
e < (1—77> o+ —7.
2 a

Proof. By assumption on 7:

t
a a

Tt+1<(1—l)7“t—l7“t+* Z ri ey’

i=max{0,t—K+1}

a t—i b i a t—1
s () e S0 et B ooB0-D)
= B j=max{0,s—K+1} =0
t . i i ]
ay\* a7t | ay b 2
<(-F) o+ X (-F) |-Frrer X |t
1=0 L j=max{0,i—K+1}
t i i o
T\ * ay\t—i avy b avy\i—J 2c
=(1-ey) o+ N (-F) |Trrer X (-F) n| v
i=0 | j=max{0,i—K—1}

where we used 22:0(1 -9 < % (for (%) < 1) for the second inequality.

By estimating

avy b . ay\i_j ay b d ay\1-K
—7m+?'y. Z (1—?) mé—;rﬂr?*f Z (1—;) r;
j=max{0,i—K—1} j=max{0,i—K—1}
1-K
< f%ri + byr; (1 — %) Ty

< —%ri + 2byr; <0,

18
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with and (1 — %)*~% < 2 for ay < +, and the assumption b < 4 (and r; > 0).

The validity of the inequality, (1 — 7) K < 2foray < f can be shown in the following way:

K N
(1—ﬂ) <(1—ﬂ) <eF
2 2

For the last inequality above we used the approximation (1 — )" < e™* forz = 0 and n > 0:

Given that ay < 4, we have:

Thus, we have

Going back to the main proof, we conclude

as claimed. O

Lemma B.11 (Consensus error). After running Decoupled SGDA for K local steps at some round r with a step-size of
Y < 55 for any constant 0 < a < L, the consensus error can be upper bounded as follows:

t
Elxie1 =%’ < ),

i=t+1-K

Proof. Recall that Go(x, &) = Gx—x, (x,§) and E¢[Go(x, )] = Fo(x) where xo = (ug, vo) refers to the parameters of
each player at the beginning of some round r. Using the update rule of our method we have:

E [[x¢+1 — o
= E ||x; — P ' Go(x¢,€) — xo|
<E|x— YPTIFy(x¢) — x0||2 + 7252

<1 + ) E ||x; — x0|| + 2K7 E ||F0(xt)||3< + ’7262
( )Enxt —xol + 2K72 E [ Fo(xe) — Flxe) + F(x)|[2 + 252
(1 " ) E [[x: — xol® + 4K7*E | Fo(xe) — F(x,)]| + 4K7? E[[F(x0)|? +1°5

1t )Enxt—xOn £ AKI2YE [x; — %ol + 4K LY E %, — x| 41767

With the choice of v < we get:

—_—a
32KLL.’

E |lx¢41 — %ol

1 2 2 2 2 2 2-2
1 E E E x*
< (14 3 ) Bl =m0l + o Bl = ol + o Bl — x| 4o

2
2 2 2 2-2
<1+ )Eth xo|” + 256KIE||xt xo|” + 256KL2E”Xt x*||° +~%0
1 1 a * 12 2-2
<(1+=4+—E % _Ex —
( TR 256K) e = xol|” + 956K L2 e =77 + 7o

19
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. . . 2 . . .
where in the third line we used the fact that 7= < 1 due to the assumption a < L. By unrolling the recursion for the last K

< 4 we get:

K
steps and considering the fact that (1 + K + 356 K)

t
IE:||Xt+1—XOH2 < Z
i=t+1—K

64KL2 E|x; —x || +4K~%G

Now we are ready to prove the following theorem.

Theorem B.12 (Decoupled SGDA for two-player Games). For any R, K, after running Decoupled SGDA for a total of
T = KR iterations on a function f, with the stepsize v < min {ﬁ7 et #} in the non weakly coupled regime, we
get a rate of: ‘
272
E[lxf - x|2] < D2exp(— 2 KR) + =,
I

where D = ||xg — x*||.

Proof. We start by upper bounding the iterate x at time step ¢ + 1 from the equilibrium. Recall that Fy(x) = Fxr_x,(x)
where x refers to the parameters of players at the beginning of some round 7.

E|[xs1 —x*[|”

<E th — P Go(xy, €) — X*H2 + 252

<E th — P Fy(x;) — x* g 7252

=E|[x — 7P 1F(x;) — x" + 7P F(x,) — P Ry (x))||” + 426

_ 2 2 _
< (1+ %) [Elxe =P F(x) - x| ]w(wM)E|F<xt>—Fo<xt>||i+v%2

= (14 ) [Blx = 1P + 42BN F () = FOIE = 29CF (o) = Flox'), 30 —x)] +

2
3 (7 2) Blree) - Fotw) I + %02

()

L4222 = 2 Bl =] 4y (34 2 ) BIFGx) - Fatx) I +4%°

L
’W 3y 2 _
< (14 ) [0 Bl x|+ TRIFG) ~ Foxo)ls ++%7
3yL? _
< (1= Y By —x P+ P B - 022
I
Where we assumed that v < 5. Now by using the upper bound on consensus error from Lemma B.11 and setting a =

we get:

E [[x¢41 — x|

t 2
YH YH 2 12K9LZN\ 5. 9
(17—)E||xt7x|| +167K %tK}]E”XiX” +(1+’u A
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With the choice of v < ﬁ we have:

E lx¢1 — x|

t ~2

TH *(12 TH *(12 o

(5Bl <P+ Y Elk-x| +20
i=max{0,t—K}

By unrolling the recursion using Lemma B.10 we get:

2 2
? < D?exp (_]/;R> + 2162

*

EHX% - X

C. Decoupled SGD for N-player games

In this section, we generalize all previous results on two-player games to /V-player games. We first introduce the notation
that is needed to define /NV-player games and will be used to establish our convergence guarantees.

C.1. Setting and Preliminaries

Notation. We consider unconstrained N-player games where each player x* belongs to the space X; = R%. The vector
x = (x!,...,x") e R is defined in the space X = X} x ... x Xy = R? withd = ZZ]\LI d;. The space X; for all
i € [N] is equipped with a certain Euclidean norm, ||x’||; := (P;x*,x*)'/2, where P; is a positive definite matrix. The

norm in the space X is then defined by ||x|| = (30, oy||x?[|2)!/2 where c; > 0; thus, ||x|| = (Px,x)!/2, where P is
the block-diagonal matrix with blocks a,;P; (P = diag(a1P1,. .., anyPy)). The dual norms are defined as: ||g;||; « :=

max i, —1(gi X'y = (g, P;'gi)"/? (g € Xy,) and |||« := max)y—1{g,x) = (XN, gl ) = (g, Pg)Y?
(g=(g1,--.,8N) € X).

Similar to the work (Nesterov, 2012), we define the following partitioning of the identity matrix:

N
I;= (U, U,,...,Uy) e R g = Z d;, U; e R4

i=1
Now we can represent the vector x as follows:
N
X = Z U;x'e X.
i=1

We can extract the parameters of one player as follows:

x"=Ulxe A,
Problem Formulation. An N-player games is defined as:

(milnfl (x),..., min f (X)) (N -player)

Where f,: X — R.

The goal is to find the Nash Equilibrium in x* = (x*,...,x*") like in the work (Bravo et al., 2018), which has the
property that if one player changes their strategy, their payoff function will increase. In other words, there is no incentive to
change one strategy alone: for all h,, € X),, it holds that

fo(x*) < fn(x*+Uyhy,). (22)

21
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Moreover, we define the operator Fx(x) : X — X with respect to the fixed point X € X’ which denotes the stack of gradients
with respect to each player’s parameters as follows:

Fg(X) = (Vlfl ()_( + Ulh), ceey vaN<)_C + UNh))

Where h = x — Xx. We can recover the commonly used operator as F'(x) = Fx—x(x) = (V1 f1(x),..., VN [n(x)). Note
that for the equilibrium, it holds that F'(x*) = 0 while in general Fi(x*) # 0. We can extract the partial gradient with
respect to one player as follows:

vnfn(x> = UIFR(X)'

We now present the assumptions required for the convergence of our method.
Assumption C.1 (Strong monotonicity). Operators F% and F' are strongly monotone with parameters i, ;4 > 0, i.e., for all
x,X,x € X, the following inequalities hold:

(Felx) = (), x = X)) > fllx = x| o)
(F(x) = F(x'),x - x) > pllx — x/|]*
We can show that i = min;<;<ny{£*} (Proof in Lemma C.8) where (V,, f,(x) — V, fn(x + Upd,),x" — x) >
Lin ”X/n

Assumption C.2 (Lipschitz gradients). Operators Fy, F' : X — X are Lipschitz with parameters L and L if for all
x,X,x’ € X, the following inequality holds:

—x"[3-

[F(x) = Fe(x')[l+ < Lx = x|

) ) (24)
[1F(x) = F(x)[« < Lx = x|

Assumption C.3. The norm of the difference between operators Fx(x) and F'(x) is upper bounded with parameter L, for
all x,x € X as follows:

[1Fx(x) = F(x)[[« < Lelx — x| (25)
i %)1/2 where Ly, is defined as ||V (%) — Vi fr (% + 2,2, Uih) 5 <
En||2l 2, Uihi|| for any x € X and any h,, € &), (Proof in Lemma C.9). The parameter L,, corresponds to smoothness
parameter of f,, when we take gradient with respect to player n while varying all other parameters (and fixing the parameters
of player n). If L,, = 0 for all n, it means for any two players ¢, j € [IN], @ # j, they have no interaction.

It’s possible to show L. = (maxj<j<n D,

Assumption C.4. There exists finite constants &2 such that for all x,% € X:

Ee [[|Gx(x,6) — Fx(x)[5] < °. (26)
Where E[Gz(x, )] = Fx(x).
As we assumed that the above inequality holds for all x € X, we also cover the common operator F' and we denote
G(x,§) = Gz=x(x,).
C.2. Method

Local update methods. As discussed in the two-player section, Local update methods proposed to reduce the communi-
cation overhead in distributed optimization. In this context, it’s reasonable to assume each player has access to their own
stochastic oracle G;(x, §) for all i € [ N] with the property E[G;(x, )] = F(x) and following bound on the variance of the
noise:

ag

E§[||[GZ(X7€)]% - [F(X)]l||22,*] < 01-22-,
E[I[Gi(x,€)]; = [F)115.4] < oF

ij
However, as we discussed we are considering a setting where the players may not have access to other players’ strategies
or gradients, and only assume that the private components of the gradients have bounded variance (72 < Zf\il o). On

fori # j
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the other hand, local update methods require the variance crizj to be bounded as well while we allow that to be arbitrarily
large. We introduce the oracle Go(x,§) = Gx=x;(x,§) fori = {u, v} where xo = (uo, vo) refers to the parameters of
each player at the beginning of the round. Our operator only uses the reliable information which is [G;(x, £)]; for player .
Now we can write the update rule of our method as:

Xi11 = x; — P Go(x}, &), (27)
where
Go(x,6) = (Vifi(xo + UU] (x = x0));€)) | i -

Here, the index ¢ denotes the local update step in the current local update phase on player ¢, and the superscript  indexes the
local phases. One communication round is needed for exchanging the updated parameters X when passing to the next

round. Note that X" € X; and X} € X.

Algorithm 2 Decoupled SGD for N-player games

1: Input: step size v, initialization xg = (x3,...,x}), R, K

2: forre{l,...,R} do
3: forte{l,...,K}do

4 for n € {1,..., N} in parallel do
5: Update local model x;"}"} « x;"" — ya, 'V, fn(x0 + Un(x} — x0); &)
6: end for
7 end for
. 1,r N,r T
8: Communicate [x Koo X ] to all players
9: end for
10: Output: x% = (x5, ... xx™)

C.3. Convergence Guarantee

Now we out to a change in the definition of weakly coupled games in N-player setting.

Definition C.5 (Weakly Coupled and Fully Decoupled Games). Given an N-player game in the form of N-player. We
define the coupling degree parameter « for this game as follows:

L.
Ke 1= — (28)
I

This variable measures the level of interaction in the game. A smaller value of . indicates less interaction. We say the
game is Weakly Coupled if the following inequality holds:
1
c < - 29

Fe < 7 (29)
We say the game is Fully Decoupled if we have x. = 0 which implies each player is minimizing their own pay-off function
independently.
Theorem C.6. Forany R > 1 and any K > % log (H%) after running Decoupled SGDA for a total of T' = K R iterations

on a function f, with the stepsize 7 < % in the weakly coupled regime (4k. < 1), we get a rate of:

8K
1—4k.

~2
E[|xf —x*|°] < D? eXp(—(l - 4/@0)R> + 27T,
1
Moreover, For any R, K > 1, after running Decoupled SGDA for a total of T = K R iterations on a function f, with the
stepsize 7 < min { £, ﬁ} in the non-weakly coupled regime, we get a rate of:

252

E[lxf —x*[?] < D*exp(~ 2 KR) +
(IR =[] < D?exp(—7 ;
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where D = [|x¢ — x*||.

Corollary C.7. With the choice of v = % if the game is weakly coupled we get:

B 8K
R r2] < 12 e (1 o Sftke
BlIxft — 1] < D exp(~(1 — 4ro)R) + 7% .

2 S =2 .
207y __L0nned )6} rounds with

Consequently, to reach E[||x% — x*||*] < €, it suffices to perform R = max{—— log(22-), Rl T

K = ﬁ—; log(ni). Moreover, with the choice of v = min{MLLz, “‘%R log(max{2, “Z?z KR})} if the game is not weakly

coupled we get:

2 =2
R * (|12 2 H g
E[lxx —x*|?] < D exp(—2L2R) + e .

Consequently, to reach E[||xE — x*||?] < ¢, it suffices to perform R = 2}% log(%z) with K = i‘%i

C.4. Missing Proofs for Section C.3

Before establishing the convergence results, we first need a couple of auxiliary lemmas for N-player games.

Lemma C.8. for all x,x,x’ € X, the operator F is [i-strongly monotone where [i can be expressed as: , we have
fi= min {‘i} (30)
Proof. First recall that that each f;, is yu,,-strongly convex in X" € X}, meaning that:
(Vnfa(®) = Vafa(x + Undn), x" = x") = p || x" = x"||7,

where d,, := x’" — x™. Next we have:

(Fx(x) =

(x'),x = x)

i

(Vif(x) = Vif(x+ U/l d;), x" —x")

Il
.MZ

-
Il
—

N

N
> Y millx =2 = Y Erafx - x|
: e
i=1 =1
> min {&}fox'\\z. O
1<i<nN Loy

where d; := x* — x*.

Lemma C.9 (N-player). Forall x,x € X, parameter L. can be expressed as:

_ L?
L=(max Y —2)12, (31)
1<Z§Nj9£i aj
Proof. Recall that for each n € [N], there exist constants Ly, L, = 0suchthat, forany x € X,anyhy € X,..., hy € Xy

and any n € [N], it holds that:

anfn(x) — Vo fu(x+ Unhn)Hn,*
”vnfn(X) - ann(x + Z”gnUzhz)”n,*

B |,

Ly,
L[| %20 Uihi].

< Ly
<n|

24



Decoupled SGDA for Games with Intermittent Strategy Communication

Next we define h; := X" — x"and v := >}, U;h; and we have:

j#1
N N 7

2 1 L2 )
IFe(x) = F(x)|2 = >, ~IVifi(x) = Vi Six+ V)7, <)) 072 vl

i=1 " i=1

N N
=Z*Z o Ihy12 = Y B |7
i=1 i=1

vojeti
2
where 8; = 3, a—] Defining now L2 = max; <;<n fi, we get S| B [ hy]|? < L2|h|2. O
Lemma C.10 (N-player). Let X,x’,x* € X be such that Fx(x') = 0 and F(x*) = 0. Then k. can be expressed as:
- L2
ke = max (Y T2, (32)
1IN &y
J#
Proof. Let’s define h; | —xt, d; —xt 1= x" — x5 1= x} — x*. We first introduce the point x’ € R? as
follows:
x =1 XN, —argmlnfix—kEUh
xieR%i j#i
% =’
N
_ Z a; Hxlz _ *
i=1
N 2
< Z O% Vifi (X +U,d; + Z Ujhj) —V.fi (X + U;r; + Z U7h7>
i—1 Ha J#i J#i i
N 2
Qg *
= 2 —5 Vlfz(x ) — Vifi (X + U;r; + 2 Ujhj) Z Z U; iSj
i=1 Hi J#i i i=1 ‘ul VED)
N L2 N ) )
Z 7= sl < D) B [lsall? < w2 lsl]
i=1 'L VE =1
where 8; = 3, O‘ME’Q and k. 1= maxi<;<n v/ Bi- O

More details on smoothness parameters for N-player games. For [NV-player games, we can define the following matrix
for the better understanding of the smoothness parameters:

- @

L= (33)

& -

In the above matrix, the row number corresponds to the player with respect to whom we are taking the derivative, while
the column number corresponds to the player that is fixed, with all other parameters changing. All the elements L;; on the
main diagonal of the matrix measure the strength of each individual player, while the off-diagonal elements LZ] fore¢ # j
measure the interaction between players ¢ and j. We assume that all the diagonal elements are upper bounded by L,, and all
off-diagonal elements are upper bounded by L,,. Here n is the player which is being fixed. The parameter L,, measures the
interaction of the nth player with all other players.

Ly

izN

With the use of these Lemmas, one can easily extend the proof of two player game to the general N-player games.
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D. Decoupled GDA for Quadratic Games

To provide an extra insight for the results we showed so far in Section 4 and support them with a separate analysis, we
additionally consider analysing our method for quadratic games with bi-linear coupling between the players which are a
sub-class of SCSC functions.

Problem formulation and Notation. Recall that we consider unconstrained two-player games denoted by u and v in the
spaces X, = R% and X, = R%, respectively. The corresponding product space X = X, x X, = R% (with d = d,, + d,)
consists of vectors x = (u, v) € R, where u € X, and v € X,,. We assume that the spaces &, and X, are equipped with

Euclidean norms, denoted by |[u]|.,, ||v|,. The norm in the space X’ is then defined by ||x|| = (c||u||2 + 3||v||?)*/? where
a, > 0.
We aim to find the saddle point of the following function:
. 1 1
min max | f(u,v) = =(u, Au) — —(v,Bv) +{(u,Cv)| , (QG)
ueX, veX, 2 2

where A € S‘i“+ and B € S’i” . and C € R%*dv  Recall that we defined a general two player game as f(u,v) =
g(u) — h(v) + r(u,v). For the class of quadratic games, we can be more specific as functions g(-) and h(-) are quadratic
functions and () is just a linear term. Moreover, we can be more precise about the smoothness and strong convexity
parameters as they are correspond to the maximum and minimum singular values of the matrices A, B and C. The matrix
C can be seen as the interaction between two players as it’s the only term which involves both u and v. It’s also easy to
verify that for quadratic games in the form of (QG), the saddle point is at x* = (0, 0). For clarity and ease of comparison
other related works, in this section we assume o = /3 = 1.

Definition D.1. Consider a function f: X — R in the form of (QG) for some u € X,,v € X,. The Lipschitzness and
strong convexity / concavity parameters can be defined as:

y <A<L, and p,<B<XL,
Moreover, we use the norm of matrix C to measure the strength of the interactive part of the game.

Ly = Lyy := HCH

Note that we assume L,,,, = L,,, which always holds for twice differentiable functions. Now we give an explicit formula for
the iterates generated by our method on quadratic games.

Lemma D.2. Given a two-player quadratic game in the form of (QG). At some round r after K local steps with a stepsize
of v < max{%, %}’ the exact iterate generated by Decoupled GDA is given as follows:

xf = [QF + E]x{

(I—~A) 0 0 -E,
Q= , E:= (34)
0 (I-~B) E, 0

E,:=[I-I-~7A)X]A7'C, E,:=[I-(1-+B)"]B7'CT
After taking the norm of both sides we have:
Iell < max {(1 = )™, (1= 711,)} + [|C|| - max {5(A), 5(B)}
(35)

(1 B (1 B ’yLu>K)2
It

(1 — (1 — ’VLU>K)2

d(A) = e

. 8(B)=
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Remark D.3. For a quadratic game in the form of (QG), the saddle point is x* = (0,0). We expect our method to shrink the
norm of xj in each round by a factor less than 1 so that we converge to the saddle point.

Lemma D.2 shows the dynamics of Decoupled GDA for quadratic functions. We can decompose the exact iterates and write
it as the sum of two matrices Q and E. As Q is a diagonal matrix to the power of K and we have that v < mabx{L—lu7 L% ,
we know that when K — oo then Q — 0. The second matrix E can be seen as an error matrix which is caused by the
interactive part of the game. It is clear that if the game is fully decoupled which implies C = 0, we get the trivial result that
we converge only with local steps without the need for communicating. However, for the case that we have this interactive
term and the game is weakly coupled, we have to upper bound the norm of this error matrix to derive the convergence
rate. We first re-state the notion of weakly coupled games for quadratic games and then provide the convergence rate of

Decoupled GDA for quadratic games.

Definition D.4 (Weakly Coupled and Fully Decoupled Games). Given a quadratic game in the form of (QG). We define the
coupling degree parameter «, for this game as follows:

1 1
Ke 1= |C||~max{,}. (36)
[

u v

This variable measures the level of interaction in the game. A smaller value of x.. indicates less interaction. For any quadratic
game, we say the game is Weakly Coupled if the following inequality holds:

1
ke < 5 (37

We say the game is Fully Decoupled if we have x. = 0 which implies r(u, v) = 0.

Theorem D.5. For any R and K > 1 with a stepsize of v < max{—, -} which ensures 6(A) < 1 and §(B) < 1, after
running Decoupled GDA for a total of T' = K R iterations on a quadratic game in the form of (QG) assuming the game is
weakly coupled, we get a rate of:

R
HxRxﬂ|<z)(@q><gmm1{>+L“”) (38)

max Hmin
Where Loy := max{L,, L,} and pimin := min{ g, i, }.

Theorem D.5 clearly shows the effect of local steps and communication rounds which gives more insights about our method
compared to the SCSC case. We can see that the first term in the rate goes to zero with taking more local steps while there is
another term that is not affected by local steps. It’s indeed intuitive as we don’t expect our method to converge with only
local steps in general. The remaining error is do to the interactive part. All the previous results discussed for SCSC case can
be applied to the quadratic setting as well.

D.1. Missing Proofs from Section D

We first introduce some auxiliary lemmas that are needed for proofs.

Lemma D.6. Let A be a positive definite matrix and v = 0. Then matrices A~' and (I — yA) are commutative meaning
that:

AT (I-7A)=(I-yA)A™! (39)
Proof.
A I —~A)
- G |
= (I-yA)A™
O
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Lemma D.7. Let A be a positive definite matrix and ~y = 0. Then matrices A=" and (I — yA)X are commutative meaning
that:

AT I—7A)K = (I —-7A)FAT! (40)

Proof. By induction we assume that this statement holds for & which means A~ (I — yA)X = (I — yA)X A~1. Now we
show that this statement holds for K + 1.

AL — HA)KH

= AT (I-7A)I—yA)"
= (I-7A)AT (I —yA)"
= (I-7A)(I—-~A) A~
— (I—~A)KH A

For the case of K = 1 we use the previous Lemma. O

Lemma D.8. Let A be a positive definite matrix and vy = 0. Then we have that:

AT (I=7A)K -I) = (I-7A)K —T)A! (41)

Proof.

AT (I—~A)K -T)
=AM I-qA)K —A!
=(I-~A)KA"T - A!
= (I-~7A)F —T)A"!

D.2. Explicit Iterates Generated by Decoupled GDA

Lemma D.9. Given a general quadratic game in the form of (QG). After k steps of Decoupled GDA at some round r we
can compute the explicit form of iterates as follows:

up = —A7Cvi + A (T—ya'A)" (Auj + Cv))
vi =B 'CTup + B (1— 78 'B)" (Bvj — CTuj)
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Proof. We use induction for the proof of this lemma. By using the update rule of Decoupled GDA we have:
u};.i,-l = Ui — Vvuf(u};aVS)
=uy — v (Auj, + Cvy)
— —ATICV + AN (I —~vA)F (A + Cv))
e (A [fA*ICvg FATI - A (AW + Cvo)] + Cvg)

= —A'Cv + AN (I —~vA)F (Au) + Cv))
— 5 (~Ovi + (1= 7A)* (A + Cvp) + Cvp)

— —AT'CV + AT (I — A" (AU + Cv)) — v T —7A)F (Auj + Cv})
— —AT'Cv+ (AT = AT) [(I — A" (Au] + CVS)]

—ATICVE + AT (I - yA) [(I — A (Au] + Cvg)]
— —ATICV+ AT (I —~7A) T (Au) + CV))

Now we only need to show that our claim also works for k = 0,
upy = —A7'Cv + A7 (I - 7A)" (Auj + Cv})
=—-A7'Cv{ +ufj + A7'Cv]
=u}
Also, we do the computation with respect to v:
vi =B7!CTuy + B~} (I-B)" (Bvj — C'up)
By using the update rule of Decoupled GDA we get:
Vig1 = Vi — YV f(ag, ug)
vi +7 (-Bvj + CTug)
vi — 7 (Bv}, — CTuy)
=B~ !CTuy + B (I-1B)" (Bvj — C'uy)
— (B [B—lcTug +B 1 (I-+B)" (Bvj — cTug)] - cTug)

=B~!C'uj + B! (I-1B)" (Bvj — C'uy)
— (cTug +(I—~B)* (Bvj — CTup) — cTug)

=B7!CTuy + B~ (I-1B)" (Bvj — C'ug) — v (I-~B)" (Bvj — C'u})
=B 'CTuj + (B! — 1) [(I — B)" (Bvj — CTug)]
=B 'C"u,+B 1 (I-+B [(I —yB)" (Bvj — cTug)]

=B !CTuj+B ' (I-1B
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Now we only need to show this our claim also works for & = 0,
vy =B71CTufj + B~ (I-+B)’ (Bvj — C'up)
=B 'C'uj + v -B'C'yj

I

D.3. Proof of Lemma D.2

Given a two-player quadratic game in the form of (QG). At some round r after K local steps with a stepsize of v <
max{ %v % }, the exact iterate generated by Decoupled GDA is given as follows:

xi = [QF + E]x;

(I—~A) 0 0o -E,
Q:= , E:= (42)
0 (I — ’)/B) E?) 0

E,:=[I-I-~7A)]A'C, E,:=[I-(1-+B)¥]|B7'CT
After taking the norm of both sides we have:

I | < max {(1 = y22) ", (1= 9p0)} + [|C| - max {5(A), 6(B)}/

(43)
(1 - (1 —9L,)")? (1—(1—7yL)")?
5(A) = 5 , 0(B):= 5
My My
Proof. From Lemma D.9 we can write the explicit iterates for the variable x:
k
(I—-~A) 0 0 -E,
x5l = + ol
0 (I-+B) E, 0
k
(I-~A) 0 -
< + ol
0 (I-+B) E, ©0

0 -E,
< max {(1 —ypa)*, (1= yp)"} - [Ixgll + 1ol
E, 0

For computing the norm of the error matrix we need to compute 1/ Ayax (ETE). We first form E T E:

. E'E, 0
E'E =
0 E'E,

So we have:

)\max (ETE) = max {)\max<EIEu)7 )\max(EZEv)}
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For computing the Ay (E] E,,) we have:
Amax (BTEy) = Amax (CTATT [T= (1= 7A)F] " [T- (1-7A)]A7'C)
< IICJ Amax (AT [1= (1= 7A)"]" [T- (1 -7A)] A7)
<1CI? A (A™T) A ([1 —(1- yA)k]T) Amas ([T = (1= YA)¥]) Anax (A1)
(1 = (1 = 7 Amax(A))*)?

<|c|?
|| || )\1211in(A')
2
_lcl
T

We have the same computation with respect to player v as well which gives us:

(1-(01- WAmaX(B))k)Q

Amax (EZEU) = ||CH2

Ar2n1n(B)
2
_lcl
Il
Note that using the assumption < max{-, 7-} we make sure that §(A) < 1and §(B) < 1. O

D.4. Proof of Theorem D.5

For any R and K > 1 with a stepsize of v < max{;-, 2~} which ensures §(A) < 1 and §(B) < 1, after running

Decoupled GDA for a total of 7' = K R iterations on a quadratic game in the form of (QG) assuming the game is weakly
coupled with ¢ = 1, we get a rate of:

R
HxR - x*|| <D <exp <—gminK> + Ly ) (44)

max Hmin

Where Lyyax := max{Ly, L,} and pmin 1= min{p,, t, }.

Proof. Using previous Lemmas we have:

1%l

0 u
< max {(1 =)™, (1= )" - x5 + ol
E, 0

! ! 15
Amin(‘A) ’ ArrliH(B) 0

< ma (1 ) (1 30} ]+ 1O {

cl
< ((1 )+ /'L') g

min

After unrolling the above recursion for R rounds we get:

r C R
il < B ((1 = Yhmin) + ””)

Hmin

E. Additional Related Works & Discussion
E.1. Decentralized optimization

The key difference between decentralized and distributed minimax approaches is the presence of a central server. In the
former, there is no central server, and nodes communicate directly with their neighbors, whereas in the latter, a central server
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aggregates the parameters. Our method belongs to the category of distributed methods. However, we will discuss later on
that our approach is completely different from the general idea of distributed / federated optimization.

Decentralized optimization is widely studied for the case of minimization (Xiao & Boyd, 2004; Tsitsiklis, 1984) with the
goal of not relying on a central node or server. This idea is also applied to the case of minimax optimization problems.
The paper (Liu et al., 2020) is the first who studied non-convex-non-concave decentralized minimax. They also used the
idea of optimistic gradient descent and achieved a rate of O(e~12). In (Xian et al., 2021), authors proposed an algorithm
called DM-HSGD for non-convex decentralized minimax by utilizing variance reduction and achieved a rate of O(xk3e~3).
Recently, authors in (Liu et al., 2023) proposed an algorithm named Precision for the non-convex-strongly-concave objectives
which has a two-stage local updates and gives a rate of O(%)

E.2. Comparison Between Decoupled SGDA and Federated Minimax (Local SGDA)

In this section, we aim to highlight the key differences between our method and existing distributed or decentralized methods
in the literature. As mentioned earlier, our method can be classified as distributed, though it has a major difference from
others. In fact, this difference lies in the problem formulation.

Decentralized / Distributed minimax formulation. In these settings, we aim to solve the following finite-sum optimiza-
tion problem over M clients:

1 M
f( aV) = 775 fm( 7V) (45)
u m mZﬁ u

In the above formulation, it is assumed that each client has a different data distribution D,,, and tries to solve the game based
on this data. It means that each client keeps updating both u and v at the same time for several steps. Then the server
aggregates the parameters and sends them back to clients. The ultimate goal is to find the saddle point x* = (u*,v*) of
the global function f, as if the entire dataset D = Dy U - -- U Dj; were on a single machine running GDA on it. In this
setting, each client is allowed to update both players meaning that it has access to the gradient of f,,, with respect to u and v.
However in our approach, instead of splitting the data over clients, we split the parameter space. It means one machine
is responsible for only updating u and another for v. Our method also allows to have several machines for u and several
machines for v. An important point to consider is that the notions of client and player should not be intermixed. When the
number of players is fixed, the distributed minimax approach essentially runs several instances ( f,,,) of the main game (f)
in parallel to ultimately find the saddle point of f. In contrast, our method directly finds the saddle point of f by splitting the
parameter space across different machines. Figure 7 illustrates the difference between these two methods.

Decoupled GDA

ujq = ug — YV f(ug, vo)
Vier1 = Vi + 7V f(ug, vi)

GD. Federated Minimax
U1 = w, — YV f(ug, vi) w, = u" =V fo (0™, V™)
Vg4l = Vi + ’vaf(ukv Vk) V?—Tl = V;’m + 'Vvvfm(u;mﬂ vz,M)

Figure 6. Comparison of different gradient descent ascent (GDA) approaches: Decoupled GDA, standard GDA, and Federated Minimax.
The top box represents Decoupled GDA, where u and v gradients are separated, while the bottom left and right boxes represent the
standard GDA and Federated Minimax approaches, respectively.
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Decoupled SGD Distributed / Decentralized Minimax
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Figure 7. Comparison of our method with the federated minimax formulation: Our method splits the parameter space, while the federated
formulation splits the data. Moreover, our method only allows each player to access the gradient with respect to their own parameters,
whereas in federated minimax, each player can compute the gradient with respect to both their own parameters and the other player’s
parameters.

F. Federated Decoupled SGDA
F.1. Comparing Decoupled SGDA with Federated Learning for Minimax Optimization

Federated learning (FL) builds on the foundational work in distributed minimization, exploring various settings. In the
context of minimax optimization, methods like Local SGD have been extended to achieve convergence rates for different
classes of functions in both heterogeneous and homogeneous regimes. FL methods for games differ from the setting
considered in this work. In FL, multiple copies of all strategies (parameters) are trained locally on different machines and
datasets and periodically aggregated. FL is suited for scenarios where a single local machine runs a multi-player algorithm
and has access to all players’ loss functions, with "collaboration" built into the design. In contrast, our method suits
competitive distributed players (local machines) where each player has noisy or outdated strategies of the remaining players.
For further discussion, see Appendix E. Additionally, federated learning assumes balanced noise across players, which is not
required in our setting; revisited in § 3 and § 5. Finally, in § 4, we identify a class of games where our approach leads to
faster convergence, even if fully centralized training is possible, which class similarly arises in non-convex settings—§ 5.In
the rest of this section, we study Federated Decoupled SGDA, which is a combination of Federated Minimax and Decoupled
SGDA algorithms, and can benefit from the advantages of both approaches. In the next section we propose this method with
details.

F.2. Federated Decoupled SGDA method

In this section, we study an extension of our method in the context of federated minimax optimization aligned with the works
(Deng & Mahdavi, 2021; Sharma et al., 2022). This line of work is closely related to finite-sum minimization, a well-studied
topic. Local SGD (Stich, 2019a) is the most popular method used to solve finite-sum minimization problems in a distributed
fashion. As an extension of this method to finite-sum minimax problems, researchers have studied Local SGDA, which is a
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straightforward extension of Local SGD, incorporating gradient ascent steps in addition to gradient descent. We extend our
method to this setting for the sake of completeness and provide a convergence rate that matches the state-of-the-art results
for Local SGD while also improving the conditioning of the existing rates for Local SGDA.

Notation. We consider unconstrained two-player games denoted by u and v in the spaces X, = R% and &, = R%,
respectively. The corresponding product space X = X, x X, = R? (with d = d,, + d,,) consists of vectors x = (u,v) € R,
where u € X, and v € X,,. For this section, we consider the common ¢ norm ||x||2 = 4/<{x, x).

Problem formulation In distributed minimax optimization, we aim to solve the following problem:

M M

. 1 1

min max | f(u,v) = > fm(u,v) = i > Bepn,, (W, v, 6m) (46)
m=1 m=1

In this setting, we assume that each player’s data is distributed across M clients / processors. So each processor has access

to a function f,, : X — R on which it can perform stochastic gradient steps. We denote u;”" and v,"" as the parameters

of players u and v on client m in some round r after k local steps. We also use the notation a}, = 7 Zﬁ;l u;"" and

v =1 er\g:l v,"" to denote the average of parameters over clients at some round r after k local steps. Data distribution
across processors can be either homogeneous or heterogeneous. In the heterogeneous regime, which is the case of study in
this paper, each processor holds a different payoff function. To measure the heterogeneity of the problem, it’s common to
use the following assumption:

Assumption F.1. There exists a constant {, > 0 satisfying the following inequality in distributed minimax games:

m

max {sup 1V () 2 s1p vvfm<x*>2} < @)

Assumption F.1 is very common in federated learning and it has been used in many works (Koloskova et al., 2020; Deng &
Mahdavi, 2021; Khaled et al., 2020). Another common assumption in the literature (Woodworth et al., 2020b; Patel et al.,
2024; Zindari et al., 2023) is gradient similarity ¢ for every point x € X which is a stronger assumption and cannot be
satisfied for quadratic functions. In this work, we use Assumption F.1 to provide our convergence guarantee for our method.

Assumption F.2. We assume that each local function f,, is L-smooth meaning that for all u,u’ € X, and v, v’ € X, it
holds that:
192 fn0,9) = Fof V)| < LJu =+ [lv = v'[]
19, Fn0,9) = Vol V)| < L [[Ju = ] + v =]

Assumption F.3. We assume that the global function f is p strongly convex in u and p strongly concave in v if for all
u,u’ € X, and v, v/ € X, it holds that:

<
(48)
<

u—u,V,f(u,v) =V f(u',v)) > plu— u’H2

/ / 2 49)
V=V Vo f(u,v) =V, f(u,v)) = pllv = |
Assumption F.4. The variance of the noise of stochastic gradients on each client is uniformly upper bounded by o2,
Ee,, [Ilvufm(uw;gm) ~ Vufm(u, v)||2] < o2
(50

Ee., [IIvam(u,v;ﬁm) — Vo fm(u, v)||2] < o2

Method Note that in this section we drop the superscript r for convenience. It’s expected to first define operators
F(x), Fp,(x) as follows:

vufm(u7v§£m) LZ%: vufm(u7v§£m)
G (%5 6m) 1= L Gt = | T (51)
_vvfm(uav§€m) _ﬁ ZTAr/LI=1 vvfm(“a"%fm)

Where we assume E¢, [Gr, (X;6m)] = Fin (%) and B¢ [G(x:&m)] = F(%).
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Algorithm 3 Decoupled SGDA for two-player federated minimax games

1: Input: step size -, initialization ug, vg

2: Initialize: Ym € [M],u(’ < wy, y§° < vo
3: forre{l,...,R}do

4 Yme [M],uy"" <0, y," <V}

5: for ke {0,...,K — 1} do

6: for m € {1,..., M} in parallel do

7: Update local model u, ")} < w;"" — vV fr (0", vg""; &)

8 Update local model v, «— v;"" + vV, fru (ug"", v, Em)

9: end for
10: end for

. =r+1 1 M s —r+1 1 M ,

11 ug T M Lm=1 uzr7 VS T M Lm=1 Vgr
12: Communicate 6, to all processors with v player and v, to all processors with u player
13: end for

14: Output: 0, vE

Remark F.5. Note that F),,(x*) # 0 and F'(x*) = 0.

The conventional method for solving (46) is Local SGDA which performs K gradient descent and ascent local steps on each
client followed by an averaging on parameters u and v over all clients which is done by a central server.

K-1 K—-1
ui =up =y D Vafm (W vi%6n), VR =VE Y D Vefm(ul, v ) (52)
i=0 =0

= _ 1 M m o — 1 M m
Then the server computes the average of parameters Ux = 37 >, Ug and Vi = 57 >,,,_; Vi and sends them back to

all clients to start from these points. On the other hand, our method uses a different operator which contains the outdated
gradients.

G i | TN oy o | e Vedmltvein) (53)
_vvfm(u()vv;gm) _ﬁzn%:l vam(UOaV;fm)

Where we assume E¢, [GY,(x;&,,)] = FY (x) and E¢,, [G?(x;&,,)] = FO(x). The update rule of our in some round 7 can
be written as:

K—-1 K—-1
u?(L = 116” -7 Z vufm(u?L7V67L§ m>7 V?(L = VB” +v Z vvfm(u8l>vzn; m) 54
i=0 i=0

Assuming that all clients started with the parameters ug = ug* and vo = v{;* at the beginning of the round.

In Algorithm 3, we discuss our method, where two players u and v have their data distributed across M processors each.
At every round, each set of processors update their local models while having access to an outdated version of the other
opponent parameters which was received at the beginning of the round. By the end of the round, both set of u and v
processors send the their parameters to a central server which will compute the average of the parameters and send them
back to all processors.

F.3. Convergence Guarantees

Theorem F.6. For any K, R,L > 0, > 0 after running Decoupled SGDA for a total of T = KR iterations on the
problems in the form of (46) in a distributed setting with 2M clients using a stepsize of ¥ < z5fa7e, assuming that
%0 — x*||> < D2 we have the following convergence rate:
YuKR 96K2L%v%(2  6KL*y%0% 2vyo?
- - . + — +
2 % I Mp

B[ — ] < D*exp ( (55)
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Corollary F.7. After choosing a stepsize of ¥ = min { ETE ln(max{Q’ﬁzBI;KR/UQ}) } we get a rate of:
Eﬂpﬁwa]:@<p2mp<Z;é)+ii§+/j;;2+M%;;R> (56)
Method Heterogeneous Homogeneous
Local SGDA o ( T I Voceinn 31}»1%{1% + 3LJ\241§R) 0 (K2R2 + 2MKR + 4MKR + L4]@2KZR2>

(Deng & Mahdavi, 2021)

Local SGD
o2 L 2 _4
(Koloskova et al., 2020) O (LD2 exp (_%R) + I_LJ\IKR + 2332 + 2KR2) O <LD2 exp (_%KR) ,LLKZVIR + 5QKzR4)

(Yuan & Ma, 2020)

Ours A 2 2 2 L3¢? 2 2
e a * Lo
(’)(D exp( L2R)—|—M2MKR+ 5 + 4KR2) -
Fed. Decoupled SGDA

Table 4. Comparison of Methods in Heterogeneous and Homogeneous Settings

Table 4 compares state-of-the-art rates for Local SGD, Local SGDA with Federated Decoupled SGDA. The first term in
our rate enjoys an exponential decrease which matches the rate of Local SGD. However, the rate for Local SGDA has a

rate of O < & Rg) which is worse. In addition, in this term we have a better conditioning of x? compared to % in Local

SGDA. Note that the condition number 2 in the first term of our rate matches the baseline SGDA which considering the

fact that SGD has a conditioning of x which also appears in Local SGD due to the fact that the problem is minimization (not

minimax). Our method also matches the rate of Local SGD for the noise terms and the term with heterogeneity. However, it

seems that for this term the rate in (Deng & Mahdavi, 2021) contracts the existing lower bound proposed for Local SGD in

(Patel et al., 2024) which is:

. LD? (Lo2D*)/3 oD L¢2DY)/3

B[f(e") - £ = 2 4 LT wen)
R K1/3R2/3 MKR R2/3

As it’s clear from the lower bound, the term with heterogeneity cannot be improved using local steps (there is no K in the

denominator) while in the rate of (Deng & Mahdavi, 2021) this term can be decreased if K — o0, which contracts the lower
bound.

(57)

F.4. Missing Proofs for Section F

Lemma F.8. For a set of M vectors aj,as,...,ap € R? we have:
M M
Z an| < Z lam]| - (58)
m=1 m=1
Lemma F.9. For a set of M vectors a1, as, ...,ay € R we have:

M 2
2, am
m=1

Lemma F.10. For two arbitrary vectors a,b € R? and ¥~y > 0 we have:
- 2
la+DB* < (1+7) flal* + L+ b . (60)
Lemma F.11. Let Assumption 2.4 holds. Then we have:

M )
<M Y lan|® (59)
m=1

2

< 61)

S5

1 & 1 &
ar vufm(uyvagm) - 7 Vufm(uav)
v e

The same argument holds for gradient with respect to v.
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Lemma F.12 (Consensus Error). After running Decoupled Local SGDA for k local steps at some round r with a step-size of
Y < 35fe the error U(x,"") 4+ ®(X];) can be upper bounded as follows:

K 9 2.2
2K
O s %0 =P 4+ 82K2°C + T 2K ©

E[¥(x;"") + ®(x3)] <
i=1

In this setting, we have two different errors related to the use of outdated gradients and deviation from the average iterates.
Total error is the sum of both errors. We define the consensus error in this setting as follows:

M M

\D(um,,r) - i Z ”um,,r T H2 \I/(vm,r) o i Z ”Vm,r v H2

k ' M k k ) k . M k k
m=1 m=1

_ _ _ 2 _ _
o(ay) = [y —apl®, (v) = [v5 — vl

U(x") = W) + W(vi""),  @(xp) = 2(ay) + ()

The total consensus error can be computed by summing both errors with respect to u and v:

U(ug) + ¥ (vg) O (uy) + ®(vi)
Consensus error := error caused by + error caused by
deviation from average outdated gradients

In the following, the upper bound for consensus error in different settings will be discussed. Note that in the case of multi
client, we get different upper bounds based on the assumption on data heterogeneity.
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Proof.
E[W(u ) + @(gq)]
1M ~ M 2
:MWLZ:lE o~V fm( ' 7€m) — Mnglvufm(uk , 0 7€m)
2
E||aj —a} + — m Z Vo (@77 VI 60
1 X ’Y M 2
=7 2 BT V() W gy ) Vadm (VG|
v 2 V202
E ﬁg 7]?12 + M Z Vufm(UZnTaVGn T) + 7 +’)/20'2
m=1
1 m,T T 2K72 S m,r m,r 1 g m,r m,r
s (1+K>E[\P( ko )+(I)(uk)]+ Z E Vufm(uk’ Vo )_M Z Vufm(uk, Vo
m=1 m=1
2K 2 & m,ry (12 202
7 Z E([Vufm(ug"" vo )™ + VW ++%0?
1 2 2

_ (1 N ;{) E[W(u™") + B(a))]+

4K72 & m,r _m,r —r —r —r —ry\2 720'2 2 9
Z E [V fon (g ) = Va8 90) + Vb (85, VD) + 1= + 7%
1 m,r 8K")/2 M mr o
< (1 + K) L) + )]+ 7 D) BIVf 0] i)~ Vudn( VDI +
8K72 M 7252 )

ZEHvufm( )HQ_FW_"VU

< (1 n 1) E[¥(u)"") + ®(u})] + 8K L2y E[¥(u"")] + 8K L*? E[®(v})]+

K
gK~2 M
- ZEHV FnG TP + L0 4 4202
M
1
= <1+K> E[T(ui"") + ®(u))] + SK L2V E[¥(u"") + ®(v})]+
gK~2 M 2 2
A 20 BNV 78) = V(' V) 4 D',V o+ T 4%
1
(1 + K> E[U(u,"") + ®(u})] + SKL*YE[U(u,"") + (v})]+
16K~2 MU 2 9
22N B Vafon (8, 95) = Vo fon (0, v)|2 + 16K72C2 + - 4 4252
M = M
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we continue:

m,r _r 1 mr .,
BV + 0] < (14 ) BV + 0] + SKLH BW(]™) + B( )]+
2 ~v2o?
16K L2 E &, — 2 + 16K2C + 10 + %02

After doing the same computation with respect to v we get:

E[W(v}) + (Vii)]

< (1 ; é) E[W(v]"") + ®(v))] + 8K > E[Mv?”‘) + o (ap)]+

2
16K L2 E ||x} — x*||> + 16K~2¢2 + 7 +720?

Now we sum up both inequalities and we get:

E[¥(x}) + ©(Xf11)]

<(1+]1()E[@< )+ BRG] + 8K L E[U () + B(x])]+

2,20 |%7 )12 2.0 27707 2 2
KLy E||x}, —x*|| +32K7C*+7+270
With the choice of 7 < 5f53 we simplify the above inequality as:

E[¥(x}) + @(Xj11)]

2
(1 + % + 12;K> E[W(x,"") + ®(x},)] +

32KL2

2 2

+ 270

2 2 2
E %5 —x*||* + 32K2¢2 + =

After unrolling the recursion for the last K steps and considering the fact that (1 + % + o )K < 4 we have:

2 2K 2 .2
A BIRE— x|+ 32K%9%C + 22T L 9KA20?

K
E[W(x;) + @(Xhy1)] Z

F.5. Proof of Theorem F.6

For any K, R, L > 0, it > 0 after running Decoupled SGDA for a total of T K R iterations on the problems in the form
of (46) in a distributed setting with 2/ clients using a stepsize of v < z5f57, assuming that [[xo — x* H2 < B2, we have
the following convergence rate:

(63)

KR 96K2L%v%(2  6KL*y%0% 2vo?
EH)’(IP;—X*Hz < B?exp (—WL > + 7 + T 27

2 n? G Mp
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Proof. We start by upper bounding the distance between the average iterate iy, ; and the saddle point.

2 Y —r - m,r _m,ry (2 o
1+) E E|Vofm(ug, vi) — Vo fm(@"  vi")|° +
( i M — || ( k k:) ( k 0 ||

For the first term in the above inequality we have:

M

2
(1+ %) E [} - m; Vaufm (0, Vi) —u*
— (1 + %) E|[a), — vV f (1}, v;) — u|
= (1+ Y E [Jlag - w42 IV f (a5, VDI = 20Ga; — u, Vaf (a5, v0)
< (14 00) B |0 +92L%) 5, — w'|* - 20085 — w0, Vu f (8, V5)

For the second term we also have:

TH M m=1
2\ L4 M 9 ( 2 ) L24? M
<1+ ) Ela) —ul""||"+ 1+ —
( TH M mzzl ” g g l TH M m=1
2
= (1 + w) L**E[¥(ul"")] + <1 + > L*2E[®(V])]
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Where in the last line, we used the fact that v;""" = v{,. We then repeat the same computation with respect to v.

. Y12
E Vi = v =
v M 2
=E VZ-+M v’ufm(uz)nvaan;gm)_V*
m=1
7 T e
<]E \72+M Z V’Uf’m,(u() T,V”::nr)fv* +ﬁ
m=1
v & v & v & ’ vo?
- V;+M§1vam(uo r7vzw,r)_ﬂn;vvfm(a;,v;)+Mn§1vvfm(ﬁg,v;)_v* + S
p 2
TH - g _r o *
<(1+7)E vg—i-Mmglvvfm(uk,vZ)—v +
2\ 72 < o 2 | 0°
1+ ) — E ||V fm(Ug, Vi) = Vo fm(ug" v )" + —
(1 2) 3 2 EITenl655) = Va0 I + 0
For the first term in the above inequality we have:
TH g O :
T T *
= (1+ ) EIVE +9V. (g, v5) - v
TH =7 * 12 —r Sry(|2 * _ or —r =7
= (1 BV E[I95 = V' IP + 22 Vo (85, V5 P = 2000 = 95, Vo f (85, 95)
< (14 Z) B |0 +92L2) |9 = v*|* = 29(v* =¥}, Vo (55, 95)
For the second term we also have:
2\ ~2 M
1+ =) = N E|Vofn(tis, ¥1) — Ve (™", v |12
(1 20) 37 20 BT, ¥0) = Voot i)
2 2,2 M ) L2472 M )
< 1+) E ||a}, — up|| +(1+> E v}, —v;""
(1) S 2 o W 2 Bl v
2 X
= (1 + w) L*2E[®(a})] + (1 + ) L E[Y(v]"")]
Summing up the results from the inequalities with respect to u and v gives us:
_r |2
E |1 = x|
TH [ 2712\ ||oT * (|2 ST * ST 2 2L2 ST m,r 720’2
<(1+7>E (1 +~2L2) ||} — x*|| —2’y<xk—x,F(Xk)>]+’y AL+ = RIBGE) + U] + 7
TR [ X7, * X" * 2L? o m,r '720'2
< (10 R[22 I = = 2oy -] o (2 + 2 ) B0 + 9] + 27
VN oo [ o 217 o mayy L V07
- 1+ B E[ -2+ 22 1% - x 2]+7(7L2+M>]E[<I>(xk)+\ll(xk N+
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With the choice of 7 < 147z we have:
B &y — x|
< (1- B2 e -+ B m o) + v + L
<(1- 2 e - $§§an— | PTG TRED S SR | 7

We change the current notation for simplicity in proof by substituting r and k with ¢. ¢ varies from 0 to 7' = K R, iterating
over all rounds and local steps:

Elgo—x” < (1= 22V B —x P+ 3225 Y x—x?
16 128K
i=max{0,t—K+1}
96K2L2 3 7KL2 3 2 6KL2 3 .2 2 2
n gl C* n et e

B uM % M

Here we use the Lemma B.10 with the following parameters,

_ 231 334 96K2L2y(2  TKL?yo? 6KL*yo® ~o2
- E o* 2 e o NPl _ * e
I%e = x*1" o= =& 95 ¢ . t—ar T . T

The final inequality is:

23 32 [96K2L%*v(¢? TKL?*vo? 6KL?*vyo? 2
]Ell)_(t_x*||2< <1_’WJ') ElXO—X*HQ-F( VC* + Yo + Yo _1_’}/(7),y

32 231 I uM I M
(1 _ M) E [x0 — X*||2 n 96K2L%~%(2 TKL?y%0%?  6KL%*y%0? LCQ
2 0 112 [2M 112 My

Recall that we assumed v = 73 K 357c7= SO We have:

96K2L%~%(2 6KL*y%0%  2vo?
E||)_(T—X*H2< (1_%) E”XO—X*”Q-F Y C* + + Y

p? I My

By settingt =T = RK, we get:

_ KR 5 96K2L242(2  6KL%4%0% 2yo?
EXT—X*2<(1——) E||xo — x*||° + + +
| | 5 | | 2 e M
o L2 96K2L292¢2  6KL%y%0%  2yo?
< exp (——KR)IEHXO — x|+ +
2 p? I My

We can see that with this inequality we can only guarantee convergence to a neighborhood of x*. To obtain a convergence the
In(max {2, ||xo—x*||*T?/0?})

final, as discussed in (Stich, 2019b), we need to choose the step size carefully. If 55 o T then
we choose v = In(max{2,u" ”on XIPT? /N otherwise if BRI < In(max{2.u* ”on XIPT*/9*}) then we choose Y= skt
we can see that with these choices, we would have:
2 27202 2 2 2
S * (12 A H *||2 K-L C* KLo 20
O
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G. Decoupled SGDA with Ghost Sequence

In this section, we introduce a new extension to the Decoupled SGDA algorithm called Ghost Sequence. The base Decoupled
SGDA algorithm, explained earlier, is designed to take advantage of problems with a dominant separable component. It
minimizes communication complexity by reusing outdated strategies, which has already been analyzed theoretically in the
prevous sections.

However, we can push this idea further by not just reusing old strategies but also predicting the opponent’s next move.
This smarter approach opens up a new line of research, where more advanced methods can be explored for estimating the
opponent’s strategy, offering directions for future work.

To demonstrate the potential of this approach, we propose Decoupled SGDA with Ghost Sequence. The main idea is for
each player to predict (or approximate) the next move of the opponent based on their previous actions and behaviour. This
is achieved by computing the difference between successive strategies during synchronization. Using this information,
each player can update both their own and their opponent’s parameters, leading to improved performance. As shown in
Figure 8, Decoupled SGDA with Ghost Sequence can greatly improve the algorithm’s performance. It also achieves faster
communication, even in highly interactive games, and does not require the problem to be weakly coupled.

For more details, refer to Algorithm 4.

Algorithm 4 Decoupled SGDA with Ghost Sequence

1: Input: Step size v, initial strategies xo = (ug, Vo), total rounds R, local updates K
2: forre{l,...,R} do
3:  Calculate guess AL, — —(uf —ugj ")

r—1

4: Calculate guess A, «— (v — vy ')

5: forte {0,...,K — 1} do

6: Update ghost sequence Vi, ; «— v; ; + Aj

7: Update local strategy uj,; < uj — vV, f(uy,vi ;&)
8: Update ghost sequence 01} | < Uy, ; + A

9: Update local strategy vi, , < vi + vV, f(aj ,v};&)
10: end for
11: Communicate (u’;, v} ) to other players
12: end for

13: Output: Final strategies x& = (uf, vE)

H. Additional Experiments
H.1. Finding the stationary point Decoupled SGDA for non-convex functions

Here, we add one more figure for the toy GAN problem to provide further insight into the behavior of Decoupled SGDA.
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Figure 8. Trajectories and convergence comparison of GDA,Decoupled SGDA and Decoupled SGDA with Ghost Sequence with different
values of C = CT (interaction strength). The top row shows the trajectories of the different algorithms for K = {1, 5} over varying
values of C' € {25,15,5,0.1}. As C decreases, trajectories become more stable, with the Decoupled SGDA with Ghost Sequence (blue)
showing more efficient convergence compared to GDA (black) and Decoupled SGDA (red). The bottom row presents the synchronization

rounds versus distance to equilibrium for each configuration, highlighting faster convergence of Decoupled SGDA with Ghost Sequence
under larger C values, while Decoupled SGDA with Ghost Sequence and Decoupled SGDA converge similarly for small C.
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Figure 9. Trajectories (top row) and distance to equilibrium over synchronization rounds (bottom row) of GDA (KX = 1) and
Decoupled SGDA with K = {2 5} on the (14) problem (d = 2). C in (13) is a constant here—the larger, the stronger the interactive
term. Left-to-right: decreasing the constant ¢ € {10, 3.5,2, 7, 0}.

H.2. More Figures Decoupled SGDA With Gradient Approximation

In this experiment (Figure 10), Decoupled SGDA achieves lower gradient norms in fewer communication rounds compared
to Local SGDA, especially as interaction noise increases (larger c). Decoupled SGDA shows much more stability in
high-noise environments, highlighting its effectiveness in dealing with noisy gradients when compared to federated minimax
settings.
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Figure 10. Comparison of Decoupled SGDA and Local SGDA under different noise settings. Each plot shows the smallest gradient
norm achieved by both algorithms over 100 communication rounds, with varying interaction levels and noise variances. Top Row:
Different settings of noise variances in off-diagonal entries (interaction noise). Left to Right: Increasing values of the constant ¢
controlling the interactive term’s strength in the game. Decoupled SGDA consistently outperforms Local SGDA in scenarios where
off-diagonal noise is significant, achieving lower gradient norms with fewer communication rounds.

I. Experimental Setup
I.1. Finding the saddle point of quadratic games

In the first experiment , we conducted tests with a dimensionality of D = 2 over R = 31 synchronization rounds. The values
of K tested were 1,2, and 5, alongside parameter combinations (a, b, ¢) set as (1,10, 10), (1, 10, 3.5), (1, 10,2.7), and
(1,10, 0). For each combination, we explored gamma values uniformly spaced in the interval [0.0001, 0.1]. The algorithm
initializes x and y at 1 and —1 respectively and updates these variables based on the gradients g, and g, computed using the
defined parameters.

For the second experiment, in the left figure, eigenvalues were sampled logarithmically between 10~!-% and 10'-3, with
random symmetric positive definite matrices generated for each. We tested agent counts K as [1,2, 5,10, 50] and learning
rates ~y from 1071° to 1. The algorithm ran for R = 10° rounds, adjusted based on eigenvalue size, to measure the average
distance from equilibrium until it fell below ¢ = 1075, Results were plotted to illustrate the relationship between A4, (C)
and the number of rounds required for convergence.

For the left figure, we generated random symmetric positive definite matrices as oracles, varying the maximum eigenvalue of
the matrix C' using logarithmic spacing between 10~1-5 and 10'-®. The accuracy threshold is set to e = 10~*. We evaluated
five algorithms: GDA, Decoupled GDA, Optimistic, Alternating Gradient Descent, and Extragradient, with K fixed at 50.
Each algorithm was executed for R = 10° rounds, determined based on the maximum eigenvalue, and their performance
was assessed by the number of rounds required to achieve € accuracy.
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L.2. Decoupled SGDA with Gradient Approximation

In this experiment, we analyze the performance of Decoupled and Local Stochastic Gradient Descent (SGDA) algorithms
under varying conditions. We define oracles based on random symmetric positive definite matrices, with a fixed number of
rounds R = 100 and K = 40. In the first experiment (left figure) The maximum eigenvalues of matrices C' are sampled
logarithmically between 107%-2% and 10!.For each maximum eigenvalue, we generate corresponding matrices and evaluate
the algorithms across five trials to determine the lowest gradient norm achieved. We reported the mean of these five
experiments. In the second experiment (right figure), off-diagonal variances (02, and o2, ) range linearly from 1 to 10.
In this experiment they are assumed to be equal. Results are aggregated and visualized in two plots: one depicting the
relationship between the maximum eigenvalue of C' and the minimum gradient norm, and the other illustrating the effect of
varying off-diagonal variance on algorithm performance.

L.3. Communication Efficiency of Decoupled SGDA for Non-Convex Functions

In this experiment, we investigate the performance of Decoupled Single Oracle GDA under various settings of A and K.
We evaluate the gradient norm achieved over R = 100 communication rounds. The A values are sampled logarithmically
between 10~45 and 103, while K values range from 1 to 5. For each combination of A and K, we compute the lowest
gradient norm over 5 independent trials. The gradient norms are averaged and plotted, with vertical lines marking the
transition to the weakly coupled regime at A = 50. The final results show the relationship between A and the minimum
gradient norm for different values of K, highlighting the weakly coupled regime.

I.4. Communication Efficiency of Decoupled SGDA in GAN Training

In this experiment, a Generative Adversarial Network (GAN) was trained using the CIFAR-10 and SVHN datasets, both
resized to 32 x 32 pixels. The GAN was trained with a learning rate of 1 x 10~%, a batch size of 256, and 50,000 rounds
of updates. The hidden dimension size for the generator was 128. For evaluation, 256 samples were used to compute the
Fréchet Inception Distance (FID) every 200 iterations. Both the generator and discriminator were optimized using the Adam
optimizer, with a learning rate scheduler that decayed by a factor of 0.95 every 1000 steps. Additionally, a gradient penalty
term was applied to stabilize training. The generator’s latent space dimension was set to 100, and its Exponential Moving
Average (EMA) was maintained with a decay factor of 0.999 for evaluation purposes. Training was conducted using CUDA
on an NVIDIA L4 GPU.

The Generator uses a series of transposed convolutions, starting from a 100-dimensional latent vector, to generate a
32 x 32 x 3 image, with BatchNorm and ReLU, ending with a Tanh activation. The Discriminator applies four convolutional
layers to downsample the input, using LeakyReLU and BatchNorm, and outputs a real/fake probability through a Sigmoid
activation.
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